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Abstract

We study the problem of reinforcement learning in infinite-horizon discounted
linear Markov decision processes (MDPs), and propose the first computationally
efficient algorithm achieving near-optimal regret guarantees in this setting. Our
main idea is to combine two classic techniques for optimistic exploration: additive
exploration bonuses applied to the reward function, and artificial transitions made to
an absorbing state with maximal return. We show that, combined with a regularized
approximate dynamic-programming scheme, the resulting algorithm achieves a

regret of order O(+/d3(1 — 7)~7/2T'), where T is the total number of sample
transitions, v € (0, 1) is the discount factor, and d is the feature dimensionality. The

results continue to hold against adversarial reward sequences, enabling application
of our method to the problem of imitation learning in linear MDPs, where we
achieve state-of-the-art results.

1 Introduction

Since the breakthrough work of Jin et al. [2019], the class of linear Markov decision processes
(MDPs) has become a standard model for theoretical analysis of reinforcement learning (RL) algo-
rithms under linear function approximation. This work demonstrated the possibility of constructing
computationally and statistically efficient methods for large-scale RL, and pioneered an analysis
technique that influenced the entire field of RL theory. Hundreds of follow-up papers have studied
variations of this model, studying extensions such as learning with adversarial rewards [Neu and
Olkhovskaya, 2021, Zhong and Zhang, 2024, Sherman et al., 2023b, Dai et al., 2023, Sherman
et al., 2023a, Cassel and Rosenberg, 2024, Liu et al., 2023], without rewards [Wang et al., 2020,
Wagenmaker et al., 2022, Hu et al., 2022], or with unknown features Agarwal et al. [2020], Uehara
et al. [2021], Zhang et al. [2022], Mhammedi et al. [2024], Modi et al. [2024]. The linearity constraint
itself has been relaxed in a variety of ways Zanette et al. [2020], Cai et al. [2020], Du et al. [2021],
Weisz et al. [2024], Golowich and Moitra [2024], Wu et al. [2024b]. However, practically all of these
developments retained one major limitation of the original work of Jin et al. [2019]: it only applies to
finite-horizon MDPs. Generalizations to the more challenging (and practically much more popular)
infinite-horizon MDP models have so far remained very limited, yielding only highly impractical
methods or suboptimal performance guarantees [Wei et al., 2021]. In this paper, we propose an
efficient algorithm that successfully addresses this long-standing open problem.

We consider the problem of learning a nearly optimal policy in v-discounted MDPs [Puterman,
1994], under the linear MDP assumption first proposed by Jin et al. [2019] (see also Yang and Wang,
2019). We consider an interaction protocol where a learning agent interacts with the environment in a
sequence of K episodes of geometrically distributed length, and aims to pick a sequence of policies
such that its regret against the best fixed policy is as small as possible. Our algorithm achieves a regret
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bound of order Hv/d3T + H7/*/dT log | A|, where d is the feature dimensionality, H = ﬁ is the
effective horizon, A is the action space, and 1" is the number of interactions. This implies a bound on

the sample complexity of learning an e-optimal policy of the order %ﬁdlogw. The algorithm
returns a single softmax policy that is fully described in terms of a d-dimensional parameter vector
and a d?-dimensional feature-covariance matrix. This constitutes the first sample-complexity result
of the optimal order 1/ achieved by a computationally efficient algorithm. The regret guarantees
are also shown to hold if the reward function changes adversarially over time, and we additionally
provide an extension of our method for the setting of imitation learning.

On the technical side, our main contribution is the development of a new optimistic exploration
mechanism that combines two classic ideas from two different eras of RL theory. First, following
the recipe of Jin et al. [2019], we make use of additive UCB-style exploration bonuses which have
been successfuly used for several decades in both bandit problems [Lai and Robbins, 1985, Auer
et al., 2002, Auer, 2002, Dani et al., 2008, Abbasi-Yadkori et al., 2011] and reinforcement learning
[Kaelbling et al., 1996, Strehl and Littman, 2008, Jaksch et al., 2010, Azar et al., 2017]. Second
(and more importantly), we adapt another classic (but apparently recently less well-known) idea
underlying the Rmax algorithm of Brafman and Tennenholtz [2002] (see also Szita and Szepesvari,
2010 and Chapter 8 in Kakade, 2003). Roughly speaking, this technique amounts to replacing the
standard empirical model estimate with a fixed optimistic estimate in state-action pairs that are very
poorly explored. This addresses the notorious problem of empirical estimates in linear MDPs that
they tend to have extremely high variance in under-explored states, which can only be offset with
very large additive exploration bonuses. Our Rmax-style scheme counteracts these large bonuses by
effectively swapping out the possibly over-optimistic estimates obtained via additive bonuses with
more reasonably sized estimates. Besides Brafman and Tennenholtz [2002], our algorithm design and
analysis is also strongly inspired by the recent work of Cassel and Rosenberg [2024] who proposed a
slightly limited variant of the same exploration mechanism for finite-horizon MDPs.

2 Preliminaries

In this section, we first provide the general definitions that will repeatedly appear throughout the
paper, and then go on to describe a set of ideas that will be heavily featured in our algorithm design
and analysis. We finally describe the concrete learning setting in detail at the end of the section.

2.1 Markov decision processes

A Markov decision process (MDP) with reward function r is defined by the tuple M(r) =
(X, A,r,P,v,19), where X is the (possibly infinite) state space, A is the finite action space,
r: X x Ax X — [0,1] is the reward function assigning rewards to each state-action-next-state tran-
sition, P : X x A — A (X) is the transition kernel, v € (0, 1) is the discount factor, and vy € A (X)
is the initial-state distribution. For convenience, we will assume that X is countable but note that this
can be lifted at the expense of making the measure-theoretic notation much heavier. The MDP M (r)
models a sequential decision-making problem between a decision-making agent and its environment.
The interaction starts with the environment drawing the random initial state X ~ 1y, whereafter in
each time step t = 0,1, 2, ..., the following steps are repeated: the agent observes state X; € X,
takes action A; € A, and consequently the environment generates the next state X; 1 ~ P(:| Xy, Az),
resulting in reward R; = 7(Xy, A, X¢1+1). With a slight abuse of notation, we denote the mean
reward of a state-action pair (z,a) € X x Aby 7 (2,a) = Ex/wp(.|z,q) (2, a, X')].

A stationary state-feedback policy (or, in short, policy) is a randomized behavior rule 7 : X — A (A)
that determines the action taken in each time step ¢ as A; ~ m(-|X¢). The action-value function of a
policy 7 in M is defined for any state-action pair (x, a) as

Z’VTT (X;,Ar)

7=0

Qp, (v,0) =Epqx

(XO’AO) = (m,a)] )

where Ep . denotes the expectation with respect to the random sequence of states and actions
generated by the transition kernel P and the policy 7. The value function of 7 at state x is defined
as VE, () = Ean(|a) [@F, (z, A)]. With some abuse of notation, we define the conditional

expectation operator P : RY — RY*4 via its action (Pf) (z,a) = Ex'p(.|s,a) [f (X')] for any
function f € R¥ and state-action pair (z, a). Its adjoint P is the operator that acts on distributions



pe AX xA)as Py = Ex ay~p [P (-|X, A)]. With this notation, the value functions can be
shown to satisfy the Bellman equations written as

Qp,=1+7PVp,.

For convenience, we also introduce the operator £ : RY — RY*4 defined via (Ef) (z,a) =
f (z) and whose adjoint acts on state-action distributions as (E"p) (z) = Y, 4 ¢ (z,a). When
interacting with an MDP, any stationary policy 7 induces a unique state-occupancy measure denoted
as v(m) € A(X) and a state-action occupancy measure u (1) € A (X x A) defined (with an
unusual but helpful abuse of notation) as

v(m)=01=7)) 7 Ppr[X; €] and p(m,)=(1-7)> 1 Ppr[(Xr,4;) €],
7=0 =0

2.2 Optimistically augmented Markov decision processes

A key concept in our algorithm design is that of optimistically augmented Markov decision processes
(OA-MDPs), inspired by the construction of Brafman and Tennenholtz [2002]. The OA-MDP
associated with M (r) is defined on the augmented state space X+ = X U {z*}, where 2™ is an
artificial heaven state appended to the original set of states. The transition dynamics are defined via a
perturbation of the original transition function, governed by the ascension function p* : X+ x A —
[0, 1]. In particular, the transition kernel from state-action pair z, a to 2’ is defined as

P+('|JC,(I) = (1 —p*(x,a))P(-\z,a) —|—p+(JC,(Z) H{z+€-} .

In words, the sequence of states in the augmented MDP follows the dynamics of the original process,
except that the process ascends to heaven with probability p* (X, A¢) in round ¢. The augmented
reward function is the same for all triples in the original MDP x, a, x’, and ascension to heaven results
in maximal reward r(x, a, %) = Rmax. The resulting state-action reward function is then

r*(z,a) = Exropi(iza) [ (2,0, X)) = (1 — p(z,a))r (z,a) + p(x, a) Rmax -

Once the process enters =7, it remains there forever (i.e., P*({x*}|z*,a) = 1 for all actions a)
and obtains maximal reward R, .« in each round. Without loss of generality (and for notational
convenience), we will assume throughout the state z* also exists in the original MDP M(r), but is
not reachable either via regular transitions (P ({x " }|z, a) = 0) or initialization (vp({z*}) = 0). We
will also follow the convention that p* (z*, a) = 0 for all actions a. We will refer to the optimistically
augmented MDP as M (r, p*), and illustrate the relation of the two processes in Figure 1.

Our algorithm and its analysis will feature a sequence of ascension functions denoted by p;, and

the associated transition function will be denoted by P;f. Within the augmented MDP induced by

pj., we denote the value functions of a policy 7 in M™(r,p}) as V3. . and Q% . Likewise,
ko ko

we will use ;" (m) and p)} () to refer to the occupancy measures of  in M* (r, p}). It is easy to
see that for any policy 7, the value functions satisfy V;,j,r L2 V}’{ » and Q;;’T L2 Q’}T;)T, which
explains why we call the resulting MDP “optimistic”. Furthermore, for all non-heaven states =, we
have v} (m,z) < v (m, x) and uf (7,x,a) < p* (7, 2,a). Our analysis will heavily rely on these
facts (which will be proved formally later).

2.3 Online learning in linear MDPs

We consider a variation of the MDP setup described above, incorporating two modifications: i)
periodic resets of the state evolution to the initial-state distribution vy, and ii) the ability of the
environment to change the reward function adversarially after each reset. This is a natural adaptation'
of the well-explored setting of online learning in adversarial MDPs to the discounted-reward case we
study in this work. More precisely, we consider the following sequential interaction process between
the learning agent and its environment. The interaction proceeds through 7" time steps, organized into
K episodes (of random length) as follows. The initial state drawn as X ~ v and then the following
steps are repeated in every consecutive round ¢t = 0,1,...,7"

'See Section 6 for a discussion of the role of resets and related online-learning settings.



Xt = XU {zt}

Figure 1: Illustration of the MDP M in black and its extension in blue. The MDP M contains the
additional red dashed edges that allow ascension to heaven.

* The agent observes the state X; € X,

* the agent chooses an action A; € A,

» the environment generates the next state X/, ; ~ P (-| X, Ay),

* the environment selects a reward function 7,

* the agent receives a reward r; (X, A;) € [0, 1] and observes the function r;,

* with probability v, the process moves to the next state X, = X/, otherwise a new
episode begins and the process is reset to the initial-state distribution as X; 1 ~ vg.

Without significant loss of generality, we will restrict the environment to update the reward function
only at the end of each episode, and use r, to refer to the reward function within episode k. Other than
this restriction, the environment is free to choose the rewards in an adaptive (and possibly adversarial)
way. The objective for the agent is to select a sequence of policies 7 so as to minimize its pseudo-
regret over K episodes with respect to an arbitrary comparator policy 7* : X+ — A (A), given by

K K
* - 1 .

%K:Z<VO’V£T197VP§“;¢>: 1_,)/ <,LL(7T )*/L(?Tk),’f'k> ;

k=1 k=1

where the second equality follows from the definition of occupancy measures. Since the learning
agent can only learn about the transition function via interaction with the environment, it needs
to address the classic dilemma of exploration versus exploitation. Clearly, this setup generalizes
the more standard problem formulation where 5, = 7 holds for all episodes k. In this case, &

K
corresponds to the expected suboptimality of the average policy played by the agent.

In later sections, we will consider the following structural assumption on the transitions.

Assumption 1 (Linear MDP) A discounted MDP M = (X, A, r, P,~, 1) is a linear MDP if there
exist a known feature map ¢ : X x A — R%, an unknown map m : X — R® and an unknown vector
w € RY such that for any triplet (z,a,2') € X x A x X,

P(SC/|$,CL) = <<P (I7a> 7m('r,)>7 r(z,a) = <§0 (‘Tva) ,’LU> .

We will also use the operators ® : R? — RY*A such that (90) (z,a) = (0, ¢(x,a)) holds for any
0 € R and M : RY — R such that (M f), = [ f(x)dm;(z’). Thus, we can write the transition

operator and the reward function as P = <I>M and r = ®w. Moreover, we assume that || w|| < Wihax
(p(.%', a) H <B.

Further notation. We will use my,i¢ to denote both the uniform probability distribution over
A and the policy that plays uniformly at random at every state. A(A) denotes the simplex over
a discrete set A. Given two distributions p,q € A(Z) on the countable set Z, we denote the

Kullback-Leibler divergence as Dk (p|lq) = >,z log (Z 52) p(z) and we use the convention that

Dk1 (pllg) = +oo whenever there exists an element z € Z such that ¢(z) = 0 and p(z) > 0. For a
distribution p € A(Z) and a function f € RZ, we will use the notation (p, f) = Ez.,, [f(Z)].



3 Algorithm

Our algorithm implements the principle of optimism in the face of uncertainty (OFU), by combin-
ing two classic ideas for optimistic exploration in reinforcement learning. We refer to these two
separate mechanisms as two degrees of optimism, with first-degree optimism defined using the idea
of exploration bonuses added to the rewards, and second-degree optimism leveraging the notion
of optimistically augmented MDPs defined in Section 2.2. These two incentives for exploration
are respectively inspired by the upper-confidence-bound (UCB) methods popularized by Azar et al.
[2017], and the classic Rmax algorithm of Brafman and Tennenholtz [2002]. These two mechanisms
are combined with the regularized approximate dynamic programming method of Moulin and Neu
[2023], called “regularized approximate value iteration with upper confidence bounds” (RAVI-UCB).

3.1 Overview

We begin by describing each element of our solution in general terms, and provide the pseudocode of
the resulting algorithm (specifically tailored to linear MDPs) as Algorithm 1. In recognition of the
influence of the two algorithms mentioned above, we refer to our method as Rmax-RAVI-UCB.

Regularized dynamic programming. If the transition kernel P were known, the learner could
achieve low regret by deploying the following regularized value iteration (RVI) scheme:

1
Qi1 =7k + VPV, Viga(z) = max {<%Qk+1($7 ) — 5IDKL (ulm(-lx))} . (D

and update its policies as 7y, 1 (2]a) o< 7y (x|a)e?@k+1(%:9) for some positive learning-rate parameter
1 > 0. As observed by Moulin and Neu [2023], the regularization in the policy updates is helpful for
controlling the difference between consecutive policies and occupancy measures, thus addressing a
major challenge that one faces when analyzing approximate DP methods in infinite-horizon MDPs.
Unfortunately, P is unknown and needs to be estimated. The estimation error introduced in this
process is taken care of by the two degrees of optimistic adjustments we describe next.

First-degree optimism. Our method will make use of a (possibly implicitly defined) sequence

of estimates of the transition operator ]3;~C : RY — R¥*A_ and an associated sequence of explo-
ration bonuses CBy, : X x A — R. We say that the sequence of bonuses is valid if it satisfies

‘ ((ﬁk - P) Vk) (, a)’ < CBy(z, a) holds for all value-function estimates Vj, calculated by the

algorithm, simultaneously for all =, a and k. Using this property, a key idea in our algorithm is to use

13k Vi + CBy, as an upper confidence bound on PV}, therefore providing an optimistic estimate of
the ideal value-function updates (1).

