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Abstract001

Games offer a compelling paradigm for de-002
veloping general reasoning capabilities in003
language models, as they naturally demand004
strategic planning, probabilistic inference, and005
adaptive decision-making. However, exist-006
ing self-play approaches rely solely on ter-007
minal game outcomes, providing no mecha-008
nism to distinguish transferable reasoning pat-009
terns from game-specific heuristics. We present010
STRATAGEM, which addresses two fundamen-011
tal barriers to reasoning transfer: domain speci-012
ficity, where learned patterns remain anchored013
in game semantics, and contextual stasis, where014
static game contexts fail to cultivate progres-015
sive reasoning. STRATAGEM selectively rein-016
forces trajectories exhibiting abstract, domain-017
agnostic reasoning through a Reasoning Trans-018
ferability Coefficient, while incentivizing adap-019
tive reasoning development via a Reasoning020
Evolution Reward. Experiments across mathe-021
matical reasoning, general reasoning, and code022
generation benchmarks demonstrate substantial023
improvements, with particularly strong gains024
on competition-level mathematics where multi-025
step reasoning is critical. Ablation studies and026
human evaluation confirm that both compo-027
nents contribute to transferable reasoning.1028

1 Introduction029

Games have long served as a proving ground for030

artificial intelligence, offering structured environ-031

ments where complex reasoning emerges from sim-032

ple rules (Silver et al., 2016; Berner et al., 2019;033

Vinyals et al., 2019). Beyond serving as evaluation034

benchmarks, games provide a unique opportunity035

for cultivating general reasoning capabilities: they036

demand strategic planning, probabilistic inference,037

and adaptive decision-making, all cognitive skills038

that underpin intelligent behavior across diverse039

domains (Xu et al., 2024; Hu et al., 2025). This040

observation has motivated a growing body of work041

1Code and models will be released upon publication.
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Figure 1: Traditional self-play learns game-specific
heuristics from terminal rewards. STRATAGEM modu-
lates trajectory advantages via abstraction (φ) and evolu-
tion (ψ), selectively reinforcing transferable reasoning.

exploring games as training environments for lan- 042

guage models (Hu et al., 2024; Tong et al., 2025; 043

Xie et al., 2025), premised on the hypothesis that 044

reasoning patterns developed through gameplay 045

may transfer to downstream tasks such as mathe- 046

matical problem-solving and code generation. 047

Self-play has emerged as a promising paradigm 048

within this agenda, enabling models to improve 049

through competitive interaction without requiring 050

curated datasets (Zhang et al., 2024; Zhao et al., 051

2025). Historical successes in game-playing AI, 052

from AlphaGo (Silver et al., 2016) to OpenAI Five 053

(Berner et al., 2019), demonstrate that self-play can 054

produce superhuman performance in specific do- 055

mains. Recent work has extended this paradigm to 056

language models: SPIRAL (Liu et al., 2025) trains 057

LLMs through self-play on text-based zero-sum 058

games, showing that game-derived rewards can im- 059

prove reasoning capabilities. However, SPIRAL 060

relies on terminal game outcomes (win/loss) to pro- 061

vide learning signals, offering no explicit mecha- 062

nism to identify or reinforce reasoning patterns that 063

transfer beyond game-specific contexts. As a result, 064

models may learn to win games through domain- 065

specific heuristics (e.g., “King beats Queen”) that 066

fail to generalize, while transferable reasoning (e.g., 067

“enumerate cases and compute expected value”) re- 068

ceives no preferential reinforcement. 069
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To address this limitation, we propose070

STRATAGEM (Self-Play TRajectory AdvanTage071

Activated GamE LearMing), which learns072

transferable reasoning by selectively reinforcing073

trajectories that exhibit domain-agnostic and074

adaptive reasoning patterns. Our key insight075

is that transfer requires addressing two funda-076

mental challenges: domain specificity, where077

game-learned patterns remain anchored in game078

semantics rather than abstract principles; and079

contextual stasis, where static game environments080

fail to cultivate the progressive reasoning needed081

for evolving problem contexts. STRATAGEM082

tackles both challenges by modulating trajectory083

advantages with two complementary signals: a084

Reasoning Transferability Coefficient (φ) that085

measures the abstraction level of reasoning086

patterns, and a Reasoning Evolution Reward (ψ)087

that incentivizes reasoning that deepens and adapts088

across turns. By multiplicatively scaling advantage089

based on transferability and additively rewarding090

reasoning evolution, STRATAGEM ensures that091

only trajectories demonstrating both abstract092

reasoning and progressive development receive093

maximal reinforcement.094

We evaluate STRATAGEM on benchmarks span-095

ning mathematical reasoning, general reasoning,096

and code generation. Training on three text-097

based games using Qwen3-4B-Base, STRATAGEM098

achieves consistent improvements across all cat-099

egories, with strong gains on competition-level100

mathematics where multi-step reasoning is criti-101

cal. Ablation studies confirm that both modula-102

tion components contribute meaningfully, while103

human evaluation validates that STRATAGEM pro-104

duces more abstract and progressive reasoning.105

Our contributions are:106

• We identify domain specificity and contextual107

stasis as two fundamental barriers to reasoning108

transfer in game-based self-play, and propose109

STRATAGEM to address both through selective110

trajectory advantage modulation.111

• We introduce the Reasoning Transferability Co-112

efficient (φ) that quantifies abstraction level, and113

Reasoning Evolution Reward (ψ) that incen-114

tivizes progressive reasoning development.115

• We demonstrate strong transfer across mathemat-116

ical reasoning, general reasoning, and code gen-117

eration, with notable gains on competition-level118

problems requiring multi-step reasoning.119
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Figure 2: Two-player zero-sum Markov game structure.
Both players share a single policy πθ with role condi-
tioning. Players alternate turns: Player 0 acts at even
timesteps (t mod 2 = 0), Player 1 at odd timesteps.
The transition function T governs state dynamics based
on actions. At terminal state sT , rewards satisfy the
zero-sum constraint R0(τ) +R1(τ) = 0.

2 Preliminaries 120

2.1 Task Formulation 121

We formulate multi-turn reasoning as a turn- 122

level Markov Decision Process (MDP) M = 123

(S,A, T, r, γ), where states s ∈ S represent com- 124

plete contexts (e.g., game configurations) and ac- 125

tions a ∈ A correspond to full responses rather 126

than individual tokens (see Appendix G for ex- 127

tended background). At each turn t, the model 128

generates response yt containing reasoning ct and 129

executable action at. 130

For competitive interactions, we extend this to a 131

two-player zero-sum Markov game (Littman, 1994) 132

G = (S,A0,A1, T, r, γ) with opposed rewards: 133

r0 + r1 = 0 ∀(s, a(0), a(1)), R1(τ) = −R0(τ).
(1) 134

Figure 2 illustrates this structure for trajectory τ = 135

{(st, a(0)t , a
(1)
t )}Tt=0. 136

2.2 SPIRAL 137

SPIRAL (Liu et al., 2025) trains language models 138

through self-play on turn-based zero-sum games 139

G = {G1, . . . , Gn} with sparse terminal rewards 140

Rp(τ) ∈ {−1, 0, 1} (see Appendix K for de- 141

tails). Both players share a single policy πθ with 142

role conditioning: player p = t mod 2 generates 143

y
(p)
t ∼ πθ(·|st, p,G) at turn t. 144

To handle asymmetric expected returns across 145

roles, SPIRAL employs Role-conditioned Advan- 146

tage Estimation (RAE) with separate baselines bG,p 147

per game-role pair: 148

AG,p(τ) = Rp(τ)− bG,p, (2) 149

∇θJ = E
[∑

t∈TpAG,p∇θ log πθ(y
(p)
t |st)

]
, 150

where Tp indexes turns of player p and baselines 151

are updated via exponential moving average. 152
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Figure 3: Overview of STRATAGEM. Given a trajectory τ from self-play, the game-based advantage Agame is
computed. STRATAGEM modulates this advantage using two signals: the Reasoning Transferability Coefficient φ
that multiplicatively scales the advantage based on cross-domain transfer potential, and the Reasoning Evolution
Reward ψ that additively rewards reasoning development within trajectories.

