Under review as submission to TMLR

A simple connection from loss flatness to compressed neural
representations

Anonymous authors
Paper under double-blind review

Abstract

Sharpness, a geometric measure in the parameter space that reflects the flatness of the loss
landscape, has long been studied for its potential connections to neural network behavior.
While sharpness is often associated with generalization, recent work highlights inconsistencies
in this relationship, leaving its true significance unclear. In this paper, we investigate how
sharpness influences the local geometric features of neural representations in feature space,
offering a new perspective on its role. We introduce this problem and study three measures for
compression: the Local Volumetric Ratio (LVR), based on volume compression, the Maximum
Local Sensitivity (MLS), based on sensitivity to input changes, and the Local Dimensionality,
based on how uniform the sensitivity is on different directions. We show that LVR and MLS
correlate with the flatness of the loss around the local minima; and that this correlation is
predicted by a relatively simple mathematical relationship: a flatter loss corresponds to a
lower upper bound on the compression metrics of neural representations. Our work builds
upon the linear stability insight by Ma and Ying, deriving inequalities between various
compression metrics and quantities involving sharpness. Our inequalities readily extend to
reparametrization-invariant sharpness as well. Through empirical experiments on various
feedforward, convolutional, and transformer architectures, we find that our inequalities
predict a consistently positive correlation between local representation compression and
sharpness.

1 Introduction

There has been a long-lasting interest in sharpness, a geometric metric in the parameter space that measures
the flatness of the loss landscape at local minima. Flat minima refer to regions in the loss landscape where
the loss function has a relatively large basin, and the loss does not change much in different directions around
the minimum. Empirical studies and theoretical analyses have shown that training deep neural networks
using stochastic gradient descent (SGD) with a small batch size and a high learning rate often converges to
flat and wide minima (Ma & Ying, [2021} [Blanc et al., 2020; |Geiger et al., |2021; |Li et al., 2022; Wu et al.|
2018b)}; |Jastrzebski et al.l |2018} Xie et al., [2021; |Zhu et al., [2019)). Many works conjecture that flat minima
lead to a simpler model (shorter description length), and thus are less likely to overfit and more likely to
generalize well (Hochreiter & Schmidhuber, [1997; [Keskar et al. 2016; 'Wu et al., |2018b; [Yang et al.l [2023)).
Based on this rationale, sharpness-aware minimization (SAM) has been a popular method for improving a
model’s generalization ability. However, recent work has shown that SAM does not only minimize sharpness
to achieve superior generalization performance (Andriushchenko & Flammarion, 2022} Wen et al.l [2023).
More confusingly, it remains unclear whether flatness correlates positively with the generalization capacity
of the network (Dinh et al., |2017; |Andriushchenko et al., |2023; |Yang et al., |2021)), and even when it does,
the correlation is not perfect (Neyshabur et al., [2017; [Jiang et al., [2019). In particular, Dinh et al.| (2017)
argues that one can construct very sharp networks that generalize well through reparametrization; while
(Andriushchenko et al., |2023) shows that even reparametrization-invariant sharpness cannot capture the
relationship between sharpness and generalization.

As an alternative to this contentious relationship between sharpness and generalization, we show that there
exists a different, more consistent perspective by investigating how sharpness near interpolation solutions in
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the parameter space influences local geometric features of neural representations in the feature space. By
building a relationship between sharpness and the local compression of neural representations, we argue
that sharpness, in its essence, measures the compression of neural representations. Specifically, we show
that as sharpness decreases and the minimum flattens, certain compression measures set a lower bound
on sharpness-related quantities, meaning that the neural representation must also undergo some degree of
compression. We also note how local dimensionality is a compression metric of a distinct nature and therefore
does not necessarily correlate with sharpness.

More specifically, our work makes the following novel contributions:

1. We identify two feature space quantities that quantify compression and are bounded by sharpness —
local volumetric ratio (LVR) and maximum local sensitivity (MLS) E| — and give new explicit formulas
for these bounds.

2. We improve the bound on MLS in (Ma & Ying}, 2021)) and propose Network MLS (NMLS), ensuring
that the bound consistently predicts a positive correlation between both sides of the inequality in
various experimental settings.

3. Theoretically, we show that using reparametrization-invariant sharpness tightens our bound.

4. We conducted empirical experiments with VGG-11, LeNet, MLP, and ViT networks and found that
LVR and MLS/NMLS are indeed strongly correlated with their sharpness-related bound.

5. We relate sharpness to intermediate and penultimate layer representations in neural network and
comment on the relationship to neural collapse and compression type phenomena.

With these results, we help reveal the nature of sharpness through the interplay between key properties of
trained neural networks in parameter space and feature space.

Our paper proceeds as follows. First, we review arguments of Ma & Ying| (2021)) that flatter minima can
constrain the gradient of network output with respect to network input and extend the formulation to the
multidimensional input case (Section . Next, we prove that lower sharpness implies a lower upper bound on
two metrics of the compression of the representation manifold in feature space: the local volumetric ratio and
the maximum local sensitivity (MLS) (Section Section . We then empirically verify our theory by
calculating various compression metrics, their theoretical bounds, and sharpness for models during training as
well as pretrained ones (Section . Finally, we discuss how these conditions also help explain why there are
mixed results on the relationship between sharpness and generalization in the literature, by looking through
the alternative lens of compressed neural representations (Section .

2 Background and setup

Consider a feedforward neural network f with input data x € R and parameters . The output of the
network is:

y=/f(x8), (1)

where y € RV (N < M). We consider a quadratic 10ss L(y, Yrue) = 5|y — Yiruel|?, @ function of the outputs
and ground truth yi,ue. In the following, we will simply write L(y), L(f(x,8)) or simply L(0) to highlight
the dependence of the loss on the output, the network, or its parameters.

Sharpness measures how much the loss gradient changes when the network parameters are perturbed, and is
defined by the sum of the eigenvalues of the Hessian:

5(6) = Tr(H) , (2)

with H = V2L(6) being the Hessian. The trace of the Hessian, Tr (V2L(6)), is not the only definition of
sharpness, but many sharpness minimization methods have been theoretically shown to reduce this quantity
in interpolating models. Specifically, assuming that the training loss minimizers lie on a smooth manifold

IWe collectively term MLS, NMLS as "compression metrics", because these quantities measure how compressed/concentrated
a set of noise-perturbed input/internal neural representations is after going through the network.
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(Cooper, [2018; [Fehrman et al., |2020)), methods like Sharpness-Aware Minimization (SAM) (Foret et al., |2021)
when used with batch size 1 and sufficiently small learning rate and perturbation radius (Wen et al., 2022}
Bartlett et all [2022)), or Label Noise SGD with a small enough learning rate (Blanc et all 2019} Damian|
et al.l [2021} [Li et all, [2021)), tend to favor interpolating solutions with a low Hessian trace. Therefore, we
focus our analysis on the trace of the Hessian.

We note that for the cross-entropy loss function, the Hessian vanishes as the cross-entropy (CE) loss approaches
0 (Granziol, [2020; [Wu et al., 2018a)). Therefore, the sharpness of CE loss cannot differentiate between local
minima with different traces of the Hessian. As a result, showed that SGD may find a
flatter minimum with lower loss overfitted to the training data, leading to worse generalization performance.
However, our result readily extends to logistic loss with label smoothing (ref. Lemma A.13 in |Wen et al.
(2023))). Finally, our results hold for many ViTs trained with CE loss empirically, as is shown in Figure {4
The reason is that 1) MSE loss and CE loss share the same minimum, so Equation will hold for networks
trained with CE loss; 2) our bounds are agnostic to what loss the network is trained on.

