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Abstract

The core of generalization theory was devel-
oped for independent observations. Some
PAC and PAC-Bayes bounds are available
for data that exhibit a temporal depen-
dence. However, there are constants in
these bounds that depend on properties of
the data-generating process: mixing coef-
ficients, mixing time, spectral gap... Such
constants are unknown in practice. In this
paper, we prove a new PAC-Bayes bound
for Markov chains. This bound depends on
a quantity called the pseudo-spectral gap,
Yps- The main novelty is that we can pro-
vide an empirical bound on 7,, when the
state space is finite. Thus, we obtain the
first fully empirical PAC-Bayes bound for
Markov chains. This extends beyond the fi-
nite case, although this requires additional
assumptions. On simulated experiments,
the empirical version of the bound is essen-
tially as tight as the one that depends on

Vps-

1 INTRODUCTION

The PAC-Bayes theory is a flexible framework
to derive generalization guarantees for learning
algorithms. Since the seminal paper by McAllester
(1998), it has found applications across a wide
range of domains: from classification and regression
to deep learning and variational inference. It
has become a popular method in the machine
learning community. One of the most successful
applications of PAC-Bayes bounds was to obtain
non-vacuous generalization bounds for deep neural
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networks Dziugaite and Roy (2017). We refer the
reader to Alquier (2024); Hellstrom et al. (2025) for
a recent overview on PAC-Bayes bounds.

The original paper by McAllester (1998) was
written in the context of i.i.d. observations. Since
then, PAC-Bayes bounds have been extended to
handle more challenging settings, such as data with
temporal or spatial dependencies. We mention
Alquier and Wintenberger (2012); Banerjee et al.
(2021); Haufmann et al. (2021); Eringis et al
(2021) among others. However, all these bounds
involve constants characterizing the dependence
in the data generating process: for example, the
bound of Alquier and Wintenberger (2012) depends
on weak-dependence coefficients, while the one
of Banerjee et al. (2021) depends on a-mixing
coefficients, etc. The strategy adopted by the
authors was to assume a priori upper bounds on
these constants. However, if this assumption is not
correct, the PAC-Bayes bound is no longer valid. It
would be much more satisfactory to estimate these
constants and make the bounds fully empirical.

In this paper, we provide fully empirical PAC-Bayes
bounds for a fundamental class of processes: Markov
chains. We prove a PAC-Bayes bound that holds
when the data is the trajectory of a Markov chain.
This bound depends on a parameter -, called
the pseudo-spectral gap of the transition operator
of the chain (Paulin, 2015). We then provide an
empirical bound on 7,, when the state space is finite,
using tools from Wolfer and Kontorovich (2024).
Putting everything together leads to fully-empirical
PAC-Bayes bounds. Empirical bounds on ~,s can
be provided beyond the finite case, but this will in
general require more assumptions on the chain. For
example, we provide such a bound when the data is
an autoregressive process.
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1.1 Related Works

PAC-Bayes bounds: while the original PAC-Bayes
bounds were proven by McAllester (1998, 1999), our
proof will follow the alternative approach by Catoni
(2003). This approach is summarized in Alquier
(2024). Important references include Catoni (2004,
2007); Hellstrom et al. (2025).

Empirical PAC-Bayes bounds: the bounds in
the above references are empirical, that is, they
depend on the data but not on the unknown
data-generating process. There were many attempts
to make these bounds tighter Seeger (2002); Maurer
(2004); Kuzborskij et al. (2024) or to extend them
in various directions Seldin et al. (2012b); Alquier
and Guedj (2018); Rodriguez-Galvez et al. (2024).
A natural way to make the bounds tighter relies
on the application of Bernstein’s inequality: this
gives bounds that are in principle tighter, but that
depend on the variance of the loss function under
the data-generating process (Catoni, 2003). This
quantity is unknown in practice. In order to make
the PAC-Bayes-Bernstein bound practical, it is
necessary to provide an empirical upper bound on
the variance term. The first occurrence of such an
"empirical-PAC-Bayes-Bernstein" is due to Seldin
et al. (2012a) and these bounds were refined in later
works (Tolstikhin and Seldin, 2013; Mhammedi
et al., 2019; Wu et al., 2021; Wu and Seldin, 2022;
Jang et al., 2023).

PAC-Bayes bounds for dependent observa-
tions: PAC-Bayes bounds for Markov chains were
proven by Fard et al. (2011) in the setting of Markov
decision processes, the bounds depend on ergodic
coefficients that are unknown in practice. Also for
Markov chains, Banerjee et al. (2021) proved bounds
that depend explicitly on a-mixing coefficients (also
unknown in practice). Some bounds in Alquier and
Guedj (2018) which also depend on a-mixing coef-
ficients hold for a more general class of stochastic
processes. We also mention Haulmann et al. (2021)
for continuous dynamical systems and Eringis et al.
(2021) for linear time-invariant (LTI) systems.

There are other type of generalization bounds beyond
PAC-Bayes, such as stability bounds and bounds
based on the Rademacher complexity. Such results
were also extended from the i.i.d. setting to time se-
ries under various assumptions: Yu (1994); Gamarnik
(1999); Meir (2000); Steinwart et al. (2009); Mohri
and Rostamizadeh (2010); Modha and Masry (2002);
Steinwart et al. (2009); Shalizi and Kontorovich

(2013); Kuznetsov and Mohri (2015, 2017); McDonald
et al. (2017); Kuznetsov and Mohri (2020); Abeles
et al. (2024). These bounds also depend on mix-
ing or weak-dependence coefficients. In the case of
Markov chains, some bounds also depend on the mix-
ing time of the chain, on its spectral gap or on its
pseudo-spectral gap Garnier et al. (2023); Alquier
and Kengne (2025).

Estimation of the mixing coefficients: there
were recently attempts to estimate the mixing coeffi-
cients (McDonald et al., 2015; Khaleghi and Lugosi,
2023). Although it is possible to estimate the mix-
ing coefficients « and 3, the results of Khaleghi and
Lugosi (2023) do not provide confidence intervals on
this estimation, and thus, cannot be used to derive
empirical PAC-Bayes bounds. Some recent progress
has been made in estimating the S-mixing coefficients
of Markov chains (Griinewilder and Khaleghi, 2024;
Wolfer and Alquier, 2024).

In the case of Markov chains, the estimation of the
mixing time t,,;,, the spectral gap and the pseudo-
spectral gap was also studied thoroughly in the past
years when the state space is finite (Hsu et al., 2015;
Levin and Peres, 2016; Hsu et al., 2019; Wolfer and
Kontorovich, 2019, 2024).

1.2 Contributions and Organization of the
Paper

In this paper, we derive a PAC-Bayes bound for
Markov chains that depends on a spectral quantity
called the pseudo-spectral gap: 7y,s (the definition
will be given below). The main tool in the proof is a
Bernstein inequality for Markov chains due to Paulin
(2015). Recently, Wolfer and Kontorovich (2024) de-
rived estimators of 7, for finite-state Markov chains,
together with confidence intervals. From this we
derive empirical versions of our PAC-Bayes bound.
We also provide an example in which such an empiri-
cal bound can be obtained while the state space is
infinite.

In the end of this introduction, we introduce the
notation used in the paper. We also remind im-
portant notions on Markov chains and define the
pseudo-spectral gap 7v,s. In Section 2, we provide the
(non-empirical) version of the PAC-Bayes bound for
Markov chains. Then, in Section 3, we study various
settings in which this bound can be made empirical.
Finally, in Section 4, we exemplify our results in the
problem of learning the best predictor in a finite set
and provide numerical evaluations of the bound in
this context. The proofs are gathered in the supple-
ment, together with additional experiments and a
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discussion on other possible approaches.

1.3 Problem Formulation

Let U denote the object space and ) the label space.
Suppose, we are given object x label observations
(U1, Y1), (U2, Ya), ..., (Up,Ys). Usually, it is assumed
that the pairs (Uy, Y;) are i.i.d. from a distribution Q.
In such a setting, Uy, ..., U, would be i.i.d. from the
first marginal distribution Qy of ). Here, we want to
allow some temporal dependence between the objects
(Ut), so we will not assume that they are indepen-
dent. Instead, we will assume they form a stationary
Markov chain (the definition will be reminded below).
As in the i.i.d. case, we will assume that the label Y;
depends only on U;. In other words, there is a regular
condition probability distribution Q(:,-) such that
the distribution of Y; given (U, ..., U;) is given by
Q(Uy,-). For short, let S = (U1, Y1),...,(Un,Yn))
denote the sample.

