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Abstract

Depth Up-Scaling (DUS) expands pre-trained language models by duplicating Transformer blocks,
but also duplicates FFN-heavy components and increases parameter and compute costs. Conditional
computation and memory layers motivate lighter alternatives to dense FFN branches, while attention-
head specialization suggests that added capacity can be allocated more effectively at finer head-level
granularity. We propose Memory-Infused Depth Up-Scaling (MIDUS), replacing duplicated FFN
branches with memory layers for lightweight retrieval-based residual capacity. We instantiate the
inserted memory layer as a Head-wise Memory Layer (HML), where each attention-head output
queries a distinct product-key space, and Head-wise Implicit Value Expansion (HIVE) realizes
retrieved latent values through head-specific projections from a shared latent bank. Experiments
show improved performance and efficiency, while head-importance results and a fixed-retrieval

structural analysis highlight head-wise structure in the added residual correction.

1. Introduction

Large language models (LLMs) exhibit predictable
gains as parameters scale, but training larger archi-
tectures from scratch remains prohibitively expen-
sive. Model up-scaling offers a practical alternative
by expanding a pre-trained backbone and adapting
it through continual pre-training (CPT). Among up-
scaling strategies, Depth Up-Scaling (DUS) increases
depth by inserting Transformer blocks while preserving
the backbone structure [17, 46, 48]. From the residual-
architecture view, these inserted blocks act as correction
paths between pre-trained blocks, making their param-
eterization central to how added capacity is introduced.
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Figure 1: DUS expands model depth
through duplicating Transformer blocks,
while MIDUS integrates Memory blocks.

Recent DUS methods refine depth expansion through selective block copying, learned initializers,
or transport-guided initialization [5, 46, 49]. However, they still duplicate FFN-heavy Transformer
blocks, tying added capacity to whole-block FFN replication with substantial parameter and com-
pute overhead. This motivates rethinking how the inserted branch is parameterized and where its
capacity is allocated. Studies on conditional computation, structured sparsity, and retrieval-based
memory suggest that Transformer capacity can extend beyond dense FFNs [13, 21, 26, 27, 29, 52],
while attention heads differ in function and importance [14, 51, 53]. Together, these observations
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motivate a finer-grained DUS design where inserted capacity is lightweight through memory-based
parameterization and aligned with head-level heterogeneity.

We propose Memory-Infused Depth Up-Scaling (MIDUS), which replaces inserted FFN branches
in DUS with memory layers, turning added depth into lightweight retrieval-based residual capacity.
Its Head-wise Memory Layer (HML) lets each attention-head output query a distinct product-key
space, while Head-wise Implicit Value Expansion (HIVE) realizes retrieved latent values through
compact head-specific projections from a shared latent bank. On Llama-3.2-1B and Llama-3.1-
8B [18], MIDUS-HML improves performance and efficiency over DUS baselines under CPT and SFT,
using fewer parameters, lower GPU memory, and lower computational cost. Head-importance and
structural analysis further support the head-conditioned structure of the added residual correction.

2. Methodology

To parameterize the added residual capacity in DUS without duplicating FFN-heavy blocks, we
introduce MIDUS with HML. MIDUS replaces inserted FFN branches with memory layers, while
HML allocates the resulting retrieval-based capacity at the attention-head level. We build on the
DUS, memory-layer, and attention-head literature summarized in Appendix B, and use the notation
for pre-norm Transformer blocks and linear memory layers given in Appendix C. Below, we present
the core formulation of MIDUS-HML and defer the full product-key lookup procedure, complexity
analysis, and implementation details to Appendix D.

2.1. Memory-Infused Depth Up-Scaling

Let z € RT*4 be a length-T' sequence representation with hidden dimension d. In a pre-norm
Transformer block, the attention update is followed by an FFN residual update. MIDUS replaces this
FFN branch in an inserted block with a memory layer Mem, defining

a(z) = x + Attn(LN(x)), M(x) = 2 + Mem(a(x)). (1)

Let fo(x) = Br—10---0By(x) be the pre-trained base model, where By denotes the ¢-th Transformer
block. Given anchor indices 0 < 9 < --- < tp_1 < L — 1, standard DUS inserts duplicated
Transformer blocks after these anchors. MIDUS uses the same anchors but inserts Memory blocks
before the corresponding pre-trained blocks, yielding

fumus(z) =Bp—10---0Bj, ;oMp_10---0Bj,0Myo---0 By(z). 2

This preserves the DUS depth-expansion structure while changing the added residual path. The full
composition, ordering, and placement policies are provided in Appendix D.1. We zero-initialize each
memory value bank so that Mem(a) = 0 at initialization, making every Memory block an identity
map. We initialize each Memory block’s attention parameters from the following pre-trained block,
providing a stable attention-updated input for learning retrieval-based residual corrections. Further
details are given in Appendix D.2.

2.2. Head-wise Memory Layer

HML parameterizes the memory-based residual correction at the attention-head level. Let H be the
number of heads and d;, = d/H. HML uses the pre-output-projection attention output

o (2) = At/ (LN(2)) = [as (@) | -- - | anr ()], 3
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Table 1: Performance of DUS and MIDUS across Llama-3.2-1B and Llama-3.1-8B backbones under
CPT and SFT settings. Llama-3.1-8BT results are from [5], except for MIDUS-HML.

Llama-3.2-1B Llama-3.1-8Bf
PPL | Zero-shot Accuracy T PPL | Zero-shot Accuracy T
Method ~ Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average
Base 1322 68.69 2227 6022 2588 63.61 7508 29.85 4937 835 7997 2688 7206 6519 81.83 78.84 5861  66.20

SOLAR 1341 68.81 2258 6022 2629 61.16 7524 30.14 4921 990 79.88 26.88 71.59 5741 80.70 78.56 54.37  64.20
LlamaPro 1233 66.75 2243 5975 35.14 6486 74.54 3122 50.67 7.81 81.61 2949 7372 7093 81.65 79.98 62.56 68.56

& LESA 1206 6633 2197 6022 4521 6437 7459 36.11 5269 773 8207 2796 74.11 7240 8193 8030 62.63 68.77
O OpT-DeUS 1172 6646 23.35 61.56 4644 6242 7454 3656 53.05 7.3 8207 2734 7474 7191 8226 80.79 62.96 68.87
Avg-DeUS  12.04 66.84 2273 60.38 41.93 64.01 7427 3440 5208 795 8215 2750 7348 71.09 82.17 8020 62.11  68.39
MIDUS-HML 11.64 66.16 2320 61.56 4627 6529 75.08 3691 53.50 7.40 8237 28.57 74.59 70.84 82.87 80.25 63.40 68.98
Base 13.09 69.65 2120 5896 2637 6266 7546 3043 4925 832 81.10 2458 72.14 6830 82.14 79.71 59.17  66.73
SOLAR 1323 69.28 23.81 5833 2744 60.64 7590 31.05 4949 9.68 80.68 2519 71.19 61.81 81.19 79.16 5503  64.89
LlamaPro 12,55 67.68 22.89 60.06 42.59 62.75 7546 33.62 5215 7.81 8333 27.19 74.11 7207 8226 80.79 6232 68.87

] LESA 12.37 6599 2335 6038 4791 6633 7524 3643 53.66 772 83.84 26.57 75.53 73.05 83.00 80.69 6357 69.47
OpT-DeUS  11.82 66.62 23.81 60.14 49.55 6343 7552 37.64 53.81 7.73 83.80 2673 76.09 73.05 83.36 80.85 63.84 69.67

Avg-DeUS  12.18 67.09 23.66 60.30 47.01 65.63 7497 3562 5347 791 8388 2642 7545 7289 83.18 8047 63.10 69.34
MIDUS-HML 1175 66.33 21.51 60.77 50.04 66.21 7590 37.82 54.08 7.50 83.50 28.11 7490 73.63 8339 80.96 64.54 69.86

where Attn’ omits the output projection and ay(x) € R7*% is the output of head h. HML sets
qn = ap(x), so each head queries its own memory space without an additional query projection.

