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ABSTRACT

Clifford-Steerable CNNs (CSCNNs) provide a unified framework that allows in-
corporating equivariance to arbitrary pseudo-Euclidean groups, including isome-
tries of Euclidean space and Minkowski spacetime. In this work, we demonstrate
that the kernel basis of CSCNNs is not complete, thus limiting the model expres-
sivity. To address this issue, we propose Conditional Clifford-Steerable Kernels,
which augment the kernels with equivariant representations computed from the in-
put feature field. We derive the equivariance constraint for these input-dependent
kernels and show how it can be solved efficiently via implicit parameterization.
We empirically demonstrate an improved expressivity of the resulting framework
on multiple PDE forecasting tasks, including fluid dynamics and relativistic elec-
trodynamics, where our method consistently outperforms baseline methods.

1 INTRODUCTION

Physical systems exhibit fundamental symmetries that constrain their governing equations (Wang,
2021). Any physically trustworthy model must therefore respect these symmetries and be consistent
under the relevant transformations. When these transformations form a symmetry group, models
that satisfy this consistency constraint are called equivariant (Bronstein et al., 2021). Equivariance
has become a key inductive bias in critical applications where adherence to physical laws is required,
such as drug and material design (Kovacs et al., 2023)).

The deep learning community has developed multiple rich theoretical frameworks for constructing
equivariant models (Nyholm et al.,2025). For convolutional neural networks (CNNs), the theory of
steerable CNNs (Cohen & Welling, 2017) provides a general approach for incorporating equivari-
ance to translations and transformations from an origin-preserving group G. A common example
is the Euclidean group E(n), where origin-preserving transformations are reflections and rotations
that constitute the orthogonal group O(n). The key idea behind steerable CNNGs is to leverage the
translation-equivariance of convolution and achieve G-equivariance by enforcing a G-induced con-
straint on the convolutional kernels. However, solving this constraint is not trivial and is usually in-
volved. To alleviate this complexity, Zhdanov et al.|(2023)) proposed implicit parameterization using
G-equivariant MLPs, with the resulting convolutions theoretically guaranteed to be G-equivariant.

Zhdanov et al.| (2024) further generalized steerable CNNs to pseudo-Euclidean spaces, such as
Minkowski spacetime, through Clifford-Steerable CNNs (CSCNNs). CSCNNs process multivec-
tor fields by implementing G-steerable kernels implicitly via Clifford group equivariant neural net-
works, leveraging the correspondence between Clifford algebra and pseudo-Euclidean groups. The
resulting framework demonstrates strong performance on multiple PDE forecasting tasks; however,
it suffers from an inherent limitation: the incompleteness of their steerable kernel basis. Compared
to theoretically derived kernel bases, certain degrees of freedom are missing. Although the authors
demonstrated that those can be recovered through the use of consecutive convolutions, this solution
reveals a fundamental weakness: single CSCNN layers lack expressiveness, thus constraining the
model’s efficiency and overall performance.

The main contributions of this work are the following:

* We propose Conditional Clifford Steerable CNNs (C-CSCNNs), which remedy the limited ex-
pressiveness of original CSCNNs by augmenting G-steerable kernels with auxiliary variables
derived from input feature fields.
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Figure 1: Conditioned Clifford-Steerable CNNs use auxiliary information derived from the input
feature field to condition the implicit kernel generating O(p, g)-steerable kernels. The interaction of
the additional features with relative positions remedies limited expressivity of the original approach.

* We mathematically derive the steerability constraint that conditioned kernels must satisfy to
maintain G-equivariance.

* We demonstrate how this constraint can be solved efficiently via implicit parameterization.

* We empirically validate the improved expressiveness on multiple PDE forecasting tasks, where
conditional CSCNNSs significantly outperform baseline CSCNNs and achieve performance on
par with state-of-the-art methods.

2 RELATED WORKS

Equivariance There exist multiple ways of incorporating equivariance in neural networks. Equiv-
ariant convolutions can be categorized as regular (Cohen & Welling| [2016; Bekkers et al., 2018;
2024])) or steerable group convolutions (Weiler & Cesal 2019 [Cesa et al., [2022). Regular group
convolutions rely on discretizing the group GG and convolving with rotated/transformed versions
of the filters. While generally fast, this framework only achieves approximate equivariance due
to discretization and is limited to compact groups. Steerable group convolutions employ analyti-
cally derived kernels that exactly satisfy the G-equivariance constraint. They require knowing the
irreducible representation of GG along with the Clebsch-Gordan coefficients and harmonic basis func-
tions, all of which are group-specific. Another approach is canonicalization (Mondal et al., 2023
Kaba et al.,2023)), which uses a non-equivariant model as the computational backbone but first trans-
forms (canonicalizes) the input to a fixed frame of reference, ensuring that the output transforms
consistently. While it demonstrated promising results and integrates well with existing large-scale
models, it requires designing a suitable canonicalization procedure, which is in general non-trivial.

Clifford Algebra Neural networks based on Clifford algebra were recently popularized by Brand-
stetter et al.| (2023 and have since then gained popularity (Ruhe et al.l 2023c; Brehmer et al., 2023))
for their ability to natively handle geometric information. [Ruhe et al.| (2023a)) further demonstrated
the connection between the Clifford algebra and equivariance, achieving equivariance to the pseudo-
Euclidean group E(p, ¢). Building on this work, [Zhdanov et al|(2024) generalized the idea to a
convolutional neural network that demonstrated particularly good performance in PDE modelling.
Other applications include fluid dynamics (Pepe et al.l 2025)), relativistic physics (Spinner et al.,
2024) and molecular generation (Liu et al., 2025}

Implicit (continuous) kernels Parameterizing convolutional kernels as learnable functions that
map coordinates to kernel values was initially proposed by Schiitt et al.| (2017) to handle irregularly
sampled molecular data, which later gained popularity in handling general point cloud data (Fuchs
et al.,2020; Thomas et al.,2018]). A subsequent line of work extended the concept to sequence mod-
elling due to its ability to natively handle irregularly sampled data (Romero et al.| 2022} Sitzmann
et al., 2020) and capture long-range dependencies (Knigge et al., [2023)), thus making them particu-
larly effective in applications to text and audio. Multiple approaches also explored using continuous
kernels for equivariant architectures, e.g. by relaxing the equivariance property (van der Ouderaa
et al.| 2022) or simplifying imposing it (Zhdanov et al., 2023).



3 THEORETICAL BACKGROUND

3.1 STEERABLE CNNSs

We are interested in linear maps that operate on feature (vector) fields over pseudo-Euclidean space
RP-2. A feature field is a function f : RP?9 — W that assigns a feature vector f(z) € W to
each point z € RP'4. The standard building block in deep learning for operating on such data is a
convolutional neural layer, which we define as follows:

Definition 3.1 (Convolution). Convolution maps between feature fields fi, : RP? — W, and
fout : RP9 — W4 via the integral transform

Jout(®) = L [fin] () == du(y) K(z —y) fin(y), (D
RP:a
where (1 is the Lebesgue measure on R?-%, and the kernel K : R — Hom (Wi, Woys) is a function
that assigns to each spatial offset 2 € RP*? a linear map K (z) : Wi, — Wout.

