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Abstract

Value-based approaches such as DON are the default methods for off-policy re-
inforcement learning with discrete-action environments such as Atari. Common
policy-based methods are either on-policy and do not effectively learn from off-
policy data (e.g. PPO), or have poor empirical performance in the discrete-action
setting (e.g. SAC). Consequently, starting from discrete SAC (DSAC), we revisit
the design of actor-critic methods in this setting. First, we determine that the
coupling between the actor and critic entropy is the primary reason behind the poor
performance of DSAC. We demonstrate that by merely decoupling these compo-
nents, DSAC can have comparable performance as DON. Motivated by this insight,
we introduce a flexible off-policy actor-critic framework that subsumes DSAC as
a special case. Our framework allows using an m-step Bellman operator for the
critic update, and enables combining standard policy optimization methods with
entropy regularization to instantiate the resulting actor objective. Theoretically,
we prove that the proposed methods can guarantee convergence to the optimal
regularized value function in the tabular setting. Empirically, we demonstrate that
these methods can approach the performance of DQN on standard Atari games, and
do so even without entropy regularization or explicit exploration.

1 Introduction

Value-based algorithms such as DON [Mnih et al., 2013] and its derivatives (Rainbow [Hessel
et al., 2018], IQON [Dabney et al., 2018], M-DOQON [Vieillard et al., 2020b]) are commonly used in
deep reinforcement learning. These methods can effectively learn from off-policy data, making
them sample-efficient in complex environments. These value-based algorithms are especially well-
suited for environments with discrete actions and have achieved strong performance on large-scale
benchmarks such as Atari 2600 [Bellemare et al., 2013].

In contrast, common policy-based methods such as PPO [Schulman et al., 2017], TRPO [Schulman,
2015] are on-policy and do not effectively reuse the data collected by past policies, making them
sample-inefficient. Although prior work has developed off-policy variants of these popular RL
algorithms to improve sample efficiency [Queeney et al., 2021, Meng et al., 2023, Gan et al., 2024],
these methods have not been thoroughly evaluated in discrete-action settings. Similarly, soft actor-
critic (SAC) [Haarnoja et al., 2018] also supports off-policy learning, is sample-efficient, and achieves
strong empirical performance for continuous control tasks. However, in the discrete action-space
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SACs extensions and prior off-policy policy optimization work [Wang et al., 2016, Christodoulou,
2019, Xu et al., 2021, Zhou et al., 2022] introduce multiple interacting components (such as off-
policy Retrace [Munos et al., 2016], bias correction, a dueling network architecture, ad-hoc actor
regularization, and double-averag@eclipping) which complicate implementation and can limit
practical performance. Motivated by this gap between off-policy policy-based and value-based
methods, we ask the questiotan we design simple actor-critic methods that can approach the
performance oDQNn the off-policy discrete-action setting?

Given the recent interest in applications such as reinforcement learning with human feedback [Ouyang
et al., 2022], the development of better actor-critic methods for discrete action environments is
important. Doing so can also help address the limitations of value-based methods. For eRepiple,
and its successors lack a principled mechanism for exploration, often relyingm@edy strategies

that require manual tuning and are known to be brittle [Hessel et al., 2018]. On the other hand,
actor-critic methods such &ACrely on entropy regularization in both the actor and critic updates.
Importantly, these methods do not require explicit exploration making them potentially easier to tune
on a new environment. Furthermore, when used with complex function approximation, value-based
methods are prone to thlikelusional biagLu et al., 2018], which arises from performing a greedy
update per next state independently. This ignores the joint distribution over states and actions and
may yield a targeQ-function that is not realizable by the current function class. In conts#st,

avoids the delusional bias by backing up the value function under the current actor policy rather than
performing greedy max-based backups.

To progress towards our goal, we rst investigate the poor empirical performance of the discrete
variant of SAC(denoted a®SAQ in Christodoulou [2019] on various Atari games. Previous work
has attributed this poor performance to the use of a xed target entropy [Xu et al., 2021] and/or
Q-value underestimation bias [Zhou et al., 2022]. To mitigate these issues, Xu et al. [2021] introduce
an adaptive entropy target, while Zhou et al. [2022] propose a varig®Gfivhich incorporates
entropy coef cient regularization and a clipped double-avera@ddarning objective. While such

modi cations improve the algorithm's stability, they also introduce additional hyper-parameters,
complicating the method without matching the performand@@f\ Furthermore, these modi cations

lack any theoretical justi cation even in the simple tabular setting.

Contribution 1: We perform an extensive ablation study[@S8AC Our results demonstrate that by
simply disabling the entropy regularization in the critic update (corresponding to using a hard Bellman
operator for policy evaluation) and keeping all other components (entropy regularized soft actor
update, automatic entropy tuning) xed, yields a stable variam®AC The resulting variant does

not require doubl&-learning, does not introduce any additional hyper-parameters and is competitive
with DQNacross various Atari games (see Fig. 1). Alternatively, we nd B@ACwith a carefully

tuned (on a per-game basis) entropy coef cient in the critic can also attain similar performance as
DQN Hence, we conclude that the entropy coef cient in the critic update substantially impacts the
empirical performance ddSAC

In order to explain the good empirical performance of the prop@®A4Cvariant, and to sys-
tematically design related algorithms, it is necessary to develop a more general approach. Prior
works [Vieillard et al., 2020a, Xiao, 2022] have proposed actor-critic frameworks in the discrete
action setting. While Vieillard et al. [2020a] show ttf&ACfalls within their general framework,

the proposedSACvariant can not be captured by this framework. In particular, in Vieillard et al.
[2020a], the actor and critic entropy is closely coupled, and the framework cannot support using
entropy regularization asymmetrically (e.g. entropy regularization for actor, but not for the critic).
On the other hand, Xiao [2022] propose a policy gradient framework and analyze the actor objective
in SAC However, they assume that tQefunctions are estimated using a black-box procedure, and
do not instantiate the critic update.

Contribution 2: In Section 3, we develop a general off-policy actor-critic framework for the
discrete-action setting, introducing new objectives, with varianB®#ACarising as special cases. In
particular, in the policy evaluation step for the critic, we use a look-ahead target formed by either
the softcritic entropyregularized or hard Bellman operator. The policy optimization step for the
actor consists of two stages: (i) computing an intermediate policy by using eithdPiBEKakade,

2001] orSPMAAsad et al., 2024] updates, and (ii) projecting (using either the forward or reverse



Figure 1: Performance oDSACrelative toDQNacross 20 Atari games, with and without critic entropy. The left
plot shows that the defaullSACunderperform®QNon most games, whereas incorporating a hard Bellman
operator during policy evaluation (right plot) substantially improR&AGs performance.

KL divergence) the intermediate policy onto the class of realizable policies while simultaneously
maximizing a proximal entropy regularization term (referred to astiter entropy. Importantly,

our framework decouples the choice of using a critic entropy from that of the actor entropy and is
consequently more exible.

Contribution 3: In Section 4, we analyze the proposed actor-critic framework in the simpli ed
tabular setting. In particular, in Theorem 1, we reduce the problem of analyzing the sub-optimality in
the entropy-regularized value function to (i) bounding the policy evaluation error for the critic and
(ii) bounding the regret for an online convex optimization problem related to the policy optimization
step for the actor. For (i), we analyze the error incurred by a nite number of applications of the hard
or soft Bellman operator (Corollary 1). For (ii), we bound the regret for actor entropy-regularized
variants of botlNPGand SPMA(Corollary 2). Our modular framework can be used to analyze
different combinations of the actor and critic. For example, in Corollary 13, we use our framework
to provide a theoretical guarantee for tiBGupdate with actor entropy amd steps of the hard
Bellman operator for policy evaluation, a variant that matches the performam@nCompared

to Vieillard et al. [2020a] that couples the actor and critic entropy, and only analyzes one application
of the Bellman operator, our framework is more exible.

Contribution 4 : In Section 5, we empirically evaluate the objectives derived from our actor-critic
framework and compare them agaib€pN Our results reveal three key ndings. First, consistent
with our observations oBSAG our objectives bene t from using the hard Bellman operator for policy
evaluation, leading to improved performance. Second, we demonstrate thaf2@Aethe proposed
objectives can achieve performance competitive WiNeven without entropy regularization or
explicit exploration. Third, the choice of forward vs reverse KL in projecting the intermediate policy
onto the class of realizable policies does not matter in most cases.

2 Preliminaries

We consider an in nite-horizon discounted Markov decision process (MDP), de ned as

hS A;P;r, ; i, whereS andA denote the state and action spades, S A ! s is the
transition probability functiorr; : S A!  [0; 1]is the reward function, 2 s is the initial state
distribution, and 2 [0; 1) is the discount factor. Throughout this paper, we assume that the state and
action spaces are nite but potentially large.

Fora xeds 2 S, the policy induces a probability distribution( js) overlg,he actions. The action-

value functionqg : S Al R of policy is dened asq (s;a) := E[ tlzo tr(st;a)jso =
s;a = a], with s; p(jst 1;a 1) anda; (jst). Given an initial states , the cor-
responding value function is de ned as(s) := Ea (5[ (s;@)]. The advantage function



a :S A! R induced by is represented bw (s;a) := g (s;a) Vv (s). We de ne
J():=v ()= Es v (s) astheexpected disl_c,ounted cumulative reward.

Given the Shannon entropy functiéh( ) = . (@ In( (a) and if 0 is the entropy
regularization, then, the soft (entropy-regularized) counterparts of the above functions [Liu et al.,
2024, Vieillard et al., 2020a] are de ned ag: (s) := v (s) + tlzo YIH( (jst)jso= sl

J ()= Es [v(9a(sa):= Ewp (jsalr(sia)+ v (s9] anda (s;a) := q (s;a)

v (s) In( (ajs)). We note that the soft value and action-value functiongs) andq (s;a), are
bounded and lie within the intervfd; H ], whereH := “Jw [Liu et al., 2024]. Furthermore,
fora xed s 2 S and an arbitrary pair of policies; and », thesoftBellman operatom is de ned
suchthat(T v 2)(s)= Ea ,(js)[q 2(s;d) In( 1(ajs))]=(T v 2)(s)+ H( 1(js)) and

(T rg2)(s;@)=(T *g2)s;a+ H( 1(js)).If =0, werefertothe corresponding operator as
thehard Bellman operator. The objective istoax , J ( ), where is the set of feasible policies.
We denote the optimal entropy-regularized policy by:= argmax J ( ) and its corresponding
value function ay .

3 A General Off-policy Actor-critic Framework

Building on the empirical ndings from Section 1, we present a general off-policy actor-critic frame-
work that subsumes variants BPEACand enables the design of new actor objectives. In Section 3.1,
we focus on the policy evaluation step in the tabular setting, and the subsequent critic objective with
function approximation. In Section 3.2, we focus on two alternative policy updates in the tabular
setting, and the corresponding actor objectives in the function approximation setting. We show how
these objectives relate to existing methods, includd$fCas a special case.