We consider a parametrized set of predictors F =
{fo :U —- Y |6 € ©}. To measure the prediction
error, we use a loss function ¢ : Y2 — R, which
is assumed to be bounded throughout the paper
£(+,-) < ¢. To measure the accuracy of the prediction,
we will use the classical notion of risk:

R(0) = Es [;Zufe(m),m

(where Es denotes the expectation with respect to the
sample, see Subsection 1.5 below), and the empirical
risk
1 n
r(0) = —> 0 (fo(Uh), V7).

t=1

1.4 Definitions and Reminders on Markov
Chains

Let (2, A,P) be a probability space, where Q is a
set equipped with a c-algebra A and a probabil-
ity measure P. A U-valued sequence of random
variables {U;}:>1 is said to be a Markov chain on
(92, A, P) if it satisfies the Markov property P(U; €
A|Ui—1,Uz_9,...,U1) =P(U; € A | Up—q) for any
t>1and A € A. We will also assume the chain
to be homogeneous: P(U; € A | U;—1; = u) does not
depend on t. It is then common to introduce the
notation P(u,A) := P(U, € A | Uy—1 = u). P is
called the transition kernel of the chain. Note that
for every u, P(u,-) is a probability measure.

We say that a distribution 7 on U is a stationary

distribution for the chain if
/ 7(du) P(u,dz) = 7(dx).
ueld

If Uy ~ 7, then any Uy ~ m for ¢ > 1 and the chain is
said to be stationary. We will essentially work with
stationary chains.

1.4.1 Asymptotic Behavior and Ergodicity

In this paper, we will work under the assumption
that P is ergodic, which in particular implies it has
a unique invariant distribution 7. We will moreover
assume it satisfies a spectral property defined below.
This property will be enough to ensure that, for ¢
large enough, the distribution of U, is close enough
to 7 regardless of the distribution of Uy. First, it will
be helpful to remind a stronger, but more classical
condition.

A chain is called uniformly ergodic with a rate 0 <
p < 1, if there exists C' > 0 such that

sup || P*(u,-) = 7 () ||rv < Cp".

ucl
For example, when U is a finite set, any chain that is
irreducible has a unique invariant distribution =. If
it is also aperiodic, then it is uniformly ergodic, see
for example Douc et al. (2018).

Definition 1.1. The mixing time t,;, of the chain
is defined by iz := tymiz (1/4) where

tmiz(€) = inf {k ssup ||P*(u,-) — 7() |7y < 5} .
ueU

The mixing time of a Markov chain measures how
quickly the chain forgets its initial state and becomes
close to its stationary distribution. If ¢z = +o0,
then the chain is not uniformly ergodic.

1.4.2 Pseudo-Spectral Gap

Let L?(w) be the Hilbert space of complex valued
measurable functions on 2 that are square integrable
with respect to 7. Consider L?(7) equipped with
the inner product (f,¢)» = [ fg* dm, and norm

I fllom o= (f, ¥ = (Ex [fz})l/z, then P defines a
linear operator on L?(r) given by

(P1)w) = By piun V)] = [ Plu,do)f(0)
for any f € L?(m). The operator P acts on measures

to the left: for a probability measure v, vP is
also a probability measure given by vP(A) :=
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[, P(u, A)v(du) for every A € A.

As mentioned above, we assume P admits a unique
invariant 7. Such a kernel is said to be reversible if

7 (du) P(u,dv) = w(dv) P(v, du).

Reversibility of the chain is equivalent to the linear
operator P being self-adjoint on L?(r). When P is
not self-adjoint (or the chain is not reversible), the
chain is said to be non-reversible. We define the time
reversal kernel P* of P by

m(dv) P(v, du)

m(du) ’
and the linear operator P* is the adjoint of P in
L?(m). In particular, if P is reversible, then P* = P.
Suppose 7 is the stationary distribution of the chain,
and [ is the identity operator. The spectrum sp(P) is
defined as the set of all 7 € C\0 such that (71— P)~!

does not exist or is not a bounded linear operator in
L3(7r).

P*(u,dv) :=

For a transition kernel P, 7 € sp(P) satisty |7| < 1.
Moreover, 7 = 1 is necessarily an eigenvalue of P,
and thus 1 € sp(P). When P is in addition reversible,
sp(P) C R. In this case, if the multiplicity of the
eigenvalue 7 = 1 is 1, the spectral gap of P is defined
as
v(P) :=1—sup{r € sp(P) : 7 # 1}.

When the multiplicity of the eigenvalue 7 = 1 is
larger than 1, we define y(P) = 0.

Another spectral characterization of a chain is the
notion of a pseudo-spectral gap, proposed by Paulin
(2015). Tt is more general, as it will allow us to
consider chains that are not reversible.

Definition 1.2. The pseudo-spectral gap is defined

by
*\kpk
(P = max {v«P)P)}

k>1 k

As the transition kernel of the observations will al-
ways be P, we can safely write 7,5 instead of 7,5 (P).
In this paper, our main assumption on the observa-
tions is that they form a Markov chain with positive
pseudo-spectral gap: v,s > 0.

We mention that this condition is more general than
the classical uniform ergodicity condition. Indeed,
Proposition 3.4 of Paulin (2015) states that, if a
Markov chain is uniformly ergodic, and thus has
tmiz < +00, then

1
VpsZT>O~

There are many examples of chains with 7,, > 0 that
are not uniformly ergodic, such as the AR(1) process
in Subsection 3.2 below.

Thanks to a result of Davydov (1968) that we remind
in Appendix C, for a uniformly ergodic chain, the ¢-
mixing coefficients (k) decrease to 0 exponentially
fast, while for a chain which is not uniformly ergodic,
(k) does not converge to 0. Thus, the condition
~ps > 0 is also weaker than the condition ¢(k) — 0.
We are not aware of a direct relation between v, and
the S-mixing coefficients, see the discussion by Wolfer
and Alquier (2024).

1.5 Notations

Expectation and probability with respect to the sam-
ple will be denoted by Es and Pg respectively. In
PAC-Bayes bounds, we also consider expectation and
probabilities with respect to some random parame-
ter 6 sampled from various probability distributions.
So it is important to keep the distribution in the
notation. When 6 is sampled from some p, we will
respectively write Eg~, and Py~ for the expectation
and probability with respect to 6. Rigorously,

Eonlf(6)] = / £(6)p(d0)

(when this integral is well-defined). We let P(©)
denote the set of all probability distributions on ©
(equipped with a o-field). Given vy, v, € P(O) we let
K L(v1||v2) denote the Kullback-Leibler divergence
between 17 and 5. PAC-Bayes bounds involve a
reference measure in P(0) called the prior, we will
let p denote the prior throughout the paper. For an
integer K, [K]:={1,2,...,K}.

2 PAC-BAYES BOUNDS FOR
MARKOV CHAINS

We first state a (non-empirical) PAC-Bayes bound in
this setting. The proof follows the same steps of the
classical PAC-Bayes bound of Catoni (2003) in the
ii.d. setting. To handle Markov data, we use known
concentration results for Markov chains from Paulin
(2015).

Theorem 2.1. Assume {U;}}, is a stationary
Markov chain with pseudo-spectral gap v,s > 0. Then

for any constants 0 < A < {5, 6 € (0,1), and prior
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1€ P(O),

Ps <Vp € P(©), Eonp [R(0)] < Eonp [r(0)]

+

2 1

2 (1+532)  KL(pllu) +log §

+ >1-0.
n — 10\ AYps -

Observe the effect of ,s on the bound: the larger s,
the tighter the bound is. However, when 7,, — 0,
the bound explodes to infinity. Prediction is easier
with a larger v,,.

In practice, if we observe data generated by an
unknown Markov process, 7, is usually unknown.
A naive approach is to assume a lower bound on
Yps = Y0, S&Y Yps > 0.1 (this is similar to the a pri-
ori upper bounds assumed on mixing coefficients in
the previous works mentioned in the introduction).
This approach is problematic for two reasons: first, if
v¥ps = 0.05, then our generalization bound is wrong.
Moreover, if v,s = 0.9, our bound is correct, but it
is also excessively pessimistic.