We are now interested in enforcing the G-equivariance property on the convolutional operator. Be-
fore doing so, however, we must describe how feature fields are transformed by elements of G.
Intuitively, transformations of the base space, which in our case is RP+9, imply corresponding trans-
formations of the feature fields defined on them. To achieve this, we equip feature fields with a
G-representation p, which, together with W, defines the geometric type of a feature vector (W, p)
that fully describes the transformation law of a feature field under group action:

0(9)f1 (@) :=p(9)f (97'x)  VgeG,azecRV )

Definition 3.2 (Equivariance). Consider arbitrary input and output feature fields of types (Wi, pin)
and (Wout, Pout ). The convolutional operator mapping between them is G-equivariant if and only if

it satisfies

LK [pin(g)fin] = pout(g)LK [fin] v.g eq (3)
Example 3.1. The map in Eq.[3.]is translation equivariant. We can prove this by taking an arbitrary
translation vector h and substituting pin (k) = pout(h) = Th:

L [Thfin] = /

[ ) K= fuly =1 = / du(z) K (& — h) — 2) fin(2) = TaL [fil

RP.q

where we used the substitution y — h + z and the translation invariance property of .

The theory of steerable CNNs (Weiler et al., [2023)) is concerned with imposing additional equivari-
ance to an arbitrary group G by imposing the following constraint on the kernels:

Theorem 3.1 (Steerable Convolution, (Weiler et all 2023)). The convolution integral is G-
equivariant if the kernel K satisfies the G-steerability constraint
1

K(gx) = mpom(g)ff (@)pin(9) ™" = pHom(9)K () VgeGueRMT (4

forfeatureﬁelds Oftypes (Wirn pin) and (Wouta pout)~

In general, one has to solve for the kernel analytically or numerically for each G, which is often non-
trivial. Moreover, as we will see later, if we were to condition the kernel on an auxiliary variable,
we would have to solve the constraint for each such case, which would be practically infeasible.
A simple way to circumvent this complexity was suggested by [Zhdanov et al.| (2023), which boils
down to parameterizing a kernel as a continuous function that returns the kernel matrix for each
input. The following lemma defines the condition that such a function must satisfy for the resulting
kernels to be steerable.

Lemma 3.1 (Implicit parameterization, (Zhdanov et al., 2023)). Assume that the linear map K (x) :
Win — Wous has matrix representation K (x)] € Rewt*¢in_ Let ¢ : RPT — Rut*Cin phe g
G-equivariant function satisfying

?(g97) = (pin(9) @ pout(9))p(x) Vg € G,z € R (5)

Then a kernel parameterized as [K (x)] = ¢(x) satisfies the equivariance constraint in Eq.



3.2 CLIFFORD-STEERABLE CNNSs

Implicit parameterization enables solving the O(p, ¢)-steerability constraint allowing implementa-
tion of E(p, ¢)-equivariant convolutions (Zhdanov et al.,2024). The work is built on the connection
between the pseudo-Euclidean group E(p, ¢) and the Clifford algebra. Clifford algebra comes with
a bilinear operation called the geometric product. By taking two vectors from the vector space RP+9,
and taking their product, one obtains multivectors - elements of the C1(RP:?) algebra. The basis ele-
ments of multivectors are k-vectors that include scalars (k = 0), vectors (k = 1), bivectors (k = 2),
etc. Importantly, Clifford algebra C1(RP+?) is a representation space of the pseudo-orthogonal group
O(p, ¢) (Zhdanov et al., 2024). Multivectors are associated with the orthogonal representation pc
and thus can be used as features of O(p, ¢)-equivariant networks (Ruhe et al.,[2023b).

CSCNNS use such a network for implicit parameterization of the kernels of a E(p, ¢)-equivariant
convolution, which operates on c-dimensional multivector feature fields f : RP? — CI(RP-7)°
of type (W, p) = (CI(RP9)°, p¢,). Specifically, the implicit kernel K is a composition of two
operators: kernel network /C that returns the multivector-valued matrix representation of the kernel

K : RP9 — CI(RP9)Coue X Cn (6)
and a kernel head H that turns the output of /C into a proper steerable kernel
H : CI(RP-2)CoueXcin — Hom (CI(RP ) ClL(IRP>?)%out), @)
by partially evaluating the geometric product between input and output feature fields:
K=HoK,  K(z)=> Ak wk K(z)™ (8)
m

where k is the input grade, n is the output grade, A*, € {—1,0,1} indicates how the geometric

product between the grades 1 and n manifests in grade k of the result, w”, . is a learnable weight.

3.3 INCOMPLETENESS OF THE KERNEL BASIS OF CSCNNS

Zhdanov et al.| (2024)) also showed that, when compared to the analytical solution for G = O(2) =
0(2,0), Clifford-steerable kernels miss degrees of freedom corresponding to angular frequency 2
for the vector-vector field interaction. Therefore, a single layer of CSCNNS is over-constrained by
construction, which results in limited expressivity.

The source of the incompleteness lies in the input type of the kernel K, and how it is transformed
throughout the kernel network K. To demonstrate it, let us consider the case of O(2,0), for which
the analytical solution is derived (Weiler & Cesa, [2019).

Example 3.2. The kernel K takes a single vector x € R?Y that forms the grade-1 component of the
input multivector. Inside /C, the only transformations that are applied to the vector are (weighted)
geometric products and linear grade-wise transformations. Using polar coordinates of R? = R2°,
i.e. aradius r € R>( and angle ¢ € S, it can be shown (see Appendix for details) that none of
these operations allows angular information ¢ to propagate to any grade other than grade-1:

K@) =Ro(r), K@) =Ri(r)ri(¢), K(@)® =0 Veour cm

where R,,, Ky, denote arbitrary nonlinear functions of r and ¢, respectively. We are interested
specifically in the vector-vector interaction, as it the part that is missing in the kernel basis. Let
k=mn=1,then A}; = A}, = 1, A}; = 0, and the sum in Eq.[8simplifies to

Ki(r,¢) = K(z)® + 0+ 0 =Ro(r) ©9)

Consequently, the resulting kernel represents scalar multiplication of the input vector with no angular
dependence. In contrast, the complete analytical solution contains both frequency-0 and frequency-
2 components, as predicted by the Clebsch-Gordan decomposition of O(2)-irrep tensor products
(Lang & Weiler, 2021). Importantly, the frequency-2 component cannot be generated by the kernel
network /C because its operations on single vector inputs restrict angular information to grade-1.

To re-iterate, the incompleteness, at least in the case of O(2,0), appears because the vector-vector
interaction encoded by the implicit kernel collapses to a scalar value that does not contain angular
information when only a single vector serves as input to the geometric product-based neural network.
Since we cannot change how the geometric product works, our only option is to change the input to
the kernel, which is what we propose in the following section.



4 CONDITIONAL CLIFFORD STEERABLE CNNS

Instead of using a purely linear convolutional operator, we can introduce the dependency on the input
feature field inside the convolutional kernel. This expands the input to a combination of multivectors,
enabling the geometric product-based neural network to encode more expressive kernels and address
the limitation of geometric product-based implicit kernels discussed above.

4.1 CONDITIONAL STEERABLE CONVOLUTION

Conditioning a convolutional kernel on the input yields the following non-linear operatoﬂ

Definition 4.1 (Conditional Convolution). Conditional convolution maps between feature ﬁeldﬁ
f:RP? — Wi and fou : RPY — Wy, via the integral transform

four(2) = L [f] (z) == duly) K (z =y, f(2), f(y)) f(y), (10)

RP-4q

where 11 is the Lebesgue measure on RP:9, and the kernel K : RPOX Wi, x Wiy, — Hom(Wiy, Wout)
is a function that assigns to every combination of spatial offset z € RP'? and points z,y € RP? a

linear map K (z, f(x), f(v)) : Win — Wous.

