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ABSTRACT

The ability to identify useful features or representations of the input data based
on training data that achieves low prediction error on test data across multiple
prediction tasks is considered the key to multitask learning success. In practice,
however, one faces the issue of the choice of prediction tasks and the availability
of test data from the chosen tasks while comparing the relative performance of dif-
ferent features. In this work, we develop a class of pseudometrics called Uniform
Kernel Prober (UKP) for comparing features or representations learned by differ-
ent statistical models such as neural networks when the downstream prediction
tasks involve kernel ridge regression. The proposed pseudometric, UKP, between
any two representations, provides a uniform measure of prediction error on test
data corresponding to a general class of kernel ridge regression tasks for a given
choice of a kernel without access to test data. Additionally, desired invariances in
representations can be successfully captured by UKP only through the choice of
the kernel function and the pseudometric can be efficiently estimated from n input
data samples with O(ﬁ) estimation error. We also experimentally demonstrate

the ability of UKP to discriminate between different types of features or repre-
sentations based on their generalization performance on downstream kernel ridge
regression tasks.

1 INTRODUCTION

Model comparison is a classical problem in Statistics and Machine Learning (Burnham et al., [1998;
Pfahringer et al.l 2000; Spiegelhalter et al., 2002} |Caruana & Niculescu-Mizil, 2006} |[Fernandez-
Delgado et al., 2014). This question has received tremendous attention from the scientific com-
munity, especially after the widespread adoption and implementation of modern general-purpose
large-scale models such as deep neural networks (DNNs). Developing broadly applicable criteria
for model comparison remains challenging due to variation in mathematical representations, no. of
trainable parameters, and transparency (open vs. black-box access). In supervised learning, how-
ever, models can naturally be compared by differences in predictive performance, since this directly
aligns with the goal of maximizing accuracy on the prediction task. It is now well understood that the
key to success for training models with good generalization ability over multiple tasks (i.e. achieves
low prediction error on test data across multiple prediction tasks) is directly correlated to the ability
of models to identify useful features or representations of the input data based on training data (Ben-
gio et al., 2013; [LeCun et al.,|[2015; Maurer et al., 2016). Therefore, one can attempt to resolve the
question of model comparison by considering metrics (more precisely, pseudometrics) on the space
of features or representations, and there is extensive literature in this area (Laakso & Cottrell, 20005
Li et al., |2015; Morcos et al., |2018; [Wang et al., 2018; |[Kornblith et al., 2019} Boix-Adsera et al.,
2022).

An ideal pseudometric must be interpretable and efficiently computable based on a reasonably small
amount of data samples. It must also be sensitive only to differences in features that will lead to dif-
ferences in predictive performance, but be fairly insensitive to any other differences in features that
do not affect predictive performance. Finally, it must be flexible enough to accommodate available
prior knowledge about the class of prediction tasks that is of interest to the model users. However,
most pseudometrics fall short of fulfilling this extensive set of desiderata. In this work, we develop
a class of pseudometrics on the space of representations called Uniform Kernel Prober (UKP) that
can be used to compare features or representations learned by any class of statistical models.
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The proposed UKP pseudometric is motivated by the need for a distance measure over representa-
tions of differing dimensionalities that captures the ability of a model to generalize over a general
and flexible class of prediction tasks, specifically, the class of kernel ridge regression-based tasks.
Depending on the choice of the kernel, one can probe which models share “similar” features, with
similarity being understood in the following sense: If the features or representations for a pair of
models are similar, then, if they are both trained to perform kernel ridge regression tasks, their
predictive performances will be close to each other. The UKP pseudometric is a unique distance
measure over features or representations and is a useful contribution to the existing literature since
it has the following desirable characteristics:

1. The proposed pseudometric offers a uniform guarantee of performance similarity for a wide
range of regression functions, irrespective of whether the tasks are kernel ridge-regression
or not. This is particularly beneficial when the prediction tasks align with models whose
representations share similar characteristics with the kernel used to compute the UKP dis-
tance.

2. The pseudometric is adaptable to incorporate inductive biases that help identify models
suited for specific tasks. A simple choice of the kernel parameter of the UKP distance can
help us encode these inductive biases. For example, suppose we are interested in image
classification tasks where the rotation and/or translation of the images should not affect the
model prediction. In that case, we can encode this inductive bias into the pseudometric by
choosing a rotationally and translationally invariant kernel, such as a Gaussian RBF kernel,
as the kernel parameter for UKP. This results in the creation of two clusters: one for models
with rotationally and translationally invariant features and another for models without such
features.

To the best of our knowledge, ours is the first pseudometric on the space of representations
in the ML literature that can flexibly encode a wide range of inductive biases and treat them
within a single framework.

3. UKP distance has a practical prediction-based interpretation in addition to usual mathemat-
ical interpretations of similarity or dissimilarity in terms of inner product or pseudometric.

4. Computation of the estimate of UKP distance only requires unlabelled data, i.e., data sam-
ples from the input domain, and therefore preserves labeled data for model training/fitting.
Moreover, the computation of the estimate of UKP distance only requires black-box access
to model representations, i.e., pairs of inputs and outputs to the model.

5. It is possible to design a statistically efficient estimator for the UKP distance based on a

finite number (n) of samples from the input domain, that enjoys an estimation error rate of
~1/2
n .

6. The UKP distance enables us to even compare representations that differ in their dimen-
sionalities.

The paper is organized as follows. In Section [2| we formally define the UKP distance. In Section
[3l we provide elegant and tractable characterizations of the UKP distance and prove that it satisfies
all criteria of being a pseudometric. Then using Theorem[3] we also find the type of transformations
under which the UKP distance remains invariant. We propose a statistical estimator of the UKP
distance in Section 4] In Sections {.T and 4.2] we mathematically demonstrate its relationship to
other pseudometrics used for model comparison and show that our proposed estimator converges to
the true UKP distance as the sample size goes to infinity. Finally, in Section[5] we provide numerical
experiments that validate our theory. Proofs of all lemmas, propositions and theorems are provided
in Section [A] of the Appendix.

2 PROBLEM SETUP

Consider ¢ : R? — R and ¢ : R? — R* to be two representation maps (with output dimen-
sions [, k, respectively) that transform an input to its corresponding feature representation, typically
obtained from a pair of trained/fitted models. Let Y be the random real-valued response correspond-
ing to the input X generated from the nonparametric regression model Y = n(X) + €, where € is
mean-zero noise and n(x) = E(Y | X = x) is the population regression function of ¥ on X.
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Let K (-, -) be a positive definite, symmetric, bounded, and continuous “base” kernel function, map-
ping pairs of vectors in Euclidean spaces of different dimensions to real numbers. Common choices
of radial kernels include the Gaussian RBF kernel Krprn(z,y) = exp(—3; ||z — y||§) and the
Laplace kernel Kpappn(2,y) = exp(—s ||z — y||,), where z,y € R? for any d € N. By the
Moore-Aronszajn Theorem (Aronszajn,|1950) and Lemma 4.33 of |Steinwart & Christmann|(2008)),
there exists a unique separable Reproducing Kernel Hilbert Space (RKHS) # of functions such that
K(-,-) is its unique reproducing kernel. Now, fix a single representation ¢ : R? — R°", Define the
corresponding “pullback kernel”, K, (-, -) == K(¢(-), ¢(-)). By Theorem 5.7 of Paulsen & Raghu-
pathi| (2016), K, is positive-definite on R? and is the (unique) reproducing kernel of the “pullback”
RKHS H, = H (K o (¢ x ¢)). If we let " denote the RKHS associated with K" when the do-
main is restricted to R®" x R°", then the H{,-norm (pullback RKHS norm) of any f,, € H,, satisfies

the minimal-norm characterization || f ||, = f€7—£°£‘r'l}£lgo*f 1| f 1l 2gouc-
N —Jp

For any two representations ¢, 1) and for any A > 0, let a‘f\’ and af be the population kernel ridge
regression estimators of the regression function 7 using their respective pullback kernels K (-, -)
and Ky (-, -), defined as,

af:argminE[Y—f( ]—i—)\HfHH anda)\—argmlnIE[Y f(X ]—i—)\Hin[w, )
f€H¢ f ’Hw

respectively. Here, since the prediction loss is the squared error loss, ozf and off depend on the
distribution of Y only through the population regression function 1. We suppress this dependence
on 7 in the notation for convenience and clarity.

We now define the kernel ridge regression-based pseudometric between the two representations of
the input ¢ and v, based on the difference between predictions for Y uniformly over all regression
functions 7 € L?(Px) such that its L?(Px ) norm is bounded above by 1.

Definition 1. For any X\ > 0 and choice of kernel K (-, -), the UKP (Uniform Kernel Prober) distance
between representations ¢(X ) and (X)) is defined as,

B0 = s (Blafx) - af(X)f);,

HHHLQ(PX)Sl

where af and ozf are defined in Equatio

The reasoning behind the £> in the notation for the UKP distance d{%% ... will be clear going
forward, as we will demonstrate that it is actually an operator norm in an appropriate formal sense.

Remark 1. In the main paper, we consider the UKP pseudometric w.r.t kernel ridge regression tasks
only. Other types of regularization is also possible based on the manner in which the spectrum of
the integral operators are regularized (Refer to Appendix[A.2]for examples). We refer the readers to
Definition @for the generalized definition of the UKP distance, denoted by dUK "k coo- All theoretical

results in the main paper are proved for a general class of spectral regularlzers in the Appendix.

3 PROPERTIES OF THE UKP DISTANCE

LetJy : Hy — L*(Px), f — f be the inclusion operator, which maps any f € H,, to its represen-
tation f € L?(Px ). Then the adjoint of the inclusion operator is given by 7}, : L*(Px) — Hg, f —
J Ky(,2) f(x)dPx (x). The inclusion operator J,, and the corresponding adjoint operator J;, can
be analogously defined.

Let us define the covariance operators corresponding to the RKHS’s Hy and H, as

m_/k¢ 2) ©n, Kolt,2)dPx (@) = [ K(6().6(2)) @, K(8(),6(x))dPx (@)
an

2%_/mb 2) @, Kols2)dPx(a) = [ K@0), 0(0) @, K (00, 0(a))dPx ()
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Yy Hy — Hg and Xy, : Hy — Hy are the unique operators that satisfy
(Bof1:91)5, = E[1(X)01(X)], (B fo,92)5,, = E[f2(X)g2(X)],

where f1,91 € Hg and fa, g2 € Hy, respectively. In terms of inclusion operators, it can be easily
shown that Xy = J3J, and Xy = T3, Ty

»

Let us define the integral operators corresponding to the RKHS’s H 4 and H,;, as follows:

Tof = / Ky(-,2)f(@)dPx(2), Tyf = / Ky (-, 0)f(2)dPx (2),

for any f € L?(Px). Itis also easy to show that T, = 3437 and Ty, = J,,77,. The boundedness
and continuity of the kernel K ensures that ¥4, ¥, 74 and 7:;, are all compact trace-class operators,
which consequently ensures that they are also Hilbert-Schmidt operators. Further, each of 2, ¥,
T4 and T, are self-adjoint positive operators and therefore have a spectral representation (Reed &
Simon, 1980, Theorems VI.16,VI.17). For any A > 0, the regularized inverse covariance operators

are defined as Z;/\ = (B + A" and Z;’\ = (Ty + A)~", while the corresponding square
_2a 2

roots are defined as X, % = (X4 + )\I)fé and ¥, = (Zy + )\I)fé. Further, let us define

~ _a ~ DY .

Ky(z,y) =X, * Ky(z,y) and Ky (z,y) == X, ° Ky(z,y). Forany p > 1, we will use |-z, (s)

to denote the p-Schatten norm of any operator mapping from its domain § into itself. In particular,

for p = 1,2 and oo, the p-Schatten norm corresponds to the trace norm, Hilbert-Schmidt norm and
the operator norm, respectively.

