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Abstract
In supervised learning, gradient descent achieves near-zero empirical risk, while favoring solutions
that generalize well—a phenomenon attributed to the implicit bias of gradient methods. In stark
contrast, in generative models such as generative adversarial networks (GANs), gradient methods
typically fail to achieve zero empirical risk, and thus implicit bias is left both empirically elu-
sive and theoretically unexplored. We bridge this gap by developing new perspectives on the loss
landscape of GANs together with the gradient dynamics and implicit bias of extragradient. First,
regarding the loss, we challenge the prevailing preference for the Wasserstein distance, and instead
propose the zero-infinity distance—a metric that equals zero when two distributions match exactly
and infinity otherwise—as more compatible with gradient-based minimax optimization. On the
gradient dynamics side, we prove for the first time in GANs that certain stationary points are strict
non-minimax points, the minimax analogue of strict saddles in minimization. This enables the two-
timescale extragradient method to effectively escape such non-optimal points—similar to gradient
descent escaping strict saddles—while being stable at global solutions, in contrast to other existing
methods. Lastly, regarding the implicit bias, we show that extragradient favors the minimum-norm
generator solution when starting from zero and training only the last layer of neural network.
Keywords: Zero-Infinity distance, Two-timescale extragradient, Implicit bias of Extragradient

1. Introduction

In supervised learning, the implicit bias of gradient descent—favoring solutions that generalize
well—was first observed empirically to play a crucial role in its superior generalization perfor-
mance [26, 31]. Notably, in overparameterized settings, neural networks trained to near-zero em-
pirical risk without explicit regularization often yielded models that generalized remarkably well
among many interpolating solutions—a phenomenon later termed benign overfitting [5]. A theoret-
ical understanding of this bias, especially through the lens of optimization dynamics, subsequently
emerged [15, 28, 31], revealing how gradient descent drives models toward particular types of so-
lutions. For instance, in least squares regression and logistic classification, gradient descent has
been shown to converge to the minimum-norm and max-margin solutions, respectively [15, 28, 31].
These implicit biases were later shown to underpin the theoretical foundations of benign overfit-
ting [5, 8, 29]. The minimum-norm solution is particularly favorable as it is possibly the simplest
function consistent with the training data, often leading to strong generalization.

Surprisingly, these insights do not extend to generative models, where overfitting is widely be-
lieved to degrade generalization [21, 25, 30]. Moreover, diffusion models [13, 27], the current
state-of-the-art, typically parameterize a score function or noise process via neural networks, yet it
remains unclear what kinds of solutions should be favored, and whether any implicit bias contributes
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to generalization. In contrast, generative adversarial networks (GANs) directly parameterize the
generator by neural network, making it more transparent which solution types promote generaliza-
tion. This paper thus studies the implicit bias of gradient methods in GANs, aiming to unify our
understanding of generalization in machine learning and to advance it in generative models.

Despite this aim, progress is hindered by two prevailing beliefs: that overfitting harms general-
ization in generative models, and that GAN training is inherently unstable. The former has recently
been challenged by results showing that training solely from presampled latent variables—rather
than accessing the full latent distribution—can lead to benign overfitting [7]. The latter remains
largely unresolved1, so our work addresses both the loss landscape and gradient dynamics issues,
paving the way toward an implicit bias framework in GANs for the first time.

First, we propose the zero-infinity distance for GANs, which is zero when two distributions
match exactly, and infinity otherwise. Despite its extreme form, it yields the same minimax loss
as the Wasserstein GAN [3], but without requiring the Lipschitz constraint. Consequently, the
zero-infinity GAN avoids both the limitations of Lipschitz enforcement and the vanishing gradi-
ent issue of the original GAN loss [2, 11, 12]. While the Zero-Infinity GAN loss is favorable, it
remains nonconvex–nonconcave. As a next step, we show for the first time in GANs that certain
non-optimal stationary points are strict non-minimax points [6], the minimax analogue of strict sad-
dles in nonconvex minimization [10]. We demonstrate that the two-timescale extragradient (EG)
method [6, 18] escape such strictly non-optimal points—similar to gradient descent escaping strict
saddles [20]—while remaining stable at global solutions, in contrast to other existing gradient meth-
ods. Finally, we show that if any gradient method converges to a global solution, it will favor the
minimum-norm solution when starting from zero and training only the last layer of neural network.
Our three key contributions are summarized below:

• Section 4 introduces the zero-infinity distance as an alternative that shapes the GAN loss to
better align with gradient-based training.