Following (Ma & Ying, 2021; Ratzon et all 2023), we define 8" to be an “exact interpolation solution”
on the zero training loss manifold in the parameter space (the zero loss manifold in what follows), where
f(x:,0%) =y, for all i’s (with ¢ € {1..n} indexing the training set) and L(6*) = 0. On the zero loss manifold,
in particular, we have

S0%) = -3 IV 0xi. 0°) . 3)

i=1

where ||-]| 7 is the Frobenius norm. We state a proof of this equality, which appears in [Ma & Ying| (2021)
and Wen et al.| (2023), in Appendix [C| In practice, the parameter @ will never reach an exact interpolation
solution due to the gradient noise of SGD; however, Equation is a good enough approximation of the
sharpness as long as we find an approximate interpolation solution (see error bounds in Lemma .

To see why minimizing the sharpness of the solution leads to more compressed representations, we need to
move from the parameter space to the input space. To do so we clear up the proof of Equation (4) in
that relates adversarial robustness to sharpness in the following. The improvements we made
are summarized at the end of this section. Let W be the input weights (the parameters of the first linear
layer) of the network, and 6 be the rest of the parameters. Following (Ma & Ying, 2021)), as the weights W
multiply the inputs x, we have the following identities:

IVw f(Wx:0)|p = > J%a?
(4)

= |Tllp %]z > 1Tl .
Vef (Wx;0) = JW |

where J = %ﬁf) is a complex expression computed with backpropagation. From Equation (EI) and the

sub-multiplicative property of the Frobenius norm and the matrix 2-norm El, we have:

IV f(Wx;0)]2

A

IV f(Wx; 0)|
W2

%2

IN

IVwf(Wx;0)| .

2|AB|lF < lAllFlIBll2, |AB|l2 < [[All2|Bll2
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We call Equation the linear stability trick. As a result, we have

7Z||VXJC Xue* Z”fo Xwe*)H

HWHQ 1
Vw f(xi,
< o En }jn (i, 07 (6)
W5 1 ‘
< ——— 7= E \% 0
— 1n1||X1||2 || f Xiy )”F

This reveals the impact of flatness on the input sensitivity when k = 2. Equation @ holds for any positive
k, and Thus, the effect of input perturbations is upper-bounded by the sharpness of the loss function (cf.
Equation ) Note that Equation (@ corresponds to Equation (4) in Ma & Ying (2021) with multivariable
output.

While the experiments of Ma & Ying| (2021) empirically show a high correlation between the left-hand side
of Equation @ and the sharpness, Equation @ does not explain such a correlation by itself because of
the scaling factor |[W/||5/min;||x;||5. This factor makes the right-hand side of Equation @ highly variable,
leading to mixed positive and/or negative correlations with sharpness under different experimental settings.
In the next section, we will improve this bound to relate sharpness to various metrics measuring robustness
and compression of representations. More specifically, compared to Equation (4) of Ma & Ying| (2021)), we
make the following improvements:

1. We replace the reciprocal of the minimum with the quadratic mean to achieve a more stable bound
(Proposition [3.8). This term remains relevant as common practice in deep learning does not normalize
the input by its 2-norm, as this would erase information about the modulus of the input.

2. While Ma & Ying| (2021) only considers scalar output, we extend the result to consider networks
with multivariable output throughout the paper.

3. We introduce new metrics such as Network Volumetric Ratio and Network MLS (Definition and
Definition and their sharpness-related bounds (Proposition and Proposition [3.10)), which
have two advantages compared to prior results (cf. the right-hand side of Equation @)

(a) our metrics consider all linear weights so that bounds remain stable to weight changes during
training.

(b) they avoid the gap between derivative w.r.t. the first layer weights and the derivative w.r.t. all
weights, i.e. the second inequality in Eq. 6, thus tightening the bound.

Moreover, we show that the underlying theory readily extends to networks with residual connections in

Appendix [B]
3 From robustness to inputs to compression of representations

We now further analyze perturbations in the input and how they propagate through the network to shape
representations of sets of inputs. We focus on three key metrics of local representation compression: volumetric
ratio, maximum local sensitivity, and local dimensionality. These quantities enable us to establish and evaluate
the influence of input perturbations on neural representation properties.

3.1 Sharpness bounds local volumetric transformation in the feature space

Now we quantify how a network compresses its input volumes via the local volumetric ratio, between the
volume of a hypercube of side length h at x, H(x), and its image under transformation f, f(H(x),0"):

o Vol(f(H(x),0%))
dVol|f(x,6%) = ,113% Vol(H (x)) ;

det (Ve fTVif) , (7)
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which is equal to the square root of the product of all positive eigenvalues of C}im (see Equation )

Definition 3.1. The Local Volumetric Ratio at input x of a network f with parameters 0 is defined as

dVOl‘f(x)g) = /det (VxfTVxf).

Exploiting the bound on the gradients derived earlier in Equation 7 we derive a similar bound for the
volumetric ratio:

Lemma 3.2.

TrVyfTVyf

N/2
N ) = NV f (e, 0 ®)

dVOl|f(x’0*) < (

where the first inequality uses the inequality of arithmetic and geometric means, and the second the definition
of the Frobenius norm. Next, we introduce a measure of the volumetric ratio averaged across input samples.

Definition 3.3. The Local Volumetric Ratio (LVR) of a network f with parameters 0 is defined as the
sample mean of Local Volumetric Ratio at different input samples: dVy gy = L S d Vol ¢(x, 0)-

n
Then we have the following inequality that relates the sharpness to the mean local volumetric ratio:
Proposition 3.4. The local volumetric ratio is upper bounded by a sharpness related quantity:

_ n n * N,

NN IWIBY (ns(07)\"? 0
> ey (o (9)
& Tl

D IV (x, 09 <
=1

dVier) <

SRS

n

for all N > 1.

The proof of the above inequalities is given in Appendix

Next, we give an inequality that is obtained by applying Equation @D to every intermediate layer. Instead of
only considering the input layer, all linear weights (including any convolution layers) are taken into account.
Denote the input to the [-th linear layer as x! for [ = 1,2,--- , L. In particular, x} = x; is the input of the
entire network. Similarly, W is the weight matrix of I-th linear/convolutional layer. With a slight abuse
of notation, we use f; to denote the mapping from the input of the [-th layer to the final output. Then we

define the Network Volumetric Ratio:

Definition 3.5. The Network Volumetric Ratio (NVR) is defined as the sum of the local volumetric
ratios dVy, for all fy, that is, dVyer = Zlel avy,

Then we have the following inequality:

Proposition 3.6. The network volumetric ratio is upper bounded by a sharpness related quantity:

L _ L n L n * N/2

N—N/2 1 W, [I2N /nS(0
Sy < =SS <y S TR ()
=1 n n ||X'L||2

=1 i=1 =1 i=1

Again, a detailed derivation of the above inequalities is given in Appendix [D] Proposition [3.4] and Proposi-
tion [3.6] imply that flatter minima of the loss function in parameter space contribute to local compression of
the data’s representation manifold.

