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Abstract001

Automatic prompt optimization reduces man-002
ual prompt engineering, but relies on task per-003
formance measured on a small, often randomly004
sampled evaluation subset as its main source005
of feedback signal. Despite this, how to select006
that evaluation subset is usually treated as an007
implementation detail. We study evaluation008
subset selection for prompt optimization from009
a principled perspective and propose SESS1, a010
submodular evaluation subset selection method.011
We frame selection as maximizing an objective012
set function and show that, under mild condi-013
tions, it is monotone and submodular, enabling014
greedy selection with theoretical guarantees.015
Across GSM8K, MATH, and GPQA-Diamond,016
submodularly selected evaluation subsets can017
yield better optimized prompts than random or018
heuristic baselines.019

1 Introduction020

Large language models (LLMs) are highly sensi-021

tive to how a task is described in natural language,022

which makes instruction prompts crucial for real de-023

ployments (Reynolds and McDonell, 2021). Small024

changes to wording or formatting can lead to large025

swings in accuracy and behavior (Sclar et al., 2024;026

Errica et al., 2025), while the right prompting pat-027

tern can unlock capabilities such as multi-step rea-028

soning (Wei et al., 2022; Kojima et al., 2022). In029

practice, however, prompt engineering is often a030

slow trial-and-error process.031

To reduce manual effort, a growing line of work032

studies automatic prompt optimization (APO).033

As illustrated in Figure 1, the typical pipeline alter-034

nates between an LLM-based optimizer that pro-035

poses one or more candidate prompts and an eval-036

uator that scores these candidates on an evalua-037

tion dataset; the resulting feedback is then used to038

guide the next round of candidate prompt genera-039

tion. For instance, OPRO (Yang et al., 2024) stores040

1Core code posted anonymously: OSF Link.
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Figure 1: The general framework of APO. SESS re-
places random or heuristic subset selection with a prin-
cipled submodular evaluation subset selection module.

each candidate prompt-score pair in the database 041

after evaluation and selects the best N candidate 042

prompts as examples in the optimizer’s prompt for 043

the next round of prompt generation. Across meth- 044

ods, the common pattern is clear: the optimizer 045

proposes candidates, and learned or measured eval- 046

uation feedback determines which candidates are 047

retained. 048

Evaluating every candidate prompt on the full 049

evaluation dataset is often infeasible; most APO 050

methods score prompts on a randomly sampled 051

evaluation subset (Yang et al., 2024; Pryzant et al., 052

2023). This choice of evaluation subset implicitly 053

determines the noise level of the optimization feed- 054

back, the degree to which the optimizer overfits a 055

handful of examples, and the stability of prompt 056

comparisons across runs. This motivates a core 057

yet underexplored budgeted evaluation subset se- 058

lection problem: Given a fixed budget, how can 059

we select an evaluation subset that best supports 060

prompt optimization and leads to high-performing 061

prompts on the target distribution? Recent work 062

has started to explore this direction. For instance, 063

IPOMP (Dong et al., 2025) selects evaluation data 064

using a two-stage procedure based on semantic 065

clustering and boundary analysis, followed by re- 066

finement using real-time model performance. Still, 067

principled objectives with clear guarantees for eval- 068
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uation subset selection specifically for prompt opti-069

