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Abstract

Scalar quantization of large language models
(LLMs) is fundamentally limited by information-
theoretic bounds. While vector quantization (VQ)
overcomes these limits by encoding blocks of pa-
rameters jointly, practical implementations must
avoid the need for expensive lookup mechanisms
or other explicit codebook storage. Lattice ap-
proaches address this through highly structured
and dense packing. This paper explores the Leech
lattice, which, with its optimal sphere packing
and kissing configurations at 24 dimensions, is
the highest dimensional lattice known with such
optimal properties. To make the Leech lattice
usable for LLM quantization, we extend an exist-
ing search algorithm based on the extended Golay
code construction, to i) support indexing, enabling
conversion to and from bitstrings without materi-
alizing the codebook, ii) allow angular search over
union of Leech lattice shells, iii) propose fully-
parallelisable dequantization kernel. Together this
yields a practical algorithm, namely Leech Lattice
Vector Quantization (LLVQ). LLVQ delivers state-
of-the-art LLM quantization performance, outper-
forming recent methods such as Quip#, QTIP, and
PVQ. These results highlight the importance of
high-dimensional lattices for scalable, theoreti-
cally grounded model compression.

1. Introduction

Quantization is a critical technique for compressing large
language models (LLMs). Traditionally, this has been
approached through scalar quantization, where individual
weights are represented using fewer bits. While simple and
widely adopted, classical results in rate—distortion theory
(originating with Shannon) show that memoryless mappings
are, in general, suboptimal: achieving the optimal distor-
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tion at a given rate typically requires coding over blocks
rather than symbol-by-symbol mappings (Shannon, 1948;
Shannon et al., 1959). Perhaps surprisingly, this even holds
for completely independent and isotropically distributed
sources, such as Gaussian vectors, where block coding
strictly outperforms scalar methods in the rate-distortion
trade-off (Gray & Neuhoff, 2002). Consequently, scalar
quantization is fundamentally limited when targeting ag-
gressive compression without significant accuracy loss.

To overcome these limitations, vector quantization (VQ)
(Gersho & Gray, 2012) encodes blocks of weights jointly.
Concretely, a d-dimensional block represented by a b-bit
index selects one codeword from a set of size 2°, yielding
an average rate of b/d bits per weight. From a deep-learning
practitioner’s perspective, this is akin to assigning a ded-
icated dtype to an entire block of weights rather than to
each scalar entry: the block is stored as a single compact
integer index instead of many independent scalars. A naive
realization of this idea is to materialize the codebook ex-
plicitly and perform nearest-neighbor lookup among its 2°
high-dimensional codewords. GPTVQ (Van Baalen et al.,
2024) demonstrates that such unstructured VQ can be ap-
plied to LLMs; however, the explicit-table approach scales
poorly with dimension d, because both storage and lookup
costs grow exponentially with the vector dimensionality.

This underscores a limitation of the classical theory: Shan-
non’s results establish the optimality of block coding in prin-
ciple, yet offer no guidance on practical implementations.
The key challenge, therefore, is to design VQ schemes that
avoid an explicitly stored codebook and exhaustive nearest-
neighbor search, while still admitting large representable
sets. A considerable body of research has explored how
to impose structure on vector quantizers to avoid the pro-
hibitive cost of unstructured nearest-neighbor search. Re-
cent work on LLM quantization have exploited such struc-
tured representations, such as Quip# (Tseng et al., 2024a),
which uses the Ejg lattice; QTIP (Tseng et al., 2024b), which
employs trellis-based constructions to scale to higher dimen-
sions; and PVQ (van der Ouderaa et al., 2024), which uses
flexible high-dimensional pyramids as quantization rules.

The use of lattices for quantizing LLM weights was recently
popularized by QulIP#, which employs the Ej lattice in eight
dimensions. Together with the Leech lattice, these occupy
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a distinguished place in mathematics: Eg achieves optimal
sphere packing in dimension 8, while the Leech lattice does
so in dimension 24. These are the highest dimensions in
which optimal lattice packings are known, proven only re-
cently through breakthroughs in harmonic analysis and mod-
ular forms, work that earned Maryna Viazovska the 2022
Fields Medal (International Mathematical Union, 2022).

Practical scalable VQ methods must deliver good
rate—distortion performance on target distributions while
enabling fast quantization and dequantization. To do so, it
should support: (i) efficient nearest-neighbour search on
the (implicit) quantization grid, (ii) a compact integer or
bitstring representation of each quantized vector, and (iii) a
fast mapping from this index back to its corresponding repre-
sentative vector. All without explicitly storing the codebook
in memory.

Our proposed method, Leech Lattice Vector Quantization
(LLVQ), a codebook-free quantization framework built on
the structure of the Leech lattice, satisfies all these criteria.
LLVQ leverages the geometric structure of the Leech lat-
tice to provide state-of-the-art vector quantization for large
language models, delivering superior accuracy—model-size
trade-offs. Specifically, our contributions are as follows:

1. Extend codebook-free nearest neighbour algorithm
of Adoul & Barth (1988) on the Leech lattice to al-
low indexing, enabling conversion to and from in-
dices/bitstrings without materializing a codebook, re-
quired for actual compressed representations.

2. Extend codebook-free nearest neighbour algorithm on
the Leech lattice to allow angular search over union of
Leech lattice shells, enabling shape-gain quantization
with the Leech lattice.

3. Propose a fully parallelizable kernel for fast dequan-
tization of spherically bounded Leech lattice points
using fast modulo arithmetic.

4. Scientific findings on Gaussian source: establish that
union of shells achieves lower angular distortion than
using single shells (App. F), and demonstrate that
Leech shape-gain codes can improve signal-to-noise
over spherical shaping (App. G).

LLVQ achieves state-of-the-art 2 bit per weight PTQ quan-
tization of large language models, consistently surpassing
AQLM, QuIP# and QTIP across perplexity metrics and
downstream tasks on various common LLM models, such
as from the Llama-2, Llama-3, Ministral-3 and Qwen-v3 ar-
chitectures. In addition, the algorithm naturally allow a wide
variety of bit-widths (unlike competing approaches, often
relyng on techniques such as residual vector quantization
RVQ (Tseng et al., 2024a) to increase bitrates). Altogether,
the findings highlight high-dimensional lattice methods as a
powerful path toward scalable, low-distortion compression
of modern neural networks.

2. The Leech Lattice

In this work, we use the Leech lattice Aoy as the foundation
for our quantization codebook. Its exceptional symmetry,
high minimum distance, and rich shell structure make it
uniquely suited for constructing efficient, low-distortion
spherical codes with fast encoding and decoding procedures.

2.1. Definition and Properties

A lattice in R™ is a discrete additive subgroup generated by
an integer linear combination of basis vectors by, . . . , by,:

A= {i kib;
i=1

The Leech lattice Aoy is a renowned 24-dimensional lat-
tice, owing to its numerous optimal geometric properties.
It achieves the densest and provably optimal sphere pack-
ing in 24 dimensions and exhibits a massive automorphism
group (of size roughly 8.3 x 10'8), reflecting a high de-
gree of symmetry. Dense sphere packing is often cited as
a desirable property for quantization because, under the
standard high-rate assumption that the source is approxi-
mately uniform at the scale of the Voronoi cell. In addition,
the Voronoi cell of Ayy has an exceptionally low normal-
ized second moment, further minimizing distortion under
these second-order (quadratic) approximations. We note that
normalizing Leech lattice vectors also produce remarkably
uniform spherical codes, allowing high-performant finite bi-
trate quantization not just in Euclidean, but also in spherical
geometry (e.g. shape-gain quantization, see subsection 2.2).

k; € Z}. 1

Several equivalent constructions of Aoy exist (see Conway
& Sloane, 2013 for an authoritative reference). We adopt
the formulation based on the extended binary Golay code,
which provides an explicit coordinate representation of the
lattice. The proposed neighbour search and indexing proce-
dures operate directly in R?* while internally exploiting the
Golay-derived structure. This avoids having to enumerate
or materialize an astronomically large set of lattice points.