3.1 Policy Evaluation

At iterationt 2 [K] of the actor-critic framework, we evaluate the current poligyusing the
m-step entropy-regularized Bellman operator. The coef cient, 0 controls the strength of entropy
regularization in the policy evaluation step and is referred to asritie entropy. The corresponding
estimate of the entropy-regularizgdunction at iteratiort, denoted byt is computed recursively as:

®=q° ; 8t L d =Poyn (T H"d T ()

wherePyo. ; projects each entry onto ttig; H ] interval and is used only for theoretical purposes.
Asm!1 ,d converges tothe xed poind ' and the algorithm exactly evaluates the poligy In
this special case, setting= 0 recovers the standarggfunction.

Handling function approximation: Eq. (1) requires updating the state-action value function for
each state and action. In settings where the state or action space is large, this is not computationally
feasible and we aim to approximate this update. For this, we use the standard squared loss and
de ne the critic objective similar to Haarnoja et al. [2018]. Speci cally, considerdmay bufferD;
consisting of (state, action, next state, reward) pairs obtained by the policies in the previous iterations,
de ne asthe parameters of a model (typically a neural network) parameterizing the critic asd

the corresponding function. For our purposes, the details of the model are irrelevant and are implicit
intheg notation. We use Eq. (1) to construabiae-step look-ahead targétorresponding ton = 1)

and de ne the critic objectivé( ) given by:

Esas®r(sayp . d(s8)  Ppow r(s;a)+ [of *(s%a) In( (ajs9))] 2: ()

a®  ((js?)

With a slight abuse of notation, i{g; a;s%r(s;a)) D , we mean that the tuple is sampled from

a discrete distribution oved;. We setq' = q, where { := argmin L{( ). In practice, we do

not project the look-ahead target, the optimization is done ove(sfa s%r(s;a)) tuples in a
randomly-sampled batch froBy, andg' ! is parametrized using a separate target network, whose
parameters are maintained as an exponential moving average of those in the critic model [Haarnoja
et al., 2018, Christodoulou, 2019, Mnih et al., 2013].



3.2 Policy Optimization

The policy optimization step at iteratidn2 [K ] uses theg function estimates from Section 3.1
and updates the policy. In particular, for a stat2 S, we rst compute an intermediate policy
t+ 1=, USing two alterative ways: i) using the natural policy gradi®&R @G or policy mirror descent
(PMD) [Kakade, 2001, Xiao, 2022] update or ii) the recently propd&eiflAupdate in Asad et al.

[2024]. Given the step-size,

tr1=2(8js) 1 1(ajs) exp( « o (s;@)) (NPG) ®3)
1=2(ajs) | o(@s) 1+ ¢ d'(s;a) Vi(s) (SPMA) (4)

In the special case, when= 0, we note that thi&lPGupdate requires an explicit normalization across
actions to ensure that . -, is a valid probability distribution. On the other hand, BieMAupdate

can use a suf ciently small step-size to avoid an explicit normalization across the actions [Asad et al.,
2024]. We now use a proximal update to include entropy-regularization in the policy optimization
step. Given 41 =, if 0, then the updated policy;+; can be computed in two alternative
ways that aim to nd the “closest” policy to .1 =, While encouraging the resulting policy to have

suf ciently high entropy (referred to as thector entropy). Specically, if ; ;=  0isthe
entropy regularization parameter at iterattome use either the forward KL (FKL) or reverse KL
(RKL) divergence to measure the proximity between policies. The resulting updates are given by:

t+1(jS):arngnm KL( tv1=2(js)k (js))  «H( (]s)) (FKL) (5a)
t+1(jS)=af9£nin KL( (i9)k ts1=2(js))  «H( (i9)) (RKL) (5b)

Note that in the special case when= 0, { = ,1-»>. Furthermore, the objective in Eq. (5b)

is convex in and the resulting update can be obtained in closed form whgkgajs) /

[ t+1 :z(ajs)]ﬁ. Combining Egs. (5a) and (5b) with Egs. (3) and (4) gives rise to four possi-
ble ways of updating the policy. We instantiate the corresponding actor objectives in the function
approximation setting below.

Handling function approximation: Egs. (5a) and (5b) require updating the state-action value func-
tion for each state and action. In order to scale to large state-action spaces, we aim to handle function
approximation in the policy space. Consequently, given the actor model parameterizeddge ne

=f j9 st = ()gasthe setofrealizable policies. Similar to Section 3.1, the choice of the
model is implicitin the ( ) notation. Following [Haarnoja et al., 2018], we modify Egs. (5a) and (5b)
to optimize (i) only over the states in the replay bufferand (ii) over the restricted policy class to

P
get the following updates:;+; =argmin , sp . KL( t+1=2(j9)k (js))  «H( (js))

P
and ¢+ (js) = argmin , sp , KL( (Js)k t+1=2(]s)) tH( (js)) forthe FKL and

RKL variants respectively. Following prior work [Vaswani et al., 2021, Lavington et al., 2023, Tomar
et al., 2020, Xiong et al., 2024], we convert the above projection problem into an unconstrained
optimization over the parameters, and fory ), the corresponding actor objective. For each variant,
we append the postX ; ) to denote its dependence on the actor and critic entropy. The actor
objective’{( ) can be de ned as one of four possible choices:

Esp . Ea (49 d(s5@  In( (as)) %KL( (is)ii «(js))  (NPG-RKI(; ))

Esp . Ea  (j9lln 1+ «(d(sia) V'(s)  «In (as)] KL( (is)ii «(is)
(SF;MA-RKl(; )

exp( ¢ g (s; a))
20 t(a9) exp( i (s;a9)

In( (ajs)) + H( (is))
(NPG-FKL(; ))

Esp . Ea ((js *

1The actor entropy coef cient is independent from the critic entropy coef cient



! #
1+ (d(s;a) Vi(9)) , y
ESD t Ea t(js) P a0 t(a(b (1+ t(qt (S;a()) vt (S))) ln( (a.jS)) + IH( (JS))
(SPMA-FKL( : ))

Wedene (+1 = ( t+1)Where {437 =argmax “{( ). Note that theNPG-RKLandSPMA-RKL
objectives differ in the rstterm, which is linear in tlegfunction forNPG-RKL, while it is logarithmic

in the advantage foBPMA-RKL Similarly, the FKL variants also differ in the rst term. Crucially,

in the special case of zero critic entro@PMA-FKL( ; 0) yields a valid probability distribution by
choosing 1 and without requiring an explicit normalization over the actions [Asad et al.,
2024], making it easier to implement in practice. Finally, we note that for the RKL variants, the
expectation is over the actions sampled from From an implementation perspective, optimizing the
objective either involves calculating the full expectation or using the reparameterization trick. On the
other hand, the FKL variants involve an expectation over the actions sampled freimplifying

the resulting implementation. In Algorithm 1 in Appendix B, we present the entire pseudo-code in
the function approximation setting.

Comparison to existing methods: First, considering the RKL variants, observe that
NPG-RKL ; ) recovers the off-policy variant dfiDPGstudied in [Tomar et al., 2020]. In the
limtthat ( !'1 , NPG-RKL ; ) recovers the origingbACobjective in Haarnoja et al. [2018].
This is intuitive sinceSACcan be viewed as soft policy iteration. ImportantipG-RKL( ; 0) and

t 'l recovers th&SACvariant that demonstrated good empirical performance in Fig. 1. To the
best of our knowledge, thePMA-RKI( ; ) objective is novel, and has not been studied in the previ-
ous literature. Now, considering the FKL variants, note that in the tabular seXit@;FKL( ; ) is
the same as the objective proposed by Mei et al. [2019], but under function approximation, the two
objectives differ. On the other hanBPMA-FKL(0; 0) can be interpreted as an off-policy extension of
the surrogate introduced in Asad et al. [2024]. More generally, in the tabular setting, when(i.e.
the actor and critic entropy is coupled), using xed coef cients for entropy and KL regularization, the
NPG-RKLvariant is the same as that proposed in Vieillard et al. [2020a]. Moreover, by sampling the
states frond t, the distribution induced by policy; (instead oD;), setting = =0 andm =1
for the critic (corresponding to exact policy evaluation) we can recover the framework in Vaswani
et al. [2021], and its instantiations [Tomar et al., 2020, Asad et al., 2024]. Hence, in this sense, our
framework generalizes that in Vieillard et al. [2020a] and Vaswani et al. [2021]. In the next section,
we show that the RKL variants of the above objectives have theoretical guarantees in the simpli ed
tabular setting.

4 Theoretical Guarantee in the Tabular Setting

In this section, we prove a bound on the sub-optimality of the entropy-regularized value function
when using decoupled critic and actor entropy. For the critic, we consider estimatigduthetions

using Eg. (1) and allow for = 0, whereas for the actor, we consider using the RKL variantin Eg. (5b)
with 6 0 for both theNPGandSPMAupdates in Eqgs. (3) and (4). We denote the corresponding
variants asoft NPGandsoft SPMArespectively.

In Theorem 1, we rst reduce the problem of bounding the sub-optimality to a per-state online convex
optimization problem. This reduction is independent of both the actor and critic updates.

Theorem 1(Generic Reduction with Actor Entropy)f s the optimal entropy-regularized policy
whose value function is equal to, for an estimate o] t obtained via the policy evaluation scheme

in Eq.(1) atiterationt s.t. ; = g g * and for any sequence of policiéso; 1;:::; kgif « is

the corresponding mixture policy, then,

P
kRegre(K )k; 2 o koikg

vovh, K@ ) KaL )

h i
P . . . . . :
where(Regre(K))(s) .=~ (o' h (js)  «(js)id'(si)i+ [H( (is) H ((is)] is
the regret incurred on an online convex optimization problem for each stats.



The above result shows that the sub-optimality of a mixture policy obtained by using a generic policy
optimization method can be bounded in terms of the regret incurred by the method, and the sum of
errors incurred in estimating t, the entropy-regularizeglfunction corresponding to policy;.

Since  depends ony, it implicitly depends on the policy optimization method. We now bound the
policy evaluation errors; for both softNPGand softSPMA

Corollary 1 (Policy Evaluation Error) Using the policy evaluation update in E(L), setting

¢ = m for a constant to be determined later, and de ning ; ):= L 1InA) ‘ n(A) 'the error
+ when using sofilPGand softSPMAcan be bounded for atl 2 [K ] as:
m 1 L 1 (5 )
= = — — + + p— +
t k tkl (@] (l )3 |n( K ) p—t z p? 1

Note that asn (the number of steps of the Bellman operator) increases, the policy is evaluated more
accurately, and; decreases. Ami!'1 |, ! O( (; )), aterm that quanti es the mismatch
between the actor and critic entropy and is equal to zero when .