3 Method153

This section presents STRATAGEM, which selec-154

tively reinforces transferable reasoning patterns155

through trajectory advantage modulation. We first156

provide an overview (§3.1), then detail the Reason-157

ing Transferability Coefficient (§3.2) and Reason-158

ing Evolution Reward (§3.3).159

3.1 Overview160

Transferring reasoning capabilities from games to161

domains such as mathematics and coding faces two162

fundamental challenges:163

1. Domain Specificity: Reasoning patterns164

learned from games tend to be anchored165

in game-specific concepts, terminology, and166

heuristics (e.g., “King beats Queen”) rather than167

abstract, domain-agnostic patterns (e.g., “enu-168

merate cases and compute expected value”).169

2. Contextual Stasis: Games present static prob-170

lem contexts where the rules, setting, and prob-171

lem description remain fixed throughout interac-172

tion. In contrast, mathematical problem-solving173

involves evolving contexts where decomposi-174

tion creates new sub-problems, intermediate re-175

sults reshape the solution space, and reasoning176

must continuously adapt to changing conditions.177

These challenges limit reasoning transfer: domain-178

specific patterns fail to generalize, and models179

trained on static contexts cannot adapt to evolving180

problem states. To incentivize transferable reason-181

ing, we design STRATAGEM to tackle both chal-182

lenges through trajectory advantage modulation.183

Given a trajectory τ from a zero-sum game,184

SPIRAL computes the role-conditioned advantage185

Agame(τ) = Rp(τ)− bG,p based solely on terminal186

game outcomes. STRATAGEM extends this formu-187

lation by introducing two complementary signals188

Abstraction α
Domain-agnostic

Structure σ
Reusable frameworks

Principle ρ
General principles

0 0.5 1

0 0.5 1

0 0.5 1

.35

.35

.30

Σ
φ(τ)
∈ [0, 1]

φ = 0.35 · α+ 0.35 · σ + 0.30 · ρ

Figure 4: Reasoning Transferability Coefficient φ(τ).
Each dimension is scored discretely as {0, 0.5, 1}
(low/medium/high). The weighted sum quantifies cross-
domain transfer potential.

designed to capture reasoning quality: 189

Amod(τ) = Agame(τ) · φ(τ) + β · ψ(τ), (3) 190

where φ(τ) ∈ {0, 0.5, 1} is the Reasoning Trans- 191

ferability Coefficient that addresses domain speci- 192

ficity by measuring the abstraction level of reason- 193

ing patterns (§3.2), and ψ(τ) ∈ {−1, 0,+1} is the 194

Reasoning Evolution Reward that addresses con- 195

textual stasis by incentivizing reasoning that pro- 196

gressively adapts and deepens across turns (§3.3). 197

The hyperparameter β controls the relative contri- 198

bution of the reasoning evolution. 199

This formulation achieves selective reinforce- 200

ment through the multiplicative term Agame · φ: 201

trajectories with abstract, domain-agnostic reason- 202

ing (φ ≈ 1) retain their full game-derived advan- 203

tage, while those with domain-specific reasoning 204

(φ ≈ 0) have their influence diminished. The ad- 205

ditive term β · ψ rewards trajectories that demon- 206

strate progressive reasoning development, prepar- 207

ing the model for the evolving contexts of real- 208

world problem-solving. Figure 3 illustrates this 209

modulation framework. 210
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3.2 Reasoning Transferability Coefficient211

Motivation. The domain specificity challenge212

arises because game training naturally produces213

reasoning tied to game semantics. Consider two214

reasoning traces from the same game:215

Game-Specific (φ ≈ 0)

“I have the lowest card and
the opponent bet, which
usually indicates strength.
I should fold.”

Abstract (φ ≈ 1)

“Enumerate cases: Case 1
yields −2 × 0.5 = −1;
Case 2 yields +2× 0.5 =
+1. Select the option max-
imizing expected utility.”

216

The first relies on game-specific heuristics with217

no utility outside its original context. The sec-218

ond employs case enumeration and expected value,219

frameworks applicable to any decision problem. To220

address domain specificity, we quantify how well221

reasoning patterns can transfer by measuring their222

abstraction level.223

Formulation. We operationalize transferability224

through three dimensions that characterize domain-225

independent reasoning (Figure 4):226

• Abstraction Level (α): The extent to which rea-227

soning employs domain-agnostic concepts (e.g.,228

“expected value,” “probability distribution”) ver-229

sus game-specific terminology (e.g., “King beats230

Queen”).231

• Structural Clarity (σ): The presence of reusable232

reasoning frameworks such as case-by-case anal-233

ysis, if-then chains, or systematic enumeration.234

• Principle Orientation (ρ): Whether reasoning235

invokes general principles (e.g., “by Bayes’ theo-236

rem,” “to maximize expected utility”) rather than237

experiential heuristics.238

Each dimension is scored discretely as239

{0, 0.5, 1} (low/medium/high) using a lan-240

guage model evaluator (prompt details in241

Appendix D.2.1). The transferability coefficient is:242

φ(τ) = wα · α(τ) + wσ · σ(τ) + wρ · ρ(τ), (4)243

where wα = 0.35, wσ = 0.35, and wρ = 0.30244

reflect the relative importance of each dimension.245

3.3 Reasoning Evolution Reward246

Motivation. The contextual stasis challenge247

stems from the static nature of game environments:248

rules remain fixed, and shallow pattern-matching249

suffices for winning. Solving a math problem, by250

contrast, requires continuously evolving reasoning251

where each step reshapes the solution space. Con-252

sider two multi-turn reasoning traces:253

Deepening d
Simple→ complex

Adaptation a
Adjusts to new info

Coherence c
Logical consistency

−1 0 +1

−1 0 +1

−1 0 +1

.35

.25

.40

Σ
ψ(τ)
∈ [−1, 1]

ψ = 0.35 · d+ 0.25 · a+ 0.40 · c

Figure 5: Reasoning Evolution Reward ψ(τ).
Each dimension is scored as {−1, 0,+1} (degrada-
tion/neutral/improvement). The zero-centered design
reduces variance while penalizing degradation.

Static (ψ ≈ −1)

“T1: I see the board state.
T2: The opponent moved.
T3: I will respond with my
usual strategy.”

Evolving (ψ ≈ 1)

“T1: Center opening sig-
nals control. T2: Corner
response confirms defen-
sive pattern. T3: Exploit
via diagonal trap.”

254

The first exhibits shallow, repetitive observations 255

without adaptation. The second progressively deep- 256

ens analysis, adapts to opponent behavior, and 257

builds coherently on prior conclusions. To address 258

contextual stasis, we introduce a reward signal 259

that explicitly encourages such reasoning evolution 260

within trajectories. 261

Formulation. The reasoning evolution reward 262

captures three aspects of within-trajectory reason- 263

ing dynamics (Figure 5): 264

• Reasoning Deepening (d): Whether reasoning 265

progresses from simple observations to complex 266

analysis across turns, analogous to building math- 267

ematical proofs incrementally. 268

• Strategy Adaptation (a): The degree to which 269

reasoning adjusts based on observed opponent 270

behavior or evolving game states, reflecting the 271

ability to incorporate new information. 272

• Logical Coherence (c): Whether later reasoning 273

builds on earlier conclusions, maintaining a con- 274

sistent logical thread throughout the trajectory. 275

Each dimension is scored discretely as 276

{−1, 0,+1}: +1 indicates improvement, 0 277

indicates neutral performance, and −1 indicates 278

degradation. The zero-centered design aligns 279

naturally with the advantage function. The 280

evolution reward is: 281

ψ(τ) = wd · d(τ) + wa · a(τ) + wc · c(τ), (5) 282

where wc = 0.40, wd = 0.35, and wa = 0.25 283

prioritize logical coherence as the foundation of 284

sound reasoning. Evaluation prompts are provided 285

in Appendix D.2.2. 286
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Algorithm 1: STRATAGEM Training

Input: Policy πθ , game set G, evaluator E , coefficients β,
η, α
Output: Trained policy πθ

for iteration = 1, 2, . . . do

// Step 1: Self-Play Trajectory Generation
G ∼ G, p ∼ {0, 1} ▷ Sample game and role

τ = {(st, y(p)t )} ← SelfPlay(πθ, G, p)
Rp(τ) ∈ {−1, 0,+1} ← GameOutcome(τ)

// Step 2: Game-Based Advantage (SPIRAL)
Agame(τ)← Rp(τ)− bG,p ▷ Role-conditioned advantage
bG,p ← η ·Rp(τ) + (1− η) · bG,p ▷ EMA baseline update

// Step 3: STRATAGEM Modulation (Ours)
φ(τ)← EvalRTC(E , τ) ▷ Transferability (§3.2)

ψ(τ)← EvalRER(E , τ) ▷ Evolution (§3.3)
Amod(τ)← Agame(τ) · φ(τ) + β · ψ(τ)

// Step 4: Policy Gradient Update
∇θJ ←

∑
t∈Tp

Amod(τ)∇θ log πθ(y
(p)
t | st)

θ ← θ + α∇θJ

end for

Figure 6: STRATAGEM training procedure. Step 3 (blue
box) highlights our contribution: trajectory advantage
modulation incorporates transferability (φ) and evolu-
tion (ψ) signals.

