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FOURIER CIRCUITS IN NEURAL NETWORKS: UNLOCK-
ING THE POTENTIAL OF LARGE LANGUAGE MODELS IN
MATHEMATICAL REASONING AND MODULAR ARITH-
METIC

Jiuxiang Gu* Chenyang Li’ Yingyu Liang" Zhenmei Shi’ Zhao Song¥ Tianyi Zhou!

ABSTRACT

In the evolving landscape of machine learning, a pivotal challenge lies in decipher-
ing the internal representations harnessed by neural networks and Transformers.
Building on recent progress toward comprehending how networks execute distinct
target functions, our study embarks on an exploration of the underlying reasons
behind networks adopting specific computational strategies. We direct our focus to
the complex algebraic learning task of modular addition involving k inputs. Our
research presents a thorough analytical characterization of the features learned by
stylized one-hidden layer neural networks and one-layer Transformers in address-
ing this task. A cornerstone of our theoretical framework is the elucidation of how
the principle of margin maximization shapes the features adopted by one-hidden
layer neural networks. Let p denote the modulus, D,, denote the dataset of mod-
ular arithmetic with k inputs and m denote the network width. We demonstrate
that a neuron count of m > 22*=2 . (p — 1), these networks attain a maximum
Ly . +1-margin on the dataset D,,. Furthermore, we establish that each hidden-layer
neuron aligns with a specific Fourier spectrum, integral to solving modular addition
problems. By correlating our findings with the empirical observations of similar
studies, we contribute to a deeper comprehension of the intrinsic computational
mechanisms of neural networks. Furthermore, we observe similar computational
mechanisms in the attention matrix of the Transformer. This research stands as
a significant stride in unraveling their operation complexities, particularly in the
realm of complex algebraic tasks.

1 INTRODUCTION

The field of artificial intelligence has experienced a significant transformation with the development of
large language models (LLMs), particularly through the introduction of the Transformer architecture.
This advancement has revolutionized approaches to challenging tasks in natural language processing,
notably in machine translation (Prato et al., 2020; Gao et al., 2020) and text generation (Luo et al.,
2022). Consequently, models e.g., BERT Devlin et al. (2018), PaLM Chowdhery et al. (2022),
LLaMA 2Touvron et al. (2023), ChatGPT (OpenAl, 2022), GPT4 (OpenAl, 2023) and so on, have
become predominant in NLP.

Central to this study is the question of how these advanced models transcend mere pattern recognition
to engage in what appears to be logical reasoning and problem-solving. This inquiry is not purely
academic; it probes the core of “understanding” in artificial intelligence. While LLMs, such as GPT,
demonstrate remarkable proficiency in human-like text generation, their capability in comprehending
and processing mathematical logic is a topic of considerable debate.
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This line of investigation is crucial, given AI’s potential to extend beyond text generation into deeper
comprehension of complex subjects. Mathematics, often seen as the universal language, presents
a uniquely challenging domain for these models Yousefzadeh & Cao (2023). Our research aims
to determine if Transformers, noted for their NLP efficiency, can also demonstrate an intrinsic
understanding of mathematical operations and reasoning.

In a recent surprising study of mathematical operations learning, Power et al. (2022) train Trans-
formers on small algorithmic datasets, e.g., a; + a2 mod p and we let p be a prime number, and
show the “grokking” phenomenon, where models abruptly transition from bad generalization to
perfect generalization after a large number of training steps. Nascent studies, such as those by Nanda
et al. (2023), empirically reveal that Transformers can solve modular addition using Fourier-based
circuits. They found that the Transformers trained by Stochastic Gradient Descent (SGD) not only
reliably compute a; +as mod p, but also that the networks consistently employ a specific geometric
algorithm. This algorithm, which involves composing integer rotations around a circle, indicates
an inherent comprehension of modular arithmetic within the network’s architecture. The algorithm
relies on this identity: for any ai, a2 and ¢ € Z,\{0}, the following two quantities are equivalent

* (a1 + az) mod p

» argmax{cos(2n(a; + az —¢)/p)}
c€ZLy

Nanda et al. (2023) further show that the attention and MLP module in the Transformer imbues the
neurons with Fourier circuit-like properties.

To study why networks arrive at Fourier-based circuits computational strategies, Morwani et al. (2024)
theoretically study one-hidden layer neural network learning on two inputs modular addition task
and certify that the trained networks will execute modular addition by employing Fourier features
aligning closely with the previous empirical observations. However, the question remains whether
neural networks can solve more complicated mathematical problems.

Inspired by recent developments in mechanistic interpretability Olah et al. (2020); Elhage et al. (2021;
2022) and the study of inductive biases Soudry et al. (2018); Vardi (2023) in neural networks, we
extend our research to modular addition with three or more (k) inputs.

(a1 + -+ + ay) mod p. 40

This approach offers insights into why certain representations and solutions emerge from neural
network training. By integrating these insights with our empirical findings, we aim to provide a
comprehensive understanding of neural networks’ learning mechanisms, especially in solving the
modular addition problem. We also determine the necessary number of neurons for the network to
learn this Fourier method for modular addition.

Our paper’s contributions are summarized as follows:

» Expansion of Input for Cyclic Groups Problem: We extend the input parameter range for
the cyclic groups problem from a binary set to k-element sets.

» Network’s Maximum Margin: Let L, ; be defined in Definition C.3. On the modular
dataset D,,, we demonstrate that the maximum Ly j41-margin of a network is:
. 2(k!)
7T @k 2)FD2(p — p-n/z

* Neuron Count in One-Hidden-Layer Networks: We propose that in a general case, a
one-hidden-layer network having m > 22¥=2. (p — 1) neurons can achieve the maximum
Ly j,+1-margin solution. This ensures the network’s capability to effectively solve the cyclic
groups problem in a Fourier-based method, a finding corroborated by our experimental data.

* Empirical Validation of Theoretical Findings: We validate our theoretical finding that
whenm > 226=2.(p—1), for each spectrum ¢ € {1,..., 251}, there exists a hidden-neuron
utilizes this spectrum.

* Similar Empirical Findings in One-Layer Transformer: We also have a similar ob-
servation in one-layer Transformer learning modular addition involving £ inputs. For the
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2-dimensional matrix W W, where Wi, W denotes the key and query matrix, it shows
the superposition of two cosine waveforms in each dimension, each characterized by distinct
frequencies.

* Grokking under Different k: We observe that as k increases, the grokking phenomenon
becomes weak.

g

[l f200

200

200

[ % |200

200

250
-0.5

[ H 10 15 20

Figure 1: Cosine shape of the trained embeddings (hidden layer weights) and corresponding power
of Fourier spectrum. The two-layer network with m = 2944 neurons is trained on k& = 4-sum
mod-p = 47 addition dataset. We even split the entire dataset (p* = 47 data points) into training and
test datasets. Each row represents a random neuron from the network. The left figure shows the final
trained embeddings, with red dots indicating the true weight values, and the pale blue interpolation is
achieved by identifying the function that shares the same Fourier spectrum. The right figure shows
their Fourier power spectrum. The results in these figures are consistent with our analysis statements
in Lemma F.1. See Figure 5, 7 in Appendix L.1 for similar results when k£ is 3 or 5.

2 EXPERIMENTS

2.1 ONE-HIDDEN LAYER NEURAL NETWORK

We conduct simulation experiments to verify our analysis. In Figure 1 and Figure 3, we use SGD to
train a two-layer network with m = 2944 = 22*=2. (p — 1) neurons, i.e., Eq. equation 3, on k = 4-
sum mod-p = 47 addition dataset, i.e., Eq. equation 1. Figure 1 shows that the networks trained with
SGD have single-frequency hidden neurons, which support our analysis in Lemma F.1. Furthermore,
Figure 3 demonstrates that the network will learn all frequencies in the Fourier spectrum which is
consistent with our analysis in Lemma F.2. Together, they verify our main results in Theorem D.1
and show that the network trained by SGD prefers to learn Fourier-based circuits. There are more
similar results when k is 3 or 5 in Appendix L.1.

2.2 ONE-LAYER TRANSFORMER

We find similar results in the one-layer transformer. Recall that the m-heads attention layer can be
written as

WY TE - softmax (ETWf(WlQTE)
wr n : @
WY TE - softmax (E'TWEWETE)
where F is input embedding and WF, WV, WX W are projection, value, key and query matrix.
We denote WKW QT as WHXQ and call it attention matrix.
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Figure 2: 2-dimension cosine shape of the trained W@ (attention weights) and their Fourier power
spectrum. The one-layer transformer with attention heads m = 160 is trained on k£ = 4-sum mod-
p = 31 addition dataset. We even split the whole datasets (p¥ = 31* data points) into training and
test datasets. Every row represents a random attention head from the transformer. The left figure
shows the final trained attention weights being an apparent 2-dim cosine shape. The right figure
shows their 2-dim Fourier power spectrum. The results in the figures are consistent with Figure 1.
See Figure 9 and Figure 10 in Appendix L.2 for similar results when k is 3 or 5.

In Figure 2 , we train a one-layer transformer with m = 160 heads attention, i.e., Eq. equation 2, on
k = 4-sum mod-p = 31 addition dataset, i.e., Eq. equation 1. Figure 2 shows that the SGD trained
one-layer transformer learns 2-dim cosine shape attention matrices, which is similar to the one-hidden
layer neural networks in Figure 1. This means that the attention layer has a learning mechanism
similar to neural networks in the modular arithmetic task. It prefers to learn (2-dim) Fourier-based
circuits when trained by SGD. There are more similar results when & is 3 or 5 in Appendix L.2.

2.3 GROKKING UNDER DIFFERENT k

Following the experiments’ protocol in Power et al. (2022), we show there is the grokking phe-
nomenon under different k. We train two-layer transformers with m = 160 attention heads on
k =2,3,4,5-sum mod-p = 97,31, 11, 5 addition dataset with 50% of the data in the training. We
use different p to guarantee the dataset sizes are roughly equal to each other. As k increases, the
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Figure 3: All Fourier spectrum frequencies being covered and the maximum normalized power of the
embeddings (hidden layer weights). The one-hidden layer network with m = 2944 neurons is trained
on k = 4-sum mod-p = 47 addition dataset. We denote u[i] as the Fourier transform of u[i]. Let
max; |@[i]|?/ (3 |[@]4])?) be the maximum normalized power. Mapping each neuron to its maximum
normalized power frequency, (a) shows the final frequency distribution of the embeddings. Similar to
our construction analysis in Lemma F.2, we have an almost uniform distribution over all frequencies.
(b) shows the maximum normalized power of the neural network with random initialization. (c)
shows, in frequency space, the embeddings of the final trained network are one-sparse, i.e., maximum
normalized power being almost 1 for all neurons. This is consistent with our maximum-margin
analysis results in Lemma F.2. See Figure 6 and Figure 8 in Appendix L.1 for similar results when k
is3or5.
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Figure 4: Grokking (models abruptly transition from bad generalization to perfect generalization
after a large number of training steps) under learning modular addition involving k& = 2,3,4,5
inputs. We train two-layer transformers with m = 160 attention heads on k£ = 2, 3, 4, 5-sum mod-
p =97,31,11,5 addition dataset with 50% of the data in the training set under AdamW Loshchilov
& Hutter (2018) optimizer le-3 learning rate and 1e-4 weight decay. We use different p to guarantee
the dataset sizes are roughly equal to each other. The blue curves show training accuracy and the
red ones show validation accuracy. There is a grokking phenomenon in all figures. However, as k
increases, the grokking phenomenon becomes weak. It implies that when the ground-truth function
class becomes “complicated”, the transformers need to train more steps to overfit the training datasets
and the generalization tends to be better.

grokking phenomenon becomes weak. It implies that when the ground-truth function class becomes
“complicated”, the transformers need to train more steps to fit the training datasets and the gener-
alization tends to be better. This is consistent with our analysis. In Theorem D.1, we show that
we need 22#=2 . (p — 1) neurons to get maximum-margin solution, and we can check this value is
22.(97—1) = 384,2% - (31 — 1) = 480,25 (11 — 1) = 640,28 - (5 — 1) = 1024 for k = 2, 3,4, 5.
It means that, when & becomes larger, although the whole input space size is roughly unchanged,
we need more neurons to fit the optimal solution as the function class becomes more “complicated”.
Thus, with increasing k, if we train the same size of models under these settings, the models will
slightly transfer from overfitting to underfitting, so the grokking phenomenon becomes weak.

