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Abstract

The recently introduced optimizer, Muon, has gained increasing attention due to its superior
performance across a wide range of applications. However, its effectiveness in federated
learning remains unexplored. To address this gap, this paper investigates the performance of
Muon in the federated learning setting. Specifically, we propose a new algorithm, FedMuon,
and establish its convergence rate for nonconvex problems. Our theoretical analysis reveals
multiple favorable properties of FedMuon. In particular, due to its orthonormalized update
direction, the learning rate of FedMuon is independent of problem-specific parameters, and,
importantly, it can naturally accommodate heavy-tailed noise. The extensive experiments on
a variety of neural network architectures validate the effectiveness of the proposed algorithm.

1 Introduction
Recently, several new optimizers have been developed based on various inductive biases regarding machine
learning models. Among them, Muon (Jordan et al., 2024) has gained more attention due to its superior
performance across a wide range of applications. Muon is essentially a stochastic gradient descent with
momentum (SGDM) algorithm. Its key difference from traditional SGDM lies in directly optimizing a two-
dimensional matrix, rather than flattening it into a vector, using an orthonormalized momentum matrix as
the update direction. Specifically, assuming the momentum of the stochastic gradient in the t-th iteration
is denoted by Mt ∈ Rm×n, Muon orthonormalizes it as follows:

Ot = arg min
O

∥O − Mt∥2
F , s.t. OT O = In , (1)

where In ∈ Rn×n denotes the identity matrix. The optimal solution to this problem is Ot = UtV
T

t where
Ut ∈ Rm×r and Vt ∈ Rn×r are obtained from the singular value decomposition (SVD) of Mt, i.e., Mt =
UtStV

T
t . Here, St ∈ Rr×r is a diagonal matrix whose diagonal entries are the singular values of Mt, and

r denotes the rank of Mt. Muon proposes using the Newton–Schulz approach (Bernstein & Newhouse,
2024) to approximately solve this problem, instead of SVD, in order to accelerate computation. Due to its
orthonormalization step, Muon has demonstrated strong performance across a wide range of applications,
such as the pretraining of large language models (Liu et al., 2025).

The theoretical convergence rate of Muon has been well studied recently (Li & Hong, 2025; Shen et al., 2025;
An et al., 2025; Kovalev, 2025; Zhang et al., 2025; Sato et al., 2025; Sfyraki & Wang, 2025; Chen et al., 2025).
For example, Li & Hong (2025) provided the first convergence analysis for Muon when the loss function is
nonconvex. Shen et al. (2025) established the convergence rate of Muon when the loss function is nonconvex
and star-convex. However, all these existing works focus solely on the single-machine setting, making it
unclear how well Muon performs in the federated learning context. Federated learning (McMahan et al.,
2017) is an important distributed machine learning framework that enables model training across multiple
local datasets without sharing raw data. On the other hand, the orthonormalization step in Muon introduces
new properties to the search direction, such as bounded magnitude. This naturally leads to the question:
how does Muon perform in the federated learning setting? Specifically, what convergence rate
and communication complexity can Muon achieve in this context?

To answer this question, we first develop a new federated optimization algorithm, FedMuon, which employs
Muon to update variables on each worker and periodically communicates these updates to the central server.
Then, we establish the convergence rate of FedMuon for nonconvex problems under mild assumptions.
Specifically, our theoretical analyses show that FedMuon enjoys the following favorable properties:
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Table 1: The comparison of convergence rate and communication complexity of different federated opti-
mization algorithms for nonconvex problems. Note that all these algorithms can achieve linear speedup, so
we omit this for clarity. In the first column, M denotes momentum, V denotes variance reduction.

Algorithms Convergence Communication Parameter Heavy-tailed
Rate Complexity Free Noise

-

FedAvg/LocalSGD (Yu et al., 2019b) O
(
1/ϵ4) O

(
1/ϵ3) ✗ ✗

SCAFFOLD (Karimireddy et al., 2020) O
(
1/ϵ4) O

(
1/ϵ3) ✗ ✗

M

LocalSGDM (Yu et al., 2019a) O
(
1/ϵ4) O

(
1/ϵ3) ✗ ✗

FedAvg-M (Cheng et al., 2024) O
(
1/ϵ4) O

(
1/ϵ3) ✗ ✗

SCAFFOLD-M (Cheng et al., 2024) O
(
1/ϵ4) O

(
1/ϵ3) ✗ ✗

PAdaMFed (Yan et al., 2025) O
(
1/ϵ4) O

(
1/ϵ3) ✓ ✗

V

STEM (Khanduri et al., 2021) O
(
1/ϵ3) O

(
1/ϵ2) ✗ ✗

FedAvg-VR (Cheng et al., 2024) O
(
1/ϵ3) O

(
1/ϵ2) ✗ ✗

SCAFFOLD-VR (Cheng et al., 2024) O
(
1/ϵ3) O

(
1/ϵ2) ✗ ✗

PAdaMFed-VR (Yan et al., 2025) O
(
1/ϵ3) O

(
1/ϵ2) ✓ ✗

M FedMuon[Corollary 5.4] O
(
1/ϵ4) O

(
1/ϵ3) ✓ ✗

FedMuon[Corollary 5.8] O
(

1/ϵ
2p

p−1

)
O
(

1/ϵ
3p

2(p−1)

)
✓ ✓

• The learning rate of FedMuon is inherently independent of problem-specific parameters, such as the
Lipschitz constant (see Remark 5.3).

• FedMuon can naturally accommodate heavy-tailed noise, as it does not require gradient clipping to
guarantee convergence (see Section 5.2).

The detailed comparison between FedMuon and existing state-of-the-art methods can be found in Table 1.
All these favorable properties are due to the orthonormalization operation in Muon. To the best of our
knowledge, this is the first work revealing these favorable properties of Muon in federated learning. Finally,
we performed extensive experiments to validate the performance of our new algorithm and the experimental
results confirm the efficacy of FedMuon.

2 Related Work

2.1 Federated Optimization

To solve federated learning models, numerous federated optimization algorithms (McMahan et al., 2017;
Stich, 2019; Yu et al., 2019b;a; Yang et al., 2021; Khanduri et al., 2021; Wu et al., 2023) have been proposed
and analyzed in the past few years. For example, Yu et al. (2019b) established a convergence rate of O(1/ϵ4)
and a communication complexity of O(1/ϵ3) for LocalSGD in nonconvex optimization problems by relying on
a bounded gradient norm, where ϵ > 0 denotes the solution accuracy. Yu et al. (2019a) established the same
convergence rate and communication complexity for LocalSGD with momentum (LocalSGDM) in nonconvex
optimization problems. Unlike LocalSGD, it does not require a bounded gradient norm but instead relies
on a bounded heterogeneity assumption. Under the same heterogeneity assumption as in Yu et al. (2019a),
Khanduri et al. (2021) proposed STEM, which uses the stochastic variance-reduced gradient to improve the
convergence rate to O(1/ϵ3) and communication complexity to O(1/ϵ2) for nonconvex problems.

