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Abstract

Denoising diffusion models have recently emerged
as a powerful class of generative models. They
provide state-of-the-art results, not only for un-
conditional simulation, but also when used to
solve conditional simulation problems arising in
a wide range of inverse problems. A limitation
of these models is that they are computationally
intensive at generation time as they require sim-
ulating a diffusion process over a long time hori-
zon. When performing unconditional simulation,
a Schrodinger bridge formulation of generative
modeling leads to a theoretically grounded algo-
rithm shortening generation time which is com-
plementary to other proposed acceleration tech-
niques. We extend the Schrodinger bridge frame-
work to conditional simulation. We demonstrate
this novel methodology on various applications
including image super-resolution, optimal filter-
ing for state-space models and the refinement of
pre-trained networks. Our code can be found at
https://github.com/vdeborto/cdsbl

1 INTRODUCTION

Score-Based Generative Models (SGMs), also known as
denoising diffusion models, are a class of generative mod-
els that have become recently very popular as they provide
state-of-the-art performance; see e.g. |Chen et al.|[2021a],
Ho et al.[[2020]], [Song et al.|[2021b], Saharia et al.|[2021]],
Dhariwal and Nicholl [2021]]. Existing SGMs proceed as
follows. First, noise is gradually added to the data using a
time-discretized diffusion so as to provide a sequence of
perturbed data distributions eventually approximating an
easy-to-sample reference distribution, typically a multivari-
ate Gaussian. Second, one approximates the corresponding
time-reversed denoising diffusion using neural network ap-

proximations of the logarithmic derivatives of the perturbed
data distributions known as scores; these approximations are
obtained using denoising score matching techniques [[Vin{
cent, 2011} Hyvirinen| [2005]]. Finally, the generative model
is obtained by initializing this reverse-time process using
samples from the reference distribution [Ho et al.| 2020}
Song et al.,|2021b].

In many applications, one is not interested in uncondi-
tional simulation but the generative model is used as an
implicit prior Py, () on some parameter X (e.g. image)
in a Bayesian inference problem with a likelihood function
g(y°®|z) for observation Y = y°*. SGMs have been ex-
tended to address such tasks, see e.g. |Song et al.| [2021b]],
Saharia et al.|[2021]], Batzolis et al.| [2021]], [Tashiro et al.
[2021]]. In this conditional simulation case, one only requires
being able to simulate from the joint distribution of data and
synthetic observations (X,Y) ~ pgaa(x)g(y|x). As in the
unconditional case, the time-reversal of the noising diffu-
sion is approximated using neural network estimates of its
scores, the key difference being that this network admits not
only x but also y as an input. Sampling from the posterior
p(2|y°) o pyaa(2)g(y°*|x) is achieved by simulating the
time-reversal using the scores evaluated at Y = 7°%.

However, performing unconditional or conditional simula-
tion using SGMs is computationally expensive as, to obtain
a good approximation of the time-reversed diffusion, one
needs to run the forward noising diffusion long enough to
converge to the reference distribution. Many techniques have
been proposed to accelerate simulation including e.g. knowl-
edge distillation [Luhman and Luhmanl 2021} |Salimans and
Ho, 2022]], non-Markovian forward process and subsam-
pling [Song et al., 2021a], optimized noising diffusions
and improved numerical solvers [Jolicoeur-Martineau et al.,
2021, Dockhorn et al., [2022} Kingma et al., 2021} |Watson
et al.| 2022]. In the unconditional scenario, reformulating
generative modeling as a Schrodinger bridge (SB) problem
provides a principled theoretical framework to accelerate
simulation time complementary to most other acceleration
techniques [De Bortoli et al.| 2021]]. The SB solution is the

Accepted for the 38" Conference on Uncertainty in Artificial Intelligence (UAI 2022).


https://github.com/vdeborto/cdsb

finite time process which is the closest in terms of Kullback—
Leibler (KL) discrepancy to the forward noising process
used by SGMs but admits as marginals the data distribution
at time ¢ = 0 and the reference distribution at time ¢ = 7.
The time-reversal of the SB thus enables unconditional gen-
eration from the data distribution. However, the use of the
SB formulation has not yet been developed in the context of
conditional simulation.

The contributions of this paper are as follows.

* We develop conditional SB (CSB), an original SB for-
mulation for conditional simulation.

* By adapting the Diffusion SB algorithm of De Bortoli
et al.[ [2021] to our setting, we propose an iterative
algorithm, Conditional Diffusion SB (CDSB), to ap-
proximate the solution to the CSB problem.

* CDSB performance is demonstrated on various exam-
ples. In particular, we propose the first application of
score-based techniques to optimal filtering in state-
space models.

2 SCORE-BASED GENERATIVE
MODELING

2.1 UNCONDITIONAL SIMULATION

Assume we are given samples from some data distribution
with positive densit Pdata ON R<. Our aim is to provide
a generative model to sample new data from pg,,,. SGMs
achieve this as follows. We gradually add noise to data sam-
ples, i.e. we consider a Markov chain xg.y = {a:k},]fzo €
X = (RY)N+1L of joint density

p(zo:N) =po($o)HkN;01 Petifk(Test]zr), (1)

where po = Pdata and py, 1, are Markov transition densities
inducing the following marginal densities pgy1(2g4+1) =
J Prs1jk(@rg1|zr)pr(zr)dag. These transition densities
are selected such that py(xn) & prer(zy) for large N,
where pyr is an easy-to-sample reference density. In practice
we set prer(zn) = N (23 0,1d), while py 1. (Tr41]|28) =
N (Tra1; Tk — Ver12Tk; 27k+1 1d) for v, > 0, v, < 150
To.n 1S a time-discretized Ornstein—Uhlenbeck diffusion
(see supplementary for details).