The UKP distance has the following characterization in terms of the integral operators, covariance
operators and inclusion operators corresponding to the pullback kernels K4 and Ky:

Theorem 1. Assume that the base kernel K is defined on any Euclidean space and is positive defi-
nite, symmetric, bounded and continuous. Then, for any \ > 0, the the UKP distance d$% . K roo (0, 0)

between representations ¢(X ) and (X ) can be expressed as
AL e (6,0) = || (T + AD) ™Mo — (To + AL %Hm .
=|34(Sp + M) 7'T5 — Ty (Sy + AT

(L2(Px)) "

The proof is provided in Section[A.4]of the Appendix as part of the proof of a generalized version of
this theorem (Theorem [7). The above characterization shows that the UKP distance is the operator
norm of the difference between a regularized/smoothed version of the integral operators correspond-
ing to the pair of pullback RKHS’s associated with the representations ¢ and v via the base kernel
K. Using the monotonicity properties of p-Schatten norms (See Proposition 2.1 of |Pfeiffer| (2021)))
we can develop a hierarchy of distances (pseudometrics), which we call generalized UKP distances,
corresponding to the choice of the Schatten norm ||-|| £ (L2(Py)) forany p > 1, defined as follows:

Definition 2. For any \ > 0, choice of kernel K(-,-) and p > 1, the (\, K, p)-UKP (Uniform
Kernel Prober) distance between representations ¢(X) and (X)) is defined as,

AKLP(¢¢ _H (To + AI)~ 1%‘(%+AI) 7;/’||£P(L2(PX))7

where Ty and Ty, are the integral operators corresponding to the pullback RKHS’s Hy and H.,
respectively.

Next, we show that the (), K, p)-UKP distance indeed satisfies the axioms of a pseudometric for
any valid choice of ||-|| £r(12(Py)) corresponding to A > 0 and p > 1. Of particular importance is
the choice p = 2, which corresponds to the Hilbert-Schmidt norm, since it leads to a pseudometric
which can be efficiently estimated using i.i.d samples from Py . The question regarding whether it is
possible to develop an estimator of dg{ﬁ’;, oo (¢, 1) is still open because of the challenges involving

operator norm estimation and the lack of inner product structure in such a scenario.

Theorem 2. Assume that the setting of Theorem [I| holds true. Consider any three representations
¢:RT = RF 4 RY = R and ¢ : RT — R™ for some k,1,m € N. Then, forany 1 < p < o0,

we have that
A% oo (0,9) < AR 20 (0,9) < ARSE 22 (9,90) )
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Further, the dgﬁg (0, 0) distance satisfies the following properties:

1. (Positivity) dE\JKIE ro(0,0) =0,

2. (Non-negativity) d3%¢ .(¢,%) >0,

3. (Symmetricity) d35¢ 1, (6,%) = A3 20 (¥, 9),

4. (Triangle inequality) dgﬁgﬁp (p,9) < dEKIE (D 0) + EKIE o (9 0).

Hence, dE\J’KIE’ 0 (0,0) is a pseudometric over the space of all functions that maps R? to some Eu-
clidean space R® for any t € N.

The proof is provided in Section E] of the Appendix as part of the proof of a more general result

(Theorem ﬁi We now analyze the invariance properties of the pseudometric dy’(l’; ,» and iden-

tify the transformations of the representations ¢ and 1 that leave its value unchanged. Based on
the following theorem, we can identify representations that UKP treats as equivalent in terms of
prediction-based performance for a general collection of kernel ridge regression tasks correspond-

ing to a particular kernel K. We achieve this goal by deriving an exact characterization of the

representations that lead to dY%% ., = 0.

Theorem 3. Assume that the setting of Theoremholds true. Then, for any p > 1 and X > 0, given
any two representations ¢ : R4 — R¥ and 1) : R? — R we have that

[S\IKIELPW V) =0 ifand only if Ty = Ty. 3)

Further, let H be the class of transformations under which the kernel K is invariant, i.e., H =
{h:K(-,-) = K(h(-),h()) a.e. Px}. Then, the UKP distance dy*¢ ,(¢,1) between represen-
tations ¢(X) and (X)) is invariant under the same class of transformations that the kernel K is
invariant for, i.e., for any hy, ho € H,

dE’KIE’LP (hl © ¢7 hg o 1/1) = dgf,l}(,ﬁp (¢a 'IZ))
and if either hy or ho does not belong to ‘H,
3% £o(h1 0 ¢, ho 0 ) # AN 20 (6,1)).

Consequently, a necessary and sufficient condition for the UKP distance dUKl}( (0, 1) between
representations ¢(X ) and (X)) to be zero is that K4(-,-) = Ky(-,-) a.e. Px.

Additionally we can also provide a bound on the sensitivity of risk functional, uniformly over a class
of kernel ridge regression tasks (Refer to Theorem [12|for more details).

Next, we show that the UKP distance dg\”{}? £2(#,) (corresponding to a Hilbert-Schmidt norm)

can be expressed in terms of the trace operator, which will be essential for developing a statistical
estimator of the pseudometric based on random samples from the input distribution Px.

To do so, we define the cross-covariance operators gy @ Hy — Hg and Mgy @ Hy — Hy as
follows:

Sovi= [ Kales) Beae, ) Kol 2)Px (0)

= [ K60, 0(2) ©c20t, ) KOC), 0(2))dPx 0)
and
Zw(b = /Kw(~,.’L‘) ®£2(H¢,’Hw) K¢(-,$)dpx($)

Z/K(?ﬂ(')ﬂ#(x)) r2(35,m,) K(B(), 6(2))dPx () = 55y

Theorem 4. For any A > 0, the squared UKP distance dUKP (¢, ) between representations ¢(X)
and ¥(X) can be expressed as

[dS%P (6, )]" = Tr (2?2@?24)) +Tr (zjzwzyzw) — 2Ty (2;A2¢¢2;A2w¢) .
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The proof is provided in Section [A.6| of the Appendix, as part of the proof of a more general result
(Theorem[10).

4 STATISTICAL ESTIMATION OF di”ﬁﬁ r2

In practice, when comparing the prediction-based utility of different representations, we consider

.. . i.9.d
the realistic scenario where one only has access to a random sample X1,...,X,, ~ Px and a

statistical estimator of the proposed distance measure is required. In supervised learning settings,
the goal is to allocate most of the data for training and model fitting while minimizing the amount
of data used for dlagnostlcs and exploratory analy51s Using the empirical covariance and cross-

covariance operators E¢, Ew, EW and Zdub = o oy S plug-in estimators of ¥4, ¥y, ¥4y and
Yy in the trace operator based expression of dY5F (¢, 1)) as derived in Theoreml we arrive at the
following V-statistic type estimator of dy"g (¢, 0):

(NI

AL (0,0) = [T (375,557 ) + Tr (5780578 ) — 2T (3578005580 ) |

“)
where
R 1 < 1
B =~ D Kol Xi) @m, Ko Xi) = — 3 K(8(), 6(X0)) @, K (&), 6(X)),
=1 i=1
R 1 & 1
Sy = =) Ky (0 X0) @, Ky (0 X0) = — 3 K@), 0(X0) @, K(0(), (X)),
=1 i=1
A 1 n 1 n
Zov = Z}KM" Xi) ® 2034, 1) K (- Xi) = — Z;Kw-), $(X1)) @234, 10,) K (V(), 0(X3)),
and
R 1 <
Yy :EZKP( Xi) @r23,.1,) Kol ZK Xi)) ®c2(3,,9,) K(0(), 0(X5))
i=1
=550

It is an easy exercise to show that the V-statistic type estimator dﬁKP (¢,7) can be expressed in

terms of the number of input data points n, the chosen regularlzatlon parameter A and the empirical
Gram matrices K, , and K, ,, whose (7, j)-th elements are the kernel evaluations for the (3, j)-th
input data pair (X;, X;), i.e., (Kng),; = K(o(Xs),d(X;)) and (Kyy),; = K(¥(X5),¥(X;)). If
A = 0, one is required to ensure the invertibility of K, 4 and K, 4.

Theorem 5. For any \ > 0, the V-statistic type estimator dHKIE 22(0,%) of dg-\”?; 22(9,1)) between

representations ¢(X ) and )(X) can be expressed as

d3% £2(0,9)
= [Tr (Kn,6(Kn,s +nM) " Ky 6 (Kn,g + 1)) + Tr (K (K, + 1) 7 Ky g (K +nA) ™)
— 2T (Ko (K gy + nA) Ky (K + nAT) )] 7

4.1 RELATION TO OTHER COMPARISON MEASURES

In this subsection, we discuss the relationship between the UKP distance and some popular dis-
tances between representations that are popularly used in Machine Learning. The UKP distance for
the choice p = 2 (i.e. the Hilbert-Schmidt norm based dg\},KI’;, r2) 18 a generalization of the GULP
distance, as proposed in [Boix-Adsera et al.|(2022), in the sense that, if we choose the kernel for the
UKP to be the linear kernel Ky, (x,y) = a1y, we exactly recover the GULP distance. Our pro-

posed pseudometric df{ﬁ? r» provides the additional flexibility of choosing other kernel functions
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(such as the Gaussian RBF kernel Krpr  and the Laplace K1), 1) additional norms as well as ad-
ditional regularization choices for understanding the relative difference between the generalization
performance on different classes of kernel ridge regression-based prediction tasks.

Let K g = Ughy, gUJ and K,y = Uy, U be the eigenvalue decompositions of K, 4 and
K, y, respectively. Here A, , = diag {uél), . ,ufﬁ”)} and A, , = diag {“Epl)a .. vﬂq(/,") } De-

fine c((;)l’p(j ) = (u(i)) ufg), as the inner product between the i-th eigenvector u((;) corresponding to

the i-th eigenvalue u( D of K., 4 and j-th eigenvector ufj) corresponding to the j-th eigenvalue ,ufj)
of K, . In the following proposition, we express the V-statistic type estimator d}”ﬁ? r2(6,9) ex-

clusively in terms of the inner products c(z) @

ufﬁ) s and M(J ) ’s, which is useful for understanding the effect of changing the regularization parame-

ter A on the estimate and its relation to other popular pseudometrics on the space of representations.

s, the regularization parameter A and the eigenvalues

Proposition 1. Forany A > 0, the V-statistic type estimator d}\JKIE 22(6,0) of dgfﬁg 2(0,9) between
representations ¢(X) and (X)) can be expressed as

dV5E 22 (0,7)

_ z”;( ué) ) Z( v ) 22”:?:( g ) (W”)

udrnn) o “+nA P +m) (u + /\>

The proof is straightforward, relying on the spectral decomposition of K,, 4 and K, ,, and the prop-
erties of the trace operator, and is thus omitted.

The general kernelized version of the Ridge-CCA (Canonical Correlation Analysis) distance, intro-
duced by [Vinod| (1976) and later discussed in M.Kuss & Graepel (2003), is defined as

n n (1), (4)
o -n (st -5 oo ey

However, the machine learning literature has largely focused on the original Ridge-CCA formulation
with a linear kernel, as discussed in Kornblith et al. (2019). The classical CCA distance d°CA can
be derived from the kernelized Ridge-CCA distance d?CCA by selecting a linear kernel and setting
A = 0. From these definitions, it is clear that UKP is a dlstance measure on the Hilbert space of
representations, while the kernelized Ridge-CCA serves as the corresponding inner product on the
Hilbert space when the kernel and regularization parameter A are the same for both.

Another related notion of distance, as proposed in Cristianini et al.| (2001)) and popularized by Ko-
rnblith et al.| (2019), is known as CKA (Centered Kernel Alignment) and is defined as

Tr (Kn ¢H K7L,1/1Hn)
VI (K g Hy Ky g Hy) Tt (K Hy K H )

diEN o, v) =

where H,, = I,, — 21,17 We can equivalently express d35* (¢, ) as

S Z] 1uf;)ufj) ( ((;7) (J))

\/ZZ 1 e \/ZJ . uw

If the kernelized Ridge-CCA distance is normalized by dividing it by the product of the norms of
the pair of representations, taking the regularization parameter A to +oo recovers the CKA measure
dZ* (¢, 1) in the limit. This can be shown by expressing d{¢ .. (¢, 1) and dz*(¢, ) in terms of
the eigenvalues and eigenvectors of the empirical Gram matrices K, ¢ and I,  and then taking the
limit as A — 4oc0. The kernelized Ridge-CCA distance thus serves as a bridge between the CKA

dCKA ¢ w
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measure, interpreted as a normalized inner product, and the UKP distance, understood as an unnor-
malized pseudometric in the space of representations. This connection implies a linear correlation
between the two measures for sufficiently high value of the regularization parameter. While the
CKA and kernelized Ridge-CCA measures naturally reflect similarity between representations via
inner products, the UKP distance offers a broader perspective. Beyond functioning as a distance on
the space of representations, it provides a relative measure of generalization performance uniformly
across a wide range of prediction tasks involving kernel ridge regression—something other compari-
son measures fail to deliver. The UKP pseudometric efficiently compares learned representations by
quantifying generalization similarity without task-specific training, leveraging pseudometric prop-
erties for meaningful and efficient assessment.