Design Rationale. The choice of ψ ∈ [−1, 1]287

serves two purposes. First, zero-centering reduces288

variance in policy gradient estimates since the ex-289

pected value of ψ centers around zero rather than290

a positive constant. Second, negative values ac-291

tively discourage reasoning degradation: trajecto-292

ries where reasoning quality deteriorates receive293

reduced reinforcement even if they achieve favor-294

able game outcomes.295

3.4 Training Procedure296

The training procedure (Figure 6) extends self-play297

with trajectory advantage modulation, where Step298

3 constitutes our contribution.299

Computational Considerations. To manage300

evaluation cost, we employ trajectory sampling301

where only a fraction undergo full LLM evaluation,302

with others assigned the batch mean.303

Synergy Between Components. The compo-304

nents work together: φ addresses domain speci-305

ficity via abstract pattern identification, while ψ306

addresses contextual stasis via adaptive reasoning307

rewards. Only trajectories exhibiting both qualities308

receive maximal reinforcement.309

4 Experiment 310

This section describes our experimental setup for 311

evaluating STRATAGEM. We introduce the game 312

environments (§4.1), training configuration (§4.2), 313

and evaluation metrics (§4.3). 314

4.1 Game Environments 315

Following Liu et al. (2025), we adopt three text- 316

based zero-sum games from TextArena (Guertler 317

et al., 2025): Tic-Tac-Toe for spatial reasoning, 318

Kuhn Poker (Kuhn, 2016) for probabilistic rea- 319

soning, and Simple Negotiation for strategic op- 320

timization. These games provide complementary 321

coverage of core reasoning dimensions while offer- 322

ing naturally verifiable rewards through win/loss 323

outcomes. Detailed game descriptions are provided 324

in Appendix I. 325

4.2 Training Settings 326

We build upon SPIRAL (Liu et al., 2025) using 327

Qwen3-4B-Base (Yang et al., 2025) as the base 328

model. For trajectory advantage modulation, we set 329

β = 0.2 and compute φ and ψ using GPT-4 as the 330

evaluation backbone. Training runs on 2 NVIDIA 331

A100 GPUs with vLLM (Kwon et al., 2023) for 332

efficient inference. Complete hyperparameters and 333

prompts are provided in Appendix H. 334

4.3 Evaluation Metrics 335

We evaluate reasoning transfer across three 336

categories: (1) mathematical reasoning us- 337

ing MATH500 (Hendrycks et al., 2021), 338

OlympiadBench (He et al., 2024), Minerva 339

Math (Lewkowycz et al., 2022), AIME’24, 340

AIME’25, and AMC’23; (2) general reasoning 341

using GPQA (Rein et al., 2023) and MMLU- 342

Pro (Wang et al., 2024); and (3) code generation 343

using HumanEval (Chen et al., 2021) (pass@1). 344

All evaluations use zero-shot prompting with 345

prompts in Appendix D.3. 346

5 Results 347

5.1 Main Results 348

Figure 7 presents benchmark comparisons (de- 349

tails in Appendix A). STRATAGEM achieves 350

consistent improvements, with substantial gains 351

on competition-level mathematics: AIME24 352

doubles (10%→20%), AIME25 improves 4× 353

(3.3%→13.3%), and AMC-23 reaches 60% versus 354
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Figure 7: Performance comparison across mathematical reasoning, general reasoning, and code generation bench-
marks. STRATAGEM consistently outperforms both Qwen3-4B-Base and SPIRAL, with particularly strong gains on
competition-level mathematical tasks.
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Figure 8: Ablation study on the Reasoning Evolution Reward (ψ). (a) Performance comparison between full
STRATAGEM and the variant without ψ. (b) Impact analysis showing ψ’s contribution across benchmarks.

baseline (50%) and SPIRAL2 (45%). MATH500355

achieves 76% (+5 over SPIRAL). Transfer extends356

to general reasoning (GPQA: 38.23%, MMLU-357

Pro: 57.83%) and code generation (HumanEval:358

77.93%, +10 over baseline), confirming that ad-359

dressing domain specificity (φ) and contextual sta-360

sis (ψ) promotes transferable reasoning.361

5.2 Ablation Study362

To isolate component contributions, we ablate ψ363

(Figure 8; details in Appendix B). Removing ψ364

causes substantial degradation on competition-level365

mathematics: AIME24 drops 6.70% and AMC-366

23 drops 7.50%, benchmarks demanding extended367

multi-step reasoning. Overall, ψ improves 8 of368

9 benchmarks, with consistent gains on general369

reasoning and code generation. Both components370

address complementary challenges: φ ensures ab-371

stract reasoning (domain specificity), while ψ re-372

wards adaptive reasoning (contextual stasis). Both373

are necessary for robust transfer.374

2SPIRAL results obtained using official codebase under
identical configuration.

5.3 Parameter Sensitivity 375

The coefficient β (Equation 3) controls the balance 376

between game-based advantage and reasoning evo- 377

lution (Figure 9; details in Appendix C). Optimal 378

performance occurs at β = 0.20, achieving peak 379

scores on most benchmarks. Both extremes de- 380

grade performance: β = 0.01 contributes mini- 381

mally, while β = 0.30 destabilizes training. No- 382

tably, high-complexity problems (AIME24) benefit 383

from stronger β, while knowledge-focused tasks 384

(Minerva) prefer weaker values. 385

5.4 Human Evaluation 386

To complement automatic benchmarks, we con- 387

duct human evaluation on reasoning quality (Fig- 388

ure 10). Five expert annotators evaluate 50 ran- 389

domly sampled game trajectories along two dimen- 390

sions on a 1 to 5 Likert scale: Reasoning Abstrac- 391

tion (domain-agnostic concepts vs. game-specific 392

heuristics, corresponding to φ) and Reasoning Pro- 393

gression (deepening and coherence across steps, 394

corresponding to ψ). STRATAGEM achieves the 395

highest scores on both dimensions (Abstraction: 396

6
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sions. Error bars indicate standard error. STRATAGEM
achieves the highest scores on both dimensions, while
the ablated variant (w/o ψ) shows strong abstraction but
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4.06, Progression: 4.18), significantly outperform-397

ing baseline (2.48, 2.32) and SPIRAL (3.24, 3.08).398

The ablated variant without ψ achieves competi-399

tive abstraction (3.82) but lower progression (3.36),400

confirming that ψ specifically enhances reason-401

ing evolution. Inter-annotator agreement is strong402

(Krippendorff’s α ≈ 0.75). Guidelines are pro-403

vided in Appendix E.404

5.5 Training Dynamics405

Figure 11 reveals how STRATAGEM’s modulation406

components evolve during training. The transfer-407

ability coefficient φ starts low, reflecting initial408

reliance on game-specific patterns, then steadily409

increases to 0.7 to 0.8 as the model learns abstract410

reasoning. The evolution reward ψ follows a simi-411

lar trend: initially negative (fragmented reasoning),412

it rises toward positive territory as coherent, pro-413

gressive reasoning develops. These dynamics con-414

firm that STRATAGEM successfully guides training415

toward both abstraction and progression.416

5.6 Case Study: Reasoning Quality417

Figure 12 compares reasoning traces from Tic-Tac-418

Toe (additional cases in Appendix F). The baseline419

exhibits a “reset issue”: it generates reasoning as420
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Figure 11: Evolution of STRATAGEM’s modulation com-
ponents during training. Both φ (transferability) and ψ
(evolution) increase as training progresses, indicating
the model learns abstract reasoning patterns and pro-
gressive reasoning chains.