An alternative is to assume 7,5 > 79 = 1/n* with
a € (0,1): such an assumption will always be sat-
isfied for large enough sample size n. Under such
an assumption, we can simply upper bound 1/7,,
by n® in the theorem. For the term 1+ 1/(nv,s) <
1+ 1/n'~® < 2, this is actually not a bad upper
bound. The problem comes from

KL(p||p) +log §
/\’Vps

which will change the order of magnitude of the
bound. It would of course be far better to replace
“ps by a consistent estimator 7,s. If we can give an
accurate upper bound on 1/, in terms of 1/7,,5, we
will obtain an empirical PAC-Bayes bound. This is
the object of the next section.

3 EMPIRICAL PAC-BAYES
BOUNDS

Assuming we have an estimator of the pseudo-
spectral gap 7,5, we can state the following corollary
of Theorem 2.1.

Corollary 3.1. Under the conditions of Theorem 2.1,
fiz a € (0,1) and assume that n is large enough to

ensure n > 1/7%&. Assume we have an estimator
Aps Of Vps such that, for any e >0,

p(ﬁps

Vps

- 1‘ < 5) >1—a(n,ypse). (1)

Then, we have

Ps <Vp € P(O), Eonp[R(0)] <Koy [r(0)]

oA (14 )
n — 10\

KL(p|lp) +log 1+
Mps
>1—06—a(n,vps, ).

A condition for the corollary to be actually useful
is that a(n,vps, €) is a nonincreasing function of v,
that satisfies a(n,n~"'/% &) — 0 when n — oco. In-
deed, in this case,

a(n, vps, €) < a(n,n"1/% ) —— 0. (2)

n— oo

3.1 First Example of Estimation of v, : the
Finite State Space Case

For an ergodic Markov chain on a finite state-space,
say card(d) = d, Wolfer and Kontorovich (2019)
provided an estimator for the pseudo-spectral gap
given by the following formula:

(')

. 3)

Tos. K] = e

where P = P (Uy,Us,- -+ ,U,) is a natural empirical
estimator for P and K a positive integer.

Rewriting their result in a way that matches Corol-
lary 3.1, we obtain the following proposition (the
proof is provided in the appendix).

Proposition 3.1. Under the conditions of Theo-
rem 2.1, assuming the chain (Uy) is ergodic and the
state-space is finite, that is card(U) = d, for any
e > 0, the estimator Fps 1= Yps (k] given by 3 with
K = [2/¢] we have
Ps ( Yoo _ 1‘ > 5)
Yps
< Cpsd o~ vpeme min{vpa, oy (4)
EYps/ T«

where C(P) = ||P||r min{d, |P||x}, with |P|l= =
max{7(i)/m(j), 4,7 € [d]*}, and 7. = min{r(i),i €
).
Observe that, as we assume that the chain is ergodic,
e = min{m(i),s € [d]} > 0. However, m, can be
arbitrarily small, which leads to less confident esti-
mation of 7,s. Then, note that, by taking a large
enough, (2) is satisfied.



Empirical PAC-Bayes Bounds for Markov Chains

3.2 Example of Estimation of 7, in the
Infinite Case

In the finite case, we estimated the pseudo-spectral
gap without strong assumptions on P. As argued
by Wolfer and Kontorovich (2019), this is not possi-
ble for infinite Markov chains, even in the countable
case. Intuitively, this can be understood from Propo-
sition 3.1: when the state space is countably infinite,
we have necessarily m, = 0, and thus, the statement
of the proposition becomes vacuous.

Obtaining empirical bounds is feasible, however, only
by imposing strong restrictions on P. In this subsec-
tion, we illustrate this fact in the situation where the
inputs are sampled from an autoregressive process
on the real line. That is, we assume that (U;);>1 is
a stationary process with

Ug=alUi—1 + ¢ (5)

where —1 < a < 1 and the (; are i.i.d. from N(0,1).
In other words, P(z,-) = N(az,1). Such a process
is known to be ergodic, but non-uniformly ergodic:
tmiz = +00. The following propositions show that
its pseudo-spectral gap has a simple form and can
be estimated with confidence.

Proposition 3.2. Let (U;);>1 be a stationary AR(1)
process, defined by (5), then its pseudo-spectral gap
18 given by

s=1—a’= ———.
T T Var(y)

Proposition 3.3. Let (U)i>1 be a stationary AR(1)
process, defined by (5), then for the estimator Jps
given by

~ . 1
'ys:—mm{n,l}, (6)
! S UP
it holds

P

In other words,

Yps 24 |9+ 4logt
%_1’§ 37 &3 >1-4.
Tps “ps "

The proof relies on more general results on the es-
timation of variances and covariances of time series
in Nakakita et al. (2025). Combining Proposition 3.3
and Corollary 3.1, we obtain the following result.

A ne?y3,
k—1 SE)ZI—GXP g— Tps .
Vps 4 2304

Ps

Corollary 3.2. Let (Uy)i>1 be a stationary AR(1)
process, defined by (5), and Jps defined by (6), then
we have

Ps (Vp €P(O), Eonp[R(0)]

2)\62 (]. + ﬁ)
< — 7/
< Eomy [r(0)] + —— 55

+KL(p||,u)—|—log% - 24 [9+4log }
A7, 3/2 n
ps P)’ps

> 124

For example, when n is large enough to ensure n >
1/7,s then

Ps <Vp S P(@), E9~p [R(e)}

202 (1 + 45
< Eg~p [r(0)] + M

n — 10\
KL(p||p) + log } 24 | 1
1+ —=1/9+4log =
+ )\%S + VR + 4 log 5

>1-—24.

The tools developed in Nakakita et al. (2025) allow to
tackle more general situations, such as multivariate
Uy’s and the case where the variance of (; is unknown.

3.3 Optimization with Respect to A and
Oracle Bounds

We discuss briefly here how to tune the parameter
A in the PAC-Bayes bound and how we can obtain
oracle bounds. The procedure is relatively standard,
so we provide only the bare minimum, together with
references for more details.

Given a finite grid A = {A1,..., A1} of possible val-
ues for A, we can perform a union bound on Theo-
rem 2.1. We obtain:

Ps (Vp € P(©),3) € A Eg, [R(0)] < Eo-, [r(0)]

2)\62(1+n1 ) KL log L
N ) (pllu)+0g5>215'

n — 10 Mps

Definition 3.1. We put
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where, for any probability distribution v € P(0O) and
any real number u > 0,

2 u
B (v,u) := min {M(H_H)

AEA n— 10\

+u

KL(v||p) +10g§}
© .

The excess risk of p is upper bounded in the following
theorem.

Theorem 3.1. Under the conditions of Theorem 2.1,

1+¢ )
Yps — €

with probability at least 1 — 26 — a(n, Yps, €).

Eos[R(0)] < i%f{Eewﬁ [R(0)] +2B (,0,

Remark 3.1. A well-chosen grid will contain a X
of the order of

. \/2n(1+€)KL(pllu)

Tps — €

1te ) of the order of

Yps —&

which gives B (p,

2 f(l + ) KL(p||)

n(Yps =€)

we refer the reader to Section 2.1.4 in Alquier (2024)
for more details on the construction of the grid.

Remark 3.2. As in Corollary 3.1, we could ex-
emplify the theorem in the case where vyps > 1/n°.
However, the constraint € < ~yps will require one to
take ¢ < 1/n®. For example, with e = 1/(2n®) we
obtain:

Eg5[R(0)] < n;f{]Eewf, [R(0)] + 2B (p,2n" + 1)}

with probability at least 1 — 26 — a(n,1/n%, 1/2n").
This also requires to check that a(n,1/n% 1/2n%) —
0. For a small enough, this is straightforward in the
two examples we developed above.

4 APPLICATION: FINITE SET OF
PREDICTORS

In this section, we exemplify the approach of Sec-
tions 2 and 3 in the case where the set of predictors
is finite: card(©) = M < 4o0. This case was studied
extensively in the machine learning literature. We

believe it is also of pedagogical interest as the bound
takes a simpler form in this situation, the reader will
also observe that the optimization with respect to A
is more explicit. We will then assess the tightness of
the bound on simulated data.