3 CONCLUSION

We study neural networks and transformers learning on (a1 +- - - +ay) mod p. We theoretically show
that networks prefer to learn Fourier circuits. Our experiments on neural networks and transformers
support our analysis. Finally, we study the grokking phenomenon under this new data setting.
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A RELATED WORK

Max Margin Solutions in Neural Networks. Bronstein et al. (2022) demonstrated that neurons in
a one-hidden-layer ReL.U network align with clauses in max margin solutions for read-once DNFs,
employing a unique proof technique involving the construction of perturbed networks. Morwani et al.
(2024) utilize max-min duality to certify maximum-margin solutions. Further, extensive research in
the domain of margin maximization in neural networks, including works by Gunasekar et al. (2018b);
Soudry et al. (2018); Gunasekar et al. (2018a); Wei et al. (2019b); Lyu & Li (2019); Ji & Telgarsky
(2019); Moroshko et al. (2020); Chizat & Bach (2020); Ji & Telgarsky (2020); Lyu et al. (2021); Frei
et al. (2022b; 2023); Shi et al. (2023b); Gu et al. (2024a) and more, has highlighted the implicit bias
towards margin maximization inherent in neural network optimization. They provide a foundational
understanding of the dynamics of neural networks and their inclination towards maximizing margins
under various conditions and architectures.

Algebraic Tasks Learning Mechanism Interpretability. The study of neural networks trained
on algebraic tasks has been pivotal in shedding light on their training dynamics and inductive
biases. Notable contributions include the work of Power et al. (2022); Chughtai et al. (2023) on
modular addition and subsequent follow-up studies, investigations into learning parities Daniely &
Malach (2020); Barak et al. (2022); Shi et al. (2022; 2023d;c;a); Xu et al. (2024b), and research into
algorithmic reasoning capabilities Saxton et al. (2018); Hendrycks et al. (2021); Lewkowycz et al.
(2022); Damian et al. (2022). The field of mechanistic interpretability, focusing on the analysis of
internal representations in neural networks, has also seen significant advancements through the works
of Cammarata et al. (2020); Olsson et al. (2022) and others.

Grokking and Emergent Ability. The phenomenon known as “grokking” was initially identified
by Power et al. (2022) and is believed to be a way of studying the emerging abilities of LLM Wei
et al. (2022). This research observed a unique trend in two-layer transformer models engaged in
algorithmic tasks, where there was a significant increase in test accuracy, surprisingly occurring well
after these models had reached perfect accuracy in their training phase. In Millidge (2022), it was
hypothesized that this might be the result of the SGD process that resembles a random path along
what is termed the optimal manifold. Adding to this, Nanda et al. (2023) aligns with the findings
of Belinkov (2022), indicating a steady advancement of networks towards algorithms that are better
at generalization. Liu et al. (2022); Xu et al. (2024a); Lyu et al. (2024) developed smaller-scale
examples of grokking and utilized these to map out phase diagrams, delineating multiple distinct
learning stages. Furthermore, Thilak et al. (2022); Murty et al. (2023) suggested the possibility of
grokking occurring naturally, even in the absence of explicit regularization. They attributed this
to an optimization quirk they termed the slingshot mechanism, which might inadvertently act as a
regularizing factor.

Theoretical Work About Fourier Transform. To calculate Fourier transform there are two main
methodologies: one uses carefully chosen samples through hashing functions (referenced in works
like Gilbert et al. (2005); Hassanieh et al. (2012b;a); Indyk et al. (2014); Indyk & Kapralov (2014);
Kapralov (2016; 2017)) to achieve sublinear sample complexity and running time, while the other
uses random samples (as discussed in Candes & Tao (2006); Rudelson & Vershynin (2008); Bourgain
(2014); Haviv & Regev (2017); Nakos et al. (2019)) with sublinear sample complexity but nearly
linear running time. There are many other works studying Fourier transform Price & Song (2015);
Moitra (2015); Song (2019); Jin et al. (2023); Gao et al. (2022); Lee et al. (2019); Chen et al. (2020);
Song et al. (2022); Chen et al. (2016); Song et al. (2023a); Chen et al. (2023); Song et al. (2023b);
Gu et al. (2024b).

B DISCUSSION

Connection to Parity and SQ Hardness. If we let p = 2, then (a; + -+ + a;) mod p will

degenerate to parity function, i.e., by, ...,b; € {1} and determining Hle b;. Parity functions
serve as a fundamental set of learning challenges in computational learning theory, often used to
demonstrate computational obstacles Shalev-Shwartz et al. (2017). In particular, (n, k)-sparse parity
problem is notorious hard to learn, i.e., Statistical Query (SQ) hardness Blum et al. (1994). Daniely
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& Malach (2020) showed that one-hidden layer networks need an 2(exp(k)) number of neurons or
an (exp(k)) number of training steps to successfully learn it by SGD. In our work, we are studying
Eq. equation 3, which is a more general function than parity and indeed is a learning hardness.
Our Theorem D.1 states that we need 2(exp(k)) number of neurons to represent the maximum-
margin solution, which well aligns with existing works. Our experiential results in Section 2.1
are also consistent. Hence, our modular addition involving k inputs function class is a good data
model to analyze and test the model learning ability, i.e., approximation power, optimization, and
generalization.

High Order Correlation Attention. Sanford et al. (2023); Alman & Song (2023; 2024) state
that, when k = 3, a1 + a2 + a3 mod p is hard to be captured by traditional attention. Thus, they
introduce high-order attention to capture high-order correlation from the input sequence. However, in
Section 2.2, we show that one-layer transformers have a strong learning ability and can successfully
learn modular arithmetic tasks even when k£ = 5. This implies that the traditional attention may be
more powerful than we expect. We conjecture that the layer norm and residual connection contribute
as they are ignored by most transformer learning theoretical analysis work Jelassi et al. (2022); Li
et al. (2023a;b); Tian et al. (2023).

Grokking, Benign Overfitting, and Implicit Bias. Recently, Xu et al. (2024a) connects the
grokking phenomenon to benign overfitting Bartlett et al. (2020); Cao et al. (2022); Tsigler &
Bartlett (2023); Frei et al. (2022a; 2023). It shows how the network undergoes a grokking period
from catastrophic to benign overfitting. Lyu et al. (2024) uses implicit bias Soudry et al. (2018);
Gunasekar et al. (2018a); Ji & Telgarsky (2019); Shah et al. (2020); Moroshko et al. (2020); Chizat
& Bach (2020); Lyu et al. (2021); Jacot (2022); Xu et al. (2023; 2024c¢) to explain grokking, where
grokking happens if the early phase bias implies an overfitting solution while late phase bias implies
a generalizable solution. The intuition from the benign overfitting and the implicit bias well align
with our observation in Section 2.3. It is interesting and valuable to rigorously analyze the grokking
or emergent ability under different function class complexities, e.g., Eq equation 1. We leave this
challenge problem as a future work.

C PROBLEM SETUP

Part of our notations are following Morwani et al. (2024). The setting of our one-hidden-layer neural
network is in Section C.1. In Section C.2, we define the margin of the neuron network. We introduce
a lemma that connects the training neuron network to solving the maximum-margin problem in
Section C.3.

C.1 DATA AND NETWORK SETUP

We denote Z,, as the modular group on p integers, e.g., Z, = [p], where p > 2 is a given prime
number. We denote X := Z’; as the input space and Y := Z, as the output space. We denote
Dy :=A{((a1, ..., ak), > e @i) : a1, ax € Zyp} as the modular dataset.

Suppose we have a Lg j41 (matrix) norm || - ||2,z+1 (Definition C.3) and a class of parameterized
functions {f(0,-) | 6 € RV}, where f : RV x X — RY and a matrix set © := {[|0]|2.5+1 < 1}. We
consider single-hidden layer neural networks with polynomial activation functions and without biases.
With parameters 6 € ©, we denote f (6, x) as the network’s output for an input z. For one-hidden
layer networks, we denote f as:

m

F(0,2) = 6(6:,),

=1

where 6 := {01, ..., 0,,}. Here, we denote ¢ as one neuron and 6; € 2 are the corresponding weights
in that neuron, where €2 is a vector set. Let {2’ be a subset of 2. For every ¢ € [m], when either there
exists a; > 0 such that «;0; € Q' or 6; = 0, then we say the parameter set § = {61,...,0,,} has
directional support on 2'. A single neuron is represented as:

o({u, .. ug, wh a1, ..., x8) = (uirxl 44 u,l—xk)kw,
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where uy, ..., u;, w € RP are the neuron’s weights, and 1, ...,z € RP are the network inputs.
Inputs x1, . . .,z are one-hot vectors representing group elements. For input elements (a1, . .., ax),
a neuron simplifies to

o({ur, ..., up,w},ar, ... ak) = (ur(ar) + -+ uk(ak))kw,

with u(a1) being the a;-th component of u;. The output of the neuron is in p-dimension for

cross-entropy loss. With 6 = {w; 1, ..., u; 1, w; }7*4, the network is denoted as:
m
fO,a1,...,ax) = Z dH{uwin, .. uig, wit,ar,. .. .ax). 3)
i=1

We define our regularized training objective function.
Definition C.1. Let [ be the cross-entropy loss. Our regularized training objective function is

1
Lr(0) = —= > 1(f(0,2),y) + NOll2.k41-
Dyl (z,y)€D,

C.2 DEFINITION AND NOTATION

We define the vector norm and matrix norm as the following.

Definition C.2 (L, (vector) norm). Given a vector v € R"™ and b > 1, we have ||v| :=
(i lol?)Me.

Definition C.3 (L, ; (matrix) norm). The L, , norm of a network with parameters 6 = {0,}7, is

10]lap = (i 160:]12)1/8, where 0; denotes the vector of concatenated parameters for a single
neuron.

Definition C.4. We denote g : RY x X x Y — R as the margin function, where for given (x,y) € D,,

9(0,2,9) = fO,)ly] = max £, 2)[y]-

Definition C.5. The margin for a given dataset D, is denoted as h : RY — R where

h(0):= min g¢g(0,z,y).

(z,y)€Dp

For parameter 6, its normalized margin is denoted as h(6/|0||2,k+1). For simplicity, we define v* to
be the maximum normalized margin as the following:

Definition C.6. The minimum of the regularized objective is denoted as 6, € arg mingeru £ (0). We
define the normalized margin of 05 as yx := h(0x/||0x||2,k+1). We define the maximum normalized
margin as v* := maxgeco h(0), where © := {||0]|2,x+1 < 1}.

Let P(D,) denote as a set containing any distributions over the dataset D,,. We see that v* can be
rewritten as

7" = max h(6)

= max min 0,x
066})( (x,y)Eng( ’y)

= max min E 0,x,y)], 4
0€® qeP(Dp) (xyy)Nq[g( ) @

where the first step follows from Definition C.6, the second step follows from Definition C.5 and the
last step follows from the linearity of the expectation.

Definition C.7. We define a pair (6%, q*) when satisfying

¢" €argmin E [g(0", z,y)] (5)
qeP(D,)(T:y)~a
0* €argmin E [g(0,z,v)]. 6)

fco (z,y)~q*
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This means that ¢* is among the entities that minimize the expected margin based on 6*, while 6*
is among the entities that maximize the expected margin relative to ¢*. The max-min inequality, as
referenced in Boyd & Vandenberghe (2004), indicates that presenting such a duo adequately proves
0* to be a maximum margin solution.

Recall that there is a “max” operation in Definition C.4, which makes the swapping of expectation
and summation infeasible, which means that the expected network margin cannot be broken down
into the expected margins of individual neurons. To tackle this problem, the class-weighted margin is
proposed. Let 7 : D, — A()) allocate weights to incorrect labels for every data point. Given (z, y)
in Dy, and for any y' € ¥, we have 7(z,y)[y'] = 0and 3_ .\ 1,y 7(2, y)[y'] = 1. Then, we denote

g’ as the following to solve the issue.
Definition C.8. Draw (z,y) € D,,. The class-weighted margin ¢’ is defined as

g0y = fO.D) - D m@y]f02)y]

vy eV\{y}

We have ¢’ uses a weighted sum rather than max, so g(8, z,y) < ¢'(6, z, y). Following linearity of
the expectation, we can get the expected class-weighted margin as

m

E [¢'(6,,)] = E [¢(0,2)y)— Y 7@ y)y)el, )y

(z,y) = (@) y eV\{y}

C.3 PRELIMINARY

We denote v as the network’s homogeneity constant, where the equation f(af,z) = o f(0,x)
holds for any x and any scalar « > 0. Specifically, we focus on networks with homogeneous
neurons that satisfy ¢(ab;, x) = a”¢(0;, x) for any o > 0. Note that our one-hidden layer networks
(Eq. equation 3) are k + 1 homogeneous. As the following Lemma states, when A is small enough
during training homogeneous functions, we have the £, global optimizers’ normalized margin
converges to y*.

Lemma C.9 (Wei et al. (2019a), Theorem 4.1). Let f be a homogeneous function. For any norm

I ’

,ify* > 0, we have limy_,o 7 = 7"
Therefore, we can replace comprehending the global minimizes by exploring the maximum-margin
solution as a surrogate, enabling us to bypass complex analyses in non-convex optimization.

Furthermore, Morwani et al. (2024) states that under the following condition, the maximum-margin
solutions and class-weighted maximum-margin (¢g’) solutions are equivalent with each other.