Method Snake Pig Dice Truth & Deception

SPIRAL 0.15 0.76 0.72
STRATAGEM 0.35 0.96 0.80

∆ +0.20 +0.20 +0.08

Table 1: Win rates against Gemini-2.0-Flash on out-of-
distribution games (10 matches per game, randomized
starting player). Game descriptions in Appendix J.

if every turn were the first, failing to track game 421

state, a manifestation of contextual stasis. It also 422

relies on generic templates rather than adaptive 423

strategies, reflecting domain specificity. In con- 424

trast, STRATAGEM demonstrates both properties 425

our method cultivates. For abstraction, it employs 426

domain-agnostic concepts like “Threat Minimiza- 427

tion” that transfer beyond specific board positions, 428

patterns encouraged by φ. For progression, it main- 429

tains state awareness (“already has the center”) and 430

adapts strategy accordingly, behaviors incentivized 431

by ψ. These complementary properties produce 432

the structured decomposition and adaptive analysis 433

essential for mathematical problem-solving. 434
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Baseline (Turn 2):
“On my first move... take a central position to
maximize control.”
✘ Repeats “first move” every turn
✘ No awareness of prior moves

Turn 2: O to move

0 X 2
3 O 5
6 7 8

STRATAGEM (Turn 2):
“Player 0 already has the center.”
“Threat Minimization: [1] limits options and sets
up future threats.”
✔ Recognizes prior state
✔ Abstract strategic concepts

Abstraction (φ) Progression (ψ) Baseline issue

Figure 12: Case study comparing reasoning traces on Tic-Tac-Toe. The baseline exhibits a “reset issue”, repeating
“first move” regardless of game state. STRATAGEM demonstrates both abstraction (strategic concepts) and progression
(state awareness), corresponding to behaviors incentivized by φ and ψ.

Mathematical Reasoning General Code

Training Game MATH AIME AIME Olympiad AMC Minerva GPQA MMLU Human
500 24 25 Bench 23 Math Pro Eval

Tic-Tac-Toe 76.40 13.30 13.30 38.40 52.50 38.20 36.87 56.68 78.54
Kuhn Poker 76.60 13.30 13.30 39.40 57.50 41.20 37.22 57.14 77.32
Simple Negotiation 73.60 10.00 13.30 37.50 52.50 42.30 37.27 56.82 78.17

STRATAGEM (All Games) 76.00 20.00 13.30 39.90 60.00 41.50 38.23 57.83 77.93

Table 2: Single-game vs multi-game training comparison. Bold with blue background indicates best performance;
underline indicates second best. Multi-game training achieves best results on 6/9 benchmarks, with particularly
strong gains on competition-level mathematics (AIME24, AMC-23).

5.7 Out-of-Distribution Game Generalization435

Following Liu et al. (2025), we evaluate general-436

ization to unseen games (Table 1). STRATAGEM437

outperforms SPIRAL across three OOD games:438

Snake (+0.20), Pig Dice (+0.20), and Truth and439

Deception (+0.08). These gains confirm that φ and440

ψ cultivate reasoning patterns rather than game-441

specific heuristics, enabling robust performance on442

novel challenges.443

5.8 Single-Game vs Multi-Game Training444

To assess whether game diversity aids transfer, we445

compare single-game versus multi-game training446

(Table 2). Multi-game training achieves best per-447

formance on 6 of 9 benchmarks, with pronounced448

gains on competition-level mathematics (AIME24:449

+6.70%, AMC-23: +2.50%). While single-game450

training excels on benchmarks reflecting skill-task451

alignments, multi-game training produces robust452

generalization by combining reasoning patterns,453

particularly for complex problems.454

6 Related Work455

Games have served as fundamental AI testbeds,456

with systems like AlphaGo (Silver et al., 2016),457

OpenAI Five (Berner et al., 2019), and AlphaStar458

(Vinyals et al., 2019) achieving superhuman per-459

formance through self-play. This paradigm has460

been extended to LLM-based game agents across461

strategic games (FAIR et al., 2022; Xu et al., 2023; 462

Qi et al., 2024), text-based arenas (Guertler et al., 463

2025; Hudi et al., 2025), and comprehensive bench- 464

marks (Park et al., 2025; Hu et al., 2025; Cipolina- 465

Kun et al., 2025). Reinforcement learning has 466

emerged as a powerful approach for LLM reason- 467

ing (Guo et al., 2025; Zhang et al., 2025; Zhao 468

et al., 2025), with self-play adapted through adver- 469

sarial games (Cheng et al., 2024), theorem proving 470

(Dong and Ma, 2025), and critic evolution (Chen 471

et al., 2025). SPIRAL (Liu et al., 2025) proposed 472

multi-turn game training that transfers to mathe- 473

matical reasoning, while concurrent work explored 474

game-based RL for vision-language models (Xie 475

et al., 2025; Tong et al., 2025; Liao et al., 2025). 476

Foundation models for game agents (Magne et al., 477

2025; Wang et al., 2025) further demonstrate the 478

potential of game environments for capable AI. 479

7 Conclusion 480

We presented STRATAGEM, which learns transfer- 481

able reasoning via game-based self-play by rein- 482

forcing abstract and adaptive reasoning patterns. It 483

addresses domain specificity via a transferability 484

coefficient and contextual stasis via an evolution 485

reward. Experiments show improvements on math- 486

ematical reasoning, general reasoning, and code 487

generation. Ablation and human evaluation con- 488

firm both components contribute. Future work in- 489

cludes complex games and curriculum strategies. 490
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Limitations491

Following SPIRAL, we train STRATAGEM on three492

text-based games from TextArena. While these493

games provide complementary coverage of core494

reasoning dimensions, exploring a broader set of495

game environments, including more complex multi-496

agent scenarios or games with richer state spaces,497

may enhance the diversity of learned reasoning498

patterns. Additionally, our experiments focus on a499

4B parameter model; scaling to larger models could500

reveal additional insights about the relationship501

between model capacity and reasoning transfer.502
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A Detailed Experimental Results715