Similarly to steerable CNNs, we enforce the G-equivariance property on the convolutional operator
via the G-steerability constraint on the conditional kernel K:

Lemma 4.1 (Steerable Conditional Convolution). The convolution integral is G-equivariant if
the kernel K satisfies the following G-steerability constraint

K(g(z—y), pin(9) (), pin(9)f () = prom (@)K (z—y, f(2), f(y)) Vg€ G,z e RP? (1)

Sor input and output feature field types (Win, pin) and (Wout, Pout ), respectively.

We provide the proof in Appendix [B.T}

4.2 CLIFFORD-STEERABLE CONDITIONAL CONVOLUTION

As in standard CSCNNSs, we use implicit parameterization to achieve equivariance, but we need to
adapt the kernel structure to accommodate the auxiliary information. The kernel head H is agnostic
to the input of the kernel, furthermore, it is only the kernel network K that we have to change to be
compatible with conditional convolution. Let us define conditional kernel network as

¢ . EE Y ) “in X ’ “in — ’ out ‘in7 ( )
K : RP? x CI(RP9)° Cl(RP?)¢ C1(RP-9)Cous X ¢ 12

which now takes additional multivector features as input. The function is equivariant by definition,
as we use a O(p, ¢)-equivariant network to parameterize it. The equivariance of resulting Clifford-

steerable conditional kernels K := H o K follows from the following lemma:

Lemma 4.2 (Equivariance of conditional Clifford-steerable kernels). Any Clifford-steerable condi-
tional kernel K = H o K is O(p, q)-equivariant w.r.t p(g) = g and puom as it satisfies Eq.

We provide the proof in Appendix

Corollary 4.1 (Equivariance of Clifford-steerable conditional convolution). Let K=HoKbea
Clifford-steerable kernel. The corresponding convolution operator L . is then E(p, q)-equivariant:

L [pin(9)f] = pous(9) L [f] Vg € E(p,q). (13)

"For a comprehensive theoretical study of non-linear equivariant operators, see (Nyholm et al.,[2025).
’In this section, we omit the subscript in fi, for clarity.



4.3 EFFICIENT IMPLEMENTATION VIA TEMPLATE MATCHING

The theory admits arbitrary conditioning of the kernel K on the input feature field. In the most
general case, these might be features at the evalution x and integration y points. This is similar
to message-passing networks or point convolutions, where messages from neighbors to the origin
node are typically conditional on the relative distance, as well as features of both sender and receiver
nodes. However, such convolution is notoriously slow as it does not have any parameter sharing,
the property that makes convolution efficient via template matching. We are furthermore looking
for a trade-off between full expressivity (learning arbitrary interactions between two points) and
efficiency (fully parallel computation).

To enable template matching, we must condition the kernel on a constant translation-invariant field
derived from the input feature field. Let us introduce an operator 7' that does exactly that

T : L*(RP?, CI(RP?)¢) — CI(RP9)°, Tf(z) = T[f] Vo € RPY (14)
and whose output we use as the auxiliary input to Clifford-steerable conditional kernel.

Then the conditional convolution in Def. [.T| takes the following form:

(o) = L (1) @)1= [ dulo) K (@ = . T11) ) 15)

For the convolution to be equivariant, the implicit kernel that parameterizes it must be equivariant
as well (Lemma[3.1)), which in turn requires equivariance of the operator T":

Proposition 4.1. The operator LI}; with a Clifford-steerable conditional kernel K = HoK is
E(p, q)-equivariant if the operator T is O(p, q)-equivariant, i.e.

Tlp(g)f1 = p(9)Tf] Vg€ Olp,q), f € L*(R™, CI(RP)°) (16)

We provide the proof in Appendix

The simplest choice for 7" is mean pooling whose equivariance is proven in (Weiler et al.l [2023).
Using mean pooling essentially replaces message-passing form of Eq. with a mean-field ap-
proximation where each point is influenced by the average behavior of all other points. While less
expressive, the formulation nonetheless allows the kernels to adjust to global context, making it
strictly more expressive than a standard convolution.

4.4 COMPLETENESS OF THE KERNEL BASIS OF CONDITIONAL CSCNNSs

Let us now return to the case of O(2,0) and see how it will be handled in the suggested framework.

Example 4.1 (Continued). Let us assume that the auxiliary input is a single multivector { €
CIl(RP-9), whose grade-1 component does not coincide with the relative position vector x € RP-7. It
can be shown (see Appendix [B.3)), that after a single geometric product between ¢ and the embedded
x, the kernel network output takes the following form

K:(x)(M) =R, (T)KI (f/b) VM, Cout, Cin

including the grade-0 case, which in the standard case is only a function of r. In other words, the
angular information propagates through interaction with auxiliary multivectors. This, in turn, allows
conditional implicit kernels to replicate the analytical solution as they are now able to generate
higher frequency components.

Therefore, it is evident that using conditional kernels alleviates the incompleteness issue as the
frequency-2 components are present in their basis. We formulate the result as a conjecture:

Conjecture 4.1. The kernel basis of conditional Clifford-steerable CNNs is complete.

We note that proving the conjecture requires knowing all irreducible representations of O(p, q) for
each combination of p and g, as well as constructing an isomorphism between each irrep and multi-
vector grades of Cl(p, ¢). The task is highly non-trivial and somewhat contradictory to the nature of
implicit kernels, which are designed to avoid deriving steerable kernels analytically. We therefore
leave the proof for future work, and validate the claim empirically in the following section.



5 EXPERIMENTS

To experimentally validate the improved expressivity of our implementation, we tested its perfor-
mance on four well-established PDE modeling benchmarks, comparing it to the original CSCNN
model and 14 strong baselines. The experiments conducted were the 2-dimensional (R?) Navier-
Stokes (NS) equations, the 2-dimensional (R?) Shallow-water (SWE) equations, the 3-dimensional
(R3) Maxwell’s (MW3) equations, and the relativistic 2-dimensional (R':2) Maxwell’s (MW2) equa-
tions. Further details on the datasets can be found in Appendix [B.6.3]

5.1 EXPERIMENTAL SETUP

The goal of each experiment is to learn the dynamics of a system from numerical simulations. To
enable comparisons, we treat timesteps as feature channels - i.e., the task becomes predicting future
states (as output channels) based on previous states (as input channels) (Gupta & Brandstetter,|2022)).
For NS and SWE, the state is described by a vector velocity and a scalar pressure field. We evaluate
two setups of SWE: one-step predictions (SWE-1), and 5-step rollouts (SWE-5). For MW3, the
inputs are vector electric fields and bivector magnetic fields. In the relativistic MW?2 task, the input
is an electromagnetic field, which forms a bivector. Let N; denote the number of points used to
discretise time in each state. In this setting, time forms its own spacetime dimension, therefore, the
task is to learn the mapping between two states, each with their respective spatial dimensions and a
time dimension of size NV;. This is the only experiment where the setup properly incorporates the
time dimension into spacetime. Conditional CSCNNs (C-CSCNNs), similarly to regular CSCNNgs,
are well-equipped to fit this setting, which other baselines are unable to handle by construction.

5.2 IMPLEMENTATION

Note that since C-CSCNNs process multivector =CSCNN = Transolver = U-Net
fields, we embed the feature fields into their corre- =+ C-CSCNN = Swin-Tr. =LSM
sponding multivector basis elements, which is en-

abled by the natural isomorphisms ¢@ : R =

CI(RP)O) (1) . Rpa = CI(RP)(M) between 100

scalars, vectors and their corresponding £ = 0 and

k = 1 multivector grades. Our model is built upon =

the ResNet (He et al., 2016)) architecture, where we =

substitute the standard convolutional layers with our .