The main idea behind SGMs is to obtain samples from pg
by exploiting the backward decomposition of (T))

N-1
p(CI?o:N) = PN(CUN) Hk:o Pk|k+1($k\$k+1),

i.e. by sampling Xy ~ py(zx) then sampling Xj ~
Phjk+1 (k| Xgq1) for & € {N —1,...,0}, we obtain
Xo ~ po(xo). In practice, we know neither px nor the

"'We assume here that all distributions admit a positive density
w.r.t. Lebesgue measure.

backward transition densities py, 41 for k € {0,..., N — 1}
and therefore this ancestral sampling procedure cannot be
implemented exactly. We thus approximate py by prer and
Pk|k+1 using a Taylor expansion approximation

Prjk+1(Tr|2ry1) = N (2x; Brgr(Tra1), 29041 1d),

where Bji1(z) = = 4+ Yre+1{z + 2Vlogpi41(x)}. Fi-
nally, we approximate the score terms V logpj using
denoising score matching methods [Hyvirinen, 2005,
Vincent, 2011} |Song et al., 2021b]. Since pi(zg) =
J po(xo)prjo(zk|z0)dzo, it follows that Vlogpi(zr) =
E[Vy,, 1og prjo(7x]|Xo)], where the expectation is w.r.t. to
the distribution of X given x;. We learn a neural network
approximation sy« (k,zx) = V log pi(x)) by minimizing
w.r.t. 6 the loss

B[S, Akllso(ky Xi) — Vo, log prjo( Xk | Xo)| 2],

where )\, > 0 is a weighting coefficient [Ho et al.l [2020}
Song et al., 2021b] and the expectation is w.r.t. p(xo. ).
Once we have estimated #* from noisy data, we start
by first sampling Xy ~ prf(zy) and then sampling
Xi ~ Prjkt1(Tx[Xpr1) for Prjps1 as in pyry1 but with
V1og pr+1(Xk+1) replaced by sp- (k + 1, X41). Under
regularity assumptions, the resulting X, can be shown to
be approximately distributed according to pg = Pdaa if
PN = prer [De Bortoli et al., {2021} Theorem 1].

2.2 CONDITIONAL SIMULATION

We now consider the scenario where we have samples from
Do = Pdata and are interested in generating samples from the
posterior p(z|y°*) o po(z)g(y°*|x) for some observation
Y = 3°® € ). Here it is assumed that it is possible to
sample synthetic observations from Y|(X = z) ~ g(y|x)
but the expression of g(y|x) might not be available.

In this case, conditional SGMs (CSGMs) proceed as fol-
lows; see e.g.[Saharia et al.|[2021]], Batzolis et al.|[2021]],
Li et al.| [2022]], Tashiro et al.| [2021]]. For any realiza-
tion Y = y, we consider a Markov chain of the form
(1) but initialized using Xy ~ p(z|y) instead of po(z).
Obviously it is not possible to simulate this chain but
this will not prove necessary. This chain induces for
k > 0 the marginals denoted pyy1(2k4+1|y) which sat-
isty prt1(zrs1ly) = [ Pryrjp(@n1lon)pr (zrly)day for
po(xoly) = p(xoly). Similarly to the unconditional case, to
perform approximate ancestral sampling from this Markov
chain, we need to sample from py 1 (zk|2ry1,y) =
N (ks Beg1(Trg1,v), 27k+1 1d) where By (2,y) = = +
Yi+1{x + 2V log pr+1(z|y)}. We can again estimate these
score terms using

Vlog pi(xr|y) = E[Vy, log prjo(wr] Xo)],

where the expectation is w.r.t. to the distribution of X given
(Xk,Y) = (2,y). In this case, we learn again a neural



network approximation sy« (k, 2, y) ~ V log pr(zx|y) by
minimizing w.r.t. 6 the loss
B[S0 Allso(k, Xk, Y) = Va, log pijo (Xl Xo)|7),

where the expectation is w.r.t. p(zo.n)g(y|zo) which we
can sample from. Once the neural network is trained, we
simulate from the posterior p(z|y°>) o po(z)g(y°*|x) for
any observation Y = ¢°* as follows: sample first Xy ~
Pref(zn) and then Xj ~ Ppjppr(@r|Xpg1, y°™) where
this density is similar to py|x41 (x| Xry1, y°") but with
V log pry1(Xei1|y°) replaced by sg« (k + 1, Xpi1,y°%).
The resulting sample X will be approximately distributed
according to p(x|y°®). This scheme can be seen as an amor-
tized variational inference procedure.

3 SCHRODINGER BRIDGES AND
GENERATIVE MODELING

For SGMs to work well, we must diffuse the process long
enough so that pn =~ pres. The SB methodology introduced
in [De Bortoli et al.;,2021]] allows us to mitigate this problem.
We refer to|Chen et al.|[2021b]] for recent reviews on the SB
problem. We first recall how the SB problem can be applied
to perform unconditional simulation.

Consider the forward density p(zq.n) given by (I)), describ-
ing the process adding noise to the data. We want to find the
joint density 7* (xo. ) such that

7 = argmin, {KL(7[p) : m0 = paaw, TN = Pret}, (2)
where 7, resp. 7y, is the marginal of X, resp. X, under
7. A visualization of the SB problem (@) is provided in
Figure[Ta] Were 7* available, we would obtain a generative

model by ancestral sampling: sample Xy ~ pref(x ), then
X ~ 7r2|k+l(xk|Xk+1) for k € {N —1,... ,0}.

The SB problem does not admit a closed-form solution but
it can be solved numerically using Iterative Proportional
Fitting (IPF) [Kullback, [1968]. This algorithm defines the
following recursion initialized at 7° = p given in (I):

7.[.2n+1 — 2n)

TN = pref} )

2n+1) * To :pdala}-

arg min, {KL(x|r
722 = argmin, {KL(7|m
De Bortoli et al.| [2021], [Vargas et al.[[2021]] showed that
the IPF iterates admit a representation suited to numerical
approximation. Indeed, if we denote p” = 72" and ¢" =
71_271-&-1’ then po(.’L'();N) = p($O:N) and

N-1
q"(o:N) = Pret(@N) [ 1 qZ‘kH(xklka),

n+1( N—-1_n+41

p zO:N) = pdata(zO) Hk:O pk+1|k(xk+1 |'Tk)a

_ n+l
where qg‘kﬂ = p2|k+1 and Prtipk = qZ+1|k. To summa-
rize, at step n = 0, qO is the backward process obtained

by reversing the dynamics of p° initialized at time N from
Pref. The forward process p! is then obtained from the re-
versed dynamics of ¢° initialized at time 0 from pya, and
so on. Note that ¢ corresponds to the unconditional SGM
described in Section 211

3.1 DIFFUSION SCHRODINGER BRIDGE

Similarly to SGMs, one can approximate the time-reversals
appearing in the IPF iterates using score matching ideas.
Iy (@ |0) = N5 2 + yiss fi(2), 2711 1d), with
f2(x) = —z, we approximate the reverse-time transitions
by i (@l2) & N(@ia" + Yer1biy, (27), 29k 1d),
where by, (2') = —fi(2') + 2Vlogpy,  (z); and
next pjt L, (@ |) = N (@5 + et 7 (@), 271 1),
where it (z) = —bi(x) + 2Vloggp(z). The
drifts by, 4, f,2’+1 could be estimated by approximating
{Viogpj. 1 (7)}i g, {Vlog g ()}, using score match-
ing. However this is too expensive both in terms of compute
and memory. De Bortoli et al.[[2021] instead directly ap-
proximate the mean of the Gaussians using neural networks,
By and F, by generalizing the score matching approach,
ie. qpypq(@|2") = N(z;Bon(k + 1,27), 2941 1d) and
Prop(@|z) = N(2'sFgn(k, @), 2741 1d), where 0™ is
obtained by minimizing