4.1 PAC-Bayes Bound with a Finite ©

We consider the posterior p that minimizes the ex-
pected empirical risk. This p corresponds to the
Dirac mass on the empirical risk minimizer éERM =
argming (), since

inf B, [r(0)] = inf lz p(@i)r(@-)] = r(fgrM).
0;
(7)

The next theorem, which is proven using the PAC-
Bayes bound of Theorem 2.1, provides a generaliza-
tion bound on OgrMm-

Theorem 4.1. Fiz e > 0. Let {U;}}_; be a station-
ary Markov chain with pseudo-spectral gap vps > 0.
Suppose card(©) = M < oo, and p is the uniform
prior on O, then for any § € (0,1), as soon as n is
large enough to ensure

50(1 + €) log %

1 )
62627])8 (1 + 'Ypsn)

n >

we have

Ps (R(éERM) < r(OprMm)

1 2log
+\/8( +¢)c?log 5 <1+ 1 ) >1-5
TpsT TpsT

Remark 4.1. The main difference between this
bound and similar results in the i.i.d. case (like Ex-
ample 2.1 of Alquier (2024)) is that n is replaced
by nvyps. Thus, we can think of ny,s as an "effec-
tive sample size"”. When ~yps is close to one, Markov
observations are almost as informative as i.i.d. ob-
servations.

Remark 4.2. When the initial prior p is not uni-
form, the bound in the statement still holds after

replacing log% with log————. All other terms in
u(0rrM) 0

)
the bound remain unchanged.

We now mimic what was done in Section 3 in the
general case, to make this bound empirical, by using
an estimator 7.
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Corollary 4.1. Under the conditions of Theorem 4.1,
fix a € (0,1) and assume that n is large enough to

1/a .
ensure n > l/fyps{ . Assume we have an estimator

Aps Of Vps such that

Ps (
Ps <R(éERM) <r(0grm)

82 log & 1
B (e (14—
YpsT nt—e

>1-6-— a(n,’yps,s).

Tps
Vps

1‘ < 5) >1- a(na7p875)7 (8>

then

4.2 Experiments

In this section we assess the accuracy of the empirical
bound of Corollary 4.1. That is, we sample trajecto-
ries of Markov chains' with various state spaces and
transition kernels P. On the contrary to a real-life
situation, where P would be unknown, we can com-
pute 7, numerically here. This allows to compare
the non-empirical bound of Theorem 4.1 to the em-
pirical bound of Corollary 4.1, using the estimator
Aps of Wolfer and Kontorovich (2019), see (3).

Setting: we will consider U = [d] for various values
of d: 4, 10, 20, 50 and 100. We work with a binary
classification problem, where Y = {0,1}, and our set
of predictors are simply thresholds fy(u) = 1(u > 0)
for € © = [d], that is, card(©) = d in Theorem (4.1)
and Corollary 4.1. We consider various with various
sample sizes: n € {10, 100, 1000,10000}.

In order to study the behavior of the bound under
various values of 7,5, we ran simulations for a wide
range of transition kernels. We designed these ker-
nels as follows: we first fixed a transition kernel P
with v,s(P) ~ 0, and a transition kernel @ with
vps(Q) = 1. This is easily obtained with a rank one
Q = 17 . 7 where 17 = (1,...,1) and 7 is the in-
variant distribution of P; we refer the reader to the
supplement for the exact definition of P. We then
defined the kernels

Ry :=tP+(1-1)Q (9)

for an interpolation parameter ¢ € [0, 1], and ran
experiments for each ¢ € {k/20,0 < k < 20}. In
each case, we simply sample trajectories (Uy,...,U,)
from the kernel R;, then, the

!The code is available online: https://github.com/
v-ahe/empirical-pac-bayes-markov/tree/main
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Figure 1: Estimation of ,s(R;) when d = 20. In
red, the actual values of 7,s(R;), as a function of
our interpolation parameter ¢, see (9). In green, the
value of the estimator 7.

Tuning parameters: the parameter K in the defi-
nition of 4,4 k] Was set as 20 in all our experiments?.

The estimator P of the transition matrix of Wolfer
and Kontorovich (2024) involves a smoothing param-
eter « that was set to 1. The empirical PAC-Bayes
bound in Corollary 4.1 depends on two parameters
a, set to 0.1, and ¢, set to 0.1/n'/3.

Checking the estimator 7,,: first, we ran sanity
checks on the estimator 7,5 of 7,s. Figure 1 shows
in red, the true 7,s(R;) as a function of the interpo-
lation parameter ¢, and in green, the estimator 7,
for four sample sizes n, and d = 20. This is essen-
tially illustrative, as each point in these plots were
obtained on one single experiment. We can still get
some information from these plots: the estimation
is poor for very small n and good for large n, as
expected. More importantly, the estimator 7, is far
more accurate for small values of ¢, that is, for large
values of v,,, as predicted by Proposition 3.1. We
observed these findings are consistent when we ran
more experiments.

2In most cases, we found that the maximum was
reached for £k = 1. Note however that, in the d = 4
setting, in a couple of cases the maximum was reached
for k = 4. It can be understood intuitively why this is the
case. Assume for simplicity that P is reversible, that is
P* = P, and let X\ denote the largest eigenvalue different
from 1. Then v((P*)*P*) = ~v(P**) = (1 — A*)* and
thus y((P*)*P*)/k = (1 — A*)* /k, which is obviously
decreasing in k. Explicit examples where the maximum
is reached for k > 1 are necessarily non-reversible. Such
example can be found in Paulin (2016).
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Figure 2: Value of the PAC-Bayes bounds evaluated
on a single trajectory, for d = 20. In red, the non-
empirical PAC-Bayes bound, as a function of ¢. In
green, the empirical PAC-Bayes bound. In blue, the
true value of the risk.

As mentioned earlier, the results in Figure 1 illustra-
tive, as each point is based on a single trajectory. In
order to confirm the good performances of the estima-
tor 4, of Wolfer and Kontorovich (2024) we sampled
100 trajectories in the case n = 1000, d = 100. We
reported for each value of ¢ the MSE of the estimator
Aps over all these 100 replications. The results are in
Figure 3. They confirm that the estimator is accu-
rate, and also that the estimation is more difficult
for large values of ¢, that is, small values of 7.

Checking the PAC-bayes bounds: for each value
of n, d and ¢, we then sampled a trajectory, and
computed both the non-empirical and the empirical
PAC-Bayes bounds on each trajectory. Figure 2
shows, for the various n, as functions of ¢: in red, the
value of the non-empirical PAC-Bayes bound over all
replications, in green, the value of the empirical PAC-
Bayes bound over all replications, and in blue, the
actual value of the risk R(6grnm). Here, we only show
the results for d = 20, the plots for the other values
of d are reported in the supplement. The take-home
message is: for small sample size, the empirical bound
is not a very good estimate of the non-empirical
bound, but this is a regime where both bounds are
vacuous anyway. For larger sample sizes, both bounds
are non-vacuous and very similar. Finally, for very
large t (very small 7,,), the non-empirical bound
becomes unreliable: it seems to confirm that very
mild assumptions such as n* > 1/, are indeed
unavoidable in practice.

dim=100 (n=1000, k=100)

—e— MSE (n=1000)

Mean Square Error

0.04

0.0 0.2 0.4 0.6 0.8 1.0
Interpolation Parameter t

Figure 3: Mean Square Error of k = 100 estimations
of Fps.

5 CONCLUSION

In this paper, we provided the first empirical PAC-
Bayes bounds for Markov chains. The numerical
results are encouraging: they show that, when the
non-empirical bound is tight, the empirical bound is
essentially as tight. This still relies on strong assump-
tions, and we believe that empirical bounds for time
series beyond Markov chain are a very important
research direction.

Content of the supplementary material: all
the proofs are in Appendix A. More details on
the experiments, together with the results for d €
{4,10,50,100} are provided in Appendix B. In Ap-
pendix C, we discuss how other PAC-Bayes bounds
for time series from Alquier et al. (2013), which
rely on p-mixing coeflicients rather than the pseudo-
spectral gap, could also be made empirical in the
context of Markov chains.
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Supplementary Material

A PROOFS

A.1 A Preliminary Remark on the Observations

In the introduction of the paper, we define the distribution of the pairs (U;,Y;) by saying that the
(U) are sampled from a Markov chain with transition kernel P, and that the distribution of Y; given
(U1, Y1)y .., (Ui=1,Y:-1),U; is given by Q(Ut,-). Observe that this is simply equivalent to stating that
[(Ut, Y2)]i>1 is a Markov chain on the space U x Y with transition kernel P given by

P((u,),d(u',y)) = P(u,du)Q(u', dy'). (10)

In the proof of Theorem 2.1, we will actually use this fact. In particular, the pseudo-spectral gap of P will
appear in the proof, while the assumption on Theorem 2.1 is on the pseudo-spectral gap 7, of P: it turns out
that this will not lead to any complication, as these two quantities are equal. We start by proving this fact.

