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Abstract

We develop two compression based stochastic gradient algorithms to solve a
class of non-smooth strongly convex-strongly concave saddle-point problems
in a decentralized setting (without a central server). Our first algorithm is a
Restart-based Decentralized Proximal Stochastic Gradient method with Compres-
sion (C-RDPSG) for general stochastic settings. We provide rigorous theoretical
guarantees of C-RDPSG with gradient computation complexity and communication
complexity of order O((1 + 8)* £z K7+ %), to achieve an e-accurate saddle-point
solution, where J denotes the compression factor, x and x4 denote respectively
the condition numbers of objective function and communication graph, and L
denotes the smoothness parameter of the smooth part of the objective function.
Next, we present a Decentralized Proximal Stochastic Variance Reduced Gra-
dient algorithm with Compression (C-DPSVRG) for finite sum setting which
exhibits gradient computation complexity and communication complexity of order

o ((1 +0) max{r}, VOrTrg, kg } log (%)) Extensive numerical experiments

show competitive performance of the proposed algorithms and provide support to
the theoretical results obtained.

1 Introduction

We focus on solving the following saddle point (or mini-max) problem in a fully decentralized setting
without a central server:

m

minmax ¥z, y) == ;(ﬂ(m, y) +g(x) —r(y)), (SPP)
where X C R9%,) C R% are convex and compact sets, f;:X'x) + R for every node i € [m)]
is smooth, strongly-convex in x and strongly-concave in y, and g :X—R and r :Y—R are proper,
continuous, convex functions which might be non-smooth. This class of saddle point problems
finds its use in robust classification and regression applications and AUC maximization problems
[30}140]. We assume that the static topology of the decentralized environment is represented using an
undirected, connected, simple graph G = (V, £), where ¥V = {1,2,...,m} =: [m] denotes the set of
m computing nodes (with similar computing capabilities and memory) and an edge e;; € £ denotes
that nodes ¢, j € V are connected. Also, we assume that the communication is synchronous and at
every synchronization step, node ¢ communicates only with its neighbors N'(i) = {j € V : ¢;; € £}.
In this work, we design algorithms which can achieve sublinear/linear convergence rates to solve
problem (SPP), by using stochastic oracles for efficient gradient computation, and compressed
information exchange for efficient communication. In particular, we focus on the following two
settings of problem (SPP): (i) general stochastic setting (ii) finite sum setting. In general stochastic
setting, we assume the following form for the local function: f;(z,y) = E¢ip, [ filz,y; 51)} , where
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D; is the local sample distribution in node ¢, allowing for general heterogeneous data distributions
across different nodes. In finite sum setting, we assume that each f;(z,y) is represented as the
average over local batches, hence f;(x,y) = + Ly i1 i (x,y), where f;;(x,y) represents the loss
function at jth batch of samples at node i.

Our Contributions: Inspired by algorithms developed for decentralized minimization problems
[24,120]], we design two algorithms for the general stochastic setting and finite sum setting. For general
stochastic setting, we propose Restart-based Decentralized Proximal Stochastic Gradient method
with Compression (C-RDPSG) which achieves gradient computation complexity (measured in terms
of number of calls to stochastic gradient oracles (SGO)) and commun1cat10n complexity (measured in
terms of number of communication rounds) of order O((1 + 0)* 75 m? K21), to obtain an e-accurate
saddle-point solution, where § denotes the compression factor, & ¢ and k4 denote respectively the
condition numbers of objective function f and communication graph G, and L denotes the smoothness
parameter of smooth part % >, fi- In finite sum setting common in machine learning, we propose
Decentralized Proximal Stochastic Variance Reduced Gradient algorithm with Compression (C-
DPSVRG) which is shown to have gradient computation complexity and communication complexity
of order O((1 + &) max{x?, \/gmfc Kg, kig} log(1)). Using extensive experiments, we show empirical
evidence supporting the theoretical guarantees obtained in our analysis.

Notations: The following notations will be used in the paper. The k-tuple (u',u?, ..., u*) of

k vectors u', u?, ..., uF, each of size d x 1 denotes the vector [(u')" (u?) ... (u*)T] " of size

kd x 1. The notation z=(z,y)ER% s denotes the pair of primal variable = and dual variable
y, and z*=(z*,y*) denotes a saddle point of problem (SPP). The communication link between a
pair of nodes (i,7) € V x V is assumed to have associated weight W;; € [0, 1]. Weights W;; are
collected into a weight matrix W of size m x m. I, denotes a p X p identity matrix, 1 denotes a
m x 1 column vector of ones and .J = L 11T is a m X m matrix of uniform weights equal to —-. We
define f(z) = f(x,y) = >iv, filw, y) L =max{Lyz, Lyy, Lyy, Lyc}, o = min{p,, py } "where
Lya, Lyy, Lyy, Ly, are the smoothness parameters of f;(x,y) (see Appendices [El [G) and /15, s,
are the strong convexity, strong concavity parameters of f;(x,y) (see Assumptions 3.2). The
condition number x; of f is defined as L/p. The condition number x4 of communication graph G
is defined as the ratio of largest eigenvalue and second smallest eigenvalue of I — W. The notation
(u, v) denotes the inner product between two d x 1 vectors w and v. For a d x 1 vector u and for some

d x d symmetric positive semi-definite (p.s.d) matrix A, we define ||u|% = u" Au. l|u||? denotes 5
norm of vector u. A ® B denotes the Kronecker product of two matrices A and B.

Paper Organization: We illustrate an inexact primal-dual hybrid algorithm for solving in
Section 2] followed by a discussion of assumptions used for problem setup (Section [3). Details about
C-RDPSG for general stochastic setting and C-DPSVRG for finite sum setting are given respectively
in Sections ] and[5] Due to space constraints, related work is given in Appendix [A]and experiment
details are in Appendix

2 An Inexact Primal-Dual Hybrid Algorithm to Solve Problem (SPP)
Assuming the local copy of (%) in i-th node as (2%, y*), we collect local primal and dual variables
into x = (z',2%,...2™) € R™% andy = (y*,3%,...y™) € R™%. Using this notation, the
problem (SPP) can be formulated as an optimization problem with consensus constraints on x and y:
min, Jnax, F(x,y) +G(x) - R(y)st. U®Iq,)x =0, (U®Is)y =0, (D)
where F'(x,y) = ZZ i@t '), G(x) = 3000 (@) + 6 (2%)), R(y) = 2272 (r(y") + 0y (y°))
and U = +/I,,, — W. Formulating a decentralized optimization problem as an equivalent problem
with a consensus constraint on the local variables is well-known [26]. The assumptions on W (to
be made later) would imply I,,, — W to be symmetric p.s.d. and hence the existence of v/I,,, — W.
dc (u) denotes the indicator function of set C' which is 0 when u € C and +oco otherwise.
We have the following Lagrangian function of problem (T)):

L(x,y; S, 5Y) =F(x,y) + G(x) — R(y) + (S*, (U ® I,)x) + (S, (U® I4,)y), (2)
where S* € R™4 and S¥ € R™% denote the Lagrange multipliers associated with consensus
constraints on variables x and y respectively. We prove that solving constrained problem (I)) is
equivalent to solving the following problem (see Theorem [C.I]in Appendix [C):

min max L(x,y;S8%,5Y). 3)
xER™Mdz Sy cR™dy yeR™dy  SxcRmda
To solve problem (3), we propose inexact Primal Dual Hybrid Gradient (PDHG) parallel updates for
the primal-dual variable pair x, S* and dual-primal pair y, SY, illustrated in eq. and (DI).



Note that in eq. (PI), v}, is found using a prox-linear step involving linearization of F'(x,y)

with respect to x and a penalized cost-to-move term ﬁ |x — x;||?, followed by an ascent step to
update the Lagrange dual variable S*. Then X, is found using prox-linear step similar to the

first step but using the recent S¥, ;. Finally x;, is found by a prox step where prox g (r) =

arg min, cpma, G(u) + 5 ||u — z||?. Letting D¥ = (U ® I4, ) Sy, and pre-multiplying by U ® I,
in the update step of S*, equations (PI)) reduce to those in equations (P2). Similarly, the updates
to y, SY can be done using appropriate gradient ascent-descent steps which lead to corresponding

equations (DT) and (D2).

Updates to primal-dual pair x, S*: Updates to dual-primal pair y, S¥:
<X7 VXF(Xtvyt» <y»va(xt7yt)>
vip1 = argmin{ + (x, (U ® 14, )SF) vy, = argmax | + (y, (U ® I4,)SY )
x mdg mdy,
= + =l vt |k gy Sy
ST = SE+ (U@ L)V S = SY = 5 (U@ Ln, W
s (P1) s (D1)
(x, Vx F(x¢, 1)) (v, Vy F(xt,yt))
X¢41 = argmin ¢ + (x, (U ® Ia, ) S5 1) Yir1 = argmax { +(y, (U ® Ia,)SY, 1)
x mdg mdy,
e +o lIx = x? yerRm — ly — vl
Xt41 = prox(Xeq1). Yit1 = prox(yit1).
sG sR
vig1 = x¢ — sV« F(xt,yt) — sDf Vi =yt + sVyF(xs,y:) — sDY
Dy = Df + 5 ((In = W) © L, )i DYyy = DY+ g (I = W) ® I, 2,
Xi41 = x¢ — sV F(x¢,yt) — sDi P2)| Ver1 =yi 4+ sVyF(xe,y:) — sDY 4 (D2)
= Vi1 — %((Im - W) ® Ia, )V =1 — %((Im - W) ® La, v}y,
Xt41 = Prox(Xe41). Yi+1 = Prox(yi+1).
5 R

Inexact PDéHGG type updates are known for solving a Lagransglan function of an underlying convex
minimization problem in single machine setting (e.g. proximal alternating predictor-corrector (PAPC)
algorithm [7, [25]], primal-dual fixed point (PDFP) algorithm [8]]), and in decentralized setting [20]. In
contrast to PAPC, PDFP, and the algorithm in [20], the type of inexact PDHG updates proposed in our
work addresses a Lagrangian function corresponding to an underlying saddle point problem (SPP).
To our knowledge, our work is the first to extend inexact PDHG type updates to solve Lagrangian of
saddle point problem of form (SPP). For other perspectives and generalizations of inexact PDHG,
see [6} 12,9} 351 138} 20].

Observe that the term ((I,,, — W) ® Iy, )}, ineq. (P2) and ((I,, — W) ® Ig,)vy,, in eq. (D2)
denote the communication of ©/, ; and 1), ; across the nodes. Further note that /%, ; and v/}, ; need to
be communicated only once for updating DY, |, %41 and D, |, ¥4 in the inexact PDHG updates
for x and y respectively. This results in cheaper communication in every iteration when compared
to the multiple communications that happen in a single iteration of the algorithms in [5} (36} 23]]. To
improve the communication efficiency further, we propose to compress v, ; and v}, ;. We recall
that compression has not yet been used in existing algorithms to solve (SPP) in decentalized setting
without a central server. Compression based algorithms to solve smooth variational inequalities
(related to problem (SPP)) are available only for decentralized settings with a central server [3] .
We follow [27, 24]] to compress a related difference vector instead of directly compressing v/, |

and v, ;. Each node i is assumed to maintain a local vector H** and a stochastic compression
operator ) is applied on the difference vector v/, — H;"*. The concise form of these updates is

illustrated in Algorithm 4] (COMM procedure) in Appendix [B] Algorithm [I]illustrates the proposed
inexact PDHG updates with compression. Thus the inexact PDHG update steps to obtain v, ; and
vy, involve computing the gradients VyF(x,y¢) = (fo1 (xtyl), .., Ve fm (2™, ym)) and
VyF(x¢,y:) = (Vyf1 (@t yh), ., Vy (2™, ym)) using a gradient computation oracle G. We
now discuss methods based on two different stochastic gradient oracles to compute the gradients.
Before discussing the methods, we state technical assumptions common to both the methods.



Algorithm 1 Inexact primal dual hybrid algorithm updates using gradient computation oracle G
(IPDHG)

INPUT: x,y, D*, DY, H*, HY, H"* H"Y | 5, v, 7y, ax, oy, G

—_

2: Compute gradlents g" and Qy at (X y) via oracle g
3 X —X—sgx—sD

X L HI, = COMM (% H HY )
5. DY, = D* + 2 (1% — ")

6: X =X — (0¥ - W)

7 Xpew = ProXge(X)

8: ¥ =y +sGY —sDY

9: %, 9", H.,., HLiY, = COMM (1, H/ H™, ay)
10: D)’ww = DY+ 2 (Y — ")

Ju—
Ju—

Yy =0 — 2(1/3' AR
: ynew = prOXsR(y)
. RETURN: X010, Y0, DX

new?

—_
[\

X y W, X w,y
HTLC’LU’ Hnew’ Hneuﬂ Hnew

DY

new?

—_
(9%}

3 Assumptions

We list below the assumptions to be used throughout this work.

Assumption 3.1. Each f;(-,y) is p,-strongly convex for every y € ); hence for any x1,z2 € X
and fixedy € Y, it holds: fi(x1,y) > fi(x2,y) + (Vafi(z2,y), 21 — 22) + B [|21 — 2|
Assumption 3.2. Each f;(z,-) is p,-strongly concave for every x € X; hence for any y1,y2 € Y
and fixed x € X, it holds: f;(x,y1) < fi(z,y2) + (Vyfi(z, y2), y1 — yo) — 2 [lyr — o|*.
Assumption 3.3. g(z) and r(y) are proper, convex, continuous and possibly non-smooth functions.
Assumption 3.4. The compression operator () satisfies the following for every u € R%: (i) Q(u) is
an unbiased estimate of u: E [Q(u)] = u (i) E[||Q(u) — u||?] < §||u||?, where the constant § > 0
denotes the amount of compression induced by operator () and is called a compression factor. When
0 = 0, @ achieves no compression.

Assumption 3.5. The weight matrix W satisfies the following conditions: W is symmetric and row
stochastic, W;; > 0 if and only if (i, j) € £ and W;; > 0 for all i € [m]. The eigenvalues of W
denoted by A1, ..., Ay satisfy: =1 < Ay <A1 <. < < =1

Note that Assumptions [3.1}j3.3]and Assumption [3.5|are standard in the study of saddle point problems
(e.g. 41150129, 23]]). We also note that AssumptionBZI]is standard in existing works (e.g. [} 20l 24]]).
For example, b-bits quantization operator (see Appendix [I]) satisfies Assumption [3.4]

4 General Stochastic Setting

In the general stochastic setting, we allow for availability of heterogeneous data distributions in
each node and assume that the gradients V. f;(z, y) and V,, f;(x,y) are computed using an oracle G
described below.

General Stochastic Gradient Oracle (GSGO):

(1). Sample a mini-batch of samples &% ~ D, in each node i, where Dj is the data distribution
local to node 7.

(2). Compute stochastic gradients: G% =V, fi (2, y*; £') and G*Y = V,, f; (2%, y'; ).

Inspired by restart based schemes in single machine setting [39,40], we design in this work, a restart
based stochastic gradient method illustrated in Algorithm [2} which invokes in every iteration k, a
sequence of ¢; primal and dual variable updates using inexact PDHG with compression (Algorithm
E]). However, the restart scheme proposed in Algorithm [Z] is simpler than that in [40], where the restart
scheme in single machine setting requires the computation of Fenchel conjugate at every restart
incurring additional O(d,) operations. Our scheme is also different in design compared to other
restart based schemes studied for saddle point problems in single machine setting [42} [13| 22]]. In
Algorithm 2] step length sy, is chosen to decrease geometrically only at every restart step k, resulting
in better convergence. The details of derivations of parameter p, step lengths 7, 7 and parameters
Qg i, Oty ; Used in COMM procedure are provided in Appendix

Under appropriate assumptions on unbiasedness and smoothness of the stochastic gradients (see
Appendix [E), we have the following convergence result of Algorithm 2}



Theorem 4.1. Suppose {} 0} and {yx,0}« are the sequences generated by Algorithm[2| Then with
at most

K(e) = max {@ <log2 <”Z° _:Z*HQ LV )) 0 (1og2 <(1 +0)* + an;f;mg(l + 5)2>)

mL2k%e
iterations, E[||xk(¢),0 — 12*||* + |yx(e),0 — 1y*||?] < € where 02 is the local variance bound in
stochastic gradients (see Assumption @fin Appendix[E). Moreover the total gradient computation
complexity and communication complexity to achieve e-accurate saddle point solution in expectation
are
1+0)?||z0 — 12*|| k3K 146)26V4% k., (14 0)*(Kk2k, + mo?k2K2
Tyaal€) = O max( Il ||fg+(+) g ( ) (kg iy

t

Ve vmLye L€

and Teomm (€) = Tgraa(€) + K (€) respectively.

Algorithm 2 Restart-based Decentralized Proximal Stochastic Gradient method with Compression
(C-RDPSG)
1: INPUT: oy o = o0, .0 = Yo, S0 = 77, § obtained using GSGO, number of iterations K, p
depending on ky, kg and § .
fork=0to K —1 do
s = 2,{% by k = HaSk — 4siL

2

3 12/z by i = thySk — 45%L§y
R . b,k Yy__ by, k

& T I e T W) Tk = 300 heen (T = W)
5

6

_bak _by.k
Yz k=115 YWk =145

Sta i 5 .
My =1 — — 00wk ppo o1 # My=min{M, x, M, .}
1—F Amax(I-W) 1= 2E X o (I=W)
. _ 1 3M, x+6V3 3M,, +6V5 3

7 Setty = Wmax{log (T) ,log (yT) ,log (m)}
8 Df,=Dl,=0 Hfy=ano H o = yro. H'y = (W @Iy, )HE o HYY = (W@

Idy)HlZcJ,O
9: fort=0tot, —1do

w,T w,

10: xkvt+1’yk1t+1’Dz,t+l7Dlz,t-',-l?Hlf,t+1’ng,t+1aHk7t+1vHht?j,_l

)

— T Y Y w,r w,y 3 Y
=IPDHG (2, ¢, Y.t D s DY 1 HE o HY o HY Y HY Y s sk 760 Vs Qe Oy s )

11:  end for

12: Xk41,0 = Tk ty» Yk+1,0 = Yk ty
13: end for

14: RETURN: zx o, Yk 0.

Due to space considerations, we discuss proof details in Appendix [F] We note that the number
of outer iterates K (¢) in Theorem depend logarithmically on x4, d and total variance bound
mao2. Larger values of these parameters contribute to the accumulation of consensus, compression
and gradient approximation errors. Hence more restarts might be required to reduce these errors
accumulated during IPDHG updates with GSGO (see Figures [6] @] [8] and [I0] in Appendix [I] for
empirical evidence of this fact). The computation complexity in Theorem4.T|depends on compression
factor and graph condition number as O(5*) and O(ng). The dependence on graph condition number
reduces to O(k,) when ¢ = 0. Therefore, in the deterministic gradients regime, C-RDPSG is
less sensitive to change in network topology compared to stochastic gradients regime. We note
that [[17] develops non-compression based optimal algorithms with complexity O(k ¢, /K4 log(1/€))
for solving decentralized finite-sum variational inequalities. However, Theorem explains the
complexity results of C-RDPSG in the general stochastic setting.