3.2 Maximum Local Sensitivity as an allied metric to track neural representation geometry

We observe that the equality condition in the first line of Equation rarely holds in practice. To achieve
equality, we would need all singular values of the Jacobian matrix Vxf to be identical. However, our
experiments in Section [4| show that the local dimensionality decreases rapidly with training onset; this
implies that Vy fTVxf has a non-uniform eigenspectrum (i.e., some directions being particularly elongated,
corresponding to a lower overall dimension). Moreover, the volume will decrease rapidly as the smallest
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eigenvalue vanishes. Thus, although sharpness upper bounds the volumetric ratio and often correlates
reasonably with it (see Appendix , the correlation is far from perfect.

Fortunately, considering only the maximum eigenvalue instead of the product of all eigenvalues alleviates this
discrepancy (recall that det (Vx TV f) in Definition is the product of all eigenvalues).

Definition 3.7. The Maximum Local Sensitivity (MLS) of network f is defined to be MLS; =
Yy f
LS VxS (xi)lly, which is the sample mean of the largest singular value of Vi f.

Intuitively, MLS is the largest possible average local change of f(x) when the norm of the perturbation to x
is regularized. MLS is also referred to as adversarial robustness or Lipschitz constant of the model function
in [Ma & Ying| (2021). Given this definition, we can obtain a bound on MLS below.

Proposition 3.8. The maximum local sensitivity is upper bounded by a sharpness-related quantity:

1 — .
MLS; = EZIIfo(xi,G )2
=1

The derivation of the above bound is included in Appendix [E] As an alternative measure of compressed
representations, we empirically show in Appendix [H.2] that MLS has a higher correlation with sharpness than
the local volumetric ratio. We include more analysis of the tightness of this bound in Appendix [H] and discuss
its connection to other works therein.

Similar to the network volumetric ratio, a straightforward extension of MLS is the Network MLS (NMLS),
which we define as the average of MLS w.r.t. input to each linear layer.

Definition 3.9. The Network Maximum Local Sensitivity (NMLS) of network f is defined as the
sum of MLSy, for alll, i.e. ZlL:l MLSy, .

Recall that xﬁ» is the input to the [-th linear/convoluational layer for sample x; and f; is the mapping from
the input of [-th layer to the final output. Again we have the following inequality:

Proposition 3.10. The network mazimum local sensitivity is upper bounded by a sharpness related quantity:

L n
ED DD\ ATUCNI B

=1 =1

L WU
il . 5(0*)1/2,
2 e 50

NMLS
(12)

IN

The derivation is in Appendix [E] The advantage of NMLS is that instead of only considering the robustness
of the final output w.r.t. the input, NMLS considers the robustness of the output w.r.t. all hidden-layer
representations. This allows us to derive a bound that not only considers the weights in the first linear layer
but also all other linear weights. We observe in Section [£:2] that while MLS could be negatively correlated with
the right-hand side of Equation , NMLS has a positive correlation with right-hand side of Equation
consistently. We do observe that MLS is still positively correlated with sharpness (Figure . Therefore, the
only possible reason for this negative correlation is the factor before sharpness in the MLS bound involving
the first-layer weights and the quadratic mean (see Equation )

3.3 Local dimensionality is tied to, but not bounded by, sharpness

Now we introduce a local measure of dimensionality. Consider an input data point x drawn from the training
set: X = x; for a specific ¢ € {1,--- ,n}. Let the set of all possible perturbations around x in the input space
are samples from an isotropic normal distribution, B(X), ~ N (X,aZ), where Cpx) = oL, with 7 as the
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identity matrix, is the covariance matrix. We first propagate B(X), through the network transforming each
point x into its corresponding image f(x). Following a Taylor expansion for points within B(X), as @ — 0
with high probability we have:

F(x) = F(%) + Vo f(%,0°)7(x = %) + O(||x — x||*) . (13)
We can express the limit of the covariance matrix Cy(z(x)) of the output f(x) as
) CrB(x
clim = tim LX) _ g r(x,01)V f(x,67) . (14)
a—0 o

Our covariance expressions capture the distribution of the samples in B(X), as they go through the network
f(x,0%). The local Participation Ratio based on this covariance is given by:

e TG me0) TR
D X)) = lim = -
Pr(f(x)) a%OTr[(Cf(B(x)a))Q] Tr[(C}lm)?]

(15)

(Recanatesi et al.|[2022, cf. nonlocal measures in |Gao et al.|[2017; [Litwin-Kumar et al.[2017; Mazzucato et al.
2016)).

Definition 3.11. The Local Dimensionality of a network f is defined as the sample mean of local
participation ratio at different input samples: D(f) = L 3" | Dpr(f(x;))

This quantity in some sense represents the sparseness of the eigenvalues of C’}im: If we let X be all the
eigenvalues of C’?m7 then the local dimensionality can be written as Dpr = (||A||1/]|A]|2)?, which attains its
maximum value when all eigenvalues are equal to each other, and its minimum when all eigenvalues except
for the leading one are zero. Note that the quantity retains the same value when A is arbitrarily scaled. As a
consequence, it is hard to find a relationship between the local dimensionality and the fundamental quantity
on which our bounds are based: ||Vxf(x,0%)||%, which is |||

3.4 Relation to reparametrization-invariant sharpness

Dinh et al.| (2017) argues that a robust sharpness metric should have the reparametrization-invariant
property, meaning that scaling the neighboring linear layer weights should not change the metric. While
the bounds in Proposition [3.§ and Proposition [3.10] are not strictly reparametrization-invariant, metric
that redesign the sharpness (Tsuzuku et al., |2019) to achieve invariance can be proved to tighten our
bounds (see Appendix . Another more aggressive reparametrization-invariant sharpness is proposed in
Andriushchenko et al.| (2023); [Kwon et al.| (2021), and we again show that it upper-bounds input-invariant
MLS in Appendix We also empirically evaluate the relative flatness (Petzka et al., [2021)), which is also
reparametrization-invariant in Appendix but no significant correlation is observed. Overall, we provide a
novel perspective: reparametrization-invariant sharpness is characterized by the robustness of outputs to
internal neural representations.

3.5 Connection to neural collapse and compressed neural representations

The neural collapse phenomenon (Papyan et al., [2020; |Zhu et al.l [2021a)) indicates that the within-class
variance of the features in the penultimate layer vanishes at the terminal phase of training; allied studies have
also found compressed neural representations at this and other points internal to trained neural networks
((Farrell et all 2022)), see also (Farrell et all 2023} Shwartz-Ziv & Tishbyl [2017)). We next show that the
present sharpness-based approach can describe related properties at penultimate and intermediate network
layers. In contrast to the “global" collapse within categories of neural collapse and other compression
phenomena, our as results as stated below are local with respect to robustness of layer responses for nearby
points in the input space (though extensions to network versions, that treat robustness to features that
develop earlier in the network may be possible and are a focus of ongoing study).

We first apply our method to study the penultimate-layer features. To accomplish this we can adapt the
linear stability trick in Equation to establish a relationship between their robustness and sharpness. More
concretely, we can show that
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W2
Tmin(WL)[[x[]2
Here again, W is the first-layer weights, W, is the last-layer linear classifier weights, and g(z) is the
penultimate-layer feature. omin (W) is defined as the square root of the smallest eigenvalue of WEW . The
proof is given in Appendix [A]

IVxg(Wx; 0)|| < IVw.f(Wx;0)]|r - (16)

To extend this analysis to representations before the penultimate layer, note that inequality extends to
any middle-layer representation, as detailed in Appendix [A] so that very similar conclusions apply directly.