• Section 5 shows that certain stationary points are strict non-minimax points, which the two-
timescale extragradient avoids while remaining stable at global solutions.

• Section 6 presents that extragradient favors the minimum-norm solution among many global
solutions when starting from zero and training only the last layer of neural network.

2. Related works

Statistical distances and their minimax formulations for GANs. Since direct minimization of
statistical distances is typically impractical, GANs optimize the corresponding dual minimax for-
mulation. This has nevertheless been viewed through a minimization lens, partly explaining the
popularity of the Wasserstein distance, which yields meaningful non-zero gradients even when min-
imized directly [3]. Despite this, the minimax optimization of the Wasserstein GAN is infeasible
due to the Lipschitz constraint, which is only approximated in practice through regularization, e.g.,
the gradient penalty [12]. More broadly, existing GANs either rely on such regularization or suffer
from vanishing gradients [2, 3]. This motivates our search for a new statistical distance that induces
a loss landscape well-suited for gradient-based minimax training.

Strict non-minimax points and two-timescale EG. The success of gradient descent in non-
convex minimization relies on two key results: the strict saddle property—all (locally) non-optimal

1. One may argue that popular GAN architectures such as StyleGAN [17] have largely resolved instability in practice.
However, as pointed out by [14], they rely on numerous heuristics whose theoretical foundations remain limited.
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stationary points are strict saddles—and the result that gradient descent almost surely avoids strict
saddle points [10, 20]. Extending them to the minimax and GAN settings, however, has remained
elusive. Recently, Chae et al. [6] introduced the notion of strict non-minimax points —the minimax
analogue of strict saddles in minimization—which can be escaped by two-timescale EG [6, 18].
We show, for the first time, that the GAN loss can also exhibit the analogous strict non-minimax
property in part, thereby opening the door to more successful minimax training.

3. Problem settings

The original and Wasserstein GANs. The goal of modern generative models is to train a generator
G : Z → X that maps a latent distribution pz over latent space Z to a target distribution pdata
over data space X . However, directly minimizing a distance between pdata and generated data
distribution pg := G♯pz , the pushforward of pz by G, is challenging. So, the original GAN [11]
reformulated minimizing the Jensen-Shannon (JS) divergence as the following minimax problem
by introducing a discriminator D:2

min
G

max
D
−Ex∼pdata [l(D(x))]− Ez∼pz [l(−D(G(z)))], (1)

where l(t) = log(1 + exp(−t)) is the logistic loss. Since the original GAN suffers from vanishing
gradients [2, 3] due to the logistic loss, the following Wasserstein GAN [3] was introduced:

min
G

max
D:∥D∥L≤1

Ex∼pdata [D(x))]− Ez∼pz [D(G(z))]. (2)

This corresponds to (1) with l(t) = −t but imposes the additional 1-Lipschitz constraint on D.
Because enforcing the Lipschitz constraint is infeasible in practice, regularization techniques such
as the gradient penalty [12] are commonly used. While these approaches improved training stability,
the fundamental instability of GAN optimization has remained unresolved.

Finite sample GAN problems. In practice, the pdata is unknown, and only a finite set of sam-
ples {xi}ni=1 is available. This leads to the empirical problem minGmaxD∈D − 1

n

∑n
i=1 l(D(xi))−

Ez∼pz [l(−D(G(z)))], where D is a constrained set of D. However, when this is solved exactly,
the generator would merely memorize the training samples {xi}ni=1 [25], rather than generalize.
Instead, some consider the following alternative [4]:

min
G

max
D∈D
− 1

n

n∑
i=1

[l(D(xi)) + l(−D(G(zi)))], (3)

where latent variables {zi}ni=1 are presampled. Recently, Chae et al. [7] showed that solving (3) can
exhibit strong generalization, when combined with the implicit bias of gradient methods. Nonethe-
less, developing a practical training method for (3) remains open. In this work, we aim to improve
the loss landscape of (3) and gradient dynamics, and eventually characterize their implicit bias.