Second-degree optimism. Unfortunately, relying only on first-degree optimism as defined above
may result in value estimates that grow without bounds, thus leading to unstable policy updates. In
order to prevent this unbounded growth, we employ the idea of optimistically augmented MDPs
(defined in Section 2.2), with the ascension function defined as p} (z,a) = o (a CBy, (z,a) — w),

where o : z — % is the sigmoid function and o > 0 and w > 0 are positive hyperparameters.

Technically, this is implemented by defining our action-value updates for each x, a as

Qi+1 (w,a) = (1 — pi(z,a)) (rk (z,a) + CBg (z,a) + vPx Vi (z,a)) +pi(z,a) fr_niaj; .
This adjustment makes sure that the value estimates remain bounded, thanks to the multiplicative
effect of the ascension function that effectively trades off the possibly huge values of CBy +’yﬁk Vi
by the constant upper bound Ryp,.x/(1 — 7) in highly uncertain state-action pairs. Additionally,
supposing that CBy, is a valid sequence of exploration bonuses, one can verify that the inequality
Qi1 > i + 7P Vi, holds elementwise—that is, the estimates @, provide upper bounds on the
ideal action-value updates (1) defined in the optimistically augmented MDP.

3.2 Technical details

To complete the outline given above, we specify the missing technical details specific to linear MDPs.



Model estimation and bonus design. For estimating the transition model and defining the explo-
ration bonuses, we follow the classic approach of Jin et al. [2019] (see also Neu and Pike-Burke, 2020).
Specifically, we define the least-squares model estimate P, = O, & as the operator that maps a func-
tionv € RY to <I>]\//[k\v € R¥*4, The vector ]\//I—;;J € R? is the solution to the least-squares regression
problem with features { (X3, A;) ;‘F:" 1_1 and targets {v(Xt)};‘Fi o, Where T}, denotes the beginning
of episode k. The problem (with target v = V};) admits the closed form solution given in line 25 of

Algorithm 1. The matrix Ap, = ZtTi 1 o(Xy, Ar)p(Xy, Ay)" +1 used in the computation of the least-
squares model estimate is called the empirical covariance matrix. Finally, we define the exploration

bonuses for each (z,a) € X x A as CBg(z,a) = 8 H<p(x,a)||A;1 = 5\/<<p(a:,a),A;1<p(a:,a)>,
where 5 > 0 will be chosen during the analysis to be large enough to guarantee bonus validity, and .
is the time step marking the beginning of the eth epoch (see below). The state =™ is given special treat-

ment: for all actions a, we fix CBy(z",a) = 0, p/ (z*,a) =0, and Qi (z*,a) = Vi(z*) = %ﬁ;‘.

Bookkeeping. In order to turn the above ideas into a tractable algorithm amenable to theoretical
analysis, a few additional bookkeeping steps are necessary. The most important of these is the
introduction of an epoch schedule, which is instrumental in keeping the complexity of the exploration
bonuses and the policies low. Using a classic trick from Abbasi-Yadkori et al. [2011], a new epoch is
started every time that there is a significant reduction in the uncertainty of the model estimates (as
measured by the determinant of the empirical covariance matrix of the features in the case of linear
MDPs—see line 16 in Algorithm 1). When a epoch change is triggered, the exploration bonuses are
recomputed and the policy is reset to a uniform policy.

3.3 Discussion

Before moving to the the analysis, we highlight some important features of our method.

Computational and storage complexity. Due to its design outlined above (and detailed in Al-
gorithm 1), Rmax-RAVI-UCB produces a sequence of policies that are simply parameterized by a
d-dimensional vector and a d?-dimensional covariance matrix. Specifically, this is made possible
by keeping the bonus function fixed within each epoch and resetting the policy to uniform at the
beginning of each new epoch. Therefore, storing the policies in memory and drawing actions in each
new state can be both done efficiently. This should be contrasted with most other known algorithms
making use of softmax policies, which crucially rely on clipped value-function estimates that cannot
be stored or sampled from efficiently (as they require storing the entire history of parameter vectors
and exploration bonuses). Examples of such methods include Cai et al. [2020], Zhong and Zhang
[2024], Sherman et al. [2023b], Moulin and Neu [2023]. This not only makes the implementation of
these algorithms impractical, but also results in suboptimal regret guarantees due to the excessive
complexity of the policy and value-function classes. This major improvement is made possible
in our algorithm by the incorporation of second-degree optimism (inspired by both Brafman and
Tennenholtz, 2002 and Cassel and Rosenberg, 2024), which obviates the need for explicit clipping
of the value estimates and keeps these bounded via alternative means. All other elements in our
algorithm (such as estimating the value estimates via least-squares regression) are standard, and
match the complexity of other efficient methods for online learning in linear MDPs Jin et al. [2019],
Wang et al. [2021], He et al. [2023].

Relation with existing algorithms. Being a combination of Rmax and RAVI-UCB, our algorithm

can recover these two extremes and several other known methods by an appropriate choice of

hyperparameters. Setting CBj, = 0, we recover algorithms which leverage only second-degree

optimism. For example, in the particular case of & = oo and tabular features, we recover Rmax up to

some very minor changes [Brafman and Tennenholtz, 2002, Szita and Szepesvari, 2010]. On the other
R

hand, using the ascension function p; (x,a) = 1 {rk (z,a) + CBy, (z,a) + vPu Vi (z,a) > 1%:"}

essentially recovers the standard truncation rule applied by most related methods (under the condition
that the exploration bonuses be valid). In particular, under this choice of p;, our algorithm reduces to
RAVI-UCB. Setting the regularization parameter 1 = oo in the resulting method recovers optimistic
value iteration methods such as Azar et al. [2017], Jin et al. [2019].



4 Main Result and Analysis

The following theorem states our main result about the performance of Rmax-RAVI-UCB.

Theorem 1 Suppose that Assumption 1 holds, and that Algorithm 1 is executed with parameters
specified in Appendix B.7 for a fixed number K of episodes. Then, with probability at least 1 — 6,

Ry = O <\/d3H3K +\JdHO2K log (|A|)) .

For the commonly studied case where the reward function r is fixed, this result can be easily translated
to a bound on the sample complexity of producing an e-optimal policy as well, as stated below.
Corollary 1 Let I be drawn uniformly from {1,2, ..., K}. Then, policy 1 produced by Algorithm 1
(with the same parameter tuning as in Theorem 1) satisfies Ey |V T — V;{ ;} < ¢, if the number of
episodes satisfies

H33 H9/21
K:Q( &+ . dogA|>_

As the length of each episode is geometrically distributed with expectation H, the number of
interaction steps satisfies E [T] = HK when the number of episodes K is fixed. Taking this into
account, both results can be restated in terms of the number of sample transitions 7. Likewise, similar
results can be proved when treating the sample size 1" as fixed and letting K be the smallest (random)
number of episodes covering the sample budget.

In the remaining part of this section, we describe the main steps constituting the proof of Theorem 1.
The analysis will make crucial use of the notion of optimistically augmented MDPs defined in
Section 2.2. Specifically, we define an augmented MDP for each episode k as M} = M™ (ry, p})
and use the shorthand M;, = M(r}) for the true MDP with reward function 7. Letting s ()
denote the occupancy measure induced by policy 7 in M, the first step in our analysis is to rewrite
the regret as follows:

K

M=

{p (%) = gy, (7))

—reward-biasy =—model-bias (m*)

k=1 1

b
Il

K
(n () = p(me) ,re) = > (%) = p(m) e — 1) +
k=
(g (

[M]=

(g, (mr) = (i) ) -

=model-biasy ()

K
) g (%) = pf (k) ) +

k=1 t=1

_ept
=R

Here, JR}; corresponds to the (normalized) regret of RAVI-UCB in the sequence of optimistically
augmented MDPs (M), and the other terms account for the difference between this term and the
regret in the original problem. Some of these are easy to handle by exploiting the optimistic nature of
our augmentation technique, whereas others require a more careful tuning of the ascension functions
and exploration bonuses.

A large part of the analysis will be based on the condition that the exploration bonuses {CBy}, used
for performing optimistic value iteration are valid estimates of the uncertainty we have on the model,
in the sense that the following event holds

Evalid = {V(x,a) € X x AVk € [K],

(P _ ﬁk) Vi (x,a)’ < CBy (x,a)} . )

For the sake of clearly presenting the main ideas of our analysis, we will work under the condition
that the event E,,q holds, and we will show later in the context of linear MDPs that this is indeed
true with high probability. Furthermore, we will work under the condition that for any k& € [K], there
exists Qmax > 0 such that || Q|| ., < Qmax. We will show this is true under an appropriate choice
of pi, and give an expression for ) max. Finally, we assume the episode lengths (Ly,) are all less than
some Ly, .y and refer to this event as £7,. We will show that this also holds with high probability.



4.1 Controlling the bias due to the augmented rewards

The first lemma controls the bias introduced by the second-degree optimism introduced into the
reward function in terms of the ascension functions.

Lemma 1 For any choice of p}, we have reward-biasy < Rmax (1 (7k) , D) )-

The proof essentially follows from the definition of r}, and is found in Appendix B.1.

4.2 Controlling the bias due to the augmented transitions

Next, we provide a bound on the bias due to introducing second-degree optimism in the transition
function. It is easy to see that playing in the augmented MDP M always yields higher discounted
return due to the presence of the heaven state . On the other hand, one can intuitively see
that the difference in the bias term can be upper bounded by the amount of time spent in heaven
x*. The following lemma formalizes this claim by providing a bound on model-biasy (1) =

(ty, (m) — p () ,ry;) for any policy 7.

Lemma 2 Let 7 be any policy and pj. be any ascension function at episode k. Then,

Bomas (1, () )

0< del-b1 <
< mode '1,a,sk(7r)_1_’y

Both bounds are proved through a coupling argument, provided in Appendix B.2. Applying the lower
bound to 7* and the upper bound to 7, we obtain

K K

K
- Zmodel—biask (7*) <0, and Zmodel biasy (k) Z .3
k=1 k=1 7=

4.3 Regret analysis in the optimistically augmented MDP

To control the main term 93};, we adapt the analysis of RAVI-UCB due to Moulin and Neu [2023] with
some appropriate changes. The key idea is to define an estimate P, of the optimistically augmented
transition operator P,: associated with M7, via its action on a function v € R

(13’:”) (z,a) = (1 = pi (2,0)) - (ﬁk’U) (x,a) + pf (z,a)- fi%

Then, it is easy to verify that the validity of the exploration bonuses (Eq. 2) implies that the scaled
bonuses (1 — p;) ©® CBy, satisfy the following analogous validity condition in the augmented MDP:

](P,; . 13;) Vi (z, a)‘ < (1-p; (2,a)) CBy (2, a) .

With these insights, our algorithm can be seen as an instantiation of RAVI-UCB on the sequence of
optimistically augmented MDPs (M), and thus it can be analyzed by following the steps of Moulin
and Neu [2023]. In particular, the following lemma (an adaptation of Lemma 4.3 of Moulin and Neu
[2023], proved here in Appendix B.3) gives a bound on the regret in the augmented MDP.

Lemma 3 Suppose that the bonuses {CBy} are valid in the sense of Equation 2 and that for any k,
|Qkl oo < Qmax- Then, the sequence of policies output by Algorithm 1 satisfies

E(K)1 2 K
mgg()n(MJrlemaxE(K)Jr Qma"n +22 ,(1—=pf)®CBg) . &

4.4 Choosing the ascension functions

It remains to verify that our choice of the probabilities p; is such that the terms appearing in Lemmas 1
and Equation (3) are small, yet the value of (). also remains bounded. In particular, we show in
Lemma 10 that our choice satisfies

pi (z,a) < 20” CBy (=, a)® +2ev. ®)

Furthermore, the following lemma (proved in in Appendix B.4) shows a suitable choice of Q) ax.



Lemma 4 Suppose the bonuses {CB}, } ke[k] are valid in the sense of Equation 2 and the ascension
functions are chosen as in Line 22 of Algorithm 1. Then, for any k € |K), the iterate Q. satisfies

1Qkllse < Qumae With Quay = fmext2e/e

4.5 Exploration bonuses

The final technical step is to verify the validity of the exploration bonuses and to bound their
cumulative size. The following lemma addresses the latter question.

Lemma 5 Suppose Assumption 1 and event £1, hold and denote T' = Ly, K. Then, with probability
at least 1 — §, the policies {m,} and bonuses {CBy} satisfy

K

2
(1 (mx) ,CBy) <4(1—1) ,BB\/dTlog (1 + B;T> + 4BBlog (2?) ,

k=1

and

K 2 2
S (u(me) ,CB2) < 8(1 — ) 2 Bdlog (1 " BdT) T 457B2 log (2?) ,

k=1

For the proof, see Appendix B.5. Finally, it remains to show that the events £, and £, hold which
is done in the following lemma, whose proof can be found in Appendix B.6.

Lemma 6 Let § = 8Qnaxdlog (conmaXRmang/QQﬁlaXLISI{aQXK7/2d5/2571). Then, the event
Evatia N EL holds with probability 1 — 2.

4.6 Putting everything together

Theorem 1 then follows from applying Lemmas 1-6, using Equation (5), and bounding the total
number of epochs (Lemma 9). The full details are provided in Appendix B.7.

S Application: Imitation Learning from features alone

In this section, we show an application of the results presented in Section 4, making crucial use of the
fact that our main result in Theorem 1 allows adaptively chosen reward functions.

5.1 Setting and motivation

We consider a linear MDP with an unknown reward function 7y, defined in terms of the feature
map ¢, : X x A — R¥ as rye(r,a) = (©,(,a), Wire) or with the operator notation 7y, =
D, wirye. The transition function is defined using the feature map pp : X x A — ReP via
P(z'|z,a) = (pp(z,a), m(x’)). Itis easy to see that this is a linear MDP in terms of the concatenated
feature map of dimension d = d, + dp. We consider a learning problem that we call imitation
learning from features alone, where a learner receives as input a data set of feature vectors D, =
{or(XE, AL) :1 where X%, A%, ~ p(mp) generated by an expert policy 7 by interacting with
the MDP M (7 ). The learner is tasked with producing an e-suboptimal policy 7°%* that satisfies

E[{vo, V,TE — V;;::t )] < e. The learner has no knowledge of the reward function 7y apart from

knowing a function class including it, but has access to the feature maps and can interact with the
MDP.

This framework captures the important special case where the rewards depend only on the state
but not on the action, by choosing a feature map ¢, that only depends on the states. In this case,
the data set taken as input is significantly less informative than a full record of states and actions
DrE = {(X i AL }: . However, observing expert actions has been found restrictive in various
practical scenarios, whicil gives a strong motivation to study the setting described above. For instance
in robotics, a features only dataset describing a robotic manipulation task can be collected easily via
cameras and sensors [Torabi et al., 2018, Zhu et al., 2020, Yang et al., 2019, Torabi et al., 2019]. On
the other hand, collecting actions on top of features is more challenging as it requires knowledge of the



internal dynamics of the observed robots. Another example of imitation learning from features alone
is learning to drive from a video which does not show the driver’s actions but only the movements of
the car induced by those actions. Finally, notice that imitation learning from states only, studied for
example in Sun et al. [2019], is a particular case of our setting for ¢,.(x,a) = e,. In this case, the
expert dataset consists of states sampled from the expert state occupancy measure.

5.2 Algorithm and sample complexity guarantees

In the following, we propose a provably efficient algorithm for imitation learning from features alone.
Our algorithm design and analysis is driven by the following decomposition of the regret, defined

1L _ K TE _ {/Tk : :
as Ry = > 1y <1/0, Ve prrm>, in terms of an appropriately chosen sequence of reward
functions rq,...,7k:

K

K
(L=RE = (r,pu(mp) = p(mn) + D (Brualm) — PLu(mE), Wy — Wirne)
k=1 k=1

The first term in this decomposition corresponds to the regret of our online learning algorithm for
adversarial MDPs, and can be controlled by invoking Rmax-RAVI-UCB on the sequence of rewards
(r%). The second term in the decomposition corresponds to the regret of another online learning
algorithm picking a sequence of reward functions, aiming to minimize the sequence of linear loss
functions @] u(my) — @7 u(mg) (or at least do as well as the fixed comparator wy,ye). This objective
can be achieved by running a standard online learning method such as projected online gradient
descent (OGD, Zinkevich, 2003), using a sequence of unbiased loss estimates that can be computed
efficiently using the observed feature vectors. The full algorithm is specified as Algorithm 2 in
Appendix A and it is shown to satisfy the following guarantees.