0,00) = Epn[>- [IBo(k + 1, Xg1) — G (Xi, Xier1) 7],

for G k(z,7") = 2’ + Fyn (k,z) — Fyn(k,2'), and ¢" 1
by minimizing

01 (0) = Egn [X 1F (ks Xi) — Higo (X, X1 |12,

for H, y(x,2") = x+Bgn(k+1,2") —Bgn (k+1, ). This
implementation of IPF, referred to as Diffusion SB (DSB),
is presented in the supplementary; see|Vargas et al.|[2021]],
Chen et al.| [2022] for alternative numerical schemes. Af-
ter we have learned 6% using L DSB iterations, we sample
XN ~ pref(zy) and then set Xy, = Bgr (k + 1, Xj41) +
V2Yk+1Zk+1 With Zj, Ny N(0,1d) to obtain X approxi-
mately distributed from pgata-

3.2 LINK WITH OPTIMAL TRANSPORT

It can be shown that the solution 7* of the SB prob-
lem @), 7*(zo.n) = 7" (z0, 2N)Pjo,N (Z1:N—1]20, TN)
where 7°* (2, 2 ) is the marginal of 7*(z¢.y) at times 0
and N. In this case, reduces to the static SB problem

,ﬂ_S

* = argmin_. {KL(7®|po.n) : T§ = Ddatas TN = Pret}-
The static SB problem can be interpreted as an
entropy-regularized optimal transport problem between
Ddata and  prr, with regularized transportation cost

Ers [~ log pnjo(Xn[Xo)] — H(7*). When pyjo(zn]z0) =
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Figure 1: (a) An unconditional Schrédinger bridge (SB) between pga.(x) and pr(z); (b) our proposed conditional
Schrodinger bridge (CSB) on the extended space between pjoin (2, ) and pjref(m, y). The blue arrows denote the direction of

the generative procedure at simulation time.

N(zn; xo, 02) as in|Song and Ermon|[2019], the transporta-
tion cost —log pyjo(2n|zo) reduces to the quadratic cost
72 [|zo — x||* up to a constant. In other words, the static
SB solution 7°* not only transports samples Xy ~ Pt
into samples from the data distribution pg,e,, but also seeks
to minimize an entropy-regularized Wasserstein distance
of order 2. The regularization strength is controlled by the
variance o2. Similar properties hold for the time-discretized
Ornstein—Uhlenbeck diffusion defined by (T) in Section[2.1]

4 CONDITIONAL DIFFUSION
SCHRODINGER BRIDGE

We now want to use SBs for conditional simulation, i.e. to
be able sample from a posterior distribution p(x|y°®) oc
Paata(2)g(y°|x) assuming only that it is possible to sample
(X,Y) ~ pagaa(z)g(y|z). In this case, an obvious approach
would be to consider the SB problem where we replace
Paata(2) by the posterior p(z|y°®), i.e.
obs)) TN = pref} 5
(3)
where Dyyebs (l’o:n) = P(l”0|y°bs) HkN:_ol pk+1|k(1'k+1 |17k) is
the forward noising process. However, DSB is not applicable
here as it requires sampling from p(xo|y°™) at step 0.

= — agmin (KL (el )7 =l

We propose instead to solve an amortized problem. Let
us introduce pjoin(7,y) = paaa()g(ylz) = p(x[y)povs ()

and pier(T,y) = DPref(2)Pobs(y) Where pops(y) =

[ Pdaa(z)g(y|z)dz. We are interested in finding the tran-
sition kernel m¢* = (my*), ey, where ™ defines a distri-
bution on X = (R%)N+! for each y € Y, satisfying

m&" = argming {Ey wpq, [KL(7y [[py)] :

778 & Pobs = Dioin; 7"']C\/‘ & Pobs = pjref}~ “@

This corresponds to an averaged version of (3) over the distri-
bution pebs(y) of Y. The first constraint W;:S(:Eo)pobs(y) =

Pioin(20,¥) = P(2o|y)Pobs(y) ensures that 7,5 (o) =
P(Toly), povs-almost surely. Similarly w3\ (zn) =

Dref(TN ), Dobs-almost surely. Hence, to obtain a sample
from p(z|y°®) for a given Y = y°%, we can sample
XN ~ prr(ry) then Xp|Xpi1 ~ W;S:s7k‘k+1<xk|Xk+1)
fork = N —1,...,0 and X is a sample from p(z|y°>).

We show here that (@) can be reformulated as a SB on an
extended space, which we will refer to as Conditional SB
(CSB), so the theoretical results for existence and unique-
ness of the solution to the SB problem apply.

Proposition 1. Consider the following SB problem
7 = argmin_ {KL(7|p) : 8.&. To = Pjoin, TN = Djret}, (5)

where we define p(xo.n,Yo:N) = Dy, (Z0:N)Dobs(Yo:N)

with ﬁobs (yO:N) = pobs(yO) Hivzi()l 5y;€ (yk+1) and Pyo is
the forward process defined below (@). If KL(7*|p) < +oo
then T = % @ Pobs Where T¢* solves ().

We provide an illustration of the CSB problem (3)) in Figure
[TB] Under p, the Y-component is sampled at time 0 accord-
ing to pops and then is kept constant until time N while
the X -component is initialized at p(z|yo) and then diffuses
according 0 pi 41k (Trt1|Tk)-

Contrary to (3), we can adapt DSB to solve numerically the
CSB problem @ as both the distributions pjei, and pjrer can
be sampled. The resulting algorithm is called Conditional
DSB (CDSB). It approximates the following IPF recursion

72+ = argming {KL(7|72") : Ty = pjer}

72742 = argmin.. {KL(ﬁ|ﬁ2"+1) D Mo = pjoin}

initialized at 7° = p. For p"* = 72" and ¢" = 72", we
have the following representation of the IPF iterates.