Conditional Clifford-Steerable convolutions, where 10

we use global mean pooling as the conditioning oper-

ator 7. Compared to the original CSCNNS, the only 0 2000
additional computational cost derives from comput- No. of Simulations

ing the condition, which in the case of pooling is neg- . )
ligible. The implementation is done in JAX (Brad- Figure 2: MSE for the Shallow-water equa-

. 2 .
bury et al.}, 2018)) and Flax (Heek et all, [2024)), lever- tions R l—gtep fqreca§t1ng task. as a fur.lc'
aging the benefits of XLA compilation. tion of the simulations included in the train-

ing dataset. Conditional CSCNNs outper-
We compare Conditional CSCNNs against multiple form all baselines, keeping their advantage
families of strong neural solvers. In the NS, MW3, even as the training trajectories increase.
and MW2 experiments, we evaluate against architec-
turally similar networks: the standard ResNet, the Clifford ResNet (Brandstetter et al., 2023)), the
O(n)-steerable CNN (Weiler & Cesal [2019; Weiler et al.| 2023) and the original Clifford-Steerable
CNN (Zhdanov et al., [2024). Additionally, we include Fourier Neural Operator (FNO) (L1 et al.,
2021) and its Dy < O(2) equivariant counterpart G-FNO (Helwig et al. [2023) in the evalua-
tion. On SWE-1, the models compared are the state-of-the-art neural PDE solvers: Transolver (Wu
et al., [20244a)), the Swin-Transformer (Liu et al., 2021), the classic U-net (Ronneberger et al.,|2015)),
the latent-space solver LSM (Wu et al., [2023)) and the original Clifford-Steerable CNN (Zhdanov
et al., 2024). For SWE-5, we take baselines from (Gupta & Brandstetter, |2022) and (Wang et al.,
2025])), which also include different sizes of CViT (Wang et al.,|2025)), the Dilated ResNet (Yu et al.,
2017),with two of its variants U-Net,;; (Gupta & Brandstetter,2022)) and U-F2Net (Gupta & Brand-
stetter, 2022), FNO (Li et al., [2021)) and the U-shaped neural operator UNO (Rahman et al., [2023).
In each experiment except SWE-5, the parameter counts were matched to ensure fair comparison



between the models. In SWE-5 however, we compared architectures of different sizes. More details
on the tasks and the implementations can be found in Appendix and[B.6|

5.3 RESULTS

Data efficiency In the NS, SWE-1, MW3 and
MW?2 tasks, we investigate the data efficiency of
the models by varying the number of trajectories
they are trained on. Conditional CSCNNs show
exceptional ability in learning system’s dynam-
ics, achieving the best results on all four tasks. As
shown in Figure [3| the advantage granted by the
expressive conditional kernels becomes apparent
with only a few training trajectories. Moreover,
owing to their improved expressivity, C-CSCNNs
are able to leverage more training data signif-
icantly better than standard CSCNNSs, or other
baselines. In the SWE-1 task shown in Figure
[2l C-CSCNNs outperform state-of-the-art mod-
els such as Transolver or Swin-Transformer. By
transforming consistently under the symmetries
of the physical system, they are able to effectively
capture the true governing dynamics, providing
accuracy improvements even in highly transient
regions of the simulation domain, visualised in

Figure[4

Table 1: S5-step rollout performance on the
shallow-water equations task by Relative L? er-
ror (lower is better.) The results for baselines
were taken from (Wang et al.| [2025)

Model #Params Rel. L?
DilResNet 4.2M 13.20%
U-Nety 148M 5.68%
FNO 268M 3.97%
U-F2Net 344M 1.89%
UNO 440M 3.79%
CViT-S 13M 4.47%
CViT-B 30M 2.69%
CViT-L 92M 1.56%
C-CSCNN (Small) 10M 3.51%
C-CSCNN (Large) 55M 2.94%

Scaling For the SWE-5 benchmark, we probed the scaling properties of our approach. Table
shows the relative L? error for the 5 step predictions (see Figl5|for a rollout example). In the small
model regime (around 10M), conditional CSCNNs significantly outperform even state-of-the-art
models, such as CViT. When scaled up, despite being built on a simple ResNet architecture, they
perform on par with leading approaches and exceed models significantly larger (such as FNO with
270M and UNO with 440M params), showing their potential for larger-scale modeling tasks.

[ =+ C-CSCNN = CSCNN = FNO = G-FNO = Clifford ResNet = ResNet = Steerable ResNet
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Figure 3: Mean squared errors for (1) Navier-Stokes R?, (2) Maxwell R3, and (3) relativistic
Maxwell R? simulation tasks as a function of the simulations included in the training dataset.
Conditional CSCNNs outperform all baselines, with their advantage increasing as more data is in-

cluded in the training set.

Equivariance To support our theoretical claims
in Proposition .1} we evaluated the equivari-
ance of our novel convolutional layers against the
original Clifford-Steerable convolutions. Table
shows the relative £/(2) equivariance error

_ flgw) — g-fl@)]
flga) + g-f(@)]

err(f;g,:z:)

Table 2: Relative equivariance errors for
Clifford-Steerable convolutions.

Convolution Relative error (mean)
CS Convolution 2.4 x 1077
C-CS Convolution 3.4x1077
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Figure 4: Signed residuals (prediction—ground truth) of wind velocity vector component « in the
one step ahead predictions for Shallow-Water Equations R2.
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Figure 5: Relative L? error of conditioned CSCNNs on the shallow water equations task at different
steps of the rollout trajectories.

for the default, and conditional Clifford-Steerable convolutions. Up to numerical artifacts, condi-
tional convolutions show relative errors similar to the default convolutions, providing an experimen-
tal validation of our equivariance proof.

6 CONCLUSION

We introduced Conditioned Clifford-Steerable CNNs, a generalization of the Clifford-Steerable
CNNs that addresses the limited expressivity of the original framework. Our approach augments
the parameterization of Clifford-steerable kernels with auxiliary variables derived from the input,
effectively making the convolution operation nonlinear. We derived the equivariance constraint on
such kernels and proved that our approach satisfies it. Through comprehensive empirical evaluation
on various PDE forecasting tasks, we demonstrated that our approach consistently outperforms the
original CSCNNs while achieving strong overall performance compared to state-of-the-art methods.

Future work The most promising avenue for future work is exploring different choices of the
conditional operator. In this work, we already observed that by using simple mean pooling, we are
able to achieve performance comparable to state-of-the-art approaches. Potential options include
different types of pooling, e.g. max pooling or learnable pooling. The overall strong performance
of our framework suggests that conditioning kernels in convolutions is a sound approach. Although
our current implementation relies on mean-field approximations for kernel conditioning, future work
can explore less restrictive forms of weight sharing, e.g. conditioning on finer yet still coarse regions
of the domain. This would render the approach closer to hierarchical methods such as fast multipole
method (Carrier et al.| [1988) which recently found application in deep learning
let all 2024b;, [Zhdanov et al.,[2025).




REFERENCES

Erik J. Bekkers, Maxime W. Lafarge, Mitko Veta, Koen A. J. Eppenhof, Josien P. W. Pluim, and
Remco Duits. Roto-translation covariant convolutional networks for medical image analysis. In
Medical Image Computing and Computer Assisted Intervention - MICCAI, 2018.

Erik J. Bekkers, Sharvaree P. Vadgama, Rob Hesselink, Putri A. van der Linden, and David W.
Romero. Fast, expressive se(n) equivariant networks through weight-sharing in position-
orientation space. In The Twelfth International Conference on Learning Representations, ICLR,
2024.

