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Abstract

We study two online resource allocation problems with reusabil-
ity in an adversarial setting, namely kRental-Fixed and kRental-
Variable. In both problems, a decision-maker manages 𝑘 identical
reusable units and faces a sequence of rental requests over time.
We develop theoretically grounded relax-and-round algorithms
with provable competitive ratio guarantees for both settings. For
kRental-Fixed, we present an optimal randomized algorithm that
achieves the best possible competitive ratio. The algorithm first
computes an optimal fractional allocation using a price-based ap-
proach, and then applies a novel lossless online rounding scheme
to obtain an integral solution. For kRental-Variable, we first estab-
lish the impossibility of achieving lossless online rounding. We
then introduce a limited-correlation rounding technique that treats
each unit independently while introducing controlled dependencies
across allocation decisions involving the same unit. Combined with
a carefully-crafted price-based method for computing the fractional
allocation, this approach yields an order-optimal competitive ratio
for the variable-duration setting.
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1 Introduction

Online resource allocation is a central topic in computer science
and operations research. It studies how to allocate limited resources
to sequential online requests and has found wide applications in
the digital platform economy, such as the allocation of computing
and bandwidth resources in cloud computing [23, 24] and network
routing [1–3], as well as dynamic pricing in hotel booking [20]
and ride-sharing [6]. Traditionally, research has focused on sales-
based models, in which resources are permanently allocated to
requests and ownership is transferred from the seller to the buyer.
However, in the platform economy, attention has shifted to rental-
based models, where resources can be reused, as in cloud services,
fashion rentals, or short-term accommodations such as hotels or
Airbnbs. Reusability introduces an additional layer of complexity
in online resource allocation due to overlapping usage periods
and fluctuating demand. In this paper, we study online resource
allocation problems involving reusable resources, which we refer
to as 𝑘-rental problems.

In the 𝑘-rental setting, a seller (or decision-maker) manages an
inventory of 𝑘 identical units of a resource, such as 𝑘 servers in a
cloud data center or 𝑘 hotel rooms. A sequence of requests arrives
sequentially over a fixed horizon, each seeking to rent one unit for
a specified duration and offering a corresponding value (or willing-
ness to pay). Once allocated, a unit becomes unavailable until the
rental duration ends, after which it returns to the inventory. The
seller makes irrevocable accept-or-reject decisions for each request
upon its arrival, with the objective of maximizing the total value
of all accepted requests. In this paper, we study two variants of
the 𝑘-rental problem, termed kRental-Fixed and kRental-Variable.
In kRental-Fixed, each request occupies a unit for the same fixed
duration, while its value can vary within a bounded range. This
variant models fixed-duration rentals such as overnight hotel stays
or time-slotted meeting room bookings, where the resource is re-
leased after each fixed block ends. kRental-Variable generalizes
this setting by allowing rental durations to vary across requests,
with each request’s value assumed to be linear in its duration. This
variable-duration model captures settings such as cloud instance
allocation, virtual machine or container provisioning, and other
usage-based services where resources are billed by the duration of
use.
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For the kRental-Fixed problem, [5] considers a more general
online bipartite matching model in which each matched offline
node becomes available again after a fixed 𝑑 time units. However,
their model does not capture the varying values of each request
(equivalent to the varying edge weight of each matching), which
are essential to online 𝑘-rental problem but cannot be easily han-
dled by [5]. A more recent work by [7] examines an online job
assignment problem that overlaps with both kRental-Fixed and
kRental-Variable. It has developed deterministic algorithms that
achieve order-optimal competitive ratios, but only in the large-

inventory regime (i.e., 𝑘 → ∞). This leaves open the important
question designing randomized algorithms with tight guarantees
for both kRental-Fixed and kRental-Variable across all inventory
sizes, including small and moderate regimes (i.e., 𝑘 is finite).

1.1 Our Contributions

We address the above open question affirmatively by develop-
ing randomized algorithms for 𝑘-rental under general inventory
settings. Our algorithms achieve the optimal competitive ratio
for kRental-Fixed and a near-optimal performance guarantee for
kRental-Variable. Specifically, our contributions are threefold:

𝛾-ocr and lossless online rounding schemes. We introduce
an online rounding subroutine termed𝛾-Online Correlated𝑘-Rental
(𝛾-ocr) that captures the core challenge of rounding any feasible
online fractional allocations in reusable settings with fixed rental
durations. The goal is to round each fractional allocation to an
integral one, allocating a unit with probability at least equal to
its fractional value multiplied by 𝛾 ∈ [0, 1]. As a warm-up, we
present an independent rounding scheme and show that it is lossless
when the inventory is large but fails in small-inventory cases. To
address this, we develop a new online rounding algorithm, 1-ocr,
which introduces correlations across time steps to achieve lossless
rounding. We believe this method has broader applicability and
may be of independent interest.

Implications and insights of 𝛾-ocr for pricing reusable

resources. Our study highlights the role of duration-oblivious dy-
namic pricing in managing reusable resources through the online
rounding framework 𝛾-ocr. For kRental-Fixed, we develop an op-
timal randomized pricing scheme rooted in the 1-ocr framework.
The algorithm first computes an optimal fractional allocation via
a price-based mechanism, where each arriving request is priced
according to the instantaneous utilization level of the resource
unit, independent of future utilization fluctuations (hence, the term
“duration-oblivious"). The fractional solution is then rounded to
an integral allocation using the 1-ocr procedure. When rental du-
rations are variable, as in kRental-Variable, we establish a funda-
mental impossibility result: no online rounding scheme can pre-
serve the competitive ratio of an arbitrary fractional solution. To
overcome this barrier, we design a randomized pricing-based al-
gorithm that combines duration-oblivious dynamic pricing with a
limited-correlation rounding scheme. This approach prices requests
in the same utilization-dependent manner as in the fixed-duration
case, but incorporates carefully structured dependencies across
decisions on the same resource unit to mitigate the lossiness of

rounding. Despite the inherent gap, we prove that this pricing-and-
rounding strategy achieves order-optimal, best-known guarantees
for kRental-Variable.

Techniques. Our overarching approach follows the relax-and-
round framework, which first computes a fractional allocation for
a relaxed version of the problem using a price-based method, and
then rounds this solution to obtain an integral allocation. The sec-
ond step, i.e., the rounding procedure, is more nuanced and cen-
tral to our contribution. From a technical standpoint, to derive a
pricing function that produces the optimal fractional solution for
kRental-Fixed, we adopt an online primal-dual approach to guide
the design of an appropriate pricing function. For kRental-Variable,
we employ the LP-free certificate framework developed in [13]
to construct the pricing function. In this approach, designing an
𝛼-competitive algorithm reduces to finding a feasible solution to a
system of delayed differential inequalities, which the pricing func-
tion of dop-𝜙-variable must satisfy in order to achieve the desired
competitiveness. This system, parameterized by the achievable com-
petitive ratio, characterizes the design of a pricing function that
attains the smallest possible competitive ratio.

1.2 Related Work

The past few decades have witnessed a wide range of impactful
applications of online resource allocation, including online advertis-
ing, ride-sharing platforms, and online auctions, making it a topic
extensively studied across computer science, operations research,
and economics. Below, we briefly review several key papers from
the literature that are closely related to this work.

Online scheduling. The adversarial online interval scheduling
problem, introduced by [18], introduced the problem of the task
scheduling a sequence of intervals (jobs) on a single server as they
arrive in order of their start times, assuming that the minimum
and maximum job durations are unknown. Motivated by this work,
several subsequent studies (e.g., [9, 12, 14]) have explored various
extensions of the problem. For instance, [12] examined a variant
in which the minimum and maximum job durations are known,
referred to as the online reservation problem, and proposed a static
pricing algorithm with a performance guarantee of 3 ·

(
1 + ln(Δ)

)
.

In Section 4, we investigate whether a dynamic pricing scheme, one
that continuously updates resource prices in response to changing
market conditions, can achieve stronger performance guarantees.

Online matching with reusable resources. Several studies,
including [5, 7, 11, 15, 22], have investigated the online matching
problem and its variants in settings with resource reusability. In
particular, as previously discussed, [5] examined an online bipartite
matching problem in which resources are reusable. This setting
extends the classical online matching model introduced by [17] by
allowing each matched offline node to become available again after
𝑑 time units. In Section 3, we focus on a special case of this model
involving a single resource type and valuation uncertainty. We ex-
plore whether improved competitive ratios and stronger correlation
schemes can be achieved compared to their results. [15] studied
adversarial reusability in the context of online assortment plan-
ning, where the kRental-Variable problem can be reduced to their
model. Their work also centers on deterministic algorithm design.
Within the kRental-Variable framework, their algorithm achieves
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a competitive ratio of 4 ln
(𝑑max
𝑑min

)
as the inventory size tends to in-

finity, where 𝑑max and 𝑑min denote the maximum and minimum
rental durations, respectively. More recently, [7] considered a gen-
eralized version of the kRental-Variable problem within the online
matching framework. Their model incorporates uncertainty in each
request’s per-unit-time valuation over the requested interval and
across different item types. Their algorithm achieves a competi-
tive ratio of 4 + ln(𝑑max/𝑑min) for kRental-Variable, which is the
best-known guarantee in the large-inventory regime (as 𝑘 →∞).
Given the close connection between their formulation and ours, we
provide a comparison in Subsection 4.4, showing that our algorithm
can reproduce this result in the same large-inventory setting and
outperforms their result in small inventory settings.

Online rounding. Recent work in computer science and opera-
tions research has demonstrated the effectiveness of online round-
ing frameworks [8, 19], which typically adopt a relax-and-round
paradigm. For example, [8] introduced a subroutine called Online
Correlated Selection, which imposes negative correlation across
selected pairs, achieving improved competitive ratios over greedy
algorithms limited to a 1

2 -competitive ratio. Building on this idea,
[5] developed the Online Correlated Rental method for settings
with reusable resources and fixed rental durations.

2 Online Correlated 𝑘-Rental

We first introduce Online Correlated 𝑘-Rental (ocr), which is an
online rounding subroutine for 𝑘-rental problems. The ocr subrou-
tine captures the key challenge of rounding a fractional solution
in 𝑘-rental problems where resources are reusable, and serves as a
building block for algorithm design in Section 3.