Theorem 2 Algorithm 2, when run for K = O (dgHg/Qs_2 log(|A|)) iterations with an expert
dataset of size T = O (W2 H 25_2), outputs an e-suboptimal policy.

max
Notably, the above is the first known bound for this setting that achieves a scaling ¢ =2 with the
precision parameter for both the number of MDP interactions K and expert samples 7. We provide
a detailed comparison with existing imitation learning theory works in Appendix C, whereas the
complete technical details supporting the above theorem and a matching worst-case lower bound is
provided in Appendix D.

5.3 Lower bounds

The upper bound of Theorem 2 depends both on the number of interaction steps K and the expert
samples 7g. It is natural to ask if these dependences can be improved in the setting we consider. We
address both of these questions in the negative in a set of lower bounds described below.

Lower bound on the number of MDP interactions K. Theorem 5 in Appendix E proves that for
any imitation learning from features alone algorithm, even in the setting 75 = oo, there exists an
2\ . . .
dg ) interactions are needed to output a e-optimal

MDP and an expert policy where at least K = 2 (

policy. This lower bound shows that the upper bound provided for K in Theorem 2 achieves the
optimal scaling in ¢ and can be improved at most by a factor d>H°/2. More importantly, this lower
bound marks a clear separation between standard and features only imitation learning: purely offline
learning (K = 0) is impossible in imitation learning from features alone while it is possible in
standard imitation learning where the experts actions are observed (see, e.g., Foster et al., 2024).

In the construction of the lower bound, we consider a two state MDP with a reward function that
depends only on the state variable and we set ¢, (z,a) = e, which prevents observing expert
actions. In this MDP, for 75 = oo, the learner observes the expert state occupancy measure exactly
and therefore, the “good” state that achieves the maximum of the expert state occupancy measure.
However, since the learner does not know the MDP dynamics, interactions with the MDP are needed
to find out the action that allows to maximize the learner state occupancy measure in the “good” state.
Following standard techniques in MDP and bandits lower bound, we can ensure that the amount of
MDP interactions is at least 2 (5’2).
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Lower bound on the number of expert samples 7z. Theorem 6 in Appendix E proves that for
any algorithm for imitation learning from features alone, even for X' = oo, there exists an MDP
and an expert policy where learning an e-optimal policy requires at least 7y = €2 (WﬁlaxH 25_2)
expert samples. This lower bound proves that Algorithm 2 scales optimally with all the problem
parameters and in the precision €. Moreover, this lower bound highlights again a clear distinction
with standard imitation learning. On the one hand, standard imitation learning can be reduced to
a supervised classification problem when the optimal policy is deterministic and the actions are
observed in the dataset. As a consequence, the classic lower bound for supervised classification of
order O (5_1) [Shalev-Shwartz and Ben-David, 2014] holds and it is matched by a purely offline
behavioural cloning [Rajaraman et al., 2020]. On the other hand, in our lower bound construction
we choose again p,.(x,a) = e, to make the expert actions unobservable for the learner and we can

prove a larger lower bound of order O (5*2) which holds even if the expert policy is deterministic.

For the proof, our construction is again a two state MDP (a “good” state with high reward and a
“bad” state with lower reward). The expert policy is chosen to be the optimal one. The transition
dynamics and the initial distribution are chosen in a way that the expert state occupancy meausure is
only marginally higher in the “good” state. That is, the expert occupancy measure equals roughly
1/2 + ¢ in the “good” state and 1/2 — ¢ in the “bad” state. By standard arguments, we then conclude
that the learner needs at least €2 (5’2) samples from the expert to identify the “good” state.

6 Concluding remarks
We close by discussing a few open problems and potential improvements to our results.

On the objective function. We have focused on a relatively under-studied objective function: the
discounted return from a fixed initial-state distribution. This is different from the objectives studied by
other works such as Liu and Su [2020], He et al. [2021], Zhou et al. [2021], but arguably more natural
when one is interested in learning algorithms that produce a single near-optimal policy at the end
of an interactive learning period (which is the case in most practical applications one can think of). It
is easy to see that resets to the initial state are absolutely necessary in this setting, unless one wants to
make strong assumptions about the transition dynamics. A more exciting question is if our algorithm
can be adapted to the significantly more challenging setting of undiscounted infinite-horizon
reinforcement learning where existing methods [Wei et al., 2021, Hong et al., 2024, He et al.,
2024] either obtain suboptimal regret bounds or leverage oracles whose computationally efficient
implementation is unknown. So far, our attempts towards tackling this problem have remained
unsuccessful. We believe that significant new ideas are necessary for solving this major open
problem, but also that the techniques we introduce in this paper will be part of an eventual solution.

On second-degree optimism. Our key technical contribution draws inspiration from two sources:
the Rmax algorithm of Brafman and Tennenholtz [2002], and the very recent work of Cassel and
Rosenberg [2024]. While many of our technical tools are directly imported from the latter work, the
concept of optimistically augmented MDPs and the connection with Rmax has arguably brought about
a new level of understanding that can be potentially valuable for future work. It has certainly proved
useful for our setting, where the notion of “contracted sub-MDP” used in the analysis of Cassel and
Rosenberg [2024] cannot be meaningfully interpreted and used for analysis. We hope our work can
bring some fresh attention to older (but apparently still powerful) ideas from the past of RL theory
such as the Rmax trick.

On the tightness of the bounds. We find it very likely that our performance guarantees can be
improved to some extent in terms of their dependence on H and d. In fact, we have made no attempt
to optimize the scaling with respect to these parameters, and actually believe that the H%/* factor in
the regret bound can be improved relatively easily. Specifically, we find it very likely that performing
several value-function and policy updates at the end of each episode can reduce this factor—but
we opted to keep the algorithm simple and the paper easy to read. We invite future researchers to
verify this conjecture. Likewise, we believe that the dependence on the dimension d can be improved
by using more sophisticated estimators and concentration inequalities (as done in the finite-horizon
setting by He et al., 2023, Agarwal et al., 2023), but leave working out the (possibly non-trivial)
details for another paper.
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A Omitted pseudocodes

This section includes the pseudocode for Rmax-RAVI-UCB. Each of the steps is explained in details
in Section 3.

Algorithm 1 Rmax-RAVI-UCB for Linear MDPs.
1: Imputs: Number of resets K, learning rate 77 > 0, exploration coefficient 5 > 0, threshold w > 0,
slope sigmoid o > 0.
2: Inmitialize: X ~ vy, m1 = Tunis, @1 =0, D1 = @, AM=1t=1,e=0.
3. fork=1,...,Kdo
4: # interact with the environment
The adversary adaptively chooses r, i.e. 7, = REWARDUPDATE ({m}?zl , {rg}if;ll).

Observe the state X; and play an action Ay ~ 7y, (- | X3).

5

6:  while true do

7.

8 Receive reward ry, (X¢, A¢) and observe the function ry,.

9: With probability 1 — +, reset to initial distribution: X1 ~ v set T}, = t and break .
10: Otherwise observe the next state X;11 ~ P (- | X¢, A¢).
11: Update At-‘rl = At —‘rgO(Xt,At)QO(Xt,At)T.

12: Dt+1 = Dt @] {(Xt, At,Xt+1)}.
13: t=t+ 1.

14:  end while

15: #initialize new epoch

16:  ift =T or det A7, > 2det A, then
17: e=e+ 1.

18: Setk, =kandt, = t.

19: Reset the policy g = Typis-

20:  end if

21:  Forany (z,a) € X x A, CBy (z,a) = |l¢ (x7a)||Af_1, and CByg (z%,a) =0.
22:  Forany (z,a) € X x A, p{ (v,a) = 0 (a«CBy, (z,a) —w), and p} (z*,a) = 0.
23:  #optimistic regularized value iteration

24 TI-: = (171);)@7,]6 +p]-: ’Rmax~

25 MV, = A;kl Z(I7a7$,)€DTk v (x,a) Vi (2).

2:  PVi=(1-p})© MV +pj Vi (z*), and BV () = foas.
270 Qi1 =715 + (1 —pf) © CBr +yP V.

28: Vg (2) = plog (35, mk (a | ) enQnti(@a)),

29: Th+1 = Tk ® eU(Qk-H*EVk-H)_

30: end for
31: Output: 77, with I ~ U ([K]).

Next, we include the pseudocode for our imitation learning algorithms built on Rmax-RAVI-UCB. At
line 4, the learner computes an estimate of the expert features expectation computing an elementwise
empirical average of the features in the dataset D, . Such an estimate is leveraged in the online
gradient descent (OGD) update given by the function at lines 5-7. This function instantiates
the general REWARDUPDATE routine given in Algorithm 1. That is, after each policy update in
Rmax-RAVI-UCB, the reward player estimates the feature expectation of the current policy 7y, as the
plug in estimator ¢, (X, Ay) with Xy, A; sampled from the occupancy measure p (7). Notice
that for the reinforcement learning applications, the adversarial reward sequence is generated online
observing the policies. Therefore, for this application it is important that the guarantees in Theorem 1
holds against adaptive adversaries.
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Algorithm 2 FRA-IL (Feature Rmax Adversarial Imitation Learning)

1:

Inputs:

(1) a features dataset D, = {¢, (X}, A%) }:1 where for any i € (7], X&, A% ~ u(ng),
(2) read access to pp (z,a) forall z,a € X x A,

(3) trajectory access to M \ e, and

(4) the reward weights class W such that w,ue € W and ||w|| < Wiax forallw € W.

Set K, n, 8,w, « as in Theorem 1.

Set 7. = Wmax/BVE.

Estimate \ (1) = Tflrﬂ S e (X, A).
Function OGD(u (1) , w—1)
Sample X, A ~ u (7).
return wy; = Iy (wk_l + Ny ()\/(7};) — Qo (Xk,Ak))>.
Output: Rmax-RAVI-UCB (K, 7, 3,w, o, REWARDUPDATE = OGD).
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B Omitted proofs from Section 4

B.1 Proof of Lemma 1 (reward bias)
Lemma 1 For any choice of p, we have reward-bias; < Rmax (it (7k) , Df)-
Proof 1 First note that for any action a, the rewards are equal, i.e. 1y, (x*,a) = ] (x*, a). For the
other states, plugging the definition of r;. gives
reward-bias, = (u(7*) — p(mg) , e — 1))
<u (ﬂ-*) — K (7Tk:) apz ®© (Tk; - RmaX1)>
- <lu (ﬂ-k) ap; O] (Tk - Rmax1)>
Rmax <,u (ﬂ-k) 7pz> )

where the first inequality follows from T, — Rimax1 = 0 and p (7*) = 0, and the second inequality is
due tor, = O.

<
<

B.2 Proof of Lemma 2 (model bias)

Lemma 2 Let 7 be any policy and pj; be any ascension function at episode k. Then,

Pomax 1\ () p1) -

0 < model-biasi (1) <
1—7v

Proof 2 Let us consider a process (X., A;) .y generated by the policy  in the real MDP, i.e.,
such that Xo ~ vy, and forany € N, A; ~ 7w (- | X;), and X; 1 ~ P (- | X, A;). We denote

(X;T, Af T) its coupled process in the optimistic MDP at episode k generated as follows. At
’ T/ reN

the first stage we set X ,j,o = Xy, then for any T > 1, the coupled process evolves as follows

XT+1)AT+1 w.p. 1 _pz (XT)AT) lf X];T,AZ’T = X‘raA'r

¥ a w.p. pz (XT7 AT) if X]:—,Tv A;-,— = X, Ar )

*,a i X0 AL # X A

+ + —
Xk,7'+1’ Ak,'rJrl -

where a can be any action. Then, we can rewrite the bias term as

model-biasy (1) = (1 —v)E Z’}/T (r;: (XJ:,-NAZ;) -y (XT,AT))
7=0

=(1-7)E

i“{(x,:ﬂA:,)#xﬂAT)} (i (X ALL) = 7 (X, 42))
=0

By definition, the state-action pairs (X p AZ,T) and (X, A;) differ when the coupled process

goes to heaven, i.e. X;\ = x*. Noting that r, (x%,a) = Rmax for any action a € A, we further get

model-biasy(m) = (1 —7)E

> Y (xt ot yroeant (i (2748, ) = (X AD)
=0

=(1-7E

)

Z’YTH{(X:,T,A;T)#(XT,AT)} (Rmax — 7y (X7, 4r))
=0

and model-biasy (1) > 0 follows from v = Ruax. For the upper bound, we can instead use
ri > 0 and continue as follows

model-biasy (m) < (1 —7) RmaxE [Z e (xr AL#(XT,AT)}]

k,7?
7=0

= (1=7) 7Rmax ZVTP |:(X;,T+17AZ,T+1) # (Xry1, Ar 1),

7=0
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Figure 2: The thick arrows represent the transitions of the process in the original MDP, while the
dashed ones correspond to the utopian one.

where we used P [(X;O,Ag o) + (XO,AO)} = 0 by definition. Then, as illustrated in Fig-

ure 2, two cases can happen. Either the coupled process was still in the original MDP and
transitioned to heaven, either it was already in heaven. Denoting for any T > 0 the event

Espiit (T) = { (X;T, Al T) # (X, AT)} and EG 1, () its complementary, we have

P[Esprie (T + 1)] = P [Esprie (T + 1) |5spht( )]P[Espnt (7]
+P[ bPht ‘ bpllt ] [ scplit (T)] .

If the coupled process is already in the heaven state x™, then it stays there. Otherwise, it can transition
there with probability IE [p (X, A,)], thus

P [Epiit (T +1)] = P [Expiie (7)] + E [pf (X7, A7) P [Ese (T)]
< P [gsplit (T)] +E [p;

< STE[pf (Xu, Au)]
u=0
by induction. Therefore, we get

model-biasy () < (1 — ) YRmax Z'y’r ZE py (Xu, Ay)]

7=0 u=0
= (1 - 'Y) ’YRmaxE Z ZFYTH{UST}pz (XuvAU)
u=0T7=0
= (1= 7)Y RmaxE ZZv (Xu, Au)
u=0T=1u
= YRmaxE Zv (X, Au)
u=0

and the conclusion follows from the definition of u (7) and v < 1.
B.2.1 Alternative Proof of Lemma 2
We also provide an alternative proof based on a simulation lemma.

Proof 3 By the flow constraints associated to i) (7) and after rearranging, we get
model-biasy (7) = (1 —7) <u07 VI%J: — ;T+>
= (B (m) =7 (B i (1), Vs = VE,+ )

<# (m), B P* + EVI,:T ’YP+VP+ ++7ka7r >
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Applying Lemma 6 to both V;,j,r,j and V;_f’ . and Bellman’s equation for Q;,j,r,j’ we further have

model-biasy (m) = <ﬂ; (m), Q;;;ﬁ — Q;T; — VPJV;;,T: + ngV;TQ

= (b () VBV~ Q)

T

we obtain
"
P

Plugging the definition of P, and this time using Bellman’s equation for Q
; [/, + + +
model-biasy (T) = <,uk (m),ri+v(1—pf)©® PV;,r,j +p; © em+V];Tk+ - ;Tk+>

= (i (7). p; © (exr VE, o =PV )

Rm b'e T
~(u i (f=1-arvg, ) ©
— T
where the last equality is due to having (ex+ Vg’r:) (z,a) = V;;’T: (x*) = I;rijx for any state-
action pair (x, a). The lower bound follows from noticing that pPVE = 1%1 = Ifrji;‘ 1,
Tk

Rmax Rmax
model-biasy (1) > (1 — ,yl — ) (ug (m),pf)
- Rmax . </’('; (77) 7p;>

>0.

Moving to the upper bound, from Equation 6 and PV;DT = 0, we get
Tk

Rmax
model-biasy (7) = </LZ (m),pf © (1_71 - 7PV1§¢)>

RHI X

< T (g ().
Rmax

< T () i)

where the last inequality follows from Lemma 8.

