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Abstract

We introduce CREDO, a framework that provides distribution-free upper bounds on
the probability that any candidate decision is suboptimal. By combining inverse
optimization geometry with conformal prediction and generative modeling, CREDO
generates statistically rigorous and interpretable risk certificates. This enables
decision-makers to audit and validate choices under uncertainty, bridging the gap
between decision-making algorithms and human judgment.

1 Introduction

High-stakes decision-making often arises in domains such as healthcare, energy systems, emergency
response, and public policy, where suboptimal decisions can lead to significant consequences [24]. In
the machine learning and operations research communities, such problems are typically formalized
using the predict-then-optimize paradigm [5, 10]: a predictive model first estimates uncertain inputs
(e.g., future demand or patient outcomes), and these estimates are then passed to an optimization
model to determine the recommended action. This two-stage pipeline has become the foundation of
many data-driven decision systems across a wide range of applications [4, 9, 19].

However, despite its widespread use, predict-then-optimize approaches have two critical limitations in
high-stakes operational settings. First, these pipelines often function as black boxes that recommend
decisions without providing insight into their robustness or sensitivity to the estimated parameters.
This opacity makes it difficult for human decision-makers to assess confidence in the recommendations
or understand when to override them with domain expertise [12, 23]. Second, and more fundamentally,
pipelines can be brittle under uncertainty [16]. When the predictive model is misspecified, especially
in cases involving multi-modal or non-Gaussian distributions, the optimization step may yield
misleading or overconfident decisions.

Random
world

e.g., weather

Optimization

Assess

e.g., profit maximization

Flow of
randomness

How likely is  optimal?

e.g., investment plans

Figure 1: Decision risk assessment.

In this paper, we aim to bridge the gap between human
decision-makers and optimization models by introducing
a tool that supports – not replaces – human judgment in
high-stakes decision-making. Rather than prescribing an
optimal action, we focus on evaluating the risk associated
with a user-specified decision: how likely is it to remain
optimal under the true, unknown realization of uncertain
parameters (Figure 1)? This form of optimal solution
auditing is valuable in practice. For instance, a clinician
may wish to validate a preferred treatment plan based on
historical data, or a planner may want to assess whether a
proposed infrastructure investment remains robust across
multiple future scenarios, maintaining control over the
final decision.
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To achieve this, this paper proposes a novel framework called CREDO – Conformalized Risk Estimation
for Decision Optimization – that quantifies, for any candidate decision, a distribution-free upper
bound on the probability that it is suboptimal, as illustrated in Figure 2. CREDO aligns with the spirit
of scenario-based planning, a common practice in strategic investment and policy-making, while
extending it with rigorous statistical guarantees. Our approach builds on two key insights: (i) in a
broad class of optimization programs, the optimal decision is a deterministic function of the objective
parameters [8, 13], which enables us to invert this relationship and define the precise set of outcomes
for which a given decision is optimal; and (ii) using conformal prediction with generative models
[15, 21], we estimate the probability mass of this region, yielding valid, data-driven upper bounds on
decision risk with statistical guarantees. The resulting tool is interpretable, computationally efficient,
and broadly applicable in high-stakes, uncertainty-aware decision environments.

2 Methodology
Problem Setup Let X ∈ X denote observed covariates, and let Y ∈ Y be a random outcome
variable representing uncertain objective parameters. The decision-making task is formalized as
solving the constrained optimization problem:

π(Y ; θ) := argmin
z∈Z

{g(z, Y ; θ) | z ∈ Z(θ)} ,

where θ denotes known parameters that define the objective g and the feasible region Z(θ) ⊆ Z .
Our goal is to develop a distribution-free, data-driven method for estimating the probability that a
prescribed decision z is suboptimal. Specifically, given a candidate decision z, we aim to develop a
risk measure α(z) such that:

P {z ∈ π(Y ; θ)} ≥ 1− α(z), ∀z ∈ Z, (1)
where we omit the dependency of α(z) on x for notational simplicity. Namely, given some context
x, we aim to find a conservative assessment of the likelihood that the proposed decision z would be
suboptimal with respect to the given decision-making task under uncertainty.

2.1 CREDO: Conformalized Decision Risk Assessment
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Figure 2: Illustration of the algorithm architecture.

We propose a framework for quantifying de-
cision risk α(z) by casting this problem as a
structured uncertainty quantification task over
the decision space. The key idea is to reframe
the decision’s optimality condition as an inverse
feasible region [8, 18] in the space of outcome
Y , and then construct inner geometric approx-
imations of this region using conformal cali-
brated regions [15, 21]. Their miscoverage rates
are then used as the desired probabilistic lower
bound. We detail this procedure in two steps: (i) identifying the region of outcome realizations that
certify the optimality of z, and (ii) constructing a calibrated estimator for the probability that the
outcome lies in this set.