To mitigate the influence of heterogeneous data distributions, a couple of federated optimization algorithms
(Karimireddy et al., 2020; Cheng et al., 2024; Yan et al., 2025) have been developed to establish convergence
rates without making any assumptions about heterogeneity. Essentially, these methods introduce a global
control variate to mitigate heterogeneity. For example, Karimireddy et al. (2020) proposed SCAFFOLD,
which uses a global control variate to adjust the local stochastic gradient, and established its convergence
rate for both strongly convex and nonconvex problems. In particular, this algorithm achieves the same
convergence rate and communication complexity as LocalSGD and LocalSGDM for nonconvex problems.
Later, Cheng et al. (2024) leveraged variance reduced techniques to improve the convergence rate to O(1/ϵ3)

2



Under review as submission to TMLR

and the communication complexity to O(1/ϵ2). Building on this strategy, Yan et al. (2025) developed a
problem-parameter-free algorithm, whose learning rate does not rely on problem-specific parameters, and
established the same convergence rate and communication complexity as Cheng et al. (2024). However, all
these federated optimization algorithms that do not rely on the heterogeneity assumption require commu-
nication of a global control variate, which introduces additional communication overhead in each round.
On the other hand, to handle the heavy-tailed noise, Lee et al. (2025) proposed using the gradient clipping
technique on each worker to mitigate the influence of heavy-tailed noise. However, the gradient clipping
approach requires a threshold to clip gradients, which is difficult to tune in practical applications.

2.2 Muon

Muon was first proposed in Jordan et al. (2024) to optimize the hidden layer of deep neural networks,
which showed great performance for various applications. Several recent works (Li & Hong, 2025; An
et al., 2025; Kovalev, 2025; Shen et al., 2025; Riabinin et al., 2025; Zhang et al., 2025; Sato et al., 2025;
Sfyraki & Wang, 2025; Chen et al., 2025; Pethick et al., 2025) have attempted to establish its convergence
rate in the single-machine setting. In particular, Li & Hong (2025) established the convergence rate of
Muon for nonconvex problems under the assumption of Frobenius-norm Lipschitz smoothness. An et al.
(2025) provided its convergence rate under a generalized-norm Lipschitz smoothness assumption. Kovalev
(2025) further analyzed Muon’s convergence rate given the spectral-norm Lipschitz smoothness assumption.
The recent work (Shen et al., 2025) provided convergence analysis for Muon under all these smoothness
assumptions when the loss function is nonconvex and star-convex. In addition, Chen et al. (2025) established
the convergence rate of Muon from the perspective of spectral norm constraints. Zhang et al. (2025) combined
Muon with Adagrad to introduce the adaptive learning rate and then established its convergence rate for
nonconvex problems. Moreover, Sfyraki & Wang (2025) established the convergence rate of Muon from the
perspective of the Frank-Wolfe method for nonconvex problems. It then introduced the gradient clipping
technique to Muon to handle the heavy-tailed noise. In this paper, we will show that FedMuon can still
guarantee convergence without relying on the clipping operation.

3 Problem Setup

3.1 Problem Definition

In this paper, K (where K > 0) workers collaboratively optimize the following problem:

min
X∈Rm×n

1
K

K∑
k=1

f (k)(X) , (2)

where f (k)(X) = E[f (k)(X; ξ)], X ∈ Rm×n denotes the optimization variable, and the superscript k ∈
{1, · · · , K} denotes the index of workers. In the federated learning setting, all workers communicate with a
central server to exchange updated variables or gradients.

In this paper, for a matrix X ∈ Rm×n, ∥X∥F denotes the Frobenius norm, ∥X∥∗ denotes the nuclear norm,
and ∥X∥2 denotes the spectral norm. In addition, for X ∈ Rm×n and Y ∈ Rm×n, we have ⟨X, Y ⟩ = Tr(XT Y ),
where Tr(·) denotes the trace of a matrix. Moreover, X̄ = 1

K

∑K
k=1 X(k).

3.2 Assumption

In this paper, we introduce the following assumptions, which have been commonly used in Li & Hong (2025);
Shen et al. (2025); Zhang et al. (2025); Sato et al. (2025); Sfyraki & Wang (2025).
Assumption 3.1. For any k ∈ {1, · · · , K}, the loss function f (k)(·) is L-smooth, i.e., for any X1 ∈ Rm×n

and X2 ∈ Rm×n, it satisfies: ∥∇f (k)(X1) − ∇f (k)(X2)∥F ≤ L∥X1 − X2∥F , where L > 0 is a constant.
Assumption 3.2. For any k ∈ {1, · · · , K}, the stochastic gradient ∇f (k)(X; ξ) is an unbiased estimator of
the full gradient and satisfies: E[∥∇f (k)(X; ξ) − ∇f (k)(X)∥2

F ] ≤ σ2, where σ > 0 is a constant.
Assumption 3.3. For any k ∈ {1, · · · , K}, the stochastic gradient ∇f (k)(X; ξ) is an unbiased estimator of
the full gradient and satisfies: E[∥∇f (k)(X; ξ)−∇f (k)(X)∥p

F ] ≤ σp, where σ > 0 is a constant and p ∈ (1, 2].
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Note that Assumption 3.3 characterizes heavy-tailed noise. When p = 2, it reduces to the standard bounded
noise assumption in Assumption 3.2.
Assumption 3.4. The gradient satisfies the heterogeneity condition: 1

K

∑K
k=1 E[∥∇f (k)(X) − ∇f(X)∥2

F ] ≤
δ2, where δ > 0 is a constant.

Note that Assumption 3.4 implies a heterogeneous data distribution when δ > 0, and a homogeneous data
distribution when δ = 0. This assumption is widely used in existing federated learning literature, such as
Yu et al. (2019a); Khanduri et al. (2021); Wu et al. (2023).

Algorithm 1 FedMuon
Input: η > 0, β > 0, α > 0, τ > 1.

1: M
(k)
0 = ∇f (k)(X(k)

0 ; ξ
(k)
0 )

2: for t = 0, · · · , T − 1, the k-th worker do
3: (U (k)

t , S
(k)
t , V

(k)
t ) = SVD(M (k)

t ) // Orthonormalize M
(k)
t with the Newton–Schulz approach

4: X
(k)
t+1 = X

(k)
t − ηU

(k)
t (V (k)

t )T // Update variable X
(k)
t

5: M
(k)
t+1 = (1 − β)M (k)

t + β∇f (k)(X(k)
t+1; ξ

(k)
t+1) // Update gradient momentum M

(k)
t

6: if mod(t + 1, τ) == 0 then
7: X

(k)
t+1 = 1

K

∑K
k′=1 X

(k′)
t+1 , M

(k)
t+1 = 1

K

∑K
k′=1 M

(k′)
t+1 // Perform communication

8: end if
9: end for

4 Algorithm

In Algorithm 1, we developed a novel federated optimization algorithm based on Muon, i.e., FedMuon. In
the t-th iteration, as shown in Step 5 of Algorithm 1, each worker k uses its local training samples to update
the momentum M

(k)
t ∈ Rm×n as follows:

M
(k)
t+1 = (1 − β)M (k)

t + β∇f (k)(X(k)
t+1; ξ

(k)
t+1) , (3)

where β ∈ (0, 1) denotes the hyperparameter. ∇f (k)(X(k)
t ; ξ

(k)
t ) denotes the stochastic gradient, where X

(k)
t

denotes the variable and ξ
(k)
t represents the randomly selected training samples on the k-th worker in the t-th

iteration. In Step 3, each worker uses the Newton–Schulz iteration to approximate the orthonormalization
of M

(k)
t , where U

(k)
t ∈ Rm×r is composed of left singular vectors, V

(k)
t ∈ Rn×r consists of the right singular

vectors, and S
(k)
t is a diagonal matrix of singular values. With such a decomposition, FedMuon updates

variable as follows:

X
(k)
t+1 = X

(k)
t − ηU

(k)
t (V (k)

t )T , (4)

where η > 0 denotes the learning rate. Every τ > 1 iterations, as shown in Step 7 of Algorithm 1, each
worker k uploads its local variable X

(k)
t+1 and momentum M

(k)
t+1 to the central server. The server then averages

all received variables and momentum and broadcasts the result to all workers.