5 Finite Sum Setting

In the finite sum setting, we assume that each local function f;(x, ) is of the form % Z;'L=1 fij(z,y).
For simplicity, we assume that each node 7 has same number of batches n. However, our analysis
easily extends to different number of batches n;. Let N denote the total number of samples. Let
B and Ny respectively denote the batch size and number of local samples at each node :. The
number of samples in the function component f;; is determined by the batch size B = N, /n. Let
Pi = {pu : 1 € {1,2,...,n}} denote a probability distribution where p;; is the probability with



which batch [ is sampled at node 7. Let ppin := min; ; p;;. Without loss of generality we assume that
Pmin > 0, hence each batch is chosen with a positive probability. Note that GSGO in Algorithm 2]
shows sublinear convergence for solving (SPP). Stochastic variance reduction techniques [14} [18]
are known to accelerate convergence of GSGO based methods for decentralized convex minimization
problems [20} [37]]. Inspired by this success, we propose a Stochastic Variance Reduced Gradient
(SVRG) oracle comprising the following steps.

Stochastic Variance Reduced Gradient Oracle (SVRGO):

(1). Index sampling: Sample ! € {1,2,...,n} ~ P; for every node i.

(2). Stochastic gradient computation with variance reduction: For a reference point
7t = (#%,7"), compute stochastic gradients at z* = (x%,y) with respect to = and y as

N

follows: .
Gt = o (Vafu(2)) — Vo fu(2)) + Vo fi(3), )
' 1 j 5 si
g = E (vyle(zl) - vyle(z )) + Vyfz(z ) &)
(3). Reference point update: Sample w € {0,1} ~ Bernoulli(p) and update the reference

points as follows:

‘ (6)
2, 7)

8

F— wr' + (1 — w)

<

gji<—wyi+(1—w)

The SVRGO setup above requires computation of full-batch gradient at the reference point periodi-
cally (equations @)-(3)), but is memory-efficient compared to other variance reduction schemes (e.g.
SAGA [10]]). Note also that the SVRGO based algorithm for single machine setting in [30] is for a
differently structured problem than (SPP). The C-DPSVRG methodology using SVRGO is illustrated
in Algorithm [3| with step sizes defined in Appendix [G|

Algorithm 3 Decentralized Proximal Stochastic Variance Reduction method with Compression
(C-DPSVRG)
1: INPUT: z¢,y0, Df = D = 0,HF = xo, H{ = yo, Hy" = (W ® Iy, )zo, HYY = (W ®
Ia,)y0, 5 = 557", 0, iy, Ve, Yy, G defined using SVRGO.
2: for ¢ = 0to 7" — 1 in parallel for all nodes i do
3: -rt-‘rhyt+17D?+17Di/+17ng+17HtZ/+1aHﬂ:T7Htu-t!1!
:IPDHG(mh Yt D;a Dzja HtL> H;J7 H;U;$7 Htw)y7 87’7w7 ’yya Qg Oy, g)

4: end for
5: RETURN: z7,yr .

Under suitable assumptions on smoothness of mini-batch gradients (see Appendix|G), the convergence
behavior of Algorithm [3]is given in the following result.

Theorem 5.1. Let {2}, {y: }+ be the sequences generated by Algorithm 3| Suppose Assumptions
and Assumptions hold. Then computational and communication complexity of
algorithm 3| for achieving e-accurate saddle point solution in expectation are

T(e) =0 (max {\/W, (14 0)kg, w, 2}log (%))

NPmin NPmin p

where ® denotes the distance of the initial values x,yo, D§, DY, HY, HY from their respective
limit points (described in equation 213)) in Appendix|G)).

Due to space considerations, we have given proof details of Theorem in Appendix [Hl The
complexity of C-DPSVRG depends on ri 7, 5, and 6 as O((1 4 6) max{v/0k} kg, kg, 3 }). However,
the optimal complexity for solving decentralized saddle point problems without compression is
shown to be of order O(rs,/Fy) in [17]. Such optimal dependence on , is obtained at the cost
of multiple communication rounds per iterate unlike one communication round per iterate in C-
DPSVRG. When there is no compression (§ = 0) in C-DPSVRG, the complexity reduces to

2 .
O( max{rg, —1—, 2}1log (22) ). We note that the complexity results in Theorem 5.1 are not
97 NPmin’ P €

optimal, however we observe convergence speedup for C-DPSVRG over baseline methods in our
empirical study.



The following corollary of Theorem[5.1] gives particular settings of number of batches n and reference
probability p yielding factors of the form /N, + N, for total gradient computations per node,
which resemble the factors in the corresponding complexity results for optimal algorithms to solve
decentralized variational inequalities without compression [17].

Corollary 5.2. Under the setting of Theorem choose n > /Ny, p = B/\/Ny and ppin =
/Ny /2n2. Then the total number of gradient computations per node to achieve e-accurate saddle

point solution is of order O((v/Ny + Ng) max{v/5(1 + )kgh7, (I9)rg (1+06)k%} log(%)).

2

6 Conclusion

We have proposed two stochastic gradient algorithms for decentralized optimization for saddle point
problems, with compression. Both the algorithms offer practical advantages and are shown to have
rigorous theoretical guarantees. It would be interesting to adapt both C-RDPSG and C-DPSVRG to
cases where some of the constants are unknown in the problem setup.
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A Related Work

Decentralized minimization: We provide here only a very brief survey of literature on decentralized
minimization (see e.g. [20] for more comprehensive survey). A simple distributed deterministic gra-
dient method with sublinear convergence rate guarantees was proposed in [32]). Distributed gradient
methods using gradient tracking [34} 31] are known to converge to an exact optimal value using
constant step size. Stochastic gradient oracles for decentralized minimization problems proposed
in [28]], have recently been extended to design efficient compression based decentralized methods
for solving convex minimization problems with provable theoretical guarantees [15} 24, [20]. More
recent works are proposed for non-convex optimization in decentralized settings [41]].

Algorithm SG| Non- | Type of Computation Communication
smooth|functions Complexity Complexity
| MMDS 5] X X SC-SC il O(log”(1))
é DES [4] v| x | scsc O(+£) O(ks\/k,log(1/e€))
g Algorithm 143 [17][ v | SC-SC O (kslog(1/e)) O (kg /Fglog(1/e€))
2 DPOSG 23] [/ X [NCNC 0(%) o5
= GTEG 9] [X| x | SCSC [0 (ki 108(1)) [0 (57 ri/* 108 (1))
S| o | DSPAWLARE] [X]| v Cc-C O(1/€%) O(1/€%)
o | o= P P
& C-RDPSG v v
(=] I‘&2 NZ I‘L2 H2
Z | (Theorem 4.1) SC-SC O(+=2) O(+=2)
(GSS)
C-DPSVRG [v | V O(max{ﬁj, Kg} O(max{/{j, Kg}
(Theorem [5.1) SC-SC log(¢)) log(¢))
(FSS)
E[E[ CRDPSG_ [/ 7
2 é (Theorem (4.1) SC-SC O(%) O(%)
] I (GSS)
E|Z [ CDPSVRG |/ | 7 O((1+0) O((1+0)
© (Theorem SC-SC |max{x?, \/gm?cmg, kg [max{r7, \/Sniﬁg, Kg}
(FSS) log(3)) log())

Table 1: Comparison of proposed optimization algorithms for decentralized saddle point problems
with state-of-the-art algorithms. SG denotes Stochastic Gradient. Abbreviations SC-SC, C-C, NC-NC
respectively denote Strongly convex-Strongly concave, Convex-Concave, Nonconvex-Nonconcave.
GSS and FSS stands respectively for general stochastic setting and finite sum setting

Decentralized saddle-point problems: A distributed saddle-point algorithm with Laplacian aver-
aging (DSPAwWLA) in [26], based on gradient descent ascent updates to solve non-smooth convex-
concave saddle point problems achieves O(1/e?) convergence rate. DSPAWLA uses consensus
constrained formulation of saddle point problem. DSPAwWLA is obtained by incorporating ¢ norm
based penalty of consensus constraints into the objective function and employing gradient descent
ascent scheme to the resultant penalized objective. However, our work proposes an equivalent
Lagrangian formulation of consensus constrained saddle point problem (I)) and updates primal-dual
variables using a variant of primal dual hybrid method. An extragradient method with gradient track-
ing (GT-EG) proposed in [29] is shown to have linear convergence rates for solving decentralized
strongly convex strongly concave problems, under a positive lower bound assumption on the gradient
difference norm. However such assumptions might not hold for problems without bilinear structure.
Both [29]] and [26] are based on non-compression based communications and full batch gradient
computations which limit their applicability to large scale machine learning problems. Recently,
multiple works [23] 136, 4] have proposed using minibatch gradients for solving decentralized saddle
point problems. Decentralized extra step (DES) [4] shows linear communication complexity with
dependence on the graph condition number as , /K, obtained at the cost of incorporating multiple
rounds of communication of primal and dual updates. A near optimal distributed Min-Max data
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similarity (MMDS) algorithm is proposed in [3]] for saddle point problems with a suitable data
similarity assumption. MMDS is based on full batch gradient computations and requires solving
an inner saddle point problem at every iteration. MMDS allows for communication efficiency by
choosing only one node uniformly at random to update the iterates. However, every node computes
the full batch gradient before heading to next gradient based updates. Moreover, this scheme employs
accelerated gossip [21]] multiple times to propagate the gradients and model updates to the entire
network. Communication complexity of MMDS is shown to depend on eigengap of weight matrix
W, while gradient computation complexity is not investigated. Decentralized parallel optimistic
stochastic gradient method (DPOSG) was proposed in [23]] for nonconvex-nonconcave saddle point
problems. This method involves local model averaging step (multiple communication rounds) to
reduce the effect of consensus error. A gradient tracking based algorithm called DMHSGD for
solving nonconvex-strongly concave saddle point problems proposed in [36], uses a large mini-batch
at the first iteration and requires the nodes to communicate both model and gradient updates, to
achieve better aggregates of quantities. Variance reduction based optimal methods to solve strongly
convex-strongly concave nonsmooth finite sum variational inequalities are developed in [17]. The
improvement of complexity on graph condition number 4 in [17]] is achieved using an accelerated
gossip scheme. However, C-DPSVRG does not involve any gossip scheme and hence yields cheaper
communication per iterate. The complexity of C-DPSVRG and C-RDPSG does not have optimal
dependence on £, 4 and we leave it for future work. Table [I] positions our work in the context of
existing methods.

B Compression Algorithm of [24]

We follow [24} 27]] to compress a related difference vector instead of directly compressing v, ; and
vy, 1. We now describe the compression related updates for 2/, ;. Each node i is assumed to maintain
a local vector H** and a stochastic compression operator () is applied on the difference vector

X

Vi — H,™. Hence the compressed estimate ;75 of 1,7 is obtained by adding the local vector and
the compressed difference vector using ﬁtlfl = H*+ Q(z/ffl — H}"™). The local vector H;"™ is then
updated using a convex combination of the previous local vector information and the new estimate
17;:1 using Ht’j‘l = (1—-a)H"™+ aﬁffl for a suitable @ € [0,1]. Collecting the quantities in
individual nodes into H, | = (Htlﬁ, G HT) and vE = (U vpY), the update step can
be written as Hy, | = (1 —a)H +arf, ;. Pre-multiplying both sides of H}*, | update by W ® I, and
denoting (W ® I)H} by H;", and (W ® )i by 0, we have: H;7T = (1 — o) H{"™ + ap,}7.
0,77 can be further simplified as 2,57 = (W @ iy, = (W @ I)(HF + Qv — HY)) =
H"™ + (W IQ(vy, — HY). A similar update scheme is used for compressing v/}, ;. The entire
procedure is illustrated in Algorithm where we have used vy = (V1,1 ), H = (HF, HY ),
Hp = (H"*: H"Yt). Further recall that v, = (v, ..., v/’T) denotes the collection of the
local variables at m nodes. Similar is the case for the other variables v}, |, H, HY, H;"™, H;""Y.

Algorithm 4 Compressed Communication Procedure (COMM) [24]]
1: INPUT: v, 1, Hy, HY,
Qi = Q(V;Jrl —‘HZ) {(compression) }
Gy =Hi+Qi.
Hiyy = (1 —a)H; +avp, .
oty = Hy + 3770, Wi;Qf, {(communicating compressed vectors)}
HEY = (1 - )™ oy
RETURN: i}, o0 Hi, 1, H}", for each node i .

A A i

C Basic Results and Inequalities
Equivalence between problems (T)) and (3) .

Theorem C.1. Under assumptions of compactness of feasible sets, (sub)gradient boundedness and
continuity of f;(x,y), g(z) and r(y) over X and Y, problem (1)) is equivalent to problem (@) in the
sense that for any solution (x*,y*, 5%, 5Y) of (@), the point (x*,y*) is a solution to ().
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Proof. The proof is based on the analysis of a similar result in [33]. Let U(x,y) = F(x,y) +
> 1 (g(as) — r(ys)). For simplicity of notation, we assume U ® Iy, = U, and U ® I3, = U,,. The
objective function @(x, y) is convex-concave and feasible sets X, Y™ are compact. Then, using
Sion-Kakutani Theorem [2],

min max ¥(x,y) = max min ¥(x,y). (8)
x€X™ yey™ yeY™ xex™
Uzx=0U,y=0 Uyy=0Uzx=0
Consider the following problem: .
m)i(n U(x,y) such that U,x = 0. 9)
xexm

We assume that (x*,y*) is the saddle point solution of problem (T)). Therefore, constraint qualification
(Uyx* = 0) holds. Then using Lagrange strong duality,

in ¥ = in ¥ x ) 1
s, Wooy) = mgx i, WO 3) (87, U 1

Since X’ and Y are compact sets, the gradients and subgradients respectively of f;(x,y), g(x) and
r(y) with respect to « will be bounded by a suitable constant B;. Therefore using Theorem 2 in [[19],

there exists an optimal dual multiplier S* for r.h.s in (TO) such that ||5'x||2 < A@?] L ;= Ry, where
AFL(U,) denotes the smallest nonzero eigenvalue of U,. Therefore,

max min U(x,y) + (S, U,x) = max min U(x,y)+ (S, Uy). (11)

5% xeX |5% ||, <Ry x€X™

This implies that (T0) can be rewritten as
min ¥(x,y) = max min ¥(x,y)+ (5%, Ux). 12
i F(ey) = max min Dey) +(S%.U) (12)

U,x=0
Plugging above equality into (8) and by repeated application of Sion-Kakutani theorem [2]], we have:

min max W¥(x,y) = max max  min ¥(x,y) + (5%, U,x)
xeX™ yey™ yey™ [||s%[, <Ry x€xm 7
Uex=0U,y=0 Uyy=0

= max | min max W(x + (8%, U,x

yey [xexm 5o, YOO ¥) ST, )
Uyy=0

= min max max W(x,y)+ (S* U.x)
XEX™ [3}637"" [15*]l;<Ra

y¥y=0
= min  max max ¥(x,y)+ (S* U,x 13
2 |, gugs PO0Y) ST Uex), (13)
U,y=0

where the last equality follows from the previous equality due to separability of the objective function
in (T3) in y and S*. Next, we consider a maximization problem associated with the consensus
constraint U,y = 0 to write (I3) in the form of (3). Towards this end, consider

max U(x,y) + (S*,U,x) such that U,y = 0. (14)
y m

The dual formulation of (T4) is given by
i g S*,U, SY,U,y) .
min max ¥(x,y) + (5%, Usx) + (8%, Uyy)
Again using Lagrange strong duality, we have

max U(x,y) + (5%, U.x) = ngin [max U(x,y) + (5%, U.x) + (S, Uyy>] .
yeym™ y

yeym™
U,y=0

By following arguments similar to the primal problem with constraint U,x = 0, we can write
max U(x,y) + (S, U,x) = min [max U(x,y) + (%, U.x) + (S, Uyy>] , (15

yey IS¥Il,<R2 |yeY™
Uyy=0
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where Ry := /B2 By substituting (T3) in (3), we obtain

)‘Ilin(Uy)‘
min max U(x = min max min  max ¥(x +{S*, U,x) + (SY,U,
xEX™ yEy'm ( 7y) XEX™ HSX”ZSRI HSyH2SR2 yeYm ( 3y) < y Y > < ) yY>

Usx=0U,y=0
= i Glex, g omin WOGY)+ (ST Unx) 4 (S, Uyy)
= X, s BOGY) (S Uax) 4 (SY, Uyy)
yey™
R TP ||s’{ﬁ;§m VoY) + (5%, Uax) + (57, Uyy)
"l

min max  VY(x,y)+ (S*, U,x)+ (S¥,U,y) . 16
Jmin, | max FGey) (%) + (57, Uyy) (16)
15Vl <R2 -~ yey™ ~
Since optimal Lagrange dual variables S* and SY always lie in {5 balls of radius R; and Ry
respectively, equation (T6) can be equivalently written as

i U(x,y) = i P(x, S*, Uy SY, U,

Erg;g;rg Jnax (xy)= min = max U(xy)+( x) + (5%, Uyy)

+X=0U,y=0

= min  max F(x,y)+Gx)— R(y) + (5%, Usx) + (S¥,Uyy) .
xER™Mdz  yeR™dy
Sye]R'mdy SxeRnldx
This completes the proof of Theorem [C.1]

We now provide the optimality conditions for the optimization problem (SPP).

Optimality Conditions of problem (SPP). Let f(z,y) := >\, fi(x,y). Since (z*,y*) is the
saddle point solution to (SPP), we have z* = arg min,cx ¥(z,y*) and y* = arg max,cy ¥(z*, y).

0€ %vzf(x*, y") +9g(2") + Olx(a7) (17)
1
= 0g(@*) +0Lx(a") + - (2" = (¢ = 2V, 1" ) (18)
1 2
=0 (g(x) + Ix(x)+ % Hx - (x* - %fo(x*,y*)> H )w_w* . (19)
This implies that
. _ . 7 R  ( *)>H2 20)
o" = arg min g(z) + Ix(z) + o Hx (x —Vaf(a"y
. 1 * S * * 2
:arggélgclg(o:)JrQ—Sfo (x favgﬁf(x Y ))H (21)
= prox (:c* - %fo(w*, y*)) - (22)
We also have y* = arg minyey —¥(2*,y) = argmin, cga, (—¥(z*,y) + Iy(y)). Therefore,
0€ 9y (=V(z*,y")) + Ily(y*) (23)
1
== Vyf(a®y") +0r(y") + 9ly(y") 24)
1
ot o)+ L (- (¢ 9 r6) o
J— a I 1 * S V * * 2 26
=0(ry+ y+2*8Hyf(y + yf(x,y))H . (26)

Therefore, y* = prox,, (y* + %V, f(z*,y")) .

Notations useful for further analysis:
In the subsequent analysis, we assume d, = d, = 1 for simplicity of representation. Our analysis
still holds for d, > 1 and d,, > 1 by incorporating Kronecker product. We define Bregman distance
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with respect to each function f;(-,y) and — f;(z, -) as
Viy(@1,22) = filz1,y) — filwe,y) — (Vafi(z2,y), 21 — 22) (27
Vepia(i,y2) = = filz,y1) + filw,y2) — (=Vy fi(z,92), 1 — ¥2) (28)
respectively. Let L = max{Lyz, Lyy, Ly, Lyz} and g = min{pu,, py,}. Suppose Apmax (I — W),
Am_1(I — W) and (I — W) denote the largest eigenvalue, second smallest eigenvalue and pseudo
inverse of I — W respectively. Let ky = L/p and kg = Apax({ — W)/ A—1(I — W) denote
the condition number of function f and graph G respectively. We further define D} := —(I —
IV F(12%), Dy o= (I = J)V, F(12%), Hy = 1(a* — -V, f(2*)), Hy == 1(y" + 'V, (7)),
Range(I — W) := {(I = W)z : z € R™}, Range(1) := {1l : n € R} and Null(l — W) := {z :
(I — W)z = 0}. We now state a few preliminary results that will be used in later sections. These
results may be of independent interest as well.