Next, we show that both soPGand softSPMAcan control the regret for the online optimization
problem de ned in Theorem 1.

Corollary 2 (Regret Bounds with Actor Entropy)Suppose o( js) is the uniform distribution over

actions for each stats, and let = m for some constart 0 to be determined later. For

any sequenceq gtK:O ! satisfying o . H , the regret bound for sofiPGand softSPMAs:

K 1
max h (js) «(is)id(s)i+ [H( (i9) H («(ish] = O®n(K))
t=0
Since Eq. (1) ensures thatt H , we can use the above result. The actor entropy term

in Eq. (5b) makes the online furlmtions strongly-convex and hence both methods incur only a logarith-
mic regret [Orabona, 2019]. Combining the results in Corollaries 1 and 2 with Theorem 1, we obtain
our main theorem for both sdtPGand softSPMA
Theorem 2 (Sub-optimality of SofNPGSoft SPMA. Let  denote the optimal entropy-regularized
policy with value functiorv . Consider the sofN\PGand softSPMAupdates with step size =
m, constant de ned in Theorems 5and 7( ; ):= L 1A ‘ In(A) Let o( js) be the uniform
policy over actions for alk 2 S, and assume the policy evaluat|on step is performed usingliq.
Then the resulting mixture policyk satis es the following sub-optimality bound:
. _ In(K) m p— 1 p_— (;)
% v , =0 K )3+K(1 )4In(K) K+1—t+ K+1

Hence, the sub-optimality can be bounded)asKi + p% + (; ) . Therefore, for exact policy

evaluation (n = 1 ) with coupled actor and critic entropy € ), both softNPGandSPMAhave a
0O(1=K) convergence for the resulting mixture pglicy. When using the one-step Bellman operator
(m = 1) with = , both methods have a@(1= K) convergenge. Finally, for the practical
variant that seten = 1 and = 0, the above result can achieve@fl= K) convergence to &( )
neighbourhood of . All proofs are deferrgd to Appendix C, where we also explore the case without
actor entropy i.e. =0 and prove aD(1= K) rate.

Comparison to existing results: We note that Vieillard et al. [2020a] consider the special case
of soft NPGwith coupled actor and critic entropy € ) andrg = 1, and establish a convergence
rate ofO(1=K). Our result above is weakeD(1=K) vs O(1= K) convergence) in this case. On
the other hand Xiao [2022, Theorem 4.4] analyze BiffGwith coupled actor and critic entropy

( = )andm = 1, and prove ai©(1=K) convergence rate. In this case, our result above can
match this convergence rate. However, we note that our framework is more exible —we can support
m 2 (1;1 ) (left as an open question in Vieillard et al. [2020a]), support policy optimization methods
beyondNPG(for example SPMA that have sublinear regret and Lipschitz policy updates (see the
proof of Theorem 3 in Appendix C).

In the next section, we demonstrate that our framework encompasses methobi®Ganfid soft
SPMAwith decoupled actor and critic entropy amd= 1) that have good empirical performance.



5 Empirical Evaluation

In this section, we empirically evaluate the proposed off-policy policy optimization methods on
various Atari 2600 games [Bellemare et al., 2013]. We follow the experimental protocol of Tomar

et al. [2020], Asad et al. [2024], utilizing the&table-baselines3 framework [Raf n et al.,

2021] and running each experiment with ve random seeds. Results are reported as average expected
returns with 95% con dence intervals. Additional details regarding the experimental setup and the
hyper-parameters used for all algorithms are provided in Appendix E.1. We rst present an ablation
study of DSACto identify the important factors that affect its empirical performance. Subsequently,
we investigate the impact of actor and critic entropy and the direction of the KL divergence on the
empirical performance d®SACand the other objectives in our framework.

Conclusion 1: Using = 0 Improves DSAC Performance: In Fig. 2, we present an ablation
study forDSAC(with a singleQ-network and 6 0), and compare the performance of 0 and
= . For setting , we compare the performance of a xed entropy coef cient and the adaptive
entropy regularization in Christodoulou [2019]. Our results indicate that usin@ and adaptive
yields strong performance comparabledx@N(green vs. blue curve). Note that we observed this
same trend across the 20 Atari games as presented (see Fig. 1). Moreover, Fig. 2 shows that both
=0 and = canresultin good empirical performance when using xed well-tuned value of
(red and purple curves vs. blue). However, since this tuning needs to be done on a per-environment
basis, we conclude that it is bene cial to set 0 and completely avoid the need for manual entropy
coef cient tuning. For this simple con guration (= 0 and adaptive ), we test the hypothesis
in [Zhou et al., 2022] that doubl@®-learning [Fujimoto et al., 2018] adversely affects IMSAC
performance. In Fig. 4 in Appendix E.2, we compare single and ddphéarning across 8 Atari
games and observe that, under our setup, dd@Hkarning yields similarly strong results and does
not degrade performance. We also evaluate the hypothesis in Xu et al. [2021] that a xed target
entropy used for auto-tuning the entropy coef cient adversely affect®8®&Cperformance. We
observe that our propos&HSACcon guration signi cantly outperforms those reported in Xu et al.
[2021], despite their use of an adaptive target entropy (see Figure 2 in Xu et al. [2021]).

Figure 2: DSACablation study. Trainin@pSACwith the adaptive entropy coef cient loss from the original
paper with = 0 achieves consistently stronger performance th@iacross games (green vs. blue curves). In
contrast, using =  without a well-tuned xed can lead to substantially worse performance (orange curve).

Conclusion 2: All Proposed Objectives with = 0 Have Similar Good Performance:
From Fig. 5 in Appendix E we observe that all proposed actor objectives (RKL and FKL vari-



ants of botiNPGandSPMA.de ned in Section 3 have relatively (comparedd®N bad performance

with adaptive = , and similar good performance with= 0 and adaptive . Moreover, similar to

DSA( ; 0), these methods have good empirical performance even with 1 step of gradient descent
(on a randomly sampled batch from the replay buffer) for both the actor and critic objectives. For the
subsequent results, we set 0 and use adaptive.

Conclusion 3: Entropy Regularization is Sometimes Important: We examine the effect of
completely disabling entropy regularization¥ = 0) when the actor objective( ) is approxi-
mately optimized by gradient steps. For = 1, DSAGO; 0), and all proposed objectives exhibit
substantially degraded performance. We attribute this to insuf cient exploration, supported by the
observed collapse in policy entropy. In particular, as shown in Fig. 6, the Shannon entropy drops
sharply and fails to recover across all methods and games.

However, increasing signi cantly mitigates this effect. On most games, using 10 results in
relatively larger values of policy entropy, suggesting improved exploration and stability. In terms
of performance, Fig. 3 shows that, with langeand = = 0, all proposed objectives (except
SPMA-RKI(O; 0)) achieve competitive results withQNon most games. In contraf2SACO; 0)

fails to matchDQNeven with largen. These ndings in Fig. 8 indicate that several of our proposed
objectives can achieve competitive performance Wi@Nwithout explicit entropy regularization,
provided that the actor objective is suf ciently optimized.

Figure 3: In contrast tdDSACQO; 0), all our objectives (exce@PMA-RKI(0; 0)) achieve performance compa-
rable toDQNwithout entropy regularization, when increasing the number of actor gradient updatd®.

Conclusion 4: Direction of KL Mostly Does Not Matter: Prior work [Chan et al., 2022] has
examined the role of the direction of the KL divergence when the intermediate policy is a Boltzmann
distribution i.e. .1, / exp(qt (s;a)= ) and reported no signi cant differences in the discrete-
action setting. We revisit this question in the context of our actor objectives, eval&Rivigand
NPGas intermediate policies under two regimes: (i) with =0 (e.g.,NPG-RKL(0; 0)) and (ii)

with 6 0 and =0 (e.g.,NPG-RKL( ; 0)). When = =0 andusingh = 10 (sincen =1 has

poor performance), forward KL provides a clear advantag&fxAwhereasNPGdoes not exhibit

a consistent trend (Figs. 11 and 12). Whe@& 0 and = 0, either the value o or choice of the
intermediate policy yields no consistent evidence that one KL direction systematically outperforms
the other (see Figs. 13 to 16 in Appendix E).

6 Conclusion and Future Work

We revisited the design and implementation of off-policy actor-critic methods in the discrete-action
setting, where value-based methods sucib@and its derivatives dominate. By decoupling
actor and critic entropy, we identi ed a variant of the discrete extensioS8A( that achieves
performance comparable BQN Building on this insight, we introduced a exible off-policy actor-

critic framework that separates entropy regularization, enables the actor to incorporate two distinct
intermediate policies followed by forward or reverse KL projections, and subsumes vari@sa\af

For future work, we plan to: (i) investigate strategies for automatically selecting the actor step size
rather than relying on grid search; (ii) thoroughly investigate the behavior of the proposed objectives
in the absence of entropy regularization, and (iii) evaluate the performance of the proposed methods
in continuous-action settings.
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Supplementary Material

Organization of the Appendix

A Actor Objective Instantiations
B General Off-Policy Actor-Critic Pseudocode
C Theoretical Results
C.1 Proof of Theorem 1
C.2 Proof of Corollary 1
C.2.1 Generic Policy Evaluation
C.2.2 (soft)NPGCorollaries
C.2.3 (soft)SPMACorollaries
C.3 Proof of Corollary 2
C.3.1 Generic Regret Bound
C.3.2 (soft)NPGCorollaries
C.3.3 (soft)SPMACorollaries
C.4 Proof of Theorem 2
C.4.1 softNPG
C.4.2 softSPMA

D Helper Lemmas

E Experimental Details and Additional Results

A Actor Objective Instantiations

In this section, we instantiate our forward and reverse KL-based objectives in Equations 5a and 5b
using softNPG and softSPMAIn the function approximation setting.