Condition C.10 (Condition C.1 in page 8 in Morwani et al. (2024)). We have ¢'(6*,z,y) =
g(0*, x,y) for all (x,y) € spt(q*). It means:

{y' € Y\{y} : 7(x,9)[y'] > 0} C argmaxf(0", 2)[y'].
vEN\{y}

Hence, by satisfying these conditions, we will concentrate on describing the class-weighted maximum-
margin solutions.

D MAIN RESULT

We characterize the Fourier features to perform modular addition with k input in the one-hidden-layer
neuron network. We show that every neuron only focus on a distinct Fourier frequency. Additionally,
within the network, there is at least one neuron of each frequency. When we consider the uniform
class weighting so that £ (6) is based on 7,

T(ar,...,ap)[d]:==1/(p—1) V' # a1+ +ay, ™)
we have the following main result:

Theorem D.1 (Informal version of Theorem K.2). Let f(6,x) be the one-hidden layer networks
defined in Section C. If m > 92k—1. %, then the max Lo j,1-margin network satisfies:
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* The maximum Ly 1, 1-margin for a given dataset D, is:
. 2(k!)
Y= (% + 2)(k+1)/2(p _ 1)p(k—1)/2'

* For each neuron ¢({uy,...,ug,w};a1,...,ax), there is a constant scalar 5 € R and a
frequency ¢ € {1,..., pgl} satisfying
ui(ar) = B - cos(6;, + 2mCa1/p)
uz(az) = f - cos(0;, + 2mCaz/p)

ug(ax) = B - cos(8,, + 2nCax/p)
U}(C) = 5 ' COS(G;Z + 27TCC/p),
where 0y, ,...,07 07 € R are some phase offsets satisfying 0, +---+0; =0,

s Yug s Yw w*

* For each frequency ¢ € {1,..., %}, there exists one neuron using this frequency only.

E NOTATIONS AND DEFINITIONS

We use i to denote +/—1. Let z = a + ib denote a complex number where a and b are real numbers.
Then we have Z = a — ib and |z| := va? + b2,

For any positive integer n, we use [n] to denote set {1,2,--- ,n}. We use E[] to denote expectation.
We use Pr[] to denote probability. We use z T to denote the transpose of a vector z.

Considering a vector 2, we denote the £2 norm as ||z||2 := (3}, 22)/2. We denote the ¢; norm as
lz|l1 :== >_1; |2i|. The number of non-zero entries in vector z is defined as ||z[|o. ||z]|oo is defined

as max;ey) |2il.

We denote Z,, as the modular group on p integers, e.g., Z, = [p], where p > 2 is a given prime
number. We denote X' := Z’; as the input space and Y := Z,, as the output space. We denote
Dy :=A{((a1, ..., ak), > e @i) : a1, ax € Zyp} as the modular dataset.

Suppose we have a L 11 (matrix) norm || - ||2,x+1 (Definition C.3) and a class of parameterized
functions {f(0,-) | § € RV}, where f : RY x X — RY and a matrix set © := {[|0]|2.4+1 < 1}. We
consider single-hidden layer neural networks with polynomial activation functions and without biases.
With parameters § € O, we denote f(6,x) as the network’s output for an input . For one-hidden
layer networks, we denote f as:

FO.2) = ¢(0;,2),
=1

where 6 := {01, ..., 0,,}. Here, we denote ¢ as one neuron and 6; € 2 are the corresponding weights
in that neuron, where €2 is a vector set. Let {2’ be a subset of 2. For every ¢ € [m], when either there
exists a; > 0 such that «;0; € Q' or 6; = 0, then we say the parameter set § = {61,...,0,,} has
directional support on '. A single neuron is represented as:

d({ur, ..., up,wl, .. xp) = (uf T+ w2 w,
where uq, ..., ur, w € RP are the neuron’s weights, and 1, ...,z € RP are the network inputs.
Inputs x1, ..., xy are one-hot vectors representing group elements. For input elements (ay, . . ., ax),

a neuron simplifies to

o({ur, .. up,whar, .. ak) = (uran) + - 4 ug(ar)) w,
with u;(a1) being the a;-th component of u;. The output of the neuron is in p-dimension for
cross-entropy loss. With 6 = {u; 1,. .., u; k, w; }1*, the network is denoted as:

f0,a1,...,ax) = qu({ui’l, e Ui ks Wik, A1, - O ).
i=1

We define our regularized training objective function.
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Definition E.1. Let [ be the cross-entropy loss. Our regularized training objective function is

L) = o S U 02),5) + Nelsen

Dyl (z,y)ED,

Definition E.2. We define ©* as follows

* O := arg maxgeo h(0).

F TECHNIQUE OVERVIEW

In this section, we propose techniques overview of the proof for our main result. We use i to denote
v—1. Let f : Z,, — C. Then, for each frequency j € Z,, we define f discrete Fourier transform
(DFT) as

FG) =" f(Q) exp(—2mi- j¢/p).

CEZp

Let B denote the ball that ||w]|? + [Ju1]|* + - - - + [Jug||* < 1. Let Q;* be defined as Definition H.6.
We first show how we get the single neuron class-weighted maximum-margin solution set Qfl*.

Lemma F.1 (Informal version of Lemma H.8). Ifforany ( € {1,..., %} there exists a scaling
constant B € R,

(a1)

ui(aq cos(0y,, + 2mCay/p)
UQ(CLQ)

— ﬁ .
= - cos(0;, + 2mCaz/p)
ur(ax) = B - cos(b,, + 2mCax/p)

w(c) = B - cos(0, + 2m(c/p)
where 0y, ,...,0; .07, € R are some phase offsets satisfying 07, +---+0;, = 0;.

Then, we have the following
QF ={(u1, ..., ux,w)},

and
. _ 2(K!)
7T @k 2)kD2(p — Dp-n/z

Proof sketch of Lemma F.1. The proof establishes the maximum-margin solution’s sparsity in the
Fourier domain through several key steps. Initially, by Lemma H.7, focus is directed to maximizing
Eq. equation 17.

For odd p, Eq. equation 17 can be reformulated with magnitudes and phases of u; and w (discrete
Fourie transform of u; and w), leading to an equation involving cosine of their phase differences.
Plancherel’s theorem is then employed to translate the norm constraint to the Fourier domain. This
allows for the optimization of the cosine term in the sum, effectively reducing the problem to
maximizing the product of magnitudes of u; and w (Eq. equation 21).

By applying the inequality of arithmetic and geometric means we have an upper bound for the
optimization problem. To achieve the upper bound, equal magnitudes are required for all u; and
w at a single frequency, leading to Eq. equation 23. The neurons are finally expressed in the time
domain, demonstrating that they assume a specific cosine form with phase offsets satisfying certain
conditions. O

See formal proof in Appendix H.3.

Next, we show the number of neurons required to solve the problem and the property of these neurons.
We demonstrate how to use these neurons to construct the network 6*.
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Lemma F.2 (Informal version of Lemma 1.3). Let cos¢(x) denote cos(2m(x/p). Then, we have the

. . . . . — —_ / . —
maximum Lg . 1-margin solution 8* will consist of 2%k-1. % neurons 0] € Qq* to simulate %

. . . . . . . 1
type 'of cosine computation, eqch cosine computation is uniquely determined a ¢ € {1,...,%5=}. In
particular, for each ( the cosine computation is cos¢(a1 + - -+ + ax —¢),Vai, ..., ax, ¢ € Zy,.

Proof sketch of Lemma F.2. Our goal is to show that 22¢—1 . % neurons 0 € Q;* are able to

simulate 712;1 type of cos computation.

We first observe that when the cos of a sum, cos(a; + az), is expanded, we will remove one cos
product and we will add zero or two sin products. On the other hand, expanding the sine of a sum,
sin(aj + az), we may remove one sin product and we will add one sin product as well.

The second observation is about the sign of the terms resulting from these expansions. It notes that a
negative sign —1 appears in a term only when a cos is split, and adding two sine products. Therefore,
if the number of sine products in a term is divisible by 4 with a remainder of 2 (i.e., %4 = 2), the
term will have a negative sign. In all other cases, the term will have a positive sign.

By using these two observations, we have the following expansion function of cos¢ (), which denotes
cos(2mCx/p).

k

k
COSC(Z a;) = Z Hcosl_b'i (a;) - sin” (a;)

i=1 be{0,1}* i=1

k
D b%2 = 0] - (—1) I b=
=1

Note that we have 2* terms in the above equation. By using the following fact in Lemma L1,

k k
Qk -kl Hai = Z (*1)(1672?:1 Cl)/2(z cjaj)k,
=1

ce{—1,+1}* =1

each term can be constructed by 2! neurons. Therefore, we need 2¥~12* total neurons. To simulate
21 type of simulation, we need 22*~12-1 neurons.

Then, using the Lemma G.1, we construct the network 6*. Finally, by using the Lemma G.2 from
Morwani et al. (2024), we know that it is the maximum-margin solution. O]

See formal proof in Appendix 1.3. Now, we are ready to prove our main results.

Proof sketch of Theorem D.1. By Lemma F.1, we get v* and the single-neuron class-weighted
maximum-margin solution set Q;*. By satisfying Condition C.10, we know it is used in the maximum-
margin solution.

By Lemma F.2, we can construct the network 6* that uses neurons in 0. By Lemma G.2, we know
that it is the maximum-margin solution. Finally, by Lemma J.2, we know that all frequencies are
covered. O

See formal proof in Appendix K.2.

G TooLS FROM PREVIOUS WORK

Section G.1 states that we can use the single neuron level optimization to get the maximum-margin
network. Section G.2 introduces the maximum-margin for multi-class.
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G.1 TooLS FROM PREVIOUS WORK: IMPLYING SINGLE/COMBINED NEURONS
Lemma G.1 (Lemma 5 in page 8 in Morwani et al. (2024)). If the following conditions hold
* Given © := {0 : ||0]|op < 1}.
* Given O := argmaxgpee E(y,y)~q[9' (0, 2, y)].
o Given Q :={0; : ||6i]la <1}
* Given Q) := argmaxg,cq E(z y)~q [V (0, 7,9)]-
Then:
* Let 0 € ©). We have 0 only has directional support on S

* Given07,...,0y, € QF, we have for any set of neuron scalars where Yo =1a; >0,
the weights 0 = {07 }72, is in O

Given ¢*, then we can get the 0* satisfying

0* € argmin  E  [¢'(0,z,y)]. 8)
vco (z.y)~q¢*

G.2 ToOLS FROM PREVIOUS WORK: MAXIMUM MARGIN FOR MULTI-CLASS
Lemma G.2 (Lemma 6 in page 8 in Morwani et al. (2024)). If the following conditions hold

* Given © = {0 : [|0][ap < 1} and OF = argmaxgeo E(z,y)~ql9' (0, 7, y)].

* Given Q = {0; : ||0;]|o < 1} and Qf = argmaxg,eq By y)~q[?' (0, 7, )]

* Suppose that 3{0*, q* } such that Equations equation 5 and equation 8, and C.10 holds.
Then, we can show:

* 0* € argmaxpeo g(0, 2,y)

« Vo€ arg maxgce Min(, ,)ep 9(0, z,y) the below properties hold:

-0 only has directional support on Qf;i.

-V(z,y) € spt(q*), £(8,x,y) — maxy ey ) F(0,2,9") =~

H CLASS-WEIGHTED MAX-MARGIN SOLUTION OF SINGLE NEURON

Section H.1 introduces some definitions. Section H.2 shows how we transfer the problem to discrete
Fourier space. Section H.3 proposes the weighted margin of the single neuron. Section H.4 shows
how we transfer the problem to discrete Fourier space for general & version. Section H.5 provides the
solution set for general k version and the maximum weighted margin for a single neuron.

H.1 DEFINITIONS

Definition H.1. When k = 3, let
Nurupusw(8) = B [(ur(ar) + uz(az) + us(as))*w(ar + az + az — 8)].

ai,a2,a3
Definition H.2. When k = 3, provided the following conditions are met
o We denote B as the ball that |Juy || + |luz || + |lus|* + ||w|]* < 1.

We define

O = argmax  (uy,uzus,w(0) = B [y uzug.0(0)])-
u1,u2,uz,weB 67#£0
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H.2 TRANSFER TO DISCRETE FOURIER SPACE

The goal of this section is to prove the following Lemma,

Lemma H.3. When k = 3, provided the following conditions are met
o We denote B as the ball that ||u1||® + |Juz||* + [Jus||® + |w|* < 1.
* We define Q;* in Definition H.2.
* We adopt the uniform class weighting: ¥c' # a1 + az + a3, 7(a1,a2,a3)[c] :==1/(p — 1).

We have the following

. 6 e e
QF = argmax ———— > 1 (j)u2(j)ds(j)D(—).
u1,u2,us,, WELB (p - 1)17 770

Proof. We have

77u1,u2,u3,w(6) = E [(u1 (a1> + u2(a2) + US(GB))3w(a1 +as + ag — 5)]

a1,a2,a3

- al,g,as[(ul(al)g + 3uy(a1)?ug(a2) + 3ur(a1)?us(as) + 3ui(ar)ug(az)®

+ 6u1(a1)uQ(a2)u3(a3) + 3u1(a1)u3(a3)2 + u2(a2)3 + 3UQ(G,2)2U3(0,3)
+ Bug(az)us(as)® + ug(az)*)w(ar + ag + az — 9)].