Proposition C.2. Let W be a weight matrix satisfying assumption Then Null(I — W) =
Range(1).

Proof. We prove this result in two parts. We first show that Null(7 — W) C Range(1) and then
show that Range(1) C Null(/ — W) . In this regard, let y € Null(l — W). Then we have
(I — W)y = 0 which implies that Wy = y. Hence y is an eigen vector of W with eigen value
1. We know that algebraic multiplicity of eigenvalue 1 is one using assumption [3.5] Therefore,
there is only one linearly independent eigenvector associated with eigenvalue 1. We also know that
1 is an eigenvector associated with eigenvalue 1 because W1 = 1. Therefore, y must belong to
Range(1). This completes the first part of the proof. To prove the other part, let y € Range(1). Then
(I = W)y = (I —W)nl = 0. This shows that y € Null(/ — W). By combining both the parts, we
get the desired result. O

Proposition C.3. Let W satisfy Assumption@and let D} and Dy be as defined in above paragraph.
Then, D} € Range(I — W) and D;; € Range(I —W).

Proof. To prove this result, we first show that Range(I — W) = (Range(1))™ using Assumption
Then we prove that both D7 and Dy lie in (Range(1))".

Range(I — W) = {(I — W)z : z € R™}, Range(1) = {nl:n € R}, (29)
Null(I — W) = {z: (I — W)z =0}, (30)
(Range(1))" = {x : (z,y) = 0 for all y € Range(1)}. 31

We first show that Range(] — W) C (Range(1")) * . Towards that end, let y € Range(I —W). This
implies that there exists a z € R" such that (I — W)z = y. Therefore,
(y,n1) =1 Ty =n(1" (I —W)z) =0forallp € R. (32)
The last step follows from W1 = 1 . This implies that y € (Range(1))". Therefore,
Range(I — W) C (Range(1))". Next we show that dim(Range(I — W)) = dim((Range(1))™").
Using Proposition we have Null(I — W) = Range(1). This implies that dim(Null(I — W)) = 1.
Using Rank-Nullity Theorem [[L1]], we get dim(Range(I — W')) = m — 1. Further Range(1) is a one-
dimensional subspace of R and hence dim((Range(1))*) = m — 1. Therefore, dim(Range(I —W))
= dim((Range(1))"). Using Theorem 1.11 in [, we get Range(I — W) = (Range(1))". This
completes the first part of the proof. Recall
Dy =—(I—-J)V.F(1z%) (33)
Dy = (I —-J)V,F(1z%). (34)
Therefore, n1" D} = —n17 (I — J)V,F(1z*) = 0 because 1"J = 17. Similarly, 1" D} =
17(I-J)V,F(1z*) = 0. Hence, D}, € (Range(1))" = Range(I—W) and D} e (Range(1))* =
Range(] — W). O

Proposition C.4. (Smoothness in x) Assume that f(x,y) is convex and L,-smooth in x for any
fixed y. Then

Lfl;fl?
Ve f(a1,y) = Vaf (@2, 9)|° < Viyler,22) < 5 &1 — xo||? forall z1,22.  (35)

2me
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Proof. Using the smoothness of f(-,y), we have

LZL'QL'
f(xby) < f(x27y) + (me(w%y),ml - $2> + 7 ||£U1 - 1’2”2 (36)
L’E$
F@1,9) = f(@2,9) = (Vaf (22, 9), 21 = w2) < 5 [la1 = 2| (37)
Ll‘l)
Vig(an, o) < ==l = wo|?. (38)
This completes the proof of second inequality. Let h(z1) := Vy (21, 22) for a given y and x.

Notice that h(z1) = 0 at z; = x5. Using convexity of f(x,y) in z, h(z1) > 0. Therefore, h(x;)
achieves its minimum value at x5 and the minimum value is 0.

|Vahan) = Fohi@))|| = ||Vaf@1,9) - Tos @) v (39)

S LZL’CE

21— 7, H . (40)
This implies that h(x1) is also L,.,-smooth.

Lfl?l‘ —
W) < h(21) + (Vah(z), T — o) + = |7 — 2| (41)
Take minimization over Z on both sides. I
min h(Z) < h(z1) + min ((th($1)7$ —z1) + ;w |z — ac1||2> . 42)
Let 6(Z) = (Voh(w1), & — a1) + Le= |7 — 2|2
V(Z) = Voh(z1) 4 Loo (% — x1), V20(Z) = Lyod > 0. (43)
Therefore, )
- xh wa - lh
min d(z) = ( Vyh(z1), —Vahlz1) +ax1—x1 )+ —Vah(z1) +az1— 2 (44
_ 1 2, [Vah(z)|
=1 (|Vah(z)|” + 5L (45)
IVoh(a)]®
= 4
5L.. (46)
Plug in above minimum value into (@2).
D)
min h(z) < ) — LY@ (47)
Qwa
Vih(x 2
0 < hay) — VMol 5 L;Q” (48)
Vaef(x1,y) — Vi f(xe, 2
This gives o
Vef(z1,y) — Vi f(zs, 2

Proposition C.5. (Smoothness in y) Assume that — f(z,y) is convex and L,,,-smooth in y for any
fixed x. Then
1

2L,
The proof of Proposition|C.3]is similar to that of Proposition|[C.4} and is omitted.

L
=Vt @0) + Vol @)l < Vopalynme) < Sl —wl® 6D

D A recursion relationship useful for further analysis

In the following discussion, we use the shorthand notation 1u to represent (1 ® I4)u, for any u € R?,
and the notation At denotes the pseudo-inverse of a square matrix A.

T Y fd Y w,T w,y H
Lemma D.1. Let xy 141, Yr,t+1, Dy 10 Dy 1o Hi oo Hy 10 Hy 10 Hy 1744 be obtained from

Algorithmusing IPDHG(x 1, Yt D;;’f}t, Dz,t’ H,f’t, Hﬁ,t’ H;Uf, H;’f%y’ S, Yo Vy» Qar Oy, G). Let
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Assumption|3.4|and Assumption|3.5hold. Suppose o, € (0, (1 +6)~1) and
y

223 ay — (1+0)al
Yy € | 0, min Vi , —~ ( Joy (52)
)\max(I - W) \/g/\max(l — W)
Then the following holds for all t>0:
2 2
My E |lyesr — 1y*]1* + —E [Pt =03,y +VOR|H s — 1
< Hy Ly 4sgl, — 59, P 1| 4 2 (1 — Wy (T - W)) HDy o
< Ykt k.t y ) - 9 \m—1 k (I-w)t
2
+VE(1 - ay) HHgt — |l (53)

where I denotes the conditional expectation on stochastic compression at t-th update step and

Vs s s
Proof of Lemma [D.1}

We follow [20] to prove Lemma|[D.1] We have H} = 1(z* — 2V, f(z*,y*)) and H; = 1(y* +
£V, f(z*,y*)). First, we bound the terms appearing on the Lh.s. of (53) as

2
12 'yyMy Ly 2

Y
Vit+1 = Vit H

2
MyE giass = 117 < [0 —

YN 1= (W)=, VoI 4 (1-w)z’
(54)
and
* f * 2 Yy * 2
EHDk 1 — Dy (T—w)t + EHHk 1 — Hy + Hyk,tJrl - H, 12 (I~ W)—ay VoI
:iHDy _ * 2 —|—1E ﬁy —l/y H2 _|_Hy _1y*+sgy — sV F(lz*) 2
k.t Yllo(r—wyt— ,yy D) k,t+1 kt+1 (= W) 42502 kit Kt y

+\f( —ay) ‘Hkt ng fo‘y( ay) ||V 1 Hy, (55)
Proofs of (54) and (33)) are provided in Sections [D.I]and[D.2] respectively.
On adding (54) and (53)), we obtain
2
My B i1 — 192 + fEHDk S - +¢5EHH,@:,H1 - H;
< - * Yy *
- Hy“ Ly + Gy, — sV (12 ) HD 2(1 W)t =y, I
2 2
+ \/S(l —oy) Hng,t —Hjll - \/So‘y(l - O‘y) HVZ t+1 le:,tH
v 'yy v | 56
Dh i1 — Vi t+1‘ (1= W)+2v/502 + Dy i1 Vk,t+1H(17W)2 - (56)
We now bound the terms on the r.h.s. of Flrst observe that
1 2 f‘yy 2
5 Df 1 = Vi (I W)42v/Fa2 + Dy i1 ’/k,t+1H(17W)2
2 2
1 R v, M, R 2
= §E H\/Vy(l -W)+ 2\/ga§(yllcl,t+l - VIZCI,H»l) + UTE H(I - W)(VIZCI,HJ - Vlzc/,t+1)H
1 ’ Sy y 2 '72 y 2
< 5|Vt =W+ 2vBes| Bt~ e+ BN =W E s - o

< (; (vy)\max(f - W)+ 2\/5a§) My AmZ‘(I — W)>

2
Y y
Vkt+1 — Vk,t+1H . (57)
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We also have

ﬁg,tﬂ - Vlg,t-&-l = Q(V}cj,tﬂ - H;:t) - (Vk 41 Hl?:t) (58)
2 2
E Hﬁl:g,t—i-l - Vlg,t+1H =FE HQ(VIg,t+1 - Hl.gt) - (Vlg,ﬂ-l - ngt) ’
2
<9d HVIZ@I,tJrl - ng,t (59)
Substituting this inequality in (37), we bound the last two terms in the r.h.s of (56)) as
1 Y Y 2 ’ngy oY Yy 2
9 || Ve 1 Vk,t+1HA/y(17W)+2\/ga§ 1 ENDg 4 Vk,t+1H(17W)2
1 M )\de(I - W) 2
< (2 ('Vy)‘max(l W)+ 2\/5043) 4 Vlzc/,tJrl - ng,t (60)
We will now bound the term ’D
2(1 W —yy I
2 2 2
AR . T PR
2(0-W)t—yyl Yy 2(1-W)t Yy ’ Yyl
2 2 2 2
:S HD -2y, - p;
2(1 W)t ’
2 * 2
= —_ s —_ D
H (I wyr TR Y
_ HD _ 5 ’Dg - D} S A, 1 ([— W) HD
(1 w)t
2
_ _ Yy _
A1 (1 W)HDM Dl

=Dy, = D) (=1 + Am—a(I —

W) =w)h) (DY, - Dy)

257 HDy ’ 2t (I — W) HD
287 _ I
y IR0 Y owyt ! (I—w)t
2 2
<= |y, - p; — A (I — WHD
py 178 (1wt (1-w)t
_ % ( )\ (I-W) ) HD _ ol ©61)
m—1 y (I—W)t
By substituting (60) and @) in (]3_3[) we get
2
M,E |lye.eir — 1y*|° + —E HDk . D* . VE Hlar,g{t+1 ~H
<H —1y* + sGY —sVF(lz*)2+2i( DA (I - W)HD
= || Ykt ) k.t y ~ m—1 (T—w)t
Sy 2M A2, (I — W 5 2
+ ( Yy Z ( ) + 7; Amax(I — W) + \[501 — \ﬁay(l — oy ) Hyk 41 ngcl,t
2
+Vo(1 - ay) ||HE, - H; (62)
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The coefficient of

1n(]@1s

y
Vet+1 — k t

67 M, /\max(I_ W) 8t 0
Y 1 + ; Amax(I — W) + \/3(50(12/ — Vo, (1 - ay)
SN2 (I —-W 5
I—
_ %MAW(I W) + 2§Amax(l W) = V3(ay, — (1+8)a2)

o Yy 6
< 2mmax(1 W) + 2>\maX(I W) = Vé(ay, — (1+0)a?)

= Sy Amax(I — W) = Vi(a, — (1 +6)a?)
— (L+0)aj

\/g)\max(j B W) .
In deriving (63), the first inequality follows from M, < 1 (to be proved later in Section [E-4) and

<0, asyy < (63)

the second inequality follows from M < 1, since from assumption (52), it holds that
0<y < 272(\?0{/%‘,) < 5 (21 777 As aresult, @) can be simplified as
52 2
MyE e =1+ T E DLy = Dy VEE [

2

2 9 2
+ 2= (1= 2t -w)) ||t - Dy

= Hyk,t—ly*+8gi,t‘sw a0 +3 Wla-wy
: ]

2
+ V5 ( )| HE, - Hy|l (64)
proving Lemma The remainder of this section is devoted to prove (54) and (53).

D.1 Proof of (54)

First, observe that

Hyk t+1 y*HQ

Ms

2
lyk,er1 — 1y*||” =

.
Il
i

2

I

©
Il
-

~7 S
Prox(i 1) = prox (y* + -V, f(a*,y"))
sr sr m

2

I

«
Il
-

prox (i, 1) — prox (H;,)
ST ST

2 . .
H;,||” (from non-expansivity of prox)

L.

o
Il
N

||.7;lk,t+1 *H;HQ

~ R 2
Vlg,t—o—l - jy(l - W)Vlg,tﬂ - H;

Y N
= VZ,t+1 - %(I - W)(Vlg,t-&-l - Vlzcl,t—&-l + Vlg,t—&-l) - H;

g gl ; ?
- (I - ?y(l — W)) Wi —Hy) — ?y(f = W) (O i1 — Vlg,tJrlH

Y 1 * L ?
= (I— ?y(f - W)) (V41 — Hy) H (I =W)(Dp 414 Vg,t+1)H

+2 <(I - %(I - W)) Vs — Hy), — ’yy (I W) (D 414 Vlg,t+1)>'
(65)
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By taking conditional expectation over stochastic compression at ¢-th iterate, we obtain

2
2 2 27 N 2
By = 19" < ||(1= 20 =W)) 0h o = )| + LB | = W)@ i = E1)|

oW <(I B %(I a W>) Vi1 = Hy), (L= W) By — Vlzc/,t+1)> .(66)

We have
Yy Y _ v v vy Y
Vet+1 — Vg1 = Hk,t + Q(Vk,t+1 Hk,t) Vit

_ Y Y Y Y
= Q(Vk,t+1 - Hk,t) - (Vk,t+1 - Hk,t)

E (ﬁg,tﬂ - V/Z,t+1> =E (Q(Vlg7t+1 - ngt)) - (Vg,tﬂ - ngt)
—0. (67)
The last equality follows from Assumption [3.4] By substituting the above equation in (66)), we obtain
2
* (12 Y, % 2 Y. R 2
Ellgass = 11 < || (1= 20 =W)) 0 = H|| + LB = W)@y = )| -
(68)

We will now convert the square norm terms of (68) into matrix-norm based terms. Towards that end,
observe that

(=2 -w)) =14 Wy =y (1~ W)

2
=I-2I-W)+ I -W)+ X
S (= W)+ (1= W)+

2

Yy Ty Ty

=] -2IT-W)-Z2(IT-W)+ =
2( ) 2( ) 4

:17%(1—W)+%(1—W)(—1+%(I—W))

(I =W)? =7y (I = W)

(I -w)?

—I- %(1 W)+ %(I —W)L2 (71 + %(1 - W)) (I —W)L/2,
(69)
Note that (—I + % (I — W)) is a negative semidefinite matrix because 0 < -\ pax (1 — W) < 1
from the choice of ~,.. Using this fact in equation (69), we get Vo € R™,
T (Ifg(IfW)ngxT (Ifg(IfW)) z. (70)
Consider

Y * 2 « ¥ 2 N
H (I - gy(I - W)) (Vlg,m-l - Hy) = (Vz,t+1 - Hy)T (I - ?y(f - W)) (V}c’,t—o—l - Hy)

Y
< (yz,Hl - H;)T (I - ?y(l - W)) (Vlzc/,t+1 - H;)

=\, , —H! . 71
H kyt+1 Yllr—2z (r—w) D
Moreover,
2
N N T 2/~
) (I - W)(Vlzcl,tJrl - V}g’t+1)“ = (Vlg,tJrl - Vlg,tJrl) L -W) (Vl?c/,tJrl - VIZcJ,tJrl)
2

= =] 72)

On substituting above two equalities (71)) and (72) in (68), we obtain

2 2
2 y Yy || v y

Elyke41 —1y"|" < HVk,t.H —H -2 (-w) + ZE Vi1 — Vk’t“‘lH(Ipr : (73)
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To complete the proof of (34), we first show that the first term on the r.h.s. of (73) is at most

2
_ \/ga

M IHVy — H* ,where M, =1 — ———3%——
v ||T Rt Y- 2 (1-W)—ay, VoI Y 1= F Amax (I-W)

\/Say Ty
— Edmax (I — W) (I —o U= W))
B0y (1= Pl = W) I = Vo, (I = (= W)
B 1= ax (I — W)

. To this end, consider

Via,I - T

1 \/gay'}’y)\max(-[ - W) \/gay'yy
_ - I -w)|. (4
1= B a1 — W) < 2 Ty U )
The largest eigenvalue of /oy, T — #‘M (I-2ZI-W))is
_ 1 _ \f(say’)/y/\max(-[ - W) I+ \/gapry )\max(I . W)
1= 2 Al — W) 2 2
=0. (75)

\/gocy
1= Amax (I-W)

27 (1 G W)) v =M, 2T M, (1 NG W)) x

Therefore, \/50@[ — (I - %y(l — W)) is negative semidefinite, and

2 2
Vi .
=M T (1 y (1= 2 -w))
v ¥ ( 1= (1 — W) g U=W))e
Via v,
=M e (1= —w) - y (1= 2 -w))
v @ < 2 ( ) 1= Zhmax (I — W) 5 ) )@
= M 2T (I - %(I W) - \/Sayl) z
Via 7.
M T (VoI - y (1= 2 -w))

+ M, (fay 1= T (T =) 2( Wy |z

< M2 (I - %(I W) — féayl) 2. (76)
Substituting = = v/, ,; — Hy into the above inequality and using the definition of |||, we obtain

2 2
* —1 *
HV};,,&H —Hy -2 (1-w) < M, HV"?’tJrl —Hy I=2(I-W)—ay VoI 77)
From and (77), we see that
2 2 2
2 —1 ’}/y ~1

Ellysrs = 1y7[" < M, Hy’gvt“ - I W)y pRad K V’zvt“H(LW)? .

Multiplying throughout by M,,, the proof of is complete.