B.3 Proof of Lemma 3 (optimistic regret)

In order to prove Lemma 3, we first need the following result that shows that the functions @y,
are optimistic estimates of an ideal sequence of dynamic-programming updates computed in the
augmented MDPs. The statement is is an adaptation of Lemma 4.2 of Moulin and Neu [2023], and
its complete proof is provided below.

Lemma 7 Suppose that the bonuses CBy, are valid for the MDP My, in the sense of Equation 2.
Then, for any k and any state-action pair (x,a) € X+ x A, the iterates Qy, satisfy

T VP Ve < Qr1 S +2(1 —pp) © CB +vP; Vi .

Proof 4 For x*t and any action a, it is straightforward to check that both inequalities are equalities.
Let (z,a) € X x A We have

i (x,a) + P Vi (z,0) = 1] (xz,a) + 7 (Pl:r - ﬁk*) Vi (z,a) + 'Yﬁ]:Vk (x,a)

< Qk+1(z,0a)
<rf(z,a)+2(1—pf (x,a)) CBg (z,a) + YP Vi (z,a) ,

where both inequalities use the fact that
(Pt~ B Vic(w,)] < (1= pf (,0)) CBi (2,0)

which is implied by the event E,a11q in Equation 2.
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Lemma 3 Suppose that the bonuses {CBy} are valid in the sense of Equation 2 and that for any k,
|Qkl o < Qmax- Then, the sequence of policies output by Algorithm 1 satisfies

EI([()nlOg|'A| + 4QmaxE (K) 2Qmax77K + 9 Z 1 _ pk) o) CBk> ) (4)

R <
Proof 5 We decompose Ry, as follows
K

9 = S (i () 1) = (1= ) (v, Vi) + (1 = ) {wo, Vi) = i (mx) 7))

k=1

=A*

k =0

where we defined A}, and Ay. We start with the first term. Using the flow constraint with pi}; (1),
A= (g, () ) = (B (7%) =y (B it (7*), Vi)
— (i (%), + AP Vi — BVt + (uf (%) , EVigy1 — BV) .
Using the lower bound on Q.41 from Lemma 7, we have
AL < (pg (), Qrar — EViyr) + (i (%), EViyr — EVi)
where the term in © = x* is equal to zero. Summing over k € [K] = Ueep, px) [Fes ker1 — 1],

BE(K)
ZA* Z < (ﬂ-*)v Z (Qk—H 7EVI€+1 >+ Z <ET,Mk Vke+1 - Vk’e>X s

e=1 keke

where the sum within each epoch of the second term telescoped. By Moulin and Neu, 2023, Lemma C.1,
we have for any state x € X

1
> Vi (x) = Jmax <P’ D Qrar (2, ')> - 5DKL (pll7muner)

ke, kel

<7T* ¢lz), Z Qry1 (, )> - %DKL (7" (- | @) [|Tunsy)

ke,

where we used Ty, = Tunis in the first equality and denoted K. the set of episodes in epoch
e. Multiplying the previous inequality by I/]:e (n*,x), summing over x € X, and noting that
pg., (7%) = v (7*) © 7*, we obtain

Y

BE(K) 1 B(K)

Z <HZ€ (), Z (Qr+1 — EVk+1)> <- <V,:’e (7*), Dir, (7" | Tuniz) )

e=1 keke n e=1

< E (K)log|Al
n
The second term can be bounded with Holder’s inequality,

E(K) E(K)
Z <ET/’LZE (71'*) 7Vke+1 - Z Hyk; ||Vke+1 - Vke 00 < 2F (K) Qmax,
e=1

where we used vii (7*) € A(X™") and HVk”oo < Qmax which follows from ||Qrl . < Qmax-
Therefore, we get

K

1
YA < EWE)108IAL o (1) Qo
k=1 77

Moving to Ay, we apply the flow constraints to i} (1) to get

Ap = (E"pf (m) = (B i (mi) s Viey = (il () 5 70)
= (uf (7x), EVie) — (uf; (7)) s 7 + 7P Vi)
< (g (Fk)vEVk_QkJrﬁ 2 (g (m1) 5 (1 = py) © CBy)
< (pg (m1) s EVie = Qpeg1) + 2 (pu (i), (1 — py) © CBy)
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where the first inequality follows from the upper bound on Q1 in Lemma 7 and the term in
x = x being equal to zero, and the second inequality is due to Lemma 8. Next, noticing

(i (mrs1) s Qusn) = (v (k) Vs + 3Pk (miaa ) )

(i (), EVie — Q1) = (v (m) , Vi) — (g, (Trt1) s Q1)
+ (g (1) s Qrer) — (g (7h) » Qi)
= <VI: (ﬂ-k) 7V1€> - <VI: (7Tk+1) ?Vk+1>
1
o (v (Tet1) , Dre (T l|7k))
+ (g (1) — pi (k) 5 Q1) -
We sum over k and look at the different terms separately. First, we get
E(K)

Z Vk 7Tk Vk < (ﬂ-k+1) Vk+1>) = Z (<V]-<;: (Trke)7vke> - <V]_c: (ﬂ-ke+1) 7Vke+1>)
k=1

e=1
< 2QmaxE (K) .
For the third term, we have

K E(K)
D (uk (mrrr) = i () Quern) = > (g, (Trgr) = pf, (k) Qg ) -
k=1 e=1 kek.

Successively applying Holder’s inequality, Pinsker’s inequality and Lemma 7,
(i (msn) — ik () Qusn) < Qua |1, (msn) — i, (o),

< Qs 2Dk (1}, (mes1) I, (mh)

2
S Qmax\/l/_y <V;€ (Wk+1) aDKL (7Tk+1H7Tk)> .

For any x € X, the KL divergence between my,1 and Ty, in state x can be bounded as

Dy (mhy1 ) ()

=Y mrpi(a] ) <77Qk+1 x,a) — log (Z Tk (b | @) exp [NQk+1 (%@]))

acA be A
=1 Z Ti+1 (@ | 7) Qi1 (z,a) — log (Z T (b | ) exp [Qr+41 (ﬂfab)]>
acA beA
<0y [ (@] @) = mi (a | 2)] Quir (w,a)
acA

< anax ||7Tk+1 ( ‘ :E) — Tk ( | ‘T)”l
S anax \/QDKL (7Tk+1 ||7Tk) (CL’) )

where the first inequality follows from Jensen’s and the convexity of — log, the second inequality
is by Holder’s and the boundedness of Qy, and the last inequality is due to Pinkser’s. Dividing by

V/Dxr (mi11||7k) () and squaring the inequality, we get

Dir (mh41[lm) () < 20° Qo -
Plugging this back into the previous inequality and summing over k € [K|, we get
K

2Q?, 77K
(g (Thg1) — py (T0) 5 Qir) < — 22—
The remaining term is nonpositive. The sum of the Ay, terms is thus bounded by
K
2 K
D Ak < 2QumaxE (K) + =R Qm“” + 22 (1-pf) ®CBy) .
k=1
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Finally, combining the bounds on 22{21 Aj and ZkKﬂ Ay, we get

E (K)log | A|

2 K
R < + 4Qmax B (K) + —omax Qi +2 Z (1—p}) ®CBy) .

=

B.4 Proof of Lemma 4 (choice of Q),,,.x)

Lemma 4 Suppose the bonuses {CB}, } ke[k) are valid in the sense of Equation 2 and the ascension
functions are chosen as in Line 22 of Algorithm 1. Then, for any k € |K), the iterate Q, satisfies

HQkHoo S Qmax with Qmax - %?%iw/a~

Proof 6 We want to find Qmax such that for any k, ||Qr|| ., < Qmax. Since Vi, is a log-sum-exp of
Qr, we have ||Vi,|| . < ||Qkll - Next, we proceed by induction to find a suitable value of Qmax. Let
k € N* and assume ||Qy|| o, < Qmax. For any (z,a),

Qurt ()| < 7} (2.a) + (1 = b} (2,0)) CBy (w,0) + 7| B Vi (w,0)|
<1 (2,0) +2(1 = pf (,a)) CBy (z,0) + 7P Vi (2,0)
S Rmax + 2 (1 - pz (IL’, a)) CBk (.T, a) + PYQInax )

where the second inequality follows from the validity of the bonuses (and corresponds to the upper
bound on Q41 from Lemma 7), and the third inequality is due to the inductive assumption and the
boundedness of the rewards. Plugging the definition of the probabilities p., we further get

|Qi+1 (2,a)|] € Rimax + 20 (w — a CBg (2,a)) CBg (z,a) + YQmax
S Rmax + ’)/Qmax + 2 Sup {O’ (w — O[Z) z}

20.)
< Rmax + ’YQmax + —

the last inequality is simply a property of the szgmozd function and is showm in Lemma 1 ] For the
induction to work at time k + 1, we need to set Qmax such that Quax = Rmax + 7YQmax —|— < that is

Riax + 2w/«
Qmax = s -
1=
The initial case is also true since ||QQ1 ||Oo < }f‘“f;‘ < Qmax-

B.5 Proof of Lemma 5 (bound on bonuses)

We now control the sum of bonuses. For any episode &, we will denote 7T, the set of timesteps in
episode k.

Lemma 5 Suppose Assumption 1 and event £1, hold and denote T' = Ly, K. Then, with probability
at least 1 — §, the policies {my,} and bonuses {CBy,} satisfy

K

2 2
(1 (m1), CBg) < 4(1— ) BB\/dTlog (1 + BdT> +48Blog (2(?) ,
k=1
and

K 2 2
> (o) CB) < 81— ) 2 Bhatog (14 0 ) agsion (2F)

k=

—

To prove Lemma 5, we need the following result.

Lemma 1 Suppose &1, holds. Let {fk}ke[K] C R¥*A be a sequence of functions with values in

[0, M] almost surely. Then, with probability at least 1 — § the schedule and policies produced by
Algorithm [ satisfy

K

2
w5 <203 Y Xt,At>+4M10g(f) .

k=1 k=1teTy
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Proof 7 We denote Fy_1 the o-field generated by the history up to the end of episode k — 1. We

have,
}—kl‘|

-7:1@11

(i (mi)  fr) = (L=E | D7 fr (Xr, Ar)

= (1=NE | Trepyfi (X, Ar)

L7=0
fk—l]

[Lr—1

= (1 _'Y)E Z fk (X‘raAT)
=0

= (1 _V)E Z fk (XT7AT) fk—l] .
LT €T
Plugging it back in the previous display,
K K
<,U,(7Tk),fk>:(1—'}/)ZE ka(XtaAt) fk—l] .
k=1 k=1 LteT

Since we assume &y, holds, for any k we have that ZteTk [ (X4, Ay) takes values in [0, M Lyyax]
almost surely. Using the concentration inequality from Lemma 15, we get

Z (me) s fre) <2(1—~ Zka X:, A)+4(1—7) Lmaxlog(2§(>

k=1 k=1teTy
K 2K\ 2
<2(1 —V)Z Z Ji (Xy, Ay) + 4M log <5> ;
k=1teTx
where we used that Ly = w.

We now prove Lemma 5. With a slight abuse of notation, we use the convention that for any epoch e
and any ¢ in epoch e, the bonuses at time step ¢ are CB; = CB;_. Noting that the bonuses CB; take
values in [0, 3B], we apply Lemma 1 to get

K

2
S~ () CBe) <201 ~2) 0B, (5,4 + 43310 ()

k=1 t=1
where we used CB; > 0, and Tx4+1 < T which follows from the event £;,. Likewise, applying
Lemma 1 to CB? € [0, 2B2], we obtain a similar bound for the term >4, {1 (m4) , CB2),

K 2K 2
(u(m),CBR) <2(1—v ZCBt (Xy, Ay)? +4ﬁ23210g< 5) .

k=1 t=1

By Cauchy-Schwartz’s inequality, we have Zthl CB; (X4, A) < \FT\/Zthl CB; (X4, At)2, )
we can focus on the latter sum. By definition of the bonuses for linear MDPs, we have

E(K)

ZCBt X, Ar) —52 Z Z Z llp (X, Ar) ||A—

e=1 keK.teTx

Since the covariance matrix only contains the data until the beginning of the epoch, there is a delay
with ¢ (X;, A;) which is further ahead. To compensate for this, note that for any ¢ € [t, te+1 — 1],
we have det A; < 2det A;, due to the update condition in Algorithm 1, so by Lemma 13

det (A )

||s0(Xt,At)HA— < m

||60(Xt7At)||A—1 <2 H@(Xt»At)HA—
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We plug this back into the previous inequality and apply Lemma 16 to obtain?
4 a det A
CB; (X¢, Ar)® < 282 X, A3 < 48%B1 ).
> OB (X 40" < 267 3l (Xe A0 < 45° 5% og ( G

Using the definition of Ag, Ar, the trace-determinant inequality, and the assumption || (-, )|, < B,
we finally get

T T )
> d+ X, A
CBt (Xt7At)2 < 4,B2B2d10g ( Zt:l ||§( i) t)2>
t=1

BT
< 46%B?%dlog <1 + d) .
The conclusion follows from plugging this back into the inequalities of interest.

B.6 Proof of Lemma 6 (good event holds)

Before stating the proof of Lemma 6, we need to define some auxiliary quantities and state two
intermediate results. First recall that {Lk}f=1 denote the number of steps between consecutive resets
and that for any k > 2, Ly, = Ty, — Tx—1, and L1 = T7. We need to prove the episodes are not too
long, i.e. &, = {Vk € [K], Ly, < Lyax} holds with high probability, where L,.x = H log (K/¢).
This is done in Lemma 2. Then, we define the event €y 1, on the iterates generated by Algorithm 1

gV,alg:{Vke[K]a A <ﬁ} )

where MV, = A;kl > (w,ax)eny, P (X,a) Vi (2'). To prove €y aig holds with high probability, we
., "

need to resort to a standard uniform covering argument first introduced by Jin et al., 2019. To do

50, let us denote with p} 5 , = o(af[l¢ (-, -)[[, —w) =10 (=aB ¢ ()|, +w) an ascension

function parametrized by the matrix A, the scalar § and the sigmoid slope a. Then, we define the

following class of functions on X x A

ka—m‘

Q:{Q:XXA—HR s.t.

ana.x
Q= (1 —pX’ﬂ’a) O (20 +Blle (- )lla) + PR T '
B 1
B 9 (Qmaxd)a o 2&}, AmaX(A) — 17 /\mm(A) - QKBLmax’

||0H g Wmax + QmameaxKBa ||Q||OO S Qmax} U {0} )

where Quax = H (Rmax + %") and we included the function O to make sure ()1 € Q. Furthermore,
denote for any > 0 the function f,, : R¥*A — R¥ defined for Q@ € RY¥*4 as £, (Q) =
% log > c4exp (nQ (-, a)). We then define the following function class in R

K K

V= {V:X—)R s.L. H{Qg}ﬁil,{(gz}f:l cCQV=fo (Z@) —fno (ZQe) }
=1 =1

@)

as well as the event

MV—]\//[T/’

SV:{VVEV,Vke[K], SB},

ATk
where MV = A;kl > () eDr, P (z,a)V (2'). Finally, we define the event that the iterates of
Algorithm 1 are in the function class V

En={Vk € [K],V; €V}.
What remains is to show that the iterates of the algorithm belong to V), and that the event £, holds
with high probability. This is done in Lemmas 3 and 4, respectively. We can now prove Lemma 6.

’Note that this is where the linear dependency in B appears, but this can be removed by setting A = 1/B2.
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Lemma 6 Let f = 8Qmaxdlog (canameang/2anaXLlsn/fXszds/zé*1). Then, the event
Evaiia N Er, holds with probability 1 — 24.

Proof 8 For any episode k € [K| and state-action pair (x,a) € X x A, we have by Cauchy-
Schwartz’s inequality

PVj, (z,a) —]Svk(m,a)‘ < HMVk —m‘

Z,a -1 .
N CICRIe

This inequality shows that the event Ey 51 implies the event Eya1iq, i.e.
P [Evatia NEL] = P [Evatia | EL] P [EL]
Z P [EV,alg | EL] P [EL]
>PlEvagNéin | EL](1-0),
where in the last inequality we used the monotonicity of P and Lemma 2. Then, conditioned on the
event &y, that the iterates are in the function class V, the event &\ implies Ev a1q, that is

P [5v7alg NEn | SL] =P [EV,alg | En N 8L] P [gin ‘ EL]

>PEy | EnNELPEn | EL]

= ]P)[Ev NEn | SL] .
Finally, by Lemma 3 we have P [E;y, | Ev, EL] = 1 thus

P&y NEn | EL) =P | Ev, ELIP[Ey | €L
=P[&v | &L
>1-94,
where the last inequality follows from Lemma 4. In conclusion, we get
PlEaia NEL] > (1-6)2>1-25.