Recall B is defined as Lemma Statement.

The goal is to solve the following mean margin maximization problem:

argmax (nu1,u2,u3,w(0)* Eo[nu1,u2,us,w(5)])

u1,u2,u3,wEB 6F#
= T O s (0) ~ Bl 0 (9)), ©)
where the equation follows 7 (a1, as,a3)[c’] :==1/(p—1) V¢’ # a1 + as + azand 1 — pil =5
First, note that
o (]IEZ ag[ul(al)gw(al +as + a3z —9)]
= aﬂ?[ul(al)g aglf;as[w(al +as +az —9)]]
=0,

where the first step follows from taking out the u; (a1) from the expectation for as, a3, and the last
step is from the definition of w.

Similarly for the uz(as)?,u3(a3)? components of 7, they equal to 0.

Note that
" (IE a3[u1(a1)2u2(a2)w(a1 +as +az —9)]
= E[Ul(al)z }E[Uz(@) }E[w(al + a2 +az — 6)]]]
= O7

where the first step follows from simple algebra and the last step comes from the definition of w.

2 2

Slmllarly for the ul(al)Qu;;(ag), UQ(LLQ) ul(a1), UQ(G,Q)ZU{;((Z:;), U3(a3) ul(al), U3(a3)2U2(CL2)

components of 7, they equal to 0.

Hence, we can rewrite Eq. equation 9 as

22



Published at the ICLR 2024 Workshop on Understanding of Foundation Models (ME-FoMo)

6p
arginax 1 (M g (0) = By g g ,(9)]),
ul,ug,ug,wEBp - g

where

Ny s us,w(0) = B [ui(ar)ug(az)us(az)w(ar + a2 + ag — 9)].

ai,a2,a3

Let p := e>™/? and let Uy, Uz, U3, © be the DFT of wu,, ug, us, and w respectively:

ﬁuhumus,w((s)

12 RS T . 1 1 - ,
— - =~ (s 1a1\(_ 2 2 - 3(13 - : j4(a1+a2+a3—6)
ahg%[(p > (i) )(p Z U2(ja2)p’ p Z 3(j3)p’ p Z )]
j1=0 j2=0 j3=0 4=0
1 o~ N~ SN~ e N~ —j i i)a j is)a ] j4)a
=5 2 MG D() (B I (E [ ([ 0))
J1,J2,73,J4

- Y BB B

where the first step follows from p := e2™/? and 1y, U, U3, @ are the discrete Fourier transforms of
u1, Uz, Uz, w, the second step comes from simple algebra, the last step is from that only terms where
J1+ Jja = J2 + ja = jaz + ja = O survive.

Hence, we need to maximize

]%(ﬁuhuz,u&w(o) - I?[ﬁu1,UQ,U3,w (5)])
- 6_1’1<p1 231(1)172(3')A3(j)@(—j)—I%Z%(J)ﬂg(j)ﬁy,(g)@( P(E P

Zul us(j)w(—j)-

Jj#0

=— > U1 ()82 ()3 ()@ (— ). (10)

1)
P =DP e pmny/zttr-1)200

where the first step is from 7, vy us.w (6) definition, the second step is from Es5 p’® = 0 when j # 0,
and the last step follows from simple algebra.

O
H.3 GET SOLUTION SET
Lemma H.4. When k = 3, provided the following conditions are met
o We denote B as the ball that ||u1||? + |Juz||* + [Jus||* + |w|* < 1.
o We define Q;* in Definition H.2.
* We adopt the uniform class weighting: ¥¢' # a1 + az + az, 7(a1,a2,a3)[c] :==1/(p—1).
* Forany ¢ €{1,..., %}, there exists a scaling constant § € R and

uy(ay) = B - cos(0,, +2mCa1/p)
ug(az) = B - cos(0y,, + 2mCaz/p)
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ug(as) = B - cos(0y, + 2mCaz/p)
w(e) = 8- cos(8l, + 2mCc/p)
where 0;, 07 .0 07 € R are some phase offsets satisfying 0;, + 0, + 0. =0

u1? U2 uz?r w w*
Then, we have the following

Q;* :{(ulv U2, U3, 'U})},
and
3 1

u,us,us, W — E u,us,us, W ) = i\
u17u]2fr717?3)’(wes(77 1,U2,u3, (0) 5#0[77 1,U2,U3, ( )]) 16 p(p—l)

Proof. By Lemma H.3, we only need to maximize Equation equation 10.

Thus, the mass of %1, Uz, U3, and @ must be concentrated on the same frequencies. For all j € Z,,
we have

=

uy (=) = ur(j), ua(—j) = u2(j), us(—j) = us(j), w(—j) = w(j) (1D)
as uy, ug, U3, w are real-valued.

For all j € Z,, and for us, ug, us, w, we denote 6., , 0y, 0y, 0,y € [0, 27)P as their phase, e.g.:
u1 () = [ur(5)] exp(ibu, (5))-

Consider the odd p, Equation equation 10 becomes:

equation 10 = w1 (5)u2(j)us(j)w(—5)

P =D s pn/2io-namo
6 (p—1)/2
S0P Z (ur (7)u2(5)us()w(s) + ur(5)uz(4)us(5)w(5))
6 (l)—zli/2
=—— (1 ()2 (7)[[us ()| (5)
o-DF 2 a2 (i) [as(5)|w(5
(eXp(i(9u1 (]) + euz (.]) + 9u3 (]) - 971)(.7)) + exp(i(_0u1 (.7) - 9u2 (]) - eua(]) + 91(1(.7)))
(p—1)/2
= oo Y OEOEB D) 050 () + 0. () + 00, 0) = 0uli))

where the first step comes from definition equation 10, the second step follows from Eq. equation 11,

the third step comes from @ (—75) = @1 (j) and @y (5) = |u1(j)|exp(ifu, (j)), the last step follow
from Euler’s formula.

Thus, we need to optimize:

(p—1)/2
12 i N~ o~ ) ) ) )
Y ; [t ()12 () 123 () [|@(5) | €08 (B, (5) + Ouy (§) + Ous (§) — 0w (4))-

(12)

The norm constraint ||uy ||? + [Juz||? + ||us||? + [|w||? < 1 is equivalent to
@l + a2l + [as|® + 1o]* < p
by using Plancherel’s theorem. Thus, we need to select them in such a way that

em(j) + GU2(j) + ng(j) = 9w<j>7
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ensuring that, for each j, the expression cos(6y, (7) + Ou, () + Ous (J) — 0 (5)) = 1 is maximized,
except in cases where the scalar of the j-th term is 0.

This further simplifies the problem to:

(r-1)/2
12
max —_— w1(Dwa(Hus(9)||w(5)]. (13)
(@ s |01 2+ a2 Hl s 2+ @2 <p (p — 1)pP ;;; @B @00
Then, we have
B S S
[ ()lla() a6 < (5 - (@G + @) + [@B6)* + [@G)1F)*% (14

where the first step is from inequality of quadratic and geometric means.

We define 2 : {1,..., 25} - Ras
2(5) = @ (7)1 + [a@2(7)1* + [as(7)]* + @ ().

We need to have u; (0) = 15(0) = u3(0) = @(0) = 0. Then, the upper-bound of Eq. equation 13 is
given by

-1/2 .
12 2(4) \2
——— *+ nax —_—
(p=1)p* Jzlh<% 22(4)
3 (p—1)/2
-\ 2
= ——— % + Imnax V4
Alp—1)p* =<t Z; &
3 2
4@—1W3W$§ykm
2
s 3 P
T A(p-1)p* 4
3 1
16 p(p—1)

where the first step follows from simple algebra, the second step comes from the definition of Lo
norm, the third step follows from ||z||2 < [|z||1 < &, the last step comes from simple algebra.

For the inequality of quadratic and geometric means, Eq. equation 14 becomes equality when
[u1(j)| = [u2(j)| = [us(j)| = |@w(j)|. To achieve ||z|2 = &, all the mass must be placed on a single

frequency. Hence, for some frequency ¢ € {1, ..., %_1} to achieve the upper bound, we have:
N s N S N LS p/8 ifj==+(
@1 (7)] = [2(3)] = [s(5)| = @G| = { YP/® TT=%c (1)

In this case, Eq. equation 13 matches the upper bound.

12 ]3)2_3' 1

PSR N TR i
where the first step is by simple algebra. Hence, the maximum-margin is % . m.
Let 0} := 0,,(¢). Combining all the results, up to scaling, it is established that all neurons which
maximize the expected class-weighted margin conform to the form:

p—1
> ()
=0

ul(al) =

SRR
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(W (Q)p ™+ (—C)p~ ™)

Ly epting )5 2 exp(-i0z, )7
— o/ = cos(8, +2nCar/p)
= %COS( w, T 27Ca1/p),

where the first step comes from the definition of u; (a), the second step and third step follow from
Eq. equation 15, the last step follows from Euler’s formula.

[ = =

Similarly,

us(ag) = \/gcos(%2 + 27Cas/p)
uz(as) = \/gcos(ez3 + 27Cas/p)

w(c) = \/gcos(efu + 27 Cc/p),

for some phase offsets 0} , 07, 0: , 07 € Rsatisfying 0 + 05 +0; = 05 and some ¢ € Z,\{0},

u? Cu2? Cuzg? Cw
where u1, us, us, and w shares the same (.

O

H.4 TRANSFER TO DISCRETE FOURIER SPACE FOR GENERAL k VERSION

Definition H.5. Let
s iuwew(0) = | B [(ur(ar) 4+ uk(ar)) w(ar + -+ ag — 8)].
Definition H.6. Provided the following conditions are met
o We denote B as the ball that ||u1||® + - - - + |Jug|* + [|w]* < 1.
We define

Qg = argmax (u, . upw(0) = B (M, g0 (0)])-
Up,.., Uk, WEB 6#0

The goal of this section is to prove the following Lemma,
Lemma H.7. Provided the following conditions are met

o Let B denote the ball that |luy||? + - - - + |lug||* + |w|* < 1.

o We define Q;* in Definition H.6.

* We adopt the uniform class weighting: ¥c' # a1 +---+ax, 7(a1,...,a;)[c'] :=1/(p—1).
We have the following

k

. k! o Py

Q) = argmax 7k2w(—j)Hui(j).
ul,...,ukﬂueB(p*l)p §£0 i=1

Proof. We have
77u1,---,uk.,w(5) = E [(ui(ar) +---+ uk(ak))kw(al +-- 4 ap —9)).

at,...,ak

The goal is to solve the following mean margin maximization problem:

u UL, W 0 - IE u U , W 6
ufr.%urf,i}és(n (1) 57&0[77 1ot (0)])
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__P —
T (Mg w (0) I%[nul,m,uk,w((s)])a (16)

where the equation follows (a1, ..., ax)[¢] :=1/(p—1) ¥¢' # a1 +---+apand 1 — -1 = 2o

We note that all terms are zero rather than w(+) - Hle u;(a;).

Hence, we can rewrite Eq. equation 16 as

klp _
arg max 7(77u1,...,uk,w(0) — IE[nul_’__,’uk’w((S)D7
ULy Uk, WEBP — 1 5

where
k

77“17~~7Uk7w(5> = E [w(a+---+ap—0) Huz(az)]

al,...,0F "
=1

Let p := €*™/P and 1y,. .., Uy, denote the discrete Fourier transforms of w1, . .., uy, and w
respectively. We have

1 =

k
@ (—5)p"° [ ] i)
i=1

ﬁul,...,uk,w(é) = T—f—l
P

which comes from p := ¢*™/? and Uy, . . . , Uy, @ are the discrete Fourier transforms of w1, . . . , u, w.

Hence, we need to maximize

k
e > @(—5) [T a:)- a7
JE[—(p—1)/2,4+(p—1)/2]\0 i=1

where the first step follows from the definition of 7, . 4, w(¢), the second step follows from
Es[p?°] = 0 when j # 0, the last step is from simple algebra.