Instead of an independent linear key bank per head, HML uses multi-head product-key mem-
ory [29]. For each head h, it stores n row and n column sub-keys whose Cartesian product gives
N = n? composite keys, preserving a large head-specific key space with lower lookup cost. For
token ¢, product-key lookup returns Top-k composite pairs €5, C {1,..., n}? and weights ap ¢, and
m(i,7) = (i — 1)n 4 j denotes the associated value index. Details are provided in Appendix D.3.

While head-wise product-key retrieval gives each head a distinct key space, using a single realized
value bank still forces different heads to retrieve values from the same output value space. To address
this, HML incorporates Head-wise Implicit Value Expansion (HIVE), which separates shared latent
storage from head-specific value realization. Let V' € R™V*" be a shared latent value table with latent
dimension r, and let W}, € R”*% be a head-specific value projection. HIVE computes

Mug= > ane(i,j) Ve y €R', MEVE = My, W), € R )
(ivj)EQh,t

Concatenating token-stacked head outputs M, ,ILHVE € RT*4n defines
HML(a/(2)) = [MJTVE | oo | MEVE] e RT*E ML (g) = 5 4 HML(d/(2)).  (5)

This enables head-specific realization while sharing latent storage. Details are in Appendix D.4.

2.3. Structural Analysis of HIVE

We analyze MIDUS-HML under fixed retrieval coefficients to isolate the value-side role of head-
specific realization. Fix a’ and the retrieval weights. For each head h, collect the Top-k retrieval-
weight vectors into A, = [ap 1, ..., 04;17T]T € RN Let Y}, € RT*% be the target correction
for head h, and let F(a') = [Fi(d') | -+ | Fu(a’)] be a head-partitioned correction. Under
the same retrieval weights, the shared-realized-value family uses one bank Vi, € RN*% with
Fy,(a') = A Vi, whereas the head-specific family uses banks Vj, € RV % with F},(a') = ALV,.
Using the Frobenius norm, define the loss and optimal values as

H
1 : .
L(F) = 5 S NF @) = Yill's Lo =1nf£(F), Ligg = int L(F)- - (©)
h=1 = hih=1
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T [ Linor MO picw T ivaber W . | Table 2: Efficiency for Llama-3.1-8B with parame-
51 o ters, GPU memory, training speed, and throughput.
E
z I I I II I II I II I Bl GB | sfiter | Tokens/s T
o -100
: Method Params GPU Memory  Train  Throughput
2 o4 1 25 512 ozs 20a8 aos6 Base 803/803  816/192  6.12 61.0
Prompt Length (# of Tokens) £ LlamaPro 349/1152 638/27.0 689 413
B OpT-DeUS 349/1152 59.8/270 578 413
Figure 2: Change in prefill time over prompt ~ % Linear  148/951  513/23.1 1105 424
. = PKM 121/9.24  483/225 9.88 41.3
length for each memory layer relative to DUS. 5 uUlraMem 129/932  569/236  8.56 36.9
HML is the fastest across all prompt lengths. HML  042/845 348/201 5.5 50.5

Theorem 1 In the fixed-retrieval setup, suppose Ay = A for all h € [H], and let 114 be the
orthogonal projection onto the column space of A. Assume that there exists an optimal head-
specific solution {V;* }thl that admits a shared latent factorization V;* = VW, where V&€ RN*T,
Wy, € R™% and r < dy,. If the projected targets are non-identical across heads, i.e., 1Y), #
HaYy for some h # I, then the corresponding HIVE correction ﬁh(a’ ) = AVW,, satisfies
ﬁ(F) ﬁ* Ind < ﬁShare

The theorem shows that HIVE shares latent storage while preserving head-specific value re-
alization. If optimal head-specific banks admit a shared latent factorization, HIVE recovers the
head-specific optimum through compact per-head projections. By contrast, a shared realized value
bank must fit different projected head corrections with one value matrix, causing an irreducible gap
when projected targets differ. Thus, HIVE separates storage sharing from head-wise realization in
the added residual branch. Proofs and FFN-related discussion are provided in Appendix M.

3. Experiments
3.1. Experiment Settings

Following Cao et al. [5], we evaluate DUS and MIDUS on Llama-3.2-1B and Llama-3.1-8B [18],
adding 8 and 16 blocks, respectively. MIDUS-HML uses product-key memory with n = 64
row/column sub-keys, Top-k retrieval with k = 4, and HIVE dimension r = dj. With 32 heads
per block, this yields 1.05M and 2.10M head-specific addressable memory slots for Llama-3.2-1B
and Llama-3.1-8B, respectively. DUS baselines follow their original placement policies, while
MIDUS uses Distributed placement by default (Appendix G.4). Training and evaluation are pro-
vided in Appendix E. We perform CPT on FineWeb-Edu and MathPile, and apply SFT to
the FineWeb-Edu CPT model using Alpaca-GPT4 and Databricks-Dolly-15k. General-
purpose language and reasoning are evaluated with lm-evaluation-harness, while math-
domain, retrieval-heavy, and long-context evaluations are reported in the Appendix.

3.2. Experiment Results

Main results. Table 1 reports general-purpose language and reasoning performance after CPT on
FineWeb-Edu and SFT on Alpaca-GPT4, using Llama-3.2-1B and Llama-3.1-8B backbones.
Across both backbones, MIDUS-HML achieves the lowest WikiText PPL and the highest average
zero-shot accuracy after CPT, with gains largely preserved after SFT. These results support replacing
inserted FFN branches with HML as head-conditioned memory-based residual correction. Additional
SFT, MathPile, retrieval-heavy, and long-context results are reported in Appendix H, J, and I.
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Figure 3: Head-importance score 1.5, on PIQA for Llama-3.2-1B. (a) Heatmap of IS}, over layer x
head index for the pre-trained base model before CPT. (b) Heatmap for MIDUS-HML after CPT.
Head importance rises overall, with the largest gains on heads already high in (a). (c) Per-layer
variance of 1.5}, across heads is consistently higher under MIDUS-HML, reflecting that important
heads become more dominant. This pattern is consistent with head-conditioned capacity allocation
in HML, where each head retrieves from its own key space and realizes head-specific values.

Table 3 compares different memory layers Table 3: CPT results with Llama-3.2-1B for
within MIDUS. All variants use equal memory- MIDUS with different memory layers.

head counts and distinct key memories per head, PPL | Zero-shot Aceuracy 1
. . M Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Averag
while Llnear, PKM [29]’ and UltraMem [21] Li:el:r 11.18]2 65.61 ;);?3 622;2 452 6:‘.)7(]2 75?)8 35.89 ;;‘;‘je
i ati PKM 1197 6570 2135 6140 42.18 6547 74.65 3393 5210
share value parameterization across heads. HML e e o o o Tae o
achieves the best average accuracy, supportlng HML  11.64 66.16 2320 61.56 4627 6529 7508 3691  53.50

HIVE-based head-specific realization. Additional ablations are provided in Appendix K.4.