5 Theoretical Results
In this section, we establish the convergence rate of FedMuon under different assumptions regarding gradient
noise.

5.1 Convergence Rate Under Bounded Variance

Theorem 5.1. Given Assumptions 3.1, 3.2, 3.4, when 0 < β < 1, FedMuon in Algorithm 1 can achieve the
following convergence upper bound:

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ f(X0) − f(X∗)
ηT

+ ηnL

2 + 4ητnL + 8βητ2nL + 4βτ
√

nσ + 2βτ
√

nδ

4
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+ 2
√

nσ

βT
+ 2ηnL

β
+ 2

√
βnσ√
K

. (5)

Corollary 5.2. In Theorem 5.1, for a sufficiently large T , by setting η = K1/4

T 3/4 , β = K1/2

T 1/2 , and τ = T 1/4

K3/4 ,
FedMuon in Algorithm 1 can achieve the following convergence upper bound:

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ O

(
f(X0) − f(X∗) + nL +

√
n(σ + δ)

(KT )1/4

)
+ O

(
nL +

√
nσ

(KT )1/2

)
+ O

(
K1/4nL

T 3/4

)
+ O

(
nL

(KT )3/4

)
. (6)

Since the first term in the convergence upper bound in Corollary 5.2 dominates the other terms, FedMuon
achieves a convergence rate of O

(
1/(KT )1/4), which indicates a linear speedup with respect to the number

of workers K. This convergence rate matches that of the vector-based counterparts that also use momentum,
such as FedAvg-M (Cheng et al., 2024), SCAFFOLD-M (Cheng et al., 2024), and PAdaMFed (Yan et al.,
2025).
Remark 5.3. (Benefit 1:Problem-Parameter-Free Hyperparameters) In Corollary 5.2, the learning
rate η, the momentum coefficient β, and the communication period τ do not depend on problem-specific
parameters, such as the Lipschitz constant L. They depend only on the number of workers K and the number
of iterations T , making them easy to tune. This is consistent with the vector-based method PAdaMFed (Yan
et al., 2025).
Corollary 5.4. In Theorem 5.1, by setting T = O(1/Kϵ4), η = O(Kϵ3), β = O(Kϵ2), τ = O(1/Kϵ),
FedMuon achieves the ϵ-accuracy solution: 1

T

∑T −1
t=0 E[∥∇f(X̄t)∥F ] ≤ O(ϵ), where ϵ > 0 is a constant.

From Corollary 5.4, it follows that the communication complexity of FedMuon is T/τ = O(1/ϵ3). This
communication complexity is the same as O(1/ϵ3) of the vector-based counterparts that also use momentum,
such as LocalSGDM (Yu et al., 2019a), FedAvg-M (Cheng et al., 2024), SCAFFOLD-M (Cheng et al., 2024),
and PAdaMFed (Yan et al., 2025) (see Table 1).

5.2 Convergence Rate Under Heavy-Tailed Noise

In this subsection, we establish the convergence rate of FedMuon given heavy-tailed noise (Assumptions 3.3).
To the best of our knowledge, this is the first work establishing the convergence rate for Muon in federated
learning given heavy-tailed noise.
Theorem 5.5. Given Assumptions 3.1, 3.3, 3.4 when 0 < β < 1, FedMuon in Algorithm 1 can achieve the
following convergence upper bound:

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ f(X0) − f(X∗)
ηT

+ ηnL

2 + 4ητnL + 8ηβτ2nL + 8
√

2βτ
√

nσ + 2βτ
√

nδ

+ 4
√

2nσ

βT
+ 2ηnL

β
+ 4

√
2nβ1− 1

p

K1− 1
p

σ .

In Theorem 5.5, the last term demonstrates how the tail index p affects the convergence upper bound. Note
that Sfyraki & Wang (2025) requires the gradient clipping operation to establish the convergence rate of
Muon in the single-machine setting. In contrast, our algorithm and proof do NOT require such a clipping
operation.
Corollary 5.6. In Theorem 5.5, for a sufficiently large T , by setting η = K1/4

T 3/4 , β = K1/2

T 1/2 , and τ = T 1/4

K3/4 ,
FedMuon in Algorithm 1 can achieve the following convergence upper bound:

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ O

(
f(X0) − f(X∗) + nL +

√
n(σ + δ)

(KT )1/4

)
+ O

(
nL +

√
nσ

(KT )1/2

)

5
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+ O

(
nL

(KT )3/4

)
+ O

(
K1/4nL

T 3/4

)
+ O

( √
nσ

(KT )
p−1
2p

)
.

Remark 5.7. Since p ∈ (1, 2], the last term in the convergence upper bound of Corollary 5.6 dominates the

other terms. Therefore, the convergence rate of FedMuon under heavy-tailed noise is O

(
1

(KT )
p−1
2p

)
. This

convergence rate also indicates a linear speedup with respect to the number of workers, and the hyperparameter
does not rely on problem-specific parameters like Lipschitz constant and gradient noise. Moreover, when
K = 1, it matches the convergence rate of the single-machine method (Liu & Zhou, 2025). When p = 2,
it reduces to the convergence rate in Corollary 5.2. Furthermore, like the regular noise setting, the learning
rate η, the momentum coefficient β, and the communication period τ do not depend on problem-specific
parameters, such as the Lipschitz constant L. They depend only on the number of workers and the number
of iterations.

Corollary 5.8. In Theorem 5.5, by setting T = O

(
1

Kϵ
2p

p−1

)
, η = O

(
Kϵ

3p
2(p−1)

)
, β = O

(
Kϵ

p
p−1

)
, τ =

O

(
1

Kϵ
p

2(p−1)

)
, FedMuon achieves the ϵ-accuracy solution: 1

T

∑T −1
t=0 E[∥∇f(X̄t)∥F ] ≤ O(ϵ), where ϵ > 0 is a

constant.

From Corollary 5.8, we obtain that the communication complexity is T/τ = O

(
1

ϵ
3p

2(p−1)

)
. When p = 2, it

reduces to the communication complexity in Corollary 5.4.

6 Sketch of the Proof

6.1 Proof Sketch of Theorem 5.1

In federated learning, a key step in establishing the convergence rate is to bound the consensus error. This
step typically introduces some constraints on the learning rate, such as a dependence on the Lipschitz
constant. On the contrary, due to the orthonormalization operation in FedMuon, it does not introduce any
constraint on the learning rate. Specifically, we have the following consensus error regarding momentum.
Lemma 6.1. (Consensus Error w.r.t. Momentum) Given Assumptions 3.1, 3.2, 3.4, for FedMuon,
the following inequality holds:

1
K

K∑
k=1

E[∥M̄t − M
(k)
t ∥F ] ≤ 4βητ2L

√
n + 2βτσ + βτδ . (7)

It can be observed that there is no constraint on the learning rate η. In contrast, the vector-based counterpart,
STEM (Khanduri et al., 2021), imposes certain constraints on η (see its Lemma A.9) in order to bound the
consensus error related to momentum. The key reason for this difference is that the update direction
∥U

(k)
t (V (k)

t )T ∥F in FedMuon is upper bounded.
Lemma 6.2. (Consensus Error w.r.t. Variable) Given Assumptions 3.1, 3.2, the following inequality
holds:

1
K

K∑
k=1

∥X̄t − X
(k)
t ∥F ≤ 2ητ

√
n . (8)