Proposition 2. Assume that KL(pjnin & pjref|170,N) < 4o0.
Then we have p°(zo.x,vo.n) = D(To.n,Yo:n) and for
any n > 0, ¢"(xo:n,Y0:N) = DPobs(Yo:n)T" (To:N|YN),

P (208 Yo:n) = Dobs (Yo:n )P T (@o: N |yo) with

_ N-1 _
7" (xo:n|yN) = Pret(@n) [ [o—o pZ|k+1($k|xk+17yN)a

=n+1

N-1
p ($O:N|y0) ZP(900|y0)Hk:0 @Z+1|k($k+1|5€k,yo)~



Here we simplify notation and write Y for all the ran-
dom variables Y, Y7, ..., Yy as they are all equal almost
surely under p” and ¢". We approximate the transition
kernels as in DSB and refer to the supplementary for
more details. In particular, the transition kernels satisfy
T (@2, y) = N(z;BY.(k + 1,27),279,411d) and
Prap(@lz,y) = N F. (k,2), 29541 1d), where 0"
is obtained by minimizing

0,0) = Epn [, IBY (k+ 1, Xp1) — GY 1 (Xi, Xiy1)[|]
(6)

for GY) | (z,2) = ' + FY, (k,x) — F},. (k,2) and ¢"*!

by minimizing

Ch41(6) = Bgn [ |FY (. Xp) = HY 1 (X, Xiwn)|):

N

HY (z,2") =2 +BY.(k+1,2) = By, (k+ 1,2).

The resulting CDSB scheme is summarized in Algorithm [I]
where ZJ, Z1 " N(0,1d). After L iterations of CDSB,

we have learned 6%. For any observation Y = 3, we

can then sample X ~ prr(zy) and then compute X, =

BY (k+ 1, Xp 1) + vZ9r11 Ze 1 with Z; "5 A0, 1d)

for Kk = N — 1,...,0. The resulting sample X, will be
approximately distributed from p(z|y°).

Algorithm 1 Conditional Diffusion Schrodinger Bridge

1: forn e {0,...,L} do
2:  while not converged do
3: Sample { X7 }k oY } 1, wWhere

X3 ~ Paaia, Y7 ~ g(-|X3),and
X]z+1 = Fgé (k‘ X]) + \/Q’Yk_i_lZ]]CJrl

4: Compute /% (™) approximating (&)
5: 0" < Gradient Step(¢% (4™))
6:  end while
7: while not converged do
8: Sample { X }gj]zo, {Y7}2 ) where
X b~ Drefs Y7~ Dobs» and
Xli = Bgnj (k+1,X],0) + V201 2l
9: Compute €n +1(¢™ ") approximating
10: ¢" 1 < Gradient Step(¢/, | (¢"11))
11:  end while
12: end for

13: Output: (07, p=+1)

S CDSB IMPROVEMENTS

5.1 CONDITIONAL REFERENCE MEASURE

In standard SGMs and for the unconditional SB, we typi-
cally select prer(7) = N(x; 0, 02, 1d). However, initializing

ref
ancestral sampling from random noise to eventually obtain

samples from p(z|y) can be inefficient as y already con-
tains useful information about X. Fortunately, it is easy
to use a joint reference measure of the form pj(x,y) =
pref(w‘y)pobs(y) instead of pjref(xay) = pref(x)pobs(y) in
CSB and CDSB. The only modification in Algorithm [I]is
that line 8 becomes Y7 ~ pobs(y), XX ~ Prer(z|Y7). In
some interesting scenarios, we can select pr(x|y) as an
approximation to p(x|y) in order to accelerate the sampling
process. This means we construct a CSB between p(x|y)
and its approximation p(z|y), instead of between p(z|y)
and noise. We refer to this extension of CDSB as CDSB-C.

As a simple example, consider obtaining super-resolution
(SR) image samples from a low-resolution image ¥ = y.
Assume that y has been suitably upsampled to have the
same dimensionality as X. In this case, y itself can serve
as an approximate initialization for sampling Xn. A simple
model is to take prr(z|y) = N(z;y,02;1d) with 02, =
pai‘ ,» Where p is a variance inflation parameter and O’il Y
is an estimate of the conditional variance of X given Y.
See Figure [Tb] for an illustration. In our experiments, we
also explore other pr(x|y) obtained using the Ensemble
Kalman Filter (EnKF) as well as neural network models.

5.2 CONDITIONAL FORWARD PROCESS

To accelerate the convergence of IPF, we also have
the flexibility to make the initial forward noising pro-
cess dynamics dependent on Y = y, ie. p,(zo.n) =

N—-1 .
p(zoly) [T—o Pr+1jk(Trr1]Tr,y). As shown below, it is
beneficial to initialize p, close to the CSB solution 7y *

Proposition 3. For any n € N withn > 1, we have

E[KL(ny 5 lp(-[Y))] <

FE[KL(7y" [py)],

where for any n € N, T = Pops @™ is the n™ IPF iterate
and the expectations are w.r.t. Y ~ pops.

As aresult, we should choose the initial forward noising pro-
cess p,, such that its terminal marginal p,, n targets pre¢(-|y).
However, contrary to diffusion models, we recall that our
framework does not strictly require p, n ~ pref(|y) to pro-
vide approximate samples from the posterior of interest.

For tractable prr(x|y), we can define p,(zo.n) using an
unadjusted Langevin dynamics; i.e. ppi1(2]|z,y) =
N5z + Y1V 1og pret(z|y), 29%+1 Id). In the case
pret(z|y) = N(2;u(y), 0%(y) Id), this reduces to a dis-
cretized Ornstein—Uhlenbeck process admitting pyer(z|y)
as limiting distribution as v — 0 and N — oo [Durmus and
Moulines, 2017].

5.3 FORWARD-BACKWARD SAMPLING

When we use an unconditional pyes(), our proposed method
also shares connections with the conditional transport



methodology developed by Marzouk et al.| [2016]], Spantini
et al. [2022]. They propose methods to learn a deterministic
invertible transport map S(z,y) : X x ) — X which maps
samples from p(z|y) to pref(). To sample from p(x|y°*),
one samples X™f ~ p.¢(z), then transports back the sample
through the inverse map XP° = S, y°)~1(X).

As noted by Spantini et al|[2022], an alternative method to
sample from p(x|y°*) consists of first sampling (X,Y") ~
DPjoin> then following the two-step transformation Xref —
S(X,Y), XS = S(.,y°)~1(XM). By definition of S,
Xrof is also distributed according to p.r. However, since the
transport map S may be imperfect in practice, this sampling
strategy provides the advantage of cancellation of errors
between S and S(-, y°) 1.

We also explore an analogous forward-backward sampling
scheme in our framework, which first samples (X,Y) ~
Djoin, followed by sampling Xy ~ ﬁk‘o(:c ~|X,Y) through
the forward half-bridge, then Xy ~ cjé‘ N(:UO|X N, y%)
through the backward half-bridge. Since ¢” is the approx-
imate time-reversal of p”, this strategy shares similar ad-
vantages as the method of [Spantini et al.|[2022] when the
half-bridge ¢* (zo.x|y°®) does not solve the CSB problem
exactly. We call this extension CDSB-FB.