4.2 FINITE SAMPLE CONVERGENCE RATE OF Ci%? 2

From a statistical estimation viewpoint, it is possible that the estimator converges to dl/\”(lg as
the number of data samples Xy, ..., X, from the 1nput domain grows to mﬁnity In addltlon we
also provide a rate of convergence of the order of O(-L ) which is a parametric rate of conver-

gence. The following theorem, proved in Section |A.7|of the Appendix, combines these two results
and cons%luently illustrates the finite sample concentration of the estimator proposed in Equation

equation (4|around the population dg_’?;_ 2

dﬁJKP

Theorem 6. Let k be an upper bound on the kernel function K (-, ). Then, forany A > 0 and § > 0,

with probability atleast 1 — 6, the V-statistic estimator CZE\JKP (¢, ) satisfies

8k3 | 2log(2) 2log($) 4K% | 2 2log($)

< + + = [-+t\——
A3 n n A2 |n n

’( VL 2 (6,0)” - (B ca(0,0) | <

For details regarding computational complexity, refer to Appendix [A.T0}

5 EXPERIMENTS

In this section, we present experimental results that showcase the efficacy of the UKP distance in
identifying similarities and differences between representations relevant to generalization perfor-
mance on prediction tasks. For simplicity, we have considered dUKP ¥ oo as the UKP pseudometric
and g, as the Tikhonov regularizer. Additional experiments, 1nclud1ng model architecture details
and training, are provided in the Appendix. All computations were performed on a single A100
GPU using Google Colab.

5.1 ABILITY OF UKP TO PREDICT GENERALIZATION PERFORMANCE BY KERNEL RIDGE
REGRESSION-BASED PREDICTORS

The UKP pseudometric gives a uniform bound on the difference in predictions generated by a pair of
models, based on kernel ridge regression-based estimators that utilize the respective representations
of the two models. It is a natural question to ask if this uniform or worst-case guarantee on the differ-
ence in prediction performance between representations is useful on a per-instance basis, i.e., given
a specific kernel ridge regression task, whether the UKP distance is positively correlated with the
generalization performance of different models. We consider 50 fully-connected neural networks
with ReL.U activation, each having uniform widths of 200, 400, 700, 800, or 900 and depths ranging
from 1 to 10. These networks are trained on 60,000 28 x 28-pixel training images from the MNIST
handwritten digits dataset (Deng), [2012) for 50 epochs. Representations are then extracted from the
penultimate (final hidden) layer of each network, and the CCA, linear CKA (CKA with a linear ker-
nel), GULP, and UKP distances are estimated for each pair of representations using 5,000 test images
from the same dataset. We create synthetic kernel ridge regression tasks where we randomly sample
5000 images and randomly assign a standard Gaussian label to each image to create the synthetic la-
bel/target vector. We obtain the kernel ridge regression estimator for each representation with ridge
penalty A € {10721} and Gaussian RBF kernel with bandwidth ¢ € {1071,1}. The empirical
mean of the squared difference between predictions based on a pair of representations (say ¢ and )
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Figure 1: Generalization of kernel ridge regression-based predictors is strongly positively correlated
with UKP distance values. We report the average correlation across 10 random synthetic kernel
ridge regression tasks. Error bars are negligibly small and hence not visible.

2
is then computed using 5000 test images to estimate erry = Ex~py [o/f\)(X) — ai\p (X)| , where

af and a"){’ are the kernel ridge regression based predictors. In Fig. El, we plot the Spearman’s p rank
correlation coefficient between the erry ,’s and the pairwise distances between the representations
using CCA, linear CKA, GULP and UKP distances. For this particular regression task, we chose
the synthetic ridge penalty to be A\ = 102 and used a Gaussian RBF kernel with & = 10!, For the
UKP distance, we use the Gaussian RBF kernel as the choice of kernel. We observe that the pairwise
UKP distance is highly positively correlated with the collection of errg s, as evident from the large
positive values of the blue bars, with the largest correlation being observed when the ridge penalty
used in the UKP distance matches with the synthetic ridge penalty we chose, i.e., A = 10~2. In con-
trast, GULP distances exhibit inconsistent behavior across varying levels of regularization, while
CCA and linear CKA distances show a significantly weaker positive correlation with generalization
performance. As expected, due to the relationship between CKA and UKP discussed in Section 4.1}
the CKA distance with a Gaussian RBF kernel performs comparably to UKP. Experiments with the
remaining combinations of tuning parameters A and o are presented in Fig. [5]in Section of the
Appendix, yielding qualitatively similar conclusions. We also discuss the ability of UKP to identify
differences in architectures and inductive biases in Appendix [B.1]

6 CONCLUSION AND FUTURE WORK

This paper introduces the UKP pseudometric, a novel method for comparing model representations
based on their predictive performance in kernel ridge regression tasks. It is shown to be easily
interpretable, efficient, and capable of encoding inductive biases, supported by theoretical proofs
and experimental validation. Therefore, the UKP pseudometric can serve as an useful and versatile
exploratory tool for comparison of model representations, including representations learnt by black-
box models such as neural networks, deep learning models and Large Language Models (LLMs).
In our forthcoming work, we develop a conditional V-statistic type of estimator based on sample
splitting and derive more sophisticated covergence guarantees with possibly better dependence on
A. Other research directions include using UKP for model selection, hyperparameter tuning, and
enhancing its computational efficiency for large-scale models, such as deep neural networks, to
better suit real-world applications.
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A APPENDIX: PROOFS
In this appendix, we present the missing proofs of the paper.

A.1 DEFINITIONS AND NOTATIONS

For constants a and b, a < b (resp. a = b) denotes that there exists a positive constant ¢ (resp. ¢’)
such that a < ¢b (resp. a > ¢’b). a < b denotes that there exists positive constants ¢ and ¢’ such that
cb < a < 'b. [¢] is used to denote {1,...,¢}. Let 14 denote the indicator function for the

Given a topological space X, let MJbr(X ) denote the space of all finite non-negative Borel measures
on X. We denote the space of bounded continuous functions defined on X by Cj(X). For any
p € M (X),let L™ (X, j1) denote the Banach space of r-power (r > 1) p-integrable functions. For
fe L™(X,p) = L" (i), we denote L"-norm of f as || fl|,r(,y = ([y [fI"dp)"/". " = px 2
x v denotes the n-fold product measure. The equivalence class of the function f is defined as [f]~
and consists of functions g € L"(X, u) such that || f — g][.~(,,) = 0.
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For any Hilbert space H, we denote the corresponding inner product and norm using (-, -) z and
[|-|| ;7> respectively. For any two abstract Hilbert spaces H; and Ha, let L(H, H2) denote the space
of bounded linear operators mapping from H; to Hy and £2(H;, Hs) denote the space of Hilbert-
Schmidt operators mapping from H; to Hy. For M € L(Hy, Hs), its adjoint is denoted by M*.
M € L(H) := L(H, H) is called self-adjoint if M* = M. For M € L(H), Tr(M), [|M|| z2 ()
and [|M|| s 7y denote the trace, Hilbert-Schmidt and operator norms of M, respectively. For
z,y € H, x ®p y is an element of the tensor product space of H ® H which can also be seen as
an operator from H — H as (z ®pg y)z = x(y, z)g forany z € H. For any M € L(H), we call
it a positive definite (respectively, positive semi-definite) operator if (f, M f),; > 0 (respectively,
(f,Mf)y >0)forany f € H.

A.2 AN INTRODUCTION TO SPECTRAL REGULARIZERS

Consider a spectral regularizer gy : [0,00) — R which is a real-valued function compatible with a
symmetric, bounded, positive definite and continuous kernel K with sup,, K (z,z) < k, in the sense
that it satisfies the following regularity conditions, which are standard in the inverse problem and
learning theory literature (Bauer et al.,2007; |Hagrass et al., 2024

(A1) sup,er |zga(2)| < Cr;

(Az) sup,er [Aga(z)] < Ca;

(As) supger |1 — zga(2)| 2 < C30*% for ¢ € (0,€],
(Ag) gr(z) > 0forz € T\ {0} and g»(0) > 0,

(As) x — xzgy(z) is an injective function for x € T

where ' := [0,x] and Cy, C5 and Cj are finite positive constants (all independent of A). The
constant ¢ is usually termed as the qualification of g, and determines rates of convergence in the
context of learning and hypothesis testing problems (Bauer et al.,|2007; |[Hagrass et al., [2024). The
intuition behind reasonable choices of gy is driven by the fact that we want gy (B)B = Bgy(B) to
approximate the identity operator for small enough A, which is ensured by Assumptions|(A; )| and
since it ensures limy _,o zgy(z) < 1 (See for details Lemma A.20 of Hagrass et al. (2024) for
details). Assumption ensures that positive definite and positive semidefinite operators retain
their respective definiteness properties after their eigenvalues are transformed/regularized by g, .
Finally, Assumption is a technical condition that is satisfied by popular spectral functions and
its utility will be explained shortly,

Using functional calculus, given any self-adjoint operator B : H — H with the spectral represen-
tation, B = ), 7;1); @ 1; with (74,1;), being the eigenvalues and eigenfunctions of BB, we can
define the spectral regularization of B as

aA(B) =" gx (72) (s @3 1) + 92 (0) [ T =D s @3¢ ¢y

i>1 i>1

It is an easy exercise to show that if g»(0) # 0, then gx(5) is invertible and self-adjoint. Further,
if g»(0) > 0, then g, (B) is positive definite. Finally, if gy(z) > O forallz € I' = [0, ] and
satisfies Assumption with C; < 1, then [gx(B)]~! — B is self-adjoint and positive semi-
definite. Additionally, if C; < 1, then [gx(B)]~! — B is invertible, self-adjoint and positive definite.
Finally, Assumption (As) guarantees that two self-adjoint positive semi-definite operators 3; and
By are equal if and only if they share the same eigenfunctions and By gx(B1) = Baga(B2).

ﬁ, yielding g1'%(B) = (B + AI)~!, which is well

known as the Tikhonov regularizer. Another example is the Showalter regularizer, g:q\ho(:z:) =
1—e %/

A popular example of gy is g1 *(z) =

—— 120} + %1{93:0}' For both these regularizers, g (0) = % > 0. Note that the spec-
tral cutoff regularizer is defined as g$"*(x) = 11,5, satisfies Assumptions|(A;)}|(A)and|(As)|
but g% (z) = 0 forall x < X and zg{*(x) = 1 forall z > \.

12
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A.3 PRELIMINARY RESULTS INVOLVING RKHS AND RKHS-RELATED OPERATORS

Lemma 1. For any representations ¢ : R — R™ and 9 : R — RY, and positive definite, symmet-
ric, bounded and continuous kernel K defined on any Euclidean space, let K ,(-,-) = K(o(-), ¢(-))
and Ky(-,-) = K(9(-),9(-)) be the unique reproducing kernels corresponding to the “pullback”
RKHS’s H, = H (Ko (¢ X)) and Hy = H (K o (9 xV)), respectively. Let I, : H, —
L?>(Px),f — fand 3y : Hy — L*(Px),f — f be the corresponding inclusion operators and
3%« L*(Px) — H, and Ty : L*(Px) — ¥ be their corresponding adjoint operators. Define
Yy = T3, to be the covariance operator and T, = 3,77, to be the integral operator corre-
sponding to the RKHS M. Then, both ¥, : H, — H, and T, : L*(Px) — L?*(Px) are
compact, self-adjoint and positive semi-definite operators. Further, define ¥,y = J;Jy to be the
cross-covariance operator mapping from Hy to H,. Finally, consider a spectml regulanzer g that

satisfies Assumptions [(A; DI (A5 | A3, [(AL and (4, I Then, both g(X,) and gx(T,) are also

compact and self-adjoint operators.

Then, we have that

(i) 35 - L2(Px) = He, [ = [ Ko (-, 2) f(2)dPx ()
(ii) (Bp + M) 71T =T5(T, + M) 7!

(iii) (S + A)~L = (T, + AI)~!