D.2 Proof of (53)

For every k, let Gi , and G}/ ; denote the stochastic gradient oracles at iterate ¢. For Algorithm
Git = Vo F (25,13 &k,e) and Q}C”t = V,F(2k,1,&k,) are obtained using general stochastic gradient
oracle. In Algorithm g;g’t and QZ , are obtained from the SVRG oracle.
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2
*
Step 1: Computing £ HDk 1~ Dy (1-w)t

Observe that -
DZ 41 D; = DZ,t + ?z(l - W)ﬁlzcj,tJrl - ng
Vs 1 v
ZDZ,t+§Z(I—W)Vﬁ,t+1 _ng 2Z(I W)
7 1
= DZ,t - D; + 2%;(] - W)(VZ’Hl - ng)

Y N i *
= Dlg,t - D; + 2%;(] - W)(Vlg,t+1 - Vlil,t-u) + ?Z(I - W)(Vﬁ,t+1 - Hy) (78)

On pre-multiplying both sides by /(I — W)T and taking square norm on the resulting equality, we
obtain

- Dz,m—D;) 2
H\/ (I —w)t th—D* (I —wHt(l W)(th-H H;)

2

2

g

112

(I =W)I(I = W)(&, 1 V}c’,t—o—l)

N *
w2 (=W 0L, = D)+ AT =W = W) 1) AT =W = W0 s = ))-
(79)
By taking conditional expectation over compression at ?-th iterate and using the result

Y Y _ .
E (Vk,t+1 - V;g7t+1) = 0, we obtain
2

E’ (1= W)t (D}, =D H\/I W)HDY, — D}) + 244/ (I = W) — W)(ykt+1 H)
’nyHq/I WYL = W)Y,y — ukm)
:HM(D;;D; +Z—g (1= W)L = W)W,y — Hy*)2
+2< (I = W)H(DY, = Dy), 2/ (L = W)L = W)W - H;;)>
b 2 VW= Wt st - w0
We have

(Va—wia—w) (V= wie-w) = uwyfa—wn/a-wa-w
= -W)T-W)IIT-W)

=1-W, (1)
where the last equality follows from the definition of pseudoinverse. Consider

]
= s = 1) (V== w)) (YT Wy =) @ - 1)
= (Vlg,t+1 - H;)T(I - W)(”Z,tﬂ - H;)

2
= H(Vg,tJrl - H;)

(I =W)H(I - W)(th+1 HJ)

(82)

I-w
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2
Similarly, we see that H\/ (I =W)TI = W) 4y — VZ’HI)H =
tuting in (80), we obtain

2

~y y H Substi

v —v ubsti-
k,t+1 k1|l

y «|? y «|? 'Vy «|? g y ?
E HD’”H — Dy (T—wyt HD’” Tl —wyt T 4s? Hyk SR | 452E o V’”“HI—W
gl *
# 2 (= WL, - D)L= Wi - W) - 1))
(83)
Now, we will simplify the last term of (83)). From the property of adjoints,
< (I =W)I(Dy, — Dy), /(I = W) (I = W) (v, H;)>
= (==, - )t - ;)
= (L= W)= W) (DY, = D), v}y — Hy ). (84)
Note that D € Range(/ — W) using Proposition Further note that D;Zyt € Raljge(l - W)
because of update process (Step 10) in Algorithm Therefore, there exists Dz,t and D, such that
Dy,=(I—-W)D{, and D; = (I - W)D,.
(1 =W)(I = W)H (DY, = D;) = (1 =W)(I = W) (1= W)DY,, = (I - W)D,))
= (I-W)(1—-W)!(1-W) (D}, - D,)
= (1-w) (DY, - Dy)
=(I-W)D{,—(I-W)D,
=D}, - Dj. (85)
This gives
< (- W)T(D}Z,t —D;), (I = W)HI - W)(Vlc 41 sz)> = <D1'Zt D* Vk 41 sz>
(86)
On substituting above equality in (83)), we obtain
2 2 2 2
* _ '71/ ?
E HD’“ e~ Dy (1-wyt H v (1—w)t e l Vi H* w12 Vi VZi“HFW
+ 22 (DY, — Dyl oy — Hy) 87)
Note that L1V, f(2*) = 1YV, fi(z*) = JV,F(1z*). Then we can write Hj = 1y* +
sJV,F(1z*). We have
Vig,t+1 Hy =vy 1 — (YT + s8IV, F(127))
=V~ (=sDj 4+ 1y* 4 sV, F(12%))
=Ykt + sg};’t — sD,‘Z,t +sD* — 1y* — sV, F(1z%)
= ye— 19" +5 (G, - V,F(12")) = s (DY, - ;). (88)
In deriving equation (88), the second equality follows from the definition of D} = (I —J)V, F(12*),
and the third equality follows from the update step of Vk 41 (Step 9 in Algorithm'
Substituting (88) in @
. 2 ~2 2
E HDk 1Dy -wyt HDZ,t —Dy (1—w)t 4;2 HV" t+1 H* T Pkt V’(Z-rt“llifw

2
+ 22 (DY, = Dy — 1y +5 (91, - VyF(lz*)>> —||PL - D;
(89)

2
Step 2: Computing 22 EHD,C 41 D*

Y *
+ Hyk,t+1 —Hj

(I-w)t I-2(1-W)
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Taking square norm on both sides of (88), we obtain .

2 2 2
[tin = 15| = |l =10 +5 (g1, - voFazn) |+ DL, - Dy

— 25 (DY, = Dyys — 1"+ 5GY,, — sV, F(127)). (90)
Multiply (89) by %{iz and adding the resulting inequality with (90),
252E DY D 2 v o 2
Ty H kitl Ty (I—W)T + HV’”“ Ty
Y Y * 2 y 2 y « 2
H (T—W)i Ty HVk,tJrl — Hy I—W Dk it Vk,t+1H17W ke — Dy

2
+ 82 HD%)75 - D;H + Hym = 1y* + G}, — sV, F(12%)

252 2
==, ot -5
YTy

2
Yy _ g2 Yy _ D*
Uil (r—wt Vk Vk’t_"lHI—W s HD“ D,

Wy, —m
o ([Pt = Myl T

2
+ Hyk,t —1y* + sgg,t — sV, F(1z%) 91)
We have )
0 *
H’/kt+1 H* - Hylgt-i-l Hj w
* * * ’y *
= (Vlg,t-u - Hy)TI(Vk t41 Hy) (Vk,t+1 - Hy)'r?y([ - W)(Vlg,t-i-l - Hy)
x Y x
= (Vg,t-s-l - Hy)T (I - ?y(—r - W)) (Vlg,t-&-l - Hy)
2
- Hyg’t“ —Hy -2 (-w)y
Therefore,
2 2
y _
2 Hykvtﬂ - Hy —-w Hy’gvt“ - Hy| - Hy’g»t“ H* -2 u-wy’ ©2)

By substituting above equality in (OT)), we obtain

2 942 2 2
EHD - D} +H1/y _Hr :—HD” —D? +Huy _H*
k,t+1 (I—W)t k,t+1 Y Yy k,t Y (I— W)t k,t+1 Y
v gy Ty sy oy 2
Vit+1 vilr— o -w) 9 Viett1 — Vet —w
2 2
V- D;H n Hykt — 1yt + Gy, — sV, F(12%)
Hence we get
2
* Y g
EHDkt+1 D, (I_W)T+"Vk,t+1 y I_%y(I_W)
Y g gy 1 v, F(1 *_&|pr — |
(Wt 9 Vit+1 — th+1 "’ Yrt — 1y* +Sgkt s (19| —s ke — Py

93)
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2
Now we  write H - HDZ ,—D; in  terms  of

(-w)t
o, o]
T ||k 2(1-W)i =, I
2
2 2 *
7 H ke = Dy (I—w)t 5 H ke =Dy
252 *\ T * 2 *\ T *
- 7y(D,@;)t - D) (I -W){(D}, — D}) - s*(Dy, — D) (DY, — D})
82 * *
- (DL, = DT (T = W)t =5, 1)(DY, — D))
2
-5 HD (94)
Yy 2(1 W)t =y I
By substituting this equahty in (93), we obtain
* *
P HDk e~ Dy (I-w)t Hyk»t“ By, W (1-w)
—i y il Y g|py y | 1y + 567, — sv, F(12%)
~ oy TRt T Pyt T 2 T R T ey lgke = 7+ 5Gi = sV, P17
95)
2
Step 3: Computing V6 E HH hin — Hy H and finishing the proof
Observe from Step 4 in Algorithm@d{that H} , | = (1 — a,)H} , + a9}/, , |, and as aresult,
Hg,t-&-l - H;=(1- O‘y)(H,t —Hj)+ O‘y(ﬁg,tﬂ - V]g,t-i-l) + O‘y(’/g,tﬂ — Hy), and

2
HHk 1 — Hyll = H(l - O‘y)(HI?:,t —Hj)+ O‘y(’/g,tﬂ — H)

2
y
+ a H’/k t+1 ~ Vit H

+2 (1= ay) (Y, = Hy) + 0y (v g = ), 0y (70 = a10) ) - (96)
Taking conditional expectation over compression at ¢-th iterate on both sides and substituting

~Y y -
E (V;m“ — V,g,tﬂ) = 0, we see that

2
Y * —
E||HY 0 - ;| =

2 2
H(l - O‘y)(ng,t - H;) + ay(”lg,t+1 - H;) ﬁlg,t—o—l - Vlg,t-uH

2
=(1-ay) Hngt - sz

2
+ 2B |y~ |- ©7)
The last equality follows from the identity ||(1 — a)z + ay|® = (1 — a) ||lz||* + «|jy||* — a(1 —
) || — y||* . On multiplying both sides of (97) by \f we obtain

2
\/EEHHI?,tH_H* :\/5(1—ay HHgt Hj +\[O‘yH’/kt+1 H*

Y Z4 41
2
— Vi, (1 - ay) Hylg,t+l - Hig,t (98)
‘We know that
Y _ * _ Yy * Y _ *
HykvtJrl H, [-2(1-W)—ay VoI Hykvt“ , -2 (1-w) Hl/k*t“ Ylla,vor 9

25

2
Yy * Yy Yy
+ ay Hyk,t+1 —Hy H —ay(1—ayk) Hyk,tJrl - Hk,t

2

» 2
Vk,t+1H



Therefore

E HD Y I v —mlf
kt+1 -t kb1 I (W) —ay BT
2
_ * Yy _og* Ly _og*
o E HD’“ 1= Dy (I-w)t ‘ Vit Yl u-w) ‘ s Yllay, V61
2 2 2
— * Yy * Y *
N E HD’“ 1 Dy (I-w)t + Hy’“t“ Ol aewy ay\/gHV’“t“ — 4,
52 y <1 'VJ oY y ? * Yy A7
N 'Viy H | Yo W)T —yyI 2 B2, Vk7t+1HI—W + Hyk’t —1y" + G, — sV F(127)
—ay Vo [ —m|, (100)

where the last equality follows from (©5) . Now we add above equality with (98) and obtain the
followmg expression:

2
EHDk -0zl H:

+t -
k,t+1 Yl -2z (1-w)—ay VoI

o +\/SEHH};’¢+1 H;

2 2

- - H ¢ B y

- y
2(17W)T7~/y1

2
k.t

D41 — Vi’,tHHI W+Hykt—1y + Gy, — sV F(12%)

2
+ \/3(1 — ay) HHgt - H; + ﬁO‘ZE Hﬁg,t-&-l - VlZ,t+1H - ﬁo‘y(l — ay) HV};’,W - HgtH :

(101)

Rearranging the r.h.s. of the above equation, we obtain (33).
We have a similar recursion result in terms of z.

LemmaD.2. Let ok t41, Yk t4+1, D 4110 Dz7t+1, Hi o H} 1 H;“tﬁ_l, H,z”tﬁ_l be obtained from
Algorithmusing IPDHG(z 1 t, Vi t» D,?t, DZ o H,f7t, H;jt H;:tw, H;:t , 8, Yo Yy Oy Oy, G). Let
Assumpti(mand Assumptionhold. Suppose o, € (0, (1+ 5)_1) and

2-2 —(1 2
v, € [ 0, min Voo, az = (L+9)ag }) (102)

/\max(I - W)7 \/g)\max(-[ - W)
Then the following holds for all t > 0:

2 2
M, E |41 — 12*||° + WiE | Dk 41 — D3 : +VOE | Hi i — H;HQ

EH(I—W)T

2

2
< ka,t — 12" — sGi; + sV F (127, 13/*)“2 + vi (1 B %)\m 1(I=W) ) Hle,t - DZH?I—W)T

+V6(1 - ay) ||HE, - HE|, (103)
where E denotes the conditional expectation on stochastic compression at t-th update step and

_ Vo,
Mm - 1 1— ’YI max(l W)

We omit the proof of Lemma|[D.2]as it is similar to the proof of Lemma[D.]]

E Proofs for General Stochastic Setting

In this section, we state and present proofs of the results for general stochastic setting discussed in
Sectiond]
‘We now make the following assumptions on the stochastic gradients.

Assumption E.1. (Unbiasedness and local bounded variance of stochastic gradients) Stochastic
gradients V,, f;(z,y; &) and V,, fi(x, y; £%) for each node i are unbiased estimates of the respec-
tive true gradients: E [V, fi(z,y;¢')] = Vafi(z,y), E [Vyfi(x,y;gi)} = V, fi(z,y) and have
bounded variance:

E U\wai(a:*,y*;&) Vafil@®y)| } v

B[V, fia”,y":€) =V, fila® " H} (104)
where (2%, y*) is the saddle point of (SPP). Define 02 := o2 + 0.
Assumption E.2. (Smoothness)
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1. Bach f;(-,y; &) is Ly, smooth in expectation; for all 21, x5 € R,
)
E||Vafi(@1,y:€) = Vo filzo, y; )| < 2Lao (fi(w1,y) — filz2,y) — (Vafilza,y), 21 — 22)) .

2. Each — f;(z,-;€') is Ly, smooth in expectation; for all y;,y> € R,
) 12
E||=Vyfile,y1;€") + Vy i, y2;6)||” < 2Ly, (= file, 1) + filz,y2) — (= Vyfile, y2), 91 — y2))

3. For every € R, the following holds: E ||V, f;(x,y1;¢") — wai(x,yg;fi)u2 <
Liy llyr — yg||2 for all 3,15 € R%.,

4. For every y € R, the following holds: E ||V, f;(z1,y; &%) — Vyfi(mg,y;gi)Hz <
L2, ||z — 2| for all 21,z € R,

We define a quantity ®;, ; consisting of primal and dual updates which is instrumental in deriving the
convergence rate of Algorithm[2]

+ V6 ||HE, - HE L

* |2 28% T * |2
q)k’t = Mw,k ||$k,t -1z H + T HDk,t - DwH([_W)T

+ My lyee — 197 + HD
forallt > 0 and k£ > 0.

2
‘ (105)

V| |HY, -

(I-w)i

Lemma E.3. Suppose {xj.}+ and {yi}. are the sequences generated by Algortthm with
G = [V.F(5&); -V ,F(;¢ )] Then, under Assumption[3.1| Assumption 3.2} Assumption|[E-I|and
Assumptwn@ the followzng hold for all t > 0:

E e — 12" = siGf, + si Vo F(1a”, 1y7) ||

< (1= pasi) wns — 1% | + 457 L3, llye.e — 10" |* — (255 — 857 Las) Z Vi, (@5, @)
i=1
+ QSk (F(xk,ta ly*) - F(].I*, ly*) + F(lx*vyk’,t) - F(Zk,t)) + 2m5i0§7 (106)

2
E Hyk,t — 1y + sxG), — sV, F(12%, 1y*)

m
2 2 ;
< (1= i) e — 19* 2 + AFL2, lone — La* | — (20— 853 Lyy) S Vopr (% 0h)
i=1
+ 25, (—F(xpt, 1y*) + F(1z*,1y*) — F(1a™, ygt) + F(zie)) + 2msi0§, (107)
where E denotes the conditional expectation on stochastic gradient at t-th update step.

E.1 Proof of Lemmal[EJ|

We will derive inequality (TO6) here. The proof of inequality @ is similar and is omitted.
In the general stochastic setting, we have G} = V. fi(2}. ;€1 ,), G4 = Vy fi(2; 4 €k ) and step
size is s . We now have

* xT * * 2 * * *
E ||xk7t — 12" — 51.Gp  + sk Vo F(12%, 1y )H = ||lwk: — 1z ||2 + 52 F ||V F(12*, 1y*) — VmF(zht;fk,t)HQ

+ 25, E (xp, — 1™, Vo, F(1a™, 1Y) — Vo F (21,45 8k,1))

= |logs — 12%|? + SEE | Vo F (12, 1y*) — Vo F (2145 e) |
+ 2sg <1'k,t —1z*, VwF(lx*, ly*) — vxF(Zk,t)>

< lans — 12| + 258 E | Vo F(1a*, 1y*) — Vo F(12*, 1y*; & )|
+ 253 |V F (1% 1y €rt) — VaF (200 &) I
+ 2sp (xpr — 1o, Vo, F(1a™,1y") — Vo F(2zk4))

< ke — 12*)* + 257 B |V F (12%, 1y*1 &t) — Vo F (21,016t |

+ 255 (2 — 1%, Vo F(12*,1y*) — Vo F(214)) + 2msio?
(108)
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Also, ,
E ||V F(1z™, 1y*'§l~c t) — VxF(Zlm; fkt)”
I

- Z:EHVQJz 160) = VafilZha: Eie)

= ZE vafi(Z*é flic,t) - vxfi(m*,yli,t;fli,t) + foi(w*,yi,t; glic,t) - Vocfi(zlic,ﬁﬁ/i,t)HZ

~.
[

m

<> (2B |[Vati(zi6h) = Valia vk )| + 2B | Vafi 0 vk 6h0) = VaFileh i 60))

=1
< Z <2L§y i — y*H2 +4Lee Vs, i (z*, 1’2,)) (from Assumption [E.2]and equation 7))
i=1
m )
=203, gk — 197" +4Law ) Vy 4 (@20 y). (109)
i=1

We now simplify the inner product (xj, ; — 1a*, V F(1z*,1y*) — V,F(21,)) term present in the
r.h.s of (I08). Recall the definition of Bregman distance Vfi7y(l'1, T2

):
Vfiyy,i,t(w*aﬂc,t) = fi(x*,y,zc ¢) — fz(x}c t7y;c t) — <V fz(iU ,t>yz,t)’m* - x;c,t> (110)
L Thot)-

<foi(z,i7t), —z* + x;ct> =—fi *ayk )+ fz(zk )+ Vfl,yk t(17 xkt (111)
Using p,. strong convexity of f;(-,y), we have

(x

. ) . 2

fi(‘r;c,t’ ) = filz") + <V fi(z"), Thot — >+ o kat x*“ (112)
(Vafi@)why = a*) < Filain ) = Fi(z) = B |l — 2] (113)

We now compute

(gt — 1™, Vo F(1a*,1y*) — Vo F(21,4)) Z@ckt ¥,V fi(z¥) — mei(z,iyt»

m
H i *12 i i *x i
<3 (fiaho) = ) = B ke — 2| + Fila™ k) = Filh ) = Vi, (@)
=1
= F(xs, 1y*) — F(la*, 1y*) + F(1a*, yrt) — F(2e4) — % llzk e — lx*H2 (114)
_Zvﬁ (z*, 2,,), (115)

where the second last step follows from (TT1)) and (TT3)). On substituting (I09) and (T13) in (T08),
we obtain

E ||xkt — 12" — 5,Gp , + 51,V F (127, ly*)”

m
< ||k — 12*|* + 2msio? + 253 (2% g = 197 1" +4Laa Yy Vi, i (a7 W)
=1

+ 251 (F(ack 1) = F(1a*, 19") + Pl ys) = Fre) = 55 lowe = 1|7 = 32V (0, w%;,»)

= (1= prosi) llns — 17 |” + 453 L2, Nl — 11 = (25 — 852 Laa) D Vy i, (0% 7h0)
i=1
+ 255 (F(we, 1y*) = F(1a™, 1y*) + F(1a*, ype) — F(zx,)) + 2msioz, (106
completing the proof.
We have the following corollary.
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Corollary E4. Let s, = m for every k > 0. Then, under the setting of Lemma,

2
E kat — 12" — 51.G5 , + sp Vo F (127, 1y*)H2 + E Hyk,t —1y* + Skgz’t — sV F(1z*, 1y%)

< (1= ba) lzne — 1% + (1= by ) lyks — 1y* |1 + 2msi (02 + 03)
forallt > 1, where by, ), = g5, — 45%L3z =, by = [lySk — 45%L2y.
E.2  Proof of Corollary[E.4]

As the step size s = W, we have s, < ﬁ. We now show that the terms 2s;, — 8siLm and
2s), — 8s2 Ly, appearing in (T06) and (T07) are non-negative:

2 1
2sp, — 2La:x = - Lza:
Sk — 85} iLn 22~ PR igragan
S TR SR SR
= 2Lk 2k/2 16L2k32% — 2Lk24/2  2LK32%
kp2R/% — 1

Similarly, we get 2sj, — 857 Ly, > 0. Recall
bg;’k = Uz Sk — 45%[/;$

i AL,
 4Lkg2k/? 16L2k52F
< I 417
= 4Lk 2k/2 16L2/@?2’f
B 1 1
- 20k/2 29k
4/<af2 /2 4K32
S 1 1
T AR 4532282
1 > 1
=(1-— . (117)
2
( NG} 4/<f2k/2
We now show that b, j, < 1.
Ha Ha 1

by ke < pgSk = 1. (118)

< = <
4Lk p2K/2 = ALy kp2K/2 ARk p2K/2
Therefore, b, € (0, 1) for every k > 0. In a similar fashion, we obtain b,, 1, € (0, 1) for every k& > 0.
On adding (T06) and (I07), we obtain

2
E kat —1z* — 5.Gp , + s;.ch;F’(lz*)H2 +E H’ykt = 1y* + 516G, — 51,V F(127)

< (1= posi + 4L, fane — 1|+ (1 — pysp + 45222, Iy — 17

(25— 852 L) 3 Vi (02 = Gx = 8520 SOV g (0 0) + 2mst (02 + 02)
i=1 i=1
< (1= bege) 2rs — 12%]% + (1 = by) e — 1y*|1 + zmsi(gg +02). )
The last inequality follows from non-negativity of Vy, .. t(ac*,a:}m),V, fowi YUk t)s 28k —
SSiLm and 2s; — &SiLyy.
We now establish a recursion for E [®y, ;].

i
Tk ¢

Lemma E.5. Suppose {xy,+}+ and {yi +}+ are the sequences generated by algorithm @with g =
Vo F (5 8); =V F(+;€)]. Suppose Assumptions and Assumptions hold. Let step
size sy is chosen according to Corollary Then, for every k > 0, the following holds in total
expectation:

E @ i41] < piE [Pr 4] + 2msi (07 + o), (120)
forall t > 0, where py, is defined in equation (128).
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E.3 Proof of LemmalE.5

On adding (33) and (103) , we have
2

2 28 2

My kB ||xg 1 — 12%||” + 77 ZE Hle,tH ||(1 wyt T VoE ||Hk t+1 ;k“
k * 2 * 2

+ My B ||yk i1 — 1y + E HDk 11— Dy -t y.k ‘

VOB | HY s —

< ||wns — 1a* — 5,GE, + kY F(1z*)H2 L 20 (1= 2Ex = w)) |Di, - Dy |7
> k,t kIk.t kVax Yok 2 m—1 k,t yll(r1—w)t

2
VO — o) || — Hi |+ Hyk,t — 1y + 50y, — SkVyF(lz*)H

(kMA (IfW)> HDy ~pr|
Yy,k 2 mel kit Y

(I=w)t

+

+Vo(1 - Qy k) HHI?cJt -

Tt

(121)
By taking conditional expectation on stochastic gradient at ¢-th step on both sides of above inequality
and applying Tower property, we obtain

VOB Hf oy — ;,kH2

2
My 1 B ||z 41 — 12%]° + %E D% 1 — ||(1 Wt

2 2
s
+ My kB lyr i1 — 1y*))? + E HDk 1~ Dy I-w)t ok ‘

+ ‘/SE Hng,tJrl -

* x * *\ ]2 282 Va,k x * |2
< BEllagy — 12* — sk Gf , + s Vo F(127), 197 ||” + - (1 — 5 Amal - W)) D% = D3l s

2
+ VO = ) [ HE = Hegl* + B [y = 197 + 5407, — 569, F (12", 1) |

+ﬁ(17MA (IfW)>HDy ~pr| +Vo(1—a HH ‘2
Yok 2 " el wy wk) [ Hie = Hy
< (1= by) one — 12*)* + (1 = byi) e — 137
28% Y,k 2 282 Yy, k
EEL N I—W) D¥  — D* —k(l Juky  (I— W)HD D*
+ Yook ( 9 1 ) H ket xH(FW)T + Yok 9 1( k.t (=Wt

V(1 — ag) | HE, — Higl|* + Vo1 — o) | HY, — Hp s ‘ +2msi(o2+op)  (122)

where the last inequality follows from inequality
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By taking total expectation on both sides of above inequality and using the definition of ®; ;, we
obtain

E[® 441]
< (1= bp ) E lzns — 12*))* + (1 = by ) E lyk,e — 1%

252 Ve k 2 252 Yy.k 2
S (q _Daky I—W)E DY, — D* —"(1— wky I—W)EHDy _D*
+vm,k( g o= W) B DLy = il vy + 500 g A=) wt T llwys

VO = au ) B[ HE, — il + V(1 — g ) E Y, - H;,

2
\ +2ms2 (0% + 02)

1- bw 1-— b
= b ar, o — 10 P+ 2 a1
x, Y,
28% Va,k 2 252 Yy .k 2
1 - Jeky I—W)E D¥ . — D* J(l—LAm_ I—W)EHD” _D*
+ Yook ( 9 1( ) H k.t IH(I—W)T + Yok D) 1( ) k.t y (I—w)t

2
VO = au ) B [ Hi, — Bl + V30— ayn)B |[HY, — Hy | + 2msi(o2 + 02)

T—bysr 1—b
< max{ @,k vk g Jzky (I —W),1— 7;”“ Aot (I = W), 1 — a1 — ay,k} < E @]

My 1 ’ My 1 ’ 2
+ 2msﬁ(ai + 05)
= piE [®14] + 2msi (02 + 012/), (123)
where b 1
1—0bpr 1=y Ve, k Yy, k
= 2 =1 — ')\m, I—W,l— ’)\m, I—W,l— 171_
Dk max{ Mo My 5 1( ) 5 1( ) Qg k Qy k

(124)

E.4 Feasibility of Parameters for Algorithm 2]

Parameters setting: From Corollary the step size used in Algorithm [2|is s; = m

for every £ > 0. We choose the parameters involved in COMM procedure and other parameters
Yz, ks Vy,k as follows:

o ba:,k _ by,k
Up k= 1+57 Ay | = 1+ 5 (125)
bz k by k
ek = :  Vyk = ’ 126
Tk 1+ 8) 2 e — W) U T 214 6)2 A (I — W) (126)
My =1 Voas M Viay (127)

— =1—
: 1= BN (T — W) 0" 1— k) o (T— W)

1—=bzr 1—byx Ve, k Yy k
- ’ ko dek sy T =W 1= (T —W) 1= g, 1—
Ok max{ Moy Myp 5 1( ) 9 1( ) Xz, Qy
(128)

. 1 1 1 1 1 1 1 1
Pmm{<1‘ﬁ) 8/@?’(1_\5> T6(1+ 0)2 Wiy 1+ (1‘ﬁ>4,@}- (129
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Feasibility of parameters: Above choice of parameters should satisfy the following conditions:

. bz,k 1 . by,k 1
ax,k<m1n{\/g,1+6},ay,k<m1n{\/g,1+6} (130)
[ 2-2v6a, ik Qur— (1+8)a2,
=k € | 0, min — ’ , 131
Tk ( {Amax(l W) Vohmax(I - W) (30
. 2 —2Vbay . ik — (L+08)ag,
€ | 0, min v 2 v , 132
,yy,k ( { )\Inax(l - W) \/g)\max(-[ - W) ( )
I (I =W) € (0,1), ZEN, (1= W) € (0,1), (133)
M, € (O 1), M, yk € (0, 1) (134)
1—bg, 1-—
_— 1 1 1
e 0., € (0,1) (135)

y.k
In this section, we show that all parameters spec1ﬁed in (126) satisfy all requirements of (130)-(T33).

Feasibility of o, ;, and v, ;. From (I17) and (I18), we have 0 < b, < 1. Therefore, cv; 1, < +
Moreover, % < 1/2. Therefore, ay < bok  p, k/V6. Hence, oy ) < mm{ ok %} )

2V/5
Similarly, oy, ; < min { b\y/§7 1+5} because by, € (0,1).
Consider
azr — (1+08)ag ba = U

\/S)\max(l - W) \/S(l + J)Amax(l - W)
2boi — 12,)

T (1401 +0)Amax(I — W) (136)
The last inequality uses the relation 1\(5 <3 1 Using (TT8), we have b, , < m < 0.25. This
allows us to use the inequality 2z — 22 > x /2 for all 0 < z < 0.75. Therefore,
Qg | — (1 + 5)0492”C bz k
Vodmax(L — W)~ 2(1+0)2Amax(I — W)
= Y k- (137)
Consider
2— Q\T% k 2/5b, 1
)\max I1-W) < 1+0 ) Amax (I — W)
1
=7 1+ 5 Amax (I — W)
= /\max(l W)
bz
7 21+ 0) P Aman(I — W)
= Ya k> (138)
where the third inequality uses % < 3 L and fourth inequality uses Q(?‘Tf”g)g < 1. We know
that b, ;, € (0,1). Therefore, by followmg similar steps, the chosen -y, ; is also feasible. As
Yok < Qmi\ga;‘,’“) < /\max(zl "y Notice that A,,—1 (I — W) < Amax({ — W) Therefore,
%;’“Am,l(f W) < %;"“Amax(l W) <L (139)

Similarly, 242X, (1 — W) < 1.
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. VBa.
FeaSlblllty of Mx,k and Mng. Recall MrJf =1 - m and My7k- = 1-

2

%. We have
1=k N (T—W)
_2- 2V 00
Y,k )\max(I — W)
Amax(I — W
= Jok *12( ) 1o Vi i
x )\max I- W
:>1_’Y,k 2( )>\/5az,k
\/Sa;c k
1 _ 'Y:L',k:/\max(I_W) < 1 (140)
2
Moreover, % > 0. Therefore, M, 1, € (0,1). The feasibility of M, ; can be proved
similarly. ’
Feasibility of = b“ £ and 11\7”. Observe that
y,k
lfbr,k o 1*bm,k
Mm’k o 1— \/gam,k
1= 255 Xnax (I=W)
(= b)) (1= B A (T — W)
1-— ’YIQ’k /\max(I - W) - \/Saz,k
ba i
:(L_m“<1_ﬂﬂ%a (141)
1 bok Vb ’
I(1+0)2 +o
Let =1—byp,0=1— ( )2 and y = \{j’_g’“ We now show that y < b — a.
_ \[bw,k
1+9
< bx,k
- 2
= 2% bor(1— b1 -
st (1= ) ~0ee (1 s )
ba:,k z,k

1
=bpp (1l — ——-us
w ( 4(1+6)2
—o—0. (142)
Notice that 0 < y < o —6,and 60 < (6 + x)(0 — x), i.e.,

by i \/gbx k ba i \/gbx k
—b. . ___Cmk )« _ 4 : : k| A
(1 b%k) (1 4(1 + 5)2> - (1 b;c,k 1+6 ) (1 4(1 + (5)2 1+6 (143)
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Substituting the above inequality in (T4I]), we obtain
1-b V6b i 1 be ke V/3by i
1—0bak < — Oz + 15 T I(1+6)2 T T1+e

Mw,k - 1 bk Vbg i
I(1+0)2 T+o
b
=1—bx7k+\fx7k
149
—1-(1= ﬁ bk
1+46 ’
bx k
<1-—- =
- 2
1 1 1
gl(l) S, (144)
V2) 8k} 2k/2
where the last step follows from (I17) . Notice that (1 — %) % 2kl/2 € (0,1) and hence % €
(0,1). Similarly, we obtain
1— by < 1 ) 11
Sk o (- ) (145)
V3 ) &3 2

We now prove another intermediate result that shows the convergence behavior of E [®y, ¢11].

Lemma E.6. Let @y ;11 and p be as defined in (129). Under the settings of Lemmal|E.5|

t+1 m(o2 +02) 1
E[%Hl}g(l P ) E [®0] + v

__P % T 9y) 2 (146)
k 2.2 ok/2’
2k/2 8pL2k7  2k/2

forallt > 0.

E.5 Proof of Lemma E.6|

First, we show that pj, < 1 — 57, where these quantities are defined in (T29). To prove this relation,
we first simplify the terms 1 — 252\, _1(I — W) and 1 — , j appearing in the definition of py:
Y,k b:c k )\m—l(I - W)
1——X 1 (-W)=1- ’
3 Am-il ) 41+ 6)% Amax(I — W)
bw,k i
4(140)? Ky

<1 1 1 ( 1) 1 1
- 4(1+9)? ky V2) 4kG 2k/2

1 1 1 1
=1-(1-— . 147
( ﬂ) 16(1 +6)% KFrg 28/ (147)
Similarly, we obtain

Vyk 1 1 11
1— kN g-w)y<1-(1-— . 148
2 i )< ( ﬁ) 16(1 + 0)2 K2y 2872 (148)
Consider . ) ) L1
z,k
l—opp=1——2F <1 1—— ) —— 14
Yk 146~ 1490 ( 2) 4K2 2k /2 (149)
by.k 1 1\ 1 1
l—ayp=1- 28 <1- 1—— ) ———. 150
ok 140" 1+0 ( 2) 4K7% 2872 (130)



Let us recall py:

1-— bx,k 1- by,k B Y,k

1
My = Myy ' 2

- . (1 1) L1y (1 1> 1 11 1 (1 1) 11
max — —— | =T, 1 - - — , 1 — —— | =T
- V2) 8k% 2k/2 V2) 16(1 4 6)2 Ky 2K/2 1+6 2) 4rk% 2
EPRENNS AU S S S DY RS U S SRS SIS SRS N CRUNE U N U
B V2 8K% 2K/2 V2) 16(1+8)2 k7rg 26/27 146 2) 4r% 2k/2

o mmd (1o )L (oL 1 LIRS SRR B G
N V2) 8k3 V2) 16(1+0)2 kirg 1+ V2) 4r3 [ 2K/
p
where p is defined in equation (129). Using Lemmal%?a] we have

E[®h111] < pr B [®r ] + 2msi (07 +0p) < (1 - zk%) E @] + 2msj (02 + 0y)

Pk = max{ Am1(I—W),1— 7-”2”“ A1 (I = W), 1 — g, 1 — ay

=: ap B [®h] + C15%, (152)
where aj, = 1 — 35 and Cy = 2m(0? + o). We now unroll the above recursion to obtain
t

t
E[®ri41] < o E[®ro] + Y ai ' Cusi = ot E [Bro] + Cisial Y ;!

1=0 1=0
R |
— afle [(I)k,O] —+ Clsﬁa}; k —
a, —1
1 a, MY 1 1 9%
< afj’ E @y 0] + Clsﬁaz 51 — afj’ E @y 0] + Clsﬁa;
ak -1 1-— Qg
1 p \it! 1
= a;’c“"lE [(bk,()] + Olsim = (1 — W) E [(bkp] + ClSiQk/QE
Using C; = 2m(02 + o) we have
p o\ttt 2 2 1 k/2 1
FE [(I)k,t+1] S (1 — W) E [q)ky()] + 2771(0'm + O'y)m2 ;
B p o\t m(o2+oy) 1
= (1-50%) El®wol+ R TTEr e (153)
F Proof of Theorem 4.1]
This proof is based on several intermediate results proved in Appendices Hence it would be

useful to refer to those results in order to appreciate the proof of Theorem

We divide the proof of Theorem [&.I]into two parts. We first find the total number outer iterations
required by Algorithm 2]to achieve target accuracy e. Then we derive the total gradient computation
complexity of Algorithm[2]

F.0.1 Total Number of Outer Iterations

We have the following initializations at every k + 1 outer iterate:

Th+1,0 = Thity, Yk+1,0 = Yk, ty- (154)
Therefore,
2 2 2 2
lzk+1,0 = 127 + Y10 = W5I° = 2k, — 1277 + Ykt — 17|
1 2 2
< (M — 1P+ M 1yt )
~ min{ M, i, My 1.} ok ke = 17 Myl = 17
1
< — Dy . 155
= M}c k,ty ( )
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By taking total expectation on both sides and using Lemma[E-6| we obtain

1 t m(o? +02) 1
*||2 2 14 z y
E ||x/€+1,0 -1z H +FE ||yk+170 -1y || < M. A (1 - W) E [q)k,o] + WW

E [Py o] (1 p )tk m(o2 +o07) 1
M, k)2 8MypL2r3 22
(156)
We now focus on bounding ®;, ¢ in terms of ||z o — 12*||* and lyk,0 — 1y*||%. Recall from (129)
that

<

2
Dpo = My ||z — 1a*|° + 25 |Dg o — D 2 +Vo || HE o - H;kaQ (157)
.’E

z H(FW)t

2
My llyeo — 1y*1° + HD o W)T+\/5HH,§{O— il o ass)
We now bound the various terms appearlng on the r.h.s. of the above equation. First,
2
Vg~ Hal? = [fono — 160* = 29 p)|
<2 a0 — 127 + ﬁ IVaf DI (159)
Moreover,
Yy « 1P *x . Sk N
|t = ]| = oo - 1067+ Tvurn)|
257
< 2lyko = 1P+ E 9, £ ()7 (160)
We now have ) )
1DEe = D32,y = 10 = DVLF @) s
=: Cy. (161)
2
[Pt =i, = 1= DV iy (162)
=: Cjs. (163)
Therefore,
252 - 112 41+ 0)*Amax(I — W)s3
m HDk,O - DQZH(I_W)T - bz,k Cs
4(1 4 8)?Amax (I — W)C'
bk 16L222F 2
(1 +0)? Amax (I — W)C
T bopdL2k32F 2
_ (1482, dnjat
4L2 22k (1_ L)
V2
2(1+ 6)%C:
__+9) - (164)
29k/2 (1 — L
12242 (1 - &)
Similarly, we have
2 2(1 +6)?
Yy, k

(I-w)t L22k/2 (1 _ %) ’
2
Substituting the above bounds in (T58) gives
Bro < (Mo, +2V0) l|zio — La*||* + (My, +2V5) llyno — 1y7||”

Vo (2 a2 L 20+ 0)%(Cs + Cs)
+ gzgar (VL EDP + IV ENIP) + = L)

(166)
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On substituting the above inequality in (I36), we obtain
2
E|[zk41,0 — 127

<L(1,L

+L(1_215/2)tk L

tr
o) (Mo + 2V8) B g — 172+ (My s+ 2V0)E o — 157

m(o; +o3) 1
8 My pL2K7 2k/2
‘We have

* 2 * 2 2(1 + 5)2(02 + 03)
smzzze (IS + IV DI) + = =

V2

(167)

oo Do (BMak £6V0 (3My +6VEY <3>
¥ —log (1 — 5%) & My, o8 M, R\ [

(168)
Therefore,

1 3M, 6v0

t > _ log gk T NG

ey ey M,
p 3Mup+6V6\ M,
/4 My,
=trlog(l— —= ) <log | ————
p o\t M,
= (1-— < . 169
( 2’“/2) = 3(My i+ 2V0) (1o
Moreover,
1
o (2
—log (1 — Q,f/z) M,
p 3
= —t; log (1 - T/2> > log (M)
M;,
p o\t _ My
_ 7 < .
N (1 ) . (170)

k/2
By using above inequalities into (]'1172[), we obtain ,
2
E ||Zk+170 - 12,'*”

1 w2 1 .
< S Bllwko — 12" ° + 2 F yro — 197

1 V6

m(o} +o07) 1

* 2 * 2 2(1 + 5)2(02 + 03)
+ 3 | smzeze (9SO 41V ENIF) + =2 =
V2
m(oZ+o7) 1
8MypL2k7 2k/2