Let the feature dimension be d and the number of classes be K. Then, W € REX4 and ¢,;,(Wp) = 0 if
d > K; otherwise, it is the smallest singular value of W . It is interesting to observe that an effective bound
on the robustness of penultimate-layer (or other internal-layer) features is not obtained unless d < K| i.e.
when the number of classes is larger than the feature dimension. This indicates a less-than-straightforward
relationship between neural collapse and adversarial robustness (Su et al., [2023). On the other hand, our
theory then broadly applies to cases where the number of classes is much larger than the feature dimension,
such as language modeling, retrieval systems, and face recognition applications, where generalized neural
collapse can occur (Jiang et al., |2023]).

4 Experiments

All networks are trained with MSE (quadratic) loss except for the pretrained ViTs in Section .

4.1 Sharpness and compression metrics during training: verifying the theory

The theoretical results derived above show that when the training loss is low, measures of compression of the
network’s representation are upper-bounded by a function of the sharpness of the loss function in parameter
space. This links sharpness and representation compression: the flatter the loss landscape, the lower the
upper bound on the representation’s compression metrics.

To empirically verify whether these bounds are sufficiently tight to show a clear relationship between
sharpness and representation compression, we trained a VGG-11 network (Simonyan & Zisserman, [2015) to
classify images from the CIFAR-10 dataset (Krizhevsky}, [2009) and calculated the (approximate) sharpness
(Equation (3))), the log volumetric ratio (Equation (7)), MLS (Definition and NMLS (Definition
during the training phase (Fig|l|and .

We trained the network using SGD on CIFAR-10 images and explored the influence of two specific parameters
that previous work has shown to affect the network’s sharpness: learning rate and batch size (Jastrzebski
et al. 2018). For each combination of learning rate and batch size parameters, we computed all quantities
across 100 input samples and averaged across five different random initializations for network weights.

In Figure [T} we study the link between sharpness and representation compression with a fixed batch size
(of 20). We observe that when the network reaches the interpolation regime, that is, when training loss is
extremely low, the sharpness decreases with compression metrics, including MLS, NMLS, and volume. The
trend is consistent across multiple learning rates for a fixed batch size, and MLS and NMLS match better
with the trend of sharpness.

In Figure [2] we repeated the experiments while keeping the learning rate fixed at 0.1 and varying the batch
size. The same broadly consistent trends emerged, linking a decrease in the sharpness to a compression in
the neural representation. However, we also found that while sharpness stops decreasing after about 5 - 10*
iterations for a batch size of 32, the volume continues to decrease as learning proceeds. This suggests that
other mechanisms, beyond sharpness, may be at play in driving the compression of volumes.

We repeated the experiments with an MLP trained on the FashionMNIST dataset (Xiao et al.,[2017) (Figure
and Figure . The sharpness again follows the same trend as MLS and NMLS, consistent with our bound.
The volume continues to decrease after the sharpness plateaus, albeit at a much slower rate, again matching
our theory, while suggesting that an additional factor may be involved in its decrease.
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Figure 1: Trends in key variables across SGD training of the VGG-11 network with fixed batch size (equal to
20) and varying learning rates (0.05, 0.1 and 0.2). Higher learning rates lead to lower sharpness and hence
stronger compression. From left to right: Test accuracy, NMLS, sharpness (square root of Equation (3)), log
volumetric ratio (Equation @), MLS, and local dimensionality of the network output (Equation
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Figure 2: Trends in key variables across SGD training of the VGG-11 network with fixed learning rate size
(equal to 0.1) and varying batch size (8, 20, and 32). Smaller batch sizes lead to lower sharpness and hence
stronger compression. From left to right in row-wise order: test accuracy, NMLS, sharpness (square root of
Equation (3))), log volumetric ratio (Equation @), MLS, and local dimensionality of the network output
(Equation )

4.2 Correlation between compression metrics and their sharpness-related bounds

We next test the correlation between both sides of the bounds that we derive more generally. In Figure
we show pairwise scatter plots between MLS (resp. NMLS) and the sharpness-related bound on MLS (resp.
NMLS) (we include an exhaustive set of correlation matrices in Appendix [H.2)). Interestingly, we find that
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quantities that only consider a single layer of weights, such as the relative flatness (Petzka et al., 2021) and
the bound on the MLS (Proposition [3.8]), can exhibit a negative correlation between both sides of the bound
in some cases (Figures and This demonstrates the necessity of introducing NMLS to explain the
relationship between sharpness and compression. Nevertheless, we find that all compression metrics, such
as MLS, NMLS, and LVR, introduced in Section [3] correlate well with sharpness in all of our experiments
(Appendix . Although the bound in Proposition is loose, the log LVR still correlates positively with
sharpness and MLS.

A. CIFAR-10 + VGG-11 B. FashionMNIST + MLP C. CIFAR-10 + LeNet
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Figure 3: We trained 100 different models for each combination of datasets and networks by varying learning
rates, batch size, and random initializations. Pairwise scatter plots between MLS (resp. NMLS) and
the sharpness-related bound on MLS (resp. NMLS) are shown here. For MLS (resp. NMLS) bound see
Proposition (resp. Proposition . The Pearson correlation coefficient p is shown in the top-left corner
for each scatter plot. See Appendix for the full pairwise scatter matrix.

4.3 Empirical evidence in Vision Transformers (ViTs)

Since our theory applies to linear and convolutional layers as well as residual layers (Appendix7 relationships
among sharpness and compression, as demonstrated above for VGG-11 and MLP networks, it should hold
more generally in modern architectures such as the Vision Transformer (ViT) and its variants. However, naive
ways of evaluating the quantities discussed in previous sections are computationally prohibitive. Instead, we
look at the MLS normalized by the norm of the input and the elementwise-adaptive sharpness defined in
|Andriushchenko et al.| (2023)); Kwon et al| (2021). Both of the metrics can be estimated efficiently for large
networks. Specifically, in Figure [d] we plot the normalized MLS against the elementwise-adaptive sharpness.
The analytical relationship between the normalized MLS and the elementwise-adaptive sharpness and the
details of the numerical approximation we used are given in Appendix [F.2) and Appendix [G] respectively. For
all the models, we attach a sigmoid layer to the output logits and use MSE loss to calculate the adaptive
sharpness. Figureshows the results for 181 pretrained ViT models provided by the timm package
. We observe that there is a general trend that lower sharpness indeed implies lower MLS. However,
there are also outlier clusters that with data corresponding to the same model class; an interesting future
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direction would be to understand the mechanisms driving this outlier behavior. Interestingly, we did not
observe this correlation between unnormalized metrics, indicating that weight scales should be taken into
account when comparing between different models.

4
10 ] | MobileViT
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% * | x x X
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< X :‘ XX X
X x X XX X
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Normalized MLS

Figure 4: Adaptive sharpness vs Normalized MLS for 181 ViT models and variants. Different colors represent
different model classes. For most models, there is a positive correlation between Sharpness and MLS. However,
outlier clusters also exist, for MobileViT (Mehta & Rastegari| 2022)) models in the upper left corner, and two
FastViT (Vasu et al., 2023) models in the lower right corner.