2.1 𝛾-ocr: Definitions and Objectives

Definition 1 (𝛾-ocr). Consider a set of 𝑘 identical balls, each

uniquely labeled from the set {1, 2, . . . , 𝑘}. Each ball can be rented to

a player for a fixed duration of 𝑑 time units, after which it becomes

available for reuse. A sequence of 𝑁 players arrives one by one, where

each player 𝑛 is characterized by a tuple (𝑥𝑛, 𝑎𝑛). Here, 𝑥𝑛 ∈ [0, 1]
denotes the target probability with which the procedure should assign

a ball to player 𝑛, and 𝑎𝑛 is the arrival time of player 𝑛. For a fixed

𝛾 ∈ [0, 1], a 𝛾-ocr is an online rounding scheme that guarantees

renting a ball to each player 𝑛 ∈ [𝑁 ] with probability at least 𝛾𝑥𝑛 , for
all input instances {(𝑥𝑛, 𝑎𝑛)}𝑛∈[𝑁 ] satisfying the following condition:

𝑥𝑛 ≤ min
{
1, 𝑘 −

∑︁
𝑗∈[𝑛−1]

𝑥 𝑗 · I{𝑎 𝑗+𝑑>𝑎𝑛 }
}
, ∀𝑛 ∈ [𝑁 ] . (1)

As a rounding scheme, 𝛾-ocr is a randomized online algorithm
that makes irrevocable decisions upon the arrival of each player,
either assigning a ball to the player or rejecting it. 𝛾-ocr focuses
on the inputs that satisfy the regularity conditions in Eq. (1). In
particular, the term

∑
𝑗∈[𝑛−1] 𝑥 𝑗 · I{𝑎 𝑗+𝑑>𝑎𝑛 } on the right-hand side

quantifies the cumulative targeted probabilities of players who
arrived prior to player𝑛 andwhose rental intervals (each of length𝑑)
overlap with that of player 𝑛. Furthermore, the condition in Eq. (1)
also guarantees that 𝑥𝑛 ≤ 1 for all 𝑛 ∈ [𝑁 ], thereby ensuring
that the assignment probability for any individual player does not
exceed the availability of a single unit. Violation of this constraint
would imply that the total targeted assignment at the arrival of
player 𝑛 exceeds the inventory limit of 𝑘 units.
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Figure 1: Comparison of the approximate parameter 𝑓𝑘 = 1 − 1
𝑘1/3

versus the optimal parameter 𝑓 ∗
𝑘
, and the resulting 𝛾 values for Al-

gorithm 1 using 𝑓𝑘 and 𝑓 ∗
𝑘
.

The goal is to design a𝛾-ocr thatmaximizes𝛾 . A 1-ocr is referred
to as a lossless rounding scheme, as it guarantees renting a ball to
each player 𝑛 ∈ [𝑁 ] with probability at least 𝑥𝑛 . Designing such a
scheme, however, is non-trivial. As a warm-up, we first present a
simple independent rounding algorithm that incurs rounding losses.
This scheme highlights the limitations of uncorrelated rounding
and underscores the need to correlate the allocation decision for
each newly arriving player with the decisions made for previously
served players who still hold rented balls.

2.2 Warm-up: Independent Rounding

Consider the rounding scheme in Algorithm 1, which is motivated
by rounding schemes in the approximation algorithms literature.
It samples a random seed 𝑆𝑛 independently at the arrival of each
player 𝑛 from the uniform distribution 𝑈 (0, 1). A ball is then allo-
cated to player 𝑛 if 𝑆𝑛 ≤ 𝑓𝑘 · 𝑥𝑛 and at least one ball is available.
The parameter 𝑓𝑘 ∈ [0, 1] serves as a downscaling factor that de-
pends on the total number of balls, 𝑘 , and targets to reduce the
allocation probability for each player. This downshift increases the
likelihood that a ball will be available for future arrivals, allowing
more players to be served.

Proposition 1. Given 𝑓𝑘 ∈ [0, 1], Algorithm 1 is 𝛾𝑘 -ocr, where

𝛾𝑘 = 𝑓𝑘 ·
(
1 − exp

(
− (𝑘−𝑓𝑘 ·𝑘 )

2

𝑓𝑘 ·𝑘+𝑘

))
.

The proof of Proposition 1 follows standard techniques in the
approximation algorithms literature (e.g., [4]) and applies the Cher-
noff bound to upper bound the probability of unfavorable events
where 𝑆𝑛 ≤ 𝑓𝑘 ·𝑥𝑛 and 𝑦𝑛 ≥ 𝑘 . This result also informs the design of
the downscaling parameter 𝑓𝑘 as a function of 𝑘 to maximize𝛾𝑘 . The
optimal value 𝑓 ∗

𝑘
cannot be obtained in closed form, since it involves

solving a transcendental equation of the form 𝐴(𝑥) = ln(1−𝐷 (𝑥)).
However, it can be efficiently computed using numerical methods
such as binary search, and is illustrated in Figure 1. Based on the
numerical results, we also observe that the optimal parameter 𝑓 ∗

𝑘

closely follows a simple expression 𝑓𝑘 = 1 − 1
𝑘1/3

. Figure 1 shows
that the performances of Algorithm 1 with 𝑓𝑘 = 1 − 1

𝑘1/3
and 𝑓 ∗

𝑘

are also close. In addition, as seen in the figure, for large values
of 𝑘 the resulting 𝛾 approaches one; however, for small inventory
sizes (small values of 𝑘), the algorithm is not an effective rounding
scheme. This motivates our design for a lossless rounding scheme.
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Algorithm 1: 𝛾-ocr using Independent Rounding
1 Input: parameters 𝑘 , 𝑑 , and 𝑓𝑘 ∈ [0, 1];
2 Output: Assignment 𝑧𝑛 ∈ {0, 1} for each player 𝑛 ∈ [𝑁 ];
3 for each player 𝑛 with the tuple (𝑎𝑛, 𝑥𝑛) do
4 Compute the number of balls currently rented at time

𝑎𝑛 : 𝑦𝑛 =
∑

𝑗=[𝑛−1] 𝑧 𝑗 · I{𝑎 𝑗+𝑑>𝑎𝑛 } ;
5 Sample a random seed 𝑆𝑛 ∼ 𝑈 (0, 1);
6 if 𝑆𝑛 ≤ 𝑓𝑘 · 𝑥𝑛 and 𝑦𝑛 < 𝑘 then

7 𝑧𝑛 ← 1; ⊲ Allocate the (𝑦𝑛 + 1)-th available ball
8 end

9 else

10 𝑧𝑛 ← 0. ⊲ Reject request 𝑛
11 end

12 end

2.3 A 1-ocr Through Dependent Rounding

In this subsection, we propose a 1-ocr by correlating the allocation
decisions in Algorithm 2.

Key idea of creating correlations. At a high level, the key idea
of Algorithm 2 is to correlate each current allocation decision with
past decisions involving players whose allocated balls are expected
to return sooner. Specifically, prior to the arrival of any player,
the algorithm samples a single random seed 𝑟 ∼ 𝑈 (0, 1), which
remains fixed throughout the entire execution and serves as the
only source of randomness. This shared seed induces correlation
across allocation decisions for different players. For each player
𝑛, the algorithm uses this seed to determine whether to allocate a
ball. It maintains two pointers:𝑚𝑛 ∈ {1, 2, . . . , 𝑘} and 𝑝𝑛 ∈ [0, 1].
The first pointer, 𝑚𝑛 , indicates the ball under consideration for
allocation to player 𝑛; this ball may be unavailable if it is currently
assigned to a previous player. The second pointer, 𝑝𝑛 , specifies a
subinterval of [0, 1] used to guide the allocation decision. For each
player 𝑛, the algorithm proceeds based on the relationship between
𝑝𝑛 and 𝑥𝑛 , as described in the following two cases.

• Case 1: If 𝑝𝑛 + 𝑥𝑛 < 1, then the algorithm allocates ball𝑚𝑛 to
player 𝑛 if 𝑟 ∈ [𝑝𝑛, 𝑝𝑛+𝑥𝑛) and the ball is available in the system.
Otherwise, the player is rejected and no ball is allocated.
• Case 2: If 𝑝𝑛 + 𝑥𝑛 ≥ 1, then the algorithm allocates ball𝑚𝑛 if
𝑟 ∈ [𝑝𝑛, 1] (and the ball is available in the system), or allocates
ball𝑚𝑛 +1 if 𝑟 ∈ [0, 𝑝𝑛 +𝑥𝑛 −1). Since 𝑥𝑛 ≤ 1, these intervals are
non-overlapping, ensuring that no more than one ball is allocated.

Key invariants of Algorithm 2. It is worth noting that Algo-
rithm 2 does not verify the availability of balls𝑚𝑛 and𝑚𝑛+1 before
assigning them to players. This omission is justified by some key
invariants that we establish in Proposition 2 below concerning the
availability of these balls.

Proposition 2 (Invariants of Algorithm 2). Upon the arrival
of the 𝑛-th player, the following holds:

• If 𝑝𝑛 + 𝑥𝑛 < 1 and the random seed 𝑟 ∈ [𝑝𝑛, 𝑝𝑛 + 𝑥𝑛), then
the ball𝑚𝑛 is available.

• If 𝑝𝑛 + 𝑥𝑛 ≥ 1 and the random seed 𝑟 ∈ [𝑝𝑛, 1], then the ball

𝑚𝑛 is available.

Algorithm 2: 1-ocr using Dependent Rounding
1 Input: Number of balls 𝑘 , rental duration 𝑑 .
2 Output: Assignment 𝑧𝑛 ∈ {0, 1} for each player 𝑛 ∈ [𝑁 ].
3 Initialize: Set𝑚1 = 1, 𝑝1 = 0. sample a random seed

𝑟 ∼ 𝑈 (0, 1).
4 for each request 𝑛 with the tuple (𝑎𝑛, 𝑥𝑛) do
5 if

∑
𝑗∈[𝑛] 𝑥 𝑗 · I{𝑎 𝑗+𝑑>𝑎𝑛 } > 𝑘 then

6 𝑧𝑛 ← 0. ⊲ Reject player 𝑛
7 end

8 if 𝑝𝑛 + 𝑥𝑛 < 1 then
9 if 𝑟 ∈ [𝑝𝑛, 𝑝𝑛 + 𝑥𝑛) then
10 𝑧𝑛 ← 1. ⊲ Assign ball𝑚𝑛 to player 𝑛
11 end

12 else

13 𝑧𝑛 ← 0. ⊲ Reject player 𝑛
14 end

15 Update 𝑝𝑛+1 = 𝑝𝑛 + 𝑥𝑛 and𝑚𝑛+1 =𝑚𝑛 .
16 end

17 else

18 if 𝑟 ∈ [𝑝𝑛, 1] then
19 𝑧𝑛 ← 1. ⊲ Allocate ball𝑚𝑛 to player 𝑛
20 end

21 else if 𝑟 ∈ [0, 𝑥𝑛 + 𝑝𝑛 − 1) then
22 𝑧𝑛 ← 1. ⊲ Allocate ball𝑚𝑛 + 1 to player 𝑛
23 end

24 else

25 𝑧𝑛 ← 0. ⊲ Reject player 𝑛
26 end

27 Update 𝑝𝑛+1 = 𝑥𝑛 + 𝑝𝑛 − 1 and𝑚𝑛+1 =𝑚𝑛 + 1 (if
𝑚𝑛+1 > 𝑘 , then set𝑚𝑛+1 = 1).

28 end

29 end

• If 𝑝𝑛 + 𝑥𝑛 ≥ 1 and the random seed 𝑟 ∈ [0, 𝑝𝑛 + 𝑥𝑛 − 1), then
the ball𝑚𝑛 + 1 is available.