1 w2, 1 a2 A Ao
= gEka,O—lfU [ +§E||yk70—1y [ o8 T 9z

where A, = Ve

8 My, pL2K7 2k/2

(171)

gz (IVafEDIP+ IV, f(@)) Az = 2L o proceed further,

P 1
, s12(1-75)
we derive lower bounds on M, ;, and M, ;.
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Lower bound on M, ;. Using (T18), we have

1
by <
k= 4l£zlﬁ2f
N be ke < 1
4(140)2 = 16(1 + 0)%kyky
— 63’771“ >1— ;
4(1+96)2 ~ 16(1 4 0)%kaky
1 < 1
be, -1 -1
- 1 warores

(172)

=1

= (173)

‘We also have
Oy | \/g < Qg | \/g
1

Yo, kAmax((-W) — 1 1
1-— % 1 16(1+5)2"6zl‘6f

PV VBba 1k 16(1 + 6)2kgrs

L~ sy L+ 0)(A6(1+06)*kany — 1)
16VO(L+6)kpy 1 4V5(1+456)
(16(1 + 0)2kutiy — 1) dkghy  (16(1+ 0)2kpky — 1)
_ 4v5(1 +6)
15(1 + 0)2k5k7 + (1 +6)2kgkp — 1
4/6(1+6) 45
T 15(140)%keky  15(1 4 0)keky

(174)

(175)

Therefore, M, ;. is lower bounded by 1 — % because

am,k\/g > 4\/3 -
e 2 T AT oM
1— 15(1 4 0)kyki g

My =1- (176)

Consider
m(o? + 05) 1 m(o? + 05) 1

8MypL?k} 2K/2 = 8MpL2k2 2K/2
. A3
= W’
. On substituting these bounds in (T67), we obtain

w2 1 a2, A (Ao + Ag)
Elzeir0 =127 < g B llzro = 12717+ 5 + 55—

(177)

where A3 = SN

1
= 3E ll2ro ~ 1% + e, (178)
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where ej, = 5% + (Ag,jr/f3). Using recursively yields

k
1 2
3k+1EHZO_1Z*” +Zwel
1=0

E|zrs10 — 127% <

1 . ! A2+A3)
3kHEHZO—lz & + 23 ( T

E||zo—lz*|| ! A2+A3 k !
- 3k+1 Z Z

=

Jk+1 % 3k 3 1

Ellzo — 12** | A1 ((3/2) - 1) (As + As) ((3/\/§)k+1 B
LV +
3k 1
73

_ Ellzo— 12%|° | 241351 (Ay+ A3) V2 3k

)

- 3k+1 3k 2k+1 35 32 5]
- E ||Z() — 12*” 3A1 + 3 (Az + A3)
=T gkl ok T3 a  2k/2
_ Bz -1 L343 (At Ay)
= ok 2k 3 — \/E 2k/2
_lro— 124341 3 (As+ Ag) (179)
2k 32 2K/
By choosing k = K (¢) = max{log, (W) ,2log, (%)} we obtain
P!
E|zk(+1,0 — 12*||" <. (180)

Above choice of K (¢) involves constants A1, As, A5. We write each term in K (€) in terms of

parameters m, L, k¢, kg, 6 and o as follows:

We have log, <

e 6A1> = log, (2 20 = 1241, VE(IV=F DI + IV, (2

€ € AmL2K7e
_ Iz — 12| V3
=0 <log2 ( c + mL%;e
We also have 2log <M> = 2log 6 2(1+9)*(C> + Cs) ~m02
>\ 3-V2)e ‘\B-v2e\ 3L2(1-1/V2)  8MpL%3
14+ 0)2 +mo?k, (145
:O(logg(( )\ T2 o ) ))

The last equality follows because 1/p = O ((1 + 6)2%;?59) and M = O(1).
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F.0.2 Gradient Computation Complexity

The gradient computation complexity T4 (€) is bounded by the following computation
K(e)—1

Tgrad(e): Z 173
k=0
_K(ez)_l - max < lo 73MM+6\/5 lo 73My’k+6\/5 lo (3>
P —log(l— p) & My, 08 M, 08 p
(€)—

<K ' 1 oS (36VEY | (3+6vEY (3)
X b) )
= 4 Tlog (1 5) S\, S\, &\,

P
34+6v8 )\ 2K/2 1
=51 -
p(V2—1)
K(e)/2
< 5log [ 3OV 2
M ) p(vV2-1)
2l|z0=12* |2 +64; p+Ag
Dy BV grention (e (052
p(vV2-1) M
2||zg—12*||2+6A4; ) .
log, | ———H1H——= o 6(Ax+A3)
= > log 3+?\/S max (\/5) & ( ¢ >,(\/§)2] g2< (3=v2)e )
p(V2—1) M
5 34673 \/2z0—1z*||2+6A1 6(As + As)
= log - max ,
p(v2—1) M € (3—2)e
5 3+6v0
= log -
V2 -1 M

-1
O (A L T SRR TN A A |
V2) 8k} V2) 16(1+6)% kikg 1 +6 V2) 4K}

20— 1252 VO (VS GNIP+ IV FE)IP) o (Q+0P(C2tC) mo® 1
ax € + 4mL2m?e ’ L? +MPL2H? €

_o (max { (1+0)?||z0 — L2*|| fffmg N (14 6)20Y 4k, (1+ 5)4(/ffc/£g + mch/ifcmf])
e Jmive %
(181)
Notice that above complexity does not contain 1/ term because M € [1L,1].
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F.0.3 Communication Complexity

We finish the proof of Theorem [4.1|by computing the communication complexity as follows.
K(e)—1

Tcomm(G) = Z (tk + 1)

k=0
= Tgrad(e) + K(G)

_ (9<max{(1 +0)%(ll20 — 12*|| KFRg + Krg) (14 0)*KTAg N (1+06)ic ,ifﬁz}

Ve ’ L2 L2

(14 6)? mo?
+ lo + . 182
&2 ( L2V6e  Kikg(1+0)2L% (182)
F.1 Algorithm 2|behavior in deterministic setting

In this section, we briefly discuss that Algorithm [2]converges to the saddle point solution with linear
rates when o, = o, = 0, where o, and o, are the bounds on the variances of stochastic gradients of
GSGO (see Assumption [E.I). Recall the recursive relation in Lemma

E[®ye41] < prB [Pr ] +2msi(os + o )
On substituting k¥ = 0 and 0, = 0, = 0 in above inequality, we obtam

E[®141] < poE [Po4), (183)
where py is defined in (128). By unrolling above recursion in ¢, we get

E[®g41] < ph ' ®o.0. (184)
Note that M, |z, — 12*|* + My ollyos —1y*|> < @, from (T03).  Therefore,
Ellzo, — 12*|* + Ellyos — 1y*]* < MA}:}%% Under the above settings, Algorithm

needs Ty, qq4(€) = log(l ) log (6 iy Mi) g M, 0}) gradient computations and communications to

achieve E ||x0 Tyraale) — | +FE Hyo Tyraa(e) — 1Y* || < €. We now write Ty,qq(€) in terms
of Kk f, kg and 4. Usmg , we have pg < 1 — p, where p is defined in (I29). Notice that

2. Therefore,

log(l/po) < log(l p) = _
T ( ) 5 . (1 1 ) 1 <1 1 ) 1 1 1 (1 1 ) 1

rad(€) =5 | min -7 = \(1-—= ; 7= 1=

grad V2) k% V2) T6(1+0)2 K2y 146 V2) 12

log 0.0
€ mil’l{Mx‘yo, My,()}

P
=0 (max{&%?, 16(1 + (5)2/*6?;‘19,4(1 + 6)/{?@} log ( 2’0)> .

G Proofs for the Finite Sum Setting

In this section, we prove all results related to convergence analysis of Algorithm[3]in Section 3]
For theoretical analysis of Algorithm [3| we make the following smoothness assumptions on f;;
particular to the finite sum setting.

Assumption G.1. Assume that each f;;(z,y) is Ly, smooth in z; for every fixed y,
IVafij(@1,y) = Vo fij(@2, y)|<Law [Ja1 — za|, Va1, 22 € R%

Assumption G.2. Assume that each —f;;(z,y) is Ly, smooth in y i.e., for every fixed z,
=V fij (@, y1) + Vy fij (@, y2) | SLyy lyr — y2ll, Vy1,y2 € R%.

Assumption G.3. Assume that each V, f;;(x,y) is Ly, Lipschitz in y i.e., for every fixed z,
Ve fij(@,y1) = Ve fij (@, y2)I<Lay llyr — y2ll , Yy1,y2 € R,

Assumption G.4. Assume that each V, f;;(z,y) is Ly, Lipschitz in « i.e., for every fixed y,
IVyfij(x1,9) — Vyfij(@2, Y| SLys |21 x2 € R%.

We begin with few intermediate results which will help us in getting the final convergence result.

Lemma G.5. Let {4}, {y: }+ be the sequences generated by Algorithm|3|with GF and G} obtained
from SVRGO. Then, under Assumptions and Assumptions the following holds for all
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t>1:
E||zy — 12" — sGf + sV, F(1a™, 1y*)||2 + E |yt — 1y* + G} — sV, F(1a*, 1y*)||2

45212, 4s°L2
(1—#;584— > |z — 1% + (1—3uy+ 2 ly — 1y
N Pmin NPmin

m

8s2L )
— 23— (z*,2%) 2s — yy) Vo (", up)
482(L§I+L2m) N . s*(Ly, +L%,) | .
e P i = ik 1y T (185)
N Pmin min
where puin 1= min; ;{pi; }.

G.1 Proof of LemmalG.3

We begin the proof by bounding the primal () and dual (y) updates on the Lh.s. of (I83) separately.
In particular, we show that

E ||13t — ]_IE* - Sgtz + vaF(1I*7 ly*)”Q
||

<ufumm%f1x

SS9 o) = Tab (O 4 e SS9 - T

i=1 j=1 i=1 j=1

n2p min

—2s Z Vi, yi (25, x8) + 25 (F(12*,y;) — F(2) + F (2, 1y*) — F(12%)) (186)
i=1
and )
Ellys — 1y* + sG/ — sV, F(1z*, 1y")||
m
< (1= spy) lye — 1y*|* + 25 (= F (20, 1y*) + F(12%) = Fa*,ye) + F(20) = 25 Y _V_j, i (", 47)
i=1

ZZHV fis( Zt = Vy fij(z* nzp - ZZ ’V fij( Zt yfij(Z*)HQ-

=1 j=1 =1 j=1
(187)
Observe that (186) and are similar, and we only prove (I86) in Section|G.T.T|below. Adding

(T86) and (187), we obtain

B |x; — 12* — sGF + sV, F(1a*, 1y*)|* + E [ly: — 1y* + sG} — sV, F(1a*,1y*)|*
P+ (1= spy) [y — 19712 (188)

n2p min

< (1= p1os) e — 1o

—2s Z Vi, i (@, xi) — 2s Z V gy yl)
i=1

i=1

(HV fzy Zt vxfz‘j( H + ||vyfm Zt yfzj H )
=1 j=1

m n

(192 £33 ) = Vs ) + IV fis B = Vo fis07) - (189)
=1 j=1

To finish the proof of Lemma|G.3] we bound the last two terms of (I89) as shown in Section[G.1.2}

G.1.1 Proof of (186)

First, consider the primal update term
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E |z, — 1a* — sGF + sV, F(12*, 1y%)]|?

. . 2
zy — o = sGy" + sVa fi(at,y”)

=1
=3l -+ |
i=1 =1
NI E A vmfx:c*,y*)}

:i et — 2| + 2ZE

— 25 Z E <x;’ — ¥, % (Vafu(zl) = Vo fu(3)) + Vo fi(Z) — Ve filz?, y*)> . (190)

1=
Observe that

. 2
Gi" = Vafilay)|

2

V fll(zt) mezl(éz)) + vxfz(gz) - mei(l'*vy*)

E npl (V le(zt) Vlle(zz)) + VIfZ(gz) B vwfi($*7y*)]
_ Z szll(ZZ)n;lvmle(éé) X pi + mez(ég) - vmfi(x*ay*)

=1
1 & NEES : :
== Vafalz) = = > Vafu(Z) + Vafi(3) = Vafi(")
=1 =1

= Vo i) = VafilE) + Vofi(5) = Vafil2)

= Vafi(z) = Va fi(2"), (191)
where the first equality and second last equality follows respectively from step (1) of SVRGO and
definition of f;(x,y). Substituting the above in the last term of (I90), we see that

E Hmt — 12* — sGf + sV F(lx* 1Y)

2
<ZHwt—w I +s2ZE - (Vadalz) = Vafa(E) + VafiZ) = Vafi" ")
— 25 (o — 2", Vafi(2}) — Vafi(2")) . (192)

i=1
Substituting (TTT)) (i.e., Bregman distance) and (I13) (i.e., strong convexity of f) in (192), we obtain
E ||$t — 12" — sGT + sV, F(1z* 1y ||

2
< ZH% | +s2ZE\ 1(20) = Vo fa(Z) + Vo fi(Z) = Vafila®,y*)
S - * Ha 7 %12
25;(f1( ,yf)+fl(zt)+Vf1 (z* xf)JrZs;( s(2d, %) fl(z)fguxt—x H )
2

V le(zt) mezl(fi)) + waz(ii) = Vafi(z*,y")

:Z ‘xt—x H —i—SQZE
i=1

+2s(F(1z*,y;) — F(z)) — QSZthyz (z*, 1) + 25 (F (x4, 1y*) — F(12%)) — spg ||z — 127
i=1

2

- 1 . _ _
= (1= pies) lze — 1a*|* + > Y E H o (Vafu(z) = Vafua(2)) + Vi fi(Z) — Vafi(a*, y*)

i=1

=25 Vj, i(@*, 2}) + 25 (F(1a*, p) — F(z) + Flay, 1y*) — F(12Y)). (193)

i=1
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Now we bound the second term on the r.h.s. of (T93) in terms of ||z; — 12*| and ||y, — 1y*||* as
follows

2
#3p oo (Vadalz) = Vafa(E) + Vafi(3) = Vafila™ ")
=1 il
‘ . 2
= 8222% (Vafii (2) = Vi fi(2) + Vo fi(5) = Vafila®, ")
=1 j=1
n ~; 2
Vv i \Y% 1 vx 1] *_vm 17 H ~1 *
_5222 i fj Zt) fj( ) f](z) fJ(Zt)ﬂLvmfi(Zz)*vzfi(Z )
= 1] 1 NPij npij
7 12
<252ZZ pg V. fis (22) = Vi (27)]
i=1j5=1 pl]
m n ~d 2
vm i'Z* *vz i'zz ~1 *
+25222pij fj( ) . f](t)+vmfi(zt)*vxfi(z)
i=1 jfl "Pij
2
- ZZ* Ve fij(28) = Ve fis (21|
=1 j=1 Pij
m n " 2
zJijZ zJij (% ~i *
+2SQZZ Dij f] t) f]( ) _(szz(zt)_vqu,(z ))
=1 j5=1 NPij
o2
< ﬂ2pmm ZZ Hvacfzg Zt a:fij(z )||
1=1 j=1
m 2
% g vm i * ~i *
rasty |l )np,_ i) (9, iz - vt (199
ij
where pyin = min; ;{p;;}. Let u; = {V f”(zfglpj 2fuz") ] e {1,2,.. ,n}} be a random vari-
able with probability distribution P; = {p;; : l € {1,2,...,n}}.
E[Ui] _ E |:vxle(zt) - vwle(z ):|
np;
_ Zn: vval(gz) - vmfil(Z*)pll
-1 npil '
1< PR
= E vale(zt) - E vale(z
1=1 1=1
= V. fi(Z) = Vafi(2"). (195)
We know that E ||u; — Eu;||* < E Hul||2 Therefore,
rfzj affij(Z*) ~i * ?
— (Vo fi(z) — Vo fi(z
B | L (Vafi(3h) — Vafi=)
o112
< g | Tefulf) = Vafutc)
o np;;
i o2
_ Vafij(2) — Va fij (2¥) B
- ng
Dij
12
= Z |V Fii(Z) = Vafii (1)
i 2
(21) = Vafi ()| (196)
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By substituting the above inequality in (T94), we obtain

57 ZE (Vafu(zl) = Vafu(Z) + Vo fi(Z) — Vo fi(2*)

2

i=1 npil
o n2p min ZZHV f” zt v f” H + ZZHV f” Vivflj(z*)H2
i=1 j=1

lel

197)
Substituting this inequality in (T93) we obtain (T86).

G.1.2 Finishing the Proof of Lemma|[G.5|

We now compute upper bounds on the last two terms present in (T89) using smoothness assumptions.
First, observe that

|Vafij(24) = Vafij (2 H +{|Vy fij (1) = Vy fis (2 H

= ||Vafij(21) = Vafis(@*,yp) + Va fis(@*,y)) — Va fis (2 H

||V fig(2) = Vi fig (@b y*) + Vo fig (@t y*) = Ty fis (7))

< 2|~ Vafij(5) + Va i@, yd)||” + 2| Ve fij o) = Vafiy ()|
+ 2|V, fis (20) = Vy fi @y ||+ 2|V fis (2, v7) = Vi fis ()|

<ALy, Vi, i wp) + 205, |lyi — v H + ALy, V_p i (v yp) + 200, |2 — 2 |2, (198)

where the last inequality follows from Proposition[C.4] Proposmon@ and Assumptions[G.3l[G.4]
Adding up the above inequality for j = 1 to n and using 27)-(28), we obtain

Z (vafw(zt) \% fzj H + Hv’yflj Zt yfz] H )

Jj=1

< 4Leo Z Vit (@ 2) + 4Ly, Z Vgt 0590 +20L3 ||y —y H +2nLy, [|lo; — x*Hz
j=1 j=1

=4L,, (fij($*7y2) - fz‘j(xiayb <V fij (xmyt mt>)
j—l

+4Lyy§j —fii (@t y) + fii(@houl) — (=Y fii (@l vi) v* — b))

oni, -y o o

= 4Ly, (nfi(a*,y7) — nfi(ay, yp) — (Vo filay,yp), 2% — 7))
+ 4Ly, (—nfi(xh,y*) + nfilel,gh) — (~nV, filah,u) " —ui)) +2nL2, |lyi — o7 ||° + 2nL2, ||z} — o
= AnLy,Vy, i (0% 2}) + 4nLy, Vg (% yb) + 20L2, ||y — y*||” + 202, ||2i — 2%,

(199)
where the second last step follows from the structure of f;(z,y) = = 3" =1 fij(z,y). Therefore,

7’L2p min ZZ (Hv f” Zt -V f” H + ||V fZJ Zt -V flj H )

i=1j=1
85 L o 8s%L 45212 45212
Tx v ©° Hyy Ty -1 * 112 yT -1 * 12 )
< ;E; ot (@, 2) + =t ;E; st )+ = 1 — 17
(200)

Similarly, we bound the last term of (T89) as
(19235 G0) = VB + 1903 (3 = 9 fs ()]

=1 j5=1
%U&+Fﬁ~ 4212, + I2,)
R B o e Tl (201)
NPmin N Pmin
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On substituting (200) and (Z0T) in (I89), we obtain

E||lz; — 12* — sGF + sV F(12*, 1y")||> + E ||lys — 1y* + sG¥ — sV, F(1a*, 19|

4s 2L2 2 4s 2L2
1= pos + e = 1a™||" + { 1 — spy + lye — 1y
NPmin NPmin

852Lyy \ .
—(ZS—Wmm)zvﬁ )= (3= ) Lt

N Pmin i—1

+L13,) 2
== g — 1y (185)

4s2(L2, L2
( yx) ||i‘t _ 1.7;*“2 (

+ - I
NPmin NPmin
proving Lemma@
‘We now have the following corollary.