Al NPG-FKL(; )

t+1 :argzmin Es o, KL( ts1=2(j9)]f ()  H( (j9))

1# #
=agmin , Eo o Ea iy i M mmecaey HC (i)
Z(s)
. . (Using#the NPG updatg in Eq. (3))
. exp( « d (s; @) (ajs) .
=argmin E E ; - H )
g2 s d a  (js) Z.(5) (@s) tH( (js)

(dropping the constant w.r.t)

_ exp( 1 q' (s:a)) (ajs) .
=agmaxz Es o Ea (9 P ien cqmay M e * HO (9)

A2 SPMA-FKL(; )

v =argmin Bs o KLC a=(j9)i (js)  HC (js)

_ . (1+ (d'(sia) v (s)") (ajs)
=argmin , Es g Ea t(js) Z.(s) In t(ajs)@+ ¢ (af(sa) vi(s))

Z1(s)
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#

tH(C (js)) (Using the SPMA update in Eq. (4))
" ° @ (s Vi(9) °
1+ ((g(s;a) V(s (ajs)
= i . 5
argzmln Es a0 Ea ((js 7.9 In @9
#
tH( (]9)) (dropping the constant w.r.{)
” : (d(s;a) V'(9) °
1+ ((d'(s;@) Vi(s :
=argmaxEs ¢, Ea (j5 %P n (aJ_S) 5
? o t@s) 1+ (df(s;a) V() «(ajs)
#
+ (H( (]9))

A3 NPG-RKI(; )

v Fargmin Bs o KLC (J9)) ta=2(is)  HC (js)

sagmin Bs o Ba (i) 1+ ) InC (@s) - In( 112(39))

=argmin Es o Ea g (1+ QI (3s) I (ajs)exp( 1 (s; )
(Using theNPGupdate in Eq. (3) and siné& can be marginalized out)
= argzmin Es aEa (i I+ oIn( (as) In( «(ajs)) 1 (s;@))

=ar9r2nin Es «.BEa (jsy A+ o) In( (as) ¢ qt(S;a)+£t|n( t(ajs))
(Since = ¢ )
1 (ajs)
" @)

=ar9£nax Es a.BEa (js) d(s;a) In(  (ajs))
. 1 o
= arg max Es o0 Ea (js d(s;@)  In( (ajs)) TKL( (i9)ii (is)

Given an estimate of the entropy-regularizgfdinction, DSACis a special oNPG-RKLby setting
+ = 1 resulting in the following surrogate loss:

w1 =argmax Es o Ba (i) q (s;a) In( (ajs))
A4 SPMA-RKL ; )

t+1 =ar92min Es o KL(C (J9)ji ts1=2(js)  H( (j9))

:arggnin Es o BEa  (j9 (I+ 1) InC (as)) In( t+1=2(8s))

argmin , Es ¢.Ea (j5 1+ ) In( (@) In  (@s)[1+ ¢ d(s;a) Vi(s) ]
(Using the SPMA update in Eq. (4))
arg r;nax Es o Ea (9N 1+ ((d(sia) V() KL( i) ¢In (ais)
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B General Off-Policy Actor-Critic Pseudocode

Algorithm 1. General Off-Policy Actor-Critic Framework

1: Input: ¢ ( o's parameters), o (o°'s parameters), (function approximation for actor}
(function approximation for critic)l.; (critic loss),’; (actor loss)K (total iterations)N
(number of environment steps),(number of policy optimization steps), (inner-loop step-size)

2:.fort=0toK 1do

3: Interact with the environment fo¥ steps to collect data using:

Dy D¢[f si;a;r(si;a);si+ gy

4: r=argminL( );q =q,
5. Initialize inner-loop:! o = ¢
6: forj=0ton 1do

7. !j+1=!j r!‘t(!j)
8: end for

9: t+1 = !'n

100 wa(i= . (i9)

11: end for

12: Return: g

C Theoretical Results

C.1 Proof of Theorem 1

Theorem 1(Generic Reduction with Actor Entropy)f s the optimal entropy-regularized policy
whose value function is equal %o, for an estimate o] t obtained via the policy evaluation scheme
in Eg.(1) at iterationt s.t. = g gt and for any sequence of policiesy; 1;:::; k gif « is
the corresponding mixture policy, then, b

kRegre(K )k, 2 oKk
! K@@ ) K@a ) °’

h i
P . . . . . .
where(Regre(K ))(s) = = Lo" h (js)  «(js)id(s;)i+ [H( (is) H ( (9] is
the regret incurred on an online convex optimization problem for each stats.

\' v K

Proof.

v v =T v v (Sincev isa xed pointof T )
=[T v Vv]+[T v T v] (Add/subtracT v )
=[T v v ]-Ih P (v V) (Using the de nition of T )

i
=) v v = | P YT v T v
Summing up fromt =0 tot = K 1 and dividing byK ,
Pk 1 K 1h i
t=0 Vv ' - i 1 t t
% K K (I P ) = T v %
(By de nition of v )
1 D14 1h [ P KoLt
=) vove=o( P ! T ve v! (Sincev « = —t=2 )
t=0
1 K 1h i
:f(l P )1? T ve T 'yt (Sincev =T v)
t=0
1 K 1h i
=) v v == (0 P ) T veT tv!
K -
t=0 1



K 1h i

1
< ( P )t T vt T tvt
t=0 1
(By de nition of matrix norm)
1 K 1h i
_ T V t T tv t
N (Silnce (I P)*t, =k »[P I'k, =0 ' 1)
LetuscalculateT v T tvt (s).

h i
T vt T tvt (s)

(T vi)s) (T tvi)(s)
Ea [a'(s;a)  In( (ajs))]

Ea .[gt(s;a) In( ¢(ajs))] (By de nitionof T v 2)
h (js)  «(is)iq(s;)i

(h (is):InC (is)i h (js);InC «(js))i]

h (js) «(is);at(s;)i+ [H(C (is) H ( «(js)]
(By de nition of H( (js)))

h (js)  «(is)id(s;)i+ [H( (is) H ( «(j9)]
+h (js) (is)ai(s;) d(s)i

(Add/Subtrach  (js)  (js);qd(s; )i)
h o (is)  «(js)id(s;)i+ [H(C (js) H («(j9)]
+k (js) ik, qi(s;) d(s)

(By Holder's inequality)

h o (js)  «(ishd(s)i+ [H( (is) H («(i9))]
+hZ qi(s;) d(s) , (Sincek  (js) t(jS);q 2)
Dene Regrefi;u;s) = | o hu(js)  (j9):d (s )i+ [H(u(is) H ( (i) asthe
regret incurred for statewhen the comparator is poliay. Hence,

K 1h I X

T vt T tvt (s) Regretk; ;s)+2 qi(s;) d(s;) ,
t=0 t=0
K 1h [ X

T vt T tvt max Regre(K; ;s)+2 Ktk (By de nition of )
t=0 1 s t=0

Using the de nition of RegréK ) = RegretK; ;s;) iS:l ZPRS,
v v kRegre(K )k, 2 pxikik
! K@ ) K@ )

O

In the special cas@; ), i.e., no entropy regularization from the actor side, the problem reduces
to online linear optimization, as in Politex [Abbasi-Yadkori et al., 2019], yielding the following
corollary.

Corollary 3 (Generic Reduction without Actor Entropy)f  is the optimal policy whose value
function is equal tov , for an estimate of] ¢ atiterationt s.t. { = ¢ q* and for any sequence of

policiesf ¢; 1;:::; k0,if g isthe corresponding mixtl'ge policy, then,
v vk kRegre(K )k, 2 ok ik ;
LK@ ) K1 )

P
where(RegrefK ))(s) = {(:O Y'h (js) t(js);q (s; )i is the regretincurred on an online
linear optimization problem for each stage2 S.
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C.2 Proof of Corollary 1

C.2.1 Generic Policy Evaluation
The(_)rem 3(Generic policy evaluation)Using the policy evaluation scheme in Eg), if (; ):=
LA "and TV = k i(js) i 1(js)k,, then, for allt 2 [K],

t

t=kiky = gt g
H m Xt ) h |
1 (™) 'max TVi+ (1) HCi(js) H (i 1(is))
i=1

Xt :
(MG

i=0

Furthermore, if for alli 2 [t], TV, % then, for any constar@ 2 (0; 1=2),

Proof.

m Xt ) _ _
(™ imax TVi+ @ ) Tviin & & MA) Ps Pg
(U s C 2
X .
+ (MY G
i=0
t= at d = at Popu (T O™ T (Using the update)
= Ppn '] P oou (T ™A T (Sinceq t 2 [0;H ])
= P[O;H ][(T I)mq I] P [O:H ][(T t)mqt 1] L (Sinceq t =T tq 1)
(T Mgt (T )"q ! . (Since projections are non-expansive)

(TH"g (T P+ (TH"d P (T H)"d '
(Add/Subtrac(T *)™q' ! and using triangle inequality)
i j

(TH™g: (THY"qd * Lt In(A) (Using Lemma 3)
| —{z—}
= ()
= (T9Y"a (@H"d P+ )
moqt g * LT (;) (SinceT isa contraction)
"kat gtk w Mgt d T+ ()

(Add/subtrac * * and using triangle inequality)
mkqt q11k1+ mtl"’(;)

The rst term is the difference in thg functions between two consecutive policies, and we bound it
next. For all(s; a),

X X
qi(s;a gt i(s;a)= P(sYs;a)v '(s?) P(sYs;av © (s

s0 s0
= ESOP (js;a)[V t(So) v 1(30)]
:)kqt qtlkl kv[ thkl

Let us now bound the difference in thie functions between two consecutive policies.

kV‘ thklsztvt T1V11+T1V11 Ttlvtlkl

(SinceT v = v andadd/subtradt tv ' ')
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thVt Tlvt1k1+thVt1 Ttlvtlkl
(Triangle inequality)
kV' V11k1+thV11 Tllv!lkl
(SinceT isa -contraction)

=)kv‘ Vllkl 11 KT tyt 1 Ttlvllkl
Inordertobound T tv ' * T ' 'v'?®  considera xed stats. By de nitionof T ,
Ttvti(s) Ttivti(s)=h t()j(s) t 1(j9);r(s;)i
+ [ t(ajs) t 1(ajs)] ESOP (js;a)Vl 1(SO)

+ [H(C «(js) H (¢ 1(]9)]
k (js) t 1k kr(s; )k,
+ K t(js) t lk]_ kv 1k1
+ [H( «(js)) H (t 1(js))] (By Holder's inequality)
1+ H ) k(is) + 1(ishk,
+ JH((js) H (¢ 1(i9)]
(Since rewards are if9; 1]Jandv ' *(s) H )
H k(js) ¢ 1(igk + JH( «(i9)) H (¢ 1(]9))]
(Sincel 1+ In(A)=(1 JH )
=)k Trver Toavetk  Ho max[Tvi+ (1 )HC(js) H (¢ 1(is)i]
(Sincel (1 )H)

Combining the above inequalities,

WV g ma TV (@ RO H (s

kAt gtk g maTVs (@ MO H (i)

H T maxTvis @ )HC9) H CaGil+ ™ o+ ()
@™ . !

=Bt

=) t Be+ Mo+ ()
Bounding o,

0=0° 4°=Exp (jsa)lr(s;@)+ v (9] Esop (jsa) r(sia)+ v (s9

(By de nition)

Esop (js;a)LV O(SO) v O(SO)]

X
= Ewp (o MO THCo(is)is0 =
t=0
% #
e+ HC o is)iso = (By de nition)
t=0
X (SinceH( (js)  In(A))
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Fora xedt 2 [K], recursing fronmi =t 1toi =1 and using that

Xt _
e (Mot (MV'Bi+ ()
i=1
H mX
@ ).