(iv) Sp(Sp + AL = (3, + AI)71S,
W) To(To + M) = (Tp + M),

(vi) gx(34)3% = T590(T5)

i) To9x(Eg) = gx(Tp)Tp

(viii) gx(3p)Xp = Xpgr(Ey)

(ix) gx(To)Tp = Togr(Ty)

(x) Lo S Ko(2) @205 m,) Kol x)dPx(z) = [K(p(-),o(x) @r2(29.1,)
K(ﬁ() J(x ))dPX( )

Proof. Forany f € L*(Px) and g € H,, we have, by the definition of the adjoint of the inclusion
operator J,

<j:;f7g>y :<f7jtpg>L2(PX)
/f z)dPx ()
= [ 1) (K ale0).9)5, aPx ()

K"
H
This proves [(D)]

Note that, 3% (3,37, + M) = (357, + AI)J},. By rearrangement, we obtain (353, + \I)~'J% =
33(3,3% + AI) =", which proves (i)} Computing the adjoint of both sides of (ii)] yields|iii)}

Since K is a positive definite, symmetric, continuous and bounded kernel defined on a separable
domain (the Euclidean space), the integral operator 7, is a compact, self-adjoint and trace-class
operator. Consequently, 7., admits a spectral decomposition. Let (y, ef)zl be the eigenvalue-
eigenfunction pairs corresponding to the spectral decomposition of 7,. Then, we have that

@

To =D uf (ef ®r2(py) €f)

13
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Further, (ef)$°; constitutes an orthonormal basis of L?(Px) and we must have that uf > 0 and

Using the fact that 3% 7,ef = J57,(35ef) = S,(T%ef) and |
that 3, is also a compact, self—ad]omt and trace-class operator which admits the following spectral

decomposition
Z (J ef 3;4)
1]
Ve Vi

Based on these spectral decompositions of 7., and 3, we can readily derive that

o -y (jw e ) (S, 4 D)
Yo (Xp + M)~ =X, + )X
7,1’u;'p \/> \/> ? ’

1
jj,efHHw = (p7)2, we have

and
o0

To(Tp + M)~ Z

which completes the proof of [(iv)] andn
Further, the spectral decompositions of gx(7,) and gx(X,,) are given by

INTL) =D 9a(f) (ef @r2(py €f) + 92(0) l Z ef ®r2(py) f)]

i=1

(ef @rapyy ) = (To + AT,

and

ef Jse; Jie; Jiel
gr(uf : +9x(0) |1~ =
S (Tpon > (Vo
which readily demonstrate the compactness and self-adjointness of these operators.

Using the above expressions of gx(7,,) and gx(X,,), using the fact that 3,3%ef = p e and some
elementary rearrangements, we can obtain [(vi)] Computing the adjomts of both sides of [(vi)} we
obtain The commutativity properties [(vii1)| and [(ix)] are also readily apparent from the spectral
decompositions of g (7,) and gx(2,).

Finally, note that, for any f € H,, we have that
Yoo =77 Jgf
/K x)dPx (x)
:/K¢(7l‘) <K19('a QZ‘), f>7-[19 dPX(x)
[/K T) @c2(wy,m,) Kol )dPX(fﬂ)} f

= | [ Kot plo) s KOO D)iPx (o) £

which completes the proof of O

Lemma 2. For any representations ¢ : R? — R™ and 9 : R — RY, and positive definite, symmet-
ric, bounded and continuous kernel K defined on any Euclidean space, let K ,(-,-) = K(o(-), ¢(-))
and Ky(-,) = K(9(-),9(-)) be the unique reproducing kernels corresponding to the “pullback”
RKHS’s H, = H (K o (¢ x ¢)) and Hy = H (K o (¥ x ¥)), respectively. Given n i.i.d samples
{Xibioy ~ PR let Sy« Hy = R, f = =(f(X1),.... f(Xn))" and Sy : Hg — R", f —

n

ﬁ(f(Xl), s (X)) T be the corresponding sampling operators, and let S, R" = Hy, and

S5« R" — Hy be their adjoint operators. Define XALP = 8.8, to be the empirical covariance

14
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operator corresponding to the RKHS H, and XAJW = 8.8y to be the empirical cross-covariance
operator corresponding to the RKHS’s mapping from Hy to H,.

Further, define the empirical Gram matrices K, , and K,, y whose respective (i, j)-th elements are
the kernel evaluations for the (i, j)-th input data pair (X, X;), i.e., (Kn);; = K(o(X;), d(X;))
and (Knﬁ)ij = K(0(X;),9(X;)).

Then, both igo :Hy = Hy and Ky, : R® — R™ are compact, self-adjoint and positive semi-
definite operators. Further, we have that

(i) S R* = Hyoa = (ou, . Sap)T = ﬁ S K (- X))
(ii) +Kp o =S58,
(iii) Sp = L 370) Ko(, Xi) @90, Ko Xi) = 2 00 K(0(), (X)) @0, K ((), 0( X))

(V) Spo =230 Ko(+ Xi) @203 31, Ko (4 Xi) = L0 K(0(), 0(X2)) @22 (300 14,)
K((-),9(X;))

(v) Sp(SeSs 4+ M)t =S5 (2 Knw+ M)~ (XA)SD—#)\I)’lSj; = (838, + MI)7'S;
(Vi) (SpSi+AI)71Sy = (LK g + M) 1Sy = Sp(Sp + M) 71 = S,(S5S, + M)~
(vii) gA(2)3% = T595 (5 K )
) = (5 Kno) T
(ix) gx(2 )53 igog)\(gsa)
(x) gA(Kn o) Knp = Knogn (£ Knp)
(xi) Forany operator A:R" — R", Tr(S;AS,) = Tr(AS,S})

(viii) 3¢g>\(

Proof. For any f € H, and o« € R", we have, by definition of S, and adjoint opera-
tors, <3Z04,9>H¢ = (a,Sp9), = ﬁZ?zlaig(Xi) = ﬁZLlai <K¢(';Xi)vg>7.[¢ =

<ﬁ S Ky (-, X)), g>?—t . This completes the proof of

The result in follows directly from the definitions of K, ,, S, and S. The rest of the proofs
follow the same techniques used to prove Lemmal[T] O

A.4 EXPRESSING THE UKP DISTANCE IN TERMS OF RKHS OPERATORS

Lemma 3. Let Y be the random real-valued response corresponding to the input X generated
from the nonparametric regression model Y = n(X) + €, where € is mean-zero noise and 1(x) =
E(Y | X = z) is the population regression function of Y on X. For any A > 0, consider a
spectral regularizer g that satisfies Assumptions|(A1)} [(A2)} [(A3)], |(A4)|and|(A5)|with C; < 1
and g»(0) > 0.

Given a representation ¢ : R® — R™, and positive definite, symmetric, bounded and continuous

base kernel K defined on any Euclidean space, let o, be the population kernel ridge regression

estimator of the regression function 1 using the pullback kernel K, (-,-) = K(p(-),¢(-)), defined
as

ag, —argminE[Y — (O] + | (9:(2,) " = ) | i ©®)

gx
feEH,

can be expressed as o, = 9 (Zy )3:,77 € H,. Consequently, as an element of H,, embedded into

L?(Px), o, can be expressed as

T8 = Togn(Sp)Ton = Toga(To)n = ga(T,) Ton € LP(Px). (6)
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In particular, when the chosen spectral regularizer is the Tikhonov regularizer gT‘k( ) = mi < we
can express the solution to Equatlon@as
af = g = argmin E[Y — fF(X) + A f[5,, = (Zp + A1) 35n (7)

feH,

Consequently, as an element of 7, embedded into L?(Px), of can be expressed as

o0 =T6(Zp + M) TG0 = To(To + A"y = (T + AD) " Ton € LP(Px). ()
Proof. Consider a fixed population regression function n(xz) = E(Y | X = z) corresponding to a
fixed joint distribution Pxy of (X,Y") with marginal distribution of X as Px. Note that, under the
given conditions on the spectral regularizer g and the kernel K, g (X,,) is an invertible, self-adjoint

and positive-definite operator, while g)(2X,)~! — X, is a self-adjoint and positive semi-definite
operator.

Now, for any f € H,,, we have
BV~ SOOP +] a2 - 2|
B [Y (Ko X0, ] (00 = S (50 - B,
=E(Y?) = 2B [V (£, Ko (, X))y, | + B [(F Ko X)), |+ (F (00(Z0) " = Zo) )
—E(Y?) = 2 [n(X) (£, Ko (, X))y, | +E(F [Ko (- X) @10, Kol X)) 1),
+(f(9a(Be) ™ = Be) )y

:E(YQ) -2 <f7 j:;n>;_[¢ + <f7 Zipf>?.[¢ + <f? (gk(zw)_l - th)f>7_£
:E(YZ) -2 <f7 32;77>Hw + <fv (Ew + gk(zw)il - Ecp)f>ﬂv

) o ),

@

®

@

%}

®

1 1.

:E(Y2)+H9A(E¢)_%f—g,\( )23 nH —ng( 2J 77‘

Therefore, the kernel ridge regression estimator of 7 using the representation ¢(.X ) and the pullback
kernel K, is given by

2

. 2 — 1 ~k

af =argmin E[Y — f(X)]” + H(g,\(ch) L E@?fH = QA(Zap)Jw? € He.
feH, M,

Usmg the inclusion operator J,, we can embed o in L?(Py). Using this fact, together with Parts

[(vi)] and [(ix)] of Lemmal[T} we have that
Jo08 =T (S + M) T = T (T + M) "'y = (T, + AL "' Ton.

In particular, when the chosen spectral regularlzer is the Tikhonov regularizer g1 '*(z) = ﬁ, we

can readily observe that g\(X,) = (X, + AI)~! and g5(2,) " — ¥, = Al. Substituting these
expressions into the derivation of the closed form expression of «f, above leads to the closed form

solution for ozf = aZ;T“‘ and yields the desired result, . O
A

Remark 2. The population kernel ridge regression estimator of the regression function 7 usmg

the pullback kernel K(-,-) given by af = gx(¥,)T;n and its L?(Px) embedding Joaf, =

Togx(To)n = g (7:0)7' 7 is defined not only when the kernel regression problem in Equation 6] is

well-posed (i.e. g,\(ZW)_ — X, i positive semi-definite, which is equivalent to convexity of the

L2
RKHS norm based penalty H (gr(Zy) 7t = Egp)ffHH ), but is well-defined in even more relaxed
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settings when the regularized kernel regression problem is ill-posed. In general, of, and af can be
interpreted as a low-pass spectral filter applied to the true regression function n that damp out the
contribution of 1) along the “low energy” or less important eigenfunctions of ¥, (energy being a
measure of the strength of alignment of 1 with a particular eigenfunction and is proportional to the
magnitude of the corresponding eigenvalue) and retain/emphasize the contribution of n along the
more the important eigenfunctions of ¥, (See Sections 3 and 4 of|Gerfo et al.|(2008) for a detailed
discussion).

For any )\ > 0, consider a spectral regularizer g, that satisfies Assumptions|(A;)}[(A2)}|(A3)].[(A4)|
and with C; < 1 and g»(0) > 0. Given two representations ¢ : R? — R¥ and ¢) : R? — R,
and positive definite, symmetric, bounded and continuous base kernel K defined on any Euclidean
space, let 0435A and o/,f’X be the population kernel ridge regression estimators of the regression function
7 using their respective pullback kernels Ky4(-,-) = K(¢(-),#(-)) and Ky (-, -) = K(@(-), ¥ (")),
defined as

ag, =argmin E[Y — f(X)]* + | (9:(54) ! ©)
fEH,
and ,
oy, =argminE[Y — F(X) + || (02(Z4) 7 = Zo) ] (10)
fEH Y Hy
In particular, when the chosen spectral regularizer is the Tikhonov regularizer g} ¥ (z) = p + X let

a and 3 be the population kernel ridge regression estimators of the regression function 7, given
by

af:argmin]E[Yff(X)]ZJr)\HfH?% (11)
f€H¢
and [V . 2 2
ay =argminE[Y — f(X)] —1-)\||fHHw7 (12)
feEHy

respectively. The prediction loss being the squared error loss, Ozg’A and a;ﬂ depend on the distribution
of Y only through the population regression function 7. We suppress this dependence on 7 in the
notation for convenience and clarity.

We now define the kernel ridge regression-based pseudometric between the two representations of
the input ¢ and v, based on the difference between predictions for Y uniformly over all regression
functions 7 € L?(Px) such that its L?( Px ) norm is bounded above by 1.

Definition 3. For any A > 0, choice of kernel K (-, ) and choice of spectral regularizer gy, the UKP
(Uniform Kernel Prober) distance between representations ¢(X ) and (X)) is defined as,

A e (60) = swp (Efaf (X) —af, (0]7)"
HWHL2(1::X)§1

where 0425A and algﬂ are defined in Equations@and respectively.