4. Zero-Infinity GAN: Toward a better loss landscape in GANs

Motivating example: Dirac GAN. Mescheder et al. [22] considered a simple yet prototypical
example for learning data distributions: the data distribution is a Dirac delta at 0, i.e., pdata = δ0,

2. The formulation (1) adopted by [24] is equivalent to the original GAN formulation in [11].
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and the latent distribution is a Dirac delta at 1, i.e., pz = δ1. The Dirac GAN is then trained using a
linear generator G(z) = gz and a linear discriminator D(x) = wx, as ming∈Rmaxw∈W⊆R−l(0)−
l(−wg). This reduces to the original GAN when l(t) is the logistic loss and W = R, and the
Wasserstein GAN when l(t) = −t with a Lipschitz discriminator constraint, i.e.,W = {w ∈ R :
|w| ≤ 1}. In both cases, the unique global solution is (g∗, w∗) = (0, 0).

Figure 1: EG trajectories for Dirac GAN:
(L) logistic loss and (R) linear loss

Unlike gradient descent ascent (GDA) diverging
for both cases, the extragradient (EG) [19]—a two-
step variant of GDA—can successfully converge to
the global solution without requiring the Lipschitz
constraint. Figure 1 illustrates the EG trajectories for
the first 100 iterations. Notably, in the logistic loss
case, the EG trajectory stalls in a flat region, where
the gradient nearly vanishes, leading to a slow con-
vergence.3 This does not happen for the linear loss.

Zero-Infinity distance and GAN. Motivated by the Dirac GAN, we consider the linear loss
l(t) = −t without the Lipschitz constraint. This yields arguably the simplest GAN loss known to
date, while still sharing the same global solutions as other GANs. In particular, solving GAN (1)
with the linear loss is equivalent to minimizing what we refer to as the zero-infinity distance:4

D0/∞(pdata, pg) :=

{
0, pdata = pg,

∞, otherwise.

For a realistic setting, we consider a neural network generator G(z) = Gφθ(z) with a linear
last layer and a two-layer5 neural network discriminator D(x) = w⊤σ(Ax), where φθ : Z → Rd2

is a θ-parameterized neural network, σ is a sigmoid function, w ∈ Rr is a vector, A ∈ Rr×d1

and G ∈ Rd1×d2 are matrices. For notational simplicity, let g := vec(G) ∈ Rd1d2 and Φi(θ) :=
Id1 ⊗φθ(zi)

⊤ ∈ Rd1×d1d2 , so that G(zi) = Φi(θ)g. The resulting finite-sample GAN is given by:

min
g,θ

max
w,A

{
f(g,θ,w,A) :=

1

n
w⊤

n∑
i=1

[σ(Axi)− σ(AΦi(θ)g)]

}
, (4)

We are now left to discuss a method that has potential to find a global solution of the nonconvex-
nonconcave problem (4), and favors a minimum-norm generator.

5. Stable dynamics of extragradient in Zero-Infinity GAN

5.1. Strict non-minimax points and two-timescale methods

Escaping strict saddle via gradient descent is a cornerstone of success in nonconvex minimiza-
tion [10, 20]. However, comparable results in minimax optimization have only emerged recently
in [6, 18]. In particular, Chae et al. [6] introduced the following notion of a strict non-minimax
point, the minimax analogue of a strict saddle, which can be escaped by two-timescale methods.

3. Vanishing gradients in GANs are often attributed to the discriminator approaching optimality [2, 3], but they are in
fact an inherent property of the loss landscape.

4. Although not a proper distance due to its infinite values, we use an extended definition to accommodate this. Then,
the zero-infinity distance qualifies as both an f -divergence [1] and an integral probability metric (IPM) [23].

5. We study the two-layer case for simplicity, but believe the extension to deeper networks is straightforward.
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For notational simplicity, consider the minimax problem minxmaxy f(x,y), whose associated
saddle gradient operator is defined as F := (∇xf,−∇yf).

Definition 1 (6, Definition 5) A stationary point z∗ := (x∗,y∗) is said to be a strict non-minimax
point of f(x,y) if λmin(Sres(DF (z∗))) < 0 or λmin(−∇2

yyf(z∗)) < 0, where λmin(A) denotes
the smallest eigenvalue of A, and Sres(DF (z∗)) denotes the restricted Schur complement 6 of DF .

Unlike gradient descent in minimization, plain GDA cannot distinguish between optimal and
non-optimal stationary points [16]. Consequently, two-timescale methods that use a smaller step
size for x have been found to be effective [6, 9, 16, 18]. We consider two-timescale GDA zk+1 =
zk − ηΛτF (zk), where zk := (xk,yk) and Λτ := diag{(1/τ)I, I}, and the two-timescale EG:

zk+1 = zk − ηΛτF (zk − ηΛτF (zk)).