Because the update direction ∥U
(k)
t (V (k)

t )T ∥F in FedMuon is upper bounded, the consensus error with respect
to the variable ∥X̄t − X

(k)
t ∥F is upper bounded by 2ητ

√
n, rather than bounding it by ∥M̄t − M

(k)
t ∥F as

existing vector-based counterparts (Karimireddy et al., 2020; Yu et al., 2019a;b).
Lemma 6.3. (Loss Function Update) Given Assumptions 3.1, 3.2, 3.4, the following inequality holds:

f(X̄t+1) ≤ f(X̄t) − η∥∇f(X̄t)∥F + η2nL

2 + 2η
√

n
1
K

K∑
k=1

∥M̄t − M
(k)
t ∥F︸ ︷︷ ︸

consensus error

+2η
√

nL
1
K

K∑
k=1

∥X̄t − X
(k)
t ∥F︸ ︷︷ ︸

consensus error

6
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+ 2η
√

n ∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F︸ ︷︷ ︸

gradient estimation error

. (9)

This lemma characterizes how the loss function value is updated in each iteration. A key difference from
existing momentum-based federated optimization algorithms (Yu et al., 2019a; Khanduri et al., 2021) that do
not use a global control variate is that the norm of the momentum can be explicitly bounded, which follows
from the orthonormalized update direction. The detailed proof can be found in the proof of Lemma B.1 in
the appendix.

It is worth noting that there is no any constraint on the learning rate η in Lemma 6.3. On the
contrary, most existing methods require η ≤ O( 1

L ), where the Lipschitz constant L is NOT easy to know.
For example, considering the vector scenario and assuming the global updating direction is q̄t, then most
momentum-based methods, such as Lemma A.5 in Khanduri et al. (2021), have the following inequality in
their proof:

f(x̄t+1) ≤ f(x̄t) − η

2∥∇f(x̄t)∥2 +
(

η2L

2 − η

2

)
∥q̄t∥2 + η∥q̄t − 1

K

K∑
k=1

∇f (k)(x(k)
t )∥ . (10)

Here, a typical operation is to let η2L
2 − η

2 ≤ − η
4 by setting η ≤ 1

2L . Since the updating direction
∥U

(k)
t (V (k)

t )T ∥F in FedMuon is upper bounded, the constraint regarding the learning rate η can be avoided,
and the hyperparameter of FedMuon does not rely on the problem-specific parameters such as the Lipschitz
constant. The details can be found in the proof of Lemma B.1 in Appendix.
Lemma 6.4. (Gradient Error) Given Assumptions 3.1, 3.2, by setting β < 1, the following inequality
holds:

1
T

T −1∑
t=0

E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F ] ≤ 1

T

σ

β
+ η

√
nL

β
+

√
βσ√
K

. (11)

This lemma characterizes the gradient error. By combining the above lemmas, we can prove Theorem 5.1.
The details can be found in Appendix B.

In summary, due to the orthonormalization operation, the hyperparameter of FedMuon does
not rely on the problem-specific parameters such as the Lipschitz constant.

6.2 Proof Sketch of Theorem 5.5

The proof of Theorem 5.5 also relies on Lemma 6.2, Lemma 6.3. However, the consensus error regarding
momentum and the gradient estimation error are affected by the heavy-tailed noise. Therefore, we establish
their upper bounds given heavy-tailed noise in the following two lemmas.
Lemma 6.5. (Consensus Error w.r.t. Momentum) Given Assumptions 3.1, 3.3, 3.4, the following
inequality holds:

1
K

K∑
k=1

E[∥M̄t − M
(k)
t ∥F ] ≤ 4

√
2βτσ + 4ηβτ2L

√
n + βτδ . (12)

Lemma 6.6. (Gradient Estimation Error) Given Assumptions 3.1, 3.3, by setting β < 1, the following
inequality holds:

1
T

T −1∑
t=0

E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F ] ≤ 1

T

2
√

2σ

β
+ η

√
nL

β
+ 2

√
2β1− 1

p

K1− 1
p

σ . (13)

It can be observed that the gradient estimation error is affected by the heavy-tailed noise. Then, by combining
this inequality and those in Lemma 6.2 and Lemma 6.3, we can complete the proof.
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7 Experiments
In our experiments, we evaluate the performance of FedMuon on three types of deep neural networks:
convolutional neural networks, recurrent neural networks, and transformers, using both image and text
datasets.
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Figure 1: CIFAR-10 on ResNet-18 (period = 4).
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Figure 2: CIFAR-100 on ResNet-18 (period = 4).

Experiment Settings. In our experiments, we include four categories of baselines to provide a com-
prehensive comparison. Specifically, we consider 1) the classical method, FedAvg (Yu et al., 2019b); 2)
the control-variate-based method, including SCAFFOLD (Karimireddy et al., 2020), FedAvg-M/FedAvg-
VR (Cheng et al., 2024), SCAFFOLD-M/SCAFFOLD-VR (Cheng et al., 2024); 3) the problem-parameter-
free method, including PAdaMFed/PAdaMFed-VR (Yan et al., 2025); and 4) adaptive methods, including
FedAdam (Reddi et al., 2020), FAFED (Wu et al., 2023), and Adam-BiClip (Lee et al., 2025), where the
last one uses the gradient clipping method to address heavy-tailed noise. Our federated environment is
implemented on four NVIDIA RTX 6000 GPUs, where two workers are assigned to each GPU to simulate
distributed clients, resulting in a total of eight workers (K = 8) participating in the federated training.

7.1 Image Classification with ResNet and Transformer

We conduct experiments on two widely used image classification benchmarks, CIFAR-10 and CIFAR-
100 (Krizhevsky et al., 2009). First, we adopt a ResNet-18 He et al. (2016) for image classification.
For fair comparisons, the hyperparameters of all baseline algorithms are carefully tuned through grid
search to ensure their best performance. In particular, for FedMuon, the learning rate η is selected from
{0.001, 0.002, 0.005, 0.01, 0.05}, and the weight decay from {0.0001, 0.001, 0.01, 0.05, 0.1, 0.2}. All methods
are trained with a cosine decaying learning rate schedule. The momentum hyperparameters β for all methods
are fixed at 0.9. The batch size of all datasets on each worker is 64.
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Figure 3: CIFAR-10 on ViT (period = 4).
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Figure 4: CIFAR-100 on ViT (period = 4).

The training loss, testing accuracy, and testing loss are presented in Figure 1 and Figure 2 with communica-
tion period set to 4. The results demonstrate that FedMuon exhibits a substantially faster decline in training
loss, indicating fast convergence and improved learning efficiency compared with the baselines. Moreover, it
consistently outperforms all competing baselines and achieves the highest testing accuracy over epochs. The
testing loss curves further show that our approach achieves strong generalization performance comparable
to or better than existing methods.

To further validate the generality of our approach on modern architectures, we also consider a Vision Trans-
former (ViT) model (Dosovitskiy et al., 2021) without pre-training, with the results shown in Figure 3 and
Figure 4. It can be observed that the improvement of FedMuon over the baselines is more significant on
ViT compared to ResNet-18. In particular, adaptive baselines such as FedAdam, FAFED and Adam-BiClip,
can achieve better performance than other methods, which is consistent with the analysis in (Zhang et al.,
2020; Kunstner et al., 2024; Zhang et al., 2024). Furthermore, the block heterogeneity phenomenon in Trans-
formers identified by Zhang et al. (2024) can also be effectively mitigated by FedMuon, contributing to its
superior performance.