(™M Tmax[TVi+ (1 )H(Ci(is) H (1 1(js)i]

Xt .
+ (MG
i=0
Furthermore, ifT % foralli 2 [t], using Lemma 1, we can further upper-boyHd ;(js))
H( i 1(js))j to getthat for any constaf 2 (0; 1=2),

. . N A In(A 1) P- P
OGS HCaGspi Tvin & s A DL P5 g
Combining the above relations, in this case, we get that,
H o™X A In(A) P- P-
t a )i:l() msaxTVi+(1 )T\/iln6+ 2+2 C
Xt .
+ (MG
i=0
O
Corollary 4. Using the policy evaluation scheme in Efj) with = ,forallt 2 [K], if for all
i 2[t], TV, =k i(js) i 1(J9)k; %,then, for any constar@ 2 (0; 1=2),
H " X[(m)t max TVi+ (@ ) Tvilm & 4 A P PE
t (1 ) - s i i C 2
Proof. Setting = in Theorem 3. O
Corollary 5. Using the policy evaluation scheme in Eij) with =0, forall t 2 [K], if for all
i 2[tL, TV ==k i(js) i 1(is)k, %,then, for any constar@ 2 (0; 1=2),
m X _ _ p_
. (™ imax TVi+ @ ) Tviin & « NA)_ Ps Pa
(G s C 2
. In(A)
@a )2
Proof. Setting =0 in Theorem 3. O

We note that the reverse KL-based objective in Eq. (5b) admits a closed-form solution, as established
in the following proposition.
Proposition 1. If  := 71—, the closed-form solution for the proximal update in Ezp) for any
s;ais given as,
_ L@

N R C DK ©
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Proof.
t+1(iS)=ar92min KL( Jj t+1=2(j8))  «H()
= argzmin Ea sy M+ ) InC (:js))  In( t+1=2(]s))

(Using the de nition ofH ( (js)))
=ar92min Ea (s INC (i) ¢ In( t+2=2(]S)) (Since = )
=ar92min Ea (js) InC (:js))  In([ t+2=2(js)] *)
=zargmin KL( (;j9)j t+1=2(js) ') (By de nition of the KL divergence)

2
Using the fact that KL projection onto the simplex results in normalization, we get that,

[ t+1=2(aj9)]

i =P
t+1 (8S) a°[ t+1=2(a9s)] ¢

O

Note that when =0, we have; =0 and ; =1 for all t, recovering the standard unregularized
updates for bottNPGandSPMA For > 0, the soft updates can be expressed as: forsaaywith
— 1 —
t—r.(andt— t o

[ «(ajs)] ' exp(+ 14 (s;a))

t+1 (8)S) = 7. (7
with Zy = [ ((@39)] “ exp( ¢ td (s;a)); (Soft-NPG)
o h i
_ [t(@s)] * 1+ ¢ d(s;a) V'(s)
t+1 (a)s) = 7. : (8)
with Z,= [ (@9s)] ' 1+ ¢ d(s;ad) Vvi(s) *; (Soft-SPMA)

C.2.2 Policy Error Bound for (soft) NPG

In the next corollary, we use Theorem 3 with=  to instantiate the policy error bound for s6fPG
with entropy-regularized policy evaluation.

Corollary 6 (Policy evaluation with = ). Using the policy evaluation update
in Eg. (1) with =, for soft NPG with « = 5z for a constantc

8(1+ log(A)) . .21+ In(A)? .
max ﬁ,32 In(A); @ )z WAy ,forallt 2 [K], { can be bounded as:

41+ log(A) ™
@a )

1+ In(AK)) " In(A)(pl—f+( myi=2)

t = ktk]_

£ (n(A)+1) p%

Proof. For a xed iterationt 2 [K]and states 2 S, let us rst boundk ¢+ (jS) t(j9)K,.

kw1 (js)  t(is)k, 41 (JS)  ta=2(]S) |+ wea=20j8)  «(]S) 4
(Triangle inequality)

We rstbound 1,1 -5(]S) t(Js) ;. Using the mirror descent view &fPG[Xiao, 2022], the
update can be written as:

t+1:2(iS):af92min g (s;); (is)i + KL( (i9)ii «(js))
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=) e (85 ); e =2(i8)i + KL( 41 =2(J9)ij ¢(j9)) hd (s7); (9
+ KL( «(]9)ii (]s))
tr1=2(js)  t(js) i KL( t+1=2(i9)ii (i) thd(s; ) wsa=2(is)  t(j9)i
(By Pinsker's inequality)
e q(s;) 1 tr1=2(j8)  t(js) 4
(By Holder's inequality)
=) tr1=2(j8)  t(Jjs) ; 2 H (Sincekd' (s; )k, H )

NI -

)

Inorderto bound 41 (js)  t+1=2(]S) ;, we use the Eq. (5b) update. Speci cally,
t+1(J'S)=ar92{nin KLC (is)ii t+1=2(js))  ¢H( (]s))
=) KL( 42 (J9)]f t+1=2(]S))  tH( t+2(Js)  KL( t+1=2(J9)]j t+1=2(]8))
tH( t+1=2(]9))

1 . . " .
5 t+1(Js)  ta=2(]9) i KL( t+1]] t+1=2(]S))

? (By Pinsker's inequality)
tH(C 41 (J9)  tH( t+1=2(]S))
t In(A) (SinceH( ) 2 [0; In(A)])
9 w9 w9, C2 (mA)  (Snce = )
Combining the above relations,
(9 iok, |2 (In(A)+2 (H ©

Using Eg. (9) in Theorem 3, for the special c&se.; (jS) t(js)k, % forallt 2 [K], { must
satisfy the following conditions:
- 1
*2H % )t 8(1+( |03(A»

pi
2 (In(A) 33 ¢ mm

For = g o itisthus suf cient to ensure that,
c max w,32 |n(A)
@a )
Given this constraint on, we use Theorem 3 with=andTV, := k ;(]js) i 1(js)k;, to get
that, for any constar® 2 (0; 1=2), for allt 2 [K],
m X . _ p—
¢ H (M "max TV,+ (1 )T\/ilné+ In(A)+p2 pC
a ). s C 2
In order to boundk +1 (js)  t(js)k,, from Eq. (9), we know that,
. _ P
kK w1 (js)  t(isk, 2 ¢In(A)+2 H
For ﬁ %, we obtain 2 {H P 2 ¢ In(A). Hence, usingc
max WSZ In(A);% , combined with the above inequalities, we get,
H M mat i A P
+ P .
v )._( ) 1 @ )Hin e 2 2 iInA)
i=1 #
_ p—
+ @) '”(2A)+p2 C

21



SettingC = %,

m'I Xt m i
(Hl ;@ @ )n(AK) oy T A

, (i+1)
. 1(1 m) In(2A)+p2 91?
(Hl m) 1+ (@ )In(AK)) #2p2'n(A) Xll%
In(2A)+p§ 91? (Since < 1)

P m i P P~
Using Lemma 2, we can bound}:1 % . 2 (p];f+( m)t=2) 172(,%+( my=2),

m p— -
=)t (lz:_ ) a1+ @ )In(AK)) w (p];f+( myt=2)
#
In(A) P- 1
+ 5 + 2 p?
(41H;nz 1+ '”(AK))p |n(A)(Plff+( m)E2) 4+ (In(A) + 1) 91?
(Since < 1)
O

In the next corollary, we use Theorem 3 withr 0 to instantiate the policy error bound for (soft)
NPG with entropy-regularized policy evaluation.

Corollary 7 (Policy evaluation with = 0). Using the policy evaluation update in E(.) with
=0,  can be bounded as:

. Softn NPG If ‘ = W for a constant c
8(1+ log(A)) . .2(1+  In(A))?
max W,BZ In(A),% , then, for allt 2 [K],
m
ek DT ae ngak) T RA P+ (™)
#
1
+ (In(A)+1 — + ——In(A
(In(A) )P? a2 (A)
@ p|n(A)
«NPGIf (= = &b ) then, forallt 2 [K],
ok 2R "
t = K Ky @ )3 P?

Proof. Using Theorem 3 for soMiPGand Corollary 5 forNPG and following the same proof
as Corollary 6. O

C.2.3 Policy Error Bound for (soft) SPMA

In the next corollary, we use Theorem 3 with=  to instantiate the policy error bound for soft
SPMA with entropy-regularized policy evaluation.
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Corollary 8 (Policy evaluation with = ). Using the policy evaluation update in EL)

with N = , for soft SPMA, ; can be boounded as: ify = m for a constantc
max w;% In(A);% , then, for allt 2 [K],
+ m p _
ek, LS @ ngak) T A B+ (M

#
£ (n(A)+1) p%

Proof. For a xed iterationt 2 [K]and states 2 S, let us rst boundk ¢+ (jS) t(jS)k;.
kK ta(js)  t(is)k, t+1(JS)  tra=2(]s) 1+ ta=2(s)  1(Js) ,
(Triangle inequality)
t+1(JS)  tea=2(js) ;+ (@[d (s;a) V' (9)]
(Byathe SPMA update in Eq. (4))

=) ko (is)  w(igk, t+1(JS)  ta=2(js) ;+ H
(Sincejqf (s;a) Vvi(s)j H)

Inordertobound +1(js)  t+1=2(]s) ,, we use the Eq. (5b) update. Speci cally,
t+1(iS)=ar92min KLC i t+1=2(js))  «H( (j9))

=) KL( 41 (J9)]j t+2=2(J8))  tH( t«2(jS)) KL( t+1=2()S)Jj t+1=2(]S))
tH( t+1=2(]S))

% 41 (J8)  taa=2(]s) i KL( t+1 (J9)]] t+1=2(]S))
(By Pinsker's inequality)
tH(C 41 (J9)  tH( t+1=2(]S))
t In(A) (SinceH( ) 2 [0;In(A)])
5 (i =9, 2 (WA (Since = )
Combining the above relations,
Kwi(i9 ik, 2 A+ (M (10)

In order to use Theorem 3, we need to ensure khat; (js) t(iS)ky % forallt 2 [K].
Using Eq. (10), it is suf cient to ensure that satis es the following relations:

. 1 = S C D
t H 1 _) 4(1+ log(A))

t
pi
« 2 (In(A) % =) m

For { = W % it is thus suf cient to ensure that,
+
c max M;BZ In(A)
@a )
Given this constraint on, we use Theorem 3 with= andTV, := k i(js) i 1(js)k;, to get
that, for any constar® 2 (0; 1=2), forallt 2 [K],
H o m X A In(A) P~ P—
e L+ - — + +
Ca )i:l( ) msfcle\/I 1 )T\/llnC 5 2 C
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In order to boundk 41 (js) t(js)k,, from Eqg. (10), we know that,
. _ P
ks (Js)  t(is)k, 2 ¢In(A)+ H