mization remain limited.070

To address this issue, we propose SESS, a071

submodular evaluation subset selection method072

for prompt optimization. We evaluate SESS on073

GSM8K (Cobbe et al., 2021), MATH (Hendrycks074

et al., 2021), and GPQA-Diamond (Rein et al.,075

2024), where prompts optimized using submod-076

ularly selected evaluation subsets can outperform077

random and heuristic baselines. Our key contri-078

butions include: (1) we introduce SESS, a prin-079

cipled method to selecting evaluation subsets for080

APO, formulated as a budgeted set maximization081

problem; (2) we show that the proposed objec-082

tives are monotone and submodular under mild083

conditions, which allows greedy selection with ap-084

proximation guarantees; (3) we present a unified085

framework that generalizes multiple subset selec-086

tion strategies through different objective defini-087

tions, making optimization feedback an explicit088

modeling choice rather than an implementation de-089

tail; and (4) we show gains on GSM8K, MATH,090

and GPQA-Diamond, where SESS yields better091

optimized prompts than random or heuristic base-092

lines.093

2 Related Works094

Prompt Optimization. OPRO (Yang et al.,095

2024) puts the feedback in the optimizer’s096

prompt. Gradient-inspired methods such as Pro-097

TeGi (Pryzant et al., 2023) and TextGrad (Yuksek-098

gonul et al., 2025) treat LLM-generated natural-099

language critiques as a proxy feedback for prompt100

optimization. More broadly, evolutionary search101

has also been used to iteratively improve algo-102

rithms with evaluator feedback (Novikov et al.,103

2025; Lange et al., 2025).104

Subset Selection. Recent benchmark compres-105

sion works (Yuan et al., 2025; Vivek et al., 2024;106

Kipnis et al., 2025; Wang et al., 2025) aim to se-107

lect a coreset that preserves full-benchmark scores108

or model ranking. In contrast, we study how to109

choose the evaluation subset to maximize the target-110

distribution performance of the optimized prompt.111

IPOMP (Dong et al., 2025) selects evaluation data112

using a two-stage procedure without providing the-113

oretical guarantees for subset selection. Our ap-114

proach complements this line of work by formu-115

lating evaluation subset selection as a budgeted set116

maximization problem with monotone submodular117

objectives, enabling efficient greedy selection with118

approximation guarantees. 119

3 Methodology 120

3.1 Evaluation subset selection 121

Let D = {x1, . . . , xN} be a pool of candidate eval- 122

uation examples. Automatic prompt optimization 123

such as OPRO iteratively proposes prompts and 124

keeps those that score well on an evaluation set. 125

Since scoring each prompt on the full pool D is of- 126

ten infeasible, we select a budgeted subset S ⊆ D 127

with |S| ≤ k to serve as the optimization feedback. 128

We frame evaluation subset selection as the fol- 129

lowing budgeted set maximization problem: 130

S∗ ∈ arg max
S⊆D, |S|≤k

F(S), (1) 131

where F : 2D → R≥0 measures how suitable S 132

is for guiding prompt optimization. Exact maxi- 133

mization is NP-hard for many natural choices of F , 134

but when F is non-negative, monotone, and sub- 135

modular (Fujishige, 2005), the greedy algorithm 136

achieves a (1−1/e) approximation under the cardi- 137

nality constraint (Nemhauser et al., 1978). Our goal 138

is therefore to design useful evaluation objectives 139

F that match the needs of prompt optimization and 140

belong to this monotone submodular family. We 141

solve Eq. 1 once prior to optimization (static selec- 142

tion). We hypothesize that optimization feedback is 143

primarily determined by intrinsic instance proper- 144

ties (e.g., representativeness or difficulty), allowing 145

a fixed subset to provide a stable and efficient signal 146

without the overhead of dynamic re-selection. 147

3.2 Submodular Evaluation Objectives 148

We consider two goals for evaluation subsets: (1) 149

representativeness: cover the diversity of the pool 150

so the feedback reflects the full task distribution; 151

(2) difficulty awareness: emphasize examples that 152

the scorer model finds hard, since these are often 153

the most informative for comparing prompts. We 154

propose three subset selection objectives: repre- 155

sentative, least confident, and confidence-weighted 156

representative. 157

In the remainder of the paper, we refer to the 158

greedy solution of each objective as a specific in- 159

stance of SESS: SESS-rep for the representative 160

objective Frep, SESS-lc for least-confidence selec- 161

tion using likelihood-based confidence, SESS-vlc 162

for least-confidence selection using verbalized con- 163

fidence, both described by Flc, and SESS-wrep for 164

the confidence-weighted representative objective 165
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Fwrep. Each method selects a subset S of size k us-166