6 RELATED WORK

Approximate Bayesian computation (ABC), also known
as likelihood-free inference, has been developed to approx-
imate the posterior when the likelihood is intractable but
one can simulate synthetic data from it; see e.g.[Beaumont],
2019]. However, these methods typically require knowing
the prior, while CDSB only needs to have access to joint
samples and learns about the posterior directly. For tasks
such as image inpainting, the prior is indeed implicit.

Schradinger bridges techniques to perform both static and
sequential Bayesian inference for state-space models have
been developed by |Bernton et al.| [2019] and [Reich|[2019]].
However, these methods require being able to evaluate point-
wise an unnormalized version of the target posterior distribu-
tion contrary to the CDSB-based methods developed here.

Conditional transport. Performing conditional simulation
by learning a transport map between joint distributions on
X,Y having the same Y -marginals (as pjoin and prer) has
been first proposed by Marzouk et al.| [2016]. Various tech-
niques have been subsequently developed to approximate
such maps such as polynomial or radial basis representations
[Marzouk et al.l 2016} Baptista et al.l 2020], Generative Ad-
versarial Networks [[Kovachki et al.L[2021l Zhou et al.,2022]
or normalizing flows [Kruse et al., 2021]]. CDSB also fits
into this framework, but instead utilizes stochastic transport
maps. Recently, |[Taghvaei and Hosseini| [2022]] have also
proposed independently using conditional transport ideas to

perform optimal filtering for state-space models.

Conditional SGMs. SGMs have been applied to perform
posterior simulation, primarily for images, as described in
Section and references therein. An alternative line of
work for image editing [Song and Ermon, [2019, (Choi et al.,
2021}, |(Chung et al., 2021, Meng et al., 2022] utilizes the
denoising property of SGMs to iteratively denoise noisy
versions of a reference image y while restricted to retain
particular features of y. However, prer(z) = N (x50, 02, 1d)
so image generation is started from noise and typically hun-
dreds or thousands of refinement steps are required. Our
framework can incorporate in a principled way information
given by y in the reverse process’s initialization (see Section
@. Recently|Zheng et al.|[2022]], Lu et al|[2022] have also
proposed suitable choices for prer() or prer(|y) to shorten
the diffusion process. In comparison, the CDSB framework
is more flexible and allows for general p;¢(x|y) which can
be non-Gaussian and different from the initial forward dif-
fusion’s terminal distribution py (x v |y). For instance, we
explore using noiseless pre-trained super-resolution models
as prer(|y) in Section[7.3.2] where CDSB further improves
the SR samples closer to the data distribution. Finally, for
linear Gaussian inverse problems, Kadkhodaie and Simon/{
celli| [2021]], Kawar et al.| [2021] [2022] develop efficient
methodologies using unconditional SGMs when the linear
degradation model and the Gaussian noise level are known.

SGM acceleration techniques. Many techniques have been
proposed to accelerate SGMs and CSGMs. For example,
Luhman and Luhman|[2021]}, [Salimans and Ho|[2022] pro-
pose to learn a distillation network on top of SGM models,
while Song et al.| [2021a]] perform a subsampling of the
timesteps in a variational setting. Watson et al.|[2022] op-
timize the timesteps with a fixed budget using dynamic
programming. Xiao et al.| [2021]] perform multi-steps de-
noising using GANs while Dockhorn et al.|[2022] consider
underdamped Langevin dynamics as forward process. We
emphasize that many of these techniques are complementary
to and can be readily applied in the SB setting; e.g.one could
distill the last CDSB network BZL. Additionally, SB and
CSB provide a framework to perform few-step sampling.

7 EXPERIMENTS

7.1 2D SYNTHETIC EXAMPLES

We first demonstrate the validity and accuracy of our method
using the two-dimensional examples of [Kovachki et al.
[2021]]. We consider three nonlinear, non-Gaussian exam-
ples for pjoin(z, y): define pobs(y) = Unif(y; [—3, 3]) for all
examples and p(x|y) is defined through

Example 1: X = tanh(Y) + Z, Z ~T(1,0.3),
Example 2: X = tanh(Y + Z), Z ~ N(0,0.05),
Example 3: X = Z tanh(Y), Z ~T(1,0.3).
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Figure 2: True posterior p(z|y°®) for y°* € {-1.2,0,1.2}
(solid lines) and approximations for the 2D examples.

MCMC|CDSB|CDSB-FB|CDSB-C|MGAN| IT
x1| 075 | .066 .068 072 .048 1.034

Mean o —s T 897 | 807 891 | 918 |.902
Vvar || 190 184|190 188 | 177 |.206
Al 397 [ 387 | 391 393 | 419 | 457
z1] 194 | 1.90 | 2.01 1.90 | 1.83 |1.63
Skew
Zo| 681 | 591 | 628 596 | .630 | 872

r1| 854 | 7.85 8.54 8.00 7.64 |7.57

Kurt x2| 3.44 | 3.33 3.51 3.27 3.19 |3.88

Table 1: Estimated posterior moments for the BOD example.
The closest estimates to MCMC are highlighted in bold.

We run CDSB on each of the examples with 50,000 train-
ing points and compare with the Monotone GAN (MGAN)
algorithm [Kovachki et al., 2021]]. CDSB uses a neural net-
work model with 32k parameters (approximately 6x less
parameters than MGAN) with N = 50 diffusion steps. Fig-
ure [2| shows the resulting histogram of the learned p(x|y°")
and the true posterior for y°* € {—1.2,0,1.2}. As can be
observed, the empirical density of CDSB samples is sharper
and aligns more closely with the ground truth density. We
also observe that using more CDSB iterations corrects the
sampling bias compared to using only one CDSB iteration
(which corresponds to CSGM). Using forward-backward
sampling (CDSB-FB) further improves the sample quality.

7.2 BIOCHEMICAL OXYGEN DEMAND MODEL

We now consider a Bayesian inference problem on biochem-
ical oxygen demand (BOD) from [Marzouk et al.| [2016].

Let X1, X, % N(0,1), A = 0.8 + 0.4erf(X1/v?2),
B = 0.16 + 0.15erf(X2/v/2) and Y = {Y(¢)};_; sat-
isfy Y(t) = A(1 — exp(—Bt)) + Z with Z ~ N'(0,107?).
Table|[T]displays moment statistics of the estimated posterior
p(x|y) (standard deviations are reported in the supplemen-
tary), in comparison with the “ground truth” statistics com-
puted using 6 x 10° MCMC steps as reported in Marzouk
et al.| [2016]. To match the evaluation in |[Kovachki et al.
[2021]], the reported statistics are computed using 30,000
samples and averaged across the last 10 CDSB iterations.
The resulting posterior displays high skewness and high kur-
tosis, but all CDSB-based methods achieve more accurate
posterior estimation than MGAN and the inverse transport
(IT) method in Marzouk et al.|[2016]].