2.2. Finite Codes from Lattice Shells

Lattices are infinite, highly structured point sets in R™.
While they provide a rich mathematical structure, quan-
tization requires a finite subset, where the codebook must
consist of a limited number of points so that each codeword
can be represented using a fixed number of bits (just as inte-
gers form an infinite set, but any integer-based datatype must
restrict its representable range). To transform a lattice into a
practical finite representation, it is common to use spherical
shaping, in which we retain only those lattice points whose
Euclidean norm does not exceed a chosen radius.

A useful property of many lattices, including the Leech
lattice, is that their points naturally partition into shells: sets
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of lattice points lying at the same squared Euclidean norm.
Consequently, these shells occur at discrete radii (of integer
squared norm) and exhibit rich combinatorial structure that
can be exploited for fast search and efficient enumeration.
We now formalize the partitioning of the Leech lattice into

shells. For each integer m > 2, we define the m-th shell as
Shell(m) = {v € Aoy | |l =2m}. (2

The minimal squared norm of Ay is 4, corresponding to
m=2. The shells are disjoint and partition the full lattice:

Aoy = U Shell(m). (3)
m=2
with ball-cut including points up to squared norm M =2m,
M
Agg(M) = | J Shell(m). )
m=2
Since shells are disjoint, the cardinality is a cumulative sum:
M
N(M) = [Ags(M)| = n(m), Q)
m=2

where n(m) = |Shell(m)|. These shell sizes are the coef-
ficients of the Leech lattice theta series (Leech, 1967), but
for our purposes they can be treated as fixed combinato-
rial quantities that can be precomputed or tabulated. Since
M controls the size of the bounded lattice subset, it can
be thought of as a parameter that governs both the bitrate
and the effective fineness of the quantization grid. Table 1
reports the number of points per shell n(m), cumulative
number of points N (M) together with the required bits
per dimension [log, N(M)]/24 needed to store an index
identifying any lattice point within the bounded set.

An alternative way to construct a finite subset from a lat-
tice, beyond spherical shaping, is the shape—gain approach
(Sabin & Gray, 1982; Hamkins & Zeger, 2002), in which
vector magnitudes and directions are quantized separately.
The magnitude is handled by a standard scalar quantizer,
while the direction is mapped to a spherical code, i.e., a
finite set of points on the high-dimensional unit sphere.
Such spherical codes can be constructed by normalizing
all lattice points in one or more shells. For shape—gain, it
is not so much the packing density of a lattice, but rather
the uniformity of the constructed spherical code that de-
termines the quantization performance. Interestingly, the
Leech lattice excels on both fronts: it has exceptionally high
packing density (Conway & Sloane, 2013), and its shells
yield remarkably uniform spherical codes. In App. G, we
compare spherical shaping with shape—gain quantization
for Gaussian sources using the Leech lattice and find that
both perform very well, with shape—gain achieving slightly
improved rate—distortion in our setting, motivating its use.

One may also wonder whether it is preferable to form a
spherical code using individual shells or using a cumulative
union of shells. We investigate this in App. F and find that

using the union of shells up to m yields a more uniform
spherical code, by a lower empirical angular error to the
closest point per bitwidth, compared to using individual
shells. We conjecture that this trend persists, and that in the
limit of infinite bitrate, cumulative unions of shells achieve
strictly lower distortion than the rate—distortion curve of
individual shells. This observation motivates our use of
cumulative shell unions whenever we use shape-gain.

Table 1. Shell structure of the Leech lattice Aoy.

m ‘ Radius v/2m  Shell cardinality n(m) C lative count N(m) Bits/dim
2 2 196,560 196,560 0.75
3 NG 16,773,120 16,969,680 1.042
4 2V/2 398,034,000 415,003,680 1.208
5 10 4,629,381,120 5,044,384,800 1.375
13 V26 16,993,109,532,672 280,974,212,784,720 2.000
19 V38 1,104,550,081,689,600  23,546,209,100,646,960 2.292

3. Leech Lattice Vector Quantization (LLVQ)

We build upon the fast nearest neighbour search for single
Leech lattice shells by Adoul & Barth (1988). Their method
generates candidates via leaders (the canonical absolute-
value patterns) and uses Golay-derived placements, parity-
constrained sign patterns, to rank dot products with the
input. On a single shell, this dot-product ranking coincides
with Euclidean ranking (see Eq. 18 below). We general-
ize and extend the algorithm in two important ways: (i)
we enable nearest neighbour search over multiple Agy(m)
shells, where candidate norms vary and Euclidean vs. angu-
lar scoring no longer coincide; and allow support for both
Euclidean scoring (for spherical shaping) and angular scor-
ing (for shape—gain quantization), discussed in §A.4; and
(jii) we introduce a bijective indexing mechanism aligned
with the Leech lattice hierarchy (shells, classes, and local
symmetries), yielding compact integer codes and exact re-
construction through the dequantizer (see §3.1, §A.5).

3.1. Indexing Scheme

While the original method by Adoul & Barth (1988) intro-
duced an elegant search algorithm over leaders, placements,
and signs, it does not provide a bijective indexing scheme.
For quantization, such a mapping is essential: each lattice
vector must correspond to a unique integer index (or bit-
string), and this mapping must be efficiently invertible. We
therefore extend the procedure to allow indexing of Leech
lattice vectors aligned with its described hierarchical struc-
ture. First, shells are ordered by increasing radius: the
first 196,560 indices correspond to the first shell, the next
16,773,120 indices correspond to the second shell, and so on.
Within each shell, we assign consecutive index ranges to the
classes (e.g., based on cardinality or any other fixed, consis-
tent ordering). Inside each class, the remaining degrees of
freedom: permutations, sign flips, or other symmetries, are
indexed locally. The local class index is combined with the
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shell and class indices through standard index linearization
(as used when flattening a multidimensional array into a
1-dimensional array). This yields a unique and invertible
global index for every vector. The inverse mapping follows
the usual unflattening procedure: integer division recovers
the shell and class, and modulo recovers the index inside
the class.

We index vectors according to the natural hierarchy of shells,
classes, and intra-class degrees of freedom.

(1) Shell level Shells are ordered by increasing squared
norm. Let n(m) = |Shell(m)| and N(m) = >, n({)
be cumulative offsets. The global indices {0, ..., N(2)—1}
enumerate Shell(2), the next {N(2),...,N(3) — 1} enu-
merate Shell(3), and so on.

(2) Class level Within shell m, we fix a deterministic total
order over its classes (e.g., lexicographic on leaders, then
parity, then a fixed tie-break) and assign to each class a
contiguous subrange whose length equals its cardinality.
Per shell, leaders, class sizes, and cumulative offsets are
stored solely to support dequantization (shell/class lookup
and vector reconstruction from indices).

(3) Local symmetry level Within each class, the local
index is obtained by decomposing the integer into successive
choices: first the Golay refinement, then the sign pattern,
and finally the permutation coset. This is implemented by
repeated modulo and integer-division operations.