For sufficiently large τ , these methods can escape strict non-minimax points, while two-timescale
GDA can even escape certain (local) optima [6, 9, 16, 18].

5.2. Stict non-minimax points in Zero-Infinity GAN

The following characterizes certain strict non-minimax points of (4), and implies that they exist in
the Zero-Infinity GAN. For example, when wl = 0 and al = 0, it is straightforward to construct a
g, θ such that

∑n
i=1[xi −Φi(θ)g] ̸= 0, which results in a strict non-minimax point.

Theorem 2 A stationary point of the Zero-Infinity GAN is a strict non-minimax point if there exists
an index l such that wl = 0 and

∑n
i=1[σ

′(a⊤
l xi)xi − σ′(a⊤

l Φi(θ)g)Φi(θ)g] ̸= 0.

A more interesting question is whether all non-optimal stationary points are strict non-minimax
points. However, this stronger statement does not hold. Consider a non-optimal stationary point
(g,θ,w,A) satisfying

∑n
i=1[xi −Φi(θ)g] = 0, w = 0 and A = 0. Since the Hessian ∇2f is a

zero matrix, it is not a strict non-minimax point, despite being non-optimal.

5.3. Two-timescale EG (locally) converges to global solution

We now examine whether any two-timescale methods locally converge to global solutions. At any
global solution of the Zero-Infinity GAN, where w is zero, all Hessians are zero except ∇2

gwf
and ∇2

θwf , so the discriminator Hessian is singular. This singularity affects the stability of two-
timescale methods, where two-timescale EG outperforms two-timescale GDA.

Theorem 3 For sufficiently large τ , the two-timescale GDA almost surely escapes global solutions
of the Zero-Infinity GAN, where w is zero, whereas the two-timescale EG converges to such points.

6. Implicit bias of extragradient in Zero-Infinity GAN

As a first step toward analyzing implicit bias, we study the regime where only the final layer g of
generator is updated, while other layers (θ) are fixed; this mirrors the initial study of implicit bias in
least squares regression [31]. Extension to realistic neural network settings is left for future work.

6. The restricted Schur complement of DF reduces to the standard Schur complement when ∇2
yyf is invertible. We

defer the detailed definition to the Appendix B.2.
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We reach the conclusion by characterizing the globally optimal generator (g∗,θ∗). For some
permutation π over n elements, the solution satisfies the linear system xπ(i) = Φi(θ

∗)g∗ for
i = 1, . . . , n. Stacking the equations gives x = QπΦ(θ∗)g∗, where x ∈ Rnd1 , Φ(θ∗) ∈
Rnd1×d1d2 are formed by concatenating {xi} and {Φi(θ

∗)}, respectively, and Qπ is the permu-
tation matrix associated with π. Hereafter we omit θ∗ for simplicity. For each π, the solution
set is {Φ⊤(ΦΦ⊤)−1Q⊤

π x + y : y ∈ N (Φ)}. Each such set admits a minimum-norm solution
Φ⊤(ΦΦ⊤)−1Q⊤

π x, whose norm can vary across permutations. Nevertheless, all minimum-norm
solutions lie inR(Φ⊤), while other solutions do not. Gradient-based methods inherently favor those
withinR(Φ⊤), sinceR(Φ⊤

i ) ⊆ R(Φ⊤), and the gradient with respect to g consists of components
that lie in R(Φ⊤

i ). Therefore, starting from zero, any gradient method that converges to a global
solution will favor the minimum-norm solution.

7. Experiment

Our preliminary experiments use only 32 MNIST samples, so we focus on verifying whether the
algorithms reach global solutions; studying implicit bias are left for future work. We compare
training with the original GAN (JSGAN) and Zero-Infinity GAN (ZIGAN). Figure 2 shows that ZI-
GAN outperforms JSGAN for all training methods. Moreover, in the ZIGAN case, (two-timescale)
EG successfully reaches a global solution, memorizing and reproducing the training data, whereas
(two-timescale) GDA approaches the vicinity of the global solution but fails to remain stable. See
Appendix C for additional experiments under different initializations, showing similar results.