We now show the episodes are not too long.

Lemma 2 Let 6 € (0,1) and define Lax = Hlog (K/§). Then, the event £, holds with probability
at least 1 — 0.

Proof 9 For any k and by definition of the cumulative density function of the geometric distribution
with parameter 1—~, we have that P [Ly, < Liax] = 1—vE .. Therefore, P[Ly < Lax] > 1-6/K

3
for Ly > 1?;87%. Lower bounding the denominator as log (1/v) > 1 — ~, we have that for
Liax = % and a union bound over k € [K|, we have that P[] > 1 — 4.

Lemma 3 Assume the events £y and £1, hold. Then, for all k € [K), it holds that Vi, € V, i.e. &
holds.

Proof 10 The bound is proven by induction over k € [K]. The base case holds by initialization since
Qo = 0is in Q. For the induction step, we assume that for all £ € [k], Qo € Q,V; € V and we show
that Qr+1 € Q and V41 € V.

By definition of the function classes Q and V it holds that || Q|| . » || Vi |l oo < Qmax- Ev together with
the induction assumption imply that the bonuses are valid at time k, meaning that the derivations from
Lemma 4 guarantee that || Q41| < Qmax. Moreover, denote ), the vector used to represent

Qr+1, defined as
Ors1 = wi, + YM Vi, = wy, + yAL! Z ¢ (z,a) Vi (2') .

(z,a,2")€DT,

It remains to show that 041 satisfies the norm constraint defined in Q. By the triangular inequality
and plugging the various assumptions, we have

10ksall < llwill + 7 [[(An)™ D0 (e, a)Vil(a)

(z,a,2")€Dr,
< Whnax + ’YAmaX((ATk)_l) ‘IDTkl HVkHoo rgaax ||90 (xv G)H2
S Wmax + KLmameaxB bl

28



where we also used v < 1 in the last inequality. This proves that Q11 € Q. Therefore, we have that
Qi € Qforl € [k + 1]. We now show that Vi1 € V. Let x € X and k. be the initial index of the
epoch e such that k € KC.. By Moulin and Neu, 2023, Lemma C.1, the sum of V iterates is equal to a
log-sum-exp function of the sum of () iterates. Thus,

k+1

k
Vier (@) = ) Vilz) = Y V()
i=ke j=ke

k+1 k
fn<ZQi> (@) = fa | D Qi | (@)
i=ke Jj=ke

Since 0 € Q and Qy € Q for £ € [k + 1], we can pad with zeros the two sums inside the exponentials
and conclude that Vi, 1 (x) can be written as the difference between two log-sum-exp functions of
the sum of K functions in Q. Thus Vi1 € V and this concludes the induction.

Lemma 4 Assume the event £, holds, and set 3 as
ﬂ = 8Qmaxd log(canameang/2Q4 L5/2 K7/2d5/2571) .

max-—max

where ¢ = 60 - 26. Then, the event &y holds with probability 1 — §.

Proof 11 Under the event £, invoking standard concentration results for Linear MDPs (see Lemmas
D.3 and D.4 in Jin et al. [2019]), we have that with probability 1 — ¢ it holds that

MV — (ATk)il Z QD(SL'7LZ)V((E/)

(z,a,2")EDT, A
%

1+ KLpy.xB
S Qmax\/2d10g ("’58‘) + 410g-/\/,e + 8K2L12naxB262 9

where N, is the e-covering number of the class V. In particular, for € = (K Ly, B)™}, we can
invoke Lemma 5 to obtain

log N, < 4d®log (4(WmaXB + QuaxLnax K B2 + 3Vd + BB + Ruad)VESL3._afBY/ 2)
< 4d%10g (20(3Winax BQumax Linax K BV o) K7 L 03872

< 4d%log (60WmameaX62aB9/2Q2 L5/2 KW\/&) .

max-—max

Plugging in, we have that

MV —(Ar)™t > elaa)V(a)

’
(z,a,2")€EDT, A,

14+ KLy B
< Qmax\/2dlog (Jr(s> + 16d2 log (6052aB9/2Qr2naxLil/fo7/2\/g) +8

max Rinax 80 B2 Q3 Lol K772
S Qmax 26d2 log (60W a R a 5 (6% Q \/3

max
0

]

= \|26Q2,,.d21og (GOWma*Rmaxﬁzananafo,(:xWﬁ)

At this point, to find a value for (8 such that
60Winax Rmax 820 B/ 2Q2 1 Lt K7/ W&)

?

B = 26Q7" log < 5
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60Winax Rmax B/ Qp , L3/2 K™/2 o
we invoke Lemma 14 with z = 26Q2,,. d* and R = ax max 5Q ax—max Ve \ohich gives

that the desired inequality holds for all € R such that
B2 > 52Q2 . d?log(caWmax Rmax B 2Q% . L2/2 KT/2d%/2571) |

max-—max

where ¢ = 60 - 26. Therefore, we select
B = 8Qumaxd10g(caWinax Rinax B 2 Q oy LY 2 K /2P 2571 .

Remark 1 For the proof of Lemma 4, we need to compute a bound on the covering number of the
Sfunction class V. We find this is done in a neat and more direct way than previous analysis Zhong
and Zhang [2024], Sherman et al. [2023a], Cassel and Rosenberg [2024] that needed to introduce a

policy class for the iterates {ﬂk}le generated by Algorithm 1 as an intermediate step.

B.6.1 Proof of Lemma 5 (covering number)

Lemma 5 Let us consider the function class V defined in Equation (7) and an e-covering set R (V)
such that for any V' €V, there exists V' € R (V) such that ||V = V'|| | < ¢ 1a 5- The covering
number of the class V can be bounded as follows

log 1 < 4d* log (4 (WmaxB + QuaxLmax K B2 + 3Vd + BB + RmaxH) VESL3 B/ 2) .

Proof 12 We will use the following intermediate class of log sum exp state value functions

f/:{V:X—HR st Vx,V(x logZexp<nZnga>,QgeQ}.

acA
Consider any V, V' € V, and notice that for any x© € X,

V(@) =V @] < [V (@) = V' (@)] + |V (2) = V" (@)

with V.,V € V such that V (z) = V (z) — V () for all x € X and with V', V' € V such that
V' (z) = V' (x) = V' (x) for all x € X. Therefore, the above bound guarantees that an ¢/2 covering
set on the function class y implies an € covering for the class V. Hence, in the following we focus on
computing a €/2 covering number for V. By definition of V., V' and Lemma 12, we have

[V (z) - V' (z |logZeXp <’72 )—logZeXp (nZQe T a)‘

acA acA

> 0(n0 - Y04

(=1
< K;g@gi] HQe @l

< max

For any { € [K], we denote Ay, 0, the parameters of the function Q, and A, 0} the parameters of the

Sfunction Qz We now prove that Q,, Q"  are Lipschitz functions. Let us denote Qg n and Qg pr two
Sunctions in Q for different parameters 0, A, 0, N'. For any state-action pair (z, a), the dlﬁ‘erence
between the two functions can be written as

Qo (z,0) = Qo nr (x,0) = (¢ (2,0) 0+ B¢ (z,a)||y = RmaxH) - 0 (=B |l (z,a)], +w)
— (¢ (x,0)" 0" + Bllo (z,a)ys — RmaxH) - 0 (=B lo (z,a) ||\, +w) -
Next, our goal is to show that the function
7 (6, 852,a) == (ple,a)0 + B | 0(x, ) |, — RunaxH) - o(—aB [ip(a, ) + )

is Lipshitz in both parameters 0, A. The Lipshitzness with respect to 3 does not need to be established
since it is kept fixed throughout the learning process. We show this showing that the gradients are
bounded. In particular,

IVof (0, Asz, a)|| = [z, ) - o(=aB [le(x, a)lly +w) < llp(z,a)]| < B.
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For the Lipshitzness with respect to A, we have that
f(aa Aa Zz, a’) - f(07 Ala Zz, a’)
= (p(z,a)'0+ Bllo(x, a)lly — Rmaxt) - o(—aB |lo(x, a)||y +w)
= (p(x,0)'0+ Blle(z,a)lly — RmaxH) - o(—af [[o(z,a)l 5, +w)
= (p(z,a)"0 + Bllo(z,a)lly — RmaxH) - (0(*045 [z, a)ll +w)
—o(—aBlle(z,a)l, + w)) +o(—aBlle(@,a)lly +w) (Blle(@,a)lly — Blle(, a)lly)
Then, using the fact that o is 1-Lipshitz, we have that
|f(07 Aa xz, a’) - f(97 A/; xz, (l)|
< aflp(z,a)' 0+ Blle(x,a)lly — BmaxH]| - [[o(z;a)ll, — ez, a)ll /|
+o(=aplle(@,a)lly +w) B lle(@ a)lly = Blle, a)l,
< afle(z,a)'0+ Blle(, a)lly — RmaxH| - [[l(z; a)lly = lle(x; a)l |

+B1lle(z; a)lly = lle(z, @) o]
< aB([0] B+ BB + RmaxH +1) [[o(z,a) ||, — (2, a)ll5 |-

where we used the fact that o(x) < 1, for all x € R and o« > 1 in the last inequality. Using that
lo(z,a)l|, = HA1/2<,0(9U, a)|| and the triangular inequality we have that

F(0, A 2,0) — £(0,N;2,a) < aB(|0]| B+ BB + RuaxH + 1) ‘HAl%(x, a)H _ H(A’)1/24p(x, a)m
< aB(|6] B+ BB + R +1) |[(A2 = (A)2)p(a, a)
< aBB(|6]| B+ 5B + RucH +1)||21/2 = ()12

where the last inequality holds for ||¢(x,a)| < B. Finally, using the definition of the class Q,
we have that the matrices A and N’ are positive definite in particular \pin(A) > m and

Amin(A) > 57— Therefore by [Cassel and Rosenberg, 2024, Lemma 17], it holds that

2K BLumax
||A1/2 — (A’)1/2H < 2\/% IA=AN| = % IA = A'||. Therefore, all in all we have that

fO, Nz a) — f(O,A;2,a) < \/KLmaXaBB?’/Q(HQH B+ BB + RuyaxH + 1) |A — A||
SV KLmaxaﬁBg/Q(Heu B+ BB + RyaxH + 1) |A - A/”Fa

where ||-||  denote the Frobenious norm of a matrix. Hence, we have that

Q9,A(m?a) - QO’,A’ (xa a) <V KLmaxO[BBB/Q(Ho” B+ BB + RyaxH + 1) HA - A/”F + B Ho - 0/” :

At this point, if we have a ep-covering set for the set

1
_ dxd .y < i Z BT
A {A € R Amax(A) <1, Amin(A) 2 QBKLmax}

and an eg-covering set for the set
© = {0 € R : |0]| < Winax + QuaxLmaxK B}
we would have that
V(z) = V'(2)] < 2/ K3 LyaxaBB3?(||0]| B+ BB + RuaxH + 1)er + 2BKeg
< 2V K3 LiaxaBB32(||0]| B+ BB 4 Ruax H + 1) (¢r + €5)

where in the last inequality we assumed that 3 > 1 and B > 1. Therefore, to have an e-covering set
for V, we need to construct an e -covering set for A, where

€
€ =
A AR Ly aBB32(|0]| B + BB + Ruax H + 1)
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and an €y =

. . .
N T ap B2 (0] BI BB R 1) COVering set for ©. Then, using the fact that the

e-covering number for the Euclidean ball of radius R in d dimension is given by (1 + 2R/¢)?, we
obtain

log V., (©) < dlog (1 +8 (Winax + Qmax Linax K B)V K3 Liaxa3B%2(||0]| B + BB + RuyaxH + 1))
€9 =

€

Moreover, noticing that for all matrices A € A it holds that |A|| p, < VdAmax(A) < Vd, we need

to cover the Frobenious norm ball with radius v/d. Recalling that the Frobenious norm of a matrix
is equivalent to the euclidean norm of the vectorization of the matrix, this equivalent to cover the

euclidean ball in R with radius V.

log N, (A) < d*log (1 4 gy/g Y Linax BB 2(|6] B + BB + Rmax H + 1))
€A .

€

Therefore, using the fact that
log Ne(V) = log N, (A) +10g N, (©)

< dlog (1 g Winax + Quax Lmax K B)VEK3 Linae8B3/2([|0|| B + 8B + Ruax H + 1))

€

+ d2 10g (1 +8\/g\/m0(533/2(”9“ B +BB +RmaxH+ 1))
€

< 2d?log 1+8

max + QmameaxKB + \[) V KSLmaxaﬁBS/Q(HQH B+ 6B + RmaxH + 1))
€

< 2d%log 1—|—8

(Wnax B + Qmasx Lmax K B2 + Vd + BB + Ruax H + 1)V K3 Lpax 3B/ 2)

€

€

2 Wm'}xB + Qmame'lxKBQ + 3f + /BB + Rm'LXH) \Y K maxa/BBS/2
< 2d%log 16
< 4d?log (4

Winax B + Qmax Lmax K B2 + 3Vd + BB + RmaxHNKBLmaxaﬁB?’/?)

€
= 4d? log (Winax B 4+ Qmax Lmax K B2 4+ 3Vd + 8B + RuaxH)\/K°L3,, aSB°/ 2) .

where we used d > 1 and the last step uses the fact that we are looking for a € = ﬁ covering
set. Finally,

log N, < 4d?log (4(WmaXB + QuaxLmax K B + 3Vd + BB + Runax H) /K5 L3,_a 3B/ 2) .

B.7 Putting everything together (proof of Theorem 1)

Theorem 3 Run Algorithm I with parameters w = log K, a = 2log K,

B \/5dlog(1+B2T/d)1og|A|

SR IR ., and 8 = CHRyaxdlog (BHW ax Rinaxd K67

Sor some absolute constant C' > 0 and § € (0, 1). Then, with probability at least 1 — §, we have

-0 (\/d3H3K +\JdHO K log (|A|)>
=0 (\/d3H2T+ \/dH7/2Tlog(|A)> .
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Proof 13 We are now ready to prove Theorem 1. Combining Lemma 1, and the bounds in Equa-
tions (3) and Lemma 3 we first get

K
E(K)log|A
R < DR Y (1 (18) 97+ 4Qua (K) + ()nog'
k=1
+2nerlafo+22 1 _pk) QCBk> .

Using the bound on the ascension functions provided in Inequality 5 and 1 — p}. < 1, we further have

K

1
7 < ABmaxHa® Y (p(mh) , CBY) + 4Rmaxe” * HE + 4Qmax B (K)
k=1
E(K)logl|A
+()nog||+2 QWWKHZ ),CBy) .

Lemma 5 can be used to bound the bonuses

2

BT 2K\ 2
g ) + 16 Rmax Ho2 32 B? log (5)

E(K)log|A|

1
ﬁm;{ < 32Rmaxa?B?B2dlog (1 +
+4Rnaxe “HEK 4+ 4QmaxE (K) +

o 2
SB dT'lo ( BdT>+8,8Blog<2§(> .