Corollary G.6. Let s = “52m  Then under the settings of Lemma
E ||z — 13* — sGF 4 sV F(1z*,1y")|* + E ||y — 1y* + sG? — sV, F(1lz*, 197 (202)

4522 4522
< <l—uxs—|—y:c> |z — 12| + <1—suy—|— xy) lye — 1y*|? (203)
NPmin NPmin
4s2(L2, + L2, 4s2(L2, + L2
e T Do - oy ) e, (204)

G.2 Proof of Corollary[G.6

From the statement of the corollary, we have s = £]Pmin < IDmin npmm < npmm . This implies

24L° = 24Lk
that )
4sL . 8s°L
Dmr e, 22 <o (205)
NPmin NPmin
. 2 P .
Notice that Vy, ,: (z*, ;) > 0. Therefore, (23 - %) > Vfl yi (%, 73) > 0. We also have

s < T because L = max{Lyy, Lyy, Loy, Ly, }. Therefore, 7: u4 < 2s. Due to the concavity of
yy

Pmin

filz,y)iny, V_y i (y", y?) is nonnegative. Therefore, (25 - %) S Vg (0%, yl) > 0.
By substituting these lower bounds in (I83), we get the desired result.

Parameters setup

Let pmin = min; ;j{p;; }. We define the following quantities which are instrumental in simplifying

the bounds and in Algorlthmp implementation.

L) 8s*(L2, + L2
Cp 1= —7 &y = M, (206)
NPminP NPminP
As°Ly, 45’12,
b:c = Sy — — CzD, by = S,LLy — = — Cyp, (207)
N Pmin NPmin
bs by
o = s = gy (208)
. bs 1 }
+ '= min , , 209
! {4ﬁ(1+6)/\maX(I—W) 4(1 4 0)Amax({ — W) (209)
. by 1 }
1= min , ) 210
v {4xf6<1+6>AmX<I—W> 0T 0 (T~ W) 10
211)
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252
Oy o= M, ||z, — 1% + P IDF = D3II¢ e + V6 | HY — Hj|” (212)

2 2
+My\|ytf1y*||2+i|1D%‘ + Vo || HY — 1|, 213)

o]

1-b, 1- b
p:max{ ud Y 1—?)\7” 1([ W) Vy/\m_l(I—W),l—ax,l—ay,l—p}

M, ' M, 2
(214)
By = D, + &, |7 — 1|2 + &, |7 — 1y*) 2. (215)

It is worth mentioning that 7, and -y, are well defined for 6 = 0.

Lemma G.7. Parameters Feasibility The parameters defined in 207), (208), 209) and 210) satisfy
the followings:

b, € (0,1), b, € (0,1), (216)
1 1
aI<mm{f 1+5}’ay<mm{\f 1+5} 217)
) 2 —2/ba, oy — (149
+ € |0, ) z , 218
v ( mln{)\max(IW) \/g)\max(I_W)}> (218)
2 - 2/6a, ay—(1+0)a;
€ | 0, mi A — v, 219
Yy ( min { ST =) Vo T W) (219)
Tdnoa (I =W) € (0,1), ZAns (1= W) € (0,1), (220)
M, € (0,1), M, € (0,1), (221)
1—b, 1—b,
- € (0,1), M, € (0,1). (222)
Moreover,
8b, Vo 4b,
>1—- 21 _>1-==
M, >1 7(1+5)_1 = (223)
8b,V/8 4b
>1-— 24 >1- 42
M, >1 (1+5)*1 =) (224)
1—0b, 3b, 1—0 3b
<l-—— Y o1-2H 225
M, 7 M, < 70 (225)
1— —=be——ifb, <0
11— Zr (T —W) = { 8VB(1LF0)r, i (226)
2 1- 8(1+6)n ifby > V3

G.3 Proof of LemmalG.7]

In this section, we show that the chosen parameters a0y, My, My, 7, and vy, satisfy the following
conditions given in Lemma[G.7}

1 1
az<m1n{\[ 1+5} ay<mm{f 1+5}

| 2=2vBa, - (14 6)a? | 2—-2V6a, ay—(1+6)al
Yz € | 0, min , » Yy € [ 0, min ,
Amax(I = W) V6 max (I — W) ‘ Amax(I = W) \/EAmax (I — W)

é””xm (I —W) € (0,1), %’“’)\m,l(I—W) € (0,1),M, € (0,1), M, € (0,1),

1-0 1-0
= €(0,1), L e (0,1). 227
We first show that b, € (0,1) and b, € (0, 1). From definition,
452 TP min M NPminfl>  np 1
ba: — 5 — yxr _ ~:1: < " — minfMr < minfMgy — min < 7 < 1 228
e i P S SH 242 = 24I2,  24r2 — 24 (228)
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Similarly,

482L2 ,unp i npmin,uQ NPmi 1
b, = — Y _ < min/7y Y- 2o o], 229
VT g P T o = T2 T k2 T 24 (229)
We now focus on the lower bound on b, and b,,.
432L72ﬂ .
by = Sy — — CgD
npmm
o 45213, B 8s*(L2, + L2,)
* N Pmin M Pmin
1282L?2ﬂ 852[,3?m
= Sy — —
NPmin NPmin
125212 8522
> Sp— —
NPmin N Pmin
205212
— s (230)
NPmin
_ Pnpmin  pP0Ppl;, 2017
2412 576L* npmin
. NPmin 20npmin
- 2 2
24K 4 576k i
_ N Pmin
= 2
144k i
> 0. (231)
In a similar fashion, we get b, < 1 and
NPmin
> > 0. 232
v = 144/@? (232)

Feasibility of oy and a,.

We have, 0 < b, < 1. Therefore, a,, < Moreover, Y2 < 1/2. Therefore, o, < b—f < by /Vo V3.
by

> 145
N 1+6} Similarly, a,, < mln{ because b, € (0, 1).

by

Ve 1+5}
Feasibility of -, ;. and v, ;. We consider two cases to verify the feasibility of 7, and .
Case I: b, < /6.
This gives v, =

1+6
Hence, a; < min

by
4VE5(148) Amax(I-W)
—(1+d)ai by — b2
\/g)\max(-[ W) \/g(]- + 5) max(I W) .
Using (228), we have b, < 57 3irz < 0.75. This allows us to use the inequality 2z — 222 > /2 for

Consider

(233)

all0 < =z S 0.75. Therefore,
\/g)\max(l - W) 4\/5(1 + 6)/\max(l - W)
= Ya,k- (234)

We also have

2-2Vbax _ [, 2V5bs 1 o (s 2§ 1
Amax (I — W) 146 ) Apax(I —W) ~ 140 ) Amax(I — W)

1 1
= NI =)~ 41+ 0) e (T =)
> be
AVE(1 4 6) Amax (I — W)
= Yo ks (235)

where the second last inequality uses b, < /5. We know that b, € (0, 1). Therefore, by following
similar steps, the chosen v, is also feasible.

Case IL: b, > V48
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. . _ 1
This give v, = T e =W

—(1+8)a2 b, — b2
\/S)\max(l - W) B \/3(1 + 5)>\max(1 - W)
b
> ;
T A4VE(1 4 0) Amax (I — W)
1
4(1 + 5))‘max(1 - W)
= V- (236)

2 — 2v/6a, ~ 2v/0b, 1
Amax(I — W) 140 ) Amax(I — W)

1
1+6 Amax({ — W)

>
- Anlax(f w)
1
41 4+ 0)Amax (I — W)
= Ya- (237)

. ()4,0—(1-‘,-6)0432C 2—2V6a,
Therefore, v, < min { VS man (I—W) Amax(U—W) }

As vy, < /\i‘zfﬁaﬁ) < /\max(zl 777y - Notice that )\m 1(I = W) < Amax (I — W) Therefore,

72 )\m 1(1 W) 9 Amax([ W) <1 (238)

Similarly, 2\, (I — W) < 1.
Feasibility of M, and M,,.

Consider

>

Recall Mw =1- Wi(I*W) and My =1- T:((I% We have
_ 2= 2v/0a,
TS NI = W)
m)\max I-w
x)\max I—
1— w > \/501@
day
Voa <1. (239)

1 _ Zedma(=W)
2

Moreover, % > 0. Therefore, M, € (0, 1). Similar steps follow to prove the feasibility
— 3 max T=W)

of M,.

Feasibility of L b”

and ——.

’U
We derive upper bounds on M be and =2 (o verify the feasibility. We divide the derivation into two
cases.

Casel: b, < V5
This implies that

1 T

b
r = 240
T IB (Lt 6) (I — W) 240
Va by
ZAmax(I = W) = ——>——, 241
2 ( ) 8V/o(1 +9) 4D
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Recall M,:

My =1 Via,
1 - Tﬁ)\max(l - W)
Vb,
_ 1+
=1- r——
8v5(1+9)
. Vb, x 8V/5(1 + 6)
(1+6) (8v3(1+0) b, )
86b,
= 1 —
(3v3(1+8)—b.)
86
=1 (242)

by
‘We know that g > 1. Therefore, M > 1 which in turn implies that

8v/5(1 4 6) 8VO(14+46) V(1 +96)
RSN e > —
by by by
_ TVE(146)
=
1 by
< . 243
8Y80+8) _ 3 7V5(1+6) 49
By using above relation in (242), we obtain
M- 80bs 8b, /6 (244)
7V6(1 +6) 7(1+9)
8b, 1 4b,
>1- Lo =1 =% 245
> 73 7 (245)
where the second last inequality uses % < %
=1 —-1<1+ -1
- by V3
M, “ 1- 3(1%)
_1+1_bw_1+78(1+5)_ _br_$(1+5)
- 1 _ 863 o 1_ 8623
7(1+493) 7(149)
L The(1+06) —8b,V6 _ T(146)—8V5
7(1+5)—8bm\/5 @—8\/5
7u+5y—ﬂgﬂ__l 3(1+6)
=7 1049 I {F R
LEEPW EEREW
3(1+9)
<1l- 7(1+9)
b:r
3b,
= 1 _ —
7
<1. (246)
Similarly, we obtain
8by, V6 4b
M, >1- 2 >1— —% and, 247
T (247)
1—by 3b
<1-=L 248
7, - (248)
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Casell: b, > Ve . )

r = . 24
7= A1+ 0) A (L — W) 49
We have
My =1 — Véa,
I — L Amax(I — W)
Via,
8(1+9)
Vb,
1+0
—1— ﬁ
8(1+9)
L Vb x8(1+6)
(I1+5)B(1+0)—1)
8v/db,
=1—- — 2
R0 +0)—1 (250)
As8(140)—1>8(1+4d)—1—0="7(1+29). Therefore,
8v/0b,
>1-— .
M, >1 70+ 0) (251)

Notice that above lower bound matches with lower bound in (244). Therefore, by following steps

similar to Case I, we obtain
1-1b, 3by

1— 22 and 252
i Sl- T (252)
1-b, 3b

<1-=2, 253
i - (253)

Feasibility of 1 — 2= \,,, ([ —W)and 1 — X, (1 — W).
If b, < /9, then ~y, =

by
4V (148) Amax (I-W)

L= el = W) =1 = e (W)
1o M (254)
Ifb, > \/5, then v, = m'
1— %Hm,l([ —W)=1- AT 5)A;X(I — W))\mfl(l - W) (255)
1 W. (256)

We now have a result on recursive relationship on £ {fi)t] .

Lemma G.8. Let {x:}+, {y:}+ be the sequences generated by Algorithm|3| Suppose Assumptions

1133 and Assumptions hold. Then for every t > 1:
E[&] < ', (257)
where p is defined in equation (214).

G.4 Proof of Lemmal[G.S|

Iterates {x;,y:} of Algorithm [3|are obtained by calling Algorithm [1] at iterate ¢ — 1. Therefore,
Lemma[D.T|and Lemma[D.2]also holds for Algorithm[3] Adding inequalities (33) and (I03)) (Lemma
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[D:TJand Lemma[D.2)), we have

252
M, E |1 — 12%? +—EHDH1 D3|[y s + VOB ||y, — HE["+
M,E |lyesr — 1y +—EHDM Dy |10y + VOB | HE, — Hy |

2

2s
< e — 12 — sG2 + sV, F(127)|° + = (1 . %Am_lu - W)) IDF — D317y

+Vo(1 - ap) ||HF — H}|?

* 23 %12
+ g — Ly +5GY — sV, F(12%)|* + b (1 - yAm_l(I - W)) 1D} = Dy Il sy
Yy
+Vo(1—ay) ||HY - H|. (258)
By the definition of ®,, the above inequality can be rewritten as
E[®14]

. 252
< llze = 12" = 5GF + sV, F(12)|* + == (1= ZAnoa(I = W) 1D} = D3 lE

Ve

+ V(1 - aq) |HY - H|I?

N 5 252 Yy 2
+ g — 1y + sGY — sV, F(12%)|* + o (1 — Al - W)) DY = D3,
+Vo(1— o) ||HY - B (259)

Taking conditional expectation on stochastic gradient at ¢-th step on both sides of above inequality
and applying Tower property, we obtain

E[®444]

< * T *\ (2 282 Ve T *112

< Bl = 10" = 5Gf + sV F) 4 2 (1= Tohna (T =) 1D} = DIy s

+ V(1 - a) ||H} — H|?
. ’ 2 282 Yy y 2
+ Bllys = 1y" + 56} — sV, F(1) "+ == (1= Zr a0 =) [DF = D31}y,
Yy
+Vo(1 —ay) || HY — Hy||*

4s*L2, 45212
: (1_“w3+ )”x —12*|* + (1_Suy+ ) flye — 17)1?
NPmin NPmin

As2(L2, + L2,) o, As2(L2, +I2,)
+ Y |7, — L2t + —lly — 1y*|*

NPmin min
252 ’Ym xT * 28 ’)/ * 2
+ 7 (1 - *)‘m 1(1 W)) ||D -D ”(I w)t +— (1 - ?y)\m—l(f - W)) HD{? - DyH(FW)T

FVO(1— ) |[HY — HE? +Vo(1 — o) ||HY — H*||2 (260)
The last step holds due to Corollary?@l From SVRG oracle, we have

Hji—k—l B I*HQ —x || with probability p and
-z H with probability 1 —

||§§+1 _y*H2 { ‘yt Y H with probability p

|7i — y*||* with probability 1 — p
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Therefore,
- 2 - 2
E ||$t+1 - 12"+ E Hyt+1 — 1y*||

_ZEth-i-l_x || "’ZEH%H—ZJ ||

=1
- ) *|[2 ~ *|[2 - % *|[2 ~ *||2
(pllet =" + @ =p) @ = |*) + 3 (i ="+ L= p) 52 - v
i= i=1
= p e — 1% |* + (1= p) & — 12*|* +p g — 1y*|* + (1 = p) |5 — 197 (261)
Using above equality and (260)), we obtain
E@up1]+ &E |F41 — ¥ + & ||§er1 — 157

432[’@2/1: . 2 452L§y - 2
S| 1—pas+ n +Cp | llze — 12|74+ | 1 — spy + Do +¢yp | lye — 1y7||

1

N 4s* (L2, + L3,) | N 4s*(Ly, + L3,)
! (Cr(lp)+y & — 12| + ( &,(1 — p) + — 22— ) |G — 1y*|?
NPmin NPmin
252 Yz " 2 252 Yy 2
+ P (1 - ?)\m—l(I - W)) HDt - D;H(I_W)T + Ty (1 - ?)\m—l(f - W)> HD?? - D;H(I—W)T
+VE(1 - ap) |HE — HE? +V6(1 — o) ||HY — H|”. 262)
We have ¢, = % The coefficient of ||Z; — 12*|* in (262) is
45 (L2 + L? 4s2(L2 + L?
NPmin NPminCyx

. 1 n 4ds (L2 + Lg2;£) NPminP
a1-
@ p Mpmin  852(L2, + L2,)

~ p
: ( Pty
— (1 _ B) ’ (263)
and the coefficient of ||; — 1y*||” in (262) is
. 452 (L2 -|—L2 452 L2 -|—L2 )
G(l-p)+———"— l-pt—"""—"7—
npmm npmlncy
_ o~ L2 + L ) NPminP
=c(1-»p + 8s2(L.2 12
NPmin ( vy + £y)
- y(l )
) (264)
Substituting the above 51mp11ﬁed coefﬁ01ents into , we see that

E@up1]+ &E [|F41 — ¥ + & B || — 157

452L§w N 2 452L§y ~ 2
S| 1—pas+ +Cop | [loe — 1277+ | 1 — spy + +éyp | llye — 1y
M Pmin NPmin

2 (1 2) 13— 107 +2, (1= 2) llge - 17
25 (1M 5 2 2s% (Y 2
+ (1= A =WV IDF = Dl + = (1= AT =) 1D = D3y
T Yy

+VE(1 - ap) | HF — HE? +V6(1 — o) ||HY — H||”. (265)
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By taking total expectation on both sides and using the definition of b, and b,, we obtain
E @]+ & B |#en — 107 + & B |G — 1y7|”
< (1= be) E |l = 12" + (1 = b,) Elys — 1y*|’
+ & (1 - g) E |7 — 12*)? + &, (1 - %’) E|lj, — 15|
252 " - N 252
+ 2= (1= FAna(T = W)) BIDF = DllE s + —
Ty
+ V(1 —a,)E | Hf — HE|* +V6(1 - o )E |HY — Hy||*

1-10b, 2 1-0 2
= (57) e = 107+ (2 ) My 17

+a (1- g) E i —12** + (1 - g) E | — 1%
252 Ve - N 252
+ 2 (1= FAnaT = W)) BIDF = DllE s + —
Yy

+VO(1— ) E|HF — Hi|IP +V3(1 — o) E | HY - H|? (266)

1—b, 1—0, Va Vs p
Smax{ M, ' Myyvl_?)\mfl(l_w)’l_fAmfl(I_W)’l_aa:al_ayvl_5

x (B[] + 6B |7 — 12" > + &, 5 - 1y°|)

(1= Lo a1 -w)) E||D} - Dj|

g \
(1= ZAnal =) E D} - D}

2
(I-W)t

2
(I-W)f

= p(E[@)+ & B i — 12" + B |15 - 157|*), (267)
where . )
1 —b, 10, Ve g p
p:max{ A My“,l - 7,\m,l(I—W),1 - ?y)\m,l(]—W),l — g, 1 —ay,1— 2}.
(268)
By the definition of &, = &, + &, ||, — 12*|* + &, |7 — 1y*||°, reduces to
E[&11] < pB 8] (269)
Therefore, F [étﬂ] < pttid,,.
H Proof of Theorem
This proof is based on several intermediate results proved in Appendices Hence it would be
useful to refer to those results in order to appreciate the proof of Theorem
Observe that 1
2 2 2 2
Bz — 12" " + Elye — Ly*||” < min{ M, My} (MxE 41 — 12*||7 + My E [|ye+1 — 1y*|| )
1 ~
< B B 270
~ min{M,, M,} e 270)
1 -
< —p g, @70
where last inequality follows from Lemma|G.8|and M := min{M,, M, }. Hence,
2
E oz = 12"+ Bllyre — 1] < ¢ (272)
1 o
for T(G) = “Tozp log (Voe)

H.0.1 Gradient Computation Complexity
Recall

1—b, 1-b .
p:max{ : y,1—7Am1(I—W),1—721/Am1(1—W),1—a$,1—ay,1—p}.