Proof. We prove the proposition by contradiction. Consider the
first case where 𝑝𝑛+𝑥𝑛 < 1, and suppose, for contradiction, that ball
𝑚𝑛 is not available upon the arrival of player 𝑛. Then, there must
exist some earlier player 𝑛′ < 𝑛 to whom ball𝑚𝑛 was previously
allocated, and whose rental interval overlaps with that of player 𝑛.
This could have occurred in one of two ways: either𝑚𝑛′ =𝑚𝑛 and
the random seed 𝑟 ∈ [𝑝𝑛′ , min{𝑝𝑛′ + 𝑥𝑛′ , 1}), or𝑚𝑛′ + 1 =𝑚𝑛 and
𝑟 ∈ [0, 𝑝𝑛′ +𝑥𝑛′ − 1). Now, based on how the pointer mechanism in
Algorithm 2 updates the pointer𝑚𝑛 , to have𝑚𝑛′ or𝑚𝑛′ +1 equal to
𝑚𝑛 , and furthermore to have 𝑝𝑛 ≥ 𝑟 , there must exist a sequence of
players from 𝑛′ to 𝑛 whose cumulative target allocation exceeds the
capacity 𝑘 . That is,

∑𝑛
𝑙=𝑛′ 𝑥𝑙 > 𝑘. Furthermore, since a unit of ball

is under player 𝑛′’s allocation at time 𝑎𝑛 , all players from 𝑛′ to 𝑛
must have overlapping rental intervals with 𝑎𝑛 (due to fixed rental
durations), i.e., 𝑎 𝑗 + 𝑑 > 𝑎𝑛 for all 𝑗 ∈ {𝑛′, . . . , 𝑛}. Therefore, the
total fractional target probabilities of players that their interval
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Ball 1

Ball 2

Ball 1

Player 1 Player 2 Player 3 Player 4

0 10.50.4 0.90.1

Ball 1 assigned to Player 1
Ball 2 assigned to Player 3
Ball 1 assigned to Player 4

Ball 1 assigned to Player 1
Ball 2 assigned to Player 3

Ball 1 assigned to Player 2
Ball 2 assigned to Player 4

Random seed 
<latexit sha1_base64="imIU+YNJX6gOCRw2S7jZjFjgbDE=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahgpRd8etY9OKxgtsWukvJpmkbmmSXJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixLOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2hHWlDNJfcMMp+1EUSwiTlvR6G7qt56o0iyWj2ac0FDggWR9RrCxUqACzQTyq+6Zd9otV9yaOwNaJl5OKpCj0S1/Bb2YpIJKQzjWuuO5iQkzrAwjnE5KQappgskID2jHUokF1WE2u3mCTqzSQ/1Y2ZIGzdTfExkWWo9FZDsFNkO96E3F/7xOavo3YcZkkhoqyXxRP+XIxGgaAOoxRYnhY0swUczeisgQK0yMjalkQ/AWX14mzfOad1W7fLio1G/zOIpwBMdQBQ+uoQ730AAfCCTwDK/w5qTOi/PufMxbC04+cwh/4Hz+AA3SkGY=</latexit>

r → U(0, 1)
<latexit sha1_base64="4OLRGoxn1u+fT2uGQK/LR7De19w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+55vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAFzI2k</latexit>r1

<latexit sha1_base64="9AV2wwjH77q5q8lWpkbE9PO+Wz4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9qF61Vyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt1Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2hC8xZeXSbNa8S4rF/fn5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gAHUI2l</latexit>r2
<latexit sha1_base64="vHuchCkBQ2rV6b45PzJX7EmfT4c=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdK96p32yhW36s5A/hIvJxXIUe+VP7v9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkCOr9EkYK1vSkJn6cyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eW/pHlS9S6q53dnldp1HkcRDuAQjsGDS6jBLdShAQwG8AQv8OoI59l5c97nrQUnn9mHX3A+vgEI1I2m</latexit>r3

Figure 2: Illustration of the online rounding process in Algo-

rithm 2 for an instance with two balls (𝑘 = 2), rental duration
𝑑 = 5, and four players (𝑁 = 4). The players’ arrival times

and target probabilities are given by {(𝑎1 = 1, 𝑥1 = 0.4), (𝑎2 =
2, 𝑥2 = 0.5), (𝑎3 = 3, 𝑥3 = 0.6), (𝑎4 = 6, 𝑥4 = 0.6)}. As illustrated,
when the random seed is sampled as 𝑟 = 𝑟1 ∈ [0, 0.1), Ball 1
is first assigned to Player 1 and, upon return, reassigned to

Player 4; meanwhile, Ball 2 is assigned to Player 3.

overlap with time 𝑎𝑛 must satisfy:∑︁
𝑗∈[𝑛−1]

𝑥 𝑗 · I{𝑎 𝑗 + 𝑑 > 𝑎𝑛} + 𝑥𝑛 > 𝑘,

which contradicts the feasibility constraint of the problem instance,
as specified in Eq. (1). Hence, our initial assumption must be false,
and the ball𝑚𝑛 must be available in the first case. A similar contra-
diction argument applies to the other two cases in the proposition,
using the same logic of overlapping rental intervals, pointer behav-
ior, and capacity violation. This concludes the proof. □

Leveraging the invariants established in Proposition 2, we can
conclude that Algorithm 2 is lossless.

Theorem 1. Algorithm 2 is a 1-ocr, namely, it is a lossless round-

ing scheme.

The proof of Theorem 1 is given in Appendix A. See Figure 2
for an illustration of the lossless online rounding process using a
concrete example.

3 𝑘-Rental with Fixed Rental Durations

In this section, we define the kRental-Fixed problem and present
an optimal randomized algorithm based on the rounding scheme,
1-ocr, developed in the previous section.

3.1 Problem Formulation and Assumptions

Let us formally define the online 𝑘-rental problem (kRental-Fixed)
as follows. A decision maker has 𝑘 units of an item and allocates
them to online arriving requests. Each request 𝑛 ∈ [𝑁 ] asks to
rent one item for 𝑑 time units. The 𝑛-th request arrives at time
𝑎𝑛 , and has a valuation 𝑣𝑛 for renting one item. In particular, if an
item is allocated to request 𝑛, the item is rented starting from 𝑎𝑛 ,
and becomes available again at time 𝑎𝑛 + 𝑑 . Let 𝑥𝑛 ∈ {0, 1} denote

the decision to accept or reject the 𝑛-th request. The objective of
the problem is to maximize the total valuation of requests that
receive an item allocation, i.e.,

∑
𝑛∈[𝑁 ] 𝑥𝑛 · 𝑣𝑛 , while respecting the

constraints on available items.
Let 𝐼 = {𝑣𝑛, 𝑎𝑛}𝑛∈[𝑁 ] denote an instance of kRental-Fixed. The

maximum valuation from the optimal clairvoyant algorithm, OPT(𝐼 ),
can be determined by solving the following optimization problem:

max
𝑥𝑛

∑︁
𝑛∈[𝑁 ]

𝑣𝑛 · 𝑥𝑛, (2a)

s.t.
∑︁

𝑗∈[𝑛]
𝑥 𝑗 · I{𝑑 + 𝑎 𝑗 > 𝑎𝑛} ≤ 𝑘, ∀𝑛 ∈ [𝑁 ], (2b)

𝑥𝑛 ∈ {0, 1}, ∀𝑛 ∈ [𝑁 ] . (2c)

The constraint (2b) ensures that at any point in time throughout the
horizon, no more than 𝑘 items are allocated. In the online setting,
the decision maker must make an irrevocable decision to accept
or reject each request upon its arrival. The uncertainty regarding
future requests’ valuations and the overall demand for the items
makes this decision challenging. To achieve a bounded performance,
we follow the literature and assume the valuations of requests are
bounded.

Assumption 1. All valuations are within the range [𝑣min, 𝑣max],
i.e., 𝑣𝑛 ∈ [𝑣min, 𝑣max],∀𝑛 ∈ [𝑁 ].

Let I denote the set of all instances of the kRental-Fixed that
satisfy Assumption 1. Our goal is to design online algorithms
whose objective is competitive with that of OPT(𝐼 ) for every in-
stance 𝐼 ∈ I. Specifically, an online algorithm ALG is said to be
𝛼-competitive if, for any input instance 𝐼 , the following inequal-
ity holds 𝛼 ≥ OPT(𝐼 )

E[ALG(𝐼 ) ] , where the expectation E[ALG(𝐼 )] is taken
over the randomness of the online algorithm. In the following sec-
tion, we present an algorithm for the kRental-Fixed problem that
achieves the minimum possible competitive ratio among all online
algorithms. This result strictly improves upon the deterministic
algorithm proposed by [7], which attains only an order-optimal
competitive ratio in the asymptotic regime where the inventory
size tends to infinity.

3.2 dop-𝜙-fixed: A Relax-and-Round

Algorithm for kRental-Fixed
We introduce a randomized online algorithm, dop-𝜙-fixed, pre-
sented in Algorithm 3, which is based on a general relax-and-round
framework. In the relaxation step, we design an online algorithm
for a continuous version of problem (2) by relaxing the integrality
constraint to 𝑥𝑛 ∈ [0, 1] for all 𝑛 ∈ [𝑁 ]. This algorithm produces an
online fractional solution {𝑥𝑛}𝑛∈[𝑁 ] . In the rounding step, the algo-
rithm converts the fractional solution 𝑥𝑛 into an integral decision
𝑥𝑛 ∈ {0, 1}.

Core idea for obtaining fractional allocation: Pseudo-utility

maximization in Eq. (3). Upon the arrival of request 𝑛, the algo-
rithm first computes an expected utilization level 𝑦𝑛 =

∑𝑛−1
𝑗=1 𝑥 𝑗 ·

I{𝑎 𝑗 +𝑑 > 𝑎𝑛}, which is the expected number of resource units that
are currently rented by the previous requests whose rental dura-
tions overlap with that of request 𝑛. Using this expected utilization
level, the algorithm determines the fractional allocation by solving
a pseudo-utility maximization problem as described in Eq. (3). The
first term 𝑥 · 𝑣𝑛 is the valuation from request 𝑛, and the second term
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is a pseudo-cost of renting 𝑥 unit of an item when the current utiliza-
tion level is 𝑦𝑛 . Specifically, the pseudo-cost, 𝑘

∫ (𝑦𝑛+𝑥 )/𝑘
𝑦𝑛/𝑘 𝜙 (𝜂) 𝑑𝜂,

is estimated using a carefully-designed, normalized marginal pric-

ing function 𝜙 : [0, 1] → [𝑣min, 𝑣max]. Thus, the integration of 𝜙
over the resource utilization interval [ 𝑦𝑛

𝑘
,
𝑦𝑛+𝑥
𝑘
] gives the pseudo-

cost. In this context, the fractional allocation 𝑥𝑛 represents the
optimal fraction of a resource unit to allocate to request 𝑛, given
their valuation 𝑣𝑛 and the pricing rule defined by 𝜙 .