We evaluate quantization performance by generating i.i.d.
samples w ~ AN(0,1) from a zero-mean, unit-variance
Gaussian distribution, applying the quantization scheme at
different bitrates, and measuring the resulting distortion.
The distortion is computed as the mean squared error (MSE)
between the original and quantized samples. For n sam-
ples {w; }? , and quantizer ¢(-), we can obtain an unbiased
estimate of the empirical quantization error

— 1 &
MSE = — . — q(w;)||?/D 6
2= = aCwo)l3 ©
per weight, D = dim(w;), and the empirical SQNR:

— 1 —_—
SQNRyy, = —3 log, (MSE). (7

For an ideal Gaussian source, the Shannon rate—distortion
function gives the minimum achievable MSE at rate R as

MSE*(R) = o02272R, 8)

For our unit-variance source (¢2 = 1), this becomes
MSE*(R) = 272F. Using the same convention for SQNR
in bits, the optimal (Shannon) SQNR is

1
SQNRj;(R) = —3 log,(272%) = R. ©)

Thus, following this convention, the Shannon limit
for a Gaussian source corresponds to the straight line

3.00

—— Shannon bound D* =2-2R

—e— LLVQ/Leech (pareto shape-gain)

—e— LLVQ/Leech (spherical shaping)
E8P/Quip#

7 —*— EB8 (cubic)

—e— Uniform

2.754

N
0
o

I

N

o
L

Distortion in SQNR (bits)

1.50 A

1.00

T T T T T T T
1.4 1.6 18 2.0 2.2 2.4 2.6 2.8 3.0
Rate in bits

Figure 1. @bm versus bitrate (bits/dim) on Gaussian source.

SQNRy;(R) = R (i.e., ay = x line) in the SQNR—versus—
rate plot. To convert to the other common base-10 decibel
(dB) unit, multiply SQNRy;,, with 201og;,(2) ~6.0206.

4. Performance on Idealistic Gaussian Source
4.1. Measured SQNR and Retention

Due to structural constraints, practical quantizers inevitably
fall below the theoretical limit. Figure 1 shows the result-
ing SQNR versus bitrate behavior on an idealistic Gaussian
source. Among the evaluated methods, our LLVQ con-
struction attains the highest empirical SQNR at each tested
bitrate, consistently outperforming existing approaches and
tracking the Shannon bound more closely than the baselines.

To quantify how close a given method comes to the Shannon
bound, we report a retention score that measures the fraction
of the optimal SQNR achieved at a given bitrate. At a fixed
bitrate (e.g., R = 2 bits/dim), we report the empirical MSE
and SQNR (in bits), and quantify how close the quantizer is
to the Shannon limit using a retention score:

mbm S/Q-ﬁ{bits
Ret = —————Xx100 = ———x1 10
et(%) SONRL, (R) %100 I %100, (10)

since conveniently SQNR;;(R) = R, under our convention
of measuring signal-to-noise in bits.

As summarized in Table 3, the empirical SQNR and re-
tention scores at R = 2 bits/dim reveal clear gaps in
performance across quantizers. Uniform quantization per-
forms worst, reflecting its known suboptimality in Gaussian
sources, while structured lattice-based schemes such as cu-
bically bounded E8 and ESP/Quip # achieve notably higher
retention. Our LLVQ constructions achieve the best perfor-
mance, achieving MSE and SQNR closest to the Shannon
limit. This shows that LLVQ uses the available bitrate more
efficiently, yielding substantially lower distortion on Gaus-
sian inputs than existing lattice-based approaches.
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Table 2. Comparison of performance after quantizing Llama-2, Llama-3, Ministral-3 and Qwen-v3 language models using different
quantization methods, evaluated by Wikitext-2 (Wiki) perplexity at 4096 context length and downstream task performance (CSR and
MMLU) on own consistent training pipeline. LLVQ consistently outperforms standard vector quantization approaches.

Fine- Llama-2 7B Llama-3 8B Ministral-3 8B instruct Qwen-3 4B Qwen-3 8B
Method (same pipeline) tuned BPW | Wiki| MMLUT CSRT | Wiki| MMLU?t CSR*T | Wiki, MMLUT CSR1t | Wiki] MMLUT CSR? | Wiki] MMLUT CSRT
Baseline - 2 5.11 45.7 70.4 5.75 65.5 74.6 6.44 65.1 76.4 12.41 70.2 71.2 8.99 749 74.0
GPTQ + Rotation (Quarot) No 2 41.87 27.0 41.7 94.37 252 433 4122 26.7 44.4 280.7 263 43.6 41.62 299 47.8
TQuipH/ESPI2T T T T T T 7 "No 2 7| 79 305 614 | 1225 405 T 620 | 1083 T T 496 ~ T 657 | 2115 ~ 486 572 [ 1280  60.5 670
QTIP (3INST) No 2 7.28 342 63.0 9.59 50.1 66.4 8.96 55.0 71.6 17.04 574 63.5 11.17 66.1 71.1
LLVQ [spherical shaping] (ours) No 2 7.61 334 62.1 11.49 419 64.8 10.32 50.2 66.5 21.80 50.5 58.7 12.20 63.7 68.7
LLVQ [shape-gain, 2 bit gain] (ours) No 2 6.83 349 64.6 9.35 487 66.4 8.56 56.6 71.3 15.54 593 64.1 10.82 67.2 69.9
LLVQ [shape-gain, 0 bit gain] (ours) No 2 6.48 354 66.5 8.50 52.6 69.3 8.11 584 722 17.05 60.7 63.6 10.19 69.3 70.2
Quip#/E8P12 Yes 2 5.73 30.6 64.9 7.92 48.1 66.7 7.54 549 70.6 10.52 529 652 8.31 63.7 70.1
QTIP (3INST) Yes 2 5.50 36.9 66.5 7.28 53.5 69.1 7.06 56.7 73.3 9.61 59.5 66.9 7.82 68.0 72.8
LLVQ [spherical shaping] (ours) Yes 2 5.60 358 65.3 7.64 47.8 68.7 7.34 53.8 70.5 10.13 54.9 65.1 8.09 66.4 715
LLVQ [shape-gain, 2 bit gain] (ours) Yes 2 5.48 373 66.8 729 534 70.0 7.04 57.6 72.5 9.51 60.9 67.6 779 68.8 72.6
LLVQ [shape-gain, 0 bit gain] (ours) Yes 2 5.33 38.0 68.1 6.99 55.7 70.7 6.83 59.2 73.0 9.26 628 66.1 7.59 69.6 72.3

Table 3. Information retention at 2 bits/dim on Gaussian source.

Method Dim MSE| SQNR (bits) T | Ret (%)t
Uniform 1 0.15 1.37 69
Lloyd-Max 1 0.12 1.53 77

" E8cosetcode (Stellaty | § 0103 164 | 820
LLVQ/Leech [spherical shaping] (Ours) | 24  0.084 1.79 89.4
LLVQ/Leech [shape-gain] (Ours) 24 0.078 1.84 92.1
Theoretical limit - 0.0625 2 100

5. LLM Quantization Results
5.1. Experimental Set-up

For empirical results, we compute (GPTQ-style) layer-wise
Hessians on 6,100 sequences from DCLM-edu (Li et al.,
2024; Allal et al., 2025), matching the calibration set size
used in prior work (Tseng et al., 2024a). When finetuning
is applied, we update only the input scales, scalars shared
across rows, which add a negligible number of bits per
weight and introduce relatively little risk of overfitting.

5.2. PTQ Results (Own Pipeline)

We begin by evaluating post-training quantization (PTQ)
using a unified quantization pipeline enabling a strict
apples-to-apples comparison across methods. Table 2 sum-
marizes PTQ results on Llama-2 7B, Llama-3 8B, Ministral-
3 8B, and Qwen-v3 4B and 8B under this setup. The gap
between scalar baselines (RTN, GPTQ (Frantar et al., 2022),
Quarot (Ashkboos et al., 2024)) and higher-dimensional VQ
methods is immediately evident: naive 2-bit RTN yields ex-
tremely high perplexity and severe task degradation, while
GPTQ and Quarot improve stability through Hessian curva-
ture and Hadamard rotations, yet remain constrained by the
limited representational capacity of 1D quantization.

