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ABSTRACT

Here we study the problem of learning labels for large text corpora where each
document can be assigned a variable number of labels. The problem is trivial
when the label dimensionality is small and can be easily solved by a series of
one-vs-all classifiers. However, as the label dimensionality increases, the param-
eter space of such one-vs-all classifiers becomes extremely large and outstrips the
memory. Here we propose a latent variable model to reduce the size of the param-
eter space, but still efficiently learn the labels. We learn the model using spectral
learning and show how to extract the parameters using only three passes through
the training dataset. Further, we analyse the sample complexity of our model us-
ing PAC learning theory and then demonstrate the performance of our algorithm
on several benchmark datasets in comparison with existing algorithms.

1 INTRODUCTION

Multi-label learning for large text corpora is an upcoming problem in Large-Scale Machine Learn-
ing. Unlike the multi-class classification where a document is assigned only one label from a set of
labels, here a document can have a variable number of labels. A basic approach to the problem is
to use 1-vs-all classification by training a single binary classifier for every label. If the vocabulary
size of a text corpus is D and the label dimensionality is L, then the 1-vs-all model require O(DL)
parameters. Most of the text corpora have moderate to high vocabulary size (D), and 1-vs-all clas-
sification is feasible as long as D >> L. However, as the number of labels increases to a point when
L ~ D, the size of the parameter space increases to O(D?), and we can no longer store the 1-vs-all
models in the memory |Yu et al.|(2014).

A fairly intuitive approach to reducing the size of the parameter space is to use low-rank models.
The existing low-rank approaches in the literature are mainly based on discriminative models that
use a mapping ® : RP — R’ between the word space and the label space. If the rank of the model
is restricted to K < D, then such mappings have the form Z = HW T, where W € RP*X and
H € REXK contain the low-rank features of the words and the labels respectively. The parameter
space of such models has the size © ((D + L)K), which is much smaller than O(DL) for large
values of L and can be conveniently stored the memory.

Amongst the recent literature on discriminative low-rank models, WSABIE |Weston et al.| (2011}
defines weighted approximate pair-wise rank (WARP) loss on the mapping and optimises the loss
on the training dataset. LEML |Yu et al.|(2014) generalises the loss function to squared-loss, sigmoid
loss or hinge loss, which are typical of Linear Regression, Logistic Regression, and Linear SVM
respectively. Both of LEML and WSABIE use gradient descent to optimise the loss on training
datasets and therefore are susceptible to overfitting. Also, both of them run several iterations through
the dataset and can slow down for large datasets containing millions of text instances.

Here we propose a latent variable model for multi-label learning. Our model can be viewed as a
generative counterpart of the discriminative low-rank models like WSABIE or LEML. Unlike the
usual cases where such latent variable models are trained using EM algorithm, we use Spectral
Learning or Method of Moments |Anandkumar et al.| (2014) to extract the parameters. Method of
Moments is an upcoming non-iterative approach for latent variable based models, and has success-
fully been applied in Spherical Gaussian Model Hsu & Kakade| (2013)), Hidden Markov Models
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Figure 1: Latent Variable Model

(Hsu et al.| (2012) and [Song et al.| (2010)), Bayesian Non-parametrics [Tung & Smolal (2014)), Topic
Models Anandkumar et al.|(2012)), and in various NLP applications (Dhillon et al.|(2012) and|Cohen
et al.|(2014)). We first derive a closed form expression to estimate the model parameters using the
Method of Moments. Further, we derive the convergence bounds on the estimated parameters, and
then compare the performance of our algorithm with the discriminative low-rank models both from
the perspective of accuracy and computation time.

There are other approaches beyond low-rank mappings, such as FastXML [Prabhu & Varma) (2014)
that uses tree-based hierarchies for the labels, or SLEEC Bhatia et al.| (2015)) that uses KNN based
embedding of the texts in the training dataset. However, these approaches use a combination of
different algorithms and are geared towards end-to-end solutions. Whereas, we look into the problem
from a modelling perspective and limit our discussion to the low-rank models since they have a
similar model complexity to the latent variable model.

2 METHODOLOGY

We build our model based on the “bag of words” assumption on the documents taking into account
only the occurrence of the words, not their counts. Let us assume that there are N labeled documents
in a corpus with vocabulary size D and label dimensionality L. Then using a latent variable h that
assumes K states, the probability of a label [ being assigned to a document d can be expressed as:

Pll|d] = ZPl\hfk h = k|d] (1)

where the conditional probability of a document d given h can be modelled from the set of distinct
words W, present in it as:

Pldh=k = [[ Pllh=4k [] (1-Plh=k]) (2)
vEWq vEWq
From here, P[h = k|d] can be expressed using Bayes Theorem as:
Plh = k]P[d|h = k]
iy Plh= k|Pld|h = k]

Plh = k|d] = 3)

The latent variable model is described by the plate notation in Figure[I} where the words are denoted
by v, the labels by [ and the latent variable by h. Our model parameters are P[h], P[v|h] and P[l|h],
and the number of parameters is © ((D + L)K), same as the discriminative low-rank models.

Let us define 75, € [0, 1] as the probability of the latent variable i assuming the state k € [K].
7 = Plh = k] 4
Let us define py, € [0,1]7 as the probability vector of a word v conditional to the latent state

k € [K].
pi = Plvlh = k] (&)
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Similarly, let us define v, € [0, 1] as the probability vector of a label I conditional to the latent
state k € [K].
Y& = P[l[h = k] (6)

One key difference of our parameterization from|Anandkumar et al.|(2012)) and[Wang & Zhu|(2014)
is that they define {px < | as the expected count of the words (E[v|h = k]) for each topic k, while
we define { }sz1 as the probability of the words. A probabilistic formulation enables us to model
the documents using Equation[2] which is not possible using expectations. We later use the document
probabilities to predict the labels for a test document (Section ). Therefore, unlike [Anandkumar
et al.| (2012) or Wang & Zhu| (2014) that uses moments on the word counts defined on the domain
X" RP (for pth order moment), we use moments based on the joint probability of the words defined
on the domain ®”[0, 1]P. We outline the derivation for the probability moments in this section, and
then show that our formulation achieves a tighter convergence bound on the parameters in Section
The label parameters {v; }1_, are unique to our model.