Rounding subroutine: 1-ocr. In this step, the fractional solu-
tion 𝑥𝑛 is passed to the lossless online rounding procedure 1-ocr.
This procedure generates an integral decision 𝑥𝑛 on whether to
accept the request. This procedure operates as an online algorithm,
with an instance of this algorithm initiated at the start of Algo-
rithm 3. As each request 𝑛 arrives at time 𝑎𝑛 , the 1-ocr procedure
receives a probability value 𝑥𝑛 ∈ [0, 1] (generated by the relaxation
step) as input at time 𝑎𝑛 . Then it makes an integral decision 𝑥𝑛
on whether to accept or reject the request. All rounding decisions
are based on one random seed, which is fixed when Algorithm 3
initiates the 1-ocr instance and remains the same for all requests.

Algorithm 3: Duration-Oblivious Price-based Algorithm
for kRental-Fixed (dop-𝜙-fixed)
1 Input: pricing function 𝜙 : [0, 1] → [𝑣min, 𝑣max];
2 Initiate an instance of 1-ocr procedure;
3 for each arriving request 𝑛 with (𝑣𝑛, 𝑎𝑛) do
4 Compute the expected utilization at time 𝑎𝑛 :

𝑦𝑛 =
∑︁𝑛−1

𝑗=1
𝑥 𝑗 · I{𝑎 𝑗 + 𝑑 > 𝑎𝑛};

5 if 𝑦𝑛 < 𝑘 then

6 Compute the fractional allocation: ⊲ Relax step

𝑥𝑛 = argmax
𝑥 ∈ [0,min{1,𝑘−𝑦𝑛 }]

(
𝑥 · 𝑣𝑛 − 𝑘 ·

∫ (𝑦𝑛+𝑥 )/𝑘

𝜂=𝑦𝑛/𝑘
𝜙 (𝜂 )𝑑𝜂

)
; (3)

Decide the integral allocation using Algorithm 2:
7 𝑥𝑛 = 1-ocr (𝑥𝑛, 𝑎𝑛); ⊲ Round step
8 end

9 else

10 𝑥𝑛 = 0. ⊲ Reject request 𝑛
11 end

12 end

Before leaving this subsection, we remark that the pseudo-utility
maximization that yields the fractional allocation in Eq. (3) differs
fundamentally from the pseudo-cost frameworks of [7, 22]. Those
works adopt a forward-looking approach that estimates the cost
of accepting a request using the entire utilization trajectory over
the request’s rental interval. Thus, the pseudo-cost is a functional
of the utilization curve throughout the interval, not merely the
level observed at arrival. In contrast, our algorithm adopts a much
simpler myopic approach that computes its pseudo-cost just based
on the current utilization at the moment the request arrives (hence
the term “duration-oblivious"). We next show that it is a simpler yet
still competitive pricing rule.

3.3 Theoretical Guarantee of dop-𝜙-fixed

As explained in Section 3.2, dop-𝜙-fixed employs the 1-ocr proce-
dure to round the fractional allocation 𝑥𝑛 at each time step and to
make an integral decision. For this procedure to function correctly,
the fractional solution generated by the relax step must satisfy the
feasibility conditions in Eq. (1) for 1-ocr.

Lemma 1 (Feasibility of Fractional Solutions). In dop-𝜙-

fixed, the input of the round step (line 7 of Algorithm 3), {(𝑥𝑛, 𝑎𝑛)}𝑛∈[𝑁 ] ,
satisfies the feasibility condition in Eq. (1).

The above lemma naturally follows from the design of dop-
𝜙-fixed. Based on this, we prove the performance guarantee for
dop-𝜙-fixed.

Theorem 2. dop-𝜙-fixed is
(
1+ln

( 𝑣max
𝑣min

) )
-competitive for kRental-

Fixed when 𝜙 is given by

𝜙 (𝑦) = 𝑣min · exp
( (
1 + ln( 𝑣max

𝑣min
)
)
· 𝑦 − 1

)
, 𝑦 ∈ [0, 1] . (4)

The proof sketch of Theorem 2 is provided in Appendix C. Our
proof follows the well-established online primal-dual (OPD) frame-
work, with a notable deviation from the conventional approach:
the updates to the dual variables are deferred until after the arrival
of the final request similar to the work done in [15]. Finally, we can
show that dop-𝜙-fixed achieves the optimal competitive ratio by
showing a matching lower bound as follows.

Proposition 3 (Lower Bound). Under Assumption 1, no online

algorithm, deterministic or randomized, can obtain a competitive ratio

better than 1 + ln
( 𝑣max
𝑣min

)
for the kRental-Fixed problem.

The proof follows the approach of [16, 21] by constructing a
family of hard instances to derive the desired lower bound.

4 𝑘-Rental with Variable Rental Durations

This section focuses on the kRental-Variable problem, which gener-
alizes the kRental-Fixed problem studied in Section 3 by allowing
variable rental durations.

4.1 Problem Statement and Assumptions

We formally define the 𝑘-rental problem with variable rental dura-
tions (kRental-Variable) as follows. A decision maker has 𝑘 identical
units of a resource to allocate to 𝑁 requests arriving online. Each
request 𝑛 ∈ [𝑁 ] arrives at time 𝑎𝑛 and asks to rent one unit of
the resource for 𝑑𝑛 time units, where the rental duration 𝑑𝑛 may
vary across requests. If a unit is allocated to request 𝑛, it remains
occupied until time 𝑎𝑛 + 𝑑𝑛 , after which it becomes available again
for future requests. Each request has a valuation equal to its rental
duration 𝑑𝑛 . Let 𝑥𝑛 ∈ {0, 1} indicate whether request 𝑛 is accepted
(𝑥𝑛 = 1) or rejected (𝑥𝑛 = 0). The objective is to maximize the
total valuation of accepted requests,

∑
𝑛∈[𝑁 ] 𝑥𝑛 𝑑𝑛, subject to the

resource constraint corresponding to the finite inventory capacity.
Let 𝐼 = {𝑎𝑛, 𝑑𝑛}𝑛∈[𝑁 ] denote an instance of the problem. The

performance of the optimal clairvoyant algorithm on instance 𝐼 ,
OPT(𝐼 ), can be computed based on following integer linear program:

max
𝑥𝑛

∑︁
𝑛∈[𝑁 ]

𝑥𝑛 · 𝑑𝑛, (5a)
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𝑠 .𝑡 .
∑︁

𝑗∈[𝑛]
𝑥 𝑗 · I{𝑑 𝑗+𝑎 𝑗>𝑎𝑛 } ≤ 𝑘, ∀𝑛 ∈ [𝑁 ], (5b)

𝑥𝑛 ∈ {0, 1}, ∀𝑛 ∈ [𝑁 ] . (5c)

To achieve a bounded competitive ratio, we still impose con-
straints on the adversary, ensuring that the requested rental dura-
tions of requests are bounded within a finite support.

Assumption 2. All rental durations are within the range [𝑑min, 𝑑max],
i.e., 𝑑𝑛 ∈ [𝑑min, 𝑑max],∀𝑛 ∈ [𝑁 ].

In the following, we first prove that obtaining a lossless round-
ing scheme for a variant of the 𝛾-ocr problem where players have
variable rental durations is impossible. Given this, we then develop
a new randomized algorithm that uses a new limited-correlation
scheme to round the fractional solution, achieving a tight competi-
tive ratio for kRental-Variable.

4.2 Impossibility Results

We show that the correlation scheme of the 1-ocr procedure in
Algorithm 2 cannot be extended to settings with variable, request-
dependent rental durations; in fact, when the duration of the re-
quested rental intervals varies, it can be proven that no lossless
rounding scheme exists.

Theorem 3. There is no rounding scheme that can attain a loss-

less rounding, i.e. 𝛾 = 1, for the 𝛾-ocr problem with variable rental

durations.

We prove the theorem by constructing a family of hard instances
on which every online algorithm necessarily incurs a non-zero
loss. Fundamentally, a lossless algorithm would need to randomize
its decisions such that, across all sample paths, the number of
allocated items remains balanced. Specifically, upon the arrival
of request 𝑛, the algorithm must accept it on precisely those sample
paths where the number of allocated items is lower than in any
other path, or on paths where the number of allocated items is about
to decrease due to the imminent expiration of rental durations for
previously accepted requests. However, in the variable-duration
setting, rental lengths fluctuate unpredictably with the arrival of
new requests. A request allocated a unit later than othersmay return
it earlier, introducing significant variability. This makes it infeasible
to maintain the necessary correlation across sample paths. As a
result, any online algorithm must incur a non-trivial competitive
loss.

4.3 dop-𝜙-variable: A Randomized Algorithm

with Limited Correlation

We present dop-𝜙-variable in Algorithm 4, which also follows
a relax-and-round paradigm. Upon the arrival of request 𝑛, the
algorithm computes the probabilistic utilization level 𝑦

(𝑖 )
𝑛 for each

unit 𝑖 ∈ [𝑘]. It then selects the unit 𝑖∗𝑛 with the lowest utilization
level (breaking ties arbitrarily). A fractional allocation 𝑥𝑛 ∈ [0, 1]
is determined by solving the pseudo-utility maximization problem
in Eq. (6), using a pricing function 𝜙 . Note that here 𝜙 does not
refer to the function in Eq. (4), but instead denotes a new function
specifically designed for dop-𝜙-variable. Once 𝑥𝑛 is computed, the
algorithm proceeds to the rounding phase by correlating the cur-
rent allocation decision for unit 𝑖∗𝑛 with its prior allocation history.

Specifically, if unit 𝑖∗𝑛 is available, a new random seed is drawn, and
the unit is allocated to request 𝑛 with probability 𝑥𝑛/(1 − 𝑦 (𝑖

∗
𝑛 )

𝑛 ).
This ensures that the overall allocation probability for unit 𝑖∗𝑛 is
exactly 𝑥𝑛 . This correlation process is carried out independently for

each unit, introducing dependency only among allocation decisions

involving the same unit.