Efficiency of MIDUS-HML. Table 2 reports parameters, peak GPU memory, training latency, and
generation throughput on Llama-3.1-8B. MIDUS-HML gives the strongest efficiency profile among
up-scaling methods, with the fewest parameters, the lowest training and inference memory, faster
training than OpT-DeUS, and the highest throughput. Among memory-layer variants, HML is also
the most efficient, training nearly twice as fast as Linear, PKM, and UltraMem. Figure 2 shows that
MIDUS-HML remains faster than DUS across prompt lengths, while UltraMem incurs larger prefill
overhead from virtual value indexing and Tucker-based query—key scoring [21]. All DUS methods
share one inference reference curve due to identical inference-time structure. Since placement policy
also affects training efficiency [5], additional ablations are provided in Table 12 and Appendix G.4.

Head-importance concentration under HML. We further measure gradient-based head impor-
tance [3] on PIQA for pre-trained Llama-3.2-1B and MIDUS-HML after CPT on FineWeb-Edu.
Figure 3 shows that MIDUS-HML yields a more uneven head-importance profile with higher within-
layer variance, indicating more concentrated head-level contributions. This pattern is consistent with
head-conditioned allocation of the added residual capacity. The score definition is in Appendix E.3.

4. Conclusion

We introduced MIDUS, a DUS framework that replaces FFN-heavy duplicated branches with memory
layers for lightweight retrieval-based residual capacity. HML realizes this capacity at the attention-
head level by combining product-key retrieval with HIVE-based head-specific value realization.
Experiments show improved performance and efficiency over DUS baselines and memory-layer
variants, while head-importance and fixed-retrieval analyses support its head-wise structure.
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Appendix
Appendix A. Limitations and Broader Impact.

This work focuses on efficient DUS for Llama-3.2-1B and Llama-3.1-8B under CPT and SFT
settings. While we evaluate MIDUS across general-purpose, math-domain, retrieval-heavy, and
long-context benchmarks, further validation on other model families, larger scales, and different
training regimes remains future work. Due to the computational cost of repeated CPT runs, our main
results are reported as single-run point estimates rather than with error bars or confidence intervals.
Our structural analysis should also be interpreted as a fixed-retrieval explanation of HIVE, not as
a complete characterization of all FFN-based or memory-based expansion methods. MIDUS may
reduce the parameter, memory, and computational costs of model up-scaling, improving accessibility
and resource efficiency. However, more efficient LLM scaling may also lower the cost of deploying
models that inherit broader LLM risks, including misuse, biased outputs, privacy concerns, and unsafe
generations. These risks should be managed through the responsible-use policies and safeguards of
the underlying models and deployment settings.

Appendix B. Related Work
B.1. Depth Up-Scaling

Model up-scaling expands capacity along different axes, such as the width-wise route taken by
MOoE that selectively activates expert FFNs [23, 41]. DUS instead expands models depth-wise by
duplicating and reorganizing Transformer blocks. Early work studies block selection and growth
schedules through stacking and progressive training [12, 17, 35, 40, 48, 50]. Llama Pro selectively
copies blocks under a stabilizing recipe [46], while SOLAR stacks contiguous block groups [25].
Recent methods focus on initialization. LESA learns per-layer initializers [49], while OpT-DeUS uses
transport-guided initialization and Avg-DeUS initializes new layers by averaging adjacent blocks [5].

Despite this progress, DUS still adds capacity through FFN-heavy Transformer blocks, increasing
compute and memory with duplicated depth. Token-routing methods [38, 43] alleviate runtime cost
but still keep FFN parameters at inference. MIDUS instead changes the inserted block itself, replacing
duplicated FFN branches with memory layers, so the added depth carries lightweight retrieval-based
capacity rather than additional dense FFN branches.

B.2. Memory Layer

A memory layer stores key—value slots and retrieves values through dot-product lookup, forming
a linear memory in its basic form. Linear memories scale poorly because lookup cost and key
parameters grow linearly with memory size. PKM [29] factorizes the key space into two codebooks,
enabling lookup over many composite keys with fewer dot products and improving compute and
parameter efficiency over linear memory. Prior work uses PKM to augment or replace FFNs in
pre-training, enabling retrieval-based computation in place of wide dense layers [26]. Ultra-sparse
memory (UltraMem) [21, 22] further expands memory capacity through implicit value expansion
and compressed representations while keeping per-token compute low.

MIDUS brings this memory-layer view to DUS by replacing the FFN branches that DUS would
otherwise duplicate in inserted blocks. HML allocates memory capacity at the attention-head level by
combining head-wise retrieval with HIVE-based value realization. Each head queries a distinct key
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space, while HIVE compactly realizes head-specific values from a shared latent bank. This aligns
inserted memory capacity with head-level heterogeneity while keeping value storage tractable.

B.3. Specialization and Importance of Attention Heads

Attention heads specialize and vary in importance across layers, inputs, and tasks. Prior analyses
show that many heads can be pruned with limited degradation, while a smaller subset plays a
disproportionate role in model behavior [34, 44]. Other studies identify functional patterns such as
local syntax, long-range dependency tracking, and task-dependent context use [7, 14, 51]. Recent
attribution analyses further show highly uneven head contributions, with a few heads dominating
specific decisions while many remain inactive [53]. These findings suggest that added capacity need
not be allocated only through block-level dense updates. HML instead allocates memory capacity at
the attention-head level, giving each head a distinct key space and head-specific value realization.

Appendix C. Preliminaries
We formalize the standard pre-norm Transformer block [47] and a linear memory layer.

Transformer block. A pre-norm Transformer block is a mapping B : R7*¢ — RT*4_ Given
x € RT*d it is defined as

B(z) = a(z) + FFN(LN(a(x))), a(z) = z + Attn(LN(x)). (7)

Here, LN denotes layer normalization and Attn denotes the attention layer. The block first applies
an attention residual update and then an FFN residual update. We denote the ¢-th Transformer block
by By.

Linear memory layer. Given an input representation a € R?*%, a memory layer Mem : R7*4 —
RT*4 returns a retrieval-based representation m = Mem(a). It is specified by a query map and a
key—value memory bank. For a linear memory layer, define g(a) = aW, € RT*4 with learnable
query projection W, € R4 keys K € RV*% and values V' € RV*4 for N memory slots. The
similarity matrix is

S(a) = q(a)K " € RT*N, (3)

For each token ¢ € {1,...,T},letQ; C {1,..., N} be the Top-k index set of the row S(a). Let
a; € AN~ be the softmax weights over the selected scores, with zero mass outside §2;. The retrieved
representation is

N
mp =Y a;Vj, t=1,...,T. 9)
7j=1

Appendix D. Additional Method Details

This section provides the details summarized in the main methodology. We include the full DUS and
MIDUS interleaving equations, the initialization rationale, the product-key lookup procedure used in
HML, and the parameter and complexity analysis.
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D.1. MIDUS Interleaving and Initialization

Let fo(x) = Br—1 0 -+ o By(z) be the pre-trained base model. DUS selects anchor indices
0<1i<---<ip_1 <L—1andinterleaves D additional Transformer blocks By, ..., Bp_ after
the corresponding anchor blocks [46], yielding

fDUS(l‘) == BL_1 (o2 OED—I o Binl [O2CIN OEO OBZ'O [O RN OBo(ZL‘). (10)

MIDUS uses the same anchor indices, but inserts Memory blocks My, ..., Mp_1 before the corre-
sponding pre-trained blocks:

fMIDUS(.%') = BL_1 O -~ OB,L‘1771 (¢] MD—l O-++0 Bio o MO O -~ OB()(Q}>. (11)

The ordering in Eq. (11) is deliberate. Each Memory block is placed before the corresponding
pre-trained block so that its attention parameters can be initialized from the following block. This
aligns the attention-updated representation used by the memory layer with the context processed by
the corresponding pre-trained block.