Higher-dimensional approaches, such as Quip#, substan-
tially reduce this gap. However, our LLVQ method, em-
ploying Leech-lattice-based 24-dimensional vector quanti-
zation, consistently achieves the strongest 2-bit performance
across all metrics. Wikitext perplexity, MMLU accuracy,
and CSR all show clear gains over Quip#, demonstrating
that high-dimensional structured lattices provide markedly
more efficient weight-space packing than both scalar and
E8-based quantizers.

5.3. Impact of Hadamard Rotations

Following recent quantization literature (Ashkboos et al.,
2024; Chee et al., 2023), we reparameterize the weights of
each linear layer, using randomized Hadamard transforms
on the input and output as in (Tseng et al., 2024a). The
goal of such transformations is to preserve the model’s func-
tional output while making the marginal weight statistics
more Gaussian-like, reducing outliers, and making them sub-
stantially easier to quantize. Table 5 examines the impact of
Hadamard-based input/output rotations across three quan-
tizer families: scalar integer methods (GPTQ/Quarot), the
E8P/Quip# codebook, and the proposed LLVQ quantizers
based on the Leech lattice. Across all methods, the “Input +
Output” rotation consistently delivers the best downstream
performance, confirming the value of decorrelating activa-
tion and weight spaces prior to quantization. Scalar integer
quantization benefits the most from rotations due to the
minimal flexibility of 1D codebooks.

Interestingly, although rotations consistently improve per-
formance, LLVQ with shape—gain even without rotations
performs remarkably well, even surpassing the performance
of Quip#’s ESP codebook with rotations, using consistent
quantization pipeline without finetuning. This suggests that
higher-dimensional vector quantization intrinsically reduces
the relience on rotational preprocessing. This is especially
relevant because, although rotational preprocessing can of-
ten be fused or merged into the model (Ashkboos et al.,
2024; van Breugel et al., 2025), this is not always possible.
In such cases, these transformations must be applied online,
adding latency and computational overhead. The results
therefore indicate that higher-dimensional vector quantiza-
tion methods, such as LLVQ, can mitigate or even eliminate
the need for expensive rotational preprocessing (e.g., online
Hadamards), while still achieving state-of-the-art quantiza-
tion quality.

5.4. Comparison to Results in Literature

In addition to the unified PTQ evaluation presented ear-
lier, where all methods are assessed under the exact same
pipeline for strict apples-to-apples comparison, Table 4 fur-
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Table 4. Comparison with wider set of methods for quantizing Llama-v2 7B model using different quantization methods, evaluated by
wikitext-2 (Wiki) perplexity at 4096 context length and downstream task performance (CSR and MMLU), comparing results in literature.
LLVQ consistently outperforms standard vector quantization approaches in performance against bits per parameter (Bits).

Llama-2 7B
Method Details (from literature) Finetuned LM Eval BPW | Wiki| Arc-Ct Arc-ET BoolQ 7 Winogrande! Hellaswag? PiQA 1
Baseline (Ours) - acc 16 5.11 43.2 75.6 79.3 69.9 57.1 78.1
Quip# Tables 4 & 10 of Quip# paper No acc/acc_norm 2 8.22 325 42.8 62.3 62.4 - 712
LLVQ (Ours) [spherical shaping] No acc 2 7.61 34.7 69.3 67.5 64.6 46.6 73.5
LLVQ (Ours) [shape-gain, 2 bit gain] No acc 2 6.83 355 69.8 73.0 66.9 49.7 75.2
Quip Table 3 of Quip# paper Yes acc 2 - 194 26.0 54.6 51.8
OmniQ Table 3 of Quip# paper Yes acc 2 - 21.6 35.2 57.5 51.5
AQLM Tables 5 & 6 of QTIP paper Yes  not reported 2.07 6.93 32.8 63.7 74.8 65.7
Quip# Tables 5 & 6 of QTIP paper Yes  not reported 2 6.19 352 65.3 754 64.9
QTIP Tables 5 & 6 of QTIP paper Yes  not reported 2 5.86 35.7 65.6 75.9 64.7 - -
PV-tuning Table 8 of PV-tuning paper Yes acc 2 5.84 38.4 71.2 - 66.7 53.5 77.0
LLVQ (Ours) [spherical shaping] Yes acc 2 5.60 40.6 729 70.9 65.1 52.5 75.5
LLVQ (Ours) [shape-gain, 2 bit gain] Yes acc 2 5.48 39.8 72.9 75.3 66.3 54.1 771

Table 5. Ablation study with and without Hadamard rotations,
evaluated on wikitext-2 perplexity (PPL) and downstream tasks
(CSR and MMLU). LLVQ consistently outperforms standard VQ
approaches in performance against bits per weight (BPW).

Llama-2 7B

Method (no finetune) Dim BPW Had: d Wiki| MMLU?T CSR*
Baseline 1 16 - 5.12 45.7 70.4
Integer (GPTQ) 1 2 No Rotation 3411.6 26.6 39.7
Integer (Quarot) 1 2 Input 41.87 27.0 41.7
Integer 1 2 Input + Output | 37.83 26.1 484

TESPT 7 7 7|T 8 " "2 " NoRotation | 10598 248 449
E8p 8 2 Input 9.24 31.0 59.8
E8P (Quip#) 8 2 Input + Output | 7.96 30.5 61.4

" LLVQ [spherical shaping] ~ | 24 ~ "2~ NoRotation | 19190~ 240 ~ 535
LLVQ [spherical shaping] 24 2 Input 6.80 351 65.4
LLVQ [spherical shaping] 24 2 Input + Output | 7.61 334 62.1

" LLVQ [shape-gain, 2bit gain] | 24~ 2 NoRotation | 7.27 = 298 615
LLVQ [shape-gain, 2 bit gain] | 24 2 Input 6.90 36.0 63.6
LLVQ [shape-gain, 2 bit gain] | 24 2 Input + Output | 6.83 349 64.6

ther broadens the analysis to include results previously re-
ported in the literature. Although published baselines such
as OmniQ, AQLM, Quip#, and QTIP may slightly differ in
training conditions, calibration set composition, and dataset
sizes, these comparisons remain highly meaningful, as they
contextualize performance across independent pipelines.

Optionally, we incorporate a lightweight fine-tuning step
that learns an element-wise multiplicative correction on the
inputs of each linear layer, following (Tseng et al., 2024a);
equivalently, this can be viewed as learning per-column scal-
ing factors for the weight matrices. Because these scalars
are shared across rows, the overhead is negligible (less than
0.001 bits per weight even in full 32-bit precision). We train
only these scale parameters for a short run of roughly 1M
tokens. This minimal adaptation reliably improves perplex-
ity, MMLU, and CSR across quantization methods, acting
as a lightweight alignment step.

Notably, LLVQ maintains clearly better model performance
after quantization compared to the strongest PTQ results
reported across the broader literature. Crucially, LLVQ with-
out any fine-tuning is competitive, sometimes surpassing,
the performance of the best baselines with fine-tuning. This
despite using a very strict definition of “no fine-tuning” for
our own method, meaning that all corrections arise solely
from layer-local, Hessian-based updates derived from acti-
vation statistics, with no reliance on gradient updates, such

as the inter-layer fine-tuning used in Quip# and QTIP, and
without any end-to-end tuning of the quantized model. Over-
all, LLVQ achieves state-of-the-art performance in a strictly
PTQ setting, outperforming methods that rely on additional
fine-tuning for recovery. When fine-tuning is added (for
LLVQ, only shared row-/column-wise scale terms), the per-
formance gap widens further, yielding results close to the
baseline model (2.5%—7.6% degradation in benchmark accu-
racies), pushing the frontier of practical LLM quantization
into the ultra-low-bitrate regime of just 2 bits per weight.