Algorithm 4: Duration-Oblivious Price-based Algorithm
for kRental-Variable (dop-𝜙-variable)
1 Input: pricing function 𝜙 : [0, 1] → [𝑑min, 𝑑max];
2 for each arriving request 𝑛 with (𝑑𝑛, 𝑎𝑛) do
3 Compute the probabilistic utilization level at 𝑎𝑛 :

𝑦
(𝑖 )
𝑛 =

∑𝑛−1
𝑗=1 𝑥 𝑗 · I{𝑎 𝑗 + 𝑑 𝑗 > 𝑎𝑛} · I{𝑖∗𝑗 = 𝑖},∀𝑖 ∈ [𝑘];

4 Let 𝑖∗𝑛 = argmin𝑖∈[𝑘 ]
{
𝑦
(𝑖 )
𝑛

}
and compute

𝑥𝑛 = argmax
𝑥∈[0,1]

𝑑𝑛 · 𝑥 −
∫ 𝑦

(𝑖∗𝑛 )
𝑛 +𝑥

𝑦
(𝑖∗𝑛 )
𝑛

𝜙 (𝜂)𝑑𝜂; (6)

5 Sample a random seed 𝑆𝑛 ∼ 𝑈 (0, 1);
6 if 𝑆𝑛 ≤ 𝑥𝑛

1−𝑦 (𝑖
∗
𝑛 )

𝑛

and unit 𝑖∗𝑛 available in system then

7 𝑥𝑛 = 1; ⊲ Allocate unit 𝑖∗𝑛 to request 𝑛
8 end

9 else

10 𝑥𝑛 = 0. ⊲ Reject request 𝑛
11 end

12 end

Overview of challenges and design principles of 𝜙 . Design-
ing a competitive pricing function 𝜙 for dop-𝜙-variable involves
two primary challenges. First, unlike the relax-and-round approach
adopted for kRental-Fixed, Algorithm 4 integrates the relaxation
and rounding steps into a unified procedure, wherein the rounding
phase directly influences the structure of the pricing function 𝜙 .
Similar design principles have been employed in related works,
such as [8, 10]. Second, as with Algorithm 3 and in contrast to
the approaches in [7, 22], Algorithm 4 adopts a myopic, duration-
oblivious decision-making strategy. It bases allocation decisions
solely on the current utilization levels {𝑦 (𝑖 )𝑛 }𝑖∈[𝑘 ] at the arrival time
𝑎𝑛 of request 𝑛, rather than considering the entire rental duration.
This duration-oblivious pricing scheme may initially appear coun-
terintuitive, as the pseudo-cost term in Eq. (6) does not depend
on the rental duration 𝑑𝑛 . Nevertheless, as elaborated in the next
section, the pricing function 𝜙 is carefully designed to implicitly
capture potential fluctuations in utilization throughout the entire
duration of request 𝑛. In essence, our goal is to maintain a sim-

ple and cognitively lightweight pricing scheme, while embedding the

complexity into the internal structure of the pricing function 𝜙 itself.

4.4 Theoretical Guarantees of dop-𝜙-variable

We employ the LP-free certificate method developed by [13] to es-
tablish a performance guarantee for dop-𝜙-variable. This involves
constructing a system of linear constraints parameterized by𝛼 , such
that the existence of a feasible solution certifies 𝛼-competitiveness.
Satisfying this system effectively imposes a distinct constraint for
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each request 𝑛. To address these constraints, we derive a system of
differential inequalities that guide the design of the pricing function
𝜙 . For each possible utilization level at the arrival of request 𝑛, we
consider the worst-case scenario for utilization fluctuations over its
rental interval. Consequently, the design constraints for 𝜙 naturally
arise from this worst-case analysis, embedding such fluctuations ex-
plicitly into the pricing function. The following theorem formalizes
this result.

Theorem 4. dop-𝜙-variable is 𝛼-competitive for the kRental-
Variable problem, provided that the pricing function 𝜙 is increasing

and satisfies the following inequalities for all 𝑑𝑛 ∈
[
𝑑min, 𝑑max

]
and

𝑛 ∈ [𝑁 ]:
∫ 2𝑦1

𝜂=𝑦1

2𝛼
3
𝜙 (𝜂) 𝑑𝜂 + 𝛼

3
𝑑𝑛

(
𝜙∗ (𝑑𝑛) − 2𝑦1

)
≥ 𝑑𝑛,∀𝑦1 ∈

[
0, 𝜙

∗ (𝑑𝑛 )
2

]
,

𝛼

3
𝑑𝑛𝜙

∗ (𝑑𝑛) −
𝛼

3
𝑦2

(
𝑑𝑛 − 𝜙 (𝑦2)

)
≥ 𝑑𝑛,∀𝑦2 ∈ [0, 𝜙∗ (𝑑𝑛)] ,

(7)

where 𝜙∗ (𝑑𝑛) = sup {𝑥 ∈ [0, 1] | 𝜙 (𝑥) ≤ 𝑑𝑛}.
The proof sketch of the above theorem is given in Appendix D.

Our proof utilizes the LP-free certificate method of [13]. By The-
orem 4, designing an algorithm with guaranteed performance re-
duces to constructing a pricing function 𝜙 that satisfies the con-
straints in Eqs. (7), while minimizing the competitive ratio 𝛼 . How-
ever, solving 𝜙 is challenging in general because it involves solving
a system of delayed differential inequalities with an inverse term.

Tightness of results from dop-𝜙-variable. Based on The-
orem 4, we can show that dop-𝜙-variable is 3 · (1 + ln( 𝑑max

𝑑min
))-

competitive for the kRental-Variable problem when the pricing
function𝜙 is designed as:𝜙 (𝑦) = 𝑑min·exp( [1+ln( 𝑑max

𝑑min
)]·𝑦−1),∀𝑦 ∈

[0, 1]. This also matches the best-known competitive ratio for
kRental-Variable in prior work [12]. On the other hand, we can
show that no online algorithm can achieve a competitive ratio bet-
ter than 1 + ln

(
𝑑max
𝑑min

)
for the kRental-Variable problem, using a

construction of hard instances similar to the approach in [21] to
establish the lower bound.

Comparison to prior work. To demonstrate the significance
of our results, we further develop a numerical method in to solve
Eqs. (7) and obtain a pricing function. In Figure 3, we show that
the competitive ratio achieved by dop-𝜙-variable (blue curve) sur-
passes the best known bound of 3 (1 + ln(𝑑max/𝑑min)) from [12].
As a relax-and-round algorithm, we also investigate the perfor-
mance of the fractional solution from the relaxation step. Recall
that dop-𝜙-variable adopts an integrated design of relaxation
and rounding. Thus, deriving the fractional solution without the
rounding step requires modifying the LP certificate conditions in
Eq. (7). Using a similar approach as in the derivation of the dif-
ferential inequalities in Theorem 4, we obtain a new design for
the pricing function in the fractional setting and refer to the re-
sulting algorithm, which uses this pricing function to generate
fractional solutions, as dop-𝜙-variable-fractional. The compet-
itive ratio of dop-𝜙-variable-fractional is illustrated in green
curve in Figure 3. We observe that its performance is comparable
to 4 + ln(𝑑max/𝑑min), which is the best-known competitive ratio of
kRental-Variable in the large-inventory regime (as 𝑘 →∞) [7]. Fur-
thermore, in comparison to [7], both our proposed dop-𝜙-variable

and its fractional version dop-𝜙-variable-fractional employ a
far simpler, duration-oblivious pseudo-utility maximization rule: the
fractional decision for each arriving request depends only on the
utilization level at its arrival, whereas the algorithm based on [7]
must additionally track utilization fluctuations over the entire rental
interval of each request.
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Figure 3: The blue and green curves illustrate the competitive ratios

of Algorithm 4 in the integral and fractional settings (using the

numerically derived pricing function𝜙). The brown and black curves

serve as benchmarks, which correspond to the best known bound

for general 𝑘 [12] and the bound for large 𝑘 [7].

5 Conclusion and Future Directions

We studied two adversarial online allocation problems involving
reusable resources: the online 𝑘-rental problem with fixed rental
durations (kRental-Fixed) and a more general variant with variable
rental durations (kRental-Variable). To address both settings, we
proposed a unified relax-and-round framework that leverages a
price-based approach to compute fractional solutions and novel on-
line rounding schemes to convert them into integral decisions. For
kRental-Fixed, we integrated the price-based strategy with a new
lossless online rounding scheme, 1-ocr, achieving the optimal com-
petitive ratio. In the more general kRental-Variable setting, where
lossless rounding is provably unattainable, we developed a limited-
correlation rounding strategy that achieves an order-optimal guar-
antee. This work opens several promising directions for future
research. In particular, two open problems stand out as especially
compelling: (i) designing more powerful rounding schemes that
further narrow the gap between fractional and integral solutions
in the variable-duration setting, and (ii) establishing tight upper
bounds on the best achievable 𝛾-ocr under variable rental dura-
tions, despite the impossibility of attaining 1-ocr as shown by our
result.
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Appendix

A Proof of Theorem 1

We consider two cases based on the relation between 1− 𝑝𝑛 and 𝑥𝑛 .
Case I: 1 − 𝑝𝑛 ≥ 𝑥𝑛 . In this case, the algorithm assigns ball𝑚𝑛

to player 𝑛 if ball 𝑚𝑛 is available and 𝑟 ∈ [𝑝𝑛, 𝑝𝑛 + 𝑥𝑛). Let 𝐸𝑚𝑛

denote the event that ball𝑚𝑛 is available upon the arrival of the
𝑛-th player at time 𝑎𝑛 , and let 𝐸 denote the event 𝑟 ∈ [𝑝𝑛, 𝑝𝑛 + 𝑥𝑛).
Then the probability that ball𝑚𝑛 is allocated to player 𝑛 is

Pr[𝐸𝑚𝑛 ∩ 𝐸] .
Based on Proposition 2, if the random sample 𝑟 ∈ [𝑝𝑛, 𝑝𝑛 + 𝑥𝑛),
then ball𝑚𝑛 is guaranteed to be available at the arrival of player 𝑛.
So if 𝐸 occurs, ball𝑚𝑛 is available. Consequently,

Pr[𝐸𝑚𝑛 ∩ 𝐸] = Pr[𝐸] · Pr[𝐸𝑚𝑛 | 𝐸] = Pr[𝐸]
= Pr[𝑟 ∈ [𝑝𝑛, 𝑝𝑛 + 𝑥𝑛)] = 𝑥𝑛,

where in above the last inequality follows from the fact that random
seed 𝑟 is sampled uniformly from the range [0, 1]. Hence, when
𝑥𝑛 < 1 − 𝑝𝑛 , player 𝑛 gets ball𝑚𝑛 with probability 𝑥𝑛 .