4.4 Sharpness and local dimensionality

A priori, it is unclear whether the local dimensionality of the neural representations should increase or
decrease as the volume is compressed. For example, the volume could decrease while maintaining its overall
form and symmetry, thus preserving its dimensionality. Alternatively, one or more of the directions in the
relevant tangent space could be selectively compressed, leading to an overall reduction in dimensionality.

Figures [[] and [2 show our experiments computing the local dimensionality over the course of training. Here,
we find that the local dimensionality of the representation decreases as the loss decreases to near 0, which
is consistent with the viewpoint that the network compresses representations in feature space as much as
possible, retaining only the directions that code for task-relevant features (Berner et al., [2020; |Cohen et al.
2020). However, the local dimensionality exhibits unpredictable behavior that cannot be explained by the
sharpness once the network finds an approximate interpolation solution and training continues. Further
experiments also demonstrate a weaker correlation of sharpness and local dimensionality compared to other
metrics such as MLS and volume (Appendix Figure . This discrepancy is consistent with the bounds
established by our theory, which only bound the numerator of Equation . It is also consistent with the
property of local dimensionality that we described in Section overall: it encodes the sparseness of the
eigenvalues but it does not encode the magnitude of them. This shows how local dimensionality is a distinct
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quality of network representations compared with volume, and is driven by mechanisms that differ from
sharpness alone. We emphasize that the dimensionality we study here is a local measure, on the finest scale
around a point on the “global” manifold of unit activities; dimension on larger scales (i.e., across categories
or large sets of task inputs (Farrell et al.} |2022; Kothapalli et al 2022; [Zhu et al.| [2021b} |Ansuini et al., 2019;
Recanatesi et al., 2019; |Papyan et al.l [2020)) may show different trends.

5 Discussion: connection to generalization

So far we have avoided remarking on implications of our results for relationship between generalization and
sharpness or compression because generalization is not the main focus of our work. However, our work may
have implications for future research on this relationship, and we briefly discuss this here. While robustness as
an example of compression is desirable in adversarial settings, it does not always imply better generalization.
Ma & Ying| (2021)) gave a generalization bound based on adversarial robustness, but the theorem is based on
the assumption that most test data are close to the training data, which requires huge amount of training data
to cover the test data. In contrast, our correlation analysis in Appendix [H.2] shows that sharpness consistently
has a higher correlation with compression metrics than the generalization gap. Additional experiments in
Appendix [[ show that lower sharpness does not always imply better test accuracy. Thus, our work offers
a possible resolution to the contradictory results on the relationship between sharpness and generalization:
Sharpness alone is only directly responsible for the robustness of representations, and only together with
other conditions or implicit biases does sharpness lead to superior generalization.

This characterization of sharpness using compression provides a possible explanation for why
(reparametrization-invariant) sharpness sometimes fails to account for the generalization behavior of the
network (Wen et al.,|2023; |/Andriushchenko et al., |2023): Compression of network output is not always desired
for generalization. For example, it is observed in our Figure [l (Cohen et al.| (2020) and |Wu et al.| (2022) that
the learning rate is negatively correlated with sharpness, hence the compression metrics, but [Wortsman et al.
(2022)) shows that a large learning rate can severely hurt OOD generalization performance. More intuitively,
consider a scenario where one provides a large language model (LLM) with a long text sequence and instructs
it to find a specific piece of information, often called the "needle in a haystack" test. Even a slight alteration
in the instructions (a tiny portion of the input) given to the model should lead to a notable difference in its
output, depending on the desired information. Therefore, compression of network output is not a desirable
property in this case.

6 Summary and Conclusion

This work presents a dual perspective, uniting views in both parameter and feature space, of several properties
of trained neural networks. We identify two representation compression metrics that are bounded by sharpness
— local volumetric ratio and maximum local sensitivity — and give new explicit formulas for these bounds. We
conducted extensive experiments with feedforward, convolutional, and attention-based networks and found
that the predictions of these bounds are born out for these networks, illustrating how MLS in particular
is strongly correlated with sharpness. We also observe that sharpness, volume compression, and MLS
are correlated. Overall, we establish explicit links between sharpness properties in parameter spaces and
compression and robustness properties in the feature space.

By demonstrating both how these links can be tight, and how and when they may also become loose,
we propose that taking this dual perspective can bring more clarity to the often confusing question of
what sharpness actually quantifies in practice. Indeed, many works, as reviewed in the introduction, have
demonstrated how sharpness can lead to generalization, but recent studies have established contradictory
results. Therefore, our work benefits further exploration of sharpness-based methods that improve the
performance of neural networks.
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A Linear stability trick on penultimate-layer and middle-layer features

We define g(z) to be the penultimate-layer features such that f(x) = Wrg(Wa) + b. With slight abuse of

notation, we define J = a%gvv:)' Similar to Equation , we have

IVw f(Wx; 0)||p = [WrJ|[pllx]|2

Vig(Wx;0) = JW | (a7)
Lemma A.1. ||AB|% > A\uin(AT A)||B||%, where Anin is the smallest eigenvalue.
Proof. By the definition of Frobenius norm,
|AB||% = Tr(ABBT A™) = Tr(AT ABB™). (18)
From |[Fang et al.| (1994)), we have that for positive semidefinite matrices P and @,
Amin(P) Tr(Q) < Tr(PQ) (19)
Therefore,
Tr(ATABB”) > Auin(ATA) Tr(BB”) = Amin(A”A) || B[ (20)
O

As a result, |[WLJ|p > +/Amin(WEWL)||J|p. Let d be the feature dimension, and K be the number
of classes, and W, € R¥X_ Then, Amin(WEW 1) vanishes when K > d, otherwise Amin(WEW ) =

omin(Wp), the smallest singular value of W . Therefore,

IVxg(Wx; )|l 7 = | JW]|p

< [l Wl2
WiJ
< ALy, o
/\min(Wng)

1%/l24/ Amin (WL W)

More generally, if we care about any middle layer representations, we write f(z) = h o g(Wz), where g is the
transformation from linear transformed input to the middle layer representations and h is the mapping from
the representations to the output of the network. Then Equation becomes

IVw f(Wx;0)l[p = || Jgllrl1x]2

U (22)
Vxg(Wx;0) = JW

where J, = 8%(‘}:,\’:) and Jp, = gg Evv\\;::g Therefore, similar to Equation , we have

_ \V4 Wx: 0
VoW )] = LYW WOl gy (23)

1%/l24/ Amin (JE Tn)
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B Adaptation of Inequality [6] to Residual Layers

We need to slightly adapt the proof in Eq. 4 and 5. Consider a network whose first layer has a residual
connection: y = g(z + f(Wxz)), where f is the nonlinearity with bias (e.g. f(x) = tanh(z + b)), and g is the
rest of the mappings in the network. Then we have

IVwg(z + fWa))llp = ITK| g |2l
Veg(x+ f(Wz)) =J+ JKW

where J = % and K — 68f((vl‘//me))_

Therefore, ||Vag(z + f(Wa))ll2 < [|]]2 + [|TK][o][W]]2 < ||.]||z + Sl tZVEDIe 17|, Now, we get the

[lz|2

bound for the difference between MLS of input and the MLS of input to the next layer:

[Vwg(x+ f(Wz))
[E41P

Notice that if we apply this inequality to every residual layer in the network, and sum the left-hand side, we
will get a telescoping sum on the left-hand side. Assuming the last layer is linear with weights Wy, we get
[|Veg(z+ f(Wiz))|l2 — [|WLll2 < ZZL:T Wil IVwai(zi + f(W;2;))||F. The right-hand side is bounded by

[zi]]2

sharpness due to Cauchy, see also Equation (41]).