Theorem 7. For any \ > 0, consider a spectral regularizer gy that satisfies Assumptions

[((A2)l|(A3)|, [(Aq)|and|(As)|with Cy < 1 and gx(0) > 0. Further, assume that the base kernel K is
defined on any Euclidean space and is positive definite, symmetric, bounded and continuous. Then,

the UKP distance dU koo (0, 1) between representations ¢(X) and 1(X) can be expressed as

Ao poo (0,0) = lga(T) Ty — INTE) Tyl oo (12 Py )
=T69x(Ts) = Toga(To)ll oo (12 Py
=[[369x(%0)75 — ngA(Zlb)jZ}HLw(L?(PX)) :

le( )

In particular, when the chosen spectral regularizer is the Tikhonov regularizer g the

UKP distance dl)f,Klg,cw (¢, ) = dU}(}; K. poo (¢, ) can be expressed as

dxe coe (6,0) = |(To + M) Ty = (T + M) 7T || oo 12y
=|175(To + AD™" = Tu(Ty + /\I)_leo L2(Px))
.= ||j¢(2¢ + )\I)_ljz — jw(zw + )™ Loy

1
- +N

|£°°(L2(Px))

17
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Proof. Under the conditions imposed on the spectral regularizer g, and the base kernel K, the pop-
ulation kernel regression estimators a¢ and oz_g’X as defined in Equations EI andmand used in Def-

1n1t10nare explicitly given by af i - = gx(2¢)Tyn and aw = gx(Zy)J;,n, with their correspond-
ing 12 (Px) embeddings being 3505, — Tog (Ta)n = 9a(To)Ton and 350t = Tuga(Tu)y =
9 (Ty) Ty, respectively. Consequently, for any fixed n = E(Y | X) € L?(Px), we have that

B [o, (0) =, (0))° = [ [, () = a3, ()" dPx (o)

~ ~ 2

= HJ¢O¢$/\ - Jwa;ﬂ HLQ(PX)

=l (T3)Tom = o (To) Til| 2 o,
=97 (Ta)To = o (To) Tol 0l 72y

Finally, using the definition of the operator norm of [gx (73) 7, — g (Ty)Ty] together with Parts [(vi)|
and [(x)] of Lemmal[I] we obtain that

|

A pee(0,0) = sup (IE [ (X) — 5,\(X)]2) 3

HnHLz(pX)Sl

= sup |loa(Te)Ts = oa(Te) Tel nll L2 py

”77HL2(pX)S1

=lga(Te) Ty — gx(ﬁ)TwHLw(Lz(pX»
=[T39x(Ts) — %QA(,EZJ)”goo(Lz(pX))
= ||j¢g>\(2¢)jz5 — ngk(xw)jz‘;}“gw(LZ(Px)) .

In particular, when the chosen spectral regularizer is the Tikhonov regularizer ngk( ) = H#/\,

obtain the required result for d{5f ... = duﬁ K,Coo"

we

O

Remark 3. A very specific case of our proposed pseudometric d K rp» hamed the GULP dis-
tance, was analyzed in|Boix-Adsera et al.|(2022). However; the authors of Boix-Adsera et al.|(2022)
inaccurately derived GULP to correspond to a Hilbert-Schmidt norm, when it should actually cor-
respond to an operator norm. This stems from the fact that, in the proof of Lemma I in Section A.1
of | Boix-Adsera et al.|(2022) (Page 14 of both the NeurlPS version Boix-Adsera et al.|(2022) and the
ArXiv version ), the squared GULP distance is expressed as the supremum of an expectation (as we
do in Definition[l) but they erroneously interchange the supremum and the expectation. By Jensen’s
inequality, the resulting quantity after this interchange can be shown to be greater than or equal to
the definition of GULP distance. We claim that the distance actually analyzed in|Boix-Adsera et al.
(2022) corresponds to making the speciﬁc choices of p = 2, spectral regularizer g = g, and the
linear base kernel K = Ky, (z,y) = 2Ty in our proposed UKP distance dUKK o

A.5 PROPERTIES OF THE UKP DISTANCE

For any p > 1, we will use ||-|| v (s) to denote the p-Schatten norm of any operator mapping from

its domain § into itself. In particular, for p = 1,2 and oo, the p-Schatten norm corresponds to the
trace norm, Hilbert-Schmidt norm and the operator norm, respectively.

Using the monotonicity properties of p-Schatten norms (See Proposition 2.1 of [Pfeiffer| (2021))) we
can develop a hierarchy of distances (pseudometrics), which we call generalized UKP distances,
corresponding to the choice of the Schatten norm ||-[| 2, 12 p, ) for any p > 1, defined as follows:

Definition 4. For any \ > 0, choice of kernel K (-,-),choice of spectral regularizer g and p > 1,
the (gx, K, p)-UKP (Uniform Kernel Prober) distance between representations ¢(X ) and (X) is

defined as,
Ui(l;( Lr (¢ w) ||g)\(7:¢>)7:1> - g)\(%)n||gp(L2(pX)) )

18



Under review as a conference paper at ICLR 2026

where Ty and Ty are the integral operators corresponding to the pullback RKHS’s Hy and Hy,
respectively.

Further, the following theorem also serves to show that the (g, K, p)-UKP distance satisfies the
axioms of a pseudometric for any valid choice of |-|| -, (L2(Py)) @nd spectral regularizer gy.

Of particular importance is the choice p = 2, which corresponds to the Hilbert-Schmidt norm, since
it leads to a pseudometric which can be efficiently estimated using i.i.d samples from Px.

Theorem 8. Assume that the setting of Theorem|[7| holds true. Then, for any 1 < p < oo, we have
that

Ao, co0 (9:0) < dy e £0(9,0) < dy e £1(6,9) (13)
Further, the dgfl}(’ 0 (@, 0) distance satisfies the following properties:
1. For any function ¢ : R* — R* for some k € N, dgf’]}{ﬁﬁp (¢,0) =0,

2. (Non-negativity) For any two functions ¢ : RY — R¥ and ¢ : R? — R! for some k,1 € N,
dg e 20 (6,9) 2 0,

3. (Symmetric) For any two functions ¢ : R? — R¥ and ¢ : R* — R! for some k,l € N,
dgil}ﬂﬁp (¢a 1/1) = dgf};gﬁp (1/1; ¢))

4. (Triangle inequality) For any three functions ¢ : R* — RF, 1) : R? — Rl and ¢ : R —
R™ for some k,L,m € N, d0K% 1, (¢, 0) < dUK% 1, (6, ) + A5 L, (10, 0)).

Hence, dg{’]k 0 (0,) is a pseudometric over the space of all functions that maps R? to some
Euclidean space R for any t € N.

Proof. Equation and the 4 pseudometric properties readily follow from the expression of
Ay o (9,9) in Deﬁnitionin terms of the p-Schatten norm of [gx (73) 75 — gx(Ty)Ty] and using
the properties of p-Schatten norms as given in Proposition 2.1 of [Pfeiffer| (2021). [

We now analyze the invariance properties of the pseudometric dgff}(’ r» and identify the transforma-
tions of the representations ¢ and v that leave its value unchanged. Based on the following theorem,
we can identify representations that UKP treats as equivalent in terms of prediction-based perfor-
mance for a general collection of kernel ridge regression tasks corresponding to a particular kernel
K.

Remark 4. One of the most novel aspect of our contributions is the exact identification of the
mathematical relationship between representations that lead them to have the same generalization
performance. To be specific, the GULP paper derives in their Theorem 1 and Theorem 2 that two
representations and are equivalent from the lens of the GULP metric if and only if one can be ex-
pressed as an orthogonal linear transformation of the other. However, the authors of the GULP
paper do not discuss why orthogonality of representations plays such a crucial role in their results.
Our results clearly show that the source of the appearance of the orthogonality condition is the
choice of the similarity function in the GULP paper, which is the linear kernel . We are able to
delineate the exact relationship between the choice of invariance and the choice of the kernel, thus
extending their results to a much broader domain. Further, the proof techniques used to prove the
invariance properties of the GULP metric in Theorem 2 are specific to the case of the linear kernel
and rely on complicated manipulations based on linear algebra theory (such as analyzing homoge-
neous Sylvester equations). In contrast, our proofs for the invariance properties of the UKP metric
use standard and systematic functional analysis techniques in RKHSs. Therefore, the proofs are eas-
ier to understand and generalize the results available in the GULP paper. Moreover, we emphasize
that no closed-form expression of the population version of the pseudometric was given in the GULP
paper. The authors of the GULP paper only provided the closed-form expression of the estimator of
the pseudometric, and that too only for the linear kernel. Therefore, the preliminary KRR discussion
in the GULP paper considers only a specific case of the plug-in estimator we propose in our paper,
and express in a more computationally tractable form in terms of Gram matrices.
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Theorem 9. Assume that the setting of Theoremg]holds true. Then, for any p > 1 and X > 0, given
any two representations ¢ : R4 — R* and 1) : R? — R! we have that

Ao o (0,0) =0 ifand only if Ty = Ty. (14)

Further, let H be the class of transformations under which the kernel K is invariant, i.e., H =
{h:K(-,-) = K(h(-),h()) a.e. Px}. Then, the UKP distance d, 'y ., ($,1) between represen-

tations ¢(X) and (X)) is invariant under the same class of transformations that the kernel K is
invariant for, i.e., for any hi, ho € H,

dgA K,CP (hl op,hao 1;[}) = dgf,l}(vﬁp (¢a 111))

and if either hy or ho does not belong to ‘H,
dgA K, cr(h1od,haot)) # d[;f,];(,z:p(@ V).

Consequently, a necessary and sufficient condition for the UKP distance dUX o K 0 (0, 1) between
representations ¢(X ) and (X)) to be zero is that K4(-,-) = Ky(-,-) a.e. Px.

Proof. The sufficiency part of the claim in Equation [I4]is trivial. For the necessity part, we observe
that, by the definiteness of p-Schatten norms (follows readily from the definiteness of 1-Schatten
norm i.e trace norm, see Lemma 8 of Chapter 3 of |Schatten| (2013))), we must have that

92 (T6)Ts = gr(Ty) Ty (15)

Under the given conditions on the kernel K, the integral operators 74 and Ty corresponding to
the kernels Ky and K both admit spectral decompositions. Let (uf, ‘f’) and (uf, ;Z’)
i=1 =1

be the eigenvalue-eigenfunction pairs corresponding to the spectral decomposition of 7, and ’m,
respectively. Then, we have that

o
To=_u (6? Br2(Px) 6?)

=1
and
To =Y ) (e @1ame €] ) -
j=1

Since K is a positive definite, symmetric, continuous and bounded kernel defined on a separable
domain, 74 and 7, are compact, self-adjoint, trace-class operators. Therefore, we must have that

,u?,u}b > 0 and lim; ,uf = lim; u;’./’ = 0. Further, (ef’)j’il and (e;{});?ozl constitute a pair of
orthonormal bases of Ran(7;) and Ran(7y,), respectively.

Consequently, it can be readily verified that

Ty = ZH?Q/\(#?) (6? QrL2(Px) 6?)
i=1
and
aNTe) Ty =D 1 gr(n?) (ef ®r2(Py) e}”) .
=1
Therefore, we must have that

97 (T5)Ts = 9x(T) Ty

oo

o0
= S ulond) (¢ @y €f) = Zu}% i) (ef @rap ). (6)

i=1
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Define ¢;; = <ef,e?> 2(Py) for all 4, j. Further, define V; = {j € N:¢;; # 0} for all ¢ and
L2(Px

Wj :{iENZtij #O}forallj.

Now, taking the L?(Px) inner product of both the RHS and LHS of equation |16 with e}b, we have
that

> uloa(udtizel () = pl g (el (). (17)

i=1
Taking the L?(Px) inner product of both the RHS and LHS of equation 17| with ef, we have that
1 g ()t = 12 ga (1l Vg
=ty (Hlor () = wf9r () ) = 0. (s)

Taking the L?(Px ) inner product of both the RHS and LHS of equation [17|with e}f, we have that

d) . .
ifj =k
Zm (i) istan = {ua gy ) if j

P 0,ifj #k
ifj=k
=D et {“ﬂf’f*(’% T (19)
iEW;NWy 10
Using equation [I8and equation[T9] we have that
o)) | 0 th -1 = (20)
i€W;
and, if j # k,
o) (> it | =0. @1
iEWjﬁWk

Therefore, from equation [20]and equation 21] we obtain that
> th=1 (22)
icw;
and, if j # k,
Z tijtie = 0. (23)

iEWjﬂWk

In exactly analogous manner, we can also obtain
=1 (24)

JEV:

and, if i # k,

> itk =0. (25)

JjEViNVy
Note that (e?’) ©, can be extended to obtain an orthonormal basis for L?(Px). Let B =
{U;’ile?’} U {U =17 } be the resulting orthonormal basis of L?( Py ) obtained by said extension.