Case II: 1 − 𝑝𝑛 < 𝑥𝑛 . In this case, the algorithm first attempts to
allocate ball𝑚𝑛 if it is available and if 𝑟 ∈ [𝑝𝑛, 1]. If this allocation
does not occur, it then attempts to allocate ball𝑚𝑛 + 1 provided
that it is available and 𝑟 ∈ [0, 𝑥𝑛 − 1+𝑝𝑛). Let 𝐸𝑚𝑛 denote the event
that ball 𝑚𝑛 is available at time 𝑎𝑛 , and let 𝐸1 denote the event
𝑟 ∈ [𝑝𝑛, 1]. Similarly, let 𝐸𝑚𝑛+1 denote the event that ball𝑚𝑛 + 1
is available, and let 𝐸2 denote the event 𝑟 ∈ [0, 𝑥𝑛 − 1 + 𝑝𝑛). Then
the total probability that a ball is allocated to player 𝑛 is given by
Pr[𝐸𝑚𝑛∩𝐸1]+Pr

[
𝐸𝑚𝑛+1∩𝐸2∩(𝐸𝑚𝑛∩𝐸1)′

]
. Based on Proposition 2,

if 𝐸1 occurs, ball 𝑚𝑛 is available, and Pr[𝐸𝑚𝑛 ∩ 𝐸1] = Pr[𝐸1] =
1 − 𝑝𝑛 . Similarly, the event 𝐸𝑚𝑛+1 ∩ 𝐸2 occurs with probability
Pr[𝐸𝑚𝑛+1 ∩ 𝐸2] = Pr[𝐸2] = 𝑥𝑛 − 1 + 𝑝𝑛 . Since the ranges [𝑝𝑛, 1]
and [0, 𝑥𝑛 − 1 + 𝑝𝑛) do not overlap (because 𝑥𝑛 ≤ 1), we have

Pr
[
𝐸𝑚𝑛+1 ∩ 𝐸2 ∩ (𝐸𝑚𝑛 ∩ 𝐸1)′

]
= Pr

[
𝑟 ∈

(
[0, 𝑥𝑛 − 1 + 𝑝𝑛) ∩ [0, 𝑝𝑛)

) ]
= Pr

[
𝑟 ∈ [0, 𝑥𝑛 − 1 + 𝑝𝑛)

]
= 𝑥𝑛 − 1 + 𝑝𝑛 .

Thus, the total probability that a ball is allocated to player 𝑛 is

Pr[𝐸𝑚𝑛 ∩ 𝐸1] + Pr
[
𝐸𝑚𝑛+1 ∩ 𝐸2 ∩ (𝐸𝑚𝑛 ∩ 𝐸1)′

]
= (1 − 𝑝𝑛) + (𝑥𝑛 − 1 + 𝑝𝑛)
= 𝑥𝑛 .

Thus, in both cases, each player 𝑛 gets a ball with the desired
probability 𝑥𝑛 , which proves that Algorithm 2 is a lossless online
scheme.

B Impossibility Result for Lossless Rounding in

the Variable Duration Setting

Consider the 𝛾-ocr problem introduced in Section 2.1, where each
player rents a ball for a fixed duration 𝑑 that is identical across all
players and independent of their identity. In this setting, the rental
period is uniform and known in advance.

In the following, we study a variant of this problem in which the
rental duration is player-dependent and may vary across players.
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Specifically, each player requests a rental duration that is revealed
only upon their arrival. Thus, the algorithm receives information
about a player’s rental duration in an online fashion. A more formal
definition of the ocr problem under this variable-duration setting
is as follows.

Definition 2 (𝛾-ocr-v). Consider a set of 𝑘 identical balls, each

uniquely labeled from the set {1, 2, . . . , 𝑘}. Each ball can be assigned to
a player for a variable duration, determined by the player’s requested

rental period, after which the ball becomes available for reassignment.

A sequence of 𝑁 players arrives one by one, with each player 𝑛 charac-

terized by a triple (𝑎𝑛, 𝑥𝑛, 𝑑𝑛), where 𝑎𝑛 is the arrival time, 𝑥𝑛 ∈ [0, 1]
is the target probability with which a ball should be assigned to player

𝑛, and 𝑑𝑛 is the requested rental duration. For any 𝛾 ∈ [0, 1], a 𝛾-ocr-
v algorithm, given the input sequence {(𝑥𝑛, 𝑎𝑛, 𝑑𝑛)}𝑛∈[𝑁 ] , assigns a
ball to each player 𝑛 ∈ [𝑁 ] with probability at least 𝛾𝑥𝑛 . Similar

to the definition of 𝛾-ocr, for any given input instance of 𝛾-ocr-v,

{(𝑥𝑛, 𝑎𝑛, 𝑑𝑛)}𝑛∈[𝑁 ] , we impose the following condition:

𝑥𝑛 ≤ min©­«1, 𝑘 −
∑︁

𝑗∈[𝑛−1]
𝑥 𝑗 · I{𝑎 𝑗+𝑑 𝑗>𝑎𝑛 }

ª®¬ , ∀𝑛 ∈ [𝑁 ] . (8)

Proof of Theorem 3. Weproceed by contradiction. Suppose, for the
sake of contradiction, that a (possibly randomized) online algorithm
ALG is lossless for the 𝛾-ocr-v problem; that is, it achieves 𝛾 = 1 on
every instance. Consider the following instance with inventory of
𝑘 = 2 balls and:

I =

{
(𝑎1 = 1, 𝑥1 = 0.5, 𝑑1 = 5)︸                         ︷︷                         ︸

𝑃1

, (𝑎2 = 2, 𝑥2 = 0.5, 𝑑2 = 7)︸                         ︷︷                         ︸
𝑃2

,

(𝑎3 = 5.5, 𝑥3 = 2
3 , 𝑑3 = 9)︸                          ︷︷                          ︸

𝑃3

, (𝑎4 = 6, 𝑥4 = 1
3 , 𝑑4 = 8)︸                       ︷︷                       ︸

𝑃4

,

(𝑎5 = 8, 𝑥5 = 1
2 , 𝑑5 = 10)︸                         ︷︷                         ︸

𝑃5

, (𝑎6 = 14, 𝑥6 = 5
6 , 𝑑6 = 10)︸                           ︷︷                           ︸

𝑃6

}
.

The above instance clearly satisfies the constraint in Eq. (8). Let
𝐴
(𝑖 )
𝑛 (𝑖 = 1, 2) be the event that the 𝑖-th ball is allocated to player 𝑛

by the online algorithm ALG upon processing the player’s request.
Likewise, let 𝐸 (𝑖 )𝑡 (𝑖 = 1, 2) denote the event that the 𝑖-th ball is still
available at time 𝑡 .

Next, we prove the following claim:
Lemma 2. For the algorithm ALG to be lossless, we must have:

P[𝐴 (1)1 ∩𝐴
(2)
2 ] + P[𝐴 (2)1 ∩𝐴

(1)
2 ] = 0

Proof. We prove the claim by contradiction. Suppose the lemma
fails, i.e., P[𝐴 (1)1 ∩𝐴

(2)
2

]
+ P[𝐴 (2)1 ∩𝐴

(1)
2

]
> 0.

Then the probability that at least one of the two balls is still
available immediately after the decision for player 2 satisfies

P[𝐸 (1)2 ∪ 𝐸
(2)
2

]
= 1 − P[(𝐴 (1)1 ∪𝐴

(1)
2 ) ∩ (𝐴

(2)
1 ∪𝐴

(2)
2 )

]
= 1 − P[(𝐴 (1)1 ∩𝐴

(2)
1 ) ∪ (𝐴

(1)
2 ∩𝐴

(2)
2 )

]
= 1 − P[𝐴 (1)1 ∩𝐴

(2)
2

]
− P[𝐴 (2)1 ∩𝐴

(1)
2

]
< 1,

where the strict inequality follows from the contradictory assump-
tion.
Next, let us create a new instance I′ that is identical to I for
players 𝑃1 and 𝑃2, but replaces the remaining sequence by a single
player 𝑃 ′3 with (𝑎3 = 3, 𝑥3 = 1, 𝑑3 = 10). The feasibility condition (8)

is easily verified for I′. Because the first two players in I and I′
are identical, algorithm ALG follows the same random path on both
instances for the first two players. Thus, at 𝑎3 = 3 in I′ we still have
P[𝐸 (1)2 ∪ 𝐸

(2)
2

]
< 1, meaning that with probability less than one

either of balls are available at arrival of request 𝑃 ′3. Yet a lossless
algorithm must allocate a ball to 𝑃 ′3 with probability 𝑥3 = 1, an
impossibility. Hence our initial assumption is false, and the lemma
follows. □

Next, consider the arrival of the third player 𝑃3 in instance I,
with parameters 𝑎3 = 5, 𝑥3 = 2

3 , and 𝑑3 = 9. We prove the following
statement.

Lemma 3. For ALG to remain lossless on I, it must hold that

P[𝐴 (1)2 ∩𝐴
(2)
3

]
+ P[𝐴 (2)2 ∩𝐴

(1)
3

]
= 1

6 .

Proof. First, let us prove that P[𝐴 (1)2 ∩𝐴
(2)
3 ] +P[𝐴

(2)
2 ∩𝐴

(1)
3 ] ≤

1
6 . The proof is again by contradiction. Assume that the above
inequality does not hold. Consider the instance I′, in which the
first three players are identical to those of instance I, but the fourth
player 𝑃 ′4 is characterised as (𝑎4 = 7, 𝑑4 = 10, 𝑥4 = 5

6 ). It can be
verified that the feasibility constraint in Eq. (1) is satisfied for every
player. Because the first three arrivals in I and I′ are identical,
the online algorithm ALG behaves the same on both instances up to
arrival of 𝑃 ′4. Consequently, when 𝑃 ′4 arrives in I′,

P[𝐸 (1)7 ∪ 𝐸
(2)
7 ] = 1 − P[(𝐴 (1)2 ∪𝐴

(1)
3 ) ∩ (𝐴

(2)
2 ∪𝐴

(2)
3 )]

= 1 − P[(𝐴 (1)2 ∩𝐴
(2)
3 ) ∪ (𝐴

(1)
3 ∩𝐴

(2)
2 )]

= 1 − P[𝐴 (1)2 ∩𝐴
(2)
3 ] − P[𝐴

(2)
2 ∩𝐴

(1)
3 ] <

5
6
,

where the last strict inequality is by the contradictory assumption
to have P[𝐴 (1)2 ∩ 𝐴

(2)
3 ] + P[𝐴 (2)2 ∩ 𝐴

(1)
3 ] >

1
6 . The allocation of

𝑃1 does not influence the calculation above, because by 𝑎4 = 7
any ball assigned to 𝑃1 has already returned to the system. Hence,
at the arrival of player 𝑃 ′4 in I′ the probability that either ball is
still available, P[𝐸 (1)7 ∪ 𝐸

(2)
7 ], is strictly less than 5

6 . Therefore, ALG
cannot allocate a ball to 𝑃4 with the required target probability 5

6 ,
contradicting the lossless property. Thus we must have P[𝐴 (1)2 ∩
𝐴
(2)
3 ] + P[𝐴

(2)
2 ∩𝐴

(1)
3 ] ≤

1
6 .