D.2. Initialization Details

Recall that a Memory block is defined as
M(xz) = v 4+ Mem(a(x)), (12)

where a(x) is the attention-updated representation and Mem (a(x)) is the retrieval-based residual
correction. We initialize the value bank of each memory layer to zero. Therefore, at initialization,

Mem(a(x)) = 0, M(x) = .

This makes every inserted Memory block an identity map at the start of training. As a result, the
expanded model initially matches the pre-trained base model and provides a stable starting point for
optimizing the newly inserted memory parameters.

The attention parameters inside each Memory block are initialized from the pre-trained Trans-
former block that follows it in Eq. (11). Since the Memory block is placed before this corresponding
block, the copied attention module produces a contextualized representation aligned with the follow-
ing pre-trained block. The memory layer then learns an additional retrieval-based correction through
the residual path in Eq. (12).

D.3. Product-Key Lookup in HML

We describe the product-key lookup used inside HML. Let H denote the number of attention heads.
For a generic query representation g(a) € R”*% we partition it into H slices g, € RT*2?% with
d, = dy/(2H). Each slice is split into row and column parts:

1 1 Txd
an =" 4”@V, qp e RTVX.

For each head h, HML maintains two sub-key banks K;°%, K ,(:;01 € R™* 4 Their Cartesian product
defines N = n? composite keys, with index map

(i, §) = (i — Dn + J.
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The row and column score matrices are
T
S;ZOW — q;flow‘[(}rzow—r7 S;CZOI — q;:LolK’clol 7 S;;OW, S}clol c RTXn' (13)

For each head / and token ¢, let I, ; and J}, ; be the Top-k index sets of S}%" and Sﬁog, respectively.
These sets form k2 candidate composite keys:

Qi = Ing X Jns. (14)
For each candidate pair (i, j) € ﬁm, define the additive pair score
one(i,5) = Spy" (@) + S5 ()- (15)

The final Top-£ pair set €2y, ; C Qh,t is selected according to o, ;. We define oy, ¢ as the softmax
weights over the selected pair scores {0, (i, j) } (i, j)eQ, .-
In HML, the generic query slice is instantiated by the attention-head output. Specifically, for

a'(z) = Attn'(LN(2)) = [a1(2) | -+ | an (@),
where Attn’ denotes attention without the output projection, HML sets

qn = ap(z).

Thus, each attention head queries its own product-key space without an additional memory query
projection.

D.4. Parameter and Complexity Analysis

We compare the lookup and value-parameter costs of the memory designs used in HML. A multi-head
linear memory with NV keys computes scores for all 7" tokens at cost

O(TNd,).

Product-key memory factorizes the key space into two sub-key banks of size n, with N = n?

composite keys. It computes two n-way score matrices per head. Since each query slice has width
d, = dy/(2H), the total score-computation cost becomes

O(Tnd,),

which gives a v/ N reduction over linear lookup when N = n?. The number of key parameters also
decreases from Nd, to ndy,, because each head stores only two sub-key banks of size n x d,.
For value parameters, a naive head-wise value bank requires

HNdy
parameters. HIVE instead uses a shared latent value table and head-specific projections, requiring
Nr+ Hrdy,
parameters. When r = dp, this becomes
Ndy, + Hd:,.

Thus, HIVE keeps head-specific value realization while reducing storage when N > dj. The
additional computation is only the projection of the retrieved latent value by W}, rather than a
full-dimensional value lookup for each head.
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Appendix E. Experimental Details
E.1. Model and Evaluation Configuration

Following Cao et al. [5], we use Llama-3.2-1B and Llama-3.1-8B [18] as base models, adding 8
and 16 blocks, respectively, for all DUS and MIDUS variants. Unless otherwise specified, each
MIDUS-HML memory layer uses product-key memory [29] with n = 64 row and column sub-keys,
yielding N = n? = 4096 composite keys per head. We use Top-k retrieval with k = 4 and set the
HIVE latent dimension to 7 = dj,. Since both backbones have 32 attention heads, the inserted HML
layers provide 1.05M and 2.10M head-specific addressable memory slots for Llama-3.2-1B and
Llama-3.1-8B, respectively.

For general-purpose language and reasoning, we adopt the knowledge-centric suite used by Cao
et al. [5]: ARC-Easy [8], LogiQA [31], Winogrande [39], CSQA [42], BoolQ [6], PIQA [4], and
MMLU [19], using Ilm-evaluation-harness [15]. We also report WikiText perplexity [33].
These benchmarks use zero-shot evaluation. For math-domain reasoning, we evaluate GSM8K and
GSMB8K-CoT [9], MATH [20], and MathQA [1] with 5-shot evaluation. Retrieval-heavy and long-
context evaluations use TriviaQA [24], NQ-Open [30], RACE [28], and LongBench [2], as reported
in Appendix 1. Boldface and underlining denote the best and second-best scores, respectively.

E.2. Training Configuration

We conduct FineWeb-Edu experiments on NVIDIA RTX 6000 Blackwell GPUs and MathPile
experiments on NVIDIA H200 GPUs. Across all experiments, we use AdamW [32] with a cosine
learning rate schedule, a warmup ratio of 0.1, and a weight decay sweep over {0,1076,1072}. All
models are trained in bfloat 16 with FlashAttention-2 [11]. For MIDUS-HML, we fix the
learning rates of key and value parameters to the maximum learning rate without scheduling and
set their weight decay to zero, following the sparse memory usage motivation of Lample et al. [29].
During CPT, following prior DUS studies [35, 46, 49], we train newly inserted blocks for DUS and
MIDUS variants while freezing the pre-existing base blocks. For the base model and SOLAR [25],
all parameters are updated. During SFT, all parameters are updated for every method, following prior
work [5, 49].

For Llama-3.2-1B on F ineWeb-Edu, we follow the hyperparameter configuration of prior work
and apply the same search protocol to all baselines, including ours. During CPT, we search with a
maximum learning rate of 10~4, and during SFT, we fix the maximum learning rate to 10~°. For
Llama-3.1-8B on FineWeb—-Edu, baseline results are taken from Cao et al. [5]; for MIDUS-HML,
we fix the CPT learning rate to 5 x 10~° and search the SFT learning rate over {107, 5 x 107}, For
MathPile, we use a learning rate of 10~* for all methods and both backbones. Unless otherwise
stated, we use a global batch size of 64 and a sequence length of 2,048 tokens.

E.3. Head-Importance Analysis

We use the gradient-based head importance score IS}, from Bansal et al. [3]. For examples (z,y) ~
D, let £(z, y) denote the autoregressive negative log-likelihood, and let aj . ([x | y]) be the output of
head h at position ¢ in the sequence [z | y|. The score is

ISh(D) = ]E(‘ny)w'D [

T_ 0lz,y)
zt:ah,t([x ‘ yD aah,t( - | y])

] . (16)
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We compute 1S on PIQA in the zero-shot setting for the pre-trained Llama-3.2-1B model and
MIDUS-HML after CPT on FineWeb-Edu. The within-layer variance is computed over heads
within each layer.

Appendix F. Dataset Details

Following Cao et al. [5], we construct a 1.5B-token FineWeb-Edu subset by sampling from the CC-
MAIN-2024-51 slice of FineWeb—-Edu [36] after the base model’s pre-training cut-off. For SFT, we
use Alpaca—-GPT4 with 52k examples [37] and Databricks-Dolly-15k with 15k examples
[10]. To construct the MathPile subset, we extract math-related text from five components of the
original MATHPILE corpus [45], namely Textbooks, Wikipedia, ProofWiki, CommonCrawl, and
StackExchange, excluding arXiv. This yields approximately 1.1B tokens.