Now,

SNCOIEEONCE IR @)

j=1

21



Under review as a conference paper at ICLR 2026

Therefore, using equation and equation [24{along with the orthonormality of (ef)g’i 1> we have,

7] my =
L2(Px)

i
> 2 e 2
= Z<ef,e}p> +Z<ef,zlw> =1
j=1

=1

oo

2

— tfj+z<ef,zl¢> =1
= =1

— <e¢ zlw> = (O for all I and i.

Hence, for all 4, ¢/ € Span {e}b,j € N}. Consequently, 7:1,9)\(7;,)6?} = 32 o (ud)tiel €
Span {ef,i € N} C Span {e}p,j € N}.

Now, using equation 23]and equation [I8] for any j # k, we have

o
b — ¢ AYIRS
(TonTa)elel) o, = Do mlor(udistin

i=1
= Z g (udVtijtin

ieW;NWy
= oa(uy) D tita
’LEWjﬂWk
0.

Finally, using equation [20]and equation[I8] we have that
(oo (To)el el = uloud),
L2(Px)

= Z N?QA(N?)t?j

ieW;
=uyoa(ny) Dt
ieW;
=13 9x (1)) > 0.
Therefore, 7:1,9)\(7;5)6? = Mg’g,\(u}b)e}” for all j. Therefore, all the eigenfunctions of Ty gx(7y)
(and hence those of 7Ty,) are also eigenfunctions of 7 gx(7) (and hence those of 7). By symmetry,

all the eigenfunctions of 7 are also eigenfunctions of 7. Therefore, 7, and Ty (equivalently,
Togx(Ty) and Ty gx(Ty)) have exactly the same eigenfunctions.

Consequently, equation[T6|can be now written as
97 (T5)Ts = gx(Ty) Ty
= > nlonu)) (6? ®r2(px) 6?) = > nioan) (ef’ ®r2(px) 6?) : 27)
i=1 =1

Taking the L?( Py ) inner product of both the RHS and LHS of equation [27|with ef twice and using
the injectivity of x — xgx(x) over x € [0, k], we have that, for any i,

1l ga(ud) = 1l g ()
=l =pl.
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Therefore, we must have that the integral operators 7T and 7, have the same spectral decomposition.
Consequently, we must have that

To =Ty (28)
This concludes the proof of the necessity part.

Equationis equivalent to the following condition : For any f € L?(Py),

/[K¢(~,x)f(x)dPX(x) — Ky(-,2)] f(z)dPx(z) = 0. (29)
Consequently, Equation 28]is equivalent to the condition Ky(-,-) = Ky (-, ) a.e. Px.

On the other hand, if K4 and K differ on a set of positive measure under Px, then clearly 7, and
7Ty define two distinct operators. Using the injectivity of 2 — xg(z), this ensures that Tygx(Ts) #
Tp9x(Ty), leading to dJ¥ -, (¢, 1) > 0. This completes the proof of the required result. O

UKP
A.6 PROPERTIES OF dgA K.c2

Theorem 10. Assume that the setting of Theorem 7| holds true. Then, for any \ > 0, the squared
UKP distance dSKI}{ 2 (0, %) between representations ¢(X) and (X)) can be expressed as

(U572 (,9)]” = Tr (97(S6) 2692 (E6)S6) + Tt (9(Z0)Ep0r(S0)Sp) — 2 Tr (9 (£6)Sop9a(S4) ) -

le( )

In particular, when the chosen spectral regularizer is the Tikhonov regularizer g the

m+/\’
squared UKP distance dE\JK}E £2(®,9) can be expressed as

[d9E 1a(6,90)]” = Tr (E;Az(szm) 4T (E;Azwzjm) oy (E;Azwz;@w) .

Proof. Using Definition E| and the results of Lemma m we have that the squared UKP distance

A% 22 (¢, 1) between representations ¢(X) and ¢)(X) can be expressed as

[0 2 (6.0)] = 107(To)To — 00 (T To s gy
= 1T597(76) = Toan(To)lZ2 (12(py))
=|T591(2¢)7;, ngx(zw)jlnizw(px))
= (3697(56)35: 3697 (20)35) 12 2 (pyyy + (Fw9r(B0)T0 Tpgr(B0)T0) 212y
—2(T597(3)75, Jwgz\(zw)"w>ﬁ2(L2(Px))
=Tr (gx(Z¢)Eggr(Eg)2g) + Tr (QA(Zw)Eng(Zw)Ew) = 2Tr (g2 (Xg) Egpgr () Ee) -

When the chosen spectral regularizer is the Tikhonov regularizer gT‘k( ) = + — the UKP distance
dg”?; 20, ) = de,i K.C? (¢,7) can be derived from the above computation. O

A.7 ESTIMATION OF dUKP K.C2 AND FINITE-SAMPLE CONCENTRATION OF THE ESTIMATOR

Using the plugin-estimators 53¢, 5]1/,, iw and flw for estimating their corresponding popula-
tion counterparts, we can obtain a V-statistic type estimator for dUK K.co based on i.i.d samples
Xi,...,X,, drawn from Px, and is given by

;’f% 2(6:9)
1
= [Tr (g (X6)Zpgr(56) ) 4 Tr (9a(E4)Zpga(Xy)Ty) — 27T (QA(Z¢)E¢w9A(Z¢)2w¢)](23(~))
Using the results in Lemma [2] one can prove an equivalent expression of the estimator

d;’f’}( 2(¢, 1) in terms of the kernel Gram matrices K, 4 and K, ,;, which is more useful in prac-

tice and implementation.
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Theorem 11. For any A > 0, the V-statistic type estimator @JKI}( 2(0,9) of dgf}}(,w(@ V) be-

tween representations $(X ) and 1(X) can be expressed as

“;i“k 2(6,0)

1 1 1 1
= [Tf (ngk( n. +ADKnggr (- Kng + /\I)> +Tr (Kn,ng(nKn,zp A K pga(— Knp + M))

1
2

1 1
—-2Tr (Kn,qbg)\(nKn,¢Kn,wg)\(nKn,¢)>:|

When the chosen spectral regularizer is the Tikhonov regularizer ngk( ) = the estimator

dS8E 12 (6,0) of dSSE £2(, ) is given by
A% £2(6.9)

= [Tr (Kn,6(Kn,g +nX) 'Ky (K + 1)) + T (K (K, + 1) 7 Ky g (K +nA) ™)
— 2T (Ko (Eopgp + 0N~ Ky (K + nAT) )] 7

_1
T+’

We are also able to prove a finite-sample concentration inequality for the estimator Jﬁ\”{;{) 2(0,0)

for A > 0 that demonstrates that the statistical estimation error of d§}¢ .. (¢, ) converges to 0 at
the parametric rate n~2, where n is the sample size. For simplicity, the concentration inequality is
derived for the specific regularizer that corresponds to kernel ridge regression (Tikhonov regulariza-
tion), but similar rates of convergence (in terms of sample size n) will hold for other choices of the
regularizer g, with possible different dependence on .

Proof of Theorem

Proof. Note that for any =,y € R%, i;/\ [Ky(- @) @3, Kg(-,2)] ﬁ);’\ Ko(-y) @, Kol y)]

2
Kys(-,y) > and eigenfunc-
He

Similarly, ¥, [Ky (-, 2) @, Ky (7)) S50 [Ky(y) @, Ky y)]

PN .
is a rank-one operator with eigenvalue <E o Ko(h2), X,

. SIAK ()
tion %
HE¢AK¢('7‘T)||H¢

A A A A
is a rank-one operator with eigenvalue <Zw2K¢(~7x),E¢

5K (@)

e—e——+— Furth
HZ;AKM',E)HHU} Hret

XAI;A [K¢(~, x) ®£2(H¢7le K¢(~,x)] X 2;]1;)‘ [Kw(~,y) ®£2(H¢;H¢) K¢(~,y)] is a rank-one oper-
ator with eigenvalue <XAI;§K¢(-,33),2;5K¢(-,y)>?_[¢ X <i;§K¢(-,x),i;§K¢(-,y)>H and

v
5, Ky (5m)

elgenfunctlon m .

Using these facts, we have that the squared V-statistic type estimator of dY5¢ can be expressed as

Let us define the following quantity

(% (5,09

ZiZR Xi>,z¢3K¢<-,Xj>>%—<zwéKw<-,Xi>,zw3K¢<-7Xj>>m]2
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2 A N
which is {d}mp (¢, w)} with X4 and X4 replaced by 3, and X, respectively. We utilize the triangle
2
inequality to bound the difference between the squared V-statistic type estimator [dHKP (¢, 1/))} and

the squared population distance [dUKP (¢, 1/))} as follows:

‘ (3% (6.0)] — [d8%¢ (6. ))’

2 2 2 (31)
<Hci‘£“’ (6.0)] = [ (6,v)] ’+Hd‘£‘“’<¢,w)] — [d558 (6,0)]”
A B
We now proceed to bound A. Let us define
N A A A
Al]d) = <Z¢ K¢('vXZ)7E¢2K¢('7X])>H y
¢
_ _A
Aijp = <E¢ TKy(,X5), 8, 2K¢("XJ)>H¢ :
. 2 A2
Ay = <2w PR, X0), 5, 2K¢(-,Xj)>H ,
P
_2 _2a
Aijor = (5 Ko, X0, 55 Kol X))
Hy
Then, we have that
| Ao = 1o X0, = [£52 s
ij,p| = d\"y g Hy é Lo (Hy) =5
Similarly, we can show that ‘Aij)w‘ < £,|Aij gl < 5 and [Agj 4] < 5. Now, we have that
’Aim - Az‘m‘ = '<K¢('7Xi)v (if - E?) K¢('7Xj)>%‘
<k|2*— H §/<;H§A]7)‘—Ef)‘ .
¢ d’ l:x(’Hd;) 4) ¢ LZ('Hd))
Similarly, we have that
Aijy — Az‘j,w‘ = ‘<Kw(wX¢), (i;)\ - EJA) Kw(',Xj)>Hw'
< /<;Hff)‘ — H < /1’ N oA .
L VIO AR Vo TCTY
Note that,
$-X _ 7,\H
¢ T ()
~ -1 . -1 /.
= (B 421) " CotAD s+ A0 = (S A1) (S +00) (S +AD !
L>(He)
= |55 [Ze + A1) - (2 AI)}E‘AH
(Xg + M) 6T P (S
] TR Lt P Ly
Lo°(Hg) £°°(7'l¢>) L=(Hg)
B = % o [e - 2]
_)\2 H o=y £o°(Hy) — )\2 6= T L2(Hy)
Si '11,’24—2*A <L2—2H <iz—i‘ .
B e T R e Rl I VS1ET
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Therefore, we have that

A= nlii[( .6~ mw) —(Az‘m—Aij,w)z]

Zn: z": [(Az‘j,as - Az‘j,w) — (Aijg — Aij,w)} [(Aij7¢ - Az‘j,w) + (Aijp — Aij,w)] ‘

. . 2k 2k
R T e I LI G by
¢ [ L(Hy) P P L£°(Hoy) by A

SEY
= -

+E ==
¢ Ham% Y Ml ()

o]

£2(H L2Hw}

(32)
Let us define Z7" = Ky4(-, X;) ®wn, Kg(-, X;). Then, Z%’s are i.i.d random variables, E(Z?) = b
and $3y — B, = LI, [20 — E(Z))] - Similarly, et us define 2" = Kou(+, X:) @3, Ko (-, X2),
Then Zf’s are i.i.d random variables, ]E(Zzp) =Y, and Xy — %, = Iy [Z#’ — E(le)}

3

Note that,

|2

Further,

E|z —E(Z?)\

- Z‘¢Z‘¢> = (Ky(-, Xi), Kg(+, Xi))y,, = Ko(Xi, Xi) < k= B.
£2(Hg) < i 4 £2(Hy) < ¢(7 z); qﬁ(, ’)>H¢ ¢( is z)_/i

2

_ ¢ ¢ _ ¢ 0
L2(Hy) E KZ’ 2 >L2(H¢):| <E¢’E¢>£2(H¢) < E [<Zz i >£2(H¢)]
—F [<K¢(.,Xi) } Ko(X5, Xi)?] < K2 = 02,

<_

< < K2 =62
L2(Hy)

~Ez).