7.3 IMAGE EXPERIMENTS
7.3.1 Gaussian Reference Measure

We now apply CDSB to a range of inverse problems on
image datasets. We consider the following tasks: (a) MNIST
4x SR (7x7 to 28x28), (b) MNIST center 14x14 inpaint-
ing, (c) CelebA 4x SR (16x16 to 64x64) with Gaussian
noise of oy = 0.1, (d) CelebA center 32x32 inpainting. For
CSGM-C and CDSB-C, we consider the following choices
for conditional pf(x|y): for tasks (a) and (c), we use the
upsampled y directly as described in Section[5.1} for inpaint-
ing tasks (b) and (d), we use a separate neural network with
the same architecture as F, B to output the initialization
mean. In Table[2] we report PSNR and SSIM (the higher the
better), as well as FID scores (the lower the better) for RGB
images only. We display a visual comparison between the
methods in Figures [3|and @] and additional image samples
in the supplementary. CDSB and CDSB-C both provide
significant improvement in terms of quantitative metrics as
well as visual evaluations, and high-quality images can be
generated quickly under few iterations V.

7.3.2 Pre-trained SR Model for Reference Measure

We further explore here the possibility of using a non-
Gaussian per(z|y) to further bridge the gap towards the
true posterior p(x|y). We utilize the super-resolution model
SRFlow [Lugmayr et al.l[2020], which produces a probabil-
ity distribution over possible SR images using a conditional
normalizing flow. We use their pre-trained model check-
points for the 8x SR task for CelebA (160x160). We then
train a short CDSB model with SRFlow as p(z|y), in
order to take advantage of the high sampling quality of dif-
fusion models. As can be seen from Figure [5] with only
N = 10 steps the CDSB model is able to make meaning-
ful improvements to the SRFlow samples, especially in the
finer details such as facial features and hair texture. Quan-
titatively, CDSB-C produces significant improvement over



N=5 N =10 N=10 N=20

N =20

N =50 N =20 N =50

CSGM 17.22/0.672 20.03/0.795 14.77/0.599 16.31/0.706 19.52/0.471/92.02 20.52/0.567/48.68 24.22/0.844/17.62 25.29/0.878/7.18

CDSB

18.55/0.746 20.69/0.792 16.24/0.618 16.61/0.657 19.72/0.504/57.22 20.70/0.590/40.08 24.88/0.850/19.85 26.61/0.894/3.87

CSGM-C 18.61/0.749 20.83/0.838 16.38/0.701 16.53/0.730 20.44/0.566/44.44 20.84/0.592/22.89 28.26/0.914/3.63 28.14/0.913/1.31

CDSB-C 19.67/0.753 20.95/0.840 16.60/0.700 16.65/0.747 21.11/0.614/28.41 21.46/0.646/13.71 28.19/0.915/2.28 28.06/0.914/1.14

(a) b)

(© (d)

Table 2: Results for (a) MNIST 4x SR; (b) MNIST 14x14 inpainting; (c) CelebA 4x SR with Gaussian noise; (d) CelebA
32x32 inpainting. Reported results are denoted in the format PSNR1/SSIM{(/FID].).

psnr:13.87 ssim:0.42

NoNLwoD R
WO POy~ @

v
5
q
(7
2
q
7
y

WL~/
QANCLT oY —~
o £~ oo~ 0D )

2
7
£
6
?
q
o
7

() y*™ (b) Ground truth

CDSB iteration:1 psnr:17.0 ssim:0.66 CDSB iteration:3 psnr:19.65 ssim:0.75

P99 T dd&7

wl K@ra sy 9
PS5 Q£ 4
If6vq 3
P75 o
4 AR 2
Q4 7 O 9
SR> Y 83927
(c) CSGM (d) CDSB-C

Figure 3: Uncurated samples for the MNIST 4x SR task
with N = 5.

the FID score at the cost of a decrease in PSNR; see Table
Note that this choice of non-Gaussian prf(z|y) is not com-
patible with CSGM. Interestingly CSGM-C still improves
the PSNR compared to SRFlow, but produces worse FID
scores than CDSB-C and blurry samples.

7.4 FILTERING IN STATE-SPACE MODELS

Consider a state-space model defined by a bivariate Markov
chain (X3, Y;)¢>1 of initial density p(x1)g(y1|21) and tran-
sition density f(z¢+1]2t)g(Y+1|7e+1) where X, is latent
while Y; is observed. We are interested in estimating se-
quentially in time the filtering distribution p(z4|yS%), that is
the posterior of X given the observations Y7.; = y‘l’g We
show here how CDSB can be used at each time ¢ to obtain a
sample approximation of these filtering distributions. This

(d) CDSB-C

(c) CSGM

Figure 4: Uncurated samples for the CelebA 4x SR with
Gaussian noise task with N = 20.

CDSB-based algorithm only requires us being able to sam-
ple from the transition density f(x¢11|2¢)g(yi41|Te41) and
is thus more generally applicable than standard techniques
such as particle filters [Doucet and Johansen, 2009].

Assume at time ¢, one has a collection of sam-
ples {X/}M, distributed (approximately) according to

Plrelyfy). We sample Xi,, ~ (o1 X]) and ¥y, ~
g(yt+1|Xt+1) The resulting samples {Xt+1a t+1}z 1
are thus distributed according to p_]()ln(ajt+17yt+1) =
P(Te41, Yir1]y5). We can also easily obtain samples
from pire(e41, Yer1) = Dret (@1 |Yes1, Y30)P(Yer1|Y5%)
where prer(@i11]yi+1,95%) is an easy-to-sample distribu-
tion designed by the user. Thus we can use CDSB to obtain
a (stochastic) transport map between pjoin(xtJrl, Yi+1) and
Dire(Z141, Ye+1) and applying it to Yy = y9%%, we can
obtain new samples from p(z41|y$%, ;). A similar strat-



Pre(2]y) CSGM-C CDSB-C

Gaussian 22.21/0.521/87.02  23.86/0.628/31.65
SRFlow 7 = 0.8  24.97/0.701/26.83  24.34/0.674/15.00
SRFlow 7 = 0.8 24.83/0.702/30.92

Table 3: Results for CelebA 8x SR. Reported results are
denoted in the format PSNR1/SSIM1/FID]. The final
row reports our evaluated results of the SRFlow model.