1+ In(A))?
@ )Z2 In(A)’

max 4G 9D 30 In(A);(l(lJ'¢A”2 , combining the above inequalities, we get that,

For ¢ we have (H P 2 ¢ In(A). Hence, with c

( ")22In(A)
H ™ X A P
e A R LU A
- #
+ 1 ) In(A)  P5 Pg
2
SettingC = %,
m xt myt i
H A+ @ )In(AK) 2" 2m@) - gl
@a ) 4 o (i+1)
In(A) P- 1
> + 2 p?
Using Lemma 2, we can bounl:zi}:1 % lpim (B +( ™)) lpj(plTﬂ my=2)
m" p '
9 gy ar @ omak) S (e
#
n(A) P~ 1
5 + 2 p?
T s n(AK) TR (P (M (n(A)+1) P

O

In the next corollary, we use Theorem 3 with 0 to instantiate the policy error bound for (soft)
SPMAwithout entropy-regularized policy evaluation.
Corollary 9 (Policy evaluation with = 0). Using the policy evaluation update in Eg.) with (soft)
SPMA  can be bounded as:

 Soft 0 SPMA if ¢ = m for a constant c

41+ log(A)) . . (+ In(A))?
max T,32 In(A),m , then, for allt 2 [K],

m S _
= K kg 4(1+(1'°g()A3)) 1+ In(AK)) In(A)(pl—f+( myt=2)
#
1
+ (In(A)+1) p? + ﬁIn(A)
p—
- SPMAIf (= =min 1 & 4" then, forallt 2 [K],
p
In(A) ™ 1
e (D ELE S

Proof. Using Theorem 3 for soSPMAand Corollary 5 folSPMA and following the same proof
as Corollary 8. Note that the requirement for 17 istoensurén(1+  '(s;)) intheSPMA

update is well-de ned (see the proof in Corollary 11 for details) O
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C.3 Proof of Corollary 2
C.3.1 Generic Regret Bound
Theorem 4 (Generic Regret Bound)Consider a sequence of linear functidng ) := h;d i fora

sequence of vectofsly; dy;:::;dk 19 s.t.kdik, D:. Consider the following update at iteration
t 2 [K],if {isastep-size sequence,=  , o isthe uniform distribution and
n o]

t«1 =argmin  h;di + KL( jj )+ Re( )
2

Rie( )= tR()
R():=In(A) H () O

then, for any comparatan 2 4,

L h, udi L KL(ujj KL(Ujj 1+ )
e wdd ) | i o KLU 1)y )
t=0 t t=0 t
1
t=0 t

Proof. The following properties will be helpful in proving the theorem. For policies® and
comparatou,

Re() R (9= Hn( ); G KL 9) (Entropy property)
b %InC 9 In( )i = KL(uj ) KL(uj % KL(Y ) (3 point property)
h t+1;0d+In( t42) In(C )+ ¢In( ¢+2)i O (Optimality condition)

[fe( o) fe(Ul+ Re( t+41) R e(u)y=hy¢ uidi+heln( ¢41); 42 Ui

tKL(Ujj t+1)
(Entropy property with = 43, %= u)

hia U did+ hy t+1 Gl
+heln( 1) Ui (KL(U] t41)
Pt+1 u; de + ¢ In( t{+zl) In( ) +In( t+1)i
0 by the optimality condition for = u
+her uInC ) In( )i+ hy t+1 5 Chi
tKL(Ujj t+1) (Dropping the negative term)
h v u;InC ) In( g )i+ hy t+1; Ol
tKL(U]j t+1)
= KL(ujj «) KL(Ujj t+1)  KL( t+2di )
+he s di (KLU t+1)
(3 point property withu = u; = ; %= (41)
KL(ujj ¢) KL(Ujj t+1) KL( t+2j t)

. 1. . 1. ..
KLQU )+ 500 i+ Slidi?
(Fenchel-Young inequality)
KL(ujj ) KL(Ujj t+1) KL( i 1)
KLU n) + KLC el 0 + Sl
(Pinsker's inequality)

= KL(uj ) KLU ) KLQU o) + S
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2

KL 0 KL ) (KL )+ o
(Sincekd;k, D)

D2

= KL ) KLUl 1) o KLQU on)+ o
(Since{= ¢ )

Rearranging and dividing both-sides hywe get

h u; oi KL (ujj KL (ujj . D2
t "+ R( 1) R () (ujj +) (Ujj t+1) KL(Uj 01) + Zit
t t t t
h u; dii KL (ujj KL(ujj t+
%.}R( t) R (U) [R( t) R (t+1)]+ (t” t) (”ttl)
. D2
KL(Uj 1)+ 5
t
Summing fromt =0 toK 1,
Y h, udi 1 OKL(uj KL(Ujj
t ’t+R(t)R(u) R( o) R ( )]+ (ujj +) (ujj t+1)
t=0 t t=0 t t u
, D?
KL(Ujj t+1)+ 5
t
KL KL (ujj KL(Uji s )
(ujj +) (Ujj t+1) KL(Uj o)
=0 t t
t=0 2t
(SinceR( ¢)=In(A) H ( g)=0andR( k) 0)
O

C.3.2 Regret Bound for (soft)NPG
In this section, we instantiate the regret and policy evaluation bounds for ko)
Corollary 10 (Regret Bounds) Suppose o( js) is the uniform distribution over actions for each

states. For any sequenciq g{io ! satisfying o . H , the regret for (softNPGcan be bounded
as:

» SoftNPG Setting { = m for a constant  0to be determined later, guarantees

that,
I'X 1
max h (js) «(is)id(s;)i+ [H( (is) H ( «(js))]
t=0
H2
5 [L+In(K)T+(c+ ) In(A)
Pra )P Em
* NPG Setting = = — = guarantees that,
K1 P 2In(A p?
max - ho(y  (endei K
t=0

Proof. First note that by using the mirror descent view of the (S8f)Gupdate [Xiao, 2022], it can
be equivalently written as: foradl2 S,

t+1(JS)=ar92min tho' (s; ) (is)i + KL( (j9)ii «(is)  «H( (is)
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By comparing to the update in Theorem 4, we note that o' (s; ) andkdik, = ¢ d

tH . If = ¢ and o(js) is auniform distribution for each stasewe can instantiate Theorem 4
for each stats, and obtain the following regret bound for the comparator

IX 1
tu(js) (i) d(s; )i+ [H(u(js)) H ( «(js)]
t=0
KL(u(js)jj t(js)) KL(u(js)jj t+1(]s)) KL(i9)ii o1 (i)

t t

t=0
H2%
A t
2 t=0
Now we consider two cases correspondingNféGand its soft variant.
Soft NPG Using that 6 0, settingu = and bounding the RHS in the above inequality,
IX 1
h (i) «(js)d(s) )i+ [H( (js) H ( «(js))
t=0
K1 11 1 o H2?
KLC (j9)) «(js)) — — KL (i9) o(isD+ —- t
t=1 t t1 0 t=0
H2 % 1 1 . . L
"2 m"‘(c"‘ YKL(C (J9)ij o(19)) (Setting « = o—3y)
H2'X !
— ——+(c+ )In(A) (Since o(js) is a uniform distribution for alk)
2, (t+1)
H2 . P«
2—[1+In(K)]+(c+ ) In(A) (Since ;; 1=t 1+In(K))

Since the above bound holds for g}l
I§( 1
max h (js) «(j9)d(s;)i+ [H( (js) H ( «(j9)

t=0

H2
5 [+ In(K)T+(c+ ) In(A)

NPG Usingu = and a constant step-size i.e.= for all t, in which case the regret bound can
be simpli ed as:
K : 1 o K
h (js) «(is);a(s;)i  =KL( (i9i o(iS)*+ 57—
t=0 2 )
= In(A) + 2(1K E (Since ¢ is the uniform distribution)
P—0ouP p p___
72T(A) K (Setting = —p—( n(A)y
Since the above bound holds for gl
K1 P iy K
max - ho(j9) (ed(s) K

t=0
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C.3.3 Regret Bound for (soft)SPMA

In this section, we instantiate the regret and policy evaluation bounds for GA
Corollary 11 (Regret Bounds) Suppose ¢( js) is the uniform distribution over actions for each

states, and let ; = m for some constarnt 0 to be determined later. For any sequence
fq g, * satisfying ¢ . H , the regret for (softBPMAcan be bounded as:

e Soft SPMA Setting ; = m foraconstant 2 maxfH ; In(A)g, guarantees

that,
le
max h (js)  «(is);d(s;)i+ [H( (js) H ( t(j9)]
t=0
3H?
[L+In(K)]+(c+ )In(A)
o Paa P e
« SPMASetting { = =min P guarantees that,
K1 p p_
max  h (js) (9id(s)i A K2 e,
S o0 20 ) 1

Proof. For a xed states 2 S, rst note that the (softSPMAupdate in Eq. (5b) can be equivalently
be written as follows: if '(s;a) := qi(s;a) Vvi(s)ford;:= In(1+ ; (s;)),

t+1(J'S)=af92min KL (i9)ii «(is) 1+ ¢ '(si) ) «H( (j9)

:argzmin (hde; (js)i + KLC (js)ij «(is))  «H( (i9)] ;

where we require that+ ; '(s;)) 0. Note that sinced' (s; ) ) H k '(s; )k, H

and we require that; 53— With this choicej  '(s;a)j . By comparing to the update

in Theorem 4, we note that = In(1+ ¢ !(s;)). SincejIn(1+ x)j 2jx] for all x %

i In@@+ ¢ “(s;a)j 2 Ys;@)j 2 ¢H =)k dk, 2 (H

Hence Dy =2 (H . If { = { and o(js) is a uniform distribution for each stase we can
instantiate Theorem 4 for each statend obtain the following regret bound for the comparator

X hu(s)  (js);In@+ ¢ s )i

+ [H(u(js)) H ( «(i9)]

t

KL KL(u(js)ii «(js) KL (u(i9ii 1 (js))

t t

t=0

KL (u(js)ij t+ (i9))
t=0

|§( 1
+2H2 t
t=0

In order to simplify the above expression, rst note that,

he(js);In(@+ « “(s; )i In(@ m H( «(j9)
(Using Jensen's inequality and the fact, ((ajs) '(s;a) = H( «(js))

If ¢is chosen suchthat H( ((js)) %, andsinceH( ) 2 [0;In(A)], it suf ces to ensure
and use the fadh(1 + x) xforx> 1to guarantee:

h(js); In@+ ¢ ‘(s; )i ¢ H( «(js)) (11)