Similarly, we can show that ‘
L£2(Hg)

Note that since K (-, -) is bounded and continuous,4 and #,, are separable Hilbert spaces. Now,

using Bernstein’s inequality for separable Hilbert spaces (Theorem D.1 in |Sriperumbudur & Sterge

(2022))), we have that, forany 0 < § < 1,

. 2k log(8 2k2log (8
156 - | s Znlosly) | J2e7los(5) | 0
L2(Hy) n n 3
and
2/@ log($) 2k2 log(9) 5
Yy — ’ J <<
H v =B L2(Hy) n + n -3

Therefore, we have that, forany 0 < § < 1,

5 2 2| 8k2 | 2rlog(9) 2k2 log(9) 20
P (a8 0] - (8 0] | 2 S5 2] 2@ ) 20
We now proceed to bound B.
Let us define
2
1 A _2 _2a _2A
by == [<z¢ Ko X0), 5, 2K¢(.7Xj)>% — (3 (X0, 5 R Ky ,Xj)>HJ
1

2
— [Aijp — Aijp]”
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Then, clearly, we have that (b;;); j=1,i»; 8 are i.i.d random variables. Similarly, (bii);_, are iid

[d”“" <¢ ¥)]”
random variables. Further, E(b;;) = =1 if i # jand |b;;| < 2 [|Aij6| + | Asj, ol? < ;12” 5

for any i, j. Therefore, [E(b;;)| < E |b;;| < /\2 > for any 4, j and [dUKP (¢, qp)} < 4%2.

Now, we have that,
FUKP 2 n(n-— 1) JUKP 2
E [ (6,0)] = =0 (@0 (6,0)]" + nE(bi).
Consequently, [dUKP (6, w)} —E {CZ‘;KP (q’),z/z)} g B {d‘;}gﬁ (6, w)r — nE(by,). Therefore,
8k2

’[ aSE (6, 0))" — E [d§F <¢>,w>]z‘ <

Now, using McDiarmid’s inequality, we have that,

P(|[@e @) -e[& o]z 4 2lox(;)

IN
Wl

Therefore, we have that,

2 21
8 L 4y 2es(3)
n

01\0:

)

V‘R
S
S
IN
Wl >

Finally, we have that,

plais<® 2log(3)  [2log(5) | | 4x? |2 [2log(5)
A3 n n A n n

which completes the proof. O

A.8 BOUND ON THE SENSITIVITY OF RISK FUNCTIONAL FOR A PAIR OF REPRESENTATIONS

Theorem 12. Assume A\ > 0 and consider a spectral regularizer g\ that satisfies Assumptions
(A1)} [(A2)] [(As)|and ((A4)] Let R () =E {[ag, (X) —n(X)]*} be the squared-loss-regression
based risk functional corresponding to the kernel regularized population estimator of the regression
function n = E(Y'|X) using the pullback kernel K, and the spectral regularizer g corresponding
to any representation ¢ : R? — R Then, for any two given representations ¢ : R? — RF
and 1) : R* — R! with corresponding base kernel K, the sensitivity of the risk functional can be
bounded in terms of the UKP distance dUK K oo as follows -

IR () — R ()| <4 X dge oo (0,9) X 0172y (33)

In particular, when we choose gy to be the Tikhonov regularizer, the risk sensitivity bound can be
expressed as-

IR3 () = Ry ()| < 4 dSKE o (6,90)(0,90) X [l F 2y (34)
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Proof. Observe that,
Ro(n)

E {[ag, (X) = n(X))*}

|
|

593 (6)35 = Dl

(9

2
(T6359x(T5) — nHL2(Px)
(

1(T697(T6) = Dll7 2y

= (7:1) - ) 777 ”7>L2(Px)
=l (Togx(Ts) = D nllL2 ()
=ull?

where u == (Tpg9x(Ty) — I) n.
Similarly,

() =E {[og, (X) = n(X)]*}
=((Toor(T) =1 nm)
=l (Toga(Ty) = Dl (py)
=[lv]I*

where v := (Tygr(Ty) — I) 1.
Therefore, we have that

R (1) = Ry(n)]

= [llull® = Ilv?|
= [{u, u) = (v, )|
= [{u, u) + (u,0) = (u,v) = (v,0)]

u~+ v, u—v)|

(Togx(Ts) + Tpga(Ty) = 211, (Toga(Ts) — Twga(Te)) M) 2 (x|

|(u,
[(u+v,u) = (u+v,0)|
I
I

(S) | (Toga(Tg) + Tpgr(Ty) — 20 nll L2 (p)ll (Tega(Ts) — Tega(Ty)) nllz2(pPx)
I Taon(To) + Toga(To) — 21) |z (2P Inllz2(ps) |

X (Tpgxn(Ts) — Ty (Ty)l Lo 2Py 11l L2 Py )

< {17697 (To)l = a2y + 1Twgr (Tl waeay + 2} X dgilc e (8:0) X InlEa(ey)
< (1+1+42) x di¥% o (d,1h) x ||77||%2(PX)

— X AT (8,0) X [y,

where (i) follows from Cauchy-Schwarz inequality and (i¢) follows from the definition of operator
norms. O

A.9 THE INTEGRATED UKP PSEUDOMETRIC

Let (A, i) be a o-finite measure space (typically A C (0,00) ). Letw : A — [0, 00) be a measurable
weight function. Define the integrated UKP (squared) pseudometric-

2
o)1= [ w) [ @85 0 (6,0)]" (N
Its corresponding estimator is the A-integral of the closed-form function of the data-
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2

B 1c(6.9) i= [ W) [ cp(0,0)] ().
A

Assuming, Jp := [, Y2 u(d)) < oo, J5 = [, R u(d)) < 00, D2 (¢, 1) forms a valid
pseudometric and we can obtain similar results as in UKP .

A.10 COMPUTATIONAL COMPLEXITY OF dYkP .,

From the expression of the estimator dg]KI’; 2 in Proposition (5} it can be shown that its computa-

tional complexity is O(n?), where n is the sample size. Notably, the GULP distance proposed in
Boix-Adsera et al.| (2022) shares the same complexity. The primary computational cost arises from
inverting the Gram matrix, which can be reduced using kernel approximation techniques like Ran-
dom Fourier Features (RFF) or Nystrom approximation. For example, by using D RFF samples from
the spectral distribution of the kernel K or D subsamples from the n data samples in the Nystrom
method, the complexity of the UKP distance estimator d}lg 2(¢, 1) can be reduced from O(n?) to

O(nD? + D?), which is significantly lower than O(n3) when D < n. Exploring the tradeoff be-
tween the statistical accuracy of UKP distance estimation and the computational efficiency of kernel
approximation methods is a promising direction for future research.
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Figure 2: Clustering based on UKP distance is sensitive to differences in architectures of neural
network models.

B APPENDIX: ADDITIONAL EXPERIMENTS

In this appendix, we discuss the ability of UKP to identify differences in architectures and inductive
biases and provide additional experimental results.

B.1 ABILITY OF UKP TO IDENTIFY DIFFERENCES IN ARCHITECTURES AND INDUCTIVE
BIASES

A key source of inductive biases in neural network models is their architecture, with features such
as residual connections and variations in convolutional filter complexity shaping the representations
learned during training. As a pseudometric over feature space, the UKP distance is expected to
capture intrinsic differences in these inductive biases, which are known to impact generalization
performance across tasks. To explore this, we analyze representations from 35 pre-trained neural
network architectures used for image classification, described in detail in Section of the Ap-
pendix.

We estimate pairwise UKP distances between model representations using 3,000 images from the
validation set of the ImageNet dataset (Krizhevsky et al., [2012), a regularization parameter A = 1
and a Gaussian kernel with bandwidth ¢ = 10. The tSNE embedding method is then used to
embed these representations into 2-D space utilizing the distance measures given by the UKP pseu-
dometric. Concurrently, we perform an agglomerative (bottom-up) hierarchical clustering of the
representations based on the pairwise UKP distances and obtain the corresponding dendrogram. We
observe in Fig. [2| that similar architectures which share important properties, such as the Regnets
and Resnets are clustered together, while they are well separated from smaller efficient architectures
such as MobileNets and ConvNexts. This demonstrates that the UKP distance effectively captures
notions of similarity and dissimilarity aligned with interpretable notions based on inductive biases.
Further comparisons with baseline measures, such as GULP and CKA, presented in Fig. [O]in Section
of the Appendix demonstrate that UKP often provides superior clustering quality. We would like
to note here that the choice of the kernel function for the UKP pseudometric should be driven by
the nature of inductive bias that will be useful for the tasks for which the representations/features
of interest will be used. Additional discussion regarding kernel (and kernel parameter) selection is
provide in Section of the Appendix.
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B.2 MNIST EXPERIMENTS

Training details We have already described the architectures of the 50 ReLU networks we trained
for experiments using the MNIST dataset in Section[5.1] We used the uniform Kaiming initialization
(2015) for initializing the network weights for every network with a specific width and
depth, while the biases are set to zero at initialization. We used a single A100 GPU on the Google
Colab platform. We chose to use the Adam optimizer with a learning rate of 10~* and a batch size of
100 to train the 50 ReLU networks. We follow a training scheme similar to that used in[Boix-Adsera)

2022).

Distance matrix for UKP_RBF, A=1,0=1

Figure 3: Heatmaps representing UKP distance between pairs of fully-connected ReLU networks
of different depths and widths. We choose the kernel for the UKP distance to be the Gaussian RBF
kernel with bandwidth o € {1,107!,1072} along with the regularization parameter A € {1, 10}.
Along the rows and columns of each of the heatmaps, the ReLLU networks are first arranged in order
of increasing depth, and then in order of increasing width inside each specific depth level. Darker
colors indicate smaller value of UKP distance according to the scale attached to each heatmap.

Clustering of representations based on UKP aligns with architectural characteristics of net-
works We observe in Fig. 3] that a repeating block structure emerges in each heatmap, with each
block corresponding to networks with the same depth. Within each block, i.e., same depth, the pair-
wise similarities between networks with different widths are higher if the difference of widths of the
pair of networks is small, and the similarities are lower otherwise. Further, it seems that the relative
difference between networks with different depths is amplified (in terms of the UKP distance) if the
depths of the networks are larger. For e.g. the contrast between a width 500 and width 600 network
is higher when the depth is 9 for both networks, compared to the scenario where both networks have
depth 2. We also perform an agglomerative (bottom-up) hierarchical clustering of the representa-
tions based on the pairwise UKP distances and obtain the corresponding dendrograms as shown in
Fig. @] The dendrograms also exhibit separation between deeper networks (depths 7,8 and 9) and
shallow networks (depths 2,4 and 6) over a range of (A, o) choices for the UKP distance with Gaus-
sian RBF kernel. This indicates that the UKP distance is able to capture the relevant differences in
predictive performance that are induced by architectural differences in these networks, over a wide
range of values of its tuning parameters.

Generalization ability on kernel ridge regression tasks We consider the same setup as discussed
in Section Supplementing our choices of A = 1072 and ¢ = 10~ corresponding to synthetic
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Dendrogram for UKP_RBF,A=1,0=1 Dendrogram for UKP_RBF, A=1,0= 10t

[ —

Dendrogram for UKP_RBF, A=10,0=1 Dendrogram for UKP_RBF, A =10,0=10"*

Figure 4: Dendrograms corresponding to agglomerative hierarchical clustering of representations of
50 ReLU networks based on UKP distance

kernel ridge regression tasks with Gaussian RBF kernel, we now consider A &€ {10’2, 1} and
o € {107',1}. In Fig. |5| we plot the Spearman’s p rank correlation coefficient between the
errg,y’s as defined in Section [5.1and the pairwise distances between the representations using the
following distances - CCA, linear CKA, nonlinear CKA with Gaussian RBF kernel, GULP and UKP
with Gaussian RBF kernel.

When (A = 1072,0 = 107!) and (A = 1,0 = 10~!), we observe from Fig. [3] that the pairwise
UKP distance is positively correlated to a moderate extent with the collection of errg 4,’s, as evident
from the large positive values of the blue bars. In contrast, GULP distances show inconsistent
behavior across different levels of regularization, while CCA and linear CKA distances show a
much lower positive correlation with generalization performance (with CCA even showing negative
correlation when (A = 1,0 = 107!)). For the remaining choices, none of the distance measures
show any consistent behavior, which indicates that an increase in the number of samples used to
approximate the model representations may improve the performance of these distance measures.