Lemma A.1. Assume P is the transition kernel of an ergodic chain. Let P be given by (10). The pseudo-
spectral gap of P is equal to the pseudo-spectral gap ~yps of P.

This might be well known among Markov chains specialists, but we did not find it in any classical textbook.
Thus, we preferred to provide a complete proof.

Proof. The proof goes in four steps. In the first step, we will write the (cumbersome but) explicit formulas
for (P*)*(P)*. In a second step, we prove that any 7 in the spectrum of (P*)*(P¥) is also in the spectrum
of (P*)¥(P)¥. In the third step, we prove that any 7 < 1 in the spectrum of (P*)*(P¥) also belongs to the
spectrum of (P*)*(P*). In the fourth and last step, we study the case of 7 = 1, which is necessarily an
eigenvalue for both operators: it appears that its multiplicity is 1 for (P*)*(P)* if and only if its multiplicity
is also 1 for (P*)*(P*).

Step 1: first, observe that as P has a unique stationary distribution 7, P has a unique stationary distribution
7(d(u,y)) = 7(du)Q(u,dy). Thus, we have:

Then, we use recursion to prove that (P*)*((u,y),d(x’,y")) = (P*)*(u,duv’)Q(v',dy’) and
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Pk ((u,y),d(v',y")) = P*(u,du/)Q(u’,dy’). The proof is similar for both. For example,

Pk((u,y),d(U’,y’))—/( )Pk’l((uvy),d(v,z))Pl((vﬁC),d(v,w))

://Pk_l(u,dv)Q(v,dx)P(v,du’)Q(u',dy')

:/Pkil(u,dv)P(v,du’)Q(u',dy')/Q(U,dx)
v x ~-

= P*(u, du)Q(u', dy").

We are now ready to work with (P*)*(P)*:

(PYR(P)*((u,y),d(u,y")) = / (P*)*(u, dv)Q(v, dz) P* (v, du/)Q(u', dy")

(U’x)

= /(P*)k(mdv)Pk(v,du’)Q(u’, dy’) / Q(v,dx)
= (P*)kP*(u, du))Q(u', dy).

The conclusion of the first step is thus:

(PR (P)((u,y), d(u',y")) = (P)*PH(u, du)Q(u', dy'). (11)

Step 2: let 7 € sp((P*)*P*), that is, there are sequences of functions (F,(u)) and (G, (u)) with

(PY)EPE — TI|F, = G,

IF, |2 = / Fy (u)?n(du) = 1 and

u
Gl —— 0.
n—00

Then, put f,(u,y) = F,(u) and g,(u,y) = Gp(u), and observe that

[(P*)*P* —71)fy(u,y) = / (P PY ((u,y), d(u', ") fu (W', y') = 7 fu(u )

(w,y')

- / (P*)EP* (u, du!)Q(u!, dy') o () — 7 F ()
(w'sy")
where we used both (11) and the definition of f,,: f,(u,y) = F,(u). Thus,

[(P*)*P* — r1|f, = / //(P*)kPk(u,du’)Q(u’,dy’)Fn(u’) — 7F,(u)

— [ (PP R [ Qe dy) - o

= [(P*)*P* — 71| F, (u)
= Gn(u)
= gn(u7 y)
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Moreover,

1£all7 = fn(u y)*7(d(u, y))

and with exactly the same argument,

This proves that 7 € sp((P*)* PF).

- [ [ raoreoaten

. /u Fo(u)?m(du) /y Q(u, dy)

= ||F7l||3r
=1

lgall2 = 1Gull2 ——=> 0.

Step 3: let us now assume 7 € sp((P*)*P*) and 7 # 0, that is, there are sequences (f,,(u,y)) and (g, (u,y))

with

As

@Wﬂnmmzf

(w,y')

c@ﬁﬁ%wﬂ»awwwﬂmny>=/

[(p*)kpk - TI]fn = Gn;
an”g’r =1 and

I3

lgnll7 —— 0.
n—00

(v,y')

(P*)*P"(u, du')Q(u', dy') fu (u', y/)

does not depend on y, the equality [(P*)*P* — 7I]f, = g, implies that 7f,(u,y) + gn(u,y) also does not
depend on y, that is, we can for example write:

wumw+%mMn=/hnwﬂv+%wﬂwQWAw

and as a consequence

Put

Then

[(P*)kPk o

rmwﬂn—r/}muw@memv+gAwyw=/QAMyxxmdy»

TI|F, (u)

Il
—

T

u’

(P*)kE P (u, du')

(P*)Pkudu/fnuy) (v, dy") — T

’

Y

’

)

~ [ st/ )QMu )

F,(u) — 7F,(u)

(P*)FPH((u,y), d(u', ) f

)

/fnuy
,yl
Yy

/ (P*)EPF(u, du)Q(u/, dy') fu(u', ) 7'/
y/

’

fa(u

’

fn(u

(u,dy’)
(u,dy’)

Q(u,dy’)

(12)

(13)
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where we used again (11), and thus
(PP = 711 (w) = (PV PR () =7 [l )Q(usd)
= [(P)SP* = w11 fulu) 4 hal9) = [ falst/)Qudy)
y
= gn(w.9) + 7holts) = 7 [ ful)Qusdy)
— [ ()@ dy)

according to (13). We can put G, (u) = [ gn(u,y)Q(u,dy’), we thus have [(P*)*P* — 71F,(u) = G, (u).
Using Jensen,

Gl = [ ([ sutnsr@@an) = < [ [ 000 w(k) = g = .

Then, observe that

7= Gl = [ ([ 7w i@ ar) - [ gn(u,y'w(u,dy’))zw(du)

Yy Yy

= u/y (// 7 fo(u, y)Q(u, dy) — /, gn(u,y")Q(u, dy’))QW(du)Q(u,dy)

Y Y

- / / (ot ) — g (1, ) () Q(u, dy)

where we used (12), and thus
ITF = Gallz = I7fn — gull3,

that is
||TFn = Ghullr = HTfn - gn”‘f'r

and finally
ITFnlle > [[TFn — GnHﬂ - HGHHW = [|7fn = gnllz — |Grll~ m T.

Besides, using Jensen again, we have

w2 = [ (f fn<u,y’>cz<u,dy'>)2w<du>g [ty aymn) = 15 1

Y

Therefore, thanks to the sandwich theorem, and as 7 # 0, we can divide both sides by 7 to get || F,|= — 1.
So we found sequences (F},) and (G,,) such that [(P*)*P* — 71|F,,(u) = G, (u), |Fp|l« — 1 and |Gyl — 0,
which proves that T € sp((P*)k P*).

Step 4: as (P*)*P* and (P*)kP* are both Markov kernels, they both admit 7 = 1 as an eigenvalue,
associated to the constant eigenfunction F(u) = 1 for (P*)*P* and f(u,y) = 1 for (P*)*P*. In case (P*)*P*
admits another eigenfunction Fj(u) associated to 7 = 1, it is necessarily non-constant, and we easily show
that f(u,y) = Fi(u) is then an eigenfunction of (P*)*P* associated to 7 = 1 (computations similar to
step 2), which is non-constant, and thus different from f. On the other hand, if fi(u,y) is a non-constant
eigenfunction (P*)kP* associated to 7 = 1, the equation (P*)*Pkf; = f; implies that f;(u,y) does not
depend on y (the left-hand side does not depend on y), which allows to define Fj(u) = f1(u,y). We then
check immediately that F;(u) is an eigenfunction of (P*)*P* associated to 7 = 1 and non constant, thus,
different from F'(u).