1.
t 2 In(A)’
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On the other hand, since choosing ﬁensureﬂ;n(1+ ¢ '(s;)) is well-de ned,
hu(js); In(L+ ¢ '(s; )i [u(js); « '(si)i hou(js); 7L (s )]
(sinceln(1+ x) x x2forx> 1=2)
t(hu(is); d'(s; )i vi(s)  Zhu(js); [ (s )P
c(hu(js); g (s; )i h o d(s;)i ¢ H( «(js)
fhu(is); [ (s %
(sincevi(s) = h ¢(js); g'i + H( ¢(js)))

c(hu(js); o (s;)i b c(js);df(s;)i ¢ H( «(js)  ZH?
(sincek '(s; )k, H)

Combining the above inequalities with Eq. (11),
hu(js)  «(js);In(@+ ¢« '(s;))i

t

hu(js); d(s;)i h d(s)i  (H?
= hu(js)  «(js)id(s;)i (H?
Using the above relation with the regret expression,

PX 1

hu(is)  «(js)id(s; )i+ [H(u(js) H ( «(is)]
t=0

KL KL (u(j9i (i) KL (U(jis)ii 1 (j9))

t t

KL (u(js)ii t+1 (js))
t=0
1
+( In(A)+3 H?) t
t=0
Note that we require; ﬁ and m simultaneously for alt. Hence, it is suf cient to

ensure thats  acr —rayg fOF @l t, and hence require that 2 maxfH ; In(A)g.
Now we consider two cases correspondingBMAand its soft variant.
Soft SPMA Using that 6 0, settingu = and bounding the RHS in the above inequality,

K1

h (js)  «(is);d(s;)i+ [H( (js) H ( «(js))]
t=0
I§( 1
KLC 9 ((Js) = ——  + ZKLC (9 olis)
(=1 t t 1 0
Is( 1
+3H? ¢
t=0
K1 1 o .
=3H? . m"’(c"' YKL( (j9)ii o(]s)) (Since = m)
- 2 5( ! 1
=3H . or (5 D) +(c+ )In(A)
(Since o(js) is a uniform distribution for alk)
3H2 Xt g
— L 1 +(c+ )In(A)
3—HZ[1+In(K)] +(c+ )In(A) (SinceP le 1=t 1+In(K))
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Since the above bound holds for gl

K¢ 1
max h (is) «(is)d(s;)i+ [H( (is) H ( «(js))]
t=0
3H?
— [ +In(K)]+(c+ )In(A)
SPMAUsingu= , = =0, and a constant step-size i.g.= for all t, in which case the
regret bound can be simpli ed as:
L . 1 L 3K
h (is) «(is)d(s)i =KL (i9ii o(js)+ G
t=0
_ In(A) N 3K
@ )2

(Since o( js) is a uniform distribution for alf)

Recall that in the presence of entropy ensutimd + ; '(s;)) is well-de ned required us to

choose; si-. When =0 and ; = , the condition simpli es to 1 . Setting
ZH 2
p_ R
= min w;% and using thefactthqﬁm:maxfka;l:kg
( _ )
P K 2
In(A) max p— p ;
21 ) In(A)'1
(p_ P
L 3K 2@ ) In(A) 1
ax )2 "K "2
P p__
7 (A)' K 2
B — + In(A
P3a ) 1 (A)

(Sincemaxfa;bg a+ b minfa;bg a)

Since the above bound holds for g}l
p

K1 . . 7. In(A) K 2
max h (js) (js) d(s:)i P + In(A):
SN t 1) 1

©

C.4 Proof of Theorem 2

Finally, we put everything together, and in the following two subsections, we prove theorems that
quantify the performance of (sofjPGand (soft)SPMAwhen using the hard or soft Bellman operator
(e, = or =0).

C.4.1 Putting everything together for softNPG

Theorem 5 (Sub-optimality of SoftNPG. Let  denote the optimal entropy- regularlzed pol-

icy with value functionv . Consider the sofNPG update with step size; m,

c max S MAL3> in(A); % and, (; ):= LA et ojs) be
the uniform policy over actions for afl 2 S and assume the policy evaluatlon step in @g. Then
the resulting mixture policyk satis es the following sub-optimality bound,
1 1+ log(A))?
vE v Kad ) (2 a g()g) [L+In(K)]+(c+ )In(A)
. 16(1+ log(A) ™
1)K

1+ In(AK)) P In(A) PR+ l—J-pt
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#
+  (In(A)+1) p?

2 (5 )
1

+

Proof. Plugging the regret bound in Corollary 10 for sbffGinto the regret part of Theorem 1
immediately gives the rst part of the upper-bound:
kRegretK )k, 1 (L+ log(A))?
K@ ) K@ ) 2@ )

Using the result from Theorem 3 and Corollary 6 to upper-bound the error part in Theorem 1 we
obtaFi)n:

[L+In(K)I+(c+ ) In(A)

2 k2[K]k kkl
K@@ )

P X 1 myt=2
1+ In(AK)) In(A) P+ ™)

# t=1
+ (In(A)+1) P+ 21(; )

8(1+ log(A) ™
1)K

8(1+ log(A) ™ P p_— 1
((1 S)JEK)) L+ I(AK) " IN(A) 2 K+ —p=

#

+ (n(A)+1) PR+ 21(; )

P _
\é)Vhere for obtain the inequality above using the facﬁl p% 2Io K (using integration) and
{il( m)t:2 1 1m:2 T:bt

16(1+ log(A m p p_— 1
((1 0)%(K)) L+ I(AK)  In(A) K+ —p=

#

& (n(A)+1) K+ 2 )

O

Corollary 12 (Sub-optimality of SOfNPQ. Let denote the optimal entropy-regularized policy
with r\{alue functionv . Consider the sofNPGupdate with step size; = m andc

max WSZ In(A); % . Let o( js) be the uniform policy over actions for

all s 2 S and assume the policy evaluation step in Bg.with = . Then the resulting mixture
policy g satis es the following sub-optimality bound,
2
VK v 1 (L+ log(A) [L+In(K)]+(c+ )In(A)

oK@ o)y 2@ )

16(1+ log(A)) ™ P p_ 1
; ((’; °)%1(K)) 1+ N(AK)  NA) K+ —p=
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+  (In(A)+1) p?

Proof. Using Theorem 1 with Corollary 10 for sdPG Theorem 3, Corollary 6 and the result
from Theorem 5. O

Corollary 13 (Sub-optimality of SofNPQ. Let denote the optimal entropy- regularized policy

with r\W/alue functionv . Consider the sofNPGupdate with step size; = m andc
max W,SZ In(A); % . Let o(js) be the uniform policy over actions for

all s 2 S and assume the policy evaluation step in Bg.with = 0. Then the resulting mixture

policy g satis es the following sub-optimality bound,
1 (1+ log(A))?
K
% v, Kad ) 2@ )2 [L+In(K)]+(c+ )In(A)

N 16(1+ log(A) ™

1+ In(AK)) P In(A) pK+ Tlt

@ )K
#
+  (In(A)+1) pi
L 2 In(A)
@ )2

Proof. Using Theorem 1 with Corollary 10 for sdPG Theorem 3, Corollary 7 and the result
from Theorem 5. O

Theorem 6 (NPG+ policy evaluation without entropy regularizatiory p|s the optimal policy
2@ ) In(A)

whose value function is equal to, theNPGupdate with ; = = HKi, o(js) as the

uniform initial policy for eachs 2 S with the policy evaluation procedure in E(.) with =0
satis es the following sub-optimality bound for the mixture poligy,

np 2in(A) g‘p In(A) m

Vv K \Y — —
LK@ )2 k@ )

Proof. Using Corollary 3 with Corollary 10 foNPGand Corollary 7. O

C.4.2 Putting everything together for softSPMA

Theorem 7 (Sub-optimality of SoftSPMA. Let  denote the optimal entropy- regularlzed pol-

icy with value functionv . Consider the sofSPMAupdatg with step size; = m,

[ . . [ .2 [ N [
¢ max L MAN35 in(A); (Egile 2 MALand, (5 )= LA et

o(js) be the uniform policy over actions for &l 2 S and assume the policy evaluatlon step
in Eq. (1). Then the resulting mixture policy satis es the following sub-optimality bound,

1 3(1+ log(A))?
YUV ka ) (2 @ Og..()z)) [1+In(K)I+(c+ )In(A)
, 16(1+ log(A) "
@ K

1+ In(AK))pIn(A) pi+1—1|h
#
+ (In(A)+1) P
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Proof. Using Theorem 1 with Corollary 11 for scBPMATheorem 3, Corollary 8 and the facts from
the proof of Theorem 5. O

Corollary 14 (Sub-optimality of SoftSPMA. Let  denote the optimal entropy- regularlzed

policy with value functionv . Consider the sofSPMAupdate with step size; = m,
n ) 0
c  max w 132 In(A); ((1+)2|2(ﬁ1)()A); 2 (A et ojs) be the uniform pol-
icy over act|ons for als 2 S and assume the policy evaluation step in @g.with = . Then the
resulting mixture policy ¢ satis es the following sub-optimality bound,
1 3(1+ log(A))?
Ve v ( 9ADT 11 L in(K )+ (c+ ) In(A)

k@ o)y 2@ )

. 16(1+ log(A) ™
@ )*K

1+ In(AK))pIn(A) pi+141pj
#
s on(A)+1) "

Proof. Using Theorem 1 with Corollary 11 for scsBPMATheorem 3, Corollary 8, Theorem 7 and
the facts from the proof of Theorem 5. O

Corollary 15 (Sub-optimality of SoftSPMA. Let  denote the optimal entropy-regularized

policy W|th value functiorv . Consider the sofSPMAupdate with step size; = R

c  max w 32 In(A); ((1+)2|g(ﬁ1)()A)' 2x (A) - Let o js) be the uniform pol-
icy over actions for als 2 S and assume the policy evaluation step in Bg.with = 0. Then the
resulting mixture policy  satis es the following sub-optimality bound,

1 3(1+ log(A))?