Table 3 presents the complete numerical results716

across all evaluation benchmarks. We compare717

STRATAGEM against the Qwen3-4B-Base model718

and SPIRAL, reporting accuracy percentages for719

each benchmark along with improvement deltas.720

Key Observations. STRATAGEM achieves the721

highest performance on 8 out of 9 benchmarks.722

The most substantial gains appear on mathemati-723

cal reasoning tasks, particularly on competition-724

level problems (AIME24, AIME25, AMC-23)725

where strategic thinking and multi-step reason-726

ing are essential. AIME24 shows a 2× improve-727

ment (10.00% → 20.00%), while AMC-23 im-728

proves by 10 percentage points. On Minerva729

Math, STRATAGEM (41.50%) slightly trails SPI-730

RAL (42.30%) but still achieves a 17.2 percentage731

point improvement over the baseline. On general732

reasoning benchmarks, STRATAGEM consistently733

outperforms both the baseline and SPIRAL. Hu-734

manEval (pass@1) shows a 10 percentage point735

improvement over the baseline, demonstrating that736

game-based training enhances programming capa-737

bilities through improved logical structuring.738

B Ablation Study Details739

Table 4 presents the complete ablation study com-740

paring the full STRATAGEM framework against its741

variant without the Reasoning Evolution Reward742

(ψ). This ablation isolates the contribution of ψ,743

which captures the dynamic quality of reasoning744

development across game trajectories.745

Detailed Analysis. The results reveal that ψ pro-746

vides consistent benefits across nearly all bench-747

marks. Removing ψ causes substantial degrada-748

tion on competition-level mathematical reason-749

ing: AIME24 drops by 6.70% (from 20.00% to750

13.30%) and AMC-23 by 7.50% (from 60.00%751

to 52.50%). AIME25 decreases by 3.30%, and752

MATH500 by 1.40%. General reasoning tasks also753

benefit: GPQA improves by 1.01% and MMLU-754

Pro by 0.91% with ψ. The only exception is Min-755

erva Math, where ψ leads to a slight decrease of756

1.10%. This pattern confirms that ψ is particularly757

valuable for tasks requiring extended multi-step758

reasoning and strategic adaptation, precisely the759

capabilities that the Reasoning Evolution Reward760

is designed to incentivize. The consistent improve-761

ments across 8 out of 9 benchmarks demonstrate762

that capturing reasoning evolution is essential for 763

robust transfer learning. 764

C Parameter Sensitivity Analysis 765

Table 5 presents the complete parameter sen- 766

sitivity analysis for the Reasoning Evolution 767

Reward coefficient β. We evaluate five val- 768

ues spanning two orders of magnitude (β ∈ 769

{0.01, 0.05, 0.10, 0.20, 0.30}) to understand how 770

this hyperparameter affects downstream reasoning 771

transfer. 772

Key Findings. The results reveal a clear optimal 773

region around β = 0.20, which achieves the best 774

performance on 6 out of 9 benchmarks. The sensi- 775

tivity analysis yields several insights: 776

• Robustness in the moderate range: Per- 777

formance remains relatively stable for β ∈ 778

[0.10, 0.20], suggesting that the method is not 779

highly sensitive to precise hyperparameter tuning 780

within this range. 781

• Under-weighting effects: At β = 0.01, the rea- 782

soning evolution signal has minimal impact, and 783

results approximate those of the ablated model 784

without ψ. This confirms that the β coefficient 785

effectively controls the contribution of the rea- 786

soning evolution reward. 787

• Over-weighting effects: At β = 0.30, sev- 788

eral benchmarks show substantial degrada- 789

tion (MATH500: −4.4%, AMC-23: −12.5%, 790

AIME25: −6.6%), indicating that excessive em- 791

phasis on reasoning evolution metrics can inter- 792

fere with the primary game-based learning objec- 793

tive. 794

• Task-specific preferences: Competition-level 795

mathematics (AIME24) shows continued im- 796

provement up to β = 0.30, while science- 797

focused tasks (Minerva Math) peak at lower val- 798

ues (β = 0.10). This suggests that different 799

reasoning domains may benefit from different 800

β settings, though β = 0.20 provides the best 801

overall balance. 802

D Prompt Templates 803

This section presents all prompt templates used in 804

training and evaluation. We organize them into 805

three categories: training prompts for self-play 806

(§D.1), evaluation prompts for computing φ and ψ 807

(§D.2), and benchmark evaluation prompts (§D.3). 808
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Model Mathematical Reasoning General Code
MATH500 AIME24 AIME25 OlympiadBench AMC-23 Minerva GPQA MMLU-Pro HumanEval

Qwen3-4B-Base 65.80 10.00 3.30 33.30 50.00 24.30 30.60 47.20 67.93
SPIRAL 71.00 10.00 6.70 34.70 45.00 42.30 36.41 53.93 77.44
STRATAGEM (Ours) 76.00 20.00 13.30 39.90 60.00 41.50 38.23 57.83 77.93

∆ vs. Base +10.20 +10.00 +10.00 +6.60 +10.00 +17.20 +7.63 +10.63 +10.00
∆ vs. SPIRAL +5.00 +10.00 +6.60 +5.20 +15.00 -0.80 +1.82 +3.90 +0.49

Table 3: Complete benchmark results. All values are accuracy percentages. Best results in each column are bolded.
∆ rows show improvement over baseline and SPIRAL respectively. Blue indicates improvement; red indicates
regression.

Model Mathematical Reasoning General Code
MATH500 AIME24 AIME25 OlympiadBench AMC-23 Minerva GPQA MMLU-Pro HumanEval

STRATAGEM (Full) 76.00 20.00 13.30 39.90 60.00 41.50 38.23 57.83 77.93
STRATAGEM (w/o ψ) 74.60 13.30 10.00 39.30 52.50 42.60 37.22 56.92 77.80

∆ (Full − w/o ψ) +1.40 +6.70 +3.30 +0.60 +7.50 -1.10 +1.01 +0.91 +0.13

Table 4: Ablation study: Impact of Reasoning Evolution Reward (ψ). Best results per column are bolded. ∆ row
shows the contribution of ψ (positive values indicate ψ improves performance). Blue indicates ψ helps; red indicates
ψ hurts.

D.1 Training Prompts809

We use two prompt templates during training: one810

for game self-play (Figure 13) and one for online811

mathematical reasoning evaluation (Figure 14).812

Self-Play Game Prompt

<|im_start|>user

You are playing a two-player zero-sum game. Make valid

actions to win.

Observation: {observation}

Please reason step by step, and put your final answer

within \boxed{}.<|im_end|>

<|im_start|>assistant

Figure 13: Prompt template for game self-play train-
ing and online game evaluation. The {observation}
placeholder is replaced with the current game state.

General Reasoning Prompt

<|im_start|>user

Question: {question}

Please reason step by step, and put your final answer

within \boxed{}.<|im_end|>

<|im_start|>assistant

Figure 14: Prompt template for online mathematical
reasoning evaluation during training (e.g., AIME prob-
lems).

D.2 Trajectory Modulation Prompts 813

The Reasoning Transferability Coefficient (φ) and 814

Reasoning Evolution Reward (ψ) are computed us- 815

ing GPT-4 as the evaluation backbone. We present 816

the complete prompts with detailed scoring criteria. 817

D.2.1 Reasoning Transferability Coefficient 818

Prompt 819

The Reasoning Transferability Coefficient mea- 820

sures whether reasoning patterns in a game tra- 821

jectory can generalize to other domains such as 822

mathematics and coding. Figure 15 presents the 823

complete prompt template, which evaluates three 824

dimensions, each scored from 0 to 1. 825

D.2.2 Reasoning Evolution Reward Prompt 826

The Reasoning Evolution Reward captures the qual- 827

ity of reasoning development across a game tra- 828

jectory. Figure 16 presents the complete prompt 829

template. Each dimension is scored from −1 to 830

+1, allowing the metric to penalize degradation. 831

D.3 Benchmark Evaluation Prompts 832

We use three prompt templates for downstream 833

benchmark evaluation: mathematical reasoning 834

(Figure 17), multiple choice (Figure 18), and code 835

generation (Figure 19). 836

E Human Evaluation Details 837

This section provides complete details of the hu- 838

man evaluation study described in §5.4, includ- 839
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β
Mathematical Reasoning General Code

MATH500 AIME24 AIME25 OlympiadBench AMC-23 Minerva GPQA MMLU-Pro HumanEval

0.01 75.80 16.70 10.00 37.20 57.50 37.90 37.22 53.13 76.59
0.05 75.60 10.00 13.30 37.80 57.50 39.70 36.01 54.60 77.20
0.10 75.60 13.30 13.30 37.00 57.50 46.00 36.16 55.09 77.68
0.20 76.00 20.00 13.30 39.90 60.00 41.50 38.23 57.83 77.93
0.30 71.60 23.30 6.70 36.10 47.50 34.90 34.80 56.51 77.44

Table 5: Parameter sensitivity analysis for the Reasoning Evolution Reward coefficient β. All values are accuracy
percentages. Best results per column are bolded. The optimal setting β = 0.20 (highlighted in green) achieves the
best overall performance across benchmark categories.