Following Lemmas 4 and 2, we plug the values of Quax = H (Rmax + %") and L.« =
Hlog (K/9),

+2Q? VHK

2

1 B2T 2K\ 2
ﬁm;{ < 32Rmaxa? B2 B2dlog (1 + ) + 16 Rmax Ho2 32 B? log (5>

E(K)log | A|
7

2
2 (o 22) a4 28, i (14 2
(67
2K\ 2

BT
By Lemma 9, we can bound E (K) < 5dlog (1 + T)

2
+ 4Rpaxe “HEK + AH <Rmax + w) E(K)+
«

2

1 T 2K\ 2
=9k < 32 Rmax2 82 B2d log (1 + ) + 16 Rpnaxcr® 32 B H log <5>

2w BT
+4Rmaxe” “HK + 20Hd ( max + ) log ( ] )

d B2T 2w 2
+ 5d log (1 + y > log | A| + 27 (Rmax + w) H?K
n o

. 88B B2T 2K\ ?
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It remains to choose the parameters. We start by setting o = 2w and use Ry.x > 1 to get

T 2K\ 2
) + 64 Rmaxw?3° B H log (5>

2

1 B
E%{ < 128 Rpmaxw? B2 B%dlog (1 +

B2T
+ 4R paxe “HEK + 40HdRyax log (1 + = )

5d BT
+ W log (1 +— ) log |A| + 8nR2%, H°?K

B2T 2K\ 2
8ﬁ dT lo (1+ ] )+85Blog(6) )

Then, we set w = log K

2

d

1 BT 2K\ 2
7K < 128 Riax 32 B2dlog (K)? log (1 + ) + 64 Rmax 32 B> H log (K)? log (5)

BT
+ 4R maxH + 40Hd R ax log (1 + yi >

2

5d B
+?log 1+

EL B2T 2K\ ?

5dlog(1+B2T/d) log|.A|
8R2_ HS5/2K

max

T
) log | A| + 8nR2,, H*? K

and we obtain

We choose the learning rate as n = \/

2

1 T 2K\ ?
K < 128 Rinax 32 B2dlog (K)? log (1 + ) + 64Rumax32B>H log (K)? log ()

]

B?T
+ 4R maxH + 40HdRax log (1 + yi )

B2T
\/10R121mxH5/2d10g (1 + d) IOg (|.A|)

| 888 B2T 2K\ ?
T lo Bl — ] .
7 d ( ] ) + 868 B log ( 5 )
Finally, following Lemma 6 we set § = C'H Ry axdlog (BHWmaXRmadecS_l) where C > 0 is an
absolute constant and we get

2

—mx < 128C2R3, B?d°H?log (K)*log (1 + BdT) log (BHWinax RuaxdK 5 1)

max

+ 64C%R3

max

2K\ °
d232H3 log (K)2 IOg <5> log (B}IVVmaxRmaxdl((s_1)2

BT
+ 4Rpmax H + 40Hd Rypax log (1 + = )

2

BT
+ 4\/10Rr2naXH5/2dlog (1 +— ) log (JA]) K

2

B2T
+ 8CRmaXBd\/ dT log (1 + ) log (BHW nax Rimaxd K5~ )

2
+ 8C RimaxdBH? log (25) log (BHWmax RmaxdK5™") .
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After multiplying by H, we get

k=0 (\/d3H3K + \/dH9/2Klog (|A|))

=0 (\/d3H2T +\/dH7/2T log (|A)> .
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C Motivation for Learning from Features Alone and related works in
imitation learning

Related works in theoretical imitation learning. A special case of our setting is imitation learning
from state-only expert trajectories, which is recovered when ¢,.(z,a) = e,. This setting was first
studied in Sun et al. [2019] in the finite-horizon setting with general function approximation. There
are some notable differences between their work and ours, primarily that they focus on the finite-
horizon setting and learn a non-stationary policy. In principle, their algorithm could be applied to the
infinite-horizon setting by truncating the trajectories after O(1 —~)~! steps. However, this would still
result in a non-stationary policy, whereas our approach outputs a stationary policy. Their realizability
assumption on the expert policy and expert state-value function is not required in our work which
leverages, instead, the linear MDP assumption. These assumptions are not directly comparable, even
when the function classes in Sun et al. [2019] are assumed to be linear. Indeed, the realizability
assumption imposed in Sun et al. [2019] would imply having access to the values of the features
> me(alz)e(z, a) for each state 2 € X. In contrast, our approach does not require this additional
knowledge about the expert.

Furthermore, the guarantees on the number of expert traiectories in [Sun et al., 2019, Theorem 3.3]
adapted to the infinite-horizon setting, would scale as O((1 — v)~*¢~2) whereas we only require

O((1 — v)~2e72) state-only samples from the expert occupancy measure.

Similarly, Arora et al. [2020] develop a framework for imitation and representation learning from
observation alone based on bilevel optimization but assume the realizability of the state-value function,
which is not needed in our work.

The work of Kidambi et al. [2021] investigates the idea of exploration in state-only imitation learning.
Unlike our work, they focus on the finite-horizon setting and on different structural assumptions on
the MDP. Specifically, Kidambi et al. [2021] consider tabular MDPs, nonlinear kernel regulators,
and MDPs with Gaussian transition kernels and bounded Eluder dimension, whereas our work
focuses on infinite-horizon linear MDPs and observing only the feature directions visited by the
expert, which is a weaker requirement than observing the states directly. Moreover, our algorithm
FRA-IL is computationally efficient, whereas the model fitting step in Kidambi et al. [2021] cannot
be implemented efficiently for various situations, including linear MDPs [Jin et al., 2019] and KNRs
[Kakade et al., 2020].

Wau et al. [2024a] operate under a different set of assumptions, namely that the learner has access to a
function class for the expert’s score function and that the expected state norm remains bounded during
learning. Under this setting, the authors are the first to achieve first- and second-order bounds for
imitation learning, which lead to a faster rate in the case of low-variance expert policies and transitions.
The authors do not quantify the MDP trajectory complexity, but it would scale suboptimally with 1/¢
because they require an expensive RL in the loop routine that we avoid in our work.

Xu et al. [2022] develop an analysis for horizon-free bounds on 7z for a special class of MDPs, where
expert states can be visited only by visiting all preceding expert states.

The trajectory access to the MDP M \ ry, assumed in this work should not be confused with
interactive/online imitation learning, where the expert can be queried during learning [Ross and
Bagnell, 2010, Ross et al., 2011, Swamy et al., 2021, Li and Zhang, 2022, Lavington et al., 2022,
Sekhari et al., 2024b, Sun et al., 2017, Sekhari et al., 2024a]. Furthermore, our trajectory access
is a much weaker requirement compared to generative model access used in [Swamy et al., 2022,
Kamoutsi et al., 2021].

Moreover, it is important to note that we do not require any ergodicity or self-exploration properties
of the dynamics, whereas such assumptions are needed in [Viano et al., 2022, Zeng et al., 2022b].
Additionally, uniformly good evaluation error, which is essentially possible only under generative
model or ergodic dynamics assumptions, is required in [Wu et al., 2023, Zeng et al., 2022a, 2023].
Also, the use of exploration bonuses in imitation learning has also been useful for the related problem
of finding the reward feasible set without using a generative model [Lazzati et al., 2024, Lindner
et al., 2022].

Finally, we present Table 1, which compares our bounds with existing ones. We show the number
of expert trajectories and MDP interactions required for e-suboptimal expected performance. The
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Table 1: Comparison with related imitation learning algorithms.

Algorithm Setting F.O. Expert Traj. (7x) MDP Traj. (K)
Function Approximation, X o <H2 log\n\) R
) ) Episodic Foster et al. [2024] €2
Behavioural Cloning Tabular, Episodic Rajaraman X o (H |X\)
etal. [2020] < i
Deterministic Linear Expert, o,
Episodic Rajaraman et al. X (@] (H6 d) -
[2021]
Tabular, Known P, 372
Mimic-MD Rajaraman et al. [2020] | Deterministic Expert, x o (21 -
Episodic
OAL Shani et al. [2021] Episodic Tabular X o (M) o (H X[* ‘A‘)
R Episodic, Tabular, ’“\X\) (H \X\ \A\)
MB-TAIL Xu et al. [2023] Deterministic Expert X (@] (7{ (@]
FAIL Sun et al. [2019] Eplsod‘llc%;r;é 3:1'[ and . o <H4 log(\egl\\F|H)) ) <H4 log(lgl\\F\H)>
Mobile Kidambi et al. [2021] EP‘SOd‘CI’,"emePe R and * o (H”LJR‘H)) o (H : lj’f"")
. Episodic Linear Mixture ~ (32 ~ [ HAG®
OGAIL Liu et al. [2022] P T = v O (1) O (1)
ILARL Viano et al. [2024] Linear MDP, Wyyo = 1 O (= i :) O (=)
FRA-IL (This Work) Linear MDP o ( (1‘ 5, :) 0 (=)
Lower Bound (This Work) Linear MDP Q ( s ) Q ( — :jW)

acronym F.O. refers to "Features Only" and indicates whether the algorithm applies to the setting we
consider here. The star v/ specifies that the algorithm only applies to state-only imitation learning.

"Linear expert" refers to the case where an expert policy is of the form

7 (x) = max (z,0)" 0,

for some vector 6. Finally, in the work by Kidambi et al. [2021], the bound on K can be tighter than
what we report in the table. We report this slightly looser version for sake of simplicity and avoiding

to introduce the information gain (see Kidambi et al. [2021] for details)
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D Omitted proofs for Section 5

To improve readability, we define the feature expectation vector as A(w) = @] u() for any policy m,
where p(7y) denotes the occupancy measure of policy 7. This notation will be used in the following
proofs.

D.1 Proof of Theorem 2 (guarantee for the output of Algorithm 2)

Theorem 2 Algorithm 2, when run for K = O (d*H®/2c=21log(|.A|)) iterations with an expert

dataset of size Tp = O (W2

max

H?%e=2), outputs an e-suboptimal policy.

Proof 14 Using the decomposition presented in Section 5, we can express the regret as

K

K
A=NRE =D (e, (me) — p(me)) + > (RIp(mk) — Lu(mE), Wi — Werne) -
k=1 k=1

1=7)RE (v(TE)) (1=7)RY (Werue)

By bounding RY (Wirwe) and R (u(mg)) using Theorem 4 and Theorem 1, respectively, we obtain
that with probability 1 — 36

1 log 6—1 log (%
LRI < 0B (B W + Run) () 220 4 24H Wi B log (3)
K K TE

+ O(d®?(1 = v) "4 1og"/? |A| K1/

Therefore, by considering B and R,.x as constants and choosing K = o (%) and

TR = O (%) we have that with probability 1 — 36 it holds that

1
Em%gzle.

Since % RIL is a random variable bounded by (1 — ) ! almost surely, in expectation we have the
following bound

1 30
EAlg |:K 9%%} < m+4€.
Thus, by choosing 6 < /3(1—) we can conclude that

1
Ealg [K 9%%} < 5e.

Finally, by selecting 7°% uniformly at random from the policies generated by Algorithm 2 we have
that

out

Ealg <u0, e YT > < Be.

Ttrue

D.2 Proof of Theorem 4 (regret bound for the reward player)

Theorem 4 Assume that wiwe € W for some non-empty closed convex set VW and that for any
w € W, |[w|| < Whax. Then, OGD with n,, = Wmax/BVE ran for K iterations satisfies with
probability at least 1 — 26 that

1 1
R (wirne) < 10H (BWnax + Runax) /K 108 1/8 + 24H W K B %Q) .
E

Proof 15 Given the definition of the feature expectation vector \(), we can rewrite the regret for
the reward player as follows

K
(1 - ’7) m%(wtrue) = Z <)‘(7rk) - )\(TFE)awk - wtrue> .
k=1
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Then, adding and subtracting the estimators for the occupancy measures, we get

K
(1 - ’y)m%(wtrue) = <§0T(Xk7 Ak) - )\(WE)a Wy — wtrue>
k=1
K
+ Z 7Tk — Pr (Xka Ak) wtrue>

k=1

+Z< (TE), wk — wtruc>~

Now, using the regret bound for OGD [Zinkevich, 2003 ], we can bound the first term in the decompo-
sition above as

i<<pT (Xk, A) A/(\E)awk?_wtrue>

k=1

= 1

2 K
maXxypew Hwtrue - w1||2 &

o 2
2n,. + 2 1;1 H)\(WE) B ¢T(Xk’Ak)”2

2W2
S <7V max 4 2 B2K

r
Looking at the term Ele A7) — @ (Xpy Ak), Wi — Werue), We notice that
Vi = (A7) — @7 (Xk, Ak), Wk — Were)
is a martingale difference sequence such that
[(A(Tx) = @ (X, Ak), Wi — Wrne)| < 4Rimax -
Applying Azuma-Hoeffding’s inequality, we have that with probability 1 — ¢

K

1
<>\(7Tk) - @r(Xka Ak);wk - wtruc> S Rmax 8K 10g <6) .
k=1

Then, plugging in this bound in the regret decomposition we obtain

22
1 — Y)RY (Wirne) < —22% 4 29, B?°K + Rpax /8K log1/6
77

+Z< (mE), wr, — wtruc>~

Then, we treat the last term using Cauchy-Schwartz’s inequality

K K
Z <)‘(7TE) - A(,]T-E')a'wk - wtruc> S Z ||wtruc - wkHQ H/\(’/TE) - )\(’/TE')H2
k=1

k=1

S e BV |

It remains to find a high probability (dimension-free) upper bound on H)\/(’JT;) — Mmg) H2 First,

notice that

)\/(’]T;) - )\(7‘(}5)“2 = ||(re) 7t (X7E, (X, A) — A(7p)) ||, Then, we use the

notation g o = @, (x,a) — N(wg) for all state action pairs x, a and using that for all x,a € X X A,
H@T(m7a)||2 S B, we have

TE
S E {Huw "
=1

:| ZE [H‘pr XEvAE) 7TE)||§} < 4rpB?.
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Moreover, for any x,a € X X A,

Ug,al < 2B and E [UX}:E’A%] = 0 because of the distribution of
the dataset D, ,. Thus, by applying [Hsu et al., 2012, Proposition 2], it holds that for all t > 0

TE
P E UX}E,A%
i=1

<et

> At B +/327gtB + (8/3)2Bt

Therefore, choosing t = log %, we obtain that with probability 1 — §

<+V4rgB + \/327E log (;)B + g log (;)

1 1
< 6B/ Tglog (;) + 6TB log (5> .

Y (X, Al) — Arp)
i=1

Then, dividing by T, we obtain that

5 - Ara), < oy o) 1 20 (1)

Then, for Tg > % log %, we have that

and hence that with probability 1 — 6,

H@ - A(WE)HQ <128,/ (5)

Thus, by a union bound and choosing 1, = Wmax/BVE, we have that with probability 1 — 24,
RRIa3—T log ()
(1 - W)mtTv (wtrue) = 4BWmax\/? + Rmax 8K 10g 5_1 + 24WmaxBK -
TE
log (5)

< 10(BWiax + Ruax) VK 10g 61 + 24Wpax K By | ——82 .
TE
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E Lower bounds for imitation learning

In this section, we prove lower bounds for both K and 7z for all algorithms following Protocol 1
given hereafter.

Protocol 1 Imitation learning from features alone in Linear MDPs.

1: The learner adopts a learning algorithm Alg that receives as input
(1) a features dataset Dy, = {¢, (X}, ) },”, where forany i € [75], X}, Al ~ p (7R),
(2) read access to pp (z,a) forall z,a € X x A,
(3) trajectory access to M \ ryye, and
(4) the reward class R such that rque € R.

2: Alg samples K trajectories from M \ 7y and outputs 7°%¢ s.t. [<l/0, Vie —yr >} <e.

Ttrue Ttrue

We prove an €2 (5’2) lower bound for both cases, demonstrating that Algorithm 2 is rate optimal.
First, we state the lower bound K that holds even with perfect knowledge of the expert feature
expectation vector A (7g), a strictly easier setting compared the one under which Theorem 2 is
proven.

Theorem 5 (Lower Bound on K) For any algorithm Alg, there exists an MDP M and an expert
d

m) to guarantee

policy wg such that Alg, taking as input Oy (1), requires K = Q (
EAlg {<l/0, V]\ZIE — V/\T;Ut>} =0 (5)

Next, we establish a lower bound on the required number of expert demonstration 7. The result
holds even with perfect knowledge of the transition dynamics (i.e. for K = c0).

Theorem 6 (Lower Bound on 1) Let~y > % For any algorithm Alg, there exists an MDP M and
an expert policy Tg such that Alg taking as input the transitions dynamics and an expert dataset of

2 out
size Tg requires T = ) ((l‘ivfyﬂ)“g‘sz) to guarantee E z\q [<1/0, Ve = Vi t>] =0 (e).

The proofs are provided in the following sections.