ing the greedy procedure described in Section 3.3.167

Representative subset. We cast each example168

into a vector representation and define sim(i, j) by169

cosine similarity. To satisfy the non-negativity as-170

sumptions required by our analysis, we normalize171

cosine similarity as sim(i, j) = (1+cos(i, j))/2 ∈172

[0, 1]. We then use a facility-location style objec-173

tive to quantify how well a subset S covers the full174

pool:175

Frep(S) :=
∑
j∈D

max
i∈S

sim(i, j). (2)176

Intuitively, each example j contributes its similar-177

ity to its nearest neighbor in the selected subset S,178

so larger Frep(S) indicates that S contains good179

representatives for many regions of the pool. Under180

sim ≥ 0, Frep is monotone and submodular (Iyer181

and Bilmes, 2013). Proofs are provided in Ap-182

pendix C.183

Least confident subset. Let c(j) be a scalar con-184

fidence score for example j computed by a fixed185

scorer model. We select the k examples with small-186

est c(j). This can be written as a modular objective187

Flc(S) :=
∑
j∈S

(1− c̃(j)), (3)188

where c̃(j) ∈ [0, 1] is a normalized confidence189

score of c(j). We provide two variants: likelihood-190

based confidence and verbal confidence (Tian et al.,191

2023). These objectives capture difficulty but could192

cause redundancy among selected examples. Be-193

cause the objective is modular and nonnegative, it194

is monotone and submodular.195

Confidence-weighted representative subset. To196

combine representativeness and difficulty aware-197

ness, we weight coverage to favor hard examples:198

Fwrep(S) :=
∑
j∈D

w(j) ·max
i∈S

sim(i, j), (4)199

where w(j) ≥ 0 is an importance weight com-200

puted from the scorer model’s likelihood-based201

confidence. In our implementation,202

w(j) = (1−λ) + λ·
(
1− c̃(j)

)
, λ ∈ [0, 1], (5)203

so λ = 0 gives us Frep(S) which recovers pure204

representativeness, while larger λ increasingly con-205

centrates coverage on low-confidence (hard) exam-206

ples. Since Fwrep is a nonnegative weighted sum207

of facility-location terms, it remains monotone sub- 208

modular when sim ≥ 0 and w(j) ≥ 0; we prove 209

this in Appendix C. 210

3.3 Greedy selection 211

For any monotone submodular objective F above 212

(in particular Frep and Fwrep), we apply the stan- 213

dard greedy algorithm starting from S = ∅: 214

x∗ ← arg max
x∈D\S

[F(S ∪ {x})−F(S)] , (6) 215

followed by the update S ← S ∪ {x∗}, repeated 216

until |S| = k. For monotone submodular F un- 217

der the cardinality constraint, the resulting subset 218

Sgreedy enjoys the guarantee 219

F(Sgreedy) ≥ (1− 1/e)F(S∗) 220

where S∗ is an optimal solution to 221

Eq. (1) (Nemhauser et al., 1978). For mod- 222

ular objectives such as Flc, Sgreedy is obtained 223

by sorting examples by uncertainty (1 − c̃(j)) in 224

descending order and selecting the top-k. 225

4 Experiment Setup 226

We evaluate how evaluation-subset selection in 227

OPRO (Yang et al., 2024) affect the final optimized 228

prompt’s test performance. OPRO iteratively pro- 229

poses new instruction prompts using an optimizer 230

LLM conditioned on previously tried prompts and 231

their scores. Each candidate prompt is scored by 232

running a scorer LLM on a fixed evaluation subset 233

S, and the resulting score is the only feedback that 234

guides optimization. We isolate the effect of subset 235

selection by running the same OPRO procedure 236

while varying how S is chosen. After optimization, 237

we select the highest-scoring candidate prompt on 238

the evaluation subset and report its performance on 239

the full test set. 240

Datasets. We report Exact Match (EM) on 241

GSM8K and MATH and accuracy on GPQA- 242

Diamond. The evaluation budget is documented in 243

Appendix A. 244

Subset selection methods. We compare Base 245

(“Let’s solve the problem.”, no OPRO optimiza- 246

tion), Random (OPRO default), IPOMP (Dong 247

et al., 2025), Anchor-Points (Vivek et al., 2024), 248

and our variants from Section 3: SESS-rep, SESS- 249

lc (likelihood), SESS-vlc (verbal), and SESS-wrep. 250

The implementation details of SESS can be found 251
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Method GSM8K (EM) MATH (EM) GPQA-D (Acc) Avg