Step 1: Reformulation with Inverse Feasible Region For any given realization y of Y , a decision
z is optimal if and only if it achieves the smallest objective value among all feasible decisions:

z ∈ π(y; θ) ⇐⇒ g(z, y; θ) ≤ g(z′, y; θ), ∀z′ ∈ Z(θ).

Therefore, the inverse feasible region, which is defined as the set of outcomes y for which z is an
optimal solution, can be written as

π−1(z; θ) :=
⋂

z′∈Z(θ)

{y ∈ Y | g(z, y; θ) ≤ g(z′, y; θ)} . (2)

The definition (2) allows the objective to be reformulated, as summarized in Proposition 1.
Proposition 1 (Reformulation). Let π−1(z; θ) be defined in (2), then the objective defined in (1) can
be equivalently expressed as:

P {z ∈ π(Y ; θ)} ≡ P
{
Y ∈ π−1(z; θ)

}
. (3)

The important insight from Proposition 1 is that the reformulated objective decouples the random
variable Y from the solution mapping π. Therefore, further analysis can be carried out within the
probability space of the output as a standardized uncertainty quantification problem.
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Step 2: Risk Estimation via Generative Conformal Prediction To estimate (3), we adopt a
generative conformal prediction approach that constructs calibrated inner approximation sets of
π−1(z; θ). We require two core conditions to be satisfied by each constructed set: (i) It is fully
contained within π−1(z; θ), and (ii) Its coverage probability of Y can be quantified. This allows us
to use this constructed set as a surrogate to bound the reformulated decision risk by:

P
{
Y ∈ π−1(z; θ)

} (i)

≥ P {Y ∈ C(X;α)}
(ii)

≥ 1− α,

where C(X;α) denotes the constructed set given input X , and α its coverage probability.

We begin the construction of these sets by training a generative model f̂ : X → Y to approximate the
conditional distribution of Y |X . For any α ∈ [0, 1], we define the conformalized set as:

C(xn+1;α) =

{
y ∈ Y | ∥y − ŷn+1∥2 ≤

∑n
i=1 ∥ŷi − yi∥2
α(n+ 1)− 1

}
if α ≥ 1

n+ 1
else Y, (4)

where ŷi ∼ f̂(xi) are the in-sample prediction residuals on the calibration dataset {(xi, yi)}ni=1.
Here, the miscoverage rate α is identified as the smallest value that would allow the set to lie entirely
within the inverse feasible region [17], which can be formulated as solving:

α̂(z) = min
α∈[0,1]

{
α | C(xn+1;α) ⊆ π−1(z; θ)

}
. (5)

In the case that the prediction ŷn+1 does not fall inside the inverse feasible region π−1(z; θ), we
conservatively map α̂(z) to one, as the optimization in (5) yields no solution. The above procedure
is then repeated for K times to obtain a list of risk estimates α̂(k)(z), which are then averaged to
produce the final risk estimator:

α̂(z) =
1

K

K∑
k=1

α̂(k)(z). (6)

3 Theoretical Results
This section establishes the theoretical properties of our method, focusing on two key criteria:
conservativeness, which ensures a valid upper bound of the decision risk, and computational efficiency,
which ensures that the algorithm can be efficiently implemented in practice under certain conditions.

First, we can prove that our method yields a valid upper bound on the decision risk in expectation,
under the standard exchangeability assumption [2, 3, 14] in the conformal prediction literature,
summarized in Theorem 1. Its proof relies on a key argument that the designed conformalized set
is constructed by an e-value statistic [20, 11], which ensures proper coverage of the set even when
α is data-dependent. This result underscores the trustworthiness of our approach, particularly for
applications where conservativeness is critical.

Theorem 1 (Conservativeness). Suppose the data {(xi, yi)}n+1
i=1 is exchangeable, then the proposed

risk estimator (6) satisfies the following guarantee:

P {z ∈ π(Y ; θ)} ≥ 1− E [α̂(z)] , ∀z ∈ Z.

Next, we show that our algorithm admits a closed-form estimator for a broad class of optimization
problems, enabling efficient practical implementation. We first state the following assumption.
Assumption 1 (Separable objective). There exist ϕ : Y → Rd and ψ : Z → Rd such that for any
z ∈ Z and y ∈ Y , the objective function can be written as g(z, y; θ) = ⟨ϕ(y), ψ(z)⟩.