Conclusion of the proof: from step 4, the eigenvalue 1 has the same multiplicity for (P*)*P* and
(P*)kPk. If this multiplicity is larger than 1, we have v ((P*)*P*) = ~ ((P*)*P*) = 0. Let us now
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assume that this multiplicity is equal to 1. Put sp;((P*)*P*) = {7 € sp((P*)*P*) : 7 # 1} C [0,1) and
sp1 ((P*)FP*) = {7 € sp((P*)*P¥) : 7 # 1} C [0,1). From step 2, sp; ((P*)kP*) C sp, ((P* ) kPF). From step
)k pF ) Thus

3, sp; ((P*)kP*) C spy((P*)*P¥) U {0}. This proves that sup spl((P*)kPk) = sup sp, ((P*
P

7 ((P*)FP*) =1 = supsp ((P*)*P*) = 1 — supsp, (P*)*P*) = v ((P*)"

This concludes the proof. O

The variance of ¢(fp(U;), Y;) under the stationary distribution 7 will appear in some of the proofs. In order
to keep formulas short enough, let us introduce a short notation for this quantity.

Definition A.1. We put, for any 6 € O,
Vi = [ 10p(00.9) = RO #(do.)
uy

Remark A.1. In this paper, using the assumption £ < c, we will always use the upper bound Vyg) < c2. This
bound can be poor in some situations. In the i.i.d. setting, important efforts were made to provide tighter
empirical bounds for Vygy, we mentioned Seldin et al. (2012a) (and many more papers) in the introduction. In
this work, our primary objective was to provide empirical upper bounds on v,s, but we mention that providing
tight empirical upper bounds on Vi) in the Markov case would be extremely useful making our bounds tighter.

A.2 Proof of the Result in Section 2

Proof of Theorem 2.1. The theorem assumes that (U;); is a Markov chain with spectral gap 7,s > 0.
Lemma A.1 ensures that the pairs ((Uy, Y;)): also form a Markov chain with the same spectral gap. Using
Theorem 3.4 of Paulin (2015) (or, more precisely, the last inequality in the proof of Theorem 3.4), we have
for every s < ’Y“

252 (n + %) 70

Es | exp (sn (R(0) —r(0))) | <exp Yps — 10s

By plugging s = £ for some A > 0, it becomes

22 (n + %ps) Veeo

Es | exp (A(R(9) = 7(6)) | < exp PO

For the convenience of writing put

2)2 <n —+ Tib) Veco

A0, Yps, 5\) = exp

n? (’Vps 1? )

By rearranging terms and integrating both sides with respect to u we get

Ep~,Es | exp (X (R(B) — 7(8)) — A6, Yps, X))] < 1.

We can change the order of expectations due to Fubini—Tonelli’s theorem, hence

EsEov [exp (MRO) = r(0) = 40,7, 0)) ] <1,
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then using Donsker and Varadhan’s variational formula (see for example Lemma 2.2 page 28 of Alquier
(2024)) with h(0) = AR(0) — Ar(0) — A(0,vps, A) we arrive to

Es

€xp ( sup {E9~p P‘ (R(6) —r(0)) — A(ea'YpmS‘)} + KL(pHu)})] <L

PEP(O)

Now let us transition to a probability bound, that is for any s > 0

S \ peP(O)

P < sup {EQNP [5\ (R(6) —r(0)) — A(@,’yps,;\)} + KL(p||,u)}> S)

<e °Es

exp ( sup {ngp [E\(R(Q) - T(G)) - A(G,’yps,S\)} + KL(p||u)}>] < exp(—s).

pPEP(O)

By denoting § = exp(—s), and rewriting A(6,v,s, A) explicitly, we obtain

~ 1
2\ (n+ ﬁ) Vio N KL(p||p) +log(15> >1_§

n2(7ps — 122) A

n

Ps (Vp € P(O), Eonp [R(0)] < Eonp [r(0)] + Eor)

With a bounded loss £(-,-) < ¢, we are able to bound the variance term Vyg) = vary [((fo(Uy),Y:)] < ¢2, and
replace the expectation on right hand side by its upper bound:

22c? (n + - KL +logl
ps g
R%Wemmwmﬂmwsmwww+ 2( ) | KLl 5)zuw
n (’Yps - T)
Finally, put A = 5\/%5 to obtain:
2 1
2Xc (1+mps) KL(p||u)+log(15> S1_4

Ps (Vp € P(0), Eonp [R(O)] < Eonp [r(0)] + ——55 Ay

A.3 Proof of the Results in Section 3

Proof of Proposition 3.1. We start with Theorem 5.3 from Wolfer and Kontorovich (2019). The results are
in the format of bounding the sample complexity n, and we restate them as concentration results. The last
part of the proof of the theorem can be translated to the following concentration form:

P (s — Fsl 2 ¢)

[2] 2 [2]
ne“mk d NE2 My Yps Kd e Yps
§Z2dexp<0k>+ exp( P>+ exp( 2p
P IPll=|P¥lly ) = v/ C 2. CK

We simplify it to the following confidence interval:

B(Foe = el 2 €) € L exp (=t min {pe min { o}
ps psl — T E/Ty * ps» 13k§|€1 ||P||W||Pk||1

Or more concisely:

Cpsd
/s

P (‘Vps - ﬁps‘ > 5) < einszﬂ'* min{%’s’ﬁ} (14)

Dividing both sides of the inequality by 7,s and re-defining ¢ as &/7,s, we obtain the result. O
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Proof of Proposition 3.2. First, observe that (U;) is a Gaussian process, so that the vector (U;_1,U;) is a

Gaussian vector:
0 1% 1 4 2
U, Uy~ N ) = 5 ) )
1—a? 1—a?

Thus, if we put Wy = Upv/1 — a?, it defines a Markov chain which is also a Gaussian process with

oy =n ()1 1)),

Let p(w,w’) denote the joint density of (W;_1,W;) and p(w) denote the marginal density of W;. The
transition kernel Py of W can be written through its density: Py (w,dw’) = [p(w,w’)/p(w)]dw’. Note that
the symmetry p(w,w’) = p(w’,w) leads to p(w)Pw (w, dw’)dw = p(w’)Pw (v',dw)dw’, that is, Pj;, = Pw.
In other words, from the diagonalization of Py, we will directly obtain the diagonalization of Py, Py = Pg,,
from which we will deduce the diagonalization of P.

We will now use Mehler’s formula, in the form stated by Kibble (1945):
p(w, w’ Z Hen Hen( )

where (He,) are the Hermite polynomials satisfying:

M

z=
2

e
He, (z)He,, dz = nldpm.
/R en(z)He (x)m r=mn

Plugging this in the formula for Py, we obtain:

plw)p(w’) 320y 4rHe, (w)Hey, ()

w,dw’) = dw’
w ) p(w)

_ / = ﬁ / /

= p(w’) ZO py He,, (w)He, (w")dw’.

This gives the diagonalization of Py,. The eigenfunctions of Py, are the (He,,) with corresponding eigenvalues

a™:

/Hem(w')PW(w,dw’) = /Hem Z Hen JHe,, (w")dw’

p”qg

%Hen (w) / p(w')He, (w")He,, (w’)dw’

0

ojl /rHen w')Hey, (w')duw’

' He,, (w)n!0,m

a
uz

n

plqg

n

M8

0
= a"He,, (w).

n

The last thing to note is that we want the diagonalization of P, not of Py,. However, observe that
P(u,du’) = Py (u/v1 — a?,du'/+/1 — a?) which obviously has different eigenfunctions He, (-/v/1 — a2?) but

the same eigvenvalues a™:

/Hem (' /\/1 = a?)P(u,du’) /Hem(u'/\/l—a2)PW(u/\/1—a2,du’/\/1—a2)
- /Hem(w')PW(u/\/l —a?,dw’) ( by cov. w' =u'/y/1—a?)
= a"Hep(u/V1 — a?).
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Thus, the elgenvalues of P are {1,a,a?,a,...} and the eigenvalues of P*P are {1,a% a* a®, ...}, that is,
Yps = 1 — a? O

Proof of Proposition 3.3. We follow Nakakita et al. (2025): if we can prove that the sequence (Uy,...,U,)
satisfies a log-Sobolev inequality with constant K > 0, then, Theorem 1 in Nakakita et al. (2025) gives, with

probability at least 1 — exp(—t),
9+ 4t
ZUt < 12VE[E(U? )|’/+T'

However, Section 3.2 in Nakakita et al. (2025) shows that, if the sequence ((;) satisfies a log-Sobolev inequality
with constant K¢ > 0, then the sequence (Uy,...,U,) satisfies a log-Sobolev inequality with constant

1— 2
(1 —1al)?”