Small Large Small Large Small Large Small Large All

Base 82.9 82.9 73.2 73.2 29.9 29.9 62.0 62.0 62.0

Random 88.7 89.6 74.1 73.3 34.3 35.9 65.7 66.3 66.0
IPOMP 88.6 91.8 73.7 74.7 33.8 33.8 65.4 66.8 66.1
Anchor-Points 87.9 90.4 75.1 76.1 33.8 37.4 65.6 68.0 66.8

SESS-rep 91.9 89.9 73.2 70.3 32.3 29.8 65.8 63.3 64.6
SESS-lc 90.8 90.8 73.9 75.3 34.3 32.8 66.3 66.3 66.3
SESS-vlc 91.8 91.0 75.7 75.7 34.3 36.9 67.3 67.9 67.6
SESS-wrep 90.0 90.8 76.1 73.6 37.4 34.8 67.8 66.4 67.1

Table 1: OPRO performance under different evaluation subset selection methods. We report Exact Match (EM)
on GSM8K and MATH, and accuracy on GPQA-Diamond. Small and Large denote averages over small-budget
(1%, 1%, 10%) and large-budget (3.5%, 3.5%, 20%) settings, respectively; All averages all six settings. Bold and
underline denote the best and second-best results in each column, respectively.

in Appendix A. Anchor-Points is designed to ap-252

proximate full-benchmark evaluation with fewer253

examples, not specifically for prompt optimization.254

Although it is not proposed for prompt optimiza-255

tion, it serves as a strong baseline for selecting a256

coreset.257

5 Results and Discussion258

Table 1 reports the test performance on OPRO-259

optimized prompts when the evaluation subset is260

constructed by different selection methods. This261

directly tests our main claim that evaluation subset262

selection should not merely be an implementation263

detail, and that SESS provides a principled and264

effective way to shape the optimization signal and265

materially affect prompt optimization outcomes.266

Overall, SESS variants are competitive with267

or outperform strong baselines, with the clearest268

gains under small evaluation budgets. Among269

all methods, SESS-vlc achieves the best Avg(All)270

(67.6) and remains strong across datasets and271

budgets, while SESS-wrep achieves the best272

Avg(Small) (67.8). In contrast, Random and273

IPOMP perform notably worse under small budgets274

(65.7 and 65.4 Avg(Small)), indicating that careful275

subset construction matters most when evaluation276

resources are limited.277

Different objectives excel in different regimes,278

validating our unified objective family. SESS-279

rep performs best on GSM8K at 1% (91.9), sug-280

gesting that coverage-based objectives provide a281

strong signal on large, relatively homogeneous282

pools. SESS-wrep performs best on the most283

challenging small-budget setting, GPQA-Diamond284

10% (37.4). SESS-vlc is consistently strong across285

tasks and budgets, yielding the best Avg(All) and286

near-best Avg(Large). 287

Notably, well-chosen small evaluation sub- 288

sets can match or outperform larger budgets 289

at a fraction of the compute. For example, on 290

GPQA-Diamond, SESS-wrep with a 10% subset 291

(20 questions) achieves 37.4% accuracy, matching 292

or exceeding several 20% settings. Similar effects 293

appear on GSM8K, where 1% subsets already pro- 294

vide strong optimization signals. This suggests that 295

increasing evaluation budget without improving 296

subset quality yields diminishing returns: larger 297

subsets often add redundant or low-signal exam- 298

ples, while carefully selected subsets concentrate 299

feedback on representative yet hard cases, improv- 300

ing the signal-to-noise ratio seen by the optimizer. 301

Among baselines, Anchor-Points is the strongest 302

competitor, achieving the best Avg(Large) (68.0) 303

due to strong performance on MATH and GPQA- 304

Diamond at large budgets. Random remains stable 305

with Avg(All) of 66.0, while IPOMP performs well 306

on GSM8K at 3.5% (91.8) but does not generalize 307

across datasets or budgets. Overall, SESS variants 308

remain competitive across settings while offering 309

explicit control over how optimization feedback is 310