6. Conclusion

We introduced Leech Lattice Vector Quantization (LLVQ), a
practical high-dimensional vector quantizer, grounded in the
geometric and combinatorial structure of the Leech lattice.
LLVQ provides an expressive and computationally efficient
alternative to conventional scalar and low-dimensional vec-
tor quantizers. Our contributions include: (i) an extended
shell-based search procedure supporting multi-shell codes,
(ii) a fully invertible indexing scheme enabling codebook-
free quantization and dequantization, and (iii) demonstrating
Leech-lattice-based vector quantization of LLMs.

Experimentally, LLVQ achieves state-of-the-art perfor-
mance in both idealized and practical settings. On Gaussian
sources, LLVQ realizes the highest SQNR among compet-
ing quantizers, achieving over 92% retention of the Shannon
limit at 2 bits/dim. On all assessed large language models
of the Llama-2 and Llama-3, Ministral-3, and Qwen-v3
model families, LLVQ consistently outperforms existing
PTQ baselines such as AQLM, Quip# and QTIP across per-
plexity and downstream task performance. This shows that
the theoretical benefits of high-dimensional lattices on Gaus-
sian data translates to practical benefits for modern LLM
compression.

Overall, LLVQ demonstrates that high-dimensional lattices
offer substantial benefits for modern neural network com-
pression. We hope this work inspires further exploration of
mathematically grounded quantization schemes for scalable
and efficient large model deployment.
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A. Constructing A, from the Extended Golay Code

For efficient search in Aoy, we follow (Adoul & Barth, 1988) and use the classical construction of the Leech lattice from
the extended Golay code (Conway & Sloane, 2013). This representation organizes the lattice as an implicit hierarchy of
integer vectors. The extended Golay code Go4 C F3? is the unique binary code of size 4096, whose nonzero codewords
have Hamming weights in {8, 12,16, 24}.

Vectors in Agy are first grouped by shell, and within shells, vectors share the same unordered multiset of absolute values
form a class, represented by a canonical leader up to admissible permutations and sign choices. Each class is intrinsically
even or odd (whether it is a subset of L®¥*" or L°%, defined shortly), determining the permissible coordinate permutations
and sign assignments, dictated by the underlying Golay structure. Our proposed indexing scheme follows the same hierarchy.
For example, the first shell contains 19,560 lattice points, of which the first 1,104 belong to the first class, consisting of
vectors with four coordinates equal to 2 and twenty-two equal to 0. The (nearest neighbour) quantization algorithm and
dequantization algorithm exploit the hierarchy and completely avoid having to explicitly enumerate lattice points.

Integer-coordinate formulation. The Leech lattice can be defined as the scaled union of integer-valued vectors:
. 1 .
Lmt — [even Lodd, A24 — % Lmt C R24. (11)

which we call the even and odd cosets,

Hz; =0 (mod 2)

Leven— ) o e Z24 (i) (z/2) mod 2 € Gog (12)
(i) > 2; =0 (mod 8)

Hz; =1 (mod 2)

LOdd: = Z24 (i) ((z — 1)/2) mod 2 € Goy (13)
(i) > w; =4 (mod 8)

where the roles of the three constraints are:

(1) Parity constraint: forces vector in even or odd coset.

(ii) Golay constraint: ensures that the mod-2 reduction of the halved vector matches a codeword of Gay.
(iii) Sum constraint: enforces the global congruence needed for the resulting lattice to be even.

and we write 1 = (1,...,1) € Z**. With the 1/1/8 normalization, the lattice is even, unimodular, and has minimum
squared norm 4. It is equivalent to the classic description
1
—=Qu+y), weZ™ yefu, (14)

V8
subject to >, (2x; +y;) = 0 (mod 4). While this form encodes the above (i)—(iii) conditions implicitly, our expanded
formulation exposes them which is essential for the indexing and search procedures that we develop next.

A.1. Class Structure and Leaders

As mentioned, each shell Shell(m) can be decomposed into different classes. A class is the set of all lattice points obtainable
from one another by the allowed permutations of coordinates and sign flips.

For convenience, we select a single representative from each equivalence class under coordinate permutations; typically this
is the point whose coordinates have been reordered so that their absolute values appear in a fixed canonical order. We refer
to this representative as the leader. In the integer embedding, these leaders admit a compact combinatorial description: up to
permutation of coordinates, each class is characterized by a multiset

{a*, a2, ..., aF }, Zpi:24, (15)

where a; € %Z are the distinct coordinate levels and the exponents p; record their multiplicities. This multiset fully
specifies the coordinate composition of vectors in the class.

A.2. Even and Odd Classes

Each class lies entirely in either L¢V°" or L°44, and this determines how its nonzero coordinates may be placed and signed.
A leader fixes the multiset of absolute coordinate values and whether the class is even or odd. What remains unspecified is

9
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how those fixed coordinate values are placed across the 24 positions and which sign patterns are allowed. Given a Golay
codeword ¢ € G4, define

Fo(e)={i:c; =0}, Fi(e)={i:c;=1}. (16)

For even classes, admissible placements arise only from Golay codewords ¢ whose Hamming weight matches the number of

coordinates of the leader congruent to 2 (mod 4). For any such ¢, coordinates with z; = 0 (mod 4) must lie in Fy(c), and
those with 2; = 2 (mod 4) must lie in F} (¢), up to permutation. Signs of coordinates in Fy(c) are unrestricted because the
0 (mod 4) congruence is invariant under sign flips. Signs in F; (c) are constrained only by the global condition ) , z; = 0
(mod 8), which fixes the parity of the number of negative signs among the F} (¢) entries. Thus, even classes admit only
those placements induced by compatible Golay codewords and a correspondingly restricted set of sign patterns. For odd
classes, every codeword ¢ € Gy, yields a valid placement. The congruence conditions then determine the coordinate types
uniquely: positions in Fy(c) carry entries with z; = 1 (mod 4), and positions in F} (c) carry entries with x; = 3 (mod 4).
Consequently, the sign pattern is fixed by these congruences (up to an overall sign flip), so odd classes have maximal
flexibility in Golay-based placement but essentially no freedom in choosing signs.

A.3. Subclass Counts and Class Cardinality

The cardinality of each class follows directly from combinatorial considerations on placements, signs, and coordinate
multiplicities. Fix a leader with condensed multiset {a}", ..., a}* }. The number of lattice points in its class factorizes into:
(a) the number A of Golay codewords ¢ € Ga4 that yield an admissible placement for this leader (odd classes have A = 4096;
even classes have A € {1,759,2576,759, 1} depending on the required weight), (b) the number 2” of admissible sign

assignments consistent with parity and the global mod-8 sum constraint, (c) the multinomial factor 1‘[2.410!‘! accounting for

permutations of coordinates with identical absolute values, and (d) an additional divisor || y q;! captliring permutations
that act trivially because equal-valued coordinates fall within the same Golay subset Fy(c) or Fi (c) (here the g; are the
within-subset multiplicities induced by the placement). Altogether, the class cardinality is

24! 1
n(m) = |Shell(m)| = A - 27 . — - =
[Tz pi! Hj 5

a7

matching the hierarchical indexing used in our algorithms.

A.4. Extending to Spherical Search in Agy(m)

In the original single-shell setting of Adoul-Barth, all candidates share the same norm, so Euclidean and angular distances
induce the same ordering:

lz =l = [z + [[0]* = 2(z, v}, (fixed [[v]]) (18)

Consequently, ranking by —(x, v) is equivalent to minimizing ||z — v||. For LLVQ we generalize the search to multiple
shells of Aas(m). Across shells, candidate norms vary and the Euclidean vs. angular equivalence no longer holds. We
therefore support two scoring modes: Euclidean distance (suitable for spherical shaping), and angular distance via cosine
similarity (suitable for shape—gain). This can be implemented by normalizing both the input and the candidates, & = /|| z||
and 0 = v/||v||, and maximizing (Z, ).