Appendix G. Implementation Details

MIDUS preserves the interleaved depth-expansion structure of DUS, but replacing duplicated FFN
branches with HML changes the computational profile of the inserted blocks. Unlike FFNs, which
are dominated by regular matrix multiplications (GEMMs), HML involves sparse retrieval with
discrete addressing, per-sample weighting, and index-based accumulation. Existing deep learning
frameworks, such as PyTorch, provide highly optimized kernels for GEMM-heavy workloads, but
sparse lookup and weighted accumulation are less directly optimized. As a result, naive HML
implementations may suffer from irregular memory access, limited hardware utilization, and atomic
operation overhead in CUDA kernels.

In this section, we describe three implementation-level optimizations used for HML to reduce
the gap between theoretical and practical efficiency. These optimizations are orthogonal to the
architectural design of HML and operate at the kernel and execution level. Further low-level
engineering, such as fully fused CUDA kernels for the entire HML block, may yield additional gains
beyond those reported in this work.

G.1. Fused Cartesian Top-k for Efficient Generation

The head-wise product-key selection used in HML avoids scoring all N = n? composite keys by

using a two-stage selection procedure. As described in Section 2.2, for each head h and token ¢,
the model first selects Top-k row and column index sets I}, ; and .J;, ;, forms the candidate pair set
ﬁhi = Iy x Jp 1, and then selects the final Top-£ pair set €2, ; using the additive pair scores oy, ;.
This row—column factorization reduces the pair-selection work from scoring all N = n? composite
keys to scoring two n-way sub-key sets per head. In practice, however, this hierarchical procedure
can introduce non-trivial kernel-launch overhead and irregular memory access on GPUs, especially
when the number of query tokens and the batch size are small, as in autoregressive decoding.

To reduce this overhead, we use a Fused Cartesian Top-k strategy for short-query inference.
While the main HML formulation uses the two-stage head-wise product-key selection, the inference
path optionally replaces this hierarchical selection with a fused operation. For each head / and token
t, we construct the Cartesian score grid S, ; € R™*" by

(Sna)is = Siy" (@) + S5 (5)-
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We then let Q5 C {1,...,n} x {1,...,n} be the Top-k pair set over the flattened grid S, ;. This
is equivalent to scoring all n? product-key pairs, but it is executed as a single fused operation that
better utilizes GPU parallelism.

This fused strategy sacrifices the asymptotic O(n) pair-selection cost and uses O(N) work per
head and query token. However, n is fixed and modest in our setting, and generation typically uses
few query tokens or small batches. In this regime, reduced kernel-launch overhead and improved
hardware utilization can lower end-to-end latency. For longer sequences and larger batches, we use
the standard two-stage product-key selection described in Section 2.2.

G.2. Head-wise Value Caching for Inference

During training, HIVE retrieves latent values from the shared latent value bank V and applies a
head-specific value projection W}, as defined in Eq. (4):

My = Z (i, §) Vagig) € R, MPYE = My, W), € R
(ivj)eﬂh,t

This factorization shares latent value storage while allowing head-specific value realization, reducing
the training-time parameter cost compared with maintaining an explicit value table of size N x dj
for each head.

During inference, model weights are fixed, so repeatedly applying W), to retrieved latent values
is redundant. We remove this overhead by constructing head-specific cached value tables only for
inference. Before decoding, for each head h, we compute

thache — VWh c RNth.

This is equivalent to applying the head-specific value projection to every row of V. At runtime, the
memory layer retrieves from V,faChe using the selected pair indices and weights, yielding the same
output as applying W), after latent-value aggregation. This equivalence follows from the linearity of
the value projection.

This optimization trades additional inference-time storage for lower decoding latency. It does
not change the training-time parameterization or storage footprint of HIVE. The learned parameters
remain factorized as (V, {W},}L ), and the cached tables are constructed on demand only for
inference. All inference-side efficiency metrics reported in our experiments, including peak GPU
memory during decoding, generation throughput, and prefill time, are measured with value caching
enabled.

G.3. Atomic Contention Mitigation via Deduplicated Gradient Accumulation

A practical bottleneck in training memory layers arises in the backward pass of value aggregation.
When multiple retrieval queries access the same value-table row, standard implementations such as
torch.nn.EmbeddingBag or scatter_add may issue many concurrent updates to the same
memory address. On GPUs, these updates are typically serialized through atomic operations, which
can reduce effective memory bandwidth and slow training.

This issue is particularly relevant for our memory layers, which combine sparse retrieval, per-
sample weights, and bfloat16 values. Current PyTorch kernels do not provide an efficient
backward path for this combination that matches our requirements. We therefore implement a custom
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Algorithm 1 Deduplicated Backward Pass for Value Aggregation

Require: Output gradient Gy € RP*9 value indices Z € {1,..., N}P** retrieval weights A € RF¥F,
value-table size N

Step 1: Form per-retrieval gradient contributions

Gexp < Gy .unsqueeze(1) ® A.unsqueeze(—1) {Geyp € REPXFXdo}
Giiat < Gexp.reshape(Pk, d,)

That < Z.reshape(Pk)

Step 2: Deduplicate retrieved value indices

Zunig, 1 < unique(Zgat, return_inverse = True)

Step 3: Pre-aggregate contributions for each unique index

U+ |Iuniq‘

Guniq < zeros(U, d,)

10: Gypiq-index_add_(0,7, Gaas)

11: Step 4: Write one aggregated gradient per touched value row

12: Gy ¢ zeros(N, d,)

13: GV[Iuniq} — Guniq

Ensure: Gy

AN A e

0

autograd function based on deduplication and pre-aggregation. The scheme applies to any value
aggregation of the form

k
yp:Z)‘p,uVIpﬂ” p217"'7P7
u=1
where P is the number of retrieval queries, k is the number of retrieved entries per query, Z,,, €
{1,..., N}is avalue-table index, and A, ,, is the corresponding retrieval weight.
Given the output gradient Gy, the gradient for value row j is

Gvlil= > MuGylpl

(pvu): Ipu=J

Algorithm 1 computes this gradient by first forming per-retrieval contributions, then deduplicating
value indices, and finally aggregating all contributions for each unique value row before writing to
the global gradient table. This reduces repeated atomic updates to the same global memory location.

This backward scheme computes the same value-table gradient as the naive implementation, up
to floating-point accumulation order, while reducing repeated global atomic updates to the same
value-table row. Gradients with respect to the retrieval weights are computed separately following
the standard weighted-embedding rule,

oL
Dy

= <GY [p]v VZp,u> ’
and are omitted from Algorithm 1 for brevity.

G.4. DUS Placement Policy

DUS placement policy is a key design choice that affects both CPT performance and training
efficiency. The Llama-3.2-1B and Llama-3.1-8B base models consist of 16 and 32 Transformer
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layers, respectively. For all DUS and MIDUS variants, we insert 8 and 16 additional modules into
these backbones, yielding final depths of 24 and 48 blocks.

We distinguish between the underlying anchor schedule and the final-stack positions of inserted
modules. DUS and MIDUS can use the same anchor schedule, but their inserted modules appear
at different final-stack indices because they follow different insertion rules. In standard interleaved
DUS, each duplicated Transformer block is placed after its anchor block. In MIDUS, as in Eq. (2),
each Memory block is placed before the corresponding pre-trained block. Therefore, the Liama Pro
placement used for DUS baselines and the Distributed placement used for MIDUS correspond to the
same underlying anchor schedule, but their inserted-module indices are shifted in the final up-scaled
stack. Although Llama Pro and Distributed have different final-stack indices, they correspond to the
same underlying anchor schedule under different insertion rules.