O
H.5 GET SOLUTION SET FOR GENERAL k VERSION
Lemma H.8 (Formal version of Lemma F.1). Provided the following conditions are met

o We denote B as the ball that |Ju||> + - - - + ||ug|]® + [Jw|* < L

Let Q;* be defined as Definition H.6.
* We adopt the uniform class weighting: ¥c' # a1 +---+ax, 7(a1,...,a;)[c']:=1/(p—1).
* Forany ¢ €{1,..., %} there exists a scaling constant 3 € R and

uy(ay) = B - cos(0,, +2mCa1/p)
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ug(az) = - cos(0,, + 2mCaz/p)

ug(ax) = B - cos(8,, + 2nCax/p)
w(c) = B - cos(0;, + 2mc/p)
where 0;, ,...,07 07 € R are some phase offsets satisfying 0, +---+ 07, = 0;.

yYup) Y w
Then, we have the following
Q7 ={(u1,...,ur,w)},

and

2(k!)
ul,_.%%}fwels(nul,m,uk,w(O) - SEO[nuhm,uk,w(é)]) - (Qk + 2)(k+1)/2(p _ 1)p(k71)/2'

Proof. By Lemma H.7, we only need to maximize Equation equation 17. Thus, the mass of

u1,..., U, and @ must be concentrated on the same frequencies. For all j € Zy, we have
ui(—j) = ui(j), w(—j)=w(j) (18)
as uy, ..., u,w are real-valued. For all j € Z,, and for u1, us, us, w, we denote 0y, ...,0,,,0, €

[0, 27)P as their phase, e.g.:
u1(j) = [u1(5)] exp(ibu, (5))- (19)

Considering odd p, Equation equation 17 becomes:

!
equation 17 = K Z w(—j) Hai(j)

“1)pk
(=P /2t m-n/200 i=1

— o~

where the first step follows from definition equation 17, the second step comes from Eq. equation 18,
the last step follows from Eq. equation 19, i.e., Euler’s formula.

Thus, we need to optimize:

2(k') (pfl)/z k k
s = E |@(j)|COS(E 0w, () _Gw(j))H|ai(j)|' (20
""" kot j=1 i=1 i=1

‘We can transfer the norm constraint to
[+ - + [[a]® + lo)]* < p
by using Plancherel’s theorem.

Therefore, we need to select them in a such way that ,,, (j) + - - - + 04, () = 0.,(j), ensuring that,
for each j, the expression cos(6,, (§) + -+ + 04, (j) — 0,,(5)) = 1 is maximized, except in cases
where the scalar of the j-th term is 0.

This further simplifies the problem to:

Q(k") (pfl)/Q k
max —_— w(j u; (7)]. (21
|24+ e+l @12<p (p — 1)pF ; | @'E‘ Gl
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Then, we have

k

@) T 1)l < (

i=1

1

1 (TGP +- G + [@()[2)) 072, (22)

where the first step follows from inequality of quadratic and geometric means.

We define 2 : {1,..., 25} — R, where

2(j) = [wm ()P + - + law ()1 + 1o ()]

We need to have %; (0) = - - - = Uy (0) = w(0) = 0. Then, the upper-bound of Equation equation 21
is given by
(p—1)/2 :
Z(k') . max pz ( Z(j) )(k+1)/2
(p=1p* Jzlh<s o k+1
(p—1)/2
2(k!) A (k+1)/2
= - max z
(k+1)*HD2(p — 1)pF |1zl <t ; )
2(k!) (k+1)/2
= Ger g - pr PP
2(k!)

(2 + 2)FD72(p — 1)plh- /2"

where the first step follows from simple algebra, the second step comes from the definition of Lo
norm, the third step follows from [|z|[o < [|z||1 < &, the last step follows from simple algebra.

For the inequality of quadratic and geometric means, Eq. equation 22 becomes equality when
[u1(j)] = --- = |ur(j)| = |@(j)|- To achieve | z||2 = &, all the mass must be placed on a single

frequency. Hence, for some frequency ¢ € {1,..., %}, to achieve the upper bound, we have:

P T I
@) = @) = { Ve 9= @3)

0, otherwise.
In this case, Equation equation 21 matches the upper bound. Hence, this is the maximum-margin.

Let 0y := 0,,(¢). Combining all the results, up to scaling, it is established that all neurons which
maximize the expected class-weighted margin conform to the form:

122 .
ui(ar) = = » i (j)p’™
p =0
1 ~ _
= (@ (C)p*™ + U (—¢)p~ ™)
_ 1 p s0% Cai b _30* —Caq

0 Dp cos(0y,, + 2mCay/p),

ER

where the first step comes from the definition of u4 (a), the second step and third step follow from
Eq. equation 23, the last step follows from Eq. equation 19 i.e., Euler’s formula.

We have similar results for other neurons where 0}, ,...,07 07 € Rsatisfying 0, +---+0; =0,
and some ¢ € Z,\{0}, where u1, ..., uy, and w shares the same .
O
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I CONSTRUCT MAX MARGIN SOLUTION

Section I.1 proposed the sum-to-product identities for k& inputs. Section 1.2 shows how we construct
0* when k = 3. Section 1.3 gives the constructions for §* for general k version.

I.1 SUM-TO-PRODUCT IDENTITIES
Lemma 1.1 (Sum-to-product Identities). If the following conditions hold
e Letay,...,a denote any k real numbers
We have
e Part 1.
22. 2. a1as = (ay 4 a2)? — (a1 — a2)? — (—ay + a2)? + (—a; — az)?

e Part 2.
23 . 3' cajagaz = (a1 + a9 —+ (13)3 — ((Zl —+ ag — a3)3 — (a1 — az —+ a3)3 — (—a1 —+ a9 —+ a3)3

+ (a1 — a2 — a3)3 + (—a1 + a2 — a3)3 + (—a1 —az + 113)3 —(—a1 —az — a3)3

Part 3.

24 .4l arasazas =
(a1 + as + az + a4)*
— (a1 +ag +az —as)* — (a1 + az —az + as)* — (a1 — ag + az + ag)* — (—ay + az + a3 + as)*

+ (a1 4 ag — az — ag)* + (a1 — ag + a3 — ag)* + (a1 — ap — a3z + ag)*

+(—a1 —ag +az +ay)* + (—a1 +az —az +ag)* + (—ay +az + a3z —ay)?

—(—a1 —as —az +ag)* — (—a1 — az + as — as)* — (a1 + az — ag — as)* — (a1 — az — az — as)*
+ (=

4
al—ag—ag—a4)

k k
2k - k! ‘Hai = Z (*1)(]672?:1 ci)/2(ZCjaj)k.
=1

ce{—1,+1}F j=1

Proof. Proof of Part 1.
We define Ay, As, A3, A4 as follows
A= (a1 + a2)27142 = (a1 — a2)2,A3 = (—a1 + a2)2,A4 = (—a1 — G2)2’

For the first term, we have

Al = a% + a% + 2a1as.

For the second term, we have

Ay = a% + a% — 2aias.

For the third term, we have

Az = a% + a% — 2aias.

For the fourth term, we have

Ay = a% + a% + 2a1as.
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Putting things together, we have
(a1 +a2)® = (a1 = a2)® = (a1 + a2)” + (a1 — az)”
=A1— Ay — A3+ Ay
= 8a1a2
= 23a1a2
Proof of Part 2.
We define By, Bs, Bs, B4, Bs, Bg, B7, Bs as follows

By := (a1 + as + a3)?,

By := (a1 + ay — az)?,
Bs = (a1 — az + as)®,
By = (—ay + as + a3)?,
Bs = (a1 — az — a3)?,
Bg == (—a1 + az — a3)?,
Br = (—ay — az + a3)?,
Bg = (—a1 — a3 — a3)®,

For the first term, we have

By = ai’ + a% + ag + 3a2a§ + SaQaf + 3a1a§ + 3a1a§ + 3a3a§ + 3a3a3 + 6aiasas.

For the second term, we have

BQ = a? + ag — ag + 3(12(1% + 3(12(1% + 3[11@?) + 3&10,% — 30,30,% — 3(130,3 — 6CL1GQCL3.

For the third term, we have

B3 = a“;’ — ag’ + ag — 3a2a§ — 3a2af + 3a1a§ + 3a1a§ + 3a3af + 3a3a§ — 6ajasas.
For the fourth term, we have
By = — ail)’ + ag + ag + 3a2a§ + 30/20/% — 3a1a§ — Salag + 3a3a% + 3a3a§ — 6ajasas.

For the fifth term, we have

Bs = ai’ — a% — ag — 3a2a§ — 3a2a% + 3a1a§ + 3a1a§ — 3a3a% — 3a3ag + 6aiasas.

For the sixth term, we have

Bs = — a3 + a3 — aj + 3a2a3 + 3a2a? — 3a1a3 — 3a1a3 — 3azai — 3azai + 6aiazas.

For the seventh term, we have

B = — a:{’ — ag + ag — 3a2a§ — 3a2a? — 3a1a§ — 3a1a§ + 3(13(1% + 3a3a§ + 6aiasas.

For the eighth term, we have
Bg = — a:{’ — ag — ag — 3a2a§ — 3a2a% — 3a1a§ — 3a1a§ — 3a3a§ — 3a3a§ — 6ajasas.
Putting things together, we have

(a1 + ag +a3)® — (ay 4+ as — a3)® — (a1 — az + a3)® — (—a1 + az + az)®

+ (a1 — ag — a3)3 + (—a1 —+ ag — a3)3 + (—a1 — a2 + (13)3 — (—a1 —ags — ag)
=By — By — B3 — B4+ Bs + B+ By — Bg
:48a1a2a3

3

4
=3-2 a1a920as3
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Proof of Part 3.

We define Cla CQa 037 047 057 067 077 CS) 09, 0107 C1117 ClQa C(137 C(147 0157 Clﬁ as follows

(& ::(a1+a2+a3+a4 4

)

)
Co := (a1 + az + az — as)?,
Cs = (a1 + a2 — az + as)*,
Cy:= (a1 — ag + a3 + aq)?,
Cs = (—ay +az +az + as)*,
Cs := (a1 + as — az — aq)”,
Cr = (a1 — az + a3 — as)*,
Cs = (a1 — az — az + as)*,
Co :=(—a1 — az + as + as)*,
Cho = (—a1 +az — az + as)*,
Ci1 = (—a1 + az + a3 — as)*,
Ciz == (—a1 — az — az + as4)*,
Ci3 == (—a1 — az + az — as)*,
Cua = (—a1 + az — az — as)*,
Ci5 = (a1 —az —az — a4)4,
Ci == (—a1 —az —az — a4)4,

For the first term, we have

Ch = ai + 4a1ai + 4a2ai + 4a3a§1 + 12a1a2a?1 + 12(11a3a?1 + 12a2a3ai + 24aiasa3a4
+ 12a1a4a§ + 12a1a4a§ + 12a2a4a% + 12a2a4a§ + 12a3a4af + 12a3a4a§
+ 4aqa’ + dasal + dagal 4+ 6(araz)? + 6(araz)? + 6(a1aq)? + 6(azaz)? + 6(azaq)?® + 6(azaq)?
+ 12a1a2a§ + 12a1a3a§ + 12a2a3a§ + 4a1a§ + 4a1a§ + 4a2a:1)’ + 4a2a§ + 4a3a§ + 4a3a§

4 4 4
+ay; + a; + as.

For the second term, we have
Cy = ai — 4a1ai — 4a2a2 — 4a3ai + 12a1a2ai + 12a1a3ai + 12a2a3ai — 24a a0a3a4
— 12a1a4a% — 12a1a4a§ — 12a2a4a§ — 12a2a4a§ — 12a3a4a% — 12a3a4a%
— 4aya’ — 4agad — 4agad + 6(araz)? + 6(araz)? + 6(araq)® + 6(agas)? + 6(azas)? + 6(azay)?
+ 12a1a2a?2> + 12a1a3a§ + 12a2a3a% + 4a1a§ + 4a1a§ + 4a2ai’ + 4a2a§ + 4a3a:{’ + 4a3a§
+ aiL + a;l + aé.
For the third term, we have
Cs = ai + 4a1ai + 4a2ai — 4a3af’1 + 12a1a2ai — 12a1a3ai — 12a2a3ai — 24aqa2a3a4
+ 12a1a4a§ + 12a1a4a§ + 12a2a4a% + 12a2a4a§ — 12a3a4a% — 12a3a4a§
+ 4aga? + dasad — dagal + 6(araz)? + 6(araz)? + 6(araq)* + 6(azaz)? + 6(azas)? + 6(azas)?
+ 12a1a2a§ — 12a1a3a§ — 12a2a3af + 4a1a§ — 4a1a§ + 4a2a? — 4a2a§ — 4a3a:1” — 4a3a§
+ a‘ll + a;l + ag.
For the fourth term, we have
Cy = ai + 4a1ai — 4a2ai + 4a3a§1 — 12a1a2aZ + 12a1a3ai — 12a2a3ai — 24aqasa3a4

+ 12a1a4a§ + 12a1a4a§ — 12a2a4a% — 12a2a4a§ + 12a3a4a% + 12a3a4a§
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+ daga? — dasal + dasal + 6(ajaz)? + 6(araz)? + 6(aras)® + 6(azaz)? + 6(azas)? + 6(azas)?
— 12a1a2a3 + 12(11z13a2 — 12(12(13a1 4a1a2 + 4a1a3 4(12(11 — 4a2a3 + 4a3a1 4&3&2

+a1+a2+a3.