Additional results, including those with a communication period of 16, CIFAR10 under the heterogeneous
settings, the text classification task, the explicit tail-index with synthetic data and the final hyperparameter
configurations, are provided in Appendix A.

8 Conclusion

In this paper, we developed a novel federated learning algorithm based on Muon optimizer. Our theoretical
analysis identifies multiple favorable properties of Muon in the federated learning setting. In particular,
its learning rate does not require prior knowledge of problem-specific parameters, and it can naturally
accommodate heavy-tailed noise. The extensive experiments confirm the efficacy of our algorithm.
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A Additional Experiments

A.1 More Experiments about Image Classification with ResNet and Transformer
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Figure 5: CIFAR-10 on ResNet-18 (period = 4, Dir(0.5)).
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Figure 6: CIFAR-10 on ResNet-18 (period = 16).

To evaluate the performance on heterogeneous setting, we further conduct experiments on CIFAR10 with
ResNet-18. Specifically, the data are partitioned across clients using a Dirichlet distribution (Hsu et al.,
2019) with Dir(0.5). The results are shown in Figure 5. It can be observed that FedMuon consistently
outperforms all baselines, achieving both higher testing accuracy and faster training loss decline.

While methods such as SCAFFOLD, SCAFFOLD-M/SCAFFOLD-VR, and PAdaMFed/PAdaMFed-VR mit-
igate data heterogeneity by introducing additional control variate, FedMuon still achieves superior perfor-
mance without employing any such auxiliary mechanism, demonstrating its simplicity and effectiveness in
heterogeneous environments.

Moreover, for the homogeneous setting, we also report the results with a communication period of 16, as
shown in Figure 6 and Figure 7. The results show that FedMuon continues to outperform the baselines even
when the communication period is high. For the ViT model, we follow the implementation of Yoshioka
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Figure 7: CIFAR-100 on ResNet-18 (period = 16).

Table 2: Architecture of the Vision Transformer (ViT) model.
Component Configuration
Image patches (batches) 4
Attention heads per layer 8
Dimension per head 64
Transformer encoder depth 6
Dropout rate of encoder 0.1
MLP dimension 512
Dropout rate of MLP 0.1

(2024) and summarize the detail of architecture settings in Table 2. More experimental results on CIFAR-10
and CIFAR-100 with the ViT model are presented in Figure 8 and Figure 9. These results further confirm
the effectiveness of FedMuon on Transformer-based architectures.
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Figure 8: CIFAR-10 on ViT (period = 16).
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Figure 9: CIFAR-100 on ViT (period = 16).

A.2 Text Classification with RNN

Next, we evaluate our approach on a text classification task, where the data naturally exhibit heavy-tailed
noise characteristics. We use the Sentiment140 dataset (Go et al., 2009) and adopt a recurrent neural network
(RNN) (Elman, 1990). For the Sentiment140 dataset, the original corpus contains 1.6 million training samples
and a testing set of merely 498 samples. To avoid overly fast convergence and better observe the training
dynamics, we randomly subsample the training set and retain only 1% of the original training data for model
training. The batch size of Sentiment140 dataset on each worker is 64. For the RNN model used in text
classification task, we summarize the detail of architecture settings in Table 3.

Table 3: Architecture of the RNN model.
Component Dimension
Input dimension 300
Hidden dimension 4096
Output dimension 2

The results are presented in Figure 10. FedMuon consistently outperforms the baselines across all metrics.
Moreover, it can be observed that adaptive methods, such as FedAdam, FAFED, and Adam-BiClip, demon-
strate greater robustness to heavy-tailed noise compared with other approaches, which is consistent with
prior findings (Zhang et al., 2020; Kunstner et al., 2024). This observation aligns with explanations that
in language tasks, the heavy-tailed class imbalance causes infrequent words to converge more slowly under
gradient descent, whereas adaptive methods are less sensitive to this issue (Kunstner et al., 2024). FedMuon
similarly benefits from this robustness, which explains its strong performance under heavy-tailed settings.

More experimental results with communication period of 16 is shown in Figure 11. It can be observed that
when the communication period is increased to 16, FedMuon achieves even larger performance gains over the
baselines compared with the case of period 4. This demonstrates that FedMuon is particularly effective under
infrequent communication, as it benefits from the reduced communication complexity while still maintaining
superior performance.

A.3 Explicit Tail-index with Synthetic Data

To examine the impact of the tail index explicitly, we perform experiments using a synthetically generated
dataset. In particular, following Nolan (2020), we construct synthetic data with a controllable heavy-
tailed noise distribution, which allows us to systematically evaluate robustness under varying tail behaviors:
y = sgn(Xw + ξ), ξ ∼ S(α, 0, γ, 0), where X ∈ R100,000×100 and w ∈ R100 are sampled from standard
Gaussian distributions. The noise vector ξ ∈ R100,000 is drawn from a symmetric α-stable distribution with
tail index α and scale γ, where we fix γ = 2.0 throughout the experiments. Specifically, α-stable distributions
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Figure 10: Sentiment140 on RNN (period = 4).
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Figure 11: Sentiment140 on RNN (period = 16).

admit finite moments only for orders strictly less than α, aligning with Assumption 3.3. Across all synthetic
experiments, we employ a single-layer MLP with 64 hidden units, ReLU activation, a dropout rate of 0.5,
and a linear output layer.

We focus on the regime α ∈ (1, 2) and report results for α = 1.5 (Fig. 12) and α = 1.1 (Fig. 13), where
smaller values of α correspond to increasingly heavy-tailed noise. The empirical results demonstrate that
FedMuon consistently outperforms competing methods in terms of training loss, testing accuracy, and testing
loss. These findings highlight its effectiveness in handling heavy-tailed data and validate its robustness with
respect to different tail indices.
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Figure 12: Synthetic Dataset with Tail-index at α = 1.5 (period = 16).
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Figure 13: Synthetic Dataset with Tail-index at α = 1.1 (period = 16).

A.4 Hyperparameter setting

We report final the hyperparameter configurations used in our experiments in Table 4. Note that FedAdam,
FAFED, and FedMuon adopt decoupled weight decay.

Table 4: Final Hyperparameter Configurations. lr1, lr2, lr3, and lr4 denote the learning rates for CIFAR-
10/100 (CNN), CIFAR-10/100 (ViT), Sentiment140 (RNN), and synthetic data (MLP), respectively.

Algorithms Learning Rate Weight Decay Momentum

lr1 lr2 lr3 lr4

FedAvg (Yu et al., 2019b) 0.1 0.5 0.1 0.05 1e-3 -
FedAvg-M (Cheng et al., 2024) 0.1 0.5 0.1 0.05 1e-3 β = 0.9
FedAvg-VR (Cheng et al., 2024) 0.1 0.5 0.1 0.05 1e-3 β = 0.9
SCAFFOLD (Karimireddy et al., 2020) 0.1 0.1 0.1 0.05 1e-3 -
SCAFFOLD-M (Cheng et al., 2024) 0.1 0.1 0.1 0.05 1e-3 β = 0.9
SCAFFOLD-VR (Cheng et al., 2024) 0.1 0.1 0.1 0.05 1e-3 β = 0.9
PAdaMFed (Yan et al., 2025) 0.1 0.1 0.1 0.05 1e-3 β = 0.9
PAdaMFed-VR (Yan et al., 2025) 0.1 0.1 0.1 0.05 1e-3 β = 0.9
FedAdam (Reddi et al., 2020) 1e-3 1e-3 5e-5 5e-4 0.1 (β1, β2) = (0.9, 0.95)
FAFED (Wu et al., 2023) 1e-3 1e-3 1e-4 5e-4 0.1 (β1, β2) = (0.9, 0.95)
Adam-BiClip (Lee et al., 2025) 0.3 0.05 0.05 0.3 1e-3 (β1, β2) = (0.9, 0.95)
FedMuon 5e-3 5e-3 1e-3 5e-4 0.1 β = 0.9
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B Convergence Analysis Under Regular Noise