2
(273)

M, ' M, 2
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Using Lemma[G.7] p can be upper bounded as

3b,, 3b, b 1 b
<max{l— 21— 1- i ,1— 11— Y , (274)
P 7 T 8Vo(1+ o)k, (LR 8VE(1+0)m,
1 b b D
1—-—1-—2_1-<3. 275
8(1+d)rg’ 1+46’ 1+46’ 2} (275)
Using (231)) and (232)), we have
1_%§1_§npmi121:1_npmir2171_3b 1_§npm1n:1_npmi121
7 7 144K% 336k 7 7 144/§f 336K%
bm NPmin b NPmin
1-— 1-— 1— 2 _<1-—
1446 — 144(1 + 0)K%’ 146 — 144(1 + 0)K7
(276)
o ba: <1_— NPmin 1— by <1— NPmin
8VO(1+08)kg —  1152V(1+0)kgu?’  8VE(1+08)kg —  1152V5(1 + 0)kgr?
(277)
Therefore,
N Pmin N Pmin 1 N Pmin p
< 1- 11— 11— 11— 1-=
p = max 836k 1152V0(1+ o)rgr2 S(L+0)k, AL+ 0T 2 }
(278)
. NPmin NPmin 1 N Pmin p
=1—min ) ) ) Py 279
{336/{} 1152v3(1 + 0)rgrn2 811 0, 144(1 + 02 2} 279
=1-C. (280)

By taking log on both sides, we obtain
log p < log(1—C)
—logp > —log(1 —C)
1 1
< _
—logp = —log(1—-C)
5

ST
C

-1
. NPmin NPmin 1 N Pmin D
=5 (| min 7 S,
33653 1152V/0(1 + 6)rgr? 8(1 + 0)rg " 144(1 + 0)r7 " 2

336k2 1152v/0(1 + 0)k gk 144(1 + 6)K2 2
:5max{ I o )“’f 8(1+ 6)ky 7( )fﬁ . (28D
NPmin NMPmin NPmin p
where the fourth inequality uses the fact that (1/ — log(1 — z)) < 5/x forall 0 < < 1. Using

Lemma | we have M, > 1 — = Therefore, M, > 1 — 2 = 2 because 0 < b, < 1. Moreover,
M, > 2 asO < by < 1. Therefore, log( ) < log< ) Hence,

T(e)z@(max{ i ,\/g(1+5)’€gnf,(1+5)l<ag,W72}log<&?>). (282)

NPmin NPmin N Pmin p

H.1 Discussion on the analysis techniques

In this section, we discuss and compare the analysis techniques of our work with those in existing
works. In [20] a convex composite minimization problem is studied and inexact PDHG method
is applied to its saddle point formulation. In this work, we study a different problem (I)) where a
smooth function depends jointly on primal and dual variables. We prove that it is equivalent to
study unconstrained saddle point problem (3) to get the solution of (I}). However, [20] uses a well
known equivalence between a convex minimization problem and its Lagrangian formulation [[19]. W
define additional quantities Dy, H,; and Bregman distance functions Vy, , (z1,72), V_y, «(y1, yg) in
Appendix [C]to obtain approprlate bounds
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Algorithm 2| analysis: In contrast to [20], we get complicated upper bounds depending on primal
and dual iterates in Lemma [E.3| which yields different set of parameters. We prove the feasibility of
these parameters and derive useful lower and upper bounds in Appendix [E.4] [20] uses diminishing
step size and an induction approach to prove the convergence to exact solution. However, we use a
different method summarized below to derive the convergence rate of Algorithm (2). We first derive
a relation which connects iterate ¢ information with the restart iterates (see Lemma|[E.6). Then by
appropriately choosing the restart iterates z.0, Yk,0, Df o, Di{p, Hj o and H ,f’o and inner iterates ¢y,
we get the complexity result in Appendix [F] It is worth noting that proof techniques of Lemma E.6|
and Theorem are different from those in [20] due to different algorithm structure involving a
restart scheme, complicated bounds, and different sets of parameters.

Algorithm [3] analysis: Using smoothness, strong convexity strong concavity as-
sumptions, and definitions of Vy, ,(x1,22) and V_y, .(y1,y2), we upper bound
E |z — 12* — sGF + sV F(1e*, 1) + Ellye — 1y* +5GY — sV, F(1a*, 1y%)|°  in
terms of x4, yi, Tt, Yi, V,y(T1, 22) and V_y, 2 (y1,92) in Lemma Note that the upper bound
in Lemma @] is complicated and different from that of [20] because we have additional terms
contributed by dual variable y with different coefficients and terms containing square norms
dependent on the reference points. This intermediate result generates different bounds and sets of
parameters in the subsequent analysis. We carefully set the step size and choose algorithm parameters
with proven feasibility in Lemma[G.7] We rigorously compute lower and upper bounds on chosen
parameters in terms of k¢, k4 and J in Lemma and Appendix [H| In our work, these derivations
are more involved in comparison to [20]].

Analysis methods of [36] and [23]] are based on averaging quantities; for example average of iterates
and gradients. The analysis in [36] and [23] requires separate bounds for consensus error and
gradient estimation errors and depends in addition on the smoothness of saddle point problem. In
contrast to [36] and [23]], our analysis does not demand any separate bound on consensus error and
gradient estimation error and handles non-smooth functions as well. Unlike our compression based
communication scheme, the analysis in [5] bounds errors using an accelerated gossip scheme and
approximate solution obtained by solving an inner saddle point problem at every node.

I Numerical Experiments
We evaluate the effectiveness of proposed algorithms on robust logistic regression problem

: 1 Az By
minmax ¥ (z,y) = ;log (L+eap (=biz" (ai +w) + 5 ol = S lwl;  (283)
over a binary classification data set D = {(a;,b;)};. We consider constraint sets X and ) as {5
ball of radius 100 and 1 respectively. We compute smoothness parameters L., Ly, Ly and L,
using Hessian information of the objective function (see Appendix [I.5)) and set strong convexity and
strong concavity parameters to A and (3 respectively. Unless stated otherwise, we set A = § = 10,
number of nodes to m = 20 and number of batches to n = 20 in all our experiments. The initial
points xg, 7o are generated randomly and D, D,, are set to 0. We set up the step size of proposed
methods and baseline methods using the theoretically values provided in the respective papers. We
implement all the experiments in Python Programming Language.

L1 Experimental Setup:

Datasets: We rely on four binary classification datasets namely, a4a, phishing and ijcnnl from
https://www.csie.ntu.edu.tw/"cjlin/libsvmtools/datasets/ and sido data from http:
//www.causality.inf.ethz.ch/data/SID0.html. The characteristics of these datasets are
reported in Table[2] We distribute the samples across 20 nodes and create 20 mini batches of local
samples for all datasets.

Network Setting: We conduct the experiments for 2D torus topology and ring topology. We generate
weight matrix W with W;; = 1/5 and W;; = 1/3 for all (4, j) € £ U {(¢,4)} for 2D torus topology
and ring topology respectively.

Compression Operator: We consider an unbiased b-bits quantization operator () () [24] through-
out our empirical study.

Qoo(@) = (le\loof“*”sz‘gn(x)) : f“ = +“J’ (284)

2l
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Table 2: Data Sets used for experiments. N and d denote respectively the number of samples and
number of features.

Dataset N d
ada 4781 122
phishing 11,055 68
ijennl 49,990 22
sido 2536 4932

where - represents Hadamard product, |z| denotes elementwise absolute value and v is a random
vector uniformly distributed in [0, 1]%. Theorem 3 in [24] shows that Q. () satisfies assumption

sign(z)2~ @D || |22 . .
with J = sup, lstgnz)2 I I We know that ||, < |lz|l, for all z € R Using this

ETH
inequality, we can upper bound 55 as follows:
. —(h— 2 2 . (b— 2
5 < e Isign(z)2~ | |3 _ s |sign(z)2=®=1)| . d
B 4l ! A
The above bound depends can be made independent of d by choosing b = 1 + log, v/d. We use six

different bits value from the set {1 + log, Vd,2,4,8,16, 32} to evaluate the behavior of Algorithm
and Algorithm [3| with number of bits.

(285)

1.2 Baseline methods

We compare the performance of proposed algorithms C-RDPSG and C-DPSVRG with three non-
compression based baseline algorithms: (1) Distributed Min-Max Data similarity algorithm [3]] (2)
Decentralized Parallel Optimistic Stochastic Gradient (DPOSG) algorithm [23] and, (3) Decentralized
Minimax Hybrid Stochastic Gradient Descent (DM-HSGD) algorithm [36].

Distributed Min-Max data similarity: This algorithm is based on accelerated gossip scheme
employed on model updates and gradient vectors [5]. The number of iterates in accelerated gossip
scheme and the step size are computed according to the theoretical details provided in [5]]. This
algorithm requires approximate solution of an inner saddle point problem at every iterate. We run
extragradient method [16] to solve the inner saddle point problem with a desired precision accuracy
provided in [5]. Throughout this section, we use the shorthand notation for Distributed Min-Max
data similarity algorithm as Min-Max similarity.

Decentralized Parallel Optimistic Stochastic Gradient (DPOSG): DPOSG [23]] is a two step
algorithm with local model averaging designed for solving unconstrained saddle-point problems in a
decentralized fashion. We include the projection steps to both update sequences of DPOSG as we are
solving constrained problem (283)). The step size and the number of local model averaging steps are
tuned according to Theorem 1 in [23]].

Decentralized Minimax Hybrid Stochastic Gradient Descent (DM-HSGD): DM-HSGD [36] is
a gradient tracking based algorithm designed for solving saddle point problems with a constraint set
on dual variable. We incorporate projection step to the model update of primal variable. We use grid
search to find the best step sizes for primal and dual variable updates. Other parameters like initial
large batch size and parameters involved in gradient tracking update sequence are chosen according
to the experimental setting in [36].

I.3 Benchmark Quantities

We run the centralized and uncompressed version of C-DPSVRG for 50, 000 iterations to find saddle
point solution z* = (z*, y*) of problem (283). The performance of all the methods is measured
using Y7 |21 — Z*HQ.

Number of gradient computations and communications: We calculate the total number of gradi-
ent computations according to the number of samples used in the gradient computation at a given
iterate t. The number of communications per iterate are computed as the number of times a node
exchanges information with its neighbors.

Number of bits transmitted: We set number of bits b = 4 in compression operator Q) (x) for
C-RDPSG and C-DPSVRG. Similar to [[15], we assume that on an average 5 bits (1 bit for sign and 4
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bits for quantization level) are transmitted at every iterate for C-RDPSG and C-DPSVRG. We assume
that on an average 32 bits are transmitted per communication for DPOSG, DM-HSGD and Min-Max
similarity algorithm.

1.4 Observations

Comparison to baselines: C-RDPSG converges faster in the beginning and slows down after
reaching approximately 10~% accuracy as depicted in Figure|1|and Figure[2l C-DPSVRG converges
faster than other baseline methods. DPOSG and DM-HSGD converge only to a neighbourhood of
the saddle point solution and start oscillating after some time. The restart scheme’s inclusion in
C-RDPSG helps mitigate the flat and oscillatory behaviour at the later iterations, unlike DPOSG and
DM-HSGD. C-RDPSG is faster than C-DPSVRG, DPOSG, DM-HSGD and Min-Max similarity in
terms of gradient computations, communications and bits transmitted to achieve saddle points of
moderate accuracy. The performance of C-RDPSG is competitive with DPOSG and DM-HSGD in
the long run as demonstrated in Figure [I|and Figure [2]

Compression effect: Plots in Figure[I|depict that C-DPSVRG is 1000 times faster than Min-Max
similarity, DPOSG algorithm and 10 times faster than DM-HSGD in terms of transmitted bits. We
observe that C-RDPSG is also 1000 times faster than Min-max similarity and DPOSG for obtaining
saddle point solutions of moderate accuracy, in terms of transmitted bits.

Communication efficiency: The one-time communication at every iterate in C-DPSVRG speeds up
communication and makes C-DPSVRG to be 100 times faster than Min-Max similarity and DPOSG
methods as shown in Figure[I] C-RDPSG is 10 times faster than DM-HSGD and 100 times faster than
DPOSG and Min-Max similarity in terms of communications at the initial stages of the algorithm.
Different choices of reference probabilities: The full batch gradient computations in C-DPSVRG
depends on the reference probability parameter p. Motivated from [18]], we run C-DPSVRG with five
different reference probabilities as 1/n, 1/(kn®)'/*,1/(kn)"/?,1/(k*>n)"/* and 1/k. From Figure
we observe that setting p = 1/n requires the least number of gradient computations as it corresponds
to the less frequent computation of full batch gradients.

Impact of topology: From Figure 2] we observe that the convergence behaviour of all methods is
similar to 2D torus topology. We also note that ring topology requires large number of communications
compared to 2D torus due to its sparse connectivity.

Compression error: We plot compression error ||Q(v*) — v%||* + ||Q(v¥) — v¥||* against number
of transmitted bits for C-RDPSG and C-DPSVRG as shown in Figure[d] We observe that C-DPSVRG
with O(log d) bits achieves compression error 10725 in less than 20,000 transmitted bits. It shows a
clear advantage of using O(log d) bits in C-DPSVRG while maintaining low compression error. In
C-RDPSG, larger the number of bits used in the quantization operator, smaller the compression error.
There are sharp jumps in the decay of compression error during a restart of C-RDPSG as depicted in
Figure

Numb?r of bits transmitted: As demonstrated in Figure[5} C-DPSVRG transmits less number of

bits when b = 1 + log, v/d to achieve highly accurate solution. We can observe that the convergence
behavior of C-DPSVRG is affected by number of bits less than 1 + log, v/d. For example, the

convergence of C-DPSVRG becomes slow for sido data with b = 2,4 < 1 + log, V/d ~ T as shown
in Figure [5| It shows that Q. (x) provides better performance for b = O(log, d) especially for
high-dimensional data points. The behavior of C-RDPSG is less affected by varying the number of
bits as shown in Figure[6] In the long term, C-RDPSG behavior is almost identical for all chosen
values of number of bits except b = 2.

Impact of number of nodes: As the number of nodes increases, C-RDPSG requires fewer gradient
computations in the initial phase. However, smaller number of nodes gives faster convergence at the
later iterations for 2D torus and ring topology, as depicted in Figure |8|and Figure C-DPSVRG
also requires small number of gradient computations in 2D torus with larger number of nodes because
it assigns smaller batch sizes to every node. As depicted in Figure[/} C-DPSVRG performance does
not change much in terms of the number of communications and bits transmitted for 2D torus. The
sparsity level of ring topology is higher than that of 2D torus and increases with number of nodes. It
leads C-DPSVRG to achieve fast convergence eventually in terms of gradient computations with a
smaller number of nodes, as demonstrated in Figure[9] In contrast to the performance of C-DPSVRG
in terms of communications in 2D torus (Figure , C-DPSVRG requires more communications
for large number of nodes in a ring topology, as shown in Figure[0] DM-HSGD and C-RDPSG are
competitive in terms of gradient computations and communications with larger number of nodes as
demonstrated in Figures[TT]and[T2} However it is to be noted that DM-HSGD exhibits an oscillatory
behavior in the saddle point solutions, after reaching a moderate solution accuracy.
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LI.5 Estimating Lipschitz parameters

In this section, we estimate Lipschitz parameters Ly, Lyy, Lyy, Ly, of robust loglstlc regression
problem (283). Assume that each node i has N; number of local samples such that " | N; = N.

Recall objective function ¥ (z, y) in equation (283):
N

1 A B
U(w,y) = 5 D log (1+eap (~bia (i +))) + 3 llzlls = 3 Iyl

1 & A 8
= & 2 2 _log (1+ eap (~buz " (aa +9)) + 5 2113 — 5 lvll3

. >\ 2 ﬁ 2
log (1 +exp (*bz’lfT(ail + y))) + 5 ll[l5 — o lyll5

where f,(z,y) = & S0 log (14 exp (~buz T (au +))) + g 2] — 2 lyl3- Gradients of

fi(x,y) with respect to x and y are glven by

_bzl azl + y)
Vafi(
filw,y) = Nzl+exp (bux T (ay +y)

N;
z —bil(L'
\Y% fZ(x Y) NZlJ,-exp(bﬂl‘T(ail‘f'y) -

We create n batches {N i1y -+, Nin } of local samples NV; and write f;(z,y

Y.

S|l 3>

in the form of 1 fi;(x, ).

~—

1 T A s B 2
fi(z,y) ZX;IOg (1+exp (=buz " (au +9))) + 5~ ll=ll; = 5~ vl

n  Nij
1 T A 2 p 2
= 7 2 2 os (1 eap (<0 (el )) ) 4 el = ol
n N7,7
1 T A 2 B 2
=2 {7 s (1 exp (b (el ) )+ g el - 5
1= =
n Nij
1 n A 2 B 2
= IS S o (14 e (b (@ )+ ol o

=1

3

:lzflj (z,9),

where fi;(z,y) = ¥ Zl ' log (1 + exp (—bgle(a{l + y))) + 5= ||ac||2 o ||y||§ We are now
ready to find required Lipschitz parameters.
Computing L/ :

3

Nis (ad +y)(ad, +y) Teap (bglx—r(agl + y) N A s
(1+ exp(b)aT (al, + y))? m

=2|=

Vi fij(my) =
=1
Nij

IVt w)l, < Z 2l 3 +285) +

Nij 2
n i 2 TLNwRy )\ L.
2N ZH leallz + == + 5 = L
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Computing L}/,

Nij exp (bflac—r

(afy + y) (b)) 2T B

: : 2
=1 (1 +exp (blx T (al, + y))

-
T
- ||Vacacflj T,y HQ < NZ H HQ +%

Computing L7, :

Vo (Vafisey) = &

Hence we have

||V92cyfij(x,y)”2 <
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=2|=
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< nN”Rg +

- 4N

P i
DL

3 ( fbgflf
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Nij .
> (1+ gt +na],)
=1
N”‘
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> (1+ 5l +
=1
Ni]'
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> (1+ 5 lella + 1))
Ny
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=1

R, R,
(145

S
m

exp (bzlx—r(agl + y)

+ (b?z)Q(afz +y)a’

(1+ exp(b)aT (al, + y))?

We set Ly, = max; j{L%,}, Ly, = max;;{L} and Ly = Ly, = max; j{L%,}. The strong
convexity and strong concavity parameters are respectwely set to A and 3.
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Figure 1: Convergence behavior of iterates to saddle point vs. Gradient computations (Row 1),
Communications (Row 2), Number of bits transmitted (Row 3) for different algorithms in 2D torus
topology. ada, phishing, ijcnn, sido datasets are in Columns 1,2,3,4 respectively.
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Communications (Row 2), Number of bits transmitted (Row 3) for different algorithms in ring
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Figure 7: Performance of C-DPSVRG with different number of nodes on 2D torus topology with
ijenn data.
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Figure 8: Performance of C-RDPSG with different number of nodes on 2D torus topology with ijcnn
data.
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Figure 10: Performance of C-RDPSG with different number of nodes on ring topology with ijcnn
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Figure 11: Comparison with baselines with different number of nodes on a 2D torus topology with
ijenn data. Column 1: 56 nodes, Column 2: 110 nodes, Column 3: 210 nodes.
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Figure 12: Comparison with baselines with different number of nodes on a ring topology with ijcnn
data. Column 1: 56 nodes, Column 2: 110 nodes, Column 3: 210 nodes.
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