E.1 Proof of Theorem 5 (lower bound on the number of interactions)

We start with the proof of the lower bound on K. We consider a class of possibly randomized
algorithms that output a policy " given a dataset of expert features D, , and K trajectories
collected by the learner in the MDP M.

Proof Idea. To construct a lower bound, we consider the case of imitation learning from states
alone (i.e. ®, (x,a) = e,), and A (7g) represents the state expert occupancy measure. We consider
the case of a two-state MDP, where X = {xq,z1}, and the learner knows the good state x that
maximizes the expert’s occupancy measure due to having access to A (7). The leaner’s objective
is to maximize the time spent in this good state. All actions in the bad state x; share the same
transition kernel. Therefore, the agent’s decisions in the state x is the only factor that influences the
outcome. An action labeled as a* is available in the state . The transition kernel P (z¢ | x¢, a) is
identical for all actions a # a*, while for a*, it is defined as P (z¢ | z¢, a) + €. We then consider a
family of |.A| MDPs, where each MDP assigns the role of a* to a different action. We will formally
demonstrate that for any algorithm in Alg, there exists at least one MDP within this family where

} = O (e) requires K = (%) Finally, the bound for

an arbitrary dimension d is obtained noticing that this MDP can be written as a linear MDP with
features dimension d = 2 + 2 |.AJ.

out

achieving Eayy | {vo, VIF = Vi,

Proof 16 For any policy w, we denote A (1) = ®Tprq (7) the expected feature vector of the
policy 7 in the MDP M. We consider a deterministic algorithm Alg that maps A (7g) and K
environment trajectories to a policy. The extension to randomized algorithms can be done by an
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application of Fubini’s theorem (see Bubeck et al. [2012]). The hard instance we consider for the
lower bound is an MDP M with two states, xo and 1, and | A| actions per state. For any action a,
the reward function is given by Ty (2o, a) = 1, and rywe (z1,a) = 0. We will refer to state x as
the “good” state and to state x1 as the “bad” state. In state x1, the transition kernel induced by any
action a is the same, i.e. P (x1 | ©1,a) =1 — 81, and P (zo | 1, a) = 81 for some 61 € (0,1). Let
0o € (0,1) and e € (0,0¢). In state xq, there is an action a* with a slightly different transition kernel

P($1|$0,a*):50—6, P(x0|x0,a*)=1—50+6,
whereas for any action a # a*, we set
P(l’l‘l’o,a):éo, P(1'0|£E0,a):17§0.

We set the unknown expert policy g such that it always select action a* in both states, i.e.
g (a* | x9) = wg (a* | 1) = 1. Setting vy (o) = 1, we can write the flow constraints and
get

v(rg,x0) =1—=y+v(1 =3 +e€)v(mp,x0) + 701V (TR, 21) ,

v(rg,x1) =51 = 01)v(me,21) +7 (0o — € v (TR, Z0) -

The second equation gives v (T, 1) = %V (7E, xo), which we can plug back into the first

equation to obtain

7261 (80 — €)

) v

V(7TE,.’170):1—’)/+(’)/(1—(50+6)+

which we can rearrange to get

V(?T .’L'): 1_7—’_751
BT Ty 401 + 900 — e

Using the normalization constraint v (1, xo) + v (7g,x1) = 1, we also get

v (mp, 1) = Y00 — e
Y T Ty 901+ 900 — e

Furthermore, let mhaq be a “bad” policy that always plays an action a # a*. The same calculation
with € = 0 shows that the state occupancy measure for the policy Ty.q is given by

I/(?T T ): 177+751
bad, 40 1_’7"‘7(51“!‘760’
Y00
V (Tbad, T1) =

I—y 470+~

Let 7 be any policy. Noting that for any x, V™ (z) = Q™2 (x,a*), we can use the performance
difference lemma and get

((me) = pu(T), reve) = ]E(z,a)w,u(fr) V™ (z) = Q™ (z,a)]
= ]E(;c,a)rvu(fr) [QWE (‘T’a*) - Qﬂ-E (l‘, a)] .

All actions share the same transition kernel in x1 thus for any action a, Q™8 (z1,a*) = Q™E (z1,a)
and we have

(p(rE) = 1 (%) rwe) = v (Fywo) Y 7 (a] @) (Q7 (zo,a*) — Q" (x0,a)) .
ac€A\{a*}

Next, we need to compute the difference of Q-values. Using the Bellman equations for T in state x,
we have

Va # a*,QF (zg,a) = 1+ v00Q7" (z1,a*) +v (1 — 6) Q™F (xg,a”) (8)

Q™" (x0,a") =147 (60 — €) Q™ (z1,a) +7 (1 —do + €) Q™" (z9,a") . (9)

Solving the second equation for Q™E (xg,a*) gives
1

T 14 (1=0+¢)

Q" (w9, a”) (1+7 (0 —€) Q™ (21,a")) . (10)
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By the Bellman equation in state x1 and action a*, we further have

Q™" (z1,a") =04+ 76:Q™" (w9, a") + v (1 — 61) Q" (21,0") ,
which implies that
761

Q™" (z1,a") = m@ (zo,a”) . (1)
Replacing (11) into (10), we get
1 261 (89 —
Qﬂ'E (xo,a*) v 1( 0 6) QT{'E ((L’o,a*) )

= +
l=y(1=d+e (I-=7(1-6d+e€)(l—v(1-0))
Rearranging the terms gives

TE (zg,a*) = (1— 7291 (80 — €) - 1
Q" (w0,a7) <1 (1—7(1—5o+6))(1—7(1—51))) 1—7y(1—0do+e)
1—~(1—61)

T A1+ A1 —01)) =20 (b0 — ) .

Plugging Equation (12) into Equation (11), we can deduce the value of the expert at (x1, a*)
I * ’751
F(xy,a”) = .
) S TR 9 -2 - 00) — 7% (0~ 0

Looking at the difference Q™E (xq,a*) — Q™ (xq, a), we can take the difference of Equations (9)
and (8) to get

Q™ (z0,a") — Q" (20,a) = ve (Q™ (x9,a") — Q" (21,a"))
ve(l—9)
(I—y(1=6b0+€) (1 —7y(L=61)) =761 (6o —€)
()

Next, we upper bound the denominator as follows
(G)=1-v(1—do+e€)—v(1—0d1)
—i—’yQ (1 =90 4+ € — 91 4 6901 — €01 — dpd1 + €61)
=1y (1=80+6) —7(L—61) +72 (L~ 8y — 61 +c)
=1=-7+700(1=7)+701 (=) —v(1—7)—re(l—7)
= (1=7)" +760 (1= 7) + 781 (1 =) — 7€ (1 =)
< (=) +780 (1=7) +761 (1-7) ,
where the inequality follows from ~ve (1 — v) > 0. Setting 61 = dg = 1777 we obtain

(0)<3(1-7)",
and it holds that
* n e
Q™" (wo,a”) — Q™" (wo,a) 2 ;7= -
(x0,0%) = Q" (r0,0) 2 37—
Moreover; the choice of 8o and 6y implies that v (Tyaq, To) = % By definition of the transitions, note

that always playing a # a* like Tyaq does minimizes the probability of being in state xo. Thus, for
any policy 7, v (T, x0) > vV (Thad, Xo), and we have

<M(7T )—M(ﬁ)mmJZl/(fr,x) ﬁ'(a|x)i
) ' ae,%a*} ’ 3(1—1)

> U (Mbad, To) (1 — 7 (a* | 79)) ﬁ
=2(-7 (0" | 20) g
(1 —7(a*|x0))e

- 9(1—7)
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where the last inequality follows from v > 1/2. We now consider the policy & = T produced by a
learning algorithm Alg interacting with the MDP described above (with € > 0). We also consider m
the output of the same learning algorithm Alg when interacting with the MDP M, a copy of M with
€ = 0 (note that in M, all actions are identical in both states xq and x1, so there is nothing to learn).
In M, all actions are identical in state x1, thus we can assume both policies are the same in state
21, ie. T(- | x1) = @ (- | ©1) = eqr, and focus exclusively on learning in state xo. By Pinkser’s
inequality, we have that

7 (a* | o) —m (a* | o) < v/2Dgr, (m (- | o) 7 (- | 20))
and the previous inequality becomes

<,LL(7TE)—M(7TF),7'tme> > m (1—E(a* ‘ 1‘0 \/2DKL ( |$O) ||7T( ‘l‘o))) .

Denote A = | A| and let H = {Mi}?zl be a collection of MDPs instances where foranyi = 1,..., A,
the MDP M is a copy of M where the ith action is equal to o, i.e. a; = a*. We denote P; the
corresponding transitions. For any i € [1,A], we denote T the policy output by the learning
algorithm Alg after interacting with the instance M;, and m%, be the expert policy for the instance
M,, Le. the policy that always plays a;. We denote p; (1) the occupancy measure of any policy 7 in
the MDP M. Then, notice that the previous derivations apply for any MDP in H. Thus, summing
overi € [1, A] and noting that 7 (- | xo) is a probability distribution over A, we get
A
Z (pi (7g) — pa (T') ) Tirue) > ﬁ ( -1- Z V2Dx ( (- | o) |77 (- | xo)))

i=1

(13)

For any i € [A]l and T € N*, denote P! the probability distribution over sets DI =
{xo, Al XZ} telT) of T transitions starting from xq induced by the interaction between the al-

gorithm Alg and the MDP M. Likewise, we denote P the probability distribution corresponding to
M. Then, by the data processing inequality for the KL divergence, for any i € [A], it holds that

D (= (- | 20) 17 (- | 20)) < Dia (BT T ) .
Denoting [ the expectation with respect to PT, we can use the Markov property of the environment
and continue as follows
T T
X, | o, A) P (A4, | X1, A4, ...
Dy (PT|PT) =E 1og<Ht 1B | % *T( | Xidyo X 1)>]
[, P (X, | 20, A,) PT (4, |X1,A1,... X, 1)
£ 1og (HH (X, | 70, A )
Ht 1 (X, | w0, A
X | 330, ) )
2§ (2
Z X | 170’ )
where the probabilities on the actions are equal due to running the same algorithm Alg with the same
history up to time t — 1. Next, we have
P (x| x0,a)
D (IE”TIF’-T) PT (X, A,) = (z,a)]log [ =21 20:4)
KL \ L || A ;(m U‘;{XA— [(—t —t) (1’ a)] og Pi (,I | Io,a)
- P(x | w,a;)
:ZZE (X,,A,) = (z,a;)] log SAZAN
2o 2y P, (x| @0, a:)
where we used that the transitions B and P; are the same for any action a # a;. By definition of the
transitions, we further have
Des (IP’T |1PT) -

4)
+)
1)
+)

)

1-4
(X4, 4y) = (w0, a;)] log (1_50_(;6>

3
+ ZZPT (X, A) = (21,ai)] log (5050 ) _
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Next, by definition of PT, we have

T
1-4
D, (B7|[PT) = D B[4y = a2 (wo | 0.0 log (0)

1750+6

d 5
0
g P (1 | zo,0a;)log (5()6)

((1 — 8o) log (i(ﬁ) + 8 log (6053 6)) .

By Auer et al., 2008, Lemma 20, we can bound the KL divergence as follows

Z]I{A = a; ]
Z]I{A —az}]

where the last inequality is due to the choice of g = %7 and vy < 1. Plugging this into Equation (13)
and dividing by A, we have

D (IPTH]PT)

*51

<7
~ (1 =) log (2

A
€ 1 € = = -
; pi (vig) — i (77) Tma>2m 1_2_22 (1—=7)log(2)

h> \

By Jensen’s inequality, we further get

! i _i € 1 E [Z?:l 23:1 1{4, = ai}}
Z;<Mi(7TE)_Ui(7T),’ﬂrue>Zm 1—2—5 10

> b (e T
T9(1-9) \2 A(l=7)log(2) )’

where the second inequality follows from Zle 1{A, = a;} = 1 almost surely for any t and

— & > 1. Note that the value of e maximizing the lower bound is given by e* = % w.

To satisfy the constraint ¢* € (0,0¢) with 69 = W'Y assume we have T > %Og(?) We plug the

value of € in the previous inequality to get

3 : ‘ Al —7)lo
‘ZZ<NZ (WZE) — Hi (7_1'7’) 7T'true> > 169(11 _’y) (1 ’;—‘) g(2)
1 Alog (2)
=1\ 1

The average can be upper bounded by the maximum, thus
1

amx (0 ViE = VL) = o e G () = (7). i)

1 Alog (2)
S\
What remains is to set the number of samples T' to make the lower bound small enough to make

i .
TR ﬁ-i _ . N _ A
..... M, )= € L L.e. = 7(17@352) samples.
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Therefore, we need T = §) (ﬁ) samples to learn a O (g)-suboptimal policy in the MDP
that achieves the maximum. In order to derive a lower bound on the episodes number K we can

divide the sample complexity lower bound for T' by the the expected number of transitions per
episode which is (1 — 7)_1. This gives K = () (ﬁ) We can conclude by noting that our
construction used in the lower bound is a linear MDP with dimensionality d = 2 + 2| A

have K = Q (ﬁ)

, thus we

E.2 Proof of Theorem 6 (lower bound on the number of expert transitions)

Proof Idea: The construction of the lower bound consists in relating the problem to that of distin-
guishing two Bernoullis distributions with close means. For that, we consider two MDPs M and
M, that only differ in their reward function. They have two states X = {xo, x;} and |.A| actions
available at each state. The initial distribution v is chosen to be the uniform distribution over X. In
state x1, any action a induces the same transition kernel: P (xg | x1,a) = d. In state ¢, any action
a except some action a* is such that P (z1|zo,a) = §. However, the special action a* allows to
stay in the state xo with a slightly higher probability, i.e. P (z1 | 2o, a*) = § — €. Then, the reward
function in M is defined as 70, (%0, ) = Winax, and 10 (29, ) = 0, while in M, it is defined
as i (zo,+) = 0, L (1,+) = Winax. Finally, we define an expert 7% for M as the policy that
always play the action a*, and an expert 71, for M; that always play some action a # a*. We then
show that the expert occupancy measures satisfy v (7‘(‘%, a:o) = 1/2 4+ A, for some small A > 0,
while v (7T1E, a:o) = % The remaining step is to reduce this problem to a lower bound on the regret
of a two-arm Bernoulli bandits instance with means (1/2,1/2) and (1/2 4+ A,1/2 — A). The proof
is formally presented hereafter.

Theorem 6 (Lower Bound on 15) Let vy > % For any algorithm Alg, there exists an MDP M and
an expert policy g such that Alg taking as input the transitions dynamics and an expert dataset of

2 ou
size Tg requires Tg = §) (u‘fz‘)ﬂg‘az) to guarantee E g |:<l/07 Vil = Vi t>} =0 (e).

Proof 17 As mentioned earlier, it is sufficient to consider deterministic algorithms that map histories
to policies. The lower bound for randomized algorithms follows by an application of Fubini’s
theorem (see Bubeck et al., 2012). We consider two MDPs H = { Mg, M1} with the same state
space X = {xq, x1} and | A| actions available in each state. The initial distribution vy is chosen to
be the uniform distribution over X, i.e. vo () = vo (v1) = 5. The transitions are the same in both

2
MDPs: in state x4, each action a € A induces the following transition kernel

P(xg|z1,a) =9, P(z1]|x1,0)=1-9§
while in state x, there is an action a* giving a slightly higher probability on staying in state x, i.e.

P(xg|xg,a*)=1—+¢€, P(x1]|mp,a")=0—¢
Va # a*,P (zg | xo,a) =1 -6, P(zx1|z9,a)=90.

The reward functions, 10, and 1., are different. In Mo, the “good 7 state is x, i.e. for any actign
a € A we set r0, (20,a0) = Wiax e (21,a) = 0, and in My, the “good” state is 1, i.e.
rie (xo,a) = 0, and 1}, (v1,a) = Winax. Note that Winax = Ruax due to using the features
or (z,a) = e, for any state-action pair z, a.