Lemma B.1. Given Assumptions 3.1, 3.2, the following inequality holds:

f(X̄t+1) ≤ f(X̄t) − η∥∇f(X̄t)∥F + 2η
√

n
1
K

K∑
k=1

∥M̄t − M
(k)
t ∥F + η2nL

2

+ 2η
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nL
1
K
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∥X̄t − X
(k)
t ∥F + 2η

√
n∥ 1

K

K∑
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f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F . (14)

Proof.

f(X̄t+1) ≤ f(X̄t) + ⟨∇f(X̄t), X̄t+1 − X̄t⟩ + L

2 ∥X̄t+1 − X̄t∥2
F

≤ f(X̄t) − η⟨∇f(X̄t),
1
K

K∑
k=1

U
(k)
t (V (k)

t )T ⟩ + η2L

2 ∥ 1
K

K∑
k=1

U
(k)
t (V (k)

t )T ∥2
F
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1
K
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1
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⟨M (k)
t , U

(k)
t (V (k)
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2 ∥ 1
K
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U
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t (V (k)

t )T ∥2
F
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1
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2
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2
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2
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n∥∇f(X̄t) − 1
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where the fourth step holds due to

− ⟨∇f(X̄t) − M̄t, U
(k)
t (V (k)

t )T ⟩ ≤ ∥∇f(X̄t) − M̄t∥F ∥U
(k)
t (V (k)

t )T ∥F ≤
√

n∥∇f(X̄t) − M̄t∥F ,

− ⟨M̄t − M
(k)
t , U

(k)
t (V (k)

t )T ⟩ ≤ ∥M̄t − M
(k)
t ∥F ∥U

(k)
t (V (k)

t )T ∥F ≤
√

n∥M̄t − M
(k)
t ∥F ,

⟨M (k)
t , U

(k)
t (V (k)

t )T ⟩ = ∥M
(k)
t ∥∗ , ∥U

(k)
t (V (k)

t )T ∥2
F ≤ n ,

the fifth step holds due to

∥M̄t∥∗ ≤ ∥M̄t − M
(k)
t ∥∗ + ∥M

(k)
t ∥∗ ≤

√
n∥M̄t − M

(k)
t ∥F + ∥M

(k)
t ∥∗

∥∇f(X̄t)∥F ≤ ∥∇f(X̄t)∥∗ = ∥∇f(X̄t) − M̄t + M̄t∥∗ ≤ ∥∇f(X̄t) − M̄t∥∗ + ∥M̄t∥∗

≤
√

n∥∇f(X̄t) − M̄t∥F + ∥M̄t∥∗ ,
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and the last step holds due to Assumption 3.1.

Lemma B.2. Given Assumptions 3.1, 3.2, the following inequality holds:

1
K
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∥X̄t − X
(k)
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where st = ⌊t/τ⌋, the last step holds due to ∥U
(k)
t (V (k)

t )T ∥F ≤
√

n.

Lemma B.3. Given Assumptions 3.1, 3.2, 3.4, the following inequality holds:

1
K
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E[∥M̄t − M
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t ∥F ] ≤ 4βητ2L

√
n + 2βτσ + βτδ . (18)

Proof.

1
K

K∑
k=1

E[∥M̄t − M
(k)
t ∥F ]

= 1
K

K∑
k=1

E[∥(1 − β) 1
K

K∑
k′=1

M
(k′)
t−1 + β

1
K

K∑
k′=1

∇f (k′)(X(k′)
t ; ξ

(k′)
t ) − (1 − β)M (k)

t−1 − β∇f (k)(X(k)
t ; ξ

(k)
t )∥F ]

= 1
K

K∑
k=1

E[∥(1 − β) 1
K

K∑
k′=1

M
(k′)
t−1 − (1 − β)M (k)

t−1

+ β
1
K

K∑
k′=1

∇f (k′)(X(k′)
t ; ξ

(k′)
t ) − β

1
K

K∑
k′=1

∇f (k′)(X(k′)
t ) + β

1
K

K∑
k′=1

∇f (k′)(X(k′)
t )

− β
1
K

K∑
k′=1

∇f (k′)(X̄t) + β
1
K

K∑
k′=1

∇f (k′)(X̄t) − β∇f (k)(X̄t)

+ β∇f (k)(X̄t) − β∇f (k)(X(k)
t ) + β∇f (k)(X(k)

t ) − β∇f (k)(X(k)
t ; ξ

(k)
t )∥F ]

≤ (1 − β) 1
K

K∑
k=1

E[∥M̄t−1 − M
(k)
t−1∥F ] + β

1
K

K∑
k=1

E[∥ 1
K

K∑
k′=1

∇f (k′)(X(k′)
t ; ξ

(k′)
t ) − 1

K

K∑
k′=1

∇f (k′)(X(k′)
t )∥F ]

+ β
1
K

K∑
k=1

E[∥ 1
K

K∑
k′=1

∇f (k′)(X(k′)
t ) − 1

K

K∑
k′=1

∇f (k′)(X̄t)∥F ] + β
1
K

K∑
k=1

E[∥ 1
K

K∑
k′=1

∇f (k′)(X̄t) − ∇f (k)(X̄t)∥F ]

18



Under review as submission to TMLR

+ β
1
K

K∑
k=1
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≤ 4βητ2L
√

n + 2βτσ + βτδ , (19)

where st = ⌊t/τ⌋, the fourth step holds due to Assumption 3.2 and Assumption 3.4, the fifth step holds due
to Lemma B.2, and the last step holds due to

∑t−1
t′=stτ (1 − β)t−1−t′ ≤

∑t−1
t′=stτ 1 ≤ τ , as β ∈ (0, 1).

Lemma B.4. Given Assumptions 3.1, 3.2, by setting β < 1, the following inequality holds:

1
T

T −1∑
t=0

E[∥ 1
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∇f (k)(X(k)
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K
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Proof. According to the update of M
(k)
t , we can obtain

∇f (k)(X(k)
t ) − M

(k)
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Then, we can obtain
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+ E[∥ 1
K

K∑
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Regarding T1, we have
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where the third step holds due to Assumption 3.1, and the fourth step holds due to ∥X
(k)
i − X

(k)
i−1∥F =

η∥U
(k)
t (V (k)

t )T ∥F ≤ η
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Regarding T2, we have
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where the second step holds due to E[∇f (k)(X(k)
i ; ξ

(k)
i )] = f (k)(X(k)

i ), the third step holds due to Assump-
tion 3.2, and the last step holds due to β ∈ (0, 1).

As a result, we can obtain
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By summing over t from 0 to T − 1, we have
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+

√
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where the last step holds due to M
(k)
0 = ∇f (k)(X(k)

0 ; ξ
(k)
0 ) and Assumption 3.2.

Proof of Theorem 5.1.