constructed. 311

6 Conclusion 312

Across three benchmarks of varying difficulty 313

and multiple evaluation budgets, SESS can yield 314

stronger optimized prompts than random sampling 315

and competitive heuristic baselines. This supports 316

our core argument that evaluation subset selection 317

is a core component of automatic prompt optimiza- 318

tion, and framing it as monotone submodular set 319

maximization provides both theoretical structure 320

and practical gains. 321
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7 Limitations322

Our experiments focus on a single prompt opti-323

mization pipeline OPRO with one optimizer LLM324

and one scorer LLM. While this setting allows325

controlled comparisons between subset selection326

methods, broader experiments across additional327

optimizer and scorer models would help clarify328

how sensitive the conclusions are to these settings.329

We also primarily report final test performance.330

A more detailed study of optimization dynamics,331

such as convergence speed and how quickly strong332

prompts are discovered, would provide a fuller pic-333

ture of how subset selection shapes the optimiza-334

tion process.335

8 Acknowledgment336

We used AI-based tools to assist with code draft-337

ing, debugging, and grammar checking during the338

research and writing process. All other aspects of339

the work were carried out by the authors.340

References341

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian,342
Mark Chen, Heewoo Jun, Lukasz Kaiser, Matthias343
Plappert, Jerry Tworek, Jacob Hilton, Reiichiro344
Nakano, Christopher Hesse, and John Schulman.345
2021. Training verifiers to solve math word prob-346
lems. Preprint, arXiv:2110.14168.347

Ximing Dong, Shaowei Wang, Dayi Lin, and Ahmed348
Hassan. 2025. Model performance-guided evalua-349
tion data selection for effective prompt optimization.350
In Findings of the Association for Computational351
Linguistics: ACL 2025, pages 2844–2859, Vienna,352
Austria. Association for Computational Linguistics.353

Federico Errica, Giuseppe Siracusano, Davide San-354
vito, and Roberto Bifulco. 2025. What did i do355
wrong? quantifying llms’ sensitivity and consistency356
to prompt engineering. In Proceedings of the 2025357
Conference of the Nations of the Americas Chap-358
ter of the Association for Computational Linguistics:359
Human Language Technologies (Volume 1: Long Pa-360
pers), pages 1543–1558, Albuquerque, New Mexico.361
Association for Computational Linguistics.362

Satoru Fujishige. 2005. Submodular Functions and363
Optimization, volume 58. Elsevier.364

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul365
Arora, Steven Basart, Eric Tang, Dawn Song, and366
Jacob Steinhardt. 2021. Measuring mathematical367
problem solving with the math dataset. NeurIPS.368

Rishabh K. Iyer and Jeff A. Bilmes. 2013. Submodular369
optimization with submodular cover and submod-370
ular knapsack constraints. In Advances in Neural371

Information Processing Systems 26: 27th Annual 372
Conference on Neural Information Processing Sys- 373
tems 2013. Proceedings of a meeting held December 374
5-8, 2013, Lake Tahoe, Nevada, United States, pages 375
2436–2444. 376

Alexander Kipnis, Konstantinos Voudouris, Luca 377
M. Schulze Buschoff, and Eric Schulz. 2025. 378
metabench - A sparse benchmark of reasoning and 379
knowledge in large language models. In The Thir- 380
teenth International Conference on Learning Repre- 381
sentations, ICLR 2025, Singapore, April 24-28, 2025. 382
OpenReview.net. 383

Takeshi Kojima, Shixiang Shane Gu, Machel Reid, Yu- 384
taka Matsuo, and Yusuke Iwasawa. 2022. Large 385
language models are zero-shot reasoners. In Pro- 386
ceedings of the 36th International Conference on 387
Neural Information Processing Systems, NIPS ’22, 388
Red Hook, NY, USA. Curran Associates Inc. 389