ing evaluation guidelines, expert-level breakdowns,840

and inter-annotator agreement statistics.841

E.1 Evaluation Protocol842

We randomly sample 50 reasoning traces from843

game trajectories (Kuhn Poker and Tic-Tac-Toe)844

generated by each of the four models: Qwen3-845

4B-Base, SPIRAL, STRATAGEM (w/o ψ), and846

STRATAGEM. Five expert annotators (graduate847

students with backgrounds in NLP and machine848

learning) independently evaluate each trace. An-849

notators are blind to model identity and evaluate850

traces in randomized order.851

E.2 Evaluation Dimensions852

Each trace is scored on a 1 to 5 Likert scale along853

two dimensions:854

Reasoning Abstraction (1 to 5). This dimension855

measures the degree to which reasoning employs856

domain-agnostic, transferable patterns:857

• 1 (Poor): Reasoning relies entirely on game-858

specific heuristics (e.g., “I should bluff because859

that’s what poker players do”).860

• 2 (Below Average): Reasoning is predominantly861

game-specific with occasional abstract observa-862

tions that lack development.863

• 3 (Moderate): Reasoning mixes game-specific864

and abstract concepts in roughly equal propor-865

tion.866

• 4 (Good): Reasoning uses mostly abstract con-867

cepts with only minor game-specific terminology.868

• 5 (Excellent): Reasoning uses explicit proba-869

bility calculations, expected value analysis, and870

systematic case enumeration that would transfer871

to mathematics or coding.872

Reasoning Progression (1 to 5). This dimension873

measures the dynamic quality of reasoning devel-874

opment:875

• 1 (Poor): Reasoning is shallow, repetitive, or 876

degrades over time. 877

• 2 (Below Average): Reasoning shows minimal 878

development; largely repetitive with occasional 879

improvements. 880

• 3 (Moderate): Reasoning maintains consistency 881

but does not deepen substantially. 882

• 4 (Good): Reasoning shows clear development 883

and adaptation with minor inconsistencies. 884

• 5 (Excellent): Reasoning progressively deepens, 885

adapts to new information, and builds coherently 886

on earlier conclusions. 887

E.3 Aggregated Results 888

Table 6 presents the mean scores and standard er- 889

rors across all annotators and samples. 890

Model Abstraction Progression

Qwen3-4B-Base 2.48 ± 0.08 2.32 ± 0.09
SPIRAL 3.24 ± 0.07 3.08 ± 0.08
STRATAGEM (w/o ψ) 3.82 ± 0.06 3.36 ± 0.07
STRATAGEM 4.06 ± 0.05 4.18 ± 0.06

Table 6: Human evaluation scores (mean ± SE) on 1 to
5 scale.

F Additional Case Studies 891

This section presents two additional case stud- 892

ies complementing the Tic-Tac-Toe analysis in 893

§5.6. These cases further demonstrate how 894

STRATAGEM’s trajectory advantage modulation im- 895

proves reasoning abstraction (φ) and progression 896

(ψ) across different game types. 897

F.1 Case Study: Kuhn Poker 898

Kuhn Poker requires probabilistic reasoning and 899

strategic deception, making it an ideal testbed for 900

evaluating abstract reasoning capabilities. Table 7 901

compares reasoning traces from the baseline and 902

STRATAGEM during a five-round game. 903
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Turn Baseline STRATAGEM

Turn 1
Card: J
Action: [bet]

“You have the King (K), which is the highest card...
This is a strong hand.”

✘ Hallucination: Misidentifies J as K

“Folding early can sometimes be a strategic move
to bluff later or to control the pace of the game.”

✔ Abstract: Long-term strategic thinking

Turn 3
Card: K
Opp: [bet]

“At this point, I have 0 chips after Round 2... If I
[call]... I might be in a second-place position.”

✔ Progression: Tracks game history

“Since the game is zero-sum and both players
are rational... bluffing is only effective if there is
uncertainty.”

✔ Abstract: Game-theoretic reasoning

Turn 5
Card: J
Opp: [bet]

“My Q is higher than the opponent’s last known
hand... reasonable to [bet].”

✘ Hallucination: Confuses J with Q

“Expected Value Analysis: Folding: 0 expected
loss. Calling: risk 2 chips...”

✔ Abstract: Formal EV calculation

Table 7: Kuhn Poker case study comparing baseline and STRATAGEM reasoning. STRATAGEM demonstrates abstract
game-theoretic concepts (blue), while the baseline shows stronger state tracking (green) but suffers from card
hallucinations (red).

Analysis. The Kuhn Poker case reveals an inter-904

esting pattern: STRATAGEM excels in abstraction905

by employing game-theoretic terminology (“zero-906

sum,” “rational,” “expected value”) that directly907

transfers to mathematical reasoning. The base-908

line, while occasionally tracking game history909

correctly (Turn 3), suffers from critical percep-910

tion errors (hallucinating incorrect cards in Turn911

1 and 5), which undermines its reasoning coher-912

ence. STRATAGEM’s use of formal frameworks913

(“enumerate all cases → compute expected pay-914

off”) mirrors the systematic analysis required for915

competition-level mathematics.916

F.2 Case Study: Negotiation917

The Negotiation game requires theory of mind rea-918

soning, value assessment, and strategic communi-919

cation. Table 8 contrasts reasoning patterns across920

a multi-turn negotiation.921

Analysis. The Negotiation case most clearly922

demonstrates the difference between arithmetic-923

level and strategic-level reasoning. The baseline924

treats negotiation as a simple value calculation925

problem, computing “5 + 15 = 20” and making926

greedy offers. STRATAGEM, by contrast, models927

opponent intent (“wants to strengthen position”),928

tracks negotiation history (“Initial Offer vs. Current929

Requirement”), and strategically maintains posi-930

tions through reiteration. These capabilities (theory931

of mind, historical context, and strategic commu-932

nication) are precisely the skills that transfer to933

complex mathematical word problems requiring934

multiple constraint satisfaction.935

Summary. Across all three game types, 936

STRATAGEM addresses the two fundamental 937

challenges: abstract domain-agnostic concepts 938

overcome domain specificity (φ), while progressive 939

state-aware reasoning overcomes contextual stasis 940

(ψ). The baseline exhibits characteristic failure 941

modes reflecting these challenges: game-specific 942

heuristics (domain specificity), reset issues treating 943

each turn as independent (contextual stasis), and 944

arithmetic-only thinking lacking strategic abstrac- 945

tion. These patterns explain why STRATAGEM’s 946

targeted approach produces superior transfer to 947

mathematical reasoning benchmarks. 948

G Task Formulation Background 949

This section provides extended background on 950

the formal frameworks underlying our approach: 951

Markov Decision Processes, their turn-level exten- 952

sions, and two-player zero-sum Markov games. 953

G.1 Markov Decision Processes 954

A Markov Decision Process (MDP) provides the 955

foundational framework for sequential decision- 956

making under uncertainty. Formally, an MDP is 957

defined as a tupleM = (S,A, T, r, γ) where: 958

• S: The state space, representing all possible con- 959

figurations of the environment 960

• A: The action space, representing all possible 961

decisions the agent can make 962

• T : S ×A×S → [0, 1]: The transition function, 963

where T (s′|s, a) gives the probability of transi- 964

tioning to state s′ when taking action a in state 965

s 966

• r : S ×A → R: The reward function, mapping 967

state-action pairs to scalar rewards 968
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Turn Baseline STRATAGEM

Turn 1
Resources:
Wood: 10
(v=5)
Gold: 10
(v=15)

“Wood: 10, Value: 5; Gold: 10, Value: 15. Total: 5
+ 15 = 20.”

✘ Low abstraction: Basic arithmetic only

“Player 0 wants to strengthen his position and
demonstrate willingness to negotiate.”

✔ Abstract: Strategic intent modeling

Turn 3
P0 offers:
3 Wood → 10
Gold

“A logical trade offer... giving up lower value for
higher value.”

✘ Stateless: No reference to prior turns

“P1’s Initial Offer: 2 Wood → 5 Gold vs. P0’s
Current Requirement: 3 Wood → 10 Gold.”

✔ Progression: Compares offer history

Turn 5
Negotiation
continues

“Given your strong position... the best answer is
$\boxed{1}$.”

✘ Incoherent: Output doesn’t follow format

“I understand your desire, but I can only offer 2
Wood for 5 Gold. This will increase my total value.”

✔ Progression: Reiterates position strategi-
cally

Table 8: Negotiation case study comparing baseline and STRATAGEM reasoning. STRATAGEM demonstrates
psychological modeling (blue) and strategic position maintenance (green), while the baseline shows arithmetic-only
thinking (red).