Proof. Based on Lemma B.1, by summing over t from 0 to T − 1, we have

1
T

T −1∑
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E[∥X̄t − X
(k)
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M
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t ∥F ] . (27)

According to Lemma B.2-B.4, we have

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ f(X0) − f(X∗)
ηT

+ ηnL

2 + 4ητnL + 8βητ2nL + 4βτ
√

nσ
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√
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√
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β
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√
β

√
nσ√

K
. (28)

By setting η = K1/4

T 3/4 , β = K1/2

T 1/2 , and τ = T 1/4

K3/4 , we can obtain

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ f(X0) − f(X∗)
(KT )1/4 + K1/4nL

2T 3/4 + 4nL

(KT )1/2 + 8nL

(KT )3/4 + 4
√

nσ
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√

nδ

(KT )1/4

+ 2
√

nσ

(KT )1/2 + 2nL

(KT )1/4 + 2
√

nσ

(KT )1/4

≤ O

(
f(X0) − f(X∗) + nL +

√
nσ +

√
nδ

(KT )1/4 + nL +
√

nσ

(KT )1/2 + nL

(KT )3/4 + K1/4nL

T 3/4

)
. (29)

C Convergence Analysis Under Heavy-Tailed Noise

To prove Theorem 5.5, we first introduce an important lemma, originally proved for vectors in Liu & Zhou
(2025) (see Lemma 4.3), which can be trivially extended to matrices in the following.
Lemma C.1. Given random matrices Vt and natural filtration Ft−1 for t ∈ N, assume that E[Vt|Ft−1] = 0.
Then, the following inequality holds:

E[∥
T∑

t=1
Vt∥F ] ≤ 2

√
2E[(

T∑
t=1

∥Vt∥p
F )

1
p ] , (30)

where T ∈ N and p ∈ [1, 2].

21



Under review as submission to TMLR

This is a matrix version of Lemma 4.3 in Liu & Zhou (2025). It can be trivially proved by following the
proof in Liu & Zhou (2025).
Lemma C.2. Given Assumptions 3.1, 3.3, the following inequality holds:

f(X̄t+1) ≤ f(X̄t) − η∥∇f(X̄t)∥F + 2η
√

n
1
K

K∑
k=1

∥M̄t − M
(k)
t ∥F + η2nL

2 (31)

+ 2η
√

nL
1
K

K∑
k=1

∥X̄t − X
(k)
t ∥F + 2η

√
n∥ 1

K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F .

This lemma is same as Lemma B.1.
Lemma C.3. Given Assumptions 3.1, 3.3, the following inequality holds:

1
K

K∑
k=1

∥X̄t − X
(k)
t ∥F ≤ 2ητ

√
n . (32)

This lemma is same as Lemma B.2.
Lemma C.4. Given Assumptions 3.1, 3.3, 3.4, the following inequality holds:

1
K

K∑
k=1

E[∥M̄t − M
(k)
t ∥F ] ≤ 4

√
2βτσ + 4ηβτ2L

√
n + βτδ . (33)

Proof. According to Algorithm 1, we have

M̄t − M
(k)
t

= (1 − β)M̄t−1 + β
1
K

K∑
k′=1

∇f (k′)(X(k′)
t ; ξ

(k′)
t ) − (1 − β)M (k)

t−1 − β∇f (k)(X(k)
t ; ξ

(k)
t )

= (1 − β)(M̄t−1 − M
(k)
t−1) + β

(
1
K

K∑
k′=1

∇f (k′)(X(k′)
t ; ξ

(k′)
t ) − ∇f (k)(X(k)

t ; ξ
(k)
t )
)

= β

t∑
i=stτ+1

(1 − β)t−i

(
1
K

K∑
k′=1

∇f (k′)(X(k′)
i ; ξ

(k′)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i )
)

= β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X(k′)
i ; ξ

(k′)
i ) − 1

K

K∑
k′=1

∇f (k′)(X(k′)
i )

)

+ β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X(k′)
i ) − 1

K

K∑
k′=1

∇f (k′)(X̄i)
)

+ β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X̄i) − ∇f (k)(X̄i)
)

+ β

t∑
i=stτ+1

(1 − β)t−i
(

∇f (k)(X̄i) − ∇f (k)(X(k)
i )

)

+ β

t∑
i=stτ+1

(1 − β)t−i
(

∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i )
)

, (34)

where st = ⌊t/τ⌋.

22



Under review as submission to TMLR

Then, we can obtain

1
K

K∑
k=1

E[∥M̄t − M
(k)
t ∥F ]

≤ 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X(k′)
i ; ξ

(k′)
i ) − 1

K

K∑
k′=1

∇f (k′)(X(k′)
i )

)
∥F ]︸ ︷︷ ︸

T0

+ 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X(k′)
i ) − 1

K

K∑
k′=1

∇f (k′)(X̄i)
)

∥F ]︸ ︷︷ ︸
T1

+ 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X̄i) − ∇f (k)(X̄i)
)

∥F ]︸ ︷︷ ︸
T2

+ 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
(

∇f (k)(X̄i) − ∇f (k)(X(k)
i )

)
∥F ]︸ ︷︷ ︸

T3

+ 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
(

∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i )
)

∥F ]︸ ︷︷ ︸
T4

. (35)

Regarding T0, for p ∈ (1, 2], we have

T0 = 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X(k′)
i ; ξ

(k′)
i ) − 1

K

K∑
k′=1

∇f (k′)(X(k′)
i )

)
∥F ]

= 1
K

E

∥∥∥∥∥
t∑

i=stτ+1

K∑
k′=1

β(1 − β)t−i
(

∇f (k′)(X(k′)
i ; ξ

(k′)
i ) − ∇f (k′)(X(k′)

i )
)∥∥∥∥∥

F


≤ 2

√
2 1

K
E

( t∑
i=stτ+1

K∑
k′=1

∥∥∥β(1 − β)t−i
(

∇f (k′)(X(k′)
i ; ξ

(k′)
i ) − ∇f (k′)(X(k′)

i )
)∥∥∥p

F

) 1
p


= 2

√
2 1

K
E

( t∑
i=stτ+1

K∑
k′=1

βp(1 − β)p(t−i)
∥∥∥∇f (k′)(X(k′)

i ; ξ
(k′)
i ) − ∇f (k′)(X(k′)

i )
∥∥∥p

F

) 1
p


≤ 2

√
2 1

K

(
t∑

i=stτ+1

K∑
k′=1

βp(1 − β)p(t−i)E
[∥∥∥∇f (k′)(X(k′)

i ; ξ
(k′)
i ) − ∇f (k′)(X(k′)

i )
∥∥∥p

F

]) 1
p

≤ 2
√

2 1
K

(
t∑

i=stτ+1

K∑
k′=1

βp(1 − β)p(t−i)σp

) 1
p

= 2
√

2βσ

K1− 1
p

(
t∑

i=stτ+1
(1 − β)p(t−i)

) 1
p

≤ 2
√

2βτσ , (36)
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where the third step holds due to Lemma C.1, the fifth step holds due to the recursive usage
of Hölder’s inequality, the sixth step holds due to Assumption 3.3, the last step holds due to(∑t

i=stτ+1(1 − β)p(t−i)
) 1

p 0<β<1
≤

(∑t
i=stτ+1 1

) 1
p ≤ τ

1
p

τ>1,1<p≤2
≤ τ and K > 1.

Similarly, regarding T4, for p ∈ (1, 2], we have

T4 = 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
(

∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i )
)

∥F ]

≤ 2
√

2βτσ . (37)

Regarding T1, we have

T1 = 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X(k′)
i ) − 1

K

K∑
k′=1

∇f (k′)(X̄i)
)

∥F ]

= E[∥β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X(k′)
i ) − 1

K

K∑
k′=1

∇f (k′)(X̄i)
)

∥F ]

≤ β

t∑
i=stτ+1

(1 − β)t−i 1
K

K∑
k′=1

E[∥∇f (k′)(X(k′)
i ) − ∇f (k′)(X̄i)∥F ]

≤ βL

t∑
i=stτ+1

(1 − β)t−i 1
K

K∑
k=1

E[∥X
(k)
i − X̄i∥F ]

≤ 2ηβτL
√

n

t∑
i=stτ+1

(1 − β)t−i

≤ 2ηβτ2L
√

n , (38)

where the last step holds due to β ∈ (0, 1).