Next, let us prove that P[𝐴 (1)2 ∩𝐴
(2)
3 ] +P[𝐴

(2)
2 ∩𝐴

(1)
3 ] ≥

1
6 , after

which we can conclude that the sum equals 1
6 . First, we compute

the following probability:

P[(𝐴 (1)1 ∪𝐴
(2)
1 ) ∪ (𝐴

(1)
2 ∪𝐴

(2)
2 )]

= P[(𝐴 (1)1 ∪𝐴
(2)
1 )] + P[(𝐴

(1)
2 ∪𝐴

(2)
2 )]

− P[(𝐴 (1)1 ∪𝐴
(2)
1 ) ∩ (𝐴

(1)
2 ∪𝐴

(2)
2 )]

= 𝑥1 + 𝑥2 − P[(𝐴 (1)1 ∩𝐴
(2)
2 ) ∪ (𝐴

(2)
1 ∩𝐴

(1)
2 )]

= 1 − P[(𝐴 (1)1 ∩𝐴
(2)
2 )] − P[(𝐴

(2)
1 ∩𝐴

(1)
2 )] = 1,

where the last equality follows from Lemma 2. By the same reason-
ing we have P[(𝐴 (1)1 ∪ 𝐴

(2)
1 ) ∩ (𝐴

(1)
2 ∪ 𝐴

(2)
2 )] = 0. Since P[𝐴 (1)3 ∪

𝐴
(2)
3 ] = 𝑥3 =

2
3 , P[(𝐴

(1)
1 ∪𝐴

(2)
1 )] =

1
2 , and P[(𝐴

(1)
1 ∪𝐴

(2)
1 ) ∪ (𝐴

(1)
2 ∪

𝐴
(2)
2 )] = 1, we must have P[(𝐴 (1)3 ∪𝐴

(2)
3 ) ∩ (𝐴

(1)
2 ∪𝐴

(2)
2 )] ≥

1
6 .

Combining this with the earlier inequality establishes P[𝐴 (1)2 ∩
𝐴
(2)
3 ] + P[𝐴

(2)
2 ∩𝐴

(1)
3 ] =

1
6 . Thus, the proof is completed. □
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Next, consider the arrival of player 𝑃4 in instance I, with param-
eters 𝑎4 = 6, 𝑥4 = 1

3 , and 𝑑4 = 7.
Lemma 4. For ALG to be lossless, after the arrival of player 𝑃4 we

must have P[𝐴 (1)3 ∩𝐴
(2)
4 ] + P[𝐴

(2)
3 ∩𝐴

(1)
4 ] = 0.

Proof. In case the above equality is not satisfied, a request 𝑃5
could arrive at time 𝑎5 = 10 with target probability 𝑥5 = 1, and ALG
would not be lossless since P[𝐸 (1)10 ∪ 𝐸

(2)
10 ] < 1. □

Next, consider the arrival of player 𝑃5 at time 𝑎5 = 8, with target
probability 𝑥5 = 1

2 and 𝑑5 = 10. Let us refer to the time right before
the arrival of fifth player as 8− .

Lemma 5. After the arrival of player 𝑃5, P[𝐴 (1)3 ∩𝐴
(2)
5 ]+P[𝐴

(2)
3 ∩

𝐴
(1)
5 ] ≥

1
2 .

Proof. From the previous two lemmas 3 and 4, we have

P[(𝐴 (1)2 ∪𝐴
(2)
2 ) ∩ (𝐴

(1)
3 ∪𝐴

(2)
3 )] =

1
6
,

P[(𝐴 (1)3 ∪𝐴
(2)
3 ) ∩ (𝐴

(2)
4 ∪𝐴

(1)
4 )] = 0.

Let us define 𝐶1,𝐶2, and 𝐶3 as follows:

𝐶1 =
(
𝐴
(1)
3 ∪𝐴

(2)
3

)
∩

(
𝐴
(2)
2 ∪𝐴

(1)
2

) ′
,

𝐶2 =
(
𝐴
(2)
2 ∪𝐴

(1)
2

)
∩

(
𝐴
(1)
3 ∪𝐴

(2)
3

) ′
,

𝐶3 =
(
𝐴
(1)
3 ∪𝐴

(2)
3

)
∩

(
𝐴
(2)
2 ∪𝐴

(1)
2

)
.

These events are pairwise disjoint and P[𝐶1 ∪𝐶2 ∪𝐶3] = 1.

Claim 1. P[𝐸 (1)8− ∪ 𝐸
(2)
8− | 𝐶2] = 0.

Proof. From Lemma 4we have P[(𝐴 (1)3 ∪𝐴
(2)
3 )∩(𝐴

(2)
4 ∪𝐴

(1)
4 )] =

0, thus it follows that P[𝐶1 ∩ (𝐴 (2)4 ∪𝐴
(1)
4 )] = 0 and P[𝐶3 ∩ (𝐴 (2)4 ∪

𝐴
(1)
4 )] = 0. Note that we have P[𝐴 (2)4 ∪ 𝐴

(1)
4 ] = P[𝐶2] = 1

3 , so
𝐴
(2)
4 ∪𝐴

(1)
4 =𝐶2. Next,

𝐶2 =𝐶2 ∩𝐶2

=
(
(𝐴 (2)4 ∪𝐴

(1)
4 ) ∩ ((𝐴

(2)
2 ∪𝐴

(1)
2 ) ∩ (𝐴

(1)
3 ∪𝐴

(2)
3 )
′)
)

=
(
(𝐴 (2)4 ∪𝐴

(1)
4 ) ∩ (𝐴

(2)
2 ∪𝐴

(1)
2 )

)
∩

(
(𝐴 (2)4 ∪𝐴

(1)
4 ) ∩ (𝐴

(1)
3 ∪𝐴

(2)
3 )
′)

=
(
(𝐴 (2)4 ∪𝐴

(1)
4 ) ∩ (𝐴

(2)
2 ∪𝐴

(1)
2 )

)
∩ (𝐴 (2)4 ∪𝐴

(1)
4 )

=
(
(𝐴 (2)4 ∪𝐴

(1)
4 ) ∩ (𝐴

(2)
2 ∪𝐴

(1)
2 )

)
= (𝐴 (2)2 ∩𝐴

(1)
4 ) ∪ (𝐴

(1)
2 ∩𝐴

(2)
4 ),

where the third equality uses P[(𝐴 (1)3 ∪𝐴
(2)
3 ) ∩ (𝐴

(2)
4 ∪𝐴

(1)
4 )] = 0.

Based on the above equations, under the event 𝐶2, either 𝐴 (2)2 ∩
𝐴
(1)
4 or 𝐴 (1)2 ∩𝐴

(2)
4 occurs, so neither ball 1 nor ball 2 is available.

Therefore P[𝐸 (1)8− ∪ 𝐸
(2)
8− | 𝐶2] = 0. This completes the proof. □

Next, we can verify that P[𝐸 (1)8− ∪ 𝐸
(2)
8− | 𝐶3] = 0. In fact, 𝐶3 =

(𝐴 (1)3 ∪𝐴
(2)
3 ) ∩ (𝐴

(2)
4 ∪𝐴

(1)
4 ) = (𝐴

(1)
3 ∩𝐴

(2)
4 ) ∪ (𝐴

(2)
3 ∩𝐴

(1)
4 ). Thus,

under 𝐶3, either (𝐴 (1)3 ∩ 𝐴
(2)
4 ) or (𝐴

(2)
3 ∩ 𝐴

(1)
4 ) occurs, so neither

ball 1 nor ball 2 is available, and P[𝐸 (1)4 ∪ 𝐸
(2)
4 | 𝐶3] = 0.

Since at the arrival of 𝑃5 we have
∑

𝑖∈[4] 𝑥𝑖 · I{𝑎𝑖+𝑑𝑖 ≥𝑎5 } = 3
2 , with

probability 1
2 one of the two balls is available, and

1
2
= P[𝐸 (1)8− ∪ 𝐸

(2)
8− ]

= P[𝐸 (1)8− ∪ 𝐸
(2)
8− | 𝐶1] + P[𝐸 (1)8− ∪ 𝐸

(2)
8− | 𝐶2] + P[𝐸 (1)8− ∪ 𝐸

(2)
8− | 𝐶3]

= P[𝐸 (1)8− ∪ 𝐸
(2)
8− | 𝐶1] = P[𝐶1] .

Thus, we have 𝐸 (1)8− ∪ 𝐸
(2)
8− =𝐶1.

At the arrival of 𝑃5, if either ball is available, the other ball is
already allocated to 𝑃3, since 𝐶1 = (𝐴 (1)3 ∪ 𝐴

(2)
3 ) ∩ (𝐴

(2)
2 ∪ 𝐴

(1)
2 )′.

Therefore, a lossless ALG must allocate one of the two balls to 𝑃5
with probability 1

2 , and

P[(𝐴 (1)5 ∪𝐴
(2)
5 ) ∩ (𝐴

(1)
3 ∪𝐴

(2)
3 )]

= P[(𝐴 (1)3 ∩𝐴
(2)
5 ) ∪ (𝐴

(2)
3 ∪𝐴

(1)
5 )]

= P[𝐴 (1)3 ∩𝐴
(2)
5 ] + P[𝐴

(2)
3 ∪𝐴

(1)
5 ]

=
1
2
.

This completes the proof. □

Now consider the arrival of the sixth player with (𝑎6 = 13.5, 𝑥6 =
5
6 , 𝑑6 = 10). It can be verified that

P[𝐸 (1)6 ∪ 𝐸
(2)
6 ] = 1 − P[(𝐴 (1)3 ∪𝐴

(1)
5 ) ∩ (𝐴

(2)
3 ∪𝐴

(2)
5 )]

= 1 − P[(𝐴 (1)3 ∩𝐴
(2)
5 ) ∪ (𝐴

(2)
3 ∩𝐴

(1)
5 )]

=
1
2
,

where the last equality follows from Lemma 5. Thus, at the arrival
of player 𝑃6, with probability equal to 1

2 either ball is available,
and the algorithm cannot allocate a ball with target probability 5

6
losslessly to player 𝑃6. We thus complete the proof.