• γ ∈ [0, 1]: The discount factor, balancing imme-969

diate versus future rewards970

The agent’s goal is to learn a policy π : S →971

∆(A) that maximizes the expected cumulative dis-972

counted reward:973

J(π) = Eτ∼π

[ ∞∑
t=0

γtr(st, at)

]
(6)974

where τ = (s0, a0, s1, a1, . . .) denotes a trajectory975

sampled by following policy π.976

G.2 Turn-Level MDPs for Language Models977

Standard MDPs operate at the token level for lan-978

guage models, where each action corresponds to979

generating a single token. However, this formula-980

tion presents challenges for multi-turn reasoning:981

1. Credit assignment: Rewards are typically982

sparse (given only at episode end), making it983

difficult to attribute credit across thousands of984

tokens985

2. Temporal abstraction: Meaningful reasoning986

units span multiple tokens, but token-level opti-987

mization lacks this structure988

3. Computational cost: Optimizing at the token989

level requires gradient computation through en-990

tire sequences991

We address these challenges by formulating a992

turn-level MDP, where actions correspond to com-993

plete responses rather than individual tokens. In994

this formulation:995

• States st ∈ S represent complete interaction con-996

texts, including the problem specification, con-997

versation history, and current game configuration998

• Actions at ∈ A are full model responses, each 999

containing reasoning trace ct and executable ac- 1000

tion component aexec
t 1001

• Transitions T (st+1|st, at) are determined by ap- 1002

pending the response to the context and updating 1003

the environment state 1004

The turn-level formulation preserves semantic 1005

coherence: each “action” represents a complete 1006

thought, enabling more meaningful optimization 1007

signals. The policy πθ(yt|st) generates the full 1008

response yt autoregressively but is optimized at the 1009

turn level. 1010

G.3 Two-Player Zero-Sum Markov Games 1011

For competitive multi-agent scenarios, we extend 1012

MDPs to Markov games (Littman, 1994). A two- 1013

player zero-sum Markov game is defined as G = 1014

(S,A0,A1, T, r, γ) where: 1015

• S: Shared state space observable by both players 1016

• Ap: Action space for player p ∈ {0, 1} 1017

• T : S × A0 × A1 × S → [0, 1]: Transition 1018

function depending on both players’ actions 1019

• r : S × A0 × A1 → R: Reward for Player 0 1020

(Player 1 receives −r) 1021

• γ: Discount factor 1022

The zero-sum property ensures that one player’s 1023

gain is exactly the other’s loss: 1024

r0(s, a
(0), a(1)) + r1(s, a

(0), a(1)) = 0 ∀s, a(0), a(1) (7) 1025

This creates a natural curriculum: as the policy 1026

improves, so does its opponent (since both play- 1027

ers share the same policy), continuously provid- 1028

ing challenging training signal. The Nash equilib- 1029

rium concept extends naturally: a pair of policies 1030
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RTC Evaluation Prompt

You are a professional reasoning transferability expert. Your task is to
evaluate whether game reasoning is transferable (i.e., applicable to other
domains like mathematics and coding).
Background Knowledge
Transferable reasoning: Uses abstract concepts, structured frameworks,
and general principles applicable to other domains.
• Example: “Enumerate all cases → compute expected payoff for each

→ select optimal” (applicable to any decision problem)
Non-transferable reasoning: Relies on game-specific terminology, expe-
riential memory, or concrete patterns only valid in the current game.
• Example: “King usually wins, so bet” (only valid in Poker)
Game Trajectory
Game: {game_name}
{trajectory_text}
Scoring Criteria
Dimension 1: Abstraction Level. Does reasoning use abstract concepts
or game-specific terms?
• 1.0 (High): Domain-agnostic concepts (“expected value,” “enumerate

possibilities,” “probability distribution”)
• 0.5 (Medium): Mix of abstract and game-specific (“King’s probability

is 1/2, so expected payoff...”)
• 0.0 (Low): Entirely game-specific (“King beats Queen,” “center position

is important”)
Dimension 2: Structural Clarity. Does reasoning use clear, reusable
frameworks?
• 1.0 (High): Clear frameworks (case-by-case analysis, EV calculation,

if-then chains)
• 0.5 (Medium): Some structure but incomplete (“I considered several

cases...”)
• 0.0 (Low): Unstructured, arbitrary statements (“I think this is good,”

“Based on experience...”)
Dimension 3: Principle Orientation. Is reasoning based on general
principles or game-specific experience?
• 1.0 (High): Explicit principles (“by Bayes’ theorem,” “to maximize

expected utility”)
• 0.5 (Medium): Implicit principles (“I need to balance risk and reward”)
• 0.0 (Low): Experience-based (“I’ve seen this position before,” “Oppo-

nents usually...”)
Key Judgment: If game terms are replaced with variables (e.g., “King”
→ “Option A”), does the reasoning logic remain valid and meaningful? If
yes → high score; if no → low score.

Output JSON: {"abstraction_level": <0-1>,

"structural_clarity": <0-1>, "principle_based":

<0-1>, "explanation": "<50-100 words>",

"key_transferable_patterns": ["<pattern1>", "<pattern2>"]}

Figure 15: Complete prompt template for computing
the Reasoning Transferability Coefficient (φ). The eval-
uator assesses three dimensions: abstraction level, struc-
tural clarity, and principle orientation.

(π∗0, π
∗
1) is a Nash equilibrium if neither player can1031

improve by unilaterally deviating.1032

Alternating Turn Structure. In our formulation,1033

players take turns rather than acting simultaneously.1034

At turn t, only player p = t mod 2 acts, while the1035

other player’s action is null. This simplifies the1036

transition dynamics:1037

st+1 = T (st, a
(p)
t ) where p = t mod 2 (8)1038

The alternating structure naturally models games1039

like chess, Go, and the strategic games in our train-1040

ing suite (Tic-Tac-Toe, Kuhn Poker).1041

RER Evaluation Prompt

You are a professional reasoning analysis expert. Your task is to evaluate
the evolution quality of reasoning across a game trajectory.
Game Trajectory
Game: {game_name}
{trajectory_text}
Scoring Criteria
Dimension 1: Reasoning Deepening. Does reasoning progress from
simple to complex?
• +1: Progressive deepening (“control center” → “analyze opponent

threats” → “build dual attack”)
• 0: Constant complexity level (simple action descriptions each turn)
• -1: Degradation (detailed analysis initially, later just “I play here”)
Dimension 2: Strategy Adaptation. Does reasoning adapt to opponent
behavior or game state?
• +1: Clear adaptation (“Opponent took the corner, I need to change my

plan...”)
• 0: Fixed strategy (executing predetermined plan regardless of opponent)
• -1: Erratic or contradictory (“I’ll attack” → “I’ll defend” → “I’ll attack”

without reason)
Dimension 3: Logical Coherence. Does later reasoning build causally on
earlier conclusions?
• +1: Causal chain (“Because X, I did Y” → “Y resulted in Z, so next...”)
• 0: Independent but non-contradictory (each turn has reasoning but no

cross-references)
• -1: Contradictory (earlier: “must defend,” later: “should have attacked”)
Special Cases:
• Trajectory with 1 to 2 turns: default score 0 (cannot evaluate evolution)
• Empty reasoning (<think></think>): score -1 (reasoning collapse)
• Very short reasoning (<20 tokens per turn): tend toward negative scores

Output JSON: {"reasoning_deepening": <-1 to 1>,

"strategy_adaptation": <-1 to 1>, "logical_coherence": <-1

to 1>, "explanation": "<50-100 words>"}

Figure 16: Complete prompt template for computing
the Reasoning Evolution Reward (ψ). The evaluator as-
sesses three dimensions: reasoning deepening, strategy
adaptation, and logical coherence.

H Training Settings Details 1042

This section provides complete hyperparameter 1043

configurations for reproducing our experiments. 1044

Optimization Configuration. Training proceeds 1045

for 400 steps with 128 samples per step, yield- 1046

ing 51,200 game transitions total. We use 1047

Adam (Kingma and Ba, 2015) with learning rate 1048

1 × 10−6, batch size 128, and discount factor 1049

γ = 1.0. For role-conditioned advantage estima- 1050

tion, we set EMA decay α = 0.95. Trajectories 1051

are sampled at temperature τ = 1.0 to encourage 1052

exploration. 1053

STRATAGEM-Specific Parameters. We set the 1054

Reasoning Evolution Reward coefficient β = 0.2 1055

(Equation 3). The Reasoning Transferability Coef- 1056

ficient φ and Reasoning Evolution Reward ψ are 1057

computed using GPT-4 as the evaluation backbone, 1058

with prompts detailed in §D.2. 1059

Computational Resources. All experiments run 1060

on 2 NVIDIA A100 GPUs (80GB) using a dis- 1061

tributed actor-learner architecture. Actors generate 1062

self-play trajectories using vLLM (Kwon et al., 1063
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Mathematical Reasoning Prompt

<|im_start|>user

Please reason step by step, and put your final answer

within \boxed{}.