We consider four final-stack placement patterns:

* Top-heavy: inserted modules are concentrated in the upper half of the stack, alternating with
pre-trained blocks, following the recipe of [5].

* Llama Pro: inserted Transformer blocks are placed every three positions starting from index 2
in the final stack, following the DUS insertion rule of [46].

* Distributed: Memory blocks are placed every three positions starting from index 1 in the
final stack. This is the MIDUS counterpart of the Llama Pro anchor schedule, shifted by the
before-anchor insertion rule in Eq. (2).

* Bottom-heavy: inserted modules are concentrated in the lower half of the stack, alternating
with pre-trained blocks.

The following lists report the resulting positions of the inserted modules in the final up-scaled
stack, using O-indexing. For DUS baselines, the listed indices indicate the positions of duplicated
Transformer blocks. For MIDUS variants, the listed indices indicate the positions of Memory blocks,
with the corresponding pre-trained block placed immediately after each Memory block under Eq. (2).
Thus, although Llama Pro and Distributed have different final-stack indices, they instantiate the
same underlying anchor schedule under different insertion rules.

Up-scaled Llama-3.2-1B with 24 blocks
o Top-heavy: {8, 10, 12, 14, 16, 18, 20, 22}
e Llama Pro: {2, 5, 8, 11, 14, 17, 20, 23}
« Distributed: {1, 4, 7, 10, 13, 16, 19, 22}
* Bottom-heavy: {0, 2, 4, 6, 8, 10, 12, 14}
Up-scaled Llama-3.1-8B with 48 blocks
o Top-heavy: {16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46}
e Llama Pro: {2, 5, 8, 11, 14, 17, 20, 23, 26, 29, 32, 35, 38, 41, 44, 47}
« Distributed: {1, 4, 7, 10, 13, 16, 19, 22, 25, 28, 31, 34, 37, 40, 43, 46}
« Bottom-heavy: {0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30}
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When considering only the placement policy, Top-heavy is the most training-efficient design
under our expanded-module training setup, since placing inserted modules closer to the output
reduces the backward computation and activation memory associated with these modules. Llama
Pro is also more efficient than Distributed placement for the same reason. In contrast, MIDUS-HML
achieves its best performance under the Distributed policy, yet still provides substantially better
overall efficiency than DUS baselines. MIDUS-HML can also adopt the Top-heavy policy to further
improve efficiency; even in this extreme setting, its performance remains comparable to, or better
than, that of DUS baselines. See Table 12 and Appendix L for further ablation studies.

Appendix H. SFT results on Databricks-Dolly-15k

Table 4: SFT results on the Databricks-Dolly—-15k [10] with Llama-3.2-1B.

Llama-3.2-1B
PPL | Zero-shot Accuracy 1
Method Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average
Base 13.07 68.64 2135 60.30 27.52 63.27 7524 3049  49.55

SOLAR 13.19 69.40 23.04 59.04 2752 60.03 75.14 30.77 49.28
LlamaPro 1247 68.10 23.81 60.54 4193 63.70 7524 34.03 5248

= LESA 11.77 6646 23.66 60.77 49.06 6498 7486 3822 54.00
OpT-DeUS  11.78 67.21 23.81 6148 49.14 63.76 75.19 37.83  54.06
Avg-DeUS  12.10 67.51 2273 60.30 46.60 65.02 7437 36.79 53.33

MIDUS-HML 11.72 66.62 22.12 61.72 48.65 66.51 75.14 38.59 54.19

Appendix I. Additional Evaluation on Retrieval-Heavy and Long-Context
Benchmarks

To test whether the gains of MIDUS-HML extend beyond the main knowledge-centric benchmark
suite, we further evaluate retrieval-heavy and long-context tasks. We use the same CPT-trained
Llama-3.2-1B models from the FineWeb-Edu experiments. For retrieval-heavy evaluation, we use
TriviaQA [24], NQ-Open [30], and RACE [28] under 5-shot prompting. For long-context evaluation,
we use LongBench [2] and report results over six categories.

Table 5: Retrieval-heavy evaluation of CPT-trained Llama-3.2-1B models.

Method TriviaQA NQ-Open RACE Average

Base 30.38 9.72 38.28 26.13
Llama Pro 34.33 10.28 37.99 27.53
OpT-DeUS 3902 1201 3818 2977
Avg-DeUS 38.25 11.75 37.42 29.14

MIDUS-HML 39.75 12.24 37.51 29.83

Appendix J. CPT results on MathPile.

MathPile is compiled from diverse mathematical corpora [45], and we perform CPT with Llama-
3.2-1B and Llama-3.1-8B backbones. Table 7 reports 5-shot accuracy on math-domain benchmarks.
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Table 6: Long-context evaluation of CPT-trained Llama-3.2-1B models on LongBench. Overall
denotes the task-level average over the six categories.

Method Single-Doc QA Multi-Doc QA Summarization Few-shot Synthetic Code Overall

Base 10.45 7.40 19.10 55.68 415 2747 2132
Llama Pro 10.52 7.32 21.09 58.08 335 3570 23.07
OpT-DeUS 10.92 7.97 2294 60.60 379 4157 25.63
Avg-DeUS 10.66 7.74 21.04 60.38 354 4696 25.03

MIDUS-HML 10.60 8.48 23.23 63.52 262 54.64  27.00

Across both backbones, MIDUS-HML achieves the best average performance and remains competi-
tive or better on most benchmarks. These results suggest that head-conditioned memory supports
math-domain adaptation, including multi-step reasoning tasks.

Table 7: Performance of CPT on MathPile for Llama-3.2-1B and Llama-3.1-8B models.

Llama-3.2-1B (5-shot Accuracy 1) Llama-3.1-8B (5-shot Accuracy 1)
Method GSM8K GSMS8K-CoT MATH MathQA Average GSM8K GSM8K-CoT MATH MathQA Average
Base 4.32 4.93 5.66 29.88 11.20 35.33 33.36 11.42 37.99 29.53
Llama Pro 5.61 4.40 5.64 30.62 11.57 41.93 41.77 13.10 40.87 34.42
OpT-DeUS 6.07 6.22 5.80 30.95 12.26 49.36 50.04 13.84 42.58 38.96
MIDUS-HML 6.60 6.60 5.62 31.39 12.55 48.90 51.78 14.34 42.58 39.40

Appendix K. Ablation Studies
K.1. Ablation study on the number of memory slots
Table 8: Ablation study on the number of total memory slots and its effect on performance. The 66K,

262K, and 1M settings denote total addressable slots across inserted HML blocks and memory heads;
each head uses N = n? composite keys.

PPL | Zero-shot Accuracy 1
#Memories ~ Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average
66K (n =16) 11.63 66.12 22.89 60.06 46.27 65.02 7481 36.74 53.13

262K (n = 32) 11.64 6595 2335 6085 47.17 6544 7476 3641  53.42
IM(n=64) 11.64 66.16 23.20 61.56 46.27 6529 75.08 3691 53.50

In Table 8, we vary the total number of product-key memories from tens of thousands to one
million, i.e., n=16, 32,64 in the PKM factorization. Average zero-shot accuracy rises steadily
with capacity, while PPL stays essentially flat. We hypothesize that a larger number of memory
slots mainly helps tasks that benefit from retrieving facts or patterns, without disrupting the core
language-modeling behavior. MIDUS gains an additional axis to scale quality, and rather than adding
more Transformer blocks, we can improve results by increasing the number of memory slots.