Unsurprisingly, as a consequence of the relationship between CKA and UKP , as discussed in Sec-
tion[d.1] the performance of the CKA distance, when using the Gaussian RBF kernel (with the cor-
responding bars shown in red), is comparable to that of UKP with the same choice of kernel. This
similarity in the information conveyed by these two measures can be empirically observed through
their scatterplots and the Pearson product-moment correlation coefficient under various choices of
tuning parameters. As shown in Fig. [6 the nearly linear positive relationship between UKP and
CKA distances, when both are used with a Gaussian RBF kernel, along with the high positive cor-
relation coefficient, suggests that either measure could be effectively used in practice for comparing
representations. However, the UKP distance may be preferred over the CKA distance due to its
pseudometric properties, particularly the triangle inequality, which proves to be especially useful.
In contrast, CKA, being a measure akin to a normalized inner product bounded between 0 and 1,
does not satisfy the properties of a pseudometric and may lead to misleading intuitions when com-
paring different representations.
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Figure 5: Spearman’s p rank correlation coefficient between generalization of kernel ridge
regression-based predictors with various distance measures between representations. We report the
average correlation across 10 random synthetic kernel ridge regression tasks. Results are similar for

30 trials. Error bars are negligibly small and hence not visible.
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Figure 6: Correlation plots between UKP and CKA measures with Gaussian RBF kernel between
(520) pairs of ReLU networks trained on MNIST data. Plot titles display the Pearson product-moment
correlation coefficient between the distance measures on the two axes.
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B.3 IMAGENET EXPERIMENTS

Architectures used and data description In our experiments, we utilized 35 pretrained mod-
els known for achieving state-of-the-art (SOTA) performance in the ImageNet Object Localization

Challenge on Kaggle Howard et al.| (2018), available from [PyTorch| (2024). These models are cate-

gorized based on their architectural types as follows:

* ResNets (17 models): regnet x_16gf, regnet_x_1_6gf, regnet_x_32gf, regnet x_3_2gf,
regnet_ x_400mf, regnet x_800mf, regnet x 8gf, regnet_y_16gf, regnety_1 _6gf, reg-
net_y_32gf, regnet_y_3_2gf, regnet_y_400mf, regnet_y_800mf, regnet_y_8gf, resnetl8,
resnext50_32x4d, wide_resnet50_2

« EfficientNets (8 models): efficientnet b0, efficientnet_b1, efficientnet_b2, efficientnet_b3,
efficientnet_b4, efficientnet_b5, efficientnet_b6, efficientnet_b7

* MobileNets (3 models): mobilenet_v2, mobilenet_v3_large, mobilenet_v3_small
* ConvNeXts (2 models): convnext_small, convnext_tiny
* Other Architectures (5 models): alexnet, googlenet, inception, mnasnet, vggl6 .

The penultimate layer dimensions for these networks, corresponding to the representation sizes,
vary from 400 to 4096 depending on the architecture. Each model processes input data as 3-channel
RGB images, with each channel having dimensions of 224 x 224 pixels. To approximate the model
representations learned by these models using finite-dimensional representations, we used 3000 im-
ages from the validation set of the ImageNet dataset. These images were normalized with a mean of
(0.485, 0.456, 0.406) and a standard deviation of (0.229, 0.224, 0.225) for each RGB channel. Our
choice of models and input preprocessing parameters is similar to those used in [Boix-Adsera et al.|

(2022).

Distance matrix for UKP_RBF,A=1,0=10"" Distance matrix for UKP_RBF,A=1,0=10"3
xt nvnext

convne L i
mobilenet

vggle
mnasnet
neepiion
goggfenct

fexnet

efficientnet

Figure 7: Heatmaps representing UKP distance between pairs of networks of different architec-
ture, pretrained on ImageNet data. We choose the kernel for the UKP distance to be the Gaus-
sian RBF kernel with bandwidth ¢ € {107*,1072,107} along with the regularization parameter
A € {1,10}. Along the rows and columns of each of the heatmaps, the networks are arranged in the
following order from left to right and top to bottom - ResNets, EfficientNets, Other Architectures,
MobileNets and ConvNexts. Darker colors indicate smaller value of UKP distance according to the
scale attached to each heatmap.
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Clustering of representations based on UKP aligns with architectural characteristics of net-
works We are interested in observing whether the UKP pseudometric is capable of capturing in-
trinsic differences in predictive performances of different representations. Such intrinsic differences
are often the result of the different inductive biases we encode into networks through the choice of
architectures, among other factors.

We first discuss the main architectural similarities and differences between ResNet, RegNet, Ef-
ficientNet, MobileNet, alexnet, googlenet, inception, mnasnet, and vggl6, which are controlled by
how they address depth, efficiency, and feature extraction. Alexnet and vgg16 are older architectures
that use standard convolutional layers arranged in sequential blocks, with vggl6 deepening the net-
work significantly compared to alexnet. Googlenet introduced Inception modules, which combine
multiple convolution filters of different sizes to capture multi-scale features, making it more effi-
cient than alexNet and vggl6. Different Inception architectures have been built using the Inception
module of Googlenet. ResNet brought the innovation of residual connections (skip connections)
to address the vanishing gradient problem, enabling very deep networks, while RegNet refined this
concept by creating more regular, scalable structures without explicit skip connections. Efficient-
Net and mnasnet focus on balanced scaling (depth, width, resolution) and use of MBConv blocks
for efficiency, with EfficientNet employing a compound scaling formula. MobileNet, like mnasnet,
emphasizes depthwise separable convolutions for lightweight, efficient models suitable for mobile
devices. In terms of architectural similarities, resNet and regNet share a focus on structured deep
architectures, while EfficientNet and MobileNet share efficiency-driven designs for varied hard-
ware constraints. Alexnet, vggl6, and googlenet represent early convolutional architectures, with
googlenet’s Inception modules providing a bridge to more modern designs. In contrast, vgg16 and
ResNet are quite different, with vggl6 being sequential and deep, and ResNet leveraging residual
connections.

We observe in Fig. [7|that a block structure emerges in the heatmaps across different choices of the
tuning parameters for the UKP distance, especially corresponding to the 4 major groups of archi-
tectures ResNets, EfficientNets, MobileNets and ConvNeXts. We also perform an agglomerative
(bottom-up) hierarchical clustering of the representations based on the pairwise UKP distances and
obtain the corresponding dendrograms as shown in Fig. [§] The dendrograms exhibit a clear sepa-
ration between the ResNets/RegNets and the remaining architectures over a range of (A, o) choices
for the UKP distance with Gaussian RBF kernel. This indicates that, for the class of pretrained
ImageNet models we consider, the UKP distance captures the relevant differences in predictive per-
formance that are induced by architectural differences in these networks, over a wide range of values
of its tuning parameters.

To illustrate that the performance of the UKP pseudometric is reasonably robust to the choice of the
regularization parameter A and kernel parameters (such as bandwidth parameter o for the Gaussian
RBF kernel), we have compared the performance of UKP ’s performance with other popular baseline
measures such as GULP and CKA. As observed from Fig. 0] the separation between the different
classes of networks is more pronounced in the case of UKP than GULP. Additionally, the clustering
behaviour within the primary classes of networks is much weaker for the CKA compared to the
UKP and GULP measures, and the separation between the different classes is not clear in the case
of CKA.

Relationship between UKP and CKA measures The MNIST experiments, along with the theo-
retical analysis in section . 1] reveal a similarity between the information conveyed by the UKP and
CKA measures when both use the same kernel. This similarity is also empirically confirmed in the
ImageNet experiments, as demonstrated by their scatterplots and the Pearson correlation coefficient
across different tuning parameters. As illustrated in Fig. [I0] there is an almost linear positive re-
lationship between UKP and CKA distances when both utilize a Gaussian RBF kernel. The strong
positive correlation suggests that either measure could be effectively used for comparing represen-
tations. However, as previously discussed in Section .1 UKP may be preferred over CKA due to
its pseudometric properties, particularly the triangle inequality, which is especially advantageous.
In contrast, CKA, being a measure similar to a normalized inner product bounded between 0 and 1,
does not satisfy pseudometric properties and may lead to misleading interpretations when comparing
different representations.
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Figure 8: Dendrograms corresponding to agglomerative hierarchical clustering of representations of
35 pretrained ImageNet networks based on UKP distance

Choice of kernel function The choice of kernel function for the UKP pseudometric should be
guided by the inductive bias most relevant to the tasks for which the representations or features of
interest will be used. For instance, consider an image classification task where the model’s predic-
tions should remain unaffected by image rotations and translations. In this case, we can incorporate
this inductive bias into the UKP pseudometric by selecting a rotationally and translationally invariant
kernel, such as the Gaussian RBF kernel, as the kernel function for UKP. This approach is partic-
ularly useful for comparing the generalization performance of two representations: one obtained
through a training or optimization procedure that explicitly enforces rotational and translational in-
variance, and another trained without such constraints.

Furthermore, even when the true inductive bias is unknown, probing the nature of representations
encoded by different models can still provide valuable insights. In this context, the terms “well-
specified” and “misspecified” kernels refer, respectively, to choices of kernels for the UKP pseu-
dometric that either capture or fail to capture the required inductive bias for a specific class of
downstream tasks utilizing the representations or features of interest. Each kernel choice can be
viewed as a selection of particular characteristics of the representations that we aim to investigate.

If we have a set of characteristics in mind that we wish to probe, we should select a corresponding
set of kernels whose feature maps encode some or all of those characteristics and then analyze the
conclusions drawn from using each kernel as the kernel function for the UKP pseudometric. When
the kernels are “well-specified”, clustering representations based on UKP values can help identify
useful pairs of representations for specific downstream tasks. In contrast, when the kernels are
“misspecified”, the UKP values may still cluster representations with characteristics aligned with
the feature maps of the “misspecified” kernels. However, in such cases, the clustering will not be
informative for studying generalization performance on downstream tasks. Nonetheless, even with
“misspecified kernels”, the UKP pseudometric can still provide insights into the characteristics of
the representations, though its values will not reliably indicate generalization performance.
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TSNE embedding

(a) UKP (with RBF kernel, regularization param-
eter A\ = 1 and kernel bandwidth o = 10)

TSNE embeding

TSNE embedding

Dendrogram

Dendrogram

(c) CKA (with RBF kernel and kernel bandwidth
(b) GULP (with regularization parameter A = 1) o =10)

Figure 9: tSNE embeddings and dendrograms corresponding to agglomerative hierarchical clus-
tering of representations of 35 pretrained ImageNet networks based on UKP (with Gaussian RBF
kernel, regularization parameter A = 1 and kernel bandwidth 0 = 10), GULP (with regularization
parameter A = 1) and CKA (with Gaussian RBF kernel and kernel bandwidth o = 10) distance

Cross-validation or selecting an “optimal” value for the kernel parameters is not necessary in the
context of this paper, as our focus is on an exploratory comparison of the inductive biases encoded
by different representations. For example, consider a scenario where we hypothesize that rota-
tional and/or translational invariance are the key inductive biases required for good generalization
performance, as in image classification tasks. In this case, the Gaussian RBF kernel is a natural
choice. Since the Gaussian RBF kernel remains rotationally and translationally invariant for any
value of its bandwidth parameter—which controls the “scale” at which the kernel perceives the
representations—the UKP pseudometric should, in principle, capture the extent to which different
representations encode rotational and translational invariance, regardless of the specific choice of
bandwidth.

Of course, no experimental setup is ever exhaustive. In our study, we focus on datasets from the
image domain (MNIST and ImageNet) to illustrate two of the simplest and most fundamental in-
variances -rotational and translational invariance - which are relevant to most image-related tasks.
This consideration motivated our choice of the Gaussian RBF kernel as the kernel function for the
UKP pseudometric in our experiments.

Code implementation The Python code for running all the experiments in this paper is available

in the following Anonymous GitHub repository: https://anonymous.4open.science/
r/Uniform-Kernel-Prober-ICLR-2026-20792/, The code for comparing our proposed
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Figure 10: Correlation plots between UKP and CKA measures with Gaussian RBF kernel between
(325) pairs of networks with different architectures trained on ImageNet data. Plot titles display the
Pearson product-moment correlation coefficient between the distance measures on the two axes.

UKP pseudometric to other distance measures has been adapted from https://github.com/
sgstepaniants/GULP.
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