Question: {input}<|im_end|>

<|im_start|>assistant

Figure 17: Prompt template for mathematical reason-
ing benchmarks (MATH500, AIME, AMC, Olympiad-
Bench, Minerva Math).

Multiple Choice Prompt

Please reason step by step, and put your final answer
within \boxed{}. Your final answer should be of the
following format: \boxed{LETTER} where LETTER is
one of ABCD.
Question: {question}

Options:

A) {A}

B) {B}

C) {C}

D) {D}

Figure 18: Prompt template for multiple choice bench-
marks (GPQA, MMLU-Pro). For MMLU-Pro, options
extend to A through J.

2023) for efficient inference. Each full training run1064

completes in approximately 30 hours.1065

I Game Environment Details1066

This section provides detailed descriptions of the1067

three text-based zero-sum games used for training.1068

Tic-Tac-Toe. A classic 3 × 3 grid game serv-1069

ing as our testbed for spatial reasoning. Players1070

alternate placing marks to form horizontal, verti-1071

cal, or diagonal lines of three. The game requires1072

pattern recognition, anticipating opponent moves,1073

and multi-step forcing sequences. As a determinis-1074

tic perfect-information game, Tic-Tac-Toe isolates1075

pure strategic reasoning from uncertainty manage-1076

ment.1077

Kuhn Poker. A simplified poker variant (Kuhn,1078

2016) emphasizing probabilistic reasoning. The1079

game uses only three cards (Jack, Queen, King),1080

where each player receives one card and must de-1081

cide whether to bet, call, or fold based on incom-1082

plete information. Success demands probability1083

estimation, opponent modeling, and expected value1084

calculation under uncertainty.1085

Code Generation Prompt

Read the following function signature and docstring, and
fully implement the function described. Your response
should only contain the code for this function.

{function_signature_and_docstring}

Figure 19: Prompt template for code generation bench-
mark (HumanEval).

Simple Negotiation. A resource trading game de- 1086

veloping strategic optimization skills. Two players 1087

exchange Wood and Gold tokens under opposing 1088

utility functions, creating natural tension between 1089

competing objectives. Players must infer opponent 1090

preferences, plan multi-step trade sequences, and 1091

communicate strategically through proposals. 1092

J Out-of-Distribution Evaluation Games 1093

We evaluate generalization to games never seen 1094

during training. Each OOD game is designed to 1095

test whether specific cognitive skills from training 1096

games transfer to novel mechanics. 1097

Snake. A dynamic spatial reasoning game where 1098

two players control snakes on a grid, competing to 1099

collect apples while avoiding collisions with walls, 1100

themselves, or opponents. This tests whether static 1101

pattern recognition from Tic-Tac-Toe transfers to 1102

trajectory planning and dynamic obstacle avoid- 1103

ance in a real-time environment. 1104

Pig Dice. A risk-reward decision making game 1105

where players repeatedly roll dice to accumulate 1106

points but lose all turn points when rolling 1. Play- 1107

ers must decide when to “bank” accumulated points 1108

versus continuing to roll. This tests whether prob- 1109

abilistic reasoning from Kuhn Poker extends to 1110

sequential risk assessment and expected value cal- 1111

culation in different contexts. 1112

Truth and Deception. An asymmetric informa- 1113

tion game where one player (the Deceiver) knows 1114

the true fact among several options and attempts 1115

to mislead through conversation, while the other 1116

player (the Guesser) must identify truth through 1117

strategic questioning. This evaluates whether nego- 1118

tiation skills transfer to pure communication strat- 1119

egy under information asymmetry. 1120

K SPIRAL Framework Details 1121

This section provides an extended introduction to 1122

SPIRAL (Liu et al., 2025), the self-play reinforce- 1123
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ment learning framework that serves as the founda-1124

tion for our method.1125

K.1 Overview1126

SPIRAL (Self-Play on Zero-Sum Games Incen-1127

tivizes Reasoning via Multi-Agent Multi-Turn Re-1128

inforcement Learning) trains language models1129

through competitive self-play on strategic games.1130

The key insight is that zero-sum games provide nat-1131

urally verifiable rewards without requiring external1132

annotators or reward models: a player either wins,1133

loses, or draws, providing unambiguous training1134

signal.1135

K.2 Self-Play Training Loop1136

SPIRAL’s training proceeds as follows:1137

1. Game Sampling: Sample a game G ∼ G from1138

the game distribution1139

2. Trajectory Generation: Two instances of the1140

current policy πθ play against each other, gener-1141

ating trajectory τ = {(st, y(p)t )}Tt=01142

3. Outcome Determination: The game engine de-1143

termines the winner, assigning rewardsRp(τ) ∈1144

{−1, 0,+1}1145

4. Policy Update: Update θ using policy gradient1146

with role-conditioned advantages1147

The self-play mechanism ensures automatic cur-1148

riculum learning: as the policy improves, its oppo-1149

nent (itself) also improves, maintaining a challeng-1150

ing training distribution throughout learning.1151

K.3 Role-Conditioned Advantage Estimation1152

A critical challenge in two-player games is that the1153

expected return differs by role. For example, in1154

Tic-Tac-Toe, Player 0 (moving first) has structural1155

advantage. Naively using the same baseline for1156

both players leads to biased gradients.1157

SPIRAL addresses this through Role-1158

conditioned Advantage Estimation (RAE),1159

maintaining separate baselines bG,p for each1160

game-role pair (G, p):1161

AG,p(τ) = Rp(τ)− bG,p (9)1162

The baseline is updated via exponential moving1163

average:1164

bG,p ← α · bG,p + (1− α) ·Rp(τ) (10)1165

where α is the smoothing coefficient (typically1166

0.99).1167

K.4 Policy Gradient Formulation 1168

The policy gradient for SPIRAL aggregates over 1169

all turns played by each role: 1170

∇θJ = EG,τ

 ∑
p∈{0,1}

∑
t∈Tp

AG,p(τ)∇θ log πθ(y
(p)
t |st, p, G)


(11) 1171

where Tp = {t : t mod 2 = p} indexes the turns 1172

belonging to player p. 1173

The role conditioning is implemented by 1174

prepending a role identifier to the prompt, enabling 1175

a single policy to model both players’ behavior 1176

while accounting for role-specific strategic consid- 1177

erations. 1178

K.5 Limitations and Motivation for 1179

STRATAGEM 1180

While SPIRAL demonstrates that game-based self- 1181

play can improve reasoning, transferring these ca- 1182

pabilities to domains like mathematics and coding 1183

faces two fundamental challenges: 1184

1. Domain Specificity: SPIRAL optimizes for 1185

game outcomes without explicitly encouraging 1186

abstract reasoning patterns. Winning strate- 1187

gies often rely on game-specific heuristics 1188

(e.g., “King beats Queen”) rather than domain- 1189

agnostic patterns (e.g., “enumerate cases and 1190

compute expected value”). 1191

2. Contextual Stasis: Games present static prob- 1192

lem contexts where rules and settings remain 1193

fixed throughout interaction. SPIRAL does not 1194

incentivize reasoning that adapts to evolving 1195

contexts, yet real-world problems (e.g., mathe- 1196

matical proofs, code debugging) require contin- 1197

uous adaptation as intermediate results reshape 1198

the solution space. 1199

These challenges fundamentally limit reason- 1200

ing transfer. To incentivize transferable reasoning, 1201

STRATAGEM addresses both challenges through 1202

trajectory advantage modulation: φ overcomes do- 1203

main specificity by measuring abstraction level, 1204

while ψ overcomes contextual stasis by rewarding 1205

adaptive reasoning development. 1206
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