Moreover, Theorem 5.4 in Boucheron et al. (2006)) actually states that the sequence (¢;) satisfies a log-Sobolev

inequality with constant K = 1. From the previous proposition, E(U?) = 15 = Putting 0 = exp(—t),

1
1—a? Vps

1—a?2 1 /9+410g%
(17‘a|)27ps n .

K=K——_

we obtain:

1< 1
=y P - —| <12
i Tps

Observe that v,s = 1 — a? < 1 by definition. Thus,

1 1 1 1 «
= - = 1 - S - Z Ut2 - ]
Vps Yps min ( ( Zt ) U2) ) Vps n e} Yps
and hence
1
1ot 12 [9+dlogg
Vps Yps| (1 - |a|)\/’7ps n

Multiply both sides by 7ps < 1 to get

/9+410g6 /9+4log5
(1 1 7’)/ps ’Yps 7342

Lemma A.2. The statement of Theorem 2.1 remains valid when r(0) and R(0) are interchanged, that is:

Tps
Tps

-3

O

2 1
2 (14 50)  Kiiw +logt)
n — 10\ AMVps - '

Ps | Vo € P(©), Eonp [r(0)] < Eonp [R(0)] +

Proof of Lemma A.2. The inequality in Theorem 2.1 is originally stated with the following form

2 1
2Ac (1 + m) KL(plln) +log 3
n — 10\ AMps

Eonp[R(0)] < Egp[r(0)] +

We observe that replacing the loss function £(-, -) by its negative, i.e., defining (:= —¢, allows us to reverse
the inequality. Since all derivations in the proof of Theorem 2.1 depend linearly on /¢, the same steps apply
with /¢, leading to

2 1
2Ae (1 + n%s) KL(p||n) +log
n — 10)\ )\’Yps ’

EQNP[_R(Q)] < ]EGNp[_T(e)] +
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which results in the claimed bound:

2 1
2A¢ (1 i mps) KL(p||n) +log 5
n — 10\ Mps '

Egp[r(0)] < Eo~p[R(0)] +
O

It is straightforward to notice that all other developments after Theorem 2.1 can be done in analogous manner
also for the interchanged version of the bound.

Proof of Theorem 3.1. We rewrite Proposition 3.1 in two ways:

~

Yps = Vps < [Yps — Vps| < LBA_ s < ’1 — —Zps <e [using that 7, < 1] (15)
Vps Vps
1 1
< f (16)
Vps Vps

Both of them simultaneously hold with probability 1 — a(n, vps, €).
Recall that

B (v,u) = min

AEA

202 (1+ %) n KL(v||p) +log %
n—10n " )

and

= 01 529

The function B is a non-decreasing function on a second variable, hence applying (16) to the bound in
Theorem 2.1, by union bound argument we have with probability 1 — § — « for all p € P(O)

Mwmwnsmwwm+3(m5”).

Vps
Particularly
. 14¢
Eg~;[R(0)] < Eg~p[r(0)] + B (p, 5 ) [wp. 1—48—q]
ps
1+4+¢ " R
< Egplr(0)] + B | p, 5 [for all p, by definition of ]
ps
1 1+e¢
< E¢~,[R(0)] + B (p, > + B (p, A) [w.p. 1 —2§ — a by Lemma A.2]
Vps Vps
1 1+e¢
< B RO+ 5 (5= )+ 5 (n o2 ) oy (19)
Vps Tps — €
1
< Eo,[R(9)] + 2B (p, +e ) .
Yps — €

Thus with probability at least 1 — 26 — a(n, vps,€), we have

E¢;|R(0)] < inf
sl RO) < int
AEA

1+4¢
Eg,|R(6 +2B<, )
o~p[12(6)] p’Yps*S
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Remark A.2. Instead of relaxing the last line of the proof, it is also possible to leave it in the exact form by

rewriting it as

1 1 1 1 2 1—
B(Pa )+B<P7 +€>=B(p, + +€):B(p, Tps + Yps)
Tps Tps € Yps  Tps T € Vs (Vps — €)

Thus it will result in the slightly tighter, but maybe less readable:

. < i
BonpR(0)] < inf

Egp[R(0)] + 2B <p7
AEA

Yps (Yps — €)

A.4 Proof of the Results in Section 4

279ps +e(1 — 7p3)> ] .

Proof of Theorem 4.1. We start by an application of Theorem 2.1, with probability at least 1 — ¢ on the

sample S,
Vp € P(O), Eg ) [R(0)] < Egp[r(0)] + B(p, Vpss A).-

In particular, this holds for any p in the set of Dirac masses {dg | § € ©}. Thus, we have, with probability at

least 1 — ¢,
Vo € ©, Eg~s, [R(@)} < Egs, [T(@)} + B(ég,’yps, A)

Having Egs, [R(0)] = R(0), Eg~s, [r(0)] = r(6), and

N g (W) e L
KL(p||n) 7%31 g <u(19) > 5 (9) = log -5

we get that for any 6 € ©

with probability 1 — 4. R
In particular, by putting § = fgry we obtain

2 1
2he (1 + v) log 7375
n — 10\ AYps

R(fgr) < minr(0) +
With the assumption that p is uniform

2Xc? (1 + L) log &

nYps 5

n — 10\ Mps

R(éERM> < Hleil’l 7'(9) +

Assume that 10\ < ne/(1 + €), then:

2(1+¢)Ac? (1 + mlm) log
+ :
n AMYps

R<éERM) < m@in r(9) +

Then we minimize the right-hand side by choosing the optimal A. It is achieved for

nlog %

Aop = ;
21+ ), (14 517)

TpsT

in which case the bound settles into its final form:

8(1 +¢&)c2log &4 1
(1+e)e Og5<1+ )
YpsT

(18)
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Note that our choice of A is only compatible with 10\ < ne/(1 + €) when:

- 50(1 + €)Yps 1og%
2c2y,, (1+ 1 )

TpsT

B ADDITIONAL DETAILS ON THE EXPERIMENTS

We described in the paper the construction of the transition matrices in our experiments. We remind that
Ry :=tP + (1 —1)Q where P satisfies v,5(P) ~ 0, and @ is such that 7,5(Q) = 1. We actually took @ = 17 -7
where 17 = (1,...,1) and 7 is the invariant distribution of P. That is, a Markov chain whose transition
kernel @) is simply an i.i.d. sequence from 7. The fact that both P and @ have the same invariant distribution
7 ensures that the invariant distribution of R; is also 7, indeed:

7Ry =7tP+ (1 -t)Q]=trP+ (1 —t)7Q =trw + (1 — t)7 = 7.

All this was detailed in the main body of the paper, but it remains to give the definition of P.

Our choice for d = 4 is

1 1 1 1
4 1 4 1
11 1 1
pP— |1 1 1 1
p 0 1—p 0
0 ¢q 0 1—gq

We have fixed parameters p = 0.01 and ¢ = 0.001. The heuristic reason behind such parameters is that, when
the chain reaches state 3 and 4, it will stay stuck in this state for a very long time, making the convergence
to the stationary distribution very slow. And indeed, we observed that ,, is very close to 0 for this chain.

For larger d, we generalized the construction in the following way:

(1/d 1/d 1/d 1/d --- 1/d]
1/d 1/d 1/d 1/d --- 1/d
p 0 1-p 0 - 0
p=10 q 0 l1—q -+ 0
1/d 1/d 1/d 1/d --- 1/d
\1/d 1/d 1/d 1/d --- 1/d]

In the main body of the paper, we assessed the estimator 7,s when d = 20 in Figure 1, and the accuracy of
the PAC-Bayes bound, also with d = 20, in Figure 2.

We now provide similar results when d = 4 (Figures 4 and 8 respectively), d = 10 (Figures 5 and 9), d = 50
(Figures 6 and 10) and finally d = 100 (Figures 7 and 11). The results remain essentially unchanged, note
however that the estimation of v,s becomes more challenging when d is very large.
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Figure 4: Estimation of yp,s when d = 4. Figure 5: Estimation of vps when d = 10.
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Figure 6: Estimation of v,s when d = 50. Figure 7: Estimation of v,s when d = 100.