James Bradbury, Roy Frostig, Peter Hawkins, Matthew James Johnson, Chris Leary, Dougal
Maclaurin, George Necula, Adam Paszke, Jake VanderPlas, Skye Wanderman-Milne, and Qiao
Zhang. JAX: composable transformations of Python+NumPy programs, 2018. URL http:
//github.com/jax—-ml/jax.

Johannes Brandstetter, Rianne van den Berg, Max Welling, and Jayesh K. Gupta. Clifford neural
layers for PDE modeling. In The Eleventh International Conference on Learning Representations,
ICLR, 2023.

Johann Brehmer, Pim de Haan, Sonke Behrends, and Taco S. Cohen. Geometric algebra transformer.
In Advances in Neural Information Processing Systems 36: Annual Conference on Neural Infor-
mation Processing Systems 2023, NeurIPS 2023, 2023.

Michael M. Bronstein, Joan Bruna, Taco Cohen, and Petar Velickovic. Geometric deep learning:
Grids, groups, graphs, geodesics, and gauges. CoRR, abs/2104.13478, 2021. URL https:
//arxiv.org/abs/2104.13478.

J. Carrier, L. Greengard, and V. Rokhlin. A fast adaptive multipole algorithm for particle sim-
ulations. SIAM Journal on Scientific and Statistical Computing, 9(4):669-686, 1988. doi:
10.1137/0909044.

Gabriele Cesa, Leon Lang, and Maurice Weiler. A Program to Build E(N)-Equivariant Steerable
CNNs. In International Conference on Learning Representations (ICLR), 2022.

Taco Cohen and Max Welling. Group equivariant convolutional networks. In Proceedings of the
33nd International Conference on Machine Learning (ICML), 2016.

Taco S. Cohen and Max Welling. Steerable cnns. In 5th International Conference on Learning
Representations, ICLR 2017, Toulon, France, April 24-26, 2017, Conference Track Proceedings.
OpenReview.net, 2017. URL https://openreview.net/forum?id=rJQKYt511,

Matthew J. Filipovich and Stephen Hughes. Pycharge: An open-source python package for self-
consistent electrodynamics simulations of lorentz oscillators and moving point charges. Comput.
Phys. Commun., 274:108291, 2022. doi: 10.1016/J.CPC.2022.108291. URL https://doi.
org/10.1016/7.cpc.2022.108291.

Fabian Fuchs, Daniel E. Worrall, Volker Fischer, and Max Welling. Se(3)-transformers: 3d roto-
translation equivariant attention networks. In Advances in Neural Information Processing Systems
33: Annual Conference on Neural Information Processing Systems 2020, NeurlPS 2020, 2020.

Jayesh K. Gupta and Johannes Brandstetter. Towards multi-spatiotemporal-scale generalized PDE
modeling. CoRR, abs/2209.15616, 2022. doi: 10.48550/ARXIV.2209.15616. URL https:
//doi.org/10.48550/arXiv.2209.15616,

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recog-
nition. In 2016 IEEE Conference on Computer Vision and Pattern Recognition, CVPR, 2016.

Jonathan Heek, Anselm Levskaya, Avital Oliver, Marvin Ritter, Bertrand Rondepierre, Andreas
Steiner, and Marc van Zee. Flax: A neural network library and ecosystem for JAX, 2024. URL
http://github.com/google/flax.

Jacob Helwig, Xuan Zhang, Cong Fu, Jerry Kurtin, Stephan Wojtowytsch, and Shuiwang Ji. Group
equivariant fourier neural operators for partial differential equations. In Proceedings of the 40th
International Conference on Machine Learning, ICML’23. JMLR.org, 2023.

10


http://github.com/jax-ml/jax
http://github.com/jax-ml/jax
https://arxiv.org/abs/2104.13478
https://arxiv.org/abs/2104.13478
https://openreview.net/forum?id=rJQKYt5ll
https://doi.org/10.1016/j.cpc.2022.108291
https://doi.org/10.1016/j.cpc.2022.108291
https://doi.org/10.48550/arXiv.2209.15616
https://doi.org/10.48550/arXiv.2209.15616
http://github.com/google/flax

Philipp Holl and Nils Thuerey. ®g, (PhiFlow): Differentiable simulations for pytorch, tensorflow
and jax. In International Conference on Machine Learning. PMLR, 2024.

Sékou-Oumar Kaba, Arnab Kumar Mondal, Yan Zhang, Yoshua Bengio, and Siamak Ravanbakhsh.
Equivariance with learned canonicalization functions. In International Conference on Machine
Learning, ICML, 2023.

Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization. In Yoshua
Bengio and Yann LeCun (eds.), 3rd International Conference on Learning Representations, ICLR
2015, San Diego, CA, USA, May 7-9, 2015, Conference Track Proceedings, 2015. URL http:
//arxiv.org/abs/1412.6980.

Milan Klower, Maximilian Gelbrecht, Daisuke Hotta, Justin Willmert, Simone Silvestri, Gregory L.
Wagner, Alistair White, Sam Hatfield, Tom Kimpson, Navid C. Constantinou, and Chris Hill.
SpeedyWeather.jl: Reinventing atmospheric general circulation models towards interactivity and
extensibility. Journal of Open Source Software, 9(98):6323, 2024. doi: 10.21105/joss.06323.
URLhttps://doi.org/10.21105/Jjoss.06323.

David M Knigge, David W Romero, Albert Gu, Erik J Bekkers, Efstratios Gavves, Jakub M Tom-
czak, Mark Hoogendoorn, and Jan-Jakob Sonke. Modelling long range dependencies in n-d:
From task-specific to a general purpose cnn. International Conference on Learning Representa-
tions, 2023.

David Péter Kovdcs, J. Harry Moore, Nicholas J. Browning, Ilyes Batatia, Joshua T. Horton, Venkat
Kapil, William C. Witt, loan-Bogdan Magdau, Daniel J. Cole, and Gébor Csanyi. Mace-off23:
Transferable machine learning force fields for organic molecules, 2023.

Leon Lang and Maurice Weiler. A wigner-eckart theorem for group equivariant convolution kernels.
In International Conference on Learning Representations (ICLR), 2021.

Zongyi Li, Nikola Borislavov Kovachki, Kamyar Azizzadenesheli, Burigede liu, Kaushik Bhat-
tacharya, Andrew Stuart, and Anima Anandkumar. Fourier neural operator for parametric partial
differential equations. In International Conference on Learning Representations, 2021. URL
https://openreview.net/forum?id=c8PINQVtmnO.

Cong Liu, Sharvaree Vadgama, David Ruhe, Erik J. Bekkers, and Patrick Forré. Clifford group
equivariant diffusion models for 3d molecular generation. CoRR, abs/2504.15773, 2025.

Ze Liu, Yutong Lin, Yue Cao, Han Hu, Yixuan Wei, Zheng Zhang, Stephen Lin, and Baining Guo.
Swin transformer: Hierarchical vision transformer using shifted windows. In 2021 IEEE/CVF
International Conference on Computer Vision, ICCV 2021, Montreal, QC, Canada, October 10-
17, 2021, pp. 9992-10002. IEEE, 2021. doi: 10.1109/ICCV48922.2021.00986. URL https:
//doi.org/10.1109/ICCV48922.2021.00986.