For the fifth term, we have

Cs = aj — 4a1ai + 4a2a2 + 4a3af’1 — 12a1a2ai — 12a1a3ai + 12a2a3ai — 24a a0a3a4
— 12a1a4a§ — 12a1a4a§ + 12a2a4a% + 12a2a4a§ + 12a3a4a% + 12a3a4a§
— 4a4a3 + dagad + dagal + 6(araz)? + 6(araz)? + 6(ajaq)? + 6(azaz)? + 6(agas)® + 6(azas)?
— 12a1a2a3 — 12a1a3a2 + 12(12(13@1 4a1a2 4a1a3 4(12(11 + 4a2a3 4a3a1 + 4a3a2

—|—a1+a2+a3.

For the sixth term, we have

Ce = a4 4a1a4 4a2a4 + 4a3a4 + 12a1a2a4 — 12a1a3a4 — 12a2a3a4 + 24aqaza3a4
— 12a1a4a2 — 12a1a4a3 — 12a2a4a1 — 12a2a4a3 + 12a3a4a1 + 12a3a4a2
— 4a4a3 — dagad + 4agal + 6(araz)? + 6(araz)? + 6(a1aq)? + 6(azaz)? + 6(agas)® + 6(azas)?
+ 12a1a2a3 — 12a1a3a2 — 12a2aga1 + 4a1a2 4a1a3 + 4&2&1 4a2a3 4aga1 4a3a2

+a1+a2+a3.

For the seventh term, we have

Cr; = 4a1a4 + 4a2a4 4a3a4 — 12a1a2a4 + 12a1a3a4 — 12a2a3a4 + 24aiasa3a4
— 12a1a4a2 — 12a1a4a‘3 + 12a2a4a1 + 12a2a4a3 — 12a3a4a1 — 12a3a4a§

— 4a4a3 + dagad — 4agal + 6(araz)? + 6(araz)? + 6(a1aq)? + 6(azaz)? + 6(agas)® + 6(azas)?

— 12a1a2a3 + 12a1a3a2 — 12a2a3a1 4a1a2 + 4a1a3 4a2a1 4a2a3 + 4a3a1 4a3a2

—|—a1—|—a2+a3.

For the eighth term, we have

Cs = a4 + 4a1a4 4a2a4 4a3a4 — 12a1a2a4 — 12a1a3a4 + 12a2a3a4 + 24a1asa3a4
+ 12a1a4a2 + 12a1a4a3 — 12a2a4a1 — 12a2a4a3 — 12a3a4a1 — 12a3a4a§

+ daga? — dasad — dagal + 6(ajaz)? + 6(araz)? + 6(aras)® + 6(azaz)? + 6(azas)? + 6(azas)?

— 12a1a2a3 — 12a1a3a2 + 12a2a3a1 4a1a2 4a1a3 4a2a1 + 4a2a3 4a3a1 + 4a3a2

—|—a1—|—a2+a3.

For the ninth term, we have

Co = a4 4a1a4 4a2a4 + 4a3a4 + 12a1a2a4 — 12a1a3a4 — 12a2a3a4 + 24aiasa3a4
— 12a1a4a2 — 12a1a4a3 — 12(12@4(11 — 12a2a4a3 + 12a3a4a1 + 12a3a4a§
— 4a4a3 — dagad + 4agal + 6(araz)? + 6(araz)? + 6(ajaq)? + 6(azaz)? + 6(agaq)® + 6(azas)?
+ 12a1a2a3 — 12a1a3a2 — 12a2a3a1 + 4a1a2 4a1a3 + 4a2a1 4a2a3 4a3a1 4a3a2

+a1—|—a2+a3.

For the tenth term, we have

Cip = a4 4a1a4 + 4a2a4 4a3a4 - 12a1a2a4 + 12a1a5a4 — 12a2a3a4 + 24aia9a304
— 12a1a4a2 — 12a1a4a3 + 12a2a4a1 + 12a2a4a3 — 12a3a4a1 — 12a3a4a§

+ daya3 — dagad + 4agal + 6(araz)? + 6(araz)? + 6(araq)® + 6(azaz)? + 6(agas)® + 6(azaq)?

— 12a1a2a3 + 12a1a3a2 — 12a2a3a1 — 4a1a2 + 4a1a3 4a2a1 — 4a2a3 + 4a3a1 — 4a3a2
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4 4 4
+a; + a5 + as.

For the eleventh term, we have

Ci1 = a4 + 4a1a4 4a2a4 4a3a4 — 12a1a2a4 — 12a1a3a4 + 12a2a3a4 + 24aiasa3a4
+ 12a1a4a2 + 12a1a4a3 — 12a2a4a1 — 12a2a4a3 — 12a3a4a1 — 12a3a4a2
+ 4aqa’ — dagad — dagal 4 6(araz)? + 6(araz)?® + 6(a1as)® + 6(azas)? + 6(azaq)® + 6(azas)?
- 12a1a2a3 - 12a1a3a2 + 12a2a3a1 - 4a1a2 4a1a3 4a2a1 + 4a2a3 4a3a1 + 4a3a2

4 4 4
+ aqy + a5 + as.

For the twelfth term, we have
Cio = a4 4a1a4 4a2a4 4a3a4 + 12a1a2a4 + 12a1a3a4 + 12a2a3a4 — 24aqa0a3a4
— 12a1a4a2 — 12a1a4a3 — 12a2a4a1 — 12a2a4a3 — 12a3a4a1 — 12a3a4a2
— daya’ — 4aqgad — dasad + 6(a1az)® + 6(aras)? + 6(aras)? + 6(agas)? + 6(azay)? + 6(azaq)?
+ 12a1a2a3 + 12a1a3a2 + 12a2a3a1 + 4a1a§ + 4a1a§ + 4a2aif + 4a2a§ + 4a3ai’ + 4a3a§
+ a% + aé + ag.

For the thirteenth term, we have

Ci3 = a4 + 4a1a4 + 4a2a4 4a3a4 + 12a1a2a4 — 12a1a3a4 — 12a2a3a4 — 24a a0a3a4
+ 12a1a4a2 + 12a1a4a3 + 12a2a4a1 + 12a2a4a3 — 12a3a4a1 — 12a3a4a2
+ 4aqa’ + dagad — dagad + 6(araz)? + 6(arasz)? + 6(a1as)® + 6(azas)? + 6(azaq)® + 6(azas)?
+ 12a1a2a3 — 12a1a3a2 — 12a2a3a1 + 4a1a2 4a1a3 + 4a2a1 — 4a2a3 4aga1 — 4a3a2

+a1+a2+a3.

For the fourteenth term, we have

Cia = a4 + 4a1a4 4a2a4 + 4a3a4 — 12a1a2a4 + 12a1a3a4 — 12a2a3a4 — 24aya0a3a4
+ 12a1a4a2 + 12a1a4a3 — 12a2a4a1 — 12a2a4a3 + 12a3a4a1 + 12a3a4a2
+ dayal — dagad + dagal + 6(araz)? + 6(araz)? + 6(ajas)? + 6(azaz)? + 6(agas)® + 6(azas)?
— 12a1a2a3 + 12a1a3a2 — 12a2a3a1 — 4a1a2 + 4a1a3 4a2a1 — 4a2a3 + 4a3a1 — 4a3a2

+a1+a2+a3.

For the fifteenth term, we have

Ci5 = a4 4a1a4 + 4a2a4 + 4a3a4 — 12a1a2a4 — 12a1a3a4 + 12a2a3a4 — 24aqa0a3a4
— 12a1a4a2 — 12a1a4a3 + 12a2a4a1 + 12a2a4a3 + 12a3a4a1 + 12@3@4(12
— 4a4a3 + dasad + 4agal + 6(araz)? + 6(araz)? + 6(ajaq)? + 6(azaz)? + 6(agas)® + 6(azaq)?
— 12a1a2a3 — 12a1a3a2 + 12(12a3a1 4a1a2 4a1a3 4(12(11 + 4a2a3 4a3a1 + 4a3a2

+a1—|—a2—|—a3.

For the sixteenth term, we have
Cie = ai + 4a1ai + 4a2ai + 4a3a§l + 12a1a2a3 + 12a1a3a3 + 12a2a3ai + 24aqasa3a4
+ 12a1a4a§ + 12a1a4a§ + 12a2a4a% + 12a2a4a§ + 12a3a4a% + 12@3&4@%
+ daya3 + dagad + dagal + 6(araz)? + 6(araz)? + 6(araq)? + 6(azaz)? + 6(agay)® + 6(azaq)?
+ 12a1a2a§ + 12a1a3a§ + 12a2a3a% + 4a1a§ + 4a1a§ + 4a2a:1s + 4a2a§ + 4a3a§ + 4a3ag
+ai + a3 + aj.
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Putting things together, we have

(a1 + an + as + a4)4

a1+a2—a3+a4)4—(a1—a2+a3+a4)4—(—a1+a2+a3+a4)4

— (a1 +az +az —aq)* — (
+ (a1 +ay —az —ag)* + (a1 —az + a3 —as)* + (a1 — as — az + a4)*
+(—a1 —ag +az +ay)* + (—ay +az —az +ag)* + (—ay +az + a3 —ay)?
- (- a1—a2—a3—|—a4)4—(—a1—a2+a3—a4)4—(—a1+a2—a3—a4)4—(a1—ag—ag—a4)4
+ (- al—ag—ag—a4)4
=C1—-Cy—C3—-Cy—C54+Cs+Cr+Cs+Cy+ Crg+ C11 — Cr2 — C13 — Crg — C15 + Cis
= 384aiaza3

=3 27a1a2a3a4

Proof of Part 4.
k k
Qk'k!'Hai: Z (-1 k lecl)/2 ZC
i=1 ce{—1,+1}* j=1
We first let a; = 0. Then each term on RHS can find a corresponding negative copy of this

term. In detail, let ¢; change sign and we have, (—1)(k=e1=32¢)/2(¢; . 0 4 Z§:2 cja;)* =
—(=1)(ter=3i s e)/2(cy . 0+ 2?22 cja; ). We can find this mapping is always one-to-one and

onto mapping with each other. Thus, we have RHS is constant 0 regardless of ag, .. ., ax. Thus, a;
is a factor of RHS. By symmetry, as, . . ., aj also are factors of RHS. Since RHS is k-th order, we
have RHS= « H _, a; where o/ is a constant. Take a; = = ay = 1, we have a = 2F - k! =RHS.
Thus, we finish the proof. O

1.2  CONSTRUCTIONS FOR 6§*
Lemma 1.2. When k = 3, provided the following conditions are met
o We denote B as the ball that |Juy ||* + |luz|® + |lus|* + ||w|]® < 1.
* We define Q'q* in Definition H.2.
* We adopt the uniform class weighting: V¢ # ay + as + a3, 7(a1,a2,a3)[c'] :==1/(p—1).
* Let cos¢(x) denote cos(2m(x/p)
* Let sing(x) denote sin(2rwx/p)
Then, we have

* The maximum Lo 4-margin solution 6* will consist of 16(p — 1) neurons 0} € Q;* fo
simulate % type of cosine computation, each cosine computation is uniquely determined a

cedy,..., ‘]2;1} In particular, for each  the cosine computation is cos¢(a1 + as + ag —
¢),Vai,az,as, c € Z,.

Proof. Referencing Lemma H.4, we can identify elements within Q;. Our set 8* will be composed

. . . . -1
of 16(p — 1) neurons, including 32 neurons dedicated to each frequency in the range 1,..., 5=,

Focusing on a specific frequency ¢, for the sake of simplicity, let us use cos¢(z) to represent
cos(2mCx/p) and sin¢(x) likewise. We note:

cos¢ (a1 + az + ag — ¢) =cos¢(ar + az + ag) cos¢(c) + sing (ar + ag + as) sing(c)
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= cos¢ (a1 + ag) cos¢(ag) cose(c) — sing (a1 + az) sing (asz) cos¢(c)
+ sing (a1 + ag) cose (az) sing () + cos¢ (a1 + a2) sing (as) sing(¢)

= (cos¢(a1) cos¢(az) — sing(aq1) sing (az)) cos¢(as) cose(c)
— (sin¢(a1) cose (az) + cos¢(ar) sing (az)) sing (as) cos¢(c)
+ (sin¢ (a1) cose (az) + cos¢(ar) sing (az)) cose (as) sing(c)
+ ((cos¢(a1) cose (az) — sing(aq) sing (az))) sing (ag) sine (c)

= cos¢(a1) cos¢(az) cos¢(ag) cose (¢) — sing(aq ) sing(az) cose (as) cos¢(c)
— sin¢(a1) cose (az) sing (az) cose (¢) — cos¢(ar) sing (az) sing(as) cos¢(c)
+ sin¢ (a1 ) cose (az) cose(as) sing () + cose (aq) sing (az) cose (ag) sing(c)
+ cos¢ (a1) cos¢(az) sing (as) sing (¢) — sing (a1) sing (a2) sing (ag) sing (c)

where all steps comes from trigonometric function.

Each of these 8 terms can be implemented by 4 neurons ¢1, ¢o, - - - , ¢4. Consider the first term,
cos¢(a1) cose (az) cos¢(as) cose(c).

For the i-th neuron, we have
¢i = (ui1(a1) + ui2(az) +u;3(az))® - wi(c).