IVag(a + FW2)) - 1], < le gy, (25)

C Proof of Equation (3)

Lemma C.1. If 0 is an approzimate interpolation solution, i.e. ||f(x;,0) —yi| < e forie {1,2,---,n},
and second derivatives of the network function ||V3jf(xi, 0)|| < M is bounded, then

S(0*) = Z\lvef (x:,0%)|% + O(e) (26)

=1

Proof. Using basic calculus we get
5(0) = Tr(v2L( )

Z (V2] f(xi,0) — yill*)

= ZTr Vo(2(f(x:,0) —yi) Vo f(xi,0))
1 n o m 8 .
=2 o 26, ((f(xi,0) = yi)" Vo f(x,0));
i=1 j=1
= E Z Z 80] (f(xi7 0) - yz) Vejf(xi7 0)
i=1 j=1

*ZZHV@J‘XZ’ )5 + (F(xi,0) = y:) " V3, f(x:,0)

i=1 j=1

= 7Z||V9f Xla HF ZZ X“ Yz TVH f<X17 )
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Therefore
— = vagf x;,0)|%| < ZZ (xi,0) —y:)" V5, f(x:,0)] < mMe = O(e). (27)

O

In other words, when the network reaches zero training error and enters the interpolation phase (i.e. it
classifies all training data correctly), Equation will be a good enough approximation of the sharpness
because the quadratic training loss is sufficiently small.

D Proof of Proposition [3.4] and Proposition [3.0]

For notation simplicity, we write f; := f(x;,0") in what follows. Because of Equation , we have the
following inequality due to Cauchy-Swartz inequality,

1 Vw fi
S IVl < WIS Z” while
=1

I 13

(28)

i i=1

Since the input weights W is just a part of all the weights (8) of the network, we have | Vw fi||% < || Vo fi|%.

We next show the correctness of Proposition [3.4] with a standard lemma.

Lemma D.1. For vector x, ||x||, > ||x||lq for 1 <p < g < o0.

Proof. First we show that for 0 < k < 1, we have (|a| + |b])* < |a|* + |bF. It’s trivial when either a or b is 0.
So W.L.O.G, we can assume that |a| < |b], and divide both sides by [b|*. Therefore it suffices to show that
for0<t<1,(1+t)k <th+1. Let f(t) = (1+¢)* —t* — 1, then f(0) =0, and f'(t) = k(1 +t)*~1 — ktk—1.
Because k —1 <0, 1+t >1landt <1, t*! > 1 > (1 +t)*"L. Therefore f'(t) < 0 and f(t) < 0 for
0 < t < 1. Combining all cases, we have (|a| + |b])¥ < |a|* + |b|* for 0 < k < 1. By induction, we have

(o lanh)* < 32, lan]®.

Now we can prove the lemma using the conclusion above,

(Z'a’"'q> " (Zw)p/qw < (Zﬂxm)p/q) . (Z |xn|p> v

n n n n

Now we can prove Proposition

Proposition. The local volumetric ratio is upper bounded by a sharpness related quantity:

N (nsjg*))m (29)

for all N > 1.

Proof. Take the z; in Lemmato be |V f(xi,0%)||% and let p =1, = k, then we get

n 1/k n
(Z(vafm’“) <> Ve fill3- (30)
=1

i=1
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Therefore,

k/2
|Vofi||§v>

E
S
HM:

1 n 1 n B n
—[|Wj5 Z Tl ZHVWfiH%’k <MW Z
i=1 =1 :

=1
(31)
_ | i}
nF P WS Y S(67)?
\ & Tl
O

Next, we show that the first inequality in Equation can be tightened by considering all linear layer
weights.

Proposition. The network volumetric ratio is upper bounded by a sharpness related quantity:

L _ * N/2
N 1 [Wilg¥ (ns(6°)

> dvy, < FIY <~ ZZ e . (32)

=1 =1 i=1 =1 i=1 1%l

Proof. Recall that the input to [-th linear layer as z! for [ = 1,2,--- , L. In particular, x} is the input of

the entire network. Similarly, W; is the weight matrix of I-th linear/convolutional layer. With a slight

abuse of notation, we use f! to denote the mapping from the activity of I-th layer to the final output, and

fli= fY(x:,0"). We can apply Cauchy-Swartz inequality again to get

n

1 & ik 1 - W, |5* - 1|12k
DD LWTEE ) o SN LM
1=1 i=1 =1 i—1
- - (33)
1 IWal3* 115~y
: *ZZ | 3 2 DIV AL
n I3\ nim =
=11 =1 i=1
Using Lemma again we have
L Uk g

(Z(vaszﬂiv)k) <Y IVw.fillE = Ve fill%,

n 1/k n
(Z(Vefﬂ%)k) <Y IIVefilly = ns(6),

i=1 i=1

The second equality holds because both sides represent the same gradients in the computation graph. Therefore
from Equation , we have

L n
S IVl <

=1 i=1

XL:ZR: Zk nk=18(6*)* (35)
1=1 i=1

3~
SR
o

E Proof of Proposition [3.8] and Proposition [3.10]

Below we give the proof of Proposition [3.8]
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Proposition. The mazximum local sensitivity is upper bounded by a sharpness related quantity:

1« .
MLS = EZHvxf(Xhe M2 < [[W]2

i=1

H2

Proof. From Equation , we get

MLS = Z||foz||2 < Wl 72 Fetle (37)

Xi|l2

Now the Cauchy-Schwarz inequality tells us that

(Z “T}m@“) (Z |Xt|§> - (wamfv) - (38)

Therefore

1 1 1 —
MLS < [W]2,| = Z T\ 7 ZHwaiHQF
i=1

n x;||3
=1 (39)
< Wy 23— s(e)2
= 1Wll2y | 5 22 12 '
i=1 2112
O

Now we can prove Proposition [3.10}

Proposition. The network maximum local sensitivity is upper bounded by a sharpness related quantity:

L n
1 « W
NMLS = EE > IV f1(xE 072 < E E ”| /HLQ - S92, (40)

=1 i=1 =1 =1

Proof. We can apply Equation to every linear layer and again apply the Cauchy-Schwarz inequality to
obtain

NMLS = — ZZHV fi(xi, 6712

l 1 i=1
L n
1L W3 I
SZ ﬁz %12 Z”szf 1%
=1 i=1 % 2
(41)
L ons Wil 1 e
S\ P2 e o 2 2 Vw R
N ||X1H2 i
_ lZZ IWill3 g gey1/2

Note that the gap in the last inequality is significantly smaller than that of Equation since now we
consider all linear weights. O
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F Reparametrization-invariant sharpness and input-invariant MLS

F.1 Reparametrization-invariant sharpness in [Tsuzuku et al| (2019)

In this appendix, we show that the reparametrization-invariant sharpness metrics introduced in [Tsuzuku et al.
(2019) can seen as an effort to tighten the bound that we derived above. For matrix-normalized sharpness (cf.
Equation 13), the connection is immediately seen from Equation . Let

_1

I 1 :
=-S5 ] . 42
x <nzi_1 ||xi||§> ()

Then from Equation we have

L L n L
- 1
> MLS' < 3 IWillay 7 IV w1 ~ S Wil /S0, (13)

=1

where S(W;) is the trace of Hessian of the loss w.r.t. the weights of the I-th layer. The right-hand side of
Equation is exactly what [Tsuzuku et al.| (2019) refer to as the matrix-normalized sharpness. Note that a
similar inequality holds if we use Frobenius norm instead of 2-norm of the weights.