Assumption 1 covers a wide range of problems such as linear programming, quadratic programming,
and discrete optimization [7, 22]. Under Assumption 1, we prove that a closed-form estimator exists,
enabling efficient algorithm execution, without relying on iterative or approximate procedures.
Proposition 2 (Closed-form estimator). Under Assumption 1, the algorithm can be modified to yield
the following closed-form estimator:

α̂(z) = 1− 1

K

K∑
k=1

w(k)(z, xn+1) ·
∏

v∈V(θ)

1

{
⟨ϕ(ŷ(k)n+1), ψ(z)− v⟩ ≤ 0

} , (7)
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where V(θ) is the set of extreme points of the convex hull of {ψ(z) | z ∈ Z(θ)}, and w(z, xn+1) is
the conformalized weight, defined as

w(k)(z, xn+1) = min

{
0,max

{
nD̂(k) −

∑n
i=1 ∥ϕ(yi)− ϕ(ŷi)∥2

(n+ 1)D̂(k)
,

n

n+ 1

}}
,

where D̂(k) = minv∈V(θ)\{ψ(z)} |⟨ϕ(ŷ
(k)
n+1), ψ(z)− v⟩|/∥ψ(z)− v∥2.

Another insight from Proposition 2 is that the proposed estimator can be viewed as a weighted
version of a Monte Carlo estimator based on the conditional generative models. The weights take
values between 0 and 1, and are determined by the proposed conformalized procedure to guarantee
conservatism (Theorem 1). Without the weights, Theorem 1 typically does not hold unless further
assumptions are placed on the approximation quality of f(Y |X) to the ground-truth conditional PDF
of Y |X , which is not assumed in our setting. This further highlights the robustness of our algorithm.

4 Numerical Results

In this section, we present one experiment across multiple datasets where we assess decision quality
based on risk estimates produced by CREDO across both synthetic and real-world settings. We show
that CREDO can be used to select decisions with consistently higher confidence, demonstrating the
effectiveness of CREDO’s risk estimates in guiding practical decision-making.

We adopt empirical confidence ranking as our primary evaluation metric: Given a decision policy π
and a test dataset {(xi, yi)}mi=1, we apply π to each input xi to generate predicted decisions {zi}mi=1.
We then compute the score

∑m
i=1 h(zi), where h maps each prediction to a discrete rank based on its

frequency among the ground-truth optimal decisions {z∗i }mi=1 in the test set. This metric is designed
to capture a method’s tendency to select decisions that are most likely to be optimal—an aspect
valued in practice but not fully reflected by the standard notion of regret.

We define the decision policy for CREDO as selecting the action with the lowest estimated risk. It is
compared with four decision-making baselines: predict-then-optimize (PTO) [5], robust optimization
(RO) [6], smart predict-then-optimize (SPO+) [10], and decision-focused learning (DFL) [1].

Table 1: Evaluated empirical confidence ranking (↓) for different methods across three datasets.

Method Setting I Setting II Real Data

σ = 0.1 σ = 1 σ = 10 σ = 0.1 σ = 1 σ = 10

PTO 1.00± 0.00 2.76± 0.59 2.24± 0.79 3.55± 0.50 3.36± 0.48 2.04± 1.65 1.75± 1.69
RO 1.00± 0.00 2.98± 0.14 3.00± 0.00 4.99± 0.10 6.00± 0.00 3.98± 0.80 3.00± 1.29

SPO+ 1.00± 0.00 2.68± 0.65 2.02± 0.82 3.95± 1.20 4.67± 1.56 3.56± 1.50 2.67± 1.43
DFL 2.44± 0.64 1.83± 0.81 2.06± 0.79 3.60± 1.52 3.96± 2.07 3.66± 2.48 1.92± 1.04

CREDO 1.75± 0.77 1.61± 0.56 1.48± 0.52 1.05± 0.22 1.00± 0.00 2.03± 0.96 1.75± 0.92

Table 1 presents the comparison results. It can be seen that CREDO achieves the smallest ranking
metric value across most datasets, on average selecting the top two most likely decisions across all
datasets. Though it might seem concerning that the in Setting I (σ = 0.1), PTO, RO, and SPO+ all
achieve better performance than CREDO, this is because when σ is small, the data becomes highly
concentrated around the mean, rendering the problem nearly deterministic and can be best dealt
with point-prediction baselines. These results highlight the capability of our method for high-quality
decision-making, especially under highly uncertain environments.

5 Conclusion

We proposed CREDO, a distribution-free framework for decision risk assessment that combines
inverse optimization with conformal prediction to estimate the probability that a candidate decision
is suboptimal. We theoretically derived that CREDO provides statistically valid risk certificates,
and also admits a computationally efficient closed-form solution under a broad class of separable
optimization problems. We present empirical comparisons that demonstrate CREDO consistently
delivers high-quality decisions in uncertain settings where existing methods often fall short.
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