Aaron Meurer, Christopher P. Smith, Mateusz Paprocki, Ondfej Certik, Sergey B. Kirpichev,
Matthew Rocklin, Amit Kumar, Sergiu Ivanov, Jason K. Moore, Sartaj Singh, Thilina Rath-
nayake, Sean Vig, Brian E. Granger, Richard P. Muller, Francesco Bonazzi, Harsh Gupta, Shivam
Vats, Fredrik Johansson, Fabian Pedregosa, Matthew J. Curry, Andy R. Terrel, étépén Roucka,
Ashutosh Saboo, Isuru Fernando, Sumith Kulal, Robert Cimrman, and Anthony Scopatz. Sympy:
symbolic computing in python. PeerJ Computer Science, 3:¢103, January 2017. ISSN 2376-5992.
doi: 10.7717/peerj-cs.103. URL https://doi.org/10.7717/peerj-cs.103,

Arnab Kumar Mondal, Siba Smarak Panigrahi, Oumar Kaba, Sai Mudumba, and Siamak Ravan-
bakhsh. Equivariant adaptation of large pretrained models. In Advances in Neural Information
Processing Systems 36: Annual Conference on Neural Information Processing Systems 2023,
NeurlPS 2023, 2023.

Elias Nyholm, Oscar Carlsson, Maurice Weiler, and Daniel Persson. Equivariant non-linear maps
for neural networks on homogeneous spaces. CoRR, abs/2504.20974, 2025.

Alberto Pepe, Mattia Montanari, and Joan Lasenby. Fengbo: a clifford neural operator pipeline for
3d pdes in computational fluid dynamics. In The Thirteenth International Conference on Learning
Representations, ICLR, 2025.

11


http://arxiv.org/abs/1412.6980
http://arxiv.org/abs/1412.6980
https://doi.org/10.21105/joss.06323
https://openreview.net/forum?id=c8P9NQVtmnO
https://doi.org/10.1109/ICCV48922.2021.00986
https://doi.org/10.1109/ICCV48922.2021.00986
https://doi.org/10.7717/peerj-cs.103

Md Ashiqur Rahman, Zachary E. Ross, and Kamyar Azizzadenesheli. U-NO: u-shaped neural op-
erators. Trans. Mach. Learn. Res., 2023, 2023. URL https://openreview.net/forum?
id=330QF9coJdl

David W. Romero, Anna Kuzina, Erik J. Bekkers, Jakub Mikolaj Tomczak, and Mark Hoogendoorn.
Ckconv: Continuous kernel convolution for sequential data. In The Tenth International Confer-
ence on Learning Representations, ICLR 2022, Virtual Event, April 25-29, 2022. OpenReview.net,
2022. URL https://openreview.net/forum?id=8FhxBtXS10.

Olaf Ronneberger, Philipp Fischer, and Thomas Brox. U-net: Convolutional networks for
biomedical image segmentation. In Nassir Navab, Joachim Hornegger, William M. Wells
III, and Alejandro F. Frangi (eds.), Medical Image Computing and Computer-Assisted Inter-
vention - MICCAI 2015 - 18th International Conference Munich, Germany, October 5 - 9,
2015, Proceedings, Part III, volume 9351 of Lecture Notes in Computer Science, pp. 234-241.
Springer, 2015. doi: 10.1007/978-3-319-24574-4\ 28. URL https://doi.org/10.1007/
978-3-319-24574-4_28\

David Ruhe, Johannes Brandstetter, and Patrick Forré. Clifford group equivariant neural networks.
In Advances in Neural Information Processing Systems 36: Annual Conference on Neural Infor-
mation Processing Systems 2023, NeurIPS 2023, 2023a.

David Ruhe, Johannes Brandstetter, and Patrick Forré. Clifford group equivariant neural networks.
Advances in Neural Information Processing Systems, 2023b.

David Ruhe, Jayesh K. Gupta, Steven De Keninck, Max Welling, and Johannes Brandstetter. Ge-
ometric clifford algebra networks. In International Conference on Machine Learning, ICML,
2023c.

Kristof Schiitt, Pieter-Jan Kindermans, Huziel Enoc Sauceda Felix, Stefan Chmiela, Alexandre
Tkatchenko, and Klaus-Robert Miiller. Schnet: A continuous-filter convolutional neural network
for modeling quantum interactions. In Advances in Neural Information Processing Systems 30:
Annual Conference on Neural Information Processing Systems 2017, 2017.

Vincent Sitzmann, Julien N. P. Martel, Alexander W. Bergman, David B. Lindell, and Gor-
don Wetzstein.  Implicit neural representations with periodic activation functions. In
Hugo Larochelle, Marc’Aurelio Ranzato, Raia Hadsell, Maria-Florina Balcan, and Hsuan-
Tien Lin (eds.), Advances in Neural Information Processing Systems 33: Annual Con-
ference on Neural Information Processing Systems 2020, NeurIPS 2020, December 6-12,
2020, virtual, 2020. URL https://proceedings.neurips.cc/paper/2020/hash/
53c04118df112c13a8c34b38343b9cl0—-Abstract.htmll

Jonas Spinner, Victor Bresé, Pim de Haan, Tilman Plehn, Jesse Thaler, and Johann Brehmer.
Lorentz-equivariant geometric algebra transformers for high-energy physics. In Advances in Neu-
ral Information Processing Systems 38: Annual Conference on Neural Information Processing
Systems 2024, NeurIPS 2024, 2024.

Nathaniel Thomas, Tess E. Smidt, Steven Kearnes, Lusann Yang, Li Li, Kai Kohlhoff, and Patrick
Riley. Tensor field networks: Rotation- and translation-equivariant neural networks for 3d point
clouds. CoRR, abs/1802.08219, 2018. URL http://arxiv.orqg/abs/1802.08219.

Tycho F. A. van der Ouderaa, David W. Romero, and Mark van der Wilk. Relaxing equivariance
constraints with non-stationary continuous filters. In Advances in Neural Information Processing
Systems 35: Annual Conference on Neural Information Processing Systems 2022, NeurIPS 2022,
New Orleans, LA, USA, November 28 - December 9, 2022, 2022.

Peng-Shuai Wang. Octformer: Octree-based transformers for 3D point clouds. ACM Transactions
on Graphics (SIGGRAPH), 42(4), 2023.

Rui Wang. Physics-guided deep learning for dynamical systems: A survey. CoRR, abs/2107.01272,
2021. URL https://arxiv.org/abs/2107.01272.

Rui Wang, Robin Walters, and Rose Yu. Incorporating symmetry into deep dynamics models for
improved generalization. In International Conference on Learning Representations, 2021. URL
https://openreview.net/forum?id=wta_8Hx2KD.

12


https://openreview.net/forum?id=j3oQF9coJd
https://openreview.net/forum?id=j3oQF9coJd
https://openreview.net/forum?id=8FhxBtXSl0
https://doi.org/10.1007/978-3-319-24574-4_28
https://doi.org/10.1007/978-3-319-24574-4_28
https://proceedings.neurips.cc/paper/2020/hash/53c04118df112c13a8c34b38343b9c10-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/53c04118df112c13a8c34b38343b9c10-Abstract.html
http://arxiv.org/abs/1802.08219
https://arxiv.org/abs/2107.01272
https://openreview.net/forum?id=wta_8Hx2KD

Sifan Wang, Jacob H. Seidman, Shyam Sankaran, Hanwen Wang, George J. Pappas, and Paris
Perdikaris. Cvit: Continuous vision transformer for operator learning. In The Thirteenth In-
ternational Conference on Learning Representations, ICLR, 2025.

Maurice Weiler and Gabriele Cesa. General e(2)-equivariant steerable cnns. Advances in Neural
Information Processing Systems, 2019.

Maurice Weiler, Patrick Forré, Erik Verlinde, and Max Welling. Equivariant and coordinate inde-
pendent convolutional networks. A Gauge Field Theory of Neural Networks, pp. 110, 2023.