K.2. Ablation study on Top-k

In Table 9, we vary the number of retrieved memory slots per token from k=1 to k=8 while keeping
the memory size and all other hyperparameters fixed. Average zero-shot accuracy improves steadily
as k increases from 1 to 4, with modest or no further gains at k=8, and PPL remains essentially
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unchanged across all settings. We therefore use k=4 as the default Top-%£ setting in all other
experiments.

Table 9: Effect of the Top-k value k for Llama-3.2-1B with MIDUS-HML.

Train Time || TTFT | PPL | Zero-shot Accuracy T
Top-k sliter ms Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average
1 431 9.33 11.67 65.74 2197 60.54 46.19 6495 74.86 3695 53.03
2 441 940 11.63 65.87 2320 60.69 46.11 65.11 74.54 37.04 5322
4 4.54 931 11.64 66.16 2320 61.56 46.27 6529 75.08 3691  53.50
8 4.81 10.71 11.64 66.04 23.04 6046 4693 6498 75.03 37.11 5337

K.3. Ablation study on the learning rate and weight decay

Table 10: Effect of learning rate (LR) and weight decay (WD) on the performance of Llama-3.2-1B
with MIDUS-HML

PPL | Zero-shot Accuracy 1
LR WD Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average

le-d le-6 11.64 66.16 2320 61.56 4627 6529 75.08 3691  53.50
led 0 1164 6625 2197 60.77 46.60 6532 75.03 36.99 5327
le-d le2 11.62 6578 23.04 5991 4545 6535 7481 3725  53.09
le-5 le-6 11.64 6557 21.51 6101 46.85 63.58 7448 37.12  52.87
5e-5 le-6 11.63 66.46 22.89 60.14 47.58 64.86 74.54 37.23  53.39

In Table 10, we vary the learning rate and weight decay over a range of reasonable values while
keeping all other settings fixed. Across these configurations, PPL remains tightly clustered around
11.62-11.64 and the average zero-shot accuracy stays in a narrow band, indicating that MIDUS-HML
is relatively robust to these optimization hyperparameters.

K.4. Ablation study on the Structure of HML

Table 11: Ablation study on the structure of HML.

PPL | Zero-shot Accuracy T
Method Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average
MIDUS-HML 11.64 66.16 2320 61.56 46.27 6529 75.08 3691  53.50
w/ BatchNorm1d 11.74 66.54 2243 60.77 47.34 64.80 7492 3694 53.39
w/ LayerNorm 11.68 66.08 2243 61.56 46.68 65.17 75.19 37.34 53.49
w/ Residual 11.64 66.04 22.89 6148 4636 65.17 7535 36.75 5343

w/ Output Projection 11.64 66.12 23.66 61.09 4652 6523 7486 37.07 53.51

In Table 11, we evaluate four HML variants. The first applies BatchNorm1d to the queries,
following PKM [29]. The second applies LayerNorm to the queries. The third adds an internal
attention residual, a’ = z + Attn’(LN(z)). The fourth enables the attention output projection.
Neither query-normalized variant improves over the default HML, suggesting that normalization may
disturb the score structure used for Top-k selection. The internal residual also degrades performance,
which indicates that directly using separated head outputs may provide more suitable memory queries
than mixing them with the input representation. Although adding the output projection gives a
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marginal gain, we retain the projection-free design as the default because it preserves head-separated
queries and avoids the additional projection cost.

K.5. Ablation study on DUS placement policy.

Table 12: MIDUS-HML under different DUS placement policies. Peak GPU Memory and Time are
training requirements. Top-heavy places expanded blocks toward the top, Distributed interleaves,
and Bottom-heavy places them near the input.

GB | sfiter | PPL | Zero-shot Accuracy T
DUS Policy GPU Memory Time Wiki ARC LogiQA Wino CSQA BoolQ PIQA MMLU Average
Top-heavy 24.1 3.89 11.63 66.12 2227 61.25 4644 6428 7492 3623 53.07
Distributed 28.0 456 11.64 66.16 2320 61.56 46.27 65.29 75.08 3691 53.50
Bottom-heavy 28.6 4.67 11.60 66.12 21.81 60.30 45.05 65.05 7530 36.35 52.85

Table 12 shows the efficiency and performance of MIDUS-HML with Llama-3.2-1B under
different DUS placement policies. Top-heavy placement, as used by OpT-DeUS [5], is most efficient
in memory and time, since many frozen lower blocks can be skipped during backpropagation.
Bottom-heavy placement slightly improves PPL but does not maximize average zero-shot accuracy.
Distributed policy yields the best overall accuracy.

Appendix L. Additional efficiency experiments
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Figure 4: Efficiency of DUS baselines and MIDUS-HML as a function of batch size. Dist. denotes
the Distributed and Top. the Top-heavy DUS placement policy.

We measure all efficiency metrics on a single NVIDIA RTX 6000 Blackwell GPU. For training-
related metrics, Table 2 and Figure 2 use a global batch size of 16 with 16 gradient-accumulation
steps. Unless otherwise noted, the sequence length is fixed to 2048 in these efficiency experiments.
For inference-related metrics, we report peak GPU memory and generation throughput measured
during the generation stage.
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Figure 5: Efficiency of DUS baselines and MIDUS-HML as a function of sequence length. Dist.
denotes the Distributed and Top. the Top-heavy DUS placement policy.

Figure 4 further examines efficiency as a function of the global batch size. We fix the gradient-
accumulation steps to 16 and the sequence length to 2048, and vary only the global batch size. For
Llama-3.1-8B, we omit the training-time entries for Llama Pro and OpT-DeUS at a global batch size
of 64, since they exceed the available GPU memory on a single RTX 6000 Blackwell GPU. Across
Figure 4 and 5, which cover a range of batch sizes and sequence lengths, MIDUS-HML (Dist.)
consistently achieves training times that are faster than or comparable to those of the DUS baselines.
Notably, MIDUS-HML (7Top.), which adopts the same DUS placement policy as OpT-DeUS, is
substantially faster than OpT-DeUS. In all cases, MIDUS-HML also requires less peak GPU memory
than any of the DUS baselines. The Llama-3.1-8B results suggest that the efficiency advantage of
MIDUS-HML remains pronounced on a larger and deeper backbone.

Appendix M. Structural Analysis of Head-wise Value Memory

This appendix analyzes the head-wise value parameterization used in MIDUS-HML under fixed
retrieval coefficients. We focus on the following architectural question. When the desired residual
corrections are heterogeneous across heads within a common retrieval span, when does head-specific
value capacity reduce the empirical correction loss compared to a shared-realized-value alternative,
and when can HIVE preserve this advantage through shared latent storage with head-specific value
realization?

M.1. Local Correction Setup

Consider fixed attention-head outputs
d =lay |- |ag] € RT*? ay, € RT*dn,

where H is the number of attention heads, d = Hdy, and [H| = {1,..., H}. Unless specified
otherwise, || - || denotes the Euclidean norm for vectors and the Frobenius norm for matrices.
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We analyze value updates under fixed retrieval coefficients. For each head h, we collect the
sparse Top-k retrieval-weight vectors v, ¢ € AN~ into the retrieval-weight matrix

T TxN

Ap = o, .. o] € RTZY,

where N is the number of composite memory slots per head. Let ¥}, € R7*? denote the desired
residual correction for head h, and let

Y =[Yi || Yy] e RT*4,
For a head-partitioned correction
F(a') = [Fi(a’) | - | Fu(a')],

define the empirical correction loss

1 H
=35 D IEu(a) = Yall.
=1

We compare two value parameterizations under the same retrieval-weight matrices {Ah}thl-

Shared realized value bank. The shared-realized-value family uses a single realized value bank
Vin € RN *%dn for all heads and is defined by

Fy(a') = ApVin.