(d) CDSB-C

Figure 5: Paired samples for CelebA 8x SR. The SRFlow
samples (c) are inputted as conditional initialization into
CDSB-C (d), which produces fine modifications over
N = 10 steps (Best viewed when zoomed in).

egy for filtering based on deterministic transport maps was

recently proposed by [Spantini et al.| [2022].

We apply CSGM and CDSB to the Lorenz-63 model
following the procedure above for a time series
of length 2000. We consider a short diffusion process with
N = 20 steps, as well as a long one with N = 100. To
accelerate the sequential inference process, in this example
we use analytic basis regression instead of neural networks
for all methods, and we only run 5 iterations of CDSB. As
the EnKF is applicable to this model, we can use the result-
ing approximate Gaussian filtering distribution it outputs for
Pref(Te41|Yes1, ¥9%) in CSGM-C and CDSB-C.

Table @ shows that for N = 20 both CDSB and CDSB-C
successfully perform filtering and outperform the EnKEF,
whereas both CSGM and CSGM-C fail to track the state
accurately and diverge after a few hundred times steps.

CDSB-C achieves the lowest error consistently. When us-
ing N = 100, CSGM can achieve RMSE comparable with
CDSB-C using N = 20, but CDSB still provides advantages
compared to CSGM. CSGM-C achieves comparable RMSE
as CDSB-C with suitably long diffusion process in this case.
For lower ensemble size, e.g. M = 200, occasional large
errors occur for some of the runs; see supplementary for
details. We conjecture that this is due to overfitting.

| M [ 500 | 1000 | 2000 |
| EnKF | .3542£0.006 | .355+.005 | .354+.003 |
CSGM(-C) (short) Diverges

CDSB (short) 2512011 | 218+.008 | .196+.005
CDSB-C (short) | .236+.012 [ .207+.014 | .178+.007
CSGM (long) 232+.008 [ .203+.009 [ .182+.009
CDSB (long) 220+.012 [ .195+.007 | .166+.004
CSGM-C (long) [ .210+.009 | .185+.005 | .162+.004
CDSB-C (long) | 218+.014 | .185+.008 | .160+.003

Table 4: RMSEs over 10 runs between each algorithm’s
filtering means and the ground truth filtering means for
N = 20 (short) and N = 100 (long).

8 DISCUSSION

We have proposed a SB formulation of conditional simula-
tion and an algorithm, CDSB, to approximate its solution.
The first iteration of CDSB coincides with CSGM while
subsequent ones can be thought of as refining it. This theo-
retically grounded approach is complementary to the many
other techniques that have been recently proposed to accel-
erate SGMs and could be used in conjunction with them.
However, it also suffers from limitations. As CDSB approxi-
mates numerically the diffusion processes output by IPF, the
minimum N one can pick to obtain reliable approximations
is related to the steepness of the drift of these iterates which
is practically unknown. Additionally CSGM and CDSB are
only using 4°* when we want to sample from p(z|y°*) but
not at the training stage. Hence if 7/°* is not an observation
“typical” under pobs(y), the approximation of the posterior
can be unreliable. In the ABC context, the best available
methods rely on procedures which sample synthetic obser-
vations in the neighbourhood of 3°®. It would be interesting
but challenging to extend such ideas to CSGM and CDSB.
Other interesting potential extensions include developing an
amortized version of CDSB for filtering that would avoid
having to solve a SB problem at each time step, and a con-
ditional version of the multimarginal SB problem.

Acknowledgements

We thank James Thornton for his helpful comments. We are

also grateful to the authors of [Kovachki et al., [2021] for

sharing their code with us.




References

Ricardo Baptista, Olivier Zahm, and Youssef Marzouk. An
adaptive transport framework for joint and conditional
density estimation. arXiv preprint arXiv:2009.10303,
2020.

Georgios Batzolis, Jan Stanczuk, Carola-Bibiane Schon-
lieb, and Christian Etmann. Conditional image genera-

tion with score-based diffusion models. arXiv preprint
arXiv:2111.13606, 2021.

Mark A Beaumont. Approximate Bayesian computation.
Annual Review of Statistics and Its Applications, 6:379—
403, 2019.

Espen Bernton, Jeremy Heng, Arnaud Doucet, and Pierre E

Jacob. Schrodinger bridge samplers. arXiv preprint
arXiv:1912.13170, 2019.

Nanxin Chen, Yu Zhang, Heiga Zen, Ron J Weiss, Moham-
mad Norouzi, and William Chan. Wavegrad: Estimating
gradients for waveform generation. In International Con-
ference on Learning Representations, 2021a.

Tianrong Chen, Guan-Horng Liu, and Evangelos A
Theodorou. Likelihood training of Schrodinger bridge
using forward-backward SDEs theory. In International
Conference on Learning Representations, 2022.

Yongxin Chen, Tryphon T Georgiou, and Michele Pavon.
Optimal transport in systems and control. Annual Review
of Control, Robotics, and Autonomous Systems, 4, 2021b.

Jooyoung Choi, Sungwon Kim, Yonghyun Jeong,
Youngjune Gwon, and Sungroh Yoon. Ilvr: Conditioning
method for denoising diffusion probabilistic models.
arXiv preprint arXiv:2108.02938, 2021.

Hyungjin Chung, Byeongsu Sim, and Jong Chul Ye. Come-
closer-diffuse-faster: Accelerating conditional diffusion
models for inverse problems through stochastic contrac-
tion. arXiv preprint arXiv:2112.05146, 2021.

Valentin De Bortoli, James Thornton, Jeremy Heng, and
Arnaud Doucet. Diffusion Schrodinger bridge with appli-
cations to score-based generative modeling. In Advances
in Neural Information Processing Systems, 2021.

Prafulla Dhariwal and Alex Nichol. Diffusion models beat
GAN on image synthesis. In Advances in Neural Infor-
mation Processing Systems, 2021.

Tim Dockhorn, Arash Vahdat, and Karsten Kreis. Score-
based generative modeling with critically-damped
Langevin diffusion. In International Conference on
Learning Representations, 2022.

Arnaud Doucet and Adam M Johansen. A tutorial on parti-
cle filtering and smoothing: Fifteen years later. Handbook
of Nonlinear Filtering, 12(656-704):3, 2009.

Alain Durmus and Eric Moulines. Nonasymptotic conver-
gence analysis for the unadjusted Langevin algorithm.
The Annals of Applied Probability, 27(3):1551-1587,
2017.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising
diffusion probabilistic models. In Advances in Neural
Information Processing Systems, 2020.

Aapo Hyvirinen. Estimation of non-normalized statistical
models by score matching. Journal of Machine Learning
Research, 6(4), 2005.