By changing (6; ;)*, we can change the constant factor of cos,(-) to be +4 or —j. Hence, we can
view u; ;(+), w;(+) as the following:

ui1(+) == pin - cosc (),
u;2(+) == pi2 - cosc(+),
u;3(+) = pi3 - cos¢ (),
w;(+) := pi,a - cos¢(-)

where p; ; € {—1,1}.
For simplicity, let d; denote cos¢(a;).

We set (6% ,0% 0% .6%)=(0,0,0,0), then

w1’ Yu2? Yugz? Cw
P1,1,P1,2,P1,3,P1,4 = 1,

then we have

gf)l = (dl + d2 + d3)3 COSC(C).

We set (0}, ,0;,,0:.,0) = (0,0,7,7), then p2 1,p2 2 = 1 and p2 3, p2 4 = —1, then we have
po=—(d1 +ds — d3)3 cos¢(c).

We set (07 ,0% 0% ,60%)=(0,7,0,), then p31,p3 3 = 1 and p3 2, p3 4 = —1, then we have

w1? U2’ Yusz?
¢3 = —(dl — d2 —+ d3)3 COSC(C).

We set (0 ,0;,,0;.,05) = (7,0,0,7), then py1,ps4 = —1 and p2 2, p2 3 = 1, then we have

ps=—(—dy +da+ d3)3 cos¢(c).

Putting them together, we have

4
> ¢ilar, az, a3)
i=1

4

= Z(ui,l(al) + u 2(ag) + us 3(az))>wi(c)
=1
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4
Z pi1 cose(ay) + piacose(as) + piscose(az)) wi(c)
i=1

= [(dl +ds + dg) —(dy +dy — d3)3 - (d1 —ds + d3)3 - (—dl +ds + dg)S} COSC(C)
= 24d;dad3 cos¢(c)
= 24 cos¢(a1) cos¢(az) cos¢(as) cose(c) (25)

where the first step comes from the definition of ¢;, the second step comes from the definition of u; j,
the third step comes from d; = cos¢(a;), the fourth step comes from simple algebra, the last step
comes from d; = cos¢(a;).

Similarly, consider — sin¢ (a1) sing (a2) cos¢(as) cos¢(c).

We set (0% 6% 0% ,0%) = (m/2,7/2,0,), then we have

wu? Yu? Yuz?) Cw

1 = —(sin¢(ar) + sin¢(az) + COSC(CL;;))B cos¢(c).
We set (0% , 0% 0% ,0%) = (n/2,7/2,—m,0), then we have

w1 Yugr Yuzr Yw

$2 = (sing(ay) + sing(ag) — cos¢ (az))? cos¢(c).
We set (0% ,6% 0% ,0%) = (w/2,—m/2,0,0), then we have

w1’ Yu2? Yuz? Cw
¢3 = (sin¢(aq) — sine (az) + cos<(ccg))3 cos¢(c).
We set (0 ,60% 0% ,0%) = (—n/2,7/2,0,0), then we have

w1 Yug) Yuzr Yw
¢a = (—sin¢(ar) + sing(az) + COS((ag))B cos¢(c).

Putting them together, we have

4
> ¢ilar, az,a3)
i=1

= — 24sin¢(aq) sine (az) cos¢ (as) cos¢(c) (26)

Similarly, all other six terms in Eq. equation 24 can be composed by four neurons with different
(0 6% 0% ,0%).

wu? U2’ Yuz?) Cw

When we include such 56 neurons for all frequencies ¢ € {1,..., %}, we have that the network
will calculate the following function

fla1,a2,as3,c) = cos¢(a + as + az — c)

-exp(2mi¢(a; + az + a3 — ¢)/p)

5 ifa; +as+ a3z =c
0 otherwise

where the first step comes from the definition of f(aq, as, as, ¢), the second step comes from Euler’s
formula, the last step comes from the properties of discrete Fourier transform.

The scaling factor 8 for each neuron can be selected such that the entire network maintains an
Ls 4-norm of 1. In this setup, every data point lies exactly on the margin, meaning ¢ = unif(Z,)
uniformly covers points on the margin, thus meeting the criteria for ¢* as outlined in Definition C.7.
Furthermore, for any input (a1, a2, as), the function f yields an identical result across all incorrect
labels ¢’, adhering to Condition C.10. O
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1.3 CONSTRUCTIONS FOR 6* FOR GENERAL k£ VERSION
Lemma 1.3 (Formal version of Lemma F.2). Provided the following conditions are met
o We denote B as the ball that |Ju ||* + - - - + |Jug||® + [Jw|* < L
o We define Q;* in Definition H.2.
* We adopt the uniform class weighting: V¢’ # a1 +---+ax, 7(a1,...,a;)[c']:=1/(p—1).
* Let cos¢(x) denote cos(2m(x/p)
* Let sing (x) denote sin(2n(x/p)

Then, we have

e The maximum Lo k41-margin solution 0* will consist of 22k—1 . p2 L neurons 0r € Q
simulate 25~ type of cosine computation, each cosine computation is uniquely determmed a
cefl,..., 5 LY. In particular; for each C the cosine computation is cos¢(ay + - - - + ay, —

c),Vai,...,ax, ¢ € Z,.

Proof. By Lemma H.4, we can get elements of Q;*. Our set §* will be composed of 2251 . %

neurons, including 22*~1 neurons dedicated to each frequency in the range 1, . . ., % Focusing on

a specific frequency ¢, for the sake of simplicity, let us use cos¢(z) to represent cos(2w(x/p) and
sin¢ () likewise.

We define

k
a[k] = Z Qg
=1

and we also define

ag+1 = —C.

For easy of writing, we will write cos, as cos and sin¢ as sin. We have the following.

k
COSC(Z a; — c)
= cos( z:a2 —c)

= cos(a[k+1])

= cos(afy)) cos(ary1) — sin(apy)) sin(ag41)

= cos(agk—1] + ax) cos(ar41) — sin(ajp_1) + ax) sin(ary1)

= cos(agk—1]) cos(ax) cos(ag41) — sin(ap,_q)) sin(ax) cos(ar41)
— sin(ag—1y) cos(ax) sin(ag41) — cos(ap,—1)) sin(ax) sin(ar41)

k+1 k+1

S ] cost - sin® Z b %2 = 0] - (—1)MUZiE =2 (g7

be{0,1}k+1 i=1

where the first step comes from the simplicity of writing, the second step comes from the definition
of ajx41) and ag+1, the third step comes from the trigonometric function, the fourth step also follows
trigonometric function, and the last step comes from the below two observations:

* First, we observe that cos(a + b) = cos(a)cos(b) — sin(a)sin(b) and sin(a + b) =

sin(a) cos(b) + cos(a) sin(b). When we split cos once, we will remove one cos prod-
uct and we may add zero or two sin products. When we split sin once, we may remove one

38



Published at the ICLR 2024 Workshop on Understanding of Foundation Models (ME-FoMo)

sin product and we will add one sin product as well. Thus, we can observe that the number
of sin products in each term is always even.

* Second, we observe only when we split cos and add two sin products will introduce a —1 is
this term. Thus, when the number of sin products %4 = 2, the sign of this term will be —1.
Otherwise, it will be +1.

Note that we have 2¥ non-zero term in Eq. equation 27. Each of these 2* terms can be implemented
by 2! neurons ¢1, - - - , or-1.

For the i-th neuron, we have
Kk
¢ = (O uij(a;))* - wi(e).
j=1

By changing (6; ;)*, we can change the u; ;(a;) from cos¢(-) to be — cos¢(-) or sing () or — sing(+).
Denote 0 as (6;,4,)".

For simplicity, let d; denote the ¢-th product in one term of Eq. equation 27. By fact that

k k
2k k! Hdi = Z (—1)*~ 2 vel/2( chd]
i=1 j=1

ce{—1,+1}*

each term can be constructed by 2°~1 neurons (note that there is a symmetric effect so we only
need half terms). Based on Eq. equation 27 and the above fact with carefully check, we can see that
0% + -+ 0; = 0%. Thus, we need 2 - 2°=1 . 2_1 neurons in total.

When we include such 2% - 281 neurons for all frequencies ¢ € {1,..., ”%1}, we have the network
will calculate the following function

(p—1)/2

k
f(ala"'aakvc): Z COSC(Zai_C)
i=1

k
. exp(?wi((z ai —c)/p)

¢=1 i=1

p—1 . k o
_{2 if >, jai=c

0 otherwise

where the first step comes from the definition of f(aq, ..., ax, ¢), the second step comes from Euler’s
formula, the last step comes from the properties of discrete Fourier transform.

The scaling parameter 5 for each neuron can be adjusted to ensure that the network possesses an
Ly j,+1-norm of 1. For this network, all data points are positioned on the margin, which implies
that ¢ = unif(Z,) naturally supports points along the margin, aligning with the requirements for ¢*
presented in Definition C.7. Additionally, for every input (a1, ..., ax), the function f assigns the
same outcome to all incorrect labels ¢, thereby fulfilling Condition C.10. O

J CHECK FOURIER FREQUENCIES

Section J.1 proves all frequencies are used. Section J.2 proves all frequencies are used for general &
version.

J.1 ALL FREQUENCIES ARE USED

Let f: Zf, — C. Its multi-dimensional discrete Fourier transform is defined as:
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TG, g2y G3s 4a)
= Z e*QWi‘jlal/P( Z 6*27Ti'j2a2/17( Z e*QWi‘Jéas/P(Z 6*27Fi'j4C/Pf(a1’a27ag’c))).

a1€Zy a2€%Zyp a3€Zy CcEZLy
Lemma J.1. When k = 3, if the following conditions hold

* We adopt the uniform class weighting: ¥¢' # a1 + az + az, 7(a1,a2,a3)[c] :==1/(p—1).

e f is the maximum Lo 4-margin solution.
Then, for any j1 = j2 = jz = —ja # 0, we have f(j1, j2, j3, ja) > 0.

Proof. In this proof, let ji, j2, j3, ja € Z, and 6, = 0, - &= to simplify the notation. By Lemma H.4,
1
ui(ay) = %cosp(eu1 + Cay). (28)

(bh(a/la a2, asz, C)

Let

Mm

f(a17 az,0as, C)

>
Il
—

(un,(ar) + un2(az) + Uh,3(as))3wh(0)

I
\~ =

H
2 2 Z o8y (0w, , + Crar) + cosp(Ou, , + (raz) + cosy(Ou, , + Cnas))® cosy (b, + (ue)

bS]

where each neuron conforms to the previously established form, and the width H function is an
arbitrary margin-maximizing network. The first step is from the definition of f(a1, as,as, ¢), the
subsequent step on the definition of ¢, (a1, as, as, ¢), and the final step is justified by Eq. equation 28.

We can divide each ¢ into ten terms:
$(a1, az, as, c)
=¢W (a1, az,as,¢) + -+ ¢ (ay, ag, as, ¢)
= (u1(a1)® + ua(az)® + uz(as)® + 3ui(ar)?uz(az) + 3ui (ar)?us(as) + 3uz(as)’ui(ar)
+ 3us(as)®us(as) + 3us(as)?ui(ar) + 3us(as)?us(az) + 6us (a1 )us(az)us(as))w(c).

Note, p = e2mi/P_ ¢, (J1, J2, Js, ja) is nonzero only for j; = 0, and 54(j1,j2,j3,j4) is nonzero only
for j; = jo = 0. Similar to other terms. For the tenth term, we have

G10(j1, g2, 33, da) =6 > wiar)us(az)us(ag)uw(c)p” Ttz tisastise)

ai1,a2,a3,c€Zy

= 611 (j1)t2(j2) U3 (j3) W (ja)-

In particular,

) =Y \V 3, COSp (Ouy + Car)p™ 1

a1 €2y
=(@8p) 12 Y (plmten 4 pm Gty pmie

aleZp
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— (8p)—1/2(p9u1 Z p(C—j1)a1 +P_0“1 Z p—(f+.7'1)a1)
a1€Zy a1€Zy,

VPRl i =+

/8 p it = —C

0

otherwise

where the first step comes from @ (1) definition, the second step comes from Euler’s formula, the
third step comes from simple algebra, the last step comes from the properties of discrete Fourier
transform. Similarly for u, 73 and @. As we consider ¢ to be nonzero, we ignore the ( = 0 case.