Tsuzuku et al.[(2019) also pose an interesting optimization problem (cf. Equation 17) to define the normalized

sharpness:
O%L W2,
min (M(Uz‘O’;)Q + J/> . (44)

Note that by Lemma awf’j#” ~ |[Vw,, fll3- Moreover, we have

SYI W 1 ol o W2
sz: IVw, ,; flI*(cic}) +W ZX ;(Vwm-f) (0i0})? - J (01012

1. . . _ . _

> 5 |ldiag(e) || r[|diag(o”)x||2 | diag(o ™) W diag(o” Dl (45)
I, _ .

> 7 [|diag(o” HWEJ | p|diag(o”)x]|2

= < ldiag(o" =)V f | ding(ox]

where J = %’;’)ﬁ (see some of the calculations in Equation ) Therefore, the optimization problem
Equation is equivalent to choosing o, 6’ to minimize the upper bound on a scale-invariant MLS-like quan-
tity (the quantity is invariant under the transformation of the first layer from Wx to W diag(o ~1)(diag(o)x),
where diag(o)x becomes the new input). For simplicity, we do not scale the original dataset in our work and
only compare MLS within the same dataset. As a result, we can characterize those reparametrization-invariant
sharpness metrics by the robustness of output to the input. If we consider all linear weights in the network,
then those metrics indicate the robustness of output to internal network representations.

F.2 Reparametrization-invariant sharpness upper-bounds input-invariant MLS

In this appendix, we consider the adaptive average-case n-sharpness considered in Kwon et al. (2021));
Andriushchenko et al.| (2023):
2
Shoe (W, [w]) = ?ESNRL,6~N(O,p2diag(\w\2)) [Ls(w +d) — Ls(w)], (46)

which is shown to be elementwise adaptive sharpness in |Andriushchenko et al.| (2023). They also show that
for a thrice differentiable loss, L(w), the average-case elementwise adaptive sharpness can be written as

St (W, |W]) = Eswp, [Tr (V2Ls(w) © [w|lw|")] + O(p). (47)
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Definition F.1. We define the Elementwise-Adaptive Sharpness Syqaptive to be

Sadaptive( ) = hm Saug( , ‘WD = ]ESNPn [TI“ (VQLS(W) © |WHW‘T”

(48)

In this appendix, we focus on the property of S,qaptive instead of the approximation Equation . Adapting

the proof of Lemma [C1] we have the following lemma.

Lemma F.2. If 0 is an approzimate interpolation solution, i.e. || f(xi,0) —yil| < e forie {1,2,---,

|0j\2||V§jf(xi,0)|| < M for all j, and L is MSE loss, then

1 n m
Sadaptive EZZ‘BJVHVGJJC(XUB)H;+O(€)7
=1 j=1

where m is the number of parameters.

Proof. Using basic calculus we get

Sﬂdﬂpﬁve<9>=*ZTrv 1 (x:.0) ~ yill* © lell6] ")
- % ZTTVB(Q(f(Xn@) —yi) Vo f(x:,0)) @66

:*ZZIG) |2 f(x:,0) = yi) Vo f(x:,0));

=1 j=1
=- 6; |2 f(xi,0) —yi) Ve, f(x:,0)
ZZ 56
=*ZZIG 2(|Ve, £ (i, 0|3 + 16512 (f (x:, 8) — y:) V3, f(x:.,0)
=1 j=1
1 n m
= =310, ([ Vo, S (xi 0)][; + ZZ\BI (x:,0) — y:)"V3, f(x:,0)
i=1 j=1 i=1 j=1

Therefore

— *levef x;,0)|%

21]1

Definition F.3. We define the Input-invariant MLS of a network f : RN — RM to be

D3 LRVE

1=1 p_

where a:,(,i) is the p-th entry of i-th training sample.

It turns out that again the adaptive sharpness upper bounds the input-invariant MLS.

<= ZZ| (xi,0) —yi)"10;1*V5, f(x:,0)| < mMe = Oe).

n},

(49)

Proposition F.4. Assuming that the condition of Lemma[F.9 holds, then elementwise-adaptive sharpness

upper-bounds input-invariant MLS:

1 o 1 Y 2
=~ D10 [V, fexi 0] = — ;; vag)fHQ ()

i=1 j=1
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Proof. Now we adapt the linear stability trick. For & = W the first layer weight, we have

ST10,12 Vo, f(x,0)]5 = A WE,a?

j=1 i,k
d
= (Z Jj?kwii> a? (53)
i,j \k=1

1
> LS v

where same as in Equation , J = %ﬁ)@), Vxf(Wx;0) = JW, and z, is the p-th entry of x. Taking the

sample mean of both sides proves the proposition.

O

G Numerical approximation of normalized MLS and elementwise-adaptive sharpness

In this appendix, we detail how we approximate the normalized MLS and adaptive sharpness in Section
Note that for all network f the last layer is the sigmoid function, so the output is bounded in (0, 1), and we
use MSE loss to be consistent with the rest of the paper.

For the adaptive sharpness, we adopt the definition in |Andriushchenko et al|(2023) and uses sample mean to
approximate the expectation in Equation . Therefore, for network f(w),

n m
1

Sadaptive(f) = 7ZZL(X“W+6]) _L(Xi;w)v (54)

nm “

where ¢ ~ N (0,0.01 diag(|wl|?)).

For normalized MLS, we first reiterate the definition from the main text. We use normalized MLS below as an
approximation to the input-invariant MLS (Definition [F.3|), because the latter is computationally prohibitive
for modern large ViTs. On the other hand, there is an efficient way to estimate normalized MLS as detailed
below.

Definition G.1. We define the normalized MLS as 1 Y7 | Hxl||§ HfoHg

Therefore, to approximate normalized MLS, we need to approximate ||Vy, f|l,. By definition of matrix
2-norm,

VxS dlly 1FGx +0) = F&ly

~ max 55
o, o (55)

HVXsz = st;p

To solve this optimization problem, we start from a randomly sampled vector § that has the same shape as
the network input, and we update 0 using gradient descent.
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H Empirical analysis of the bound

H.1 Tightness of the bound

In this section, we mainly explore the tightness of the bound in Equation (11) for reasons discussed in
Section First we rewrite Equation (|11)) as

MLSzlfjnvxf (i, 6]l 4
|W||2 Z Vwﬂx}fh;e% .
< IWl. iE_I ﬁ ;invwf(xh )% = C 0
< ||WH2\ Z ||X’L||2 S(6%)1/2 —D

Thus Equation consists of 3 different steps of relaxations. We analyze them one by one:

of(Wx;60
1. (A < B) The equality holds when |WT.J|s = |[W|2||J||2 and ||J| = [|.J]|,, where J = ](;(Tx))'
The former equality requires that W and J have the same left singular vectors. The latter requires J
to have zero singular values except for the largest singular value. Since J depends on the specific

neural network architecture and training process, we test the tightness of this bound empirically

(Figure [H.5)).

2. (B < (') The equality requires %

B e to be the same for all 4. In other words, the bound is

tight when W does not vary too much from sample to sample.