Woosuk Kwon, Zhuohan Li, Siyuan Zhuang, Ying 390
Sheng, Lianmin Zheng, Cody Hao Yu, Joseph Gon- 391
zalez, Hao Zhang, and Ion Stoica. 2023. Efficient 392
memory management for large language model serv- 393
ing with pagedattention. In Proceedings of the 29th 394
Symposium on Operating Systems Principles, SOSP 395
’23, page 611–626, New York, NY, USA. Association 396
for Computing Machinery. 397

Robert Tjarko Lange, Yuki Imajuku, and Edoardo 398
Cetin. 2025. Shinkaevolve: Towards open-ended 399
and sample-efficient program evolution. Preprint, 400
arXiv:2509.19349. 401

George L. Nemhauser, Laurence A. Wolsey, and Mar- 402
shall L. Fisher. 1978. An analysis of approximations 403
for maximizing submodular set functions - I. Math. 404
Program., 14(1):265–294. 405
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A Implementation Details503

For GSM8K and MATH, we consider two evalua-504

tion budgets: small budget with |S| = 75 (1% of505

the training split) and a large budget with |S| = 262506

(3.5% of the training split). Since GPQA-Diamond507

has 198 questions, we treat the full set as the pool508

and select |S| = 20 (10%) under the small budget509

and |S| = 40 (20%) under the large budget for510

prompt optimization. Final testing is performed511

on all 198 questions. All methods select S once512

and keep it fixed throughout optimization, except513

IPOMP, as IPOMP is a two-stage method.514

For SESS-rep, we build a question–question sim-515

ilarity matrix by mixing dense and lexical simi-516

larity. For dense similarity, we embed questions517

using Qwen/Qwen3-Embedding-8B (Zhang et al.,518

2025) and compute a cosine-similarity matrix,519

which is then normalized to [0, 1]. For lexical520

similarity, we compute a TF-IDF similarity ma-521

trix over the same questions, normalize it, and522

apply a square root transform to re-scale values.523

The final similarity is a convex combination M =524

αMdense + (1− α)Mtfidf , with α = 0.7 in all ex-525

periments. For SESS-lc, we score each example526

using the log-likelihood of the ground-truth an-527

swer conditioned on the question, normalized by528

answer length, and computed with a direct-answer529

prompt (Appendix B.2). For SESS-vlc, we use the530

verbalized-confidence prompt in Appendix B.1 and531

take the maximum reported probability as the con-532

fidence score. For SESS-wrep, we set the difficulty533

weight to λ = 0.5 in Eq. (5).534

We run OPRO for 100 steps with 7 candidates535

per step. We use gpt-oss-120B (4-bit) (Ope-536

nAI et al., 2025) as the optimizer LLM (tempera-537

ture 1.0) and Qwen/Qwen2.5-7B-Instruct (Qwen538

et al., 2025) as the scorer LLM (temperature 0.0).539

Inference uses vLLM (Kwon et al., 2023). We540

repeat each experiment 2 times and report the aver-541

age. On 8 × NVIDIA A100-80GB GPUs, one full542

OPRO run takes approximately one hour.543

B Prompts 544

B.1 Verbal Confidence Prompt 545

Provide your 4 best guesses and the prob-
ability that each is correct (0.0 to 1.0) for
the following question. Give ONLY the
guesses and probabilities, no other words or
explanation. For example:

G1: <first most likely guess, as short as
possible; not a complete sentence, just the
guess!>
P1: <the probability between 0.0 and 1.0 that
G1 is correct, without any extra commentary
whatsoever; just the probability!>

G2: <second most likely guess, as short as
possible; not a complete sentence, just the
guess!>
P2: <the probability between 0.0 and 1.0 that
G2 is correct, without any extra commentary
whatsoever; just the probability!>

G3: <third most likely guess, as short as
possible; not a complete sentence, just the
guess!>
P3: <the probability between 0.0 and 1.0 that
G3 is correct, without any extra commentary
whatsoever; just the probability!>

G4: <fourth most likely guess, as short as
possible; not a complete sentence, just the
guess!>
P4: <the probability between 0.0 and 1.0 that
G4 is correct, without any extra commentary
whatsoever; just the probability!>

The question is:
{question}

Figure 2: Verbal confidence elicitation prompt
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B.2 Log-likelihood Confidence Prompt546

Directly give the choice A or B or C or D:
{question}

Answer: {answer}

Figure 3: Multiple-choice answer prompt used for
likelihood-based confidence.