A.5. Dequantizer

The dequantizer recovers a 24-dimensional integer vector from its global integer index:
Dequantizer : {1,..., N(m)} — L™ (m) c Z**. (19)

Because the indexing is hierarchical, the inverse map of the dequantizer mirrors this structure and consists of a small
number of inexpensive integer operations.

1. Shell Identification. Given an index I, determine the shell by locating the unique % such that N (k) < I < N(k + 1).
This requires only a lookup in a small table of cumulative shell sizes. The shell-local index is Ighen = I — N (k).

2. Class Identification. Each shell contains a fixed, precomputed list of classes with cumulative offsets C1, Cs, ..., C}.
The class index j satisfies Cj_1 < Igqen < C, and the class-local index is Iejass = Lshett — Cj—1-

10
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3. Unpacking local symmetries. Within a class, the degrees of freedom factor into (i) a Golay refinement of cardinality
A, (ii) a valid sign configuration with 27 possibilities, and (iii) a permutation coset encoded by a rank in its orbit. The
class-local index is unflattened by successive modulo and integer-division steps:

7 = Igjas mod A, I' = I_Iclass/AJ ,
s = I' mod 27, I"=|I')2"P],

where 7 selects the Golay refinement, s selects the sign pattern, and I” encodes the permutation rank.

(20)

4. Reconstruction of the integer vector. Starting from the class leader, reconstruction proceeds in three conceptual stages
while avoiding enumerations. First, the absolute-value pattern is rearranged by applying the permutation encoded by I”,
yielding the correct coordinate placement for the class. Next, signs are assigned in a manner consistent with the class
constraints: for odd leaders, all 4096 Golay codewords are admissible, and sign allocation follows the fixed 1 mod 4 versus
3 mod 4 structure; for even leaders, only refinements of the appropriate Golay weight are allowed, and the sign vector must
satisfy the Conway—Sloane parity and sum constraints. Finally, the Golay refinement r specifies the congruence class of
(x —m1)/2 mod 2, thereby fixing the remaining binary degrees of freedom and completing the integer vector in L*(m).

5. Parallel Implementation (kernel). All components of the dequantizer, shell lookup, class lookup, and local symmetry
unflattening, depend only on small static tables, integer prefix-sum scans, integer division and modulo, and local combi-
natorial reconstruction. There are no dependencies between vectors, no large memory accesses. Further, the procedure is
therefore trivially parallelizable across blocks of 24-dimensional vectors and maps naturally to GPU execution (e.g., as a
CUDA kernel).

11
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B. Pseudo-code

B.1. Overall Shape-gain Quantization with Hessian Corrections

Algorithm 1 Overall Shape-gain Quantization with Hessian Corrections

1: for each layer [ in model do

2 Estimate Hessian matrix H using layer inputs X (subsection E.2)

3 Partition each row of weight matrix W, € RV *? into G partitions: v, vs, ..., vg where G = D/24.
4 for group index g = 1 to G do

5: Extract submatrix V;, € RN %24 containing all Vg across rows

6 for each vector v\ in V,, do (in parallel)

7 Compute direction Véi) = vg(]i)/va) I

8 Compute scale sg) = ||v§i) I

9 Find nearest Leech lattice point qgi) maximizing cos(f) = Vfli)qui) 7
10: Optionally quantize sff) using scalar quantizer
11: Update residual: V!(]fzes = VS(]i) — sgi) . qéi)
12: end for
13: In-place adjust W; using residual V,; and Hessian H (Hessian correction, ??)
14: end for
15: end for

12
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C. Shape-Gain Quantization and Constructing Spherical Codes from Lattices

An alternative to spherical shaping, where all lattice points within a prescribed radius are taken as the finite quantization
grid, is shape—gain quantization (Sabin & Gray, 1982; Hamkins & Zeger, 2002; Gersho & Gray, 2012). In shape—gain, the
magnitude of a vector (its “gain”) is quantized separately using a standard scalar quantizer, while its direction (its “shape”)
is quantized using a spherical quantizer defined over a spherical code, i.e., a finite subset of points on the high-dimensional
unit sphere. Although this approach is slightly more involved than spherical shaping, as it requires two quantizers rather
than one, it can yield superior rate—distortion performance for Gaussian sources, as we demonstrate in App. G.

More formally, shape—gain quantization considers (polar-)decomposing each vector into its shape (direction) and gain
(magnitude). Any non-zero vector x € R™ can be written as

X=ru, r=|x|| €R, u=x/|x| €S (21)

Quantization then treats r and u separately, so that the overall code becomes the Cartesian product of a scalar quantizer on
R and a quantizer on the sphere S”~!. For Gaussian sources, this factorization is particularly appealing: the gain r follows
a root chi-square distribution (since 72 ~ x2), which can be accurately quantized using an analytically tractable inverse
CDF. The core design challenge therefore lies in constructing expressive, approximately uniformly distributed, and high-rate
spherical codes, together with algorithms that efficiently map a vector to its nearest code point on the sphere and represent
that point using a compact index.

Spherical codes A spherical code is formally defined as a (d, N, s)-code: a collection of N points on the sphere S%~!
such that the inner product between any two distinct points is at most s. An optimal (d, N, s)-code is one for which no
(d, No, s)-code with Ny > N exists. Among the most celebrated examples are the minimal vectors of the Eg and Leech
lattices, which yield an (8,240, 1)-code and a (24 196,560, §)-code, respectively. Their optimality was established by
Kabatiansky & Levenshtein (1978); Odlyzko & Sloane (1979), and their uniqueness by Bannai & Sloane (1981). These
spherical codes also solve the kissing number problem in their respective dimensions, achieving 240 contacts in R® and
196,560 in R?* (Ericson & Zinoviev, 2001; Conway & Sloane, 2013).

Despite their optimality, the first shells of Eg and the Leech lattice contain too few points to serve as high-bitrate spherical
codes: log,(240)/8 ~ 1 bit/dim for Eg and log,(196,560)/24 = 0.73 bit/dim for the Leech lattice. Such bitrates are
insufficient for practical neural network quantization, which typically operates in the 2-3 bits/dim or higher (up to 16) range.
To obtain richer directional codebooks, we consider a normalized spherically bounded subset of the Leech lattice, i.e., the
union of all lattice points within a chosen radius, which forms a dense spherical code after normalization. These multi-shell
Leech-based codes serve as the foundation for our angular quantization scheme. Their geometric uniformity minimizes
directional distortion, and their high density supports bitrates compatible with modern compression and quantization needs.
When combined with an appropriate scalar quantizer for the gain, the resulting shape-gain quantizer performs well not only
for ideal Gaussian sources but also for real-world neural network weight distributions.
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D. Quantizer/dequantizer block diagrams

We quantize a vector w € R? using a mapping ¢ : RY — [1, N(m)], where the integer index range [1, N (m)] is sized such
that log, (N (m))/24 equals the desired bits per dimension. The quantizer output is iy, = ¢(w), and the reconstruction
is obtained via the dequantizer Dequantizer : [1, N(m)] — R%, yielding w = Dequantizer(i ). This abstraction covers
a family of encoders with geometric preprocessing (e.g., shaping or factorization) followed by index selection, and a
corresponding inverse mapping at the decoder.