(a) JS-GDA(τ = 1) (b) JS-GDA(τ = 5) (c) JS-EG(τ = 1) (d) JS-EG(τ = 5)

(e) ZI-GDA(τ = 1) (f ) ZI-GDA(τ = 5) (g) ZI-EG(τ = 1) (h) ZI-EG(τ = 5)

Figure 2: Generated MNIST samples from JSGAN and ZIGAN, trained with GDA and EG

8. Conclusion

This work advances the theoretical foundations of generative adversarial networks (GAN)—despite
their waning popularity due to unstable training—by improving three key aspects: the loss land-
scape, gradient dynamics, and implicit bias, mirroring the role of gradient descent in supervised
learning. We introduced the Zero-Infinity GAN, a formulation more compatible with gradient-
based minimax optimization, and showed that certain non-optimal stationary points are strict and
thus escapable via two-timescale extragradient method. We also uncover a novel implicit bias: ex-
tragradient dynamics initialized at zero converge to a minimum-norm generator solution. These
findings provide a new lens on GAN training and lay theoretical groundwork for designing stable
and generalizable generative models. While this is an initial step, understanding global convergence
and scaling to more practical settings remain important directions for future research.
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Appendix A. Proofs and missing details in Section 4

A.1. Preliminaries

Let P and Q be two probability measures on a measurable space (Ω,F), such that both are abso-
lutely continuous with respect to a measure µ. This guarantees the existence of Radon-Nikodym
derivatives p and q defined µ-almost everywhere by p := dP

dµ and q := dQ
dµ .

In addition, let Q be the pushforward of a latent variable z ∼ pz through the generator G,
i.e., Q = G♯pz . Then, for a given generator G, it is known that the optimal value of the inner
maximization problem of GAN (1):

D(P,Q) := max
D
−Ex∼P[l(D(x))]− Ex∼Q[l(−D(x))]

= max
D
−
∫
Ω
[l(D(x))p(x) + l(−D(x))q(x)]dµ(x)

can measure a certain distance or divergence between the two probability measures P and Q.

A.2. Linear loss: Zero-infinity distance

Consider the linear loss l(t) = −t. Then we have

D(P,Q) = max
D

∫
Ω
D(x)[p(x)− q(x)]dµ(x),

which can be maximized by

D∗(x) =


∞, p(x) > q(x),

−∞, p(x) < q(x),

0, otherwise.

This leads to the zero-infinity distance.

D(P,Q) = D0/∞(P,Q).

A.3. Zero-infinity distance is an instance of f -divergence and integral probability metric

The f -divergence [1] and integral probability metric [23] are defined as follows.

• f -divergence7:

Df (P,Q) :=

∫
Ω
p(x)f

(
p(x)

q(x)

)
dµ(x)

≥ sup
D∈D

Ex∼P[D(x)]− Ex∼Q[f
∗(D(x))],

where f∗(t) = sups∈domf{st− f(s)}.

• Integral probability metrics:

DIPM(P,Q) := max
D∈D

Ex∼P[D(x)]− Ex∼Q[D(x)].

7. Here, we assume that P is absolutely continuous with respect to a measure Q.

11
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First, for the f -divergence, choosing

f(s) =

{
0, s = 1,

∞, otherwise.

yields the conjugate f∗(t) = t, and placing no constraint on D leads to the zero-infinity distance.
Similarly, taking D to be the full domain also results in the zero-infinity distance.

Appendix B. Proofs and missing details for Section 5

B.1. Convergence behavior of two-timescale methods

As explained in main text, two-timescale methods can escape strict non-minimax points when τ is
sufficiently large. Moreover, two-timescale gradient descent-ascent can even escape certain local
optima, as informally summarized below.

(P1) Both two-timescale GDA and EG methods almost surely escape strict non-minimax points [6,
Theorem 5.7]. 8

(P2) Two-timescale GDA can even escape certain (local) optimal points where ∇2
yyf is singular,

whereas two-timescale EG converge to such points [6, Theorem 4.4 and 5.6].

B.2. Definition of the restricted Schur complement

For convenience, we denote the Hessian of f by A := ∇2
xxf , B := ∇2

yyf , and C := ∇2
xyf .

The definition of the restricted Schur complement is given below; it reduces to the standard Schur
complement A−CB−1C⊤ when B is invertible.

Definition 4 (6, Definition 4) For f ∈ C2, the restricted Schur complement is defined as Sres(DF ) :=
U⊤(A−CB†C⊤)U , with the matrix U defined below.