Alexia Jolicoeur-Martineau, Ke Li, Rémi Piché-Taillefer,
Tal Kachman, and Ioannis Mitliagkas. Gotta go fast when
generating data with score-based models. arXiv preprint
arXiv:2105.14080, 2021.

Zahra Kadkhodaie and Eero P Simoncelli. Stochastic solu-
tions for linear inverse problems using the prior implicit
in a denoiser. In Advances in Neural Information Pro-
cessing Systems, 2021.

Bahjat Kawar, Gregory Vaksman, and Michael Elad. SNIPS:
Solving noisy inverse problems stochastically. In Ad-
vances in Neural Information Processing Systems, 2021.

Bahjat Kawar, Michael Elad, Stefano Ermon, and Jiaming
Song. Denoising diffusion restoration models. arXiv
preprint arXiv:2201.11793, 2022.

Diederik P Kingma, Tim Salimans, Ben Poole, and Jonathan
Ho. Variational diffusion models. In Advances in Neural
Information Processing Systems, 2021.

Nikola Kovachki, Ricardo Baptista, Bamdad Hosseini, and
Youssef Marzouk. Conditional sampling with monotone
GANSs. arXiv preprint arXiv:2006.06755, 2021.

Jakob Kruse, Gianluca Detommaso, Ullrich Koéthe, and
Robert Scheichl. HINT: Hierarchical invertible neural
transport for density estimation and Bayesian inference.
In AAAI Conference on Artificial Intelligence, 2021.

Solomon Kullback. Probability densities with given
marginals. The Annals of Mathematical Statistics, 39
(4):1236-1243, 1968.

Kody Law, Andrew Stuart, and Kostantinos Zygalakis. Data
Assimilation. Springer, 2015.

Haoying Li, Yifan Yang, Meng Chang, Shiqi Chen, Huajun
Feng, Zhihai Xu, Qi Li, and Yueting Chen. Srdiff: Sin-
gle image super-resolution with diffusion probabilistic
models. Neurocomputing, 479:47-59, 2022.

Yen-Ju Lu, Zhong-Qiu Wang, Shinji Watanabe, Alexander
Richard, Cheng Yu, and Yu Tsao. Conditional diffusion
probabilistic model for speech enhancement. In /ICASSP
2022 - 2022 IEEE International Conference on Acoustics,
Speech and Signal Processing (ICASSP), 2022.



Andreas Lugmayr, Martin Danelljan, Luc Van Gool, and
Radu Timofte. Srflow: Learning the super-resolution
space with normalizing flow. In ECCV, 2020.

Eric Luhman and Troy Luhman. Knowledge distillation in
iterative generative models for improved sampling speed.
arXiv preprint arXiv:2101.02388, 2021.

Youssef Marzouk, Tarek Moselhy, Matthew Parno, and
Alessio Spantini. Sampling via measure transport: An
introduction. Handbook of Uncertainty Quantification,
pages 1-41, 2016.

Chenlin Meng, Yutong He, Yang Song, Jiaming Song, Jiajun
‘Wu, Jun-Yan Zhu, and Stefano Ermon. SDEdit: Guided
image synthesis and editing with stochastic differential
equations. In International Conference on Learning Rep-
resentations, 2022.

Sebastian Reich. Data assimilation: the Schrédinger per-
spective. Acta Numerica, 28:635-711, 2019.

Chitwan Saharia, Jonathan Ho, William Chan, Tim Sali-
mans, David J Fleet, and Mohammad Norouzi. Image
super-resolution via iterative refinement. arXiv preprint
arXiv:2104.07636, 2021.

Tim Salimans and Jonathan Ho. Progressive distillation
for fast sampling of diffusion models. In International
Conference on Learning Representations, 2022.

Jiaming Song, Chenlin Meng, and Stefano Ermon. Denois-
ing diffusion implicit models. In International Confer-
ence on Learning Representations, 2021a.

Yang Song and Stefano Ermon. Generative modeling by
estimating gradients of the data distribution. In Advances
in Neural Information Processing Systems, 2019.

Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma,
Abhishek Kumar, Stefano Ermon, and Ben Poole. Score-
based generative modeling through stochastic differential
equations. In International Conference on Learning Rep-
resentations, 2021b.

Alessio Spantini, Ricardo Baptista, and Youssef Marzouk.
Coupling techniques for nonlinear ensemble filtering.
SIAM Review, 2022. to appear.

Amirhossein Taghvaei and Bamdad Hosseini. An optimal
transport formulation of Bayes’ law for nonlinear filtering
algorithms. arXiv preprint arXiv:2203.11869, 2022.

Yusuke Tashiro, Jiaming Song, Yang Song, and Stefano
Ermon. CSDI: Conditional score-based diffusion models
for probabilistic time series imputation. In Advances in
Neural Information Processing Systems, 2021.

Francisco Vargas, Pierre Thodoroff, Austen Lamacraft, and
Neil Lawrence. Solving Schrodinger bridges via maxi-
mum likelihood. Entropy, 23(9):1134, 2021.

Pascal Vincent. A connection between score matching
and denoising autoencoders. Neural Computation, 23
(7):1661-1674, 2011.

Daniel Watson, William Chan, Jonathan Ho, and Moham-
mad Norouzi. Learning fast samplers for diffusion models
by differentiating through sample quality. arXiv preprint
arXiv:2202.05830, 2022.

Zhisheng Xiao, Karsten Kreis, and Arash Vahdat. Tackling
the generative learning trilemma with denoising diffusion
GANSs. arXiv preprint arXiv:2112.07804, 2021.

Huangjie Zheng, Pengcheng He, Weizhu Chen, and
Mingyuan Zhou. Truncated diffusion probabilistic mod-
els. arXiv preprint arXiv:2202.09671, 2022.

Xingyu Zhou, Yuling Jiao, Jin Liu, and Jian Huang. A deep
generative approach to conditional sampling. Journal of
the American Statistical Association, 2022. to appear.



	Introduction
	Score-Based Generative Modeling
	Unconditional Simulation
	Conditional Simulation

	Schrödinger Bridges and Generative Modeling
	Diffusion Schrödinger Bridge
	Link With Optimal Transport

	Conditional Diffusion Schrödinger Bridge
	CDSB Improvements
	Conditional Reference Measure
	Conditional Forward Process
	Forward-Backward Sampling

	Related work
	Experiments
	2D Synthetic Examples
	Biochemical Oxygen Demand Model
	Image Experiments
	Gaussian Reference Measure
	Pre-trained SR Model for Reference Measure

	Filtering in State-Space Models

	Discussion