C Proof Sketch of Theorem 2

We use an online primal-dual approach to establish the competitive
ratio of Algorithm 3. Consider the dual LP corresponding to the
primal LP in Eq. (2):

min
𝜆,u

∑︁
𝑛∈[𝑁 ]

𝑢𝑛 + 𝑘 ·
∑︁

𝑛∈[𝑁 ]
𝜆𝑛, (9)

s.t. 𝑢𝑛 +
𝑁∑︁
𝑗=𝑛

𝜆 𝑗1{𝑎𝑛+𝑑>𝑎 𝑗 } ≥ 𝑣𝑛, ∀𝑛 ∈ [𝑁 ], (10)

𝜆𝑛 ≥ 0, ∀𝑛 ∈ [𝑁 ] . (11)

Step-I: Design of dual solution, {𝑢ALG𝑛 , 𝜆ALG𝑛 }𝑛∈[𝑁 ] , and feasibility
of the dual solution. Let us initialize all dual variables to zero. For
each rental request 𝑛, let 𝑥𝑛 be the fractional allocation chosen by
Algorithm 3. We then perform the following updates:

𝜆ALG
𝜈∗𝑛

= 𝜆ALG
𝜈∗𝑛
+ 𝐹 ·

∫ 𝑦𝑛+𝑥̂𝑛
𝑘

𝜂=
𝑦𝑛
𝑘

𝜙 (𝜂)𝑑𝜂, (12)

𝑢ALG𝑛 = 𝐹 · 𝑥𝑛 ·
(
𝑣𝑛 − 𝜙

(𝑦𝑛 + 𝑥𝑛
𝑘

))
, (13)

where 𝜈∗𝑛 =max{ 𝑗 ≥ 𝑛 |𝑎 𝑗 < 𝑎𝑛 + 𝑑} and 𝐹 = 1 + ln
(
𝑣max
𝑣min

)
.

According to the dual variable update in Eq. (12)-(13), and utiliz-
ing the fact that requests rental durations are fixed, we can prove
that the dual constraint in Eq. (10) corresponding to each request 𝑛
is satisfied.
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Step-II: Proof of

∑
𝑛∈[𝑁 ] 𝑢

ALG
𝑛 +𝑘 ·

∑
𝑛∈[𝑁 ] 𝜆

ALG
𝑛 ≤ 𝐹 ·ALG(𝐼 ). Instead

of directly proving this inequality, we show that for each request 𝑛:

Δ𝐷ALG

𝑛 ≤ 𝐹ΔALG
𝑛 ,

where Δ𝐷ALG

𝑛 denotes the increase in the dual objective value after
updating the dual variables for request 𝑛 via Eqs. (12) and (13), and
ΔALG
𝑛 denotes the increase in the objective value of the algorithm

after allocating 𝑥𝑛 fraction of an item to request 𝑛. We skip the
proof details due to space constraints.

By the above two steps, the proof of 1+ ln
( 𝑑min
𝑑max

)
-competitiveness

of dop-𝜙-fixed follows, and thus the proof of Theorem 2 is com-
pleted.

D Proof Sketch of Theorem 4

To establish the 𝛼-competitiveness of Algorithm 4, we apply the LP-
free certificate approach developed [13]. We define a system of lin-
ear constraints that acts as a certificate of 𝛼-competitiveness when
feasible. The variables in this system include {{𝑢𝑛, 𝜆 (𝑖 )𝑛 }𝑛∈[𝑁 ] , 𝜃𝑖 }𝑖∈[𝑘 ] .
The constraints are given by:∑︁

𝑛∈[𝑁 ]
𝑢𝑛 +

∑︁
𝑖∈[𝑘 ]

𝜃𝑖 ≤ 𝛼 · ALG(𝐼 ), (14)

𝜃𝑖 +
∑︁
𝑛∈𝑃𝑖

𝑢𝑛 ≥
∑︁
𝑛∈𝑃𝑖

𝑑𝑛 = OPT𝑖 , ∀𝑖 ∈ [𝑘], (15)

where ALG(𝐼 ) denotes the expected performance of the algorithm
on instance 𝐼 . For each 𝑖 , the set 𝑃𝑖 consists of the requests to whom
the optimal clairvoyant algorithm allocates the 𝑖-th unit of the
resource, and OPT𝑖 =

∑
𝑛∈𝑃𝑖 𝑑𝑛 . Clearly, if the above constraints

hold, then:

OPT =

𝑘∑︁
𝑖=1

OPT𝑖 ≤
𝑘∑︁
𝑖=1

(
𝜃𝑖 +

∑︁
𝑛∈𝑃𝑖

𝑢𝑛

)
≤

∑︁
𝑖∈[𝑘 ]

𝜃𝑖 +
∑︁

𝑛∈[𝑁 ]
𝑢𝑛 ≤ 𝛼 · ALG(𝐼 ),

where the above set of inequalities follow from the certificate con-
straints. In what follows, we first describe how to design a feasible
solution for the system of constraints. Initially, all variables are
set to zero. After the arrival of the final request in instance 𝐼 , we
update the variables as follows. For each rental request 𝑛, let 𝑥𝑛 be
the fractional allocation variable determined by Algorithm 4. We
then perform the following updates:

𝑢𝑛 =
𝛼

3
𝑑𝑛𝑥𝑛, (16)

𝜆
(𝑖∗𝑛 )
𝑗

= 𝜆
(𝑖∗𝑛 )
𝑗
+ 𝛼

3
(
𝑎 𝑗+1 − 𝑎 𝑗

)
𝑥𝑛, ∀𝑗, 𝑛 ≤ 𝑗 < 𝜈∗𝑛, 𝑎 𝑗 < 𝑎𝑛 + 𝑑𝑛,

(17)

𝜆
(𝑖∗𝑛 )
𝜈∗𝑛

= 𝜆
(𝑖∗𝑛 )
𝜈∗𝑛
+ 𝛼

3

(
2𝑑𝑛 −

(
𝑎𝜈∗𝑛 − 𝑎𝑛

) )
𝑥𝑛, (18)

where 𝜈∗𝑛 =max{ 𝑗 ≥ 𝑛 |𝑎 𝑗 < 𝑎𝑛 + 𝑑𝑛}. After updating the variables
above for all the 𝑁 requests, let us set the value of variables 𝜃𝑖 =∑

𝑛∈[𝑁 ] 𝜆
(𝑖∗𝑛 )
𝑛 for all 𝑖 ∈ [𝑘].

First constraint of the system. Based on the construction of the
variables detailed above, we can verify that the constraint in Eq. (14)
holds. Due to space constraints, we skip the proof details, but it

follows by considering the increase in both the right- and left-hand
sides of Eq. (14) under the updates performed for each request 𝑛,
together with the increase in the expected objective value of the
algorithm after processing each request 𝑛.

Second set of constraints (Eq. (15)). The value of 𝜃𝑖 can be lower
bounded by:

𝜃𝑖 =
∑︁

𝑛∈[𝑁 ]
𝜆
(𝑖 )
𝑛 ≥

∑︁
𝑛∈𝑃𝑖

𝑁∑︁
𝑗=𝑛

𝜆
(𝑖 )
𝑗
I{𝑎𝑛 + 𝑑𝑛 > 𝑎 𝑗 }.

The inequality holds because, for each request 𝑛 ∈ 𝑃𝑖 , the set
{ 𝑗 ∈ [𝑁 ] | 𝑎𝑛 + 𝑑𝑛 > 𝑎 𝑗 } cannot intersect with any other request’s
set. Otherwise, the optimal offline algorithm would have allocated
unit 𝑖 to two requests at the same time, which is infeasible. Hence,
for the left-hand side of Eq. (15), we have

𝜃𝑖 +
∑︁
𝑛∈𝑃𝑖

𝑢𝑛 ≥
∑︁
𝑛∈𝑃𝑖

𝑁∑︁
𝑗=𝑛

𝜆
(𝑖 )
𝑗
I{𝑎𝑛 + 𝑑𝑛 > 𝑎 𝑗 } +

∑︁
𝑛∈𝑃𝑖

𝑢𝑛

≥
∑︁
𝑛∈𝑃𝑖

( 𝑁∑︁
𝑗=𝑛

𝜆
(𝑖 )
𝑗
I{𝑎𝑛 + 𝑑𝑛 > 𝑎 𝑗 } + 𝑢𝑛

)
.

Thus, it suffices to show that for each request 𝑛 ∈ 𝑃𝑖 ,
𝑁∑︁
𝑗=𝑛

𝜆
(𝑖 )
𝑗
I{𝑎𝑛 + 𝑑𝑛 > 𝑎 𝑗 } + 𝑢𝑛 ≥ 𝑑𝑛 . (19)

Lemma 6. For any instance of kRental-Variable, the left-hand side
of the above inequality can be lower bounded as follows:

𝑁∑︁
𝑗=𝑛

𝜆
(𝑖 )
𝑗
I{𝑎𝑛 + 𝑑𝑛 > 𝑎 𝑗 } + 𝑢𝑛 ≥

2𝛼
3
𝑦1𝜙

(
𝑦1

)
− 𝛼

3
𝑦2𝜙

(
𝑦1

)
+

∫ 𝑦2

𝑦1

2𝛼
3
𝜙 (𝜂) 𝑑𝜂 + 𝛼

3
𝑑𝑛 max

{
0, 𝜙∗

(
𝑑𝑛

)
− 𝑦2

}
.

where in above 𝑦1 and 𝑦2 are some instance-dependent values such

that 𝑦2 ∈
(
0, 𝜙∗ (𝑑𝑛)

]
and 𝑦1 ∈

(
0, 𝑦2

]
.

The proof of the above lemma utilizes the dual updates in Eqs. (16)–
(18) to derive a lower bound by reducing to the worst-case instance
of kRental-Variable that minimizes the left-hand side of Eq. (19).

Following from the design of the pricing function 𝜙 given in
Theorem 4, it can be proven that:
𝑁∑︁
𝑗=𝑛

𝜆
(𝑖 )
𝑗
I{𝑎𝑛 + 𝑑𝑛 > 𝑎 𝑗 } + 𝑢𝑛 ≥

2𝛼
3
𝑦1𝜙

(
𝑦1

)
− 𝛼

3
𝑦2𝜙

(
𝑦1

)
+

∫ 𝑦2

𝑦1

2𝛼
3
𝜙 (𝜂) 𝑑𝜂 + 𝛼

3
𝑑𝑛 max

{
0, 𝜙∗

(
𝑑𝑛

)
− 𝑦2

}
≥ 𝑑𝑛 .

The proof of the second inequality follows by analyzing the critical
points of the right-hand side of the first inequality with respect to
the values𝑦1 and𝑦2, where the RHS is minimized. We conclude that
the second set of constraints in Eq. (15) is satisfied by the design of
the system variables in Eqs. (16)–(18).

Therefore, by combining all the above results, if the increasing
pricing function 𝜙 satisfies the system of constraints in Theorem 4,
it establishes the 𝛼-competitiveness of Algorithm 4.
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