Spherical shaping. Figure 2 depicts the spherical shaping variant based on a ball cut of the Leech lattice. The vector
w is first projected into a spherical shaping region, typically the Euclidean ball B(0, R), and the index is selected by
nearest-neighbor search over Ayy N B(0, R):

— = 1 — C; 2 NV = P
w q(W) aJrgi:ci EArilrrﬁlIB(O,R) HW CZ”Q’ W Ciw

This realizes high shaping efficiency while enforcing a finite-energy codebook.

~

Indexing

» Quantized vector index

Leech quantizer L

Vector w
(Leech ball cut)

A 1! h .
fguar searer Quantized vector
L~

J w

Figure 2. Spherical shaping: ball cut of the Leech lattice with nearest-neighbor selection over A24 N B(0, R).

Shape-gain. In the shape—gain framework, w = gs with g = ||w||2 and s = w/||w||2 € S?~!. The independent variant
in Fig. 3 applies separate quantizers to shape and gain,

iv“v = Q(W) = (QShape(S)7 qgain(g)) € [LN(m)L

and the dequantizer reconstructs § and § and returns w = §S§. While computationally simple, independence may induce
norm mismatch because angular errors perturb the effective magnitude.

Indegi . .
noemng Quantized shape index
Shape u = w Shape quantizer i Quantized .Vector index
[Iwl| (Leech spherical code) | N iw
nguiar seare Quantized shape
Vector w Y u
Quantized gain index
Cain r = &7 Gain quantizer i
alnr=uww > (Root Chi-squared Quantized vector
inverse CDF) Quantized gain _— w=1rt
———— "

— r
Figure 3. Shape—gain with independent quantization of shape s and gain g, producing an index in [1, N (m)] and reconstruction w = §8§.

To mitigate this, Fig. 4 implements shape—gain with optimal scales (post-shape gain optimization). After selecting the shape
index, the quantized direction § is known; the encoder computes

V= <W75>, Iy = ((Ishape(s)v anin|é<’7*)) € [LN(WL)]?

and the dequantizer mirrors this conditional mapping to obtain § and reconstruct w = ¢S. Unless stated otherwise,
this shape—gain with optimal scales configuration is the one used in our main LLVQ experiments due to its superior
rate—distortion behavior.
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Indexing

Quantized shape index Quantized vector index

Shape quantizer L i

Vector w —»  Shape u =
(Leech spherical code)

w
[Iwl|
Angular search

Quantized shape

|

Optimal gain
r=a'w

Quantized gain index

i

Quantized gain
F

|

Quantized vector

w=1uf

Figure 4. Shape—gain with optimal scales: post-shape gain optimization via a shape-conditioned gain quantizer.

Dequantizer. Given the integer index iy, € [1, N(m)], the dequantizer in Fig. 5 maps back to R¢ by retrieving the
appropriate representatives (lattice point or shape/gain codewords) and recombining them:

Dequantizer : [1, N(m)] — R¢, w = Dequantizer(iy, ).
This guarantees consistency with the encoder’s shaping or factorization policy.

'

Quantized shape index —y] Shape dequantizer > (De)quantized shape

o (Leech spherical code) \
ia [}
— .
Quantized vector index ig — (De)quantized vector
w=1uf
— (De)quantized gain

Quantized gain index Gain dequantizer
. — (Root Chi-squared
Ly inverse CDF) b

—

Figure 5. Dequantizer mapping the integer index ¢y, € [1, N (m)] to the reconstruction w € R
A detailed comparison between spherical shaping and shape—gain is provided in Appendix G. There, we found shape—gain

to yield improved performance over spherical shaping, when using the Leech lattice; accordingly, we adopt the shape—gain
with optimal scales scheme in our main LLVQ experiments unless explicitly noted otherwise.
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E. Algorithm specification

E.1. Optimal scales under shape-gain

An additional benefit of spherical vector quantization (shape-gain) is that it renders the quantizer scale invariant: ¢(sw) =
g(w) for all s € R, so the scaled grid ¢'(w) = S - ¢(w/p) simplifies to ¢'(w) = S - g(w). This removes the need for line

search and yields closed-form scale solutions. For the optimal scale that minimizes weight error ||w — 3 g(w)||3, and with
g = q(w), we obtain
.
. q w
B = argmin |lw — Bll; = =, (22)
8 * 4q'q

i.e., a projection of w onto its quantized shape q. In the group-wise case, where weights are partitioned into blocks w;,
q(wy) "wi
q(wi) Tq(wq)
also be found in closed-form. We consider the matrix-vector product Wz = Zil w;z; with G input channels or blocks.
We approximate this as 210:1 Bi q(w;) z;, and define A = [q(w1)z1,...,q(we)zc] € REXY and b = Wz € RE. The

optimal group-wise scale reduces to the least-squares solution:

the same form applies per block: 3 = Similarly, the optimal scale that minimizes output activations can

B. = argmin b~ AB|3

(ATA) AT Wz (23)

E.2. Hessian-based corrections

In post-training quantization, analytic correction steps are interleaved with quantization to compensate for errors introduced
by already quantized weights by adjusting the remaining ones. Instead of full fine-tuning, these corrections rely on fast
analytic solutions.

Local Hessian Corrections For a linear layer y = Wx with quantized weights ¢(W) and error AW = ¢(W) — W, it
is common (Nagel et al., 2020) to target expected output MSE of each layer as (local) proxy objective:

Lioca = E[|[AWx|?] =E[x"'AWTAW x| (24)

=T (AWH,AW"), H;,=E[xx']. (25)

The equalities are exact under the true second moment; in practice we replace Hj, by the empirical estimator H;, = % X'X
from a finite calibration set X € RY*Pin_ g0 the trace expression becomes a Monte Carlo (stochastic) approximation of the

population objective, which converges to the exact one as N — oo under standard i.i.d. assumptions (law of large numbers).
Rows of W are independent because the quadratic form decomposes as

Liocal = Z AVV:I_IinAVVrv

where Aw,. is the r-th row. For a single row, partition indices into changed C' and remaining R:

Hce Hcer

H;,, = [HRC HRR] ,  Aw = [Awe; Awgl.

Minimizing the quadratic w.r.t. Awp gives the analytic correction:

AW}} = — L;Hl_z Lirc Awe.

where Lrpr and L p¢ are lower-triangular matrices by indexing Cholesky of H. Hence, the corrections require a single
Cholesky decomposition, and a single lower-triangular solve, which has fast implementations. The correction algorithm is
similar to LDLQ (Tseng et al., 2024a), generalizes the common GPTQ/OPTQ (Frantar et al., 2022) from scalar to vector
quantization, and corrects updates in (Van Baalen et al., 2024) to account for column-mixing of VQ and typos. From a
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probabilistic perspective, it can be noted that the correction is equivalent to Gaussian conditioning where the conditional
mean of remaining weights R given the changed weights C, and Gaussian elimination. It is well-known that performing
this iteratively can efficiently be done in Cholesky: the lower-triangular factor L from H;, = LLT as the inverse Cholesky
only has to be computed ones and inverse Cholesky of remaining weights form a submatrix of the original inverse matrix.
Batched triangular solves apply corrections for multiple rows efficiently.

Local vs global. Local updates can also be seen as targeting the final loss under an extremely crude Hessian approximation
H = I ® Hj,, which ignores cross-row coupling and relating to the output curvature to target the ultimate final loss.
Approximations to the global Hessian, as explored in (van der Ouderaa et al., 2023; Tseng et al., 2025) can provide stronger
compression performance but require backward passes and are therefore more expensive. Since our focus in this work is
on the representation itself, we evaluate all methods under the same local correction scheme to disentangle improvements
due to the representation from those due to more powerful correction procedures. Global-Hessian-based corrections are
orthogonal to our contribution, and for fair comparison, we restrict attention to the local GPTQ-like (generalized to vectors)
updates described above.