Since B is symmetric, it is orthogonally diagonalizable as B = P∆P⊤, where r = rank(B),
∆ = diag{δ1, . . . , δr, 0, . . . , 0}, and P is an orthogonal matrix. Let C1 and C2 denote the sub-
matrices of CP , consisting of the first r columns and the remaining d2 − r, respectively. Then,
U is defined as a matrix whose columns form an orthonormal basis for R(C2)

⊥. The matrix U is
not unique in general, but since only the spectrum of Sres(DF ) matters in the definition of a strict
non-minimax point in Definition 1, any such choice of U suffices.

8. Although Theorem 5.7 in [6] does not discuss the behavior of two-timescale GDA, this directly applies to two-
timescale GDA, based on the fact that it is unstable than two-timescale EG from the dynamical system view.

12
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B.3. Gradients and Hessians of the Zero-Infinity GAN loss

The gradients of the Zero-Infinity GAN loss (4) are

∇gf(g,θ,w,A) = − 1

n

n∑
i=1

[
(AΦi(θ))

⊤diag(σ′(AΦi(θ)g))
]
w, (5)

∇θjf(g,θ,w,A) = − 1

n

n∑
i=1

[(
A
∂Φi(θ)

∂θj
g

)⊤
diag(σ′(AΦi(θ)g))

]
w, j = 1, . . . ,m, (6)

∇wf(g,θ,w,A) =
1

n

n∑
i=1

[σ(Axi)− σ(AΦi(θ)g)], and (7)

∇al
f(g,θ,w,A) =

1

n
wl

n∑
i=1

[σ′(a⊤
l xi)xi − σ′(a⊤

l Φi(θ)g)Φi(θ)g], l = 1, . . . , r. (8)

Moreover, the Hessians of the Zero-Infinity GAN loss (4) are

∇2
ggf(g,θ,w,A) = − 1

n

n∑
i=1

(AΦi(θ))
⊤diag(σ′′(AΦi(θ)g))diag(w)AΦi(θ),

∇2
gwf(g,θ,w,A) = − 1

n

n∑
i=1

(AΦi(θ))
⊤diag(σ′(AΦi(θ)g)),

∇2
wwf(g,θ,w,A) = 0,

∇2
alaj

f(g,θ,w,A) =

{
1
nwl

∑n
i=1[σ

′′(a⊤
l xi)xix

⊤
i − σ′′(a⊤

l Φi(θ)g)Φi(θ)gg
⊤Φi(θ)

⊤], j = l,

0, otherwise,

∇2
gal

f(g,θ,w,A) = − 1

n
wl

n∑
i=1

[σ′′(a⊤
l Φi(θ)g)Φi(θ)

⊤alg
⊤Φi(θ)

⊤ + σ′(a⊤
l Φi(θ)g)Φi(θ)

⊤], and

∇2
wal

f(g,w,A) =



0
...
0

1
n

∑n
i=1[σ

′(a⊤
l xi)x

⊤
i − σ′(a⊤

l Φi(θ)g)(Φi(θ)g)
⊤]

0
...
0


← lth row

13
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∇2
gθj

f(g,θ,w,A) = − 1

n

n∑
i=1

[(
A
∂Φi(θ)

∂θj

)⊤
diag(σ′(AΦi(θ)g))w

+ (AΦi(θ))
⊤ diag(σ′′(AΦi(θ)g))diag(w)A

∂Φi(θ)

∂θj
g

]

∇2
θjθk

f(g,θ,w,A) = − 1

n

n∑
i=1

[(
A
∂2Φi(θ)

∂θk∂θj
g

)⊤
diag(σ′(AΦi(θ)g))w

+

(
A
∂Φi(θ)

∂θj
g

)⊤
diag(σ′′(AΦi(θ)g))diag(w)

(
A
∂Φi(θ)

∂θk
g

)]

∇2
wθj

f(g,θ,w,A) = − 1

n

n∑
i=1

[(
A
∂Φi(θ)

∂θj
g

)⊤
diag(σ′(AΦi(θ)g))

]

∇2
alθj

f(g,θ,w,A) = − 1

n

n∑
i=1

[
σ′′(a⊤

l Φi(θ)g)

(
a⊤
l

∂Φi(θ)

∂θj
g

)
Φi(θ)g + σ′(a⊤

l Φi(θ)g)
∂Φi(θ)

∂θj
g

]
wl

for l = 1, . . . , r and j, k = 1, . . . ,m.