Hence, (Zlo(jl,jg,jg,jg) is nonzero only when ji, jo, j3, js are all (. We can summarize that
(41, J2, js, ja) can only be nonzero if one of the following satisfies:

*Ji1-J2-Jjs=0

* Ji,J2:J3: Jja = £C.
Setting aside the previously discussed points, it’s established in Lemma G.2 that the function f

maintains a consistent margin for various inputs as well as over different classes, i.e., f can be broken
down as

f(a17a27a3yc) = fl(alaa25a3ac) + fQ(alaGQaa?nC)

where

fi(ar,a2,a3,¢) = F(a1,az,a3)

for some F' : Z,, X Zy, X Zp —+ R, and

f2(a17 az, as, C) =X 1a1+a2+a3=c

where A > 0 is the margin of f. Then, we have the DFT of f; and f> are

e SN ﬁ(j17j2aj3) 1fj4 =0
fl(jla.]27.737.]4) - {O otherwise
and
oo [N i g = o =3 =
f2(]13.727.737]4) - {0 otherwise :
Hence, when j; = jo = j3 = —js # 0, we must have f(jl,jg,j37j4) > 0. O

J.2 ALL FREQUENCIES ARE USED FOR GENERAL k VERSION

Let f: Z’;“ — C. Its multi-dimensional discrete Fourier transform is defined as:

~

(J1s -+ k1)
— Z e—2ﬂi-j1a1/p(._.( Z e_Qﬂi‘jkak/P(Z e_QWi‘ijrlC/Pf(al’.._’ak’c))).
a1€Zy ap €Ly cEZLy

Lemma J.2. If the following conditions hold

* We adopt the uniform class weighting: ¥c' # a1 +---+ax, 7(a1,...,a;)[c']:=1/(p—1).
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o f is the maximum Lg j,1-margin solution.

~

Then, for any j1 = -+ = jrp = —Jr+1 7 0, we have f(j1,...,Jrk+1) > 0.

Proof. For this proof, for all ji,...,jxr1 € Z, to simplify the notation, let 6, = 0} - =, by
Lemma H.8, so

2
ui(ar) = » cosp 0y, + Car). (29)

(k+1

H
= (una(ar) + -+ un(ar) wn(c)

H
2
m)(kﬂ)/z > (€08 (Ou, , + Char) + - -+ + co8p(Bu, , + Char))* cosp(Buy, + Cac)
h=1

where each neuron conforms to the previously established form, and the width H function is an
arbitrary margin-maximizing network. The first step is based on the definition of f (a1, ..., ag,c), the
subsequent step on the definition of ¢y, (aq, . . ., ag, ¢), and the final step is justified by Eq. equation 29.

=

Each neuron ¢ we have

k
1, i fogr) = k! Z w(e)p=Urerttikartintae) Hui(ai>
at,...,ag,cE€ELy i=1
k
= KD (Gryr) [ ] @ Gi)-
i=1

In particular,

. 2 ia
u1(]1) = Z mcosp(ﬁm +Ca1)p Jiai

aleZP

1

_ (p9u1+Ca1 +p—(9u1+4a1) p—jlal
2(k+1)p alezzp )

/ 1 ) )
— (p0u1 g p(cfjl)al + pfeul E pf(C‘i'Jl)al)
2(k + 1)]9 a1€ZLp a1€Zyp

\ 3w plaif =4
R RYE ==y cpTlaif = —C

0 otherwise,

where the first step comes from @1 (j1) definition, the second step comes from Euler’s formula, the
third step comes from simple algebra, the last step comes from the properties of discrete Fourier
transform. Similarly for 4; and w. We consider ¢ to be nonzero, so we ignore the { = 0 case.

Hence, ¢(j1, - - -, jk, jk+1) is nonzero only when j1, . .., jk, jr+1 are all £¢. We can summarize that
®(j1,- -, Jks jk+1) can only be nonzero if one of the below conditions satisfies:
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k .
* [[i.1Ji=0
® j17"'ajkajk+1 = i(

Setting aside the previously discussed points, it’s established in Lemma G.2 that the function f
maintains a consistent margin for various inputs as well as over different classes, i.e., f can be broken
down as

f(CLl,...,CLk-,C) :fl(alv"'7akvc)+f2(a1;"'7akvc)

where

filai, ... ak,¢) = F(a1,...,ax)

for some F' : Z’; — R, and

f2(a1’ ceey Ok C) =A- 1a1+“-+ak:c
where A > 0 is the margin of f. Then, we have the DFT of f; and f; are

~

o o F(iry-yjs)  if jrgs =0
fl(jlv"'?]k?]k+1)_{ (jl ]k) ki1

0 otherwise
and
> . AP i = =gk =~k
f2(ns ooy k) = {0 otherwise :
Hence, when j; = - -+ = jp = —jx+1 # 0, we must have f(jl, ey ks Jrr1) > 0. O

K MAIN RESULT

Section K.1 proves the main result for £ = 3. Section K.2 proves the general %k version of our main
result.

K.1 MAIN RESULT FOR k£ = 3

Theorem K.1. When k = 3, let f(0, z) be the one-hidden layer networks defined in Section C. If the
following conditions hold

* We adopt the uniform class weighting: ¥c' # a1 + az + a3, 7(a1,a2,a3)[c] :==1/(p —1).
* m > 16(p — 1) neurons.
Then we have the maximum Lo 4-margin network satisfying:

* The maximum Lo 4-margin for a given dataset D), is:
3 1
16 plp—1)

*

v

* For each neuron ¢({uy,us,us, w};ay,as,as), there is a constant scalar § € R and a
Sfrequency ¢ € {1,..., pgl} satisfying
uy(ay) = B - cos(0;,, +2nCa1/p)
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-cos (0, + 2mCaz/p)
uz(az) = - cos(0,, + 2wCas3/p)
wl(e) = - cos(8}, + 2mCe/p)
where 0, , 05,0 .0, € R are some phase offsets satisfying 0, + 0, + 0, = 05,

uL? U2 Yuz? w

* For each frequency ¢ € {1,..., p;—l} there exists one neuron using this frequency only.

Proof. By Lemma H.4, we get the single neuron class-weighted margin solution set Q'q* satisfying
Condition C.10 and ~*.

By Lemma 1.2 and Lemma G.1, we can construct network 6* which uses neurons in Q/q* and satisfies
Condition C.10 and Definition C.7 with respect to ¢ = unif(Z,). By Lemma G.2, we know it is the
maximum-margin solution.

~

By Lemma J.1, when j; = jo = j5 = —j4 # 0, we must have f(j1, j2, j3,74) > 0. However, as
discrete Fourier transform ¢ of each neuron is nonzero, for each frequency, we must have that there
exists one neuron using it.

O

K.2 MAIN RESULT FOR GENERAL k VERSION

Theorem K.2 (Formal version of Theorem D.1). Letr f(6,x) be the one-hidden layer networks
defined in Section C. If the following conditions hold

* We adopt the uniform class weighting: ¥c' # a1 +---+ax, 7(a1,...,a;)[c'] :=1/(p—1).

92k—1, p=1

°m > =5~ neurons.

Then we have the maximum L i, 1-margin network satisfying:

* The maximum Lo j,1-margin for a given dataset D), is:
._ 2(K!)
7T @k 2)FD2(p — p-n/z

* For each neuron ¢({us,...,u, w};a,...,a) there is a constant scalar 5 € R and a
Sfrequency ¢ € {1,..., pgl} satisfying
ui(ar) = B - cos(0;, + 2mCa1/p)

ug(ar) = B - cos(0,, + 2mCax/p)
w(c) = B - cos(0;, + 2m¢c/p)

where 0;, ,...,07 07 € R are some phase offsets satisfying 07, +---+ 07, = 0;.
* For every frequency ¢ € {1,..., pz;l} there exists one neuron using this frequency only.

Proof. Follow the same proof sketch as Theorem K.1 by Lemma H.8, Condition C.10, Lemma 1.3,
Lemma G.1, Definition C.7, Lemma G.2, Lemma J.2.

O

L MORE EXPERIMENTS

L.1 ONE-HIDDEN LAYER NEURAL NETWORK

In Figure 5 and Figure 6, we use SGD to train a two-layer network with m = 1536 = 22F=2. (p — 1)
neurons, i.e., Eq. equation 3, on k£ = 3-sum mod-p = 97 addition dataset, i.e., Eq. equation 1. In
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Figure 5: Cosine shape of the trained embeddings (hidden layer weights) and corresponding power
of Fourier spectrum. The two-layer network with m = 1536 neurons is trained on k = 3-sum
mod-p = 97 addition dataset. We even split the whole datasets (p¥ = 973 data points) into the
training and test datasets. Every row represents a random neuron from the network. The left figure
shows the final trained embeddings, with red dots indicating the true weight values, and the pale
blue interpolation is achieved by identifying the function that shares the same Fourier spectrum. The
right figure shows their Fourier power spectrum. The results in these figures are consistent with our
analysis statements in Lemma F.1.

Figure 7 and Figure 8, we use SGD to train a two-layer network with m = 5632 = 22F=2. (p — 1)
neurons, i.e., Eq. equation 3, on £ = 5-sum mod-p = 23 addition dataset, i.e., Eq. equation 1.

Figure 5 and Figure 7 show that the networks trained with stochastic gradient descent have single-
frequency hidden neurons, which support our analysis in Lemma F.1. Furthermore, Figure 6 and
Figure 8 demonstrate that the network will learn all frequencies in the Fourier spectrum which is
consistent with our analysis in Lemma F.2. Together, they verify our main results in Theorem D.1
and show that the network trained by SGD prefers to learn Fourier-based circuits.

L.2 ONE-LAYER TRANSFORMER

In Figure 9 , we train a one-layer transformer with m = 160 heads attention, i.e., Eq. equation 2, on
k = 3-sum mod-p = 61 addition dataset, i.e., Eq. equation 1. In Figure 10 , we train a one-layer
transformer with m = 160 heads attention, i.e., Eq. equation 2, on k£ = 5-sum mod-p = 17 addition
dataset, i.e., Eq. equation 1.

Figure 9 and Figure 10 show that the one-layer transformer trained with stochastic gradient descent
learns 2-dim cosine shape attention matrices, which is similar to one-hidden layer neural networks in
Figure 5 and Figure 7. It means that the attention layer has a similar learning mechanism as neural
networks in the modular arithmetic task, where it prefers to learn Fourier-based circuits when trained
by SGD.
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Figure 6: All Fourier spectrum frequencies being covered and the maximum normalized power of the
embeddings (hidden layer weights). The one-hidden layer network with m = 1536 neurons is trained
on k = 3-sum mod-p = 97 addition dataset. We denote u[i] as the Fourier transform of u[i]. Let
max; [a[i]|?/ (3 [@[4])?) be the maximum normalized power. Mapping each neuron to its maximum
normalized power frequency, (a) shows the final frequency distribution of the embeddings. Similar to
our construction analysis in Lemma F.2, we have an almost uniform distribution over all frequencies.
(b) shows the maximum normalized power of the neural network with random initialization. (c)
shows, in frequency space, the embeddings of the final trained network are one-sparse, i.e., maximum
normalized power being almost 1 for all neurons. This is consistent with our maximum-margin
analysis results in Lemma F.2.
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Figure 7: Cosine shape of the trained embeddings (hidden layer weights) and corresponding power
of Fourier spectrum. The two-layer network with m = 5632 neurons is trained on £ = 5-sum
mod-p = 23 addition dataset. We even split the whole datasets (p¥ = 23° data points) into the
training and test datasets. Every row represents a random neuron from the network. The left figure
shows the final trained embeddings, with red dots indicating the true weight values, and the pale
blue interpolation is achieved by identifying the function that shares the same Fourier spectrum. The
right figure shows their Fourier power spectrum. The results in these figures are consistent with our
analysis statements in Lemma F.1.
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Figure 8: All Fourier spectrum frequencies being covered and the maximum normalized power of the
embeddings (hidden layer weights). The one-hidden layer network with m = 5632 neurons is trained
on k = 5-sum mod-p = 23 addition dataset. We denote u[i] as the Fourier transform of w[i]. Let
max; [a[i]|?/(> [@[4]|?) be the maximum normalized power. Mapping each neuron to its maximum
normalized power frequency, (a) shows the final frequency distribution of the embeddings. Similar to
our construction analysis in Lemma F.2, we have an almost uniform distribution over all frequencies.
(b) shows the maximum normalized power of the neural network with random initialization. (c)
shows, in frequency space, the embeddings of the final trained network are one-sparse, i.e., maximum
normalized power being almost 1 for all neurons. This is consistent with our maximum-margin
analysis results in Lemma F.2.
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Figure 9: 2-dimension cosine shape of the trained W 5@ (attention weights) and their Fourier power
spectrum. The one-layer transformer with attention heads m = 160 is trained on £ = 3-sum mod-
p = 61 addition dataset. We even split the whole datasets (p* = 61 data points) into training and
test datasets. Every row represents a random attention head from the transformer. The left figure
shows the final trained attention weights being an apparent 2-dim cosine shape. The right figure
shows their 2-dim Fourier power spectrum. The results in these figures are consistent with Figure 5.
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Figure 10: 2-dimension cosine shape of the trained WX (attention weights) and their Fourier
power spectrum. The one-layer transformer with attention heads /m = 160 is trained on k = 5-sum
mod-p = 17 addition dataset. We even split the whole datasets (p¥ = 17° data points) into training
and test datasets. Every row represents a random attention head from the transformer. The left figure
shows the final trained attention weights being an apparent 2-dim cosine shape. The right figure
shows their 2-dim Fourier power spectrum. The results in these figures are consistent with Figure 7.
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