Directly give the numeric answer to the fol-
lowing question: {question}

Answer: {answer}

Figure 4: Numeric/free-form answer prompt used for
likelihood-based confidence.
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C Proofs 547

Proof for submodularity of Frep and Fwrep. A set function F is submodular if it satisfies the diminishing- 548

returns property: for all A ⊆ B ⊆ D and all x ∈ D \B, 549

F(A ∪ {x})−F(A) ≥ F(B ∪ {x})−F(B). (7) 550

Submodularity of Frep. Fix any A ⊆ B ⊆ D and any x ∈ D \B. For each j ∈ D, define 551

aj := max
i∈A

sim(i, j), bj := max
i∈B

sim(i, j). 552

Since A ⊆ B, we have aj ≤ bj for all j ∈ D. The marginal gain contributed by index j when adding x to 553

A is 554

δj(x | A) := max
i∈A∪{x}

sim(i, j)−max
i∈A

sim(i, j) 555

= max
(
sim(x, j), aj

)
− aj 556

= max
(
sim(x, j)− aj , 0

)
. (8) 557

Similarly, 558

δj(x | B) = max
(
sim(x, j)− bj , 0

)
. 559

Because aj ≤ bj , we have sim(x, j) − aj ≥ sim(x, j) − bj , and since the map t 7→ max(t, 0) is 560

non-decreasing, 561

δj(x | A) ≥ δj(x | B) for all j ∈ D. 562

Summing over j ∈ D yields 563

Frep(A ∪ {x})−Frep(A) =
∑
j∈D

δj(x | A) ≥
∑
j∈D

δj(x | B) = Frep(B ∪ {x})−Frep(B), 564

which is exactly Eq. (7). Therefore, Frep is submodular. 565

Submodularity of Fwrep. Assume w(j) ≥ 0 for all j ∈ D. Define the weighted marginal gains 566

∆j(x | A) := w(j) · δj(x | A), ∆j(x | B) := w(j) · δj(x | B). 567

Since w(j) ≥ 0 and δj(x | A) ≥ δj(x | B), we have ∆j(x | A) ≥ ∆j(x | B) for all j ∈ D. Summing 568

over j ∈ D gives 569

Fwrep(A ∪ {x})−Fwrep(A) =
∑
j∈D

w(j) δj(x | A) ≥
∑
j∈D

w(j) δj(x | B) 570

= Fwrep(B ∪ {x})−Fwrep(B), 571

so Fwrep is submodular. 572

Proof for monotonicity of Frep and Fwrep. We prove monotonicity in the standard sense: for any S ⊆ 573

T ⊆ D, F(S) ≤ F(T ). 574

Monotonicity of Frep. Fix any S ⊆ T ⊆ D. For any j ∈ D, since S ⊆ T , 575

max
i∈S

sim(i, j) ≤ max
i∈T

sim(i, j). 576

Summing over j ∈ D yields 577

Frep(S) =
∑
j∈D

max
i∈S

sim(i, j) ≤
∑
j∈D

max
i∈T

sim(i, j) = Frep(T ), 578

so Frep is monotone. 579
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Monotonicity of Fwrep. Assume w(j) ≥ 0 for all j ∈ D. Using the same pointwise inequality as580

above and multiplying by w(j) ≥ 0 preserves the inequality:581

w(j) ·max
i∈S

sim(i, j) ≤ w(j) ·max
i∈T

sim(i, j).582

Summing over j ∈ D gives583

Fwrep(S) =
∑
j∈D

w(j) ·max
i∈S

sim(i, j) ≤
∑
j∈D

w(j) ·max
i∈T

sim(i, j) = Fwrep(T ),584

hence Fwrep is monotone.585
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