C PAC-BAYES FOR TIME SERIES WITH p-MIXING

In this final section, we discuss another PAC-Bayes bounds for time series due to Alquier et al. (2013). This
bound holds under an assumption on the p-mixing coefficients of the series, that do not require the series
to be a Markov chain. This bound is not empirical. We show that, under the additional assumption that
the series is actually a Markov chain, we can upper-bound the ¢-mixing coefficients by a function of the
pseudo-spectral gap, and thus make the bound empirical.

C.1 Hoeffding-Type PAC-Bayes Bound for Time Series

Our starting point follows the framework introduced by Rio (2000). Consider a sequence of metric spaces
(B, dy) for t =1,...,n, each with diameter denoted by A;. Let E™ := E} X Fy X --- X E,. A real-valued
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Tn), (Y1 -

|f(.’£1,...,1’n) _f(yla"'vyn)| S Mzdt(xtvyt)~

7Xt-

t=1

function g : Ey41 X --- X E, — R a deviation measure is defined as

and a sequence (X7, ...
coefficients (V¢,m)1<t<m<n such that, for all such g, we have:

Li(g) = [IE [9(Xt41, -

, X») is said to satisfy a y-mixing condition if there exists a family of non-negative

’XTL) I]:t] _E[g(Xt-i-lv"'

Ti(9) < Y Yeme

m=t+1

,Yn) € E™, we have

» Xl lo »

,Xn) be a sequence of random variables, and for each t € {1,...,n}, let F; denote the
The idea is to control how much the future (i.e., X¢iq,...
deviate from independence given the past F;. For each time step ¢ € {1,...,n — 1} and any 1-Lipschitz

, Xn) can
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Under Assumption (20), Rio (2000) provides a concentration inequality for 1-Lipschitz functions of dependent
sequences. Specifically, if (X71,...,X,,) satisfies the v-mixing condition described above and the underlying
metric spaces have diameter A;, then the following holds for any positive s:

2
52 &
]E[exp(sf(Xl,...,Xn))] Sexp SE[f(XhaXn)]‘FiZ At+227t,m . (21)
8 5 m>t
This result generalizes classical Hoeffding-type inequalities to the dependent setting and is a foundation for
many modern generalization bounds involving weakly dependent data.

Returning to the label prediction again, suppose the variables are object xlabel pairs. So we are considering
X; = (U;,Y;) with the same definitions of labels Y;, predictors fy, risk functions r(6), R(6), and prior
distribution p and same conditions as we had in the beginning of the paper, with the only difference that here
U; are drawn from arbitrary distributions. Recall that ¢ is the uniform upper bound on the loss function ¢,
which also means that ¢ is ¢c—Lipschitz. With this in mind, we have freedom to set our own trivial metrics as
follows: for all t =1,...,n we define dt((u, y), (v, y’)) = cl(y,y)#£(u,y)- This means that for allt =1,...,n
diameter A; = ¢, and as a consequence function n - r(0) forces to be 1-Lipschitz in the space Fy X ... x E,,.

1
[ro (U1, Y1), (U2, Y2), ..., (Un,Y5)) — 16 (U1, YY), (U3, Y3),.... (U, Y)) | < (At A =
Moreover 1-Lipschitzianity of n - r(6) holds for any subspace of the form Eri1 X ... X E,, since

Iro (U1, Y1), (U2, Y2), ..., (Un, Ya)) — 1o (U1, Y1), ..., (Upyy, Y1), - (UL, Y,0)) |

<

-T
(AT+1+...+AH):nn c.

S|

Let us denote C% = LS (A, +23° ’yt,m)2, and the inequality (21) will take a familiar form:

E [exp (sR(8) — r(0))] < ¢ "C”.

Thus, by following analogous steps of the proof of Theorem 2.1.

Theorem C.1. Let Uy,Us, ..., U, be random variables, then for any constants A > 0, 6 € (0,1), and prior
1€ P(O),

AC? KL +log i
P (apeme), Eoy [R(O)] < Boop [r(0)] + 2 4 1 °g6> >1-4

where C? = 257" (A +2Y,.., ’Vt,m)z-

Note that this result is essentially Theorem 2 of Alquier et al. (2013).

C.2 Second PAC-Bayes Bound for Markov Chains and p—mixing

As an application to Theorem (C.1), we investigate the case of stationary, ergodic, d-state Markov chains,
with pseudo-spectral gap 7,s > 0. In this case, we are able to get an upper bound on C?(6), and obtain a
PAC-Bayes bound that depends on the 7,,, and thus that can be made empirical.

Before we get to that, let us start with the definition of p—mixing coefficients.
Definition C.1. Suppose (Q,E,P) is a probability space, A C € and B C £ are o-fields, then
¢(A,B) := sup [P(B | A) — P(B)|.

AcA
BeB
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We refer the reader to Doukhan (1995) for more details on this definition. In the time series setting
(U1,Us,Us, ...) coefficients ¢y, are defined as

QD(IC) = SUgcp(a(Uh ey []15)7 O'(Ut+k7 Ut+k:+17 .. )) (22)
te

Following (Rio, 2000), the deviation measure 7y, ,, can be characterized by ¢p—mixing coefficients as follows

Yt,m S At(p(m - t)

Hence, we also arrive to the p—mixing version of a PAC-Bayes bound.

Corollary C.1. Let Uy, Us,...,U, be random variables, and for each t = 1,...,n, let p(t) be defined as
n (22), then for any constants A > 0, 6 € (0,1), and prior p € P(O),

Ps (ap € P(O). Bomy [R0)] < By [r(0)] + 2 4 LEEI T 1°g§> >1-5

where ® = L3 (Ay + 2 (Asp(1) + Arp(2) + ... + Agp(n)) ).

Now let us make the connection of ¢-mixing, ¢tmix, and 7vps. Given a stationary, ergodic Markov chain U, the
coefficients ¢(k) are known to be expressed in terms of the distance to equilibrium:

p(k) = pu (k) = sup [|[P*(u,-) = 7 ()llzv,

ueld

as proven by Davydov (1968). This measure is non-increasing and is endowed with a sub-multiplicative
property, namely

o(t1) < p(t2) [when t; < o]
p(t1 +1t2) < 2p(t1)p(t2) [for any t1,19]

k

tmix

k
]-a 1a+1 ]_ ]_tmix 1
k) < 'mlx 2(11 m1xa<2a71* = | = < - = :7-’“.
o 2ottt <2 (1) = (3) 7 3 (3) ™ -

On the other hand using an upper bound on t,;x Paulin (2015), we have

1
Denoting a = [ —‘ and p = (%) mix - then applying sub-multiplicative properties we derive

-1
with b(m,) = (ln ﬂi +2In2+ 1) . Subsequently, for ergodic Markov chains with pseudo-spectral gap vps

we are able to derive bounds on p and (k) which depend on ,,.

— b(74)Vps k-b(ma)yps +1
1\ Fmix 1 2 1 1 v
== <= d B<=.pfF< (=

Cpsd _—ne?m, min{vps, =isr C'(P) }

Witha—er
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Thus, applying the aforementioned bounds, we derive

1 g
B =13 (B0 +2(8000) + Ap(2) 4.+ Arplo) )
t=1
9 n 1 1 2
322(1+2( pt g+ +2p”)>
t=1
n+1
<c (1 p )
= 1
1 <n+1 b(m ) vps \ 2
S l b(7 ) Vps ) (23)
2

where b(m.) = (In - + 22+ 1)~*
This brings us to the following thoerem.

Theorem C.2. Assume {U;}}_, be a stationary, ergodic, finite state Markov chain with pseudo-spectral gap
Yps > 0, then for any constants A >0, § € (0,1), and prior u € P(O),

n+1)b(7m4)Vps 2
A (1= (H)HDrm KL(p||n) + log &
- + >1-9
8n 1 1 b(ﬂ—*)'ﬁ?s A

(3)

Ps | Vp € P(©), Eonp [R(0)] < Eonp [r(0)] +

where b(m,.) = (In T% +2mn2+41)71

As before, one can substitute 7,5 with an empirical estimate 7,5 to obtain an empirical bound.

It would be very nice to get an empirical version of the PAC-Bayes bounds with the ¢ coefficients without
assuming the Markov property. However, this would require to estimate the ¢-mixing coefficients, which is
still an open question.
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