B.4. Proof of Theorem 2

Proof We show that the Hessian with respect to the discriminator parameters

∇2
yyf : =


∇2

wwf ∇2
wa1

f · · · ∇2
war

f
∇2

a1wf ∇2
a1a1

f · · · ∇2
a1ar

f
...

...
...

∇2
arwf ∇2

ara1
f · · · ∇2

arar
f

 ∈ R(1+d1)r×(1+d1)r.

has a positive eigenvalue, which implies that these are strict non-minimax points. Assume that wl =
0 and

∑n
i=1[σ

′(a⊤
l xi)xi − σ′(a⊤

l Φi(θ)g)Φi(θ)g] ̸= 0 for some l. Then, we have ∇2
alal

f = 0
and ∇2

wal
f ̸= 0. Consider a submatrix of∇2

yyf :

M :=

[
∇2

wwf ∇2
wal

f
∇2

alw
f ∇2

alal
f

]
=

[
0 ∇2

wal
f

∇2
alw

f 0

]
∈ Rr+d1×r+d1 ,

which is real symmetric with all diagonal entries equal to zero and at least one non-zero off-diagonal
entry. Let {λi}r+d1

i=1 denote the eigenvalues of the matrix M , which is real-valued since M is real
symmetric. Moreover, since tr(M) =

∑n
i=1 λi = 0 and M has at least one non-zero entry, it must

have a positive eigenvalue.
We now show that∇2

yyf has a positive eigenvalue. Let u = (u1,u2) ∈ Rr+d1 be a vector such
that u⊤Mu > 0, where u1 ∈ Rr corresponds to the w-coordinates and u2 ∈ Rd1 corresponds to
the al-cooridnates. Define the vector v ∈ R(1+d1)r by placing u1 and u2 into the slots correspond-
ing to w and al, respectively, and setting all other entries to zero. Then, v⊤∇2

yyfv = u⊤Mu > 0,
the Hessian∇2

yyf has a positive eigenvalue.
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B.5. Proof of Theorem 3

Proof Consider a global solution that satisfies Φi(θ)g = xπ(i) and w is zero. Then, we have all
Hessian is zero except∇2

gwf ,∇2
θwf .

DF =

[
∇2

xxf ∇2
xyf

−∇2
yxf −∇2

yyf

]
=


0 ∇2

gwf ∇2
θwf · · · ∇2

gar
f

−∇2
wgf 0 0 · · · 0

−∇2
wθf 0 0 · · · 0
...

...
...

...
−∇2

argf 0 0 · · · 0


As studied in [6, 16], the stability near a stationary point is characterized by the spectrum of the
following timescaled matrix:

ΛτDF =

[
0 1

τB
−B⊤ 0

]
,

where B =
[
∇2

gwf ∇2
ga1

f · · · ∇2
gar

f
]
. By Schur’s formula:

det

([
−λI 1

τB
−B⊤ −λI

])
= det

(
λ2I +

1

τ
B⊤B

)
,

we can show that the eigenvalues {λn} of the matrix ΛτDF is either zero or pure imaginary.
Specifically, let {µn} be the (nonnegative) eigenvalues of positive semidefinite matrix B⊤B, then
we have

λn = i

√
µn

τ
.

Provided that {µn} are not all zero, [6, Theorem 4.4] implies that the two-timescale GDA almost
surely escapes a global solution where either w or A is zero for any τ , while the two-timescale EG
does not.

Appendix C. Experiment detail and additional experiments

We presample the latent variable zi ∈ R100 from standard Gaussian distribution N (0, I100), where
the number of samples is equivalent to that of training samples. We employed two-layer sigmoid
neural networks for both the generator G : R100 → R784 and discriminator D : R784 → R, with the
hidden layer widths set to 500 and 3000, respectively. Each experimental result shows the images
generated by the generator from the presampled noise after 100,000 iterations of full-batch training.

We ran five additional experiments with different initializations for the eight settings in Figure 2.
The results, shown in Figures 3 and 4, closely match those in Figure 2.
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Figure 3: (i) JS-GDA(τ = 1), (ii) JS-EG(τ = 1), (iii) ZI-GDA(τ = 1), (iv) ZI-EG(τ = 1)

Figure 4: (i) ZI-GDA(τ = 1), (ii) ZI-GDA(τ = 5), (iii) ZI-EG(τ = 1), (iv) ZI-EG(τ = 5)
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