Haixu Wu, Tengge Hu, Huakun Luo, Jianmin Wang, and Mingsheng Long. Solving high-
dimensional pdes with latent spectral models. In Andreas Krause, Emma Brunskill, Kyunghyun
Cho, Barbara Engelhardt, Sivan Sabato, and Jonathan Scarlett (eds.), International Confer-
ence on Machine Learning, ICML 2023, 23-29 July 2023, Honolulu, Hawaii, USA, volume
202 of Proceedings of Machine Learning Research, pp. 37417-37438. PMLR, 2023. URL
https://proceedings.mlr.press/v202/wu23f.htmll

Haixu Wu, Huakun Luo, Haowen Wang, Jianmin Wang, and Mingsheng Long. Transolver: A
fast transformer solver for pdes on general geometries. In International Conference on Machine
Learning, 2024a.

Xiaoyang Wu, Li Jiang, Peng-Shuai Wang, Zhijian Liu, Xihui Liu, Yu Qiao, Wanli Ouyang, Tong
He, and Hengshuang Zhao. Point transformer V3: simpler, faster, stronger. In Conference on
Computer Vision and Pattern Recognition(CVPR), 2024b.

Fisher Yu, Vladlen Koltun, and Thomas A. Funkhouser. Dilated residual networks. In 2017 IEEE
Conference on Computer Vision and Pattern Recognition, CVPR 2017, Honolulu, HI, USA, July
21-26, 2017, pp. 636—-644. IEEE Computer Society, 2017. doi: 10.1109/CVPR.2017.75. URL
https://doi.org/10.1109/CVPR.2017.75.

Maksim Zhdanov, Nico Hoffmann, and Gabriele Cesa. Implicit convolutional kernels for steerable
cnns. Advances in Neural Information Processing Systems, 2023.

Maksim Zhdanov, David Ruhe, Maurice Weiler, Ana Lucic, Johannes Brandstetter, and Patrick
Forré. Clifford-steerable convolutional neural networks. Forty-first International Conference on
Machine Learning, ICML, 2024.

Maksim Zhdanov, Max Welling, and Jan-Willem van de Meent. Erwin: A tree-based hierarchical

transformer for large-scale physical systems. In International Conference on Machine Learning
(ICML), 2025.

13


https://proceedings.mlr.press/v202/wu23f.html
https://doi.org/10.1109/CVPR.2017.75

A APPENDIX

B PROOFS

B.1 PROOF OF LEMMA [4.1]

Proof. A conditional convolution given in Def. {1]is G-equivariant if it satisfies

Ly [pin(9)f] = pow(9) L [f] Vg e€G.

Let us expand the left-hand side:

L [pin(9)f] = /R du(y) K (z =y, pin(9) £ (9" 2), pin(9) F (97 '0)) pin(9) (g )
= |det(g)| [ duly) K (z — gy, pin(9) (g7 2), pin(9) F (1)) pin(9) f (v)

RP.q

where we used the substitution g~ 'y — y

Writing out the right-hand side yields

pout (9) L [f] :/ dp(y) pout(9)K (97 ' =y, f(g7 ), F(v)) F(y)

RP-q

The expressions agree for any g € G and and feature map f € L2(RP:9, W) if and only if

|det(9)|K (z — gy, pin(9) £ (97 ), in(9) f (1)) pin(g) =
pout(9)K (972 —y, fg™ " 2), f(y)) -

1z +— z, we obtain the constraint:

After the substitution g~

|det(9)|K (92 — gy, pin(9) (@), pin(9) F (¥)) Pin(9) = pout (@)K (z — y, f(2), (1)),

which is equivalent to
K(g(z —y),pi(9)f (), pi(9)f (y)) = ‘detl(g) po(9)K (x =y, f(2), f(y))pi(g) ™"

|
pHom(g) (nyv ()7f(y))

B.2 PROOF OF LEMMA[4.2]

a7)

(18)

19)

(20)

2L
(22)

(23)

(24)

(25)

Proof. A Clifford-steerable conditional kernel is a composition of kernel network K and kernel head
H. The former is equivariant by definition, and the equivariance of the latter is proven in Zhdanov

et al] (2024). We can then write
K (g(z = y), 087 (9)f ()0 (9)f (9)) = H (/@(g(w— ), £ (9)F(@)p (9)(v))
= H (o (9K (@ =y, f @), f())
= pron(9)H (K(@ — y, (2), F )

= pHom(g)f( (I - Y, f(l’), f(y))

B.3 PROOF OF PROPOSITION 4. 1]

Proof. By the definition of the kernel network K, it satisfies the equivariance constraint

K(gz, p(g)w) = (p(g) @ p(9))K(z,w) Vg € O(p,q),2 € R”9,w € CI(RP)°.

14

(26)
27)
(28)

(29)
O

(30)



16
17
18

Furthermore, the property is satisfied for w = T[f]:

K(gz, p(9)T[f]) = (p(9) © p(9))K (2, T[f])
On the other hand, for the kernel to be steerable, we require:

K(gz, T[p(g)f]) = (p(9) @ p(9))K(2, T[f]).

Comparing these two equations, we conclude that the left hand sides must coincide

K(gz, p(9)T[]) = K(9z, p(9)T[f])
forall g € O(p, q), x,y € RP-9. There expressions agree if and only if

p(9)T[f]=T[p(g)f

which is the equivariance constraint on the operator 7'.

B.4 INCOMPLETENESS OF CSCNNS; O(2,0)

€19

(32)

(33)

(34)

Since the grade mixing in CEGNNs happens exclusively via geometric product, it is sufficient
to demonstrate how multivector encoding relative position multiplies with itself. We use sympy
(Meurer et al.|(2017)) to do the algebraic manipulations. The code snippet is provided in Code[]

import sympy

# relative position in polar coordinates

r, phi = sympy.symbols(’r phi’, real=True)

# embedding as a Clifford multivector

r_clifford = [r, rxsympy.cos(phi), rxsympy.sin(phi), 0]
# compute geometric product and print the output

k = geometric_product (r_clifford, r_clifford)

print (£"{k[0]} + {k[1l]}el + {k[2]}e2 + {k[3]}ele2")
# 2xrxx2 + 2xrxx2*cos (phi)el + 2xr*x*x2*sin(phi)e2 + QOele2

Code 1: Geometric product of a multivector with itself does not propagate angular information ¢.

B.5 COMPLETENESS OF CONDITIONAL CSCNNSs; O(2,0)

Similarly, it can be demonstrated that for the case of two different multivectors, one of which en-
codes relative position, the output of the geometric product does contain angular information ¢ in
the scalar part, which is the necessary part to replicate the analytical solution of O(2)-steerable ker-
nels. The code snippet is provided in Code 2] By increasing the number of layers in CEGNN, and
the number of auxiliary multivector, we are able to recover high-frequency functions in the scalar

part (see Code[3).

import sympy

# relative position in polar coordinates

r, phi = sympy.symbols(’r phi’, real=True)

# elements of the second multivector

x0, x1, x2, x3 = sympy.symbols (’'x0 x1 x2 x3’, real=True)
# embedding as a Clifford multivector

r_clifford = [r, rxsympy.cos(phi), rxsympy.sin(phi), 0]
# second multivector

x_clifford = [x0, x1, x2, x3]

# compute geometric product and print the output

kx = geometric_product (r_clifford, x_clifford)

]le2 + {kx[3]}ele2")
)\

r+ (x0xcos (phi) + x1 — x3xsin(phi))el +\
r+ (x0%sin(phi) + x2 + x3xcos(phi))e2 +\
rx (-x1xsin (phi) + x2%cos(phi) + x3)ele2

print (£"{kx[0]} + {kx[1l]}el + {kx[2
r+ (x0 + xlxcos(phi) + x2+sin(phi)
)

H H

Code 2: Geometric product of two multivectors allows angular information to propagate.
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# elements of the third multivector
v0, yv1, v2, y3 = sympy.symbols(’'y0 vyl y2 y3’, real=True)
ky = geometric_product (r_clifford, y_clifford)

# compute geometric product between the outputs (2nd layer)
k = geometric_product (kx, ky)

# print the scalar part of the output
print (kx[0])
# r«x2+( 2+x0xy0 + + x2xy2 +\

# 2%xx0%yl*cos (phi) + 2xx0%y2*sin (phi) +\

# 2xx1*y0*cos (phi) + 2*x2+y0xsin(phi) + \

# x1lxyl*cos (2xphi) + x1l*yl + x1xy2*sin (2xphi) +\
# x2xyl*xsin (2+xphi) - x2+y2xcos (2+phi)

#)

Code 3: Increasing the number of layers and auxiliary multivectors allows computing high-
frequency components.