Then, we define one expert policy for each MDP. In M, the expert 7% is the policy that always plays
a* and in My, the expert w1, is the policy that always plays an action a # a*. Therefore, the state

0 . . . . 1
occupancy measure of expert Ty, in MDP M has the highest mass in state o, while Ty, put equal
mass on both states. Indeed, writing the flow constraints for both experts, we have

L=y +70—ne -0 0y _
( (G- 1—ry+ns) () =10,

1—vy+76 —v6
( — 1+ v(ms) =wo.
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Solving these linear systems using, e.g., Cramer’s rule, we obtain

1—~v+2v6 1—~v—2ve+2v6

0 _ 0 _
v (7. 20) = 2(1— 7 —ve+274)’ v (mes o) = 2(1—y —ve+279)’
1 1
V(TrlEaxO) = 57 V(TrlE"rl) = 5

For i € {0,1}, let @ be the policy output by Alg when given a dataset Dﬂ.iE as input and let Vfi

be the value function of policy 7 corresponding to the reward function vl from the MDP M. By
definition of 1}, we can write

LS (v = s ST () - () i)

i€{0,1} 2 (1 - W) ie{1.2}
= 2‘(/11/“2”;) (v (7%, 20) — v (7% @) +v (ng,21) —v (7l 21)) .

(14)
Thus, we need to compute the difference between state occupancy measures. Let T be an arbitrary
policy and denote o € [0, 1] the probability of playing action a* in state xo, i.e. 7 (a* | ) = a.
Writing down the flow constraints again, we can show that
1— 276
v (7, xo) = vr , v(m,a) =
2 (1 =y —yae + 2v6)
Looking at the difference with 7% in state xo, we have
- 1—v+2v6 1—v+296
V(WOE,xO) —v (7, xg) = i — i
2(1—y—ve+2v0) 2(1—~—~yae+2vJ)
(1 =7 +296) ((—yae) — (=7¢))
2(1—~v—ve+290) (1 —v — yae + 279)
(1—7+2y6)ye(l — )
2(1 — v —ve+278) (1 — v — yae +2v0)
Setting 6 = 177” and noting € > 0, v > % we can lower bound the difference as follows

3(1—9)re(l—a)
21 =) =79 B (1 —v) —ae)
e(1—a)
T12(1-y)
Likewise, the difference between v (7‘(‘}5) and v (T) in state x is given by
11—~ —2vae+ 276

2 (1 =~ — yae + 2v9)
yae

2(1 — v —yae+2v5)
Using the definition of 9, and again € > 0, v > % we get

11— —2vae + 2v9
2(1 — v —yae+2v0)

v (7T0E,£L'o) —v (T, x0) =

(15)

1
v (’/T1E,£L'1) —v(ft,z) = 5~

Yoe
2(3(1 =) — yae)

S ex

T 12(1-9)
Plugging Inequalities (15) and (16) into Equation (14) with o = 7° (a* | x¢) and o = 7 (a* | x¢)
respectively, we get

1 i 7t Wmax _ * _ *
= Z <VQ,%E—%W>>€72(1—TFO(G | zo) + 7' (a* | m0))

v(rg,z1) —v (7, z) =

(16)

ie{0,1} - 241 =)
6”max _0 —1/ %
= m(a|x + 7 (a x
il D DECIEN PR CED

aF#a*
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Next, we can lower bound the right hand side using the Bretagnolle-Huber inequality (see Bretagnolle
and Huber, 1979, and Lattimore and Szepesvdri, 2020, Theorem 14.2), which gives

1 i i eW,
= vo, V'8 = Vi) > — 2 exp (=Dxe (7° (- [ o) |7 (- | o)) . (A7)
2 ie%);l} < > 24(1- 7)2

Then, using the data processing inequality and using the fact that the learning algorithm produces 7
as a deterministic function of the dataset Dﬂ; fori = 0,1, we have that

Dr (7" (- | wo) |7 (- | 20)) < Dre (PGZ||PT) ,

where, for i € {0,1}, we denoted P]” the probability distribution over datasets of size Tg induced
by the interaction between the expert ', and the environment (analog to what is done in the proof
of Theorem 5). Next, we denote k1 (p, q) and x* (p, q) the KL and chi-squared divergences between
bernoulli distributions of means p and p/, i.e.

Kl (p, q) = plog (Z) - p)loe (1—p>

1—¢q
(»—q)

X (p,9)2m~

By definition of the KL, we have

D (Po® [|PT7)

K (2 G ?1(1;;) Se) D
3(1—7) 1)

<TE'X2(2<3<1—7>—%>’2

1 Ye 1
32 -
X (2+3(1—7)—76’2)

4rpy2e?
2
BT —=7)—=7¢)
TEY €
S0

(1=7)

where the first inequality follows from the concavity of the logarithm function, and the second

inequality uses the fact that e < § = 1_77 Thus, plugging in this last inequality into Equation (17),

we obtain
1 P = max 2e?
Ly <V07W_W>Z€Wa2(exp<_m€2>
2 ie{0,1} 24 (1 - 7) (1 - 7)
6I/Vmax ex _ 7—E€2
21— T\ =)

where we used vy < 1 in the second inequality. Introducing € = e (1 — 'y)*l, we can rewrite the
previous inequality as

Y

;ie%} (mo. V7 V) > MW('T_w exp (75 (¢)?) |

It remains to make the lower bound small enough. To bound the average suboptimality gap by

Wmaxe/ 1 7‘-IE _ 7Tri WmaXEI 1
Py PG i and have 5 Zie{o,l} <V0,V;- V. > < Sic(io) We need at least T > @) expert

transitions. Therefore, to achieve
]. ﬂ.’i _i
B > <V0’Vi E*Vf>§67
i€{0,1}
for some € > 0, we need to choose €' = 24¢(1=7)e/w,,.., which means that every algorithm needs at

2

least Tg > 24252‘/‘(/1+";)282 to guarantee a suboptimality gap of order ¢.
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F Technical tools

F.1 Reinforcement learning

Proposition 1 The occupancy measure p(m) of any policy w satisfies the following system of equa-
tions:

ETp(m) =vPTu(m) + (1 —=7)vo. (18)

Proof 18 Define the transition kernel induced by policy © as Pp, with P:(:|]r) =
Egwr(|z) [P(-|z, A)]. The proof follows from the following standard calculation:

E'p(r)=(0-9)> (vP) v

7=0
=(1=N>_ (P v+ (1 =7)wg
=P (1= (\P)) vo + (1= 7)wg
7=0

=P E"p(m) + (1 —y)vg
= yPp(m) + (1 = 7)vo,
where the last step follows from the easily-checked fact that Pp (7) = P E™ i (7).

Lemma 6 Let 7 be any policy, Q € R¥*A be any function defined on X x A, and V€ R be such
that for any x, V (z) = Eprr(.|a) [Q (7, A)]. Then

(u(m), EV) = (u(m),Q) .
Proof 19 We have
(u(m),EV) =Y v(mz)V (2)

zeX

-3 S vma)r(al ) Q(xa)

z€EX a€A

= Z Zu(ﬁ,x,a)Q(ﬂﬁ,a)

TEX a€A
= (u(m),Q),
where the second equality follows from the definition of the function V' and the first equality from the
definition of the state-action occupancy measure.
Lemma 7 Let w and ' be two policies. Then,
1
L—v

D (o ()| (7)) < (v (), Dge (]|7")) -

Proof 20 Using the chain rule of the relative entropy, we write
D (p (m)ll (7)) = Diee. (v (m) v (7)) + (v (7), D (7| 7)) -
By the flow constraints and the joint convexity of the relative entropy, we bound the first term as
Dy (v (m)lv (7)) = Dre (vPTpu () + (1 = 7) wo |y P (") + (1 =) o)
< (1 =) Dir (volvo) + v Dir (PTpu () [ PTpu (7))
= vDxr (P"p ()| P (7))
< yDxe (p ()| (7))

where we also used the data-processing inequality in the last step. The proof is concluded by
reordering the terms.
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Lemma 8 For any MDP M, any ascension function p*, and any policy w, we have for any state-
action pair (xr,a) € X X A,

/j/+ (TF,LL’, CL) S /’L (Wa a:,a) 9
where pt () denotes the state-action occupancy of 7 in M, the optimistically augmented MDP
induced by p*.

Proof 21 Let us consider a process (X, A;) .y generated by the policy 7 in the MDP M, that is,
such that Xo ~ vy, and forany T € N, A, ~ 7w (- | X;), and X1 ~ P (- | X;, A;). Additionally,
we define a process (X, Al)__y coupled to the process defined above as follows. At the first stage,
we set X+ = Xo. Then for any T > 1, the coupled process evolves as

XT+17 AT-‘rl w.p. 1- p+ (X‘ra AT) lf X;—?Ai = X‘ra AT
7J—r+17A7JY+1 = x*,a w.p. p+ (XT7AT) lf X‘/J—r?A-/JS = XT7A7'
t,a if Xt Af#£ X A,

X

It is straightforward to check that this process follows the dynamics of the optimistically augmented
MDP M™*(r,p") (since its transitions obey the kernel P™). By definition, for any state-action pair
(z,a) € X x A, we have

pt(myxya) = 27 XF=x Al =d]

Z*}/ X+:x A+:CL7X+ x*]—kP[X*:x,Ai:a,Xi:x*D
ﬂ)Zf (P(X, =z A, =a, X} #27]+0)
7=0

—V)ZWTP[XT =ux,A; = a]
=0

=p(mx,a) .

In the third equality, the second term within the sum is equal to zero because x # x*, and in the
other term we replaced (X7, AT) by (X, A;) because the two coincide long as X # xt. This
concludes the proof.

F.2 Linear algebra and analysis

Lemma 9 Under the event £, the number of epochs E (K) in Algorithm 1 is bounded as

BT
E(K)§5dlog(1+ y )

ou( K
where T' = Ly K = %

Proof 22 In the following, we denote oy = ¢ (x4, ar) for any t. The bound on the number of epochs
is derived observing that since the determinant of the matrix Ay, can grow at most linearly then the
condition is triggered at most a logarithmic number of times. In particular notice that

det (Atp ) > 2det (AtE(KH) > 22 det (Mg, _,) > 25007 det (1) = 2P0K)71

Hence, it holds that E (K) — 1 < - log (det AtE(K)) Then, denoting Ti 11 = Tk + L where
L is the length of episode K, we have that

1
E(K) € 1+ 5 log (det (A, ) (Atper, = Ary,s)
d t A
<1+ log race ( TK“) (trace-determinant inequality) .
log 2 d
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By definition of the covariance matrix,

trace Zte TK+1] gotgat) +d

_ <1+Z [Tk 41] ||90t||2>

<1

B2T>
<5dlog< ] ) ,

where the first equality follows from properties of the trace and the second inequality follows from
H%HQ < Band Tk 1 <T which holds under &;,.

The following lemma is a generalization of Lemma 19 of Cassel and Rosenberg [2024] for an arbitrary
threshold w > 0.

Lemma 10 Forall z > 0, w > 0 it holds that o (z — w) < 2 (2% + exp (—w)).

Proof 23 Let us consider the function g : z — o (z —w) — (z + ﬁ)z Note that for any z, we
have o’ (z) = o (2) o (—z). Thus, the first two derivatives of g are given by

g/(z):o(z—w)a(w—z)—2<z+ewl/2> ,
¢ (2)=0(z-—wolw—-27°-0(z—w)’c(w—2z)—2.

Since o (2) € (0,1) for any z, the second derivative of g is nonpositive, "' (z) < 0, and g is concave.
By the first order condition, for any z > 0,

9(2) <g(0)+4'(0)2

Furthermore, note that

and
, 1 1 2
g (0) l+evl4ew ew/2
1 2
L+ew ev/?
1
S T
<0,

where we first used that e=* > 0 for any w > 0 and then that x + 1 > \/x for any x > 0. Thus, it

holds that g (z) < 0 forall z > 0, i.e. 0 (z —w) < (2 + w/z) . Using (a + b)* < 2 (a? +b?), it
holds that

o(z—w)<2(z*4+e¥) .

We present a variant of Lemma 18 of Cassel and Rosenberg [2024] which is valid for w > 2 instead
of w > 0, but is sharper by a factor of 2.

Lemma 11 For all w > 2, it holds that

S

maxz-o(w—az) < —
z>0

Q
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Proof 24 Leta > 0, w > 2, and g : z > 0 — z - o (w — az). We recall that the derivative of the
sigmoid function is given for any z by o' (z) = 0 (2) 0 (—z), and that 0 (—z) = 1 — o (2). g is twice
differentiable. Its first derivative is given by
g (2)=0(w—az)—az(w—az)[l —0c(w—az)]
=c(w—az)[l—az(l—0(w—az2))].
We set the derivative to zero and solve the equation to find the critical points. We have
1
’ -0 — - 19
g9 (2) iff oz o (w_a2) (19)
iff az=1+e""
iff (az—1)e¥* 1 =e1,
For © > 0, the equation we™ = x has exactly one positive solution w = W (x) which increases with
x and where W denotes the Lambert function. Thus, g’ (z) = 0 if and only if az — 1 = W (e* 1),

. W(e¥™t)+1 . . L I
e z¥= % We check that z* is a local maximum. The second derivative of g is given by

" (2) = —2a0 (w— az)[1 — 0 (w — az)]
+0?z0 (w—az)[l—o(w—az)’
— o220 (w—a2)*[1 — 0 (w— az)]
= —2a0 (w—az)[l — 0 (w— az)]
+ 0?20 (w—az)[l —0(w—az2)][l - 20 (w—az)].
We evaluate it at the critical point z* and simplify the expression using Equation 19
g" (z") = —2a0 (w — az*)[1 — 0 (w — az")]
+ac(w—az")[1l — 20 (w— az")]
= —ao (w— az¥)
<0,
thus z* > 0 is a local maximum. Since g (0) = 0, lim, 1o g (2) = 0, g (2*) and z* is the only
positive critical point, this means z* is a global maximum. We evaluate g to get the maximum
w (6“’*1) +1 1
e 1+ exp (W (ew—1))el—w
w (e“’_l) +1 w (e“’_l)
o W (ew=1) + W (ev—1)exp (W (ew—1)) el=w

g(z") =

where we used W (e“’*l) exp (W (e“’*l)) = e“~ L in the third equality. We now upper bound the
Lambert function. Taking the log of the equation that defines it, we have W (x) = log x — log W (x)
Sor any x > 0. Note that W (e) = 1 and that W is increasing, so for any x > e, we have W (z) > 1
and thus W (x) < log x. Using it on g (2*), we further have

w—1

w
*) < < —
g(z") < <=

where we used w > 2. This concludes the proof.

(07

Lemma 12 Let n € R™, and define LSE : R™ — R the function defined for any x € R™ as
LSE (z) = logz e,
i=1

Then LSE is 1-Lipschitz with respect to the norm ||-|| ., i.e. for any x,y € R",
ILSE (z) — LSE (y)| < [|z — vl -
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Proof 25 For any i € [n] and any x € R™, the gradient of LSE is given by

VLSE (z) =

{e*,1) "
Let y € R™. By the intermediate mean value theorem, there exists a z on the segment [x, y| such that
|LSE (z) — LSE (y)| = (VLSE (2) ,z — y)|
< IVLSE (2)[|; lz — 9l
= llz -yl

where the inequality follows from Hélder’s inequality.

Lemma 13 (Cohen et al., 2019, Lemma 27) If0 < M =< N then for any vector v,

detN || ||2
det a7 "Vl

2
vl <

Lemma 14 (Sherman et al., 2023b, Lemma 15) Let R,z > 1, then 8 > 2zlog (Rz) ensures 3 >
zlog (RpB).

Lemma 15 (Rosenberg et al., 2020, Lemma D.4) Let { X} ke [K] be a sequence of random vari-
ables adapted to the filtration {Fy, } ke[K] and suppose that 0 < X < Xyax almost surely. Then,
with probability at least 1 — 0, the following holds for all k > 1 simultaneously

K K 2K
> E[Xi|Froa] 2 Xp + 4Xpax log = .

k=1 k=1 g

Lemma 16 (Jin et al., 2019, Lemma D.2) Let {¢;},~, be a bounded sequence in R? satisfying
sup;so lell < 1. Let Ag € R¥? be a positive definite matrix. For any t > 0, we define
Ay =Ag + 22:1 ©jp;. Then, if the smallest eigenvalue of Ao satisfies Amin (Ao) > 1, we have

t
det A
—1 t
Z%Aj—l@j < 2log (detAo) .

Jj=1
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