Head-specific value banks. The head-specific-value family assigns an independent value bank
Vi, € RVXdn to each head and is defined by

Fh(a') = Ath.

M.2. Loss Gap from Head-specific Value Capacity

For fixed retrieval, both families are linear in their value parameters. The optimal head-specific-value
loss is

H

1

Lhg = {Vu}lf L(F) = Z |(Ir — TI4, ) Y2 %,
hJip=1

where I1,4, is the orthogonal projector onto col(Ap) C RT'. In contrast, the shared-realized-value
family must use one common bank Vi, to fit all heads simultaneously.

Proposition 2 The shared-realized-value optimum is

Lipase = 0 L(F) = Ling + 5 ZHAh — I0a, Ya1?, (17)
where
H t H
Va= (> aran) oAl
h=1 h=1
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is a minimum-norm optimal shared realized value bank, and t denotes the Moore—Penrose pseudoin-
verse. Define Agnare = L&000 — LTna- Then Asnare > 0. Moreover, Agpare = 0 if and only if there
exists a single Vi, € RN*h sych that ApVy, = 11 A, Yn for all h € [H|. When retrieval is identical
across heads, that is, Ay, = A for all h, the gap reduces to

T

1

— Y.

H h
h

H
1 _ _
Aghare = 5 ) [Ta(¥a = V)[?, ¥ =
h=1 1

Thus, in this special case, the shared-realized-value penalty is the sum of squared deviations of
head-specific correction targets within the common retrieval span col(A).

Proof The head-specific optimum follows by solving, independently for each head,
inf L[ ALV - Y32
inf — -
DLl RIl™S
which gives the projection residual
1 2
510 =Ly, )Y

For the shared-realized-value family, the optimization is
1 A
inf — ) |4 Van — Yal%.
inf 2;” WVen — Y|

The normal equation is
H H
(Z A;TA}J Vin = Z Ap Yy,
h=1 h=1

and the minimum-norm solution is

H L H
£ ::<§£:‘4Z>4h> 25314;}%-
h=1 h=1
For each head, A,V and I1,4, Y} both have columns in col(Ay), whereas (I7 — I, )Y} has
columns in col(Ay,)*t. Hence A,V — 114, Yy, is orthogonal to (I7 — 14, )Y}, column-wise. Since
AnViy = Yo = (AnViy — 4, Ya) = (I — 14, ) Yo,
the Pythagorean identity yields
ARV = Yall* = [ ARV, — Ia, Yal® + [|(I7 — ILa, ) Ya .

Applying this decomposition to the shared objective gives Eq. (17). The non-negativity and equality
condition follow immediately.
If A;, = A for all h, then

T =(ATATATY,  AVE =11,Y.
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Substituting this into the gap expression gives

H H
1 - 1 _
5 D ITAY — TLaVi[* = B > Imayn - )%
h=1 =1

Proposition 2 quantifies the penalty of forcing all heads to use a single realized value bank. The
gap vanishes only when a common bank can match every projected head-specific target.

M.3. HIVE as Shared Latent Storage with Head-specific Value Projection

We now consider HIVE, which shares a latent value table V' € RY*" while allowing each head to
use its own value projection W}, € R"*%: so that the head-specific bank is represented as VW},.

The next proposition shows that if an optimal head-specific solution is approximately gener-
ated from a shared latent value bank with head-specific value projections, then HIVE inherits the
independent head-specific loss up to a controlled residual penalty.

Proposition 3 Let {V;*}/1 | € argmin A L(F) be a selected optimal head-specific solution.
Suppose there exist VeRN*T W, € R4 and Ry, € RNV%dn such that

Vi =VW,+ R,  forallh e [H],

and "1 || Ry||? < &, where r < dy,. Let p = maxpe ) | Anll5, where || - |lop denotes the operator
norm. Then the corresponding HIVE correction F w(a') = ARLVWy, satisfies

L(F) < Lh,+ ge.

Proof Define B
Ep =V = VW,

By assumption, £y, = Rj. Let
Fi(d) = ARVir.

The corresponding HIVE correction satisfies
Fu(d") = Fy(a') = = ApEp.
By the operator-Frobenius bound,
1Ew(a’) = F5(@)|* = [|ARER|* < | Anllg | Enll* < pll B>

Since V}* is optimal for the head-specific least-squares problem, its fitted value is the column-wise
projection
F,f(a’) = Ath* = HAth.

Hence Fj(a’) — Y}, has columns in col(A)L, while A, E}, has columns in col(A4y). These two
terms are orthogonal, and therefore

[En(a) = Yal* = [ (a") = Yall* + | Fn(a) — Fy(a)]*.
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Summing over heads gives

H
L(F) < L+ 5 1B
h=1
Since Ej, = Ry and °1° | || R ||? < ¢, we obtain

L(F) < Lhg+ ge.

We now prove Theorem 1.

Theorem 1 In the fixed-retrieval setup, suppose Ay, = A for all h € [H], and let 114 be the
orthogonal projection onto the column space of A. Assume that there exists an optimal head-
specific solution {V;* }thl that admits a shared latent factorization V;* = VW), where V € RNXT,
Wy, € R™™%% and r < dy,. If the projected targets are non-identical across heads, i.e., TL14Y}, #
HaYy for some h # I, then the corresponding HIVE correction ﬁh(a’) = AVW), satisfies
E(F) = Efnd < Eghare'

Proof [Proof] By the assumed shared latent factorization,
Vie=VW,  forall h € [H].
This is a special case of Proposition 3 with
R, =0 forall h € [H],

and hence € = 0. Therefore, R

Since every HIVE correction corresponds to a valid head-specific value choice with value banks
VW, it also belongs to the head-specific-value family. Therefore,

L(F) > Lh,g.

Thus, R
‘C(F) = fnd'

It remains to compare this value with the shared-realized-value optimum. Under the identical-
retrieval assumption A; = A for all h, Proposition 2 gives

1
H

M=

H
1 _ _
Share = Llna + B E ITa(Ys — V)%, Y = Y.
h=1

T

1

The assumption
IAY;, # AYy for some h # h'/
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implies that not all projected targets are equal to their mean IT1,Y". Hence
H
> MY = Y)|? > 0.
h=1

Therefore,
* *
Share > ‘CInd'

Combining this with L(F) = L}, , yields
‘C(F) = ‘Cfnd < ‘Cghare'
|

The theorem isolates a structured heterogeneity regime in which HIVE matches the head-specific
optimum. The condition I14Y};, # I14Y} for some h # h' means that different heads require
different projected corrections even under a common retrieval span, making a single shared realized
value bank restrictive. Meanwhile, the shared latent factorization V;* = VW), is the zero-residual
instance of Proposition 3, where the optimal head-specific banks share a common latent value table.
HIVE matches this pattern by sharing latent storage while allowing head-specific value realization,
thereby separating storage-level sharing from head-specific correction.

Connection to FFN-style correction blocks. Prior work interprets Transformer FFNs as implicit
key—value memories, where the first linear map and nonlinearity induce key-like activations and
the second linear map provides value-like outputs [16]. Under this view, duplicating FFN branches
in DUS can be interpreted as increasing memory-like value capacity through a shared block-level
correction over the full hidden representation.

The analysis above should not be read as a formal reduction of arbitrary FFNs to the shared-
realized-value family, since FFNs include nonlinear activations and dense feature mixing. Instead, it
isolates a simplified fixed-retrieval regime that reflects the distinction between shared realized values
and head-specific value realization. HML with HIVE shares a latent value table while allowing
each head to realize this shared storage through its own value projection. The theorem shows that
this separation can matter when heads share the same retrieval-weight matrix but require different
projected corrections.
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