3. (C < D) The equality holds if the model is linear, i.e. 8 = W.
We empirically verify the tightness of the above bounds in Figure

H.2 Correlation analysis

We empirically show how different metrics correlate with each other, and how these correlations can be
predicted from our bounds. We train 100 VGG-11 networks with different batch sizes, learning rates, and
random initialization to classify images from the CIFAR-10 dataset, and plot pairwise scatter plots between
different quantities at the end of the training: local dimensionality, sharpness (square root of Equation ),
log volume (Equation (7)), MLS (Equation (11])), NMLS (Equation (12)), generalization gap (gen gap), D
(Equation (56)), bound (right-hand side of Equation (I2)) and relative sharpness (Petzka et all 2021) (see
Figure . We only include CIFAR-10 data with 2 labels to ensure that the final training accuracy is close
to 100%.

We repeat the analysis on MLPs and LeNets trained on the FashionMNIST dataset and the CIFAR-10 dataset
(Figure and Figure [H.8)). We find that

1. The bound over NMLS, MLS, and NMLS introduced in Equation and Equation consistently
correlates positively with the generalization gap.

2. Although the bound in Equation @ is loose, log volume correlates well with sharpness and MLS.

3. Sharpness is positively correlated with the generalization gap, indicating that little reparametrization
effect (Dinh et al.l [2017) is happening during training, i.e. the network weights do not change too
much during training. This is consistent with observations in |Ma & Ying| (2021]).
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0 25 50 75 100 125 150
iteration (x5000)

Figure H.5: Empirical tightness of the bounds. We empirically verify that the inequalities in Equation
hold and test their tightness. The results are shown for a fully connected feedforward network trained on the
FashionMNIST dataset. The quantities A, B, C, and D are defined in Equation . We see that the gap
between C and D is large compared to the gap between A and B or B and C. This indicates that partial
sharpness ||Vw f(x:,0%)||r (sensitivity of the loss w.r.t. only the input weights) is more indicative of the
change in the maximum local sensitivity (A). Indeed, correlation analysis shows that bound C is positively
correlated with MLS while bound D, perhaps surprisingly, is negatively correlated with MLS (Figure .

4. The bound derived in Equation correlates positively with NMLS in all experiments.

5. MLS that only consider the first layer weights can sometimes negatively correlate with the bound
derived in Equation (Figure [H.7)).

6. Relative flatness that only consider the last layer weights introduced in (Petzka et al. [2021)) shows
weak (even negative) correlation with the generalization gap. Note that “relative flatness' is a
misnomer that is easier understood as “relative sharpness", and is supposed to be positively correlated
with the generalization gap.
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Figure H.6: Pairwise correlation among different metrics. We trained 100 different VGG-11 networks on
the CIFAR-10 dataset using vanilla SGD with different learning rates, batch sizes, and random initializations
and plot pairwise scatter plots between different quantities: local dimensionality, sharpness (square root of
Equation (3))), log volume (Equation (7)), MLS (Equation (1)), NMLS (Equation (12)), generalization gap
(gen gap), MLS bound (Proposition [3.8), NMLS bound (Proposition [3.10) and relative sharpness ((Petzka
2021))). The Pearson correlation coefficient p is shown in the top-left corner for each pair of quantities.
See Appendix [H.2] for a summary of the findings in this figure.
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Figure H.7: Pairwise correlation among different metrics. We trained 100 different 4-layer MLPs on the
FashionMNIST dataset using vanilla SGD with different learning rates, batch size, and random initializations
and plot pairwise scatter plots between different quantities: local dimensionality, sharpness (square root of
Equation (3))), log volume (Equation (7)), MLS (Equation (1)), NMLS (Equation (12)), generalization gap
(gen gap), MLS bound (Proposition [3.8), NMLS bound (Proposition [3.10) and relative sharpness ((Petzka
2021))). The Pearson correlation coefficient p is shown in the top-left corner for each pair of quantities.
See Appendix [H.2] for a summary of the findings in this figure.
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Figure H.8: Pairwise correlation among different metrics. We trained 100 different LeNets on the
CIFAR-10 dataset using vanilla SGD with different learning rates, batch size, and random initializations
and plot pairwise scatter plots between different quantities: local dimensionality, sharpness (square root of
Equation (3))), log volume (Equation (7)), MLS (Equation (1)), NMLS (Equation (12)), generalization gap
(gen gap), MLS bound (Proposition [3.8), NMLS bound (Proposition [3.10) and relative sharpness ((Petzka
2021))). The Pearson correlation coefficient p is shown in the top-left corner for each pair of quantities.
See Appendix [H.2] for a summary of the findings in this figure.
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| Additional experiments
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Figure 1.9: Trends in key variables across SGD training of a 4-layer MLP with fixed learning rate (equal to
0.1) and varying batch size (8, 20, and 32). MLS/NMLS closely follows the trend of sharpness during the
training. From left to right: test accuracy, NMLS, sharpness (square root of Equation ), log volumetric
ratio (Equation @), MLS (Equation ), and local dimensionality of the network output (Equation (15)).
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Figure 1.10: Trends in key variables across SGD training of a 4-layer MLP with fixed batch size (equal to 20)
and varying learning rates (0.05, 0.1 and 0.2). MLS/NMLS closely follows the trend of sharpness during the
training. From left to right: test accuracy, NMLS, sharpness (square root of Equation ), log volumetric
ratio (Equation (7)), MLS (Equation (11])), and local dimensionality of the network output (Equation (15))).
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J Sharpness and compression on test set data

Even though Equation is exact for interpolation solutions only (i.e., those with zero loss), we found that
the test loss is small enough (Figure so that it should be a good approximation for test data as well.
Therefore we analyzed our simulations to study trends in sharpness and volume for these held-out test data
as well (Figure . We discovered that this sharpness increased rather than diminished as a result of
training. We hypothesized that sharpness could correlate with the difficulty of classifying testing points. This
was supported by the fact that the sharpness of misclassified test data was even greater than that of all test
data. Again we see that MLS has the same trend as the sharpness. Despite this increase in sharpness, the
volume followed the same pattern as the training set. This suggests that compression in representation space
is a robust phenomenon that can be driven by additional phenomena beyond sharpness. Nevertheless, the
compression still is weaker for misclassified test samples that have higher sharpness than other test samples.
Overall, these results emphasize an interesting distinction between how sharpness evolves for training vs. test
data.

Test loss Sharpness Log volume MLS Log local dimension
—4 2
0.075 30 0.4
350.050 6 5 Test samples
g 20 | 0.2 || —— All test samples
0.025 \ /W ! b Misclassified samples
-8 0 0.0
0 100 200 0 100 200 0 100 200 0 100 200 0 100 200
iteration (x1000) iteration (x1000) iteration (x1000) iteration (x1000) iteration (x1000)

Figure J.11: Trends in key variables across SGD training of the VGG-11 network with fixed learning rate
(equal to 0.1) and batch size (equal to 20) for samples of the test set. After the loss is minimized, we compute
sharpness and volume on the test set. Moreover, the same quantities are computed separately over the entire
test set or only on samples that are misclassified. In order from left to right in row-wise order: test loss,
sharpness (Equation (2))), log volumetric ratio (Equation (7)), MLS, and local dimensionality of the network
output (Equation

K Computational resources and code availability

All experiments can be run on one NVIDIA Quadro RTX 6000 GPU. The code will be released after
acceptance.
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