Similarly, regarding T3, we have

T3 ≤ 2ηβτ2L
√

n . (39)

Regarding T2, we have

T2 = 1
K

K∑
k=1

E[∥β

t∑
i=stτ+1

(1 − β)t−i
( 1

K

K∑
k′=1

∇f (k′)(X̄i) − ∇f (k)(X̄i)
)

∥F ]

≤ 1
K

K∑
k=1

β

t∑
i=stτ+1

(1 − β)t−iE[∥
( 1

K

K∑
k′=1

∇f (k′)(X̄i) − ∇f (k)(X̄i)
)

∥F ]

≤ δβ

t∑
i=stτ+1

(1 − β)t−i

≤ δβτ . (40)

As a result, we have

1
K

K∑
k=1

E[∥M̄t − M
(k)
t ∥F ] ≤ 4

√
2βτσ + 4ηβτ2L

√
n + βτδ . (41)
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Lemma C.5. Given Assumptions 3.1, 3.3, by setting β < 1, the following inequality holds:

1
T

T −1∑
t=0

E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F ] ≤ 1

T

2
√

2σ

β
+ η

√
nL

β
+ 2

√
2β1− 1

p

K1− 1
p

σ . (42)

Proof. Same as the proof of Lemma B.4, we can obtain

E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F ] ≤ (1 − β)t E[∥ 1

K

K∑
k=1

∇f (k)(X(k)
0 ) − 1

K

K∑
k=1

M
(k)
0 ∥F ]︸ ︷︷ ︸

T0

+ E[∥ 1
K

K∑
k=1

t∑
i=1

(1 − β)t−i+1(∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i−1))∥F ]︸ ︷︷ ︸
T1

+ E[∥ 1
K

K∑
k=1

t∑
i=1

β(1 − β)t−i+1(∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i ))∥F ]︸ ︷︷ ︸

T2

. (43)

T1 has the same bound as Lemma B.4:

T1 ≤ η
√

nL

β
. (44)

Regarding T0, for p ∈ (1, 2], we have

T0 = E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
0 ) − 1

K

K∑
k=1

M
(k)
0 ∥F ]

= 1
K

E[∥
K∑

k=1
(∇f (k)(X(k)

0 ) − ∇f (k)(X(k)
0 ; ξ

(k)
0 ))∥F ]

≤ 2
√

2
K

E

( K∑
k=1

∥∇f (k)(X(k)
0 ) − ∇f (k)(X(k)

0 ; ξ
(k)
0 )∥p

F

) 1
p


≤ 2

√
2

K

(
K∑

k=1
E
[
∥∇f (k)(X(k)

0 ) − ∇f (k)(X(k)
0 ; ξ

(k)
0 )∥p

F

]) 1
p

≤ 2
√

2
K1− 1

p

σ

≤ 2
√

2σ , (45)

where the third step holds due to Lemma C.1, the fourth step holds due to Hölder’s inequality, the fifth step
holds due to Assumption 3.3, and the last step holds due to K > 1.

Regarding T2, we have

T2 = E[∥ 1
K

K∑
k=1

t∑
i=1

β(1 − β)t−i+1(∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i ))∥F ]

= 1
K

E[∥
K∑

k=1

t∑
i=1

β(1 − β)t−i+1(∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i ))∥F ]
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≤ 2
√

2 1
K

E[(
K∑

k=1

t∑
i=1

∥β(1 − β)t−i+1(∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i ))∥p

F )
1
p ]

≤ 2
√

2 1
K

E[(
K∑

k=1

t∑
i=1

βp(1 − β)p(t−i+1)∥∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i )∥p

F )
1
p ]

≤ 2
√

2 1
K

(
K∑

k=1

t∑
i=1

βp(1 − β)p(t−i+1)E[∥∇f (k)(X(k)
i ) − ∇f (k)(X(k)

i ; ξ
(k)
i )∥p

F ])
1
p

≤ 2
√

2 1
K

(
K∑

k=1

t∑
i=1

βp(1 − β)p(t−i+1)σp)
1
p

= 2
√

2βσ

K1− 1
p

(
t∑

i=1
(1 − β)p(t−i+1))

1
p

≤ 2
√

2βσ

K1− 1
p

( 1
1 − (1 − β)p

)
1
p

≤ 2
√

2βσ

K1− 1
p

( 1
1 − (1 − β) )

1
p

≤ 2
√

2β1− 1
p

K1− 1
p

σ , (46)

where the third step holds due to Lemma C.1, the fifth step holds due to Holder’s inequality, the sixth step
holds due to Assumption 3.3.

As a result, we can obtain

E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F ] ≤ (1 − β)t2

√
2σ + η

√
nL

β
+ 2

√
2β1− 1

p

K1− 1
p

σ . (47)

By summing over t from 0 to T − 1, we have

1
T

T −1∑
t=0

E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F ] ≤ 1

T

T −1∑
t=0

(1 − β)t2
√

2σ + η
√

nL

β
+

√
βσ√
K

≤ 1
T

2
√

2σ

β
+ η

√
nL

β
+ 2

√
2β1− 1

p

K1− 1
p

σ . (48)

Proof of Theorem 5.5.

Proof. Based on Lemma C.2, by summing over t from 0 to T − 1, we have

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ f(X̄0) − f(X̄T )
ηT

+ ηnL

2 + 2
√

nL
1
T

T −1∑
t=0

1
K

K∑
k=1

E[∥X̄t − X
(k)
t ∥F ]

+ 2
√

n
1
T

T −1∑
t=0

1
K

K∑
k=1

E[∥M̄t − M
(k)
t ∥F ] + 2

√
n

1
T

T −1∑
t=0

E[∥ 1
K

K∑
k=1

∇f (k)(X(k)
t ) − 1

K

K∑
k=1

M
(k)
t ∥F ] . (49)

According to Lemma C.3-C.5, we have

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ f(X0) − f(X∗)
ηT

+ ηnL

2 + 4ητnL + 8ηβτ2nL + 8
√

2βτ
√

nσ + 2βτ
√

nδ
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+ 4
√

2nσ

βT
+ 2ηnL

β
+ 4

√
2nβ1− 1

p

K1− 1
p

σ . (50)

By setting η = K1/4

T 3/4 , β = K1/2

T 1/2 , and τ = T 1/4

K3/4 , we can obtain

1
T

T −1∑
t=0

E[∥∇f(X̄t)∥F ] ≤ f(X0) − f(X∗)
(KT )1/4 + K1/4nL

2T 3/4 + 4nL

(KT )1/2 + 8nL

(KT )3/4 + 8
√

2nσ

(KT )1/4 + 2
√

nδ

(KT )1/4

+ 4
√

2nσ

(KT )1/2 + 2nL

(KT )1/4 + 4
√

2nσ

(KT )
p−1
2p

≤ O

(
f(X0) − f(X∗) + nL +

√
nσ +

√
nδ

(KT )1/4 + nL +
√

nσ

(KT )1/2 + nL

(KT )3/4 + K1/4nL

T 3/4 +
√

nσ

(KT )
p−1
2p

)
. (51)
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