E.3. Dimensionality Handling

Although Ay is 24-dimensional, we quantize vectors z € R by splitting them into consecutive blocks of length 24:
:c:(x(l),...,a:(B)), 29 eR*, B= [D/24].

If D is not a multiple of 24, the final block is zero-padded. Each block is quantized independently using the Leech-
lattice codebook Asy(m), and the full codeword is the Cartesian product of the per-block indices. Thus, the overall
scheme is naturally interpreted as a product code over 24-dimensional components in the classical sense of product vector
quantization (?).

17



Leech Lattice Vector Quantization

F. Is it better to construct spherical codes from a single Leech shell or a union of shells?

High—dimensional spherical codes derived from the Leech lattice can be constructed in multiple ways, depending on how
lattice points are selected and normalized. In practice, two natural options arise: selecting points from a single Leech shell,
or taking the union of multiple shells up to a radius threshold. Since these constructions differ in both cardinality growth and
geometric diversity, it is not immediately clear which yields better angular uniformity per bit. Here, we empirically compare
the two. Given a spherical code constructed from the Leech lattice in R4, is it better (in terms of angular uniformity per bit)
to take a single shell m or to take the union of all shells up to m?

For a finite set of unit vectors C C S23, we define:

bits = log, |C|, q(z) = arg min arccos(z'y)/x,
yeC\{z}

where ¢(z) is the nearest neighbor of  in C under angular distance. We measure angular distance Dg2s : R?4 x R?4 — [0, 1],
shorthand D, between a point and its closest radial neighbour:

D(z,q(z)) = arccos(z " q(z))/x,

the angular distance between x and its nearest neighbor. We report the distribution of D(z, g(x)) after sampling = from a
radially uniform source (such as = ~ A(0, I') normalized to unit norm).

Empirical spherical uniformity of codes
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Figure 6. Empirical angular separation vs. rate. For each code, we show the distribution over nearest—neighbor angle against bits per
dimension log,(N)/d. The two Leech-based constructions are traced by varying m (single shell m vs. union 1:m). We compare to
E8P12 and find that it lies above the Leech curves at the same bits (worse angular separation), while between the Leech variants the union
has slightly superior angular distance.

We evaluate three code families as a function of bits: (1) Leech (single shell m), i.e., points from a single Leech shell
projected to the unit sphere; (2) Leech (union up to m), i.e., the cumulative union of shells 1:m, all normalized to unit norm;
and (3) the E8P12 product code for reference, normalized to the unit sphere and stacked three times to allow comparison
in 24 dimensions. Figure 6 shows violin plots of the resulting distributions over Dao4(z, ¢(x)) versus bits for these three
constructions. Empirically, we find that both Leech constructions, single shell m and union up to shell m, perform similarly,
with the union exhibiting slightly better code quality per bit as measured by angular uniformity.

Key finding. Our empirical results indicate that spherical codes formed by normalizing a union of Leech lattice shells yields
a slightly better Gaussian rate—distortion curves compared to forming spherical codes from individual Leech lattice shells.
We therefore adopt this approach in our method and recommend doing the same.
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G. Spherical shaping or shape—gain: which achieves the lower distortion?

We consider two natural ways to construct a finite representation from a finite set of spherically bounded Leech lattice points
(or from a single lattice shell), namely spherical shaping, which uses the unnormalized points directly, and shape—gain, which
separates direction and magnitude via a projected spherical code for shape and a scalar gain code. Define Cpherical-shaping =
Aoys(m), the set of all lattice points in Aoy whose squared norm is at most m. We keep every lattice point inside a ball, and
the resulting codebook directly inherits both its directions and its radii from the geometry of Aoy, up to a channel-wise or
global scale. Intuitively, this is a very simple construction: one hyperparameter m determines both how far the code extends
in radius and how many points it contains. The tradeoff between shape and gain is fixed implicitly by the lattice itself.

For shape-gain, we instead separate a vector into its magnitude and direction, x = r u with u = a/||z|| and r = ||z]|,
and quantize these two pieces independently. Formally, define the shape code Cghape = { 2/[|z]| : © € Aos(m) }, ie.,
lattice points normalized to lie on the unit sphere, which gives a dense spherical code on S22, The gain is represented
by a scalar gain code Cy,in (€.g., matched to a x4 distribution for Gaussian sources). The full shape—gain code is then
Cihape-gain = { 71U : & € Cshape, 7 € Caain } = Coain X Cshape. Intuitively, spherical shaping uses the raw lattice: you pick a
lattice vector and both its direction and its length are “baked in.” In contrast, shape—gain forces every codeword direction
to live on the sphere (from the projected lattice) and assigns its radius explicitly through the gain quantizer. In this sense,
spherical shaping is geometric and monolithic, whereas shape—gain is modular and more flexible.

Because shape—gain has two components, it requires a choice of how to allocate bits between the direction (shape) part
and the radius (gain) part. High-resolution theory provides a useful heuristic: in n dimensions, about 1/n of the total bits
should be devoted to gain, meaning that for n = 24 one should allocate roughly 1/24 of the rate to Cyg,in and the remainder
to Cipape- This gives a principled starting point and greatly reduces the effective search over hyperparameters. In contrast,
the spherically bounded code Cpherically-bounded = Aoy (m) has only one hyperparameter m, which makes it easier to sweep
but less expressive: it cannot optimize radius resolution independently of directional resolution.

We therefore compare these two constructions empirically under matched rate budgets: (i) the spherically bounded
approach using Cpherically-bounded = A24(m), and (ii) the shape—gain approach using Cipape-gain = Ceain X Cshape, Where
Cshape = {x/||z]| : @ € A2a(m)} and Cgain is a x24-matched scalar quantizer with approximately 1/24 of the available bits.
This allows us to isolate the effect of separating radius and direction from the effect of simply using a spherically truncated
lattice.

Method Code Bits/dim | MSE SQNR (bits) _Ret(%)
Leech (spherical bounding) A24(13) 2.0 0.084 1.787 89.37
Leech (shape-gain) norm(A94(13)) + 0 x-gain bits ~ 2.00000 + 0.00000 2.0 0.085 1.782 89.12
Leech (shape-gain) norm(Ag4(12)) + 1 x-gain bits  1.95833 + 0.04167 2.0 0.078 1.843 92.14
Leech (shape-gain) norm(Agy(11)) + 2 x-gain bits  1.91667 + 0.08333 2.0 0.080 1.825 91.24
Leech (shape-gain) norm(As4(10)) + 4 y-gain bits  1.83333+0.16667 2.0 | 0.085 1.780 89.01

Table 6. Comparison between spherical shaping and shape—gain quantization at a fixed budget of 2 bits/dim. For shape—gain we vary the
allocation between directional (shape) bits and radial (gain) bits while keeping the total rate fixed.

Taken together, the results in Table 6 reveal several consistent trends regarding the relative behaviour of spherical shaping
and the shape—gain construction at a fixed rate of 2 bits/dim. In particular, although spherical shaping provides a clean
geometric baseline, the shape—gain decomposition offers clear advantages in both distortion and retention.

¢ Key finding. Shape—gain can improve performance over spherical shaping.

* Key finding. The 1/n gain-bit heuristic is reasonable but not always optimal at finite rate. High-resolution theory in n
dimensions suggests allocating approximately 1/n of the bits to the gain; for n = 24 this corresponds to 2 gain bits
(0.083 bits/dim), whereas our empirical optimum is 1 gain bit (0.041 bits/dim).

* Key finding. For the Leech-lattice shape—gain code at 2 bits/dim, we recommend using 1 or 2 gain bits per vector of
length 24 (0.041-0.08333 bits/dim), though practitioners should consider running similar sweeps when targeting other
bitrates to obtain the best quantization performance.
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