VOV @y za )z rhkT+Cer )in(A)

N 16(1+ log(A)) ™

1+ In(AK)) P In(A) pK+ ﬁlt

1)K
#
p_
+ (In(A)+1) K
N 2 In(A)
@a )
Proof. Using Theorem 1 with Corollary 11 for scBPMATheorem 3, Corollary 9, Theorem 7 and
the facts from the proof of Theorem 5. O
Theorem 8 (SPMA+ policy evaluation without entropy regularizationlf is the optimal
policy Whose valulg function is equal to, the SPMAupdate in Eq.(4) with = =
1 Pz In(A)
min = =—; —pfi ., o(js) as the uniform initial policy for eack 2 S with the pol-

icy evaluation procedure in Eq1) with = 0 satis es the following sub-optimality bound for the
mixture policy g ,

"P P Fop
vE v 1 7_In(A) N 2 In(A) + In(A) ™
1K@ ) T2a ) 1 K@ )
Proof. Using Corollary 3 with Corollary 11 fosPMAand Corollary 9. O
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D Helper Lemmas

Lemma 1. For any constan€ 2 (0;1=2), if P andQ are discrete distributions with suppo#, if
kP Qk; %,then,

H(@Q H (P)i kQ Pk, In g + LAz D,P5 Pg

Proof. By Cover [1999, Theorem 17.3.3],kQ Pk, % then,
H(Q) H (P)j kK Q Pk;In W (12)
Furthermore, using Sason [2013, Theorem 3], we also know that,

. . In(A 1 1
H(Q) H (P)j %kQ Pk, + h ékQ Pk,

whereh is a binaﬁy entropy, i.e. fdd<x< 1,h(x)= xIn(x) (1 x)In(1
factthath(x) 2 x(1 x),

x). Using the

S
LAZ Vo pi+"2 ko Pk, 1 X Pk zpkl
49—
P

AssumingkQ Pk, 2

4 —
HQ H @i M PP T ek (13

We will use each of these inequalities for different casde@f Pk,, wherekQ Pk, 3.

Case (1) For any constan€ 2 (0;1=2), if kQ Pk, C,then, using Eq. (12),
. . A
jH(Q) H (P)j k Q Pk;In

C
Case (2) On the other hand, KQ Pk,

C, then we use Eqg. (13) to get that,
HQ H @y MA DL Py Pg

Combining both cases, Q Pk, %,then,foraconstarﬁiz(O;1=2),

HQ H P kQ Pk &+ MA D, Py P

O
Lemma 2. Forall k 2 [K],

Furthermore fork
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Proof. Define j = k — 4, in which case, we need to bound,

N & L R i P9 N SR R

E—j+1 k—7‘+1 k—7'+1
i= J = J i= J
j=0 |4_|0 0 D{_FWZE—H

Term (i) Term (ii)

For bounding Term (i), note that j < % + 1, meaning that k —j +1 = % Hence,

Shee g e

. + 2
j=o k‘—j+l k i=o kj=0 kl—v
For bounding Term (ii), note that since j < k, £k — j + 1 = 1. Hence,
Y S | ™ o N | 1 ke
Term (ii) = < W= <
- k— g+ 1 . A 1— ~y
j=kr2r#1 j=ky20H1 j=ky2r#1

Combining both terms,
] —1
kfl:lyj 1 L

2 k/2
—_— < -
k—j+1 kl—v 11—«

j=0
Furthermore, for large enough £ s.t. w <In(1/7),Y*? < 3}? In this case,
k -
Fl:L//J
k—j+1 El—xn
v_ Vi
Since In(k) <k for all k = 1, we can find & s.t. * < In(1/7). Solving this we get k =
1

(In(7y))?" O
Lemma 3. For any state-action value function ¢, for any m = 1,

j=0

(T )™ (s, a) — (T ) ™(s, 0)] < T — : in ()

l —
Proof.
1
m 1]
(T q)™ (s, a) = Esi,, tP¢se,a0) 7 (st ar) — TInmy(adlse) (14)
at [mal|st) t=0 ]
+v"q(sm, am) Eo =s,a0=a (By definition of T7')
L1 1] L] 1
Irn|=1—TI rnI:l_TI
=E V' (r(st;at)) + 7" ¢(sm,am) —TE v In(m(adlsy))  (15)
= t=0
e e =
+(E Y In (mi(aelsy)) —CE 7t In (1 (axlst))
t=0 t=0 m |:I
(Add/Subtract CE (=" vt In (m1(aclst)) )
I%I 1
=T )" (s,a) — (r — ) E Y4 In(mi(atlst))  (By definition of T7™)
=0
SIS
= (179" (s,0) + (1 —Q)E Y H((se))
t=0

(By definition of H(w1(.|st)))
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= P (s +

In (A) (Since E[H(r1(.|s0))] < In(A))
O

The following proposition shows that the objective in Eq. (5b) admits a closed-form solution. Substi-
tuting the intermediate policies NPG and SPMA into the closed-form expression of Eq. (16) yields
their entropy-regularized (actor entropy) counterparts, denoted soft NPG and soft SPMA.

Proposition 2. If o 1= 1Tln the closed-form solution for the proximal update in Eq. (5b) for any

s, a is given as,
eqis2(als)] ™ (16)

amer1/2(afs)]%

me+1(als) =

Proof. O
me+1(:[s) = argmin KL(7||me+1/2(:]s)) — 7eH ()
1
i C]
= argmin Earmgis) (1+70) In(w(s)) — In(mer1/2(:]5))
1
(Using tl%le definition of H (7 (:|s)))

. CJ .
=argminEa mmqisy IN((|5)) — ar IN(mea1/2(:15)) (Since ar = )
s

i 1
= argmin Earmals) IN(([5)) = IN([mesa/2(19)1%)
1
= arg min KL(7(.|8)||7g+1/2(:|5) %) (By definition of the KL divergence)
n Al

Using the fact that KL projection onto the simplex results in normalization, we get that,

e sz(als)]

admraza(alfs)]

me+1(als) =

E Experimental Details and Additional Results

E.1 Details for Stable Baselines Experiments

For our experiments, we follow Tomar et al. [2020], Asad et al. [2024] and use the default hy-
perparameters from stable-baselines3 [Raffin et al., 2021] for each method. This choice
is motivated by prior work, which focuses on evaluating the effectiveness of different surrogate
losses rather than performing exhaustive hyperparameter searches. Such searches are particularly
impractical for CNN-based actor and critic networks, where tuning multiple hyperparameters (e.g.,
framestack, buffer size, minibatch size, discount factor) is computationally expensive. The full list
of hyperparameters for the Atari experiments is provided in Table 1. For our forward and reverse
KL-based objectives, we set 7; to a constant selected via grid search over [0.01,0.1, 1].

E.2 Does Double ) Learning Hurt or Improve Performance?

In Fig. 4, we evaluate single vs. double ()-learning on 8 Atari games under our setup, which uses
the hard Bellman operator, adaptive entropy via coefficient loss, and a fixed target entropy. Double
(2-learning performs comparably to single )-learning. Notably, for the bottom four games, our DSAC
configuration substantially outperforms the results reported in Xu et al. [2021], despite their use of an
adaptive target entropy (see Figure2 in Xu et al. [2021])

E.3 Our Objectives Benefit Similarly from the Hard Bellman Operator

Using our proposed objectives, we consistently observe the same trend as with DSAC: employing
the soft Bellman operator (( = 7) with an adaptive entropy coefficient leads to poor performance
compared to DQON. In contrast, switching to the hard Bellman operator yields substantial improvements
(see left vs. right columns of Fig. 5).

E.4 Additional Results: Entropy Regularization and KL Direction
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Expected Reward

1000

Expected Reward

Hyperparameter FKL Objectives | RKL Objectives | DSAC DQN
Reward normalization X X X X
Observation normalization X X X X
Orthogonal weight initialization X X X X
Value function clipping X X X X
Gradient clipping X X X X
Probability ratio clipping X X X X
Entropy coefficient auto auto auto | e-greedy
Adam step-size 3x107%
Buffer size 108
Minibatch size 256
Framestack 4
Number of environment copies 8
Discount factor 0.99
Total number of timesteps 107
Number of runs for plot averages 5
Confidence interval for plot runs [99%
Table 1: Hyper-parameters for Atari experiments.
BeamRider-v4 DemonAttack-v4 Alien-v4 Amidar-v4
8000 2000 2000
g H g
o 0 T 0
Timesteps 1e7 Timesteps 1e7 Timesteps 1e7 Timesteps 167
BankHeist-v4 Hero-v4 Krull-v4 MsPacman-v4
15000 7000 6000
12500 6000
5000 5000
§ 10000 K 2
H 3 4000 = 000
w w w2000
11\ 1000
0 0
0.2 04 0.6 08 10 0.0 0.2 0.4 1.0 0.0 02 0.4 06 0.8 1.0 ’ 0.0 0.2 04 0.6 08 10
Timesteps. le7 Timesteps le7 Timesteps le7 Timesteps 1e7

—— DSAC (1,0)

—— DSAC Double Q (t,0)

~—— DSAC Double Q (t, 1)

Figure 4: When critic entropy is disabled, Double-Q learning performs comparably to using a single Q, with no
conclusive evidence that one approach consistently outperforms the other.
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Figure 5: Similar to DSAC, disabling critic entropy for our forward- and reverse-KL-based actors leads to a

SPMA-FKL (T, 7)

SPMA-FKL (T, 0)

85.6%
24.6%
-92.5%
48.1%
6.1%
12.7%
11.3%
2.5%
69.1%
71.8%
-0.8%
567.9%
71.6%
-40.7% 4.9%
-97.3% 12.3%
-44.0% 35.7%
61.7% 163.1%

-600  -400  -200 0 200 400 600 600  —400 200 0 200 400 600
Relative performance (%) Relative performance (%)
NPG-FKL (T, 7) NPG-FKL (7, 0)

53.4% 45.5%
3.4% 72.3%
19.9%
31.5%
-91.7%
30.9%
43.1% 28.7%
+0.2% 41.3%
2.5%
126.4%
57.2%
23.8%
-8.5% 51.4%
565.9% -100.2%
70.0%
-16.2%
-34.2%
29.3%
168.6% 503.8%

-600  —400  —200 0 200 400 600 600  —400 200 0 200 400 600
Relative performance (%) Relative performance (%)
SPMA-RKL (7, T) SPMA-RKL (T, 0)

65.2%
-15.5%
37.5%
-35.7%
94.8%
70.5%
-6.2%
-45.8%
-15.0%
2.4%
83.2%
76.5%
98.2%
-573.9% -575.0%
50.7% 21.1%
94.7% 1.4%
46.1% 38.7%
64.2% 395.6%

-600  -400  —200 0 200 400 600 600  —400 200 0 200 400 600
Relative performance (%) Relative performance (%)
NPG-RKL (T, T) NPG-RKL (T, 0)

-93.8% 37.7%
-0.8% 91.0%
18.4%
67.2%
92.7% 28.0%
-47.8% 0.2%
223%
13.5% 18.4%
14.1% 22.5%
2.4%
24.2% 143.0%
-80.0% 269.3%
96.5% -41.7%
571.5% -571.8%
-41.5% 31.5%
94.1% 3.5%
-44.1% 32.4%
-64.6% 362.9%
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0
Relative performance (%)

0
Relative performance (%)

substantial performance improvement (left vs. right columns).
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