B.6 IMPLEMENTATION DETAILS

The basic ResNet architecture that was used for constructing the Conditioned-CSCNN, the CSCNN,
the Clifford ResNet and the O(n)-steerable ResNet were based on the setup of [Wang et al. (2021);
[Brandstetter et al.|(2023));|Gupta & Brandstetter| (2022). They consist of 8 residual blocks with 7 x 7
and 7 x 7 x 7 sized kernels for the 2D and 3D experiments respectively. We used two embedding and
two output layers. When constructing the other baseline models, we closely followed the original
implementations discussed in their respective papers, which are referenced in[5.2} The models have
approximately 7M parameters for the Navier Stokes, 7.5M for the one step Shallow-waters and
1.5M for Maxwell’s experiments. To scale up C-CSCNN to 55M parameters in the SWE-5 task, we
increased the number of residual blocks to 12, and the number of hidden channels from 48 to 96.
Similarly, we increased the hidden dimensions of the parametrising kernel network from 12 to 16,
and increased its depth from 4 to 6 layers.

B.6.1 CONDITIONAL KERNEL IMPLEMENTATION

In constructing the Conditioned Clifford-
Steerable Kernels, we built on the architec-
ture described in Appendix A of
(2024). We form the conditioning vec-
tor by a masked spatial mean computed for
each channel ¢ and blade/grade k. On a

grid  C R? and with the indicator xp, of ‘
the largest centered ball B, (the circular /
spherical mask, which we explain below), the
pooled stack is

( pOol[fm] = |Q| ZX 1(15)5 )

2€Q Figure 6: Illustration of how the receptive field
of a finite, discretized kernel changes under rota-
tions. The square support causes operations to break
equivariance near the corners.

The resulting conditioning multivector stack
is then concatenated with the relative position
vector to form the input to the Kernel Net-
work.

Circular mask : In practice, the multivector feature fields are often discretised as
square/rectangular-shaped arrays (c, X7 ... X4, 2%). Thus, an operation defined solely on this finite
grid will break equivariance towards the corners of the domain, as shown in Figure[] To overcome
this, we apply circular masking (set grid values outside of the circle/sphere to 0) before the pooling
operation, making it O(n)-equivariant in the continuum.
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Normalisation To avoid instability in the early phases of training, we employ learnable, equivari-
ant grade-wise normalisation of the conditioning vector stack. Note that this was only necessary for
the MW?2 task.

B.6.2 TRAINING DETAILS

For the training, we adopted the optimised hyperparameters from Zhdanov et al| (2024) for our
models in the NS, MW3 and MW2 experiments. For SW2-1, we adopted hyperparameters from
the Transolver paper (Wu et al., | 2024a). We used Adam optimizer (Kingma & Bal 2015) with
cosine learning rate scheduler for SWE with, and for MW3 and MW2 without warmup. Each model
was trained to convergence. The models were trained on one node of Snellius, the Dutch national
computing cluster with 1-4 NVIDIA A100 GPUs.

B.6.3 DATASETS

2D Navier Stokes equations The ground truth simulations are taken from |Gupta & Brandstetter
(2022) and are based on ®Flow by Holl & Thuerey| (2024). From the corresponding validation
and test partitions, we randomly sampled 1024 trajectories. The simulations were generated on a
128 x 128 pixel grid with uniform spatial spacing Az = Ay = 0.25m and a time step of At = 1.5s.
The task consists of predicting the proceeding timestep based on the previous 4 states.

2D Shallow-water equations The dataset os obtained from Gupta & Brandstetter| (2022)), who
utilisied an implementation of SpeedyWeather. j1 (Klower et al.l [2024). The simulations are
performed on a grid with spatial resolution of 192 x 96, Az = 1.875°, Ay = 3.75° and temporal
resolution of At = 48h. The equations evaluated are in velocity function formulation, with vector
wind velocity and scalar pressure fields to be predicted. We sampled trajectories from the validationa
and test partitions randomly. For the SWE-1 task, the domain was cropped and downsampled to a
grid of 64 x 64 spatial points to speed up training. The task for SWE-1 is to predict the next
timestep given the previous 4, whereas for SWE-5, the proceeding 5 states are to be predicted,
given the previous 2. The final dataset for SWE-1 consisted of 512 test, 512 valid, and max 2048
train trajectories. For SWE-5, the entire train, test, valid dataset, described in|Gupta & Brandstetter,
(2022) was used.

3D Maxwell’s equations Within the non-relativistic C1(R3?) setting, we represent the electric
field E as a vector field and the magnetic field B as a bivector field. The dataset, drawn from
Brandstetter et al.| (2023)), consists of 3D Maxwell simulations discretized on a 32 x 32 x 32 voxel
grid with uniform spacing Az = Ay = Az = 5 x 107 m and time step At = 50s. The validation
and test splits each contain 128 simulations. Similarly to NS2, the task consists of predicting the
proceeding timestep based on the previous 4 states.

2D relativistic Maxwell’s equations We generate a dataset for Maxwell’s equations in 2+1D
spacetime (R!-2) utilizing the PyCharge simulation package by Filipovich & Hughes|(2022). The
simulations model the dynamics of electromagnetic fields emitted by oscillating and orbiting point
charges moving at relativistic speeds. The spacetime grid is discretized with a resolution of 128 x 128
points, corresponding to a spatial extent of 50 nm and a temporal duration of 3.77 - 10~ 4.

Each simulation is initialized with a unique configuration of charge sources, governed by the fol-
lowing randomly sampled parameters: Source Composition: A combination of 2 to 4 oscillating
charges and 1 to 2 orbiting charges, with integer magnitudes sampled uniformly from the range
[—3e, 3¢]. Initial Conditions: Sources are placed uniformly on the grid with a predefined minimum
separation. Each is assigned a random linear velocity and either oscillates in a random direction or
orbits with a random radius. Relativistic Constraint: Oscillation/rotation frequencies and veloci-
ties are sampled such that the total particle velocity does not exceed 0.85¢, a necessary constraint to
ensure the stability of the PyCharge solver.

To handle the wide dynamic range of the resulting field strengths, we apply a normalization scheme.
The generated field bivectors are divided by their Minkowski norm and then multiplied by the log-
arithm of that norm. Although Minkowski norms can be zero or negative, we found they were
consistently positive in our generated data. Finally, we filter numerical artifacts by removing any
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outlier simulations that exhibit a standard deviation greater than 20. The curated dataset is split into
2048 training, 256 validation, and 256 test simulations.
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