2.1 MOMENT FORMULATION

We first try to formulate the joint probability of a pair of words in terms of 7 and p. Let us assume
that we choose two words w; and ws from a document at random. The term Plw; = v;, we = vj]
represents the probability by which any pair of words picked at random from a document turns out
to be v; and v;, and it is nothing but P[v;, v;], where ¢, j € [D]. Similarly, Plw; = v;] is same as
Plv;], and the same holds for Plwy = v;].

Following the generative model in Figure([I] any two words w; and ws in a document are condition-
ally independent given h. Therefore,

P[w1 =V, W2 = ’Uj]

P[w1 = V;, W3 :Uj|h: k]P[h: k]

Plwy = v;|h = k]Plws = v;|h = k]P[h = k]

Plvi|h = k|P[v;]h = k]P[h = k]

M T T T

Tk kil

b
I

1
where piy; is the ith element of the vector p; and so on.

K

- Plu,v;] = Zﬂkukiukj Vi, j € [D] D
k=1

If My € [0,1]P*P is the matrix containing the joint probability of the pairs of words with M, . =
Plv;,v;] Vi, j € [D], then it can be expressed as:

K
My = Zﬂ'kﬂkﬂkT 3
k=1

Similarly, if the tensor M3 € [0, 1]P*P*P is defined as the moment containing the joint probability
of a triplet of words with M3, ;= Plv;,v;,v,], Vi, j,k € [D], then

K

M3:Z7Tkuk®,uk®,uk )]
k=1

where ® stands for the tensor product.
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Finally, we define M7, € [0, 1]2XP*P as the probability moment of a label occurring with a pair of
words such that My, , - = Pl[l.,v;,v;], Yk € [L] and Vi, j € [D]. Then,
K
Mp =" T @ ik @ pu (10)
k=1

2.2 CLOSED FORM EXPRESSION OF THE PARAMETERS

We derive the equations for extracting m, p and -~y in this section. The first step is to whiten the
matrix M,, where we try to find a matrix low rank W such that WT MW = I. This is similar to
the whitening in ICA Hyvirinen et al.| (2004), with the covariance matrix being replaced by the co-
occurrence probability matrix. The whitening is usually done through singular value decomposition
of Ms. If the K maximum singular values of M are {v) }_,, and {wy, }/_, are the corresponding

left singular vectors, then the whitening matrix of rank K is computed as W = QX~/2, where
Q= [w1|w2| .. IWK] and X = dlag (1/171/2, ‘e ,Z/K).
Upon whitening M5 takes the form
K K K
WTMW =W (3w )W = (VAW ) (VAeW ) =D fiid =1 (1)
k=1 k=1 k=1

Hence /i = /TxW T ;. are orthonormal vectors. Multiplying M3 along all three dimensions by
W, we get

K
Mz = Ms(W, W, W) = Zﬂ'k(WT,Uk) ® (W) @ (W' ) = Mk ® fu @ fig (12)
k=1

HMN

M is a tensor in the domain RE*X %K Upon the factorisation of Ms, if the eigenvalues and
eigenvectors are {\; }_, and {uy }/_, respectively, then \;, = \/%7 = mp = A}, and

N 1
up = ik = TEW T, = EWT“"‘ (13)

Hence, {11} | can be recovered as py, = AW Tuy, where Wi = W (VVTVV)_1 is the pseudo-
inverse of W . Since we compute P[v|h] by normalising s, as

Plvlh = k] = ﬁ it suffices to compute p, = Wiuy, as A will be cancelled during normali-
sation.

It is possible to compute  through the factorisation of second and third order moments of the
labels in a similar way to u. However, there is no guarantee that the label probabilities of v will

correspond to the same topic as the word probabilities in py for every & when we compute them
separately. Without the topic alignment between g and -y, label prediction is not possible.

To overcome this limitation, we use the cross-moment M, to compute . If we multiply M|, twice
by W, then

Mg, (W, W) ZZ k'Vk®(W L) ® W 1) Z%@? VTEW Mk) (\/ﬂWTMk)

I
Mw i

Ve ® fig @ fig (14)

£
Il

1

If uy, is the kth eigenvector of Ms, then
K
ug Mp,(W, W) = jig Mp,(W,W)jix = iy, <Z Ve ® fik ® m) ik = Y (15)
k=1
since [is are orthonormal. Computing 7y, by this method ensures that 7, and fi, correspond to the
same topic for every k, which in turn ensures that -y and iy, correspond to the same topic.
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3 PARAMETER ESTIMATION

So far we have shown how to extract the parameters from the global moments M5, M3 and M,
defined on population. In practice, we cannot compute the population parameters; all we can do is
to estimate them from the sample in hand and compute an error bound for the estimation. We denote

the estimated values of My, M3, My, m, u, v, W and U from the sample as Mg, Mg, ML, T, [, Y,
W and U, conforming with the notations used in the previous literature.

If we take into account only the occurrence of each distinct word in a document, then using “one
hot encoding,” we can represent the words as a binary vector x € {0, 1}, and the labels as another
y € {0,1}L. If there are N samples, then we can represent the words in the entire corpus as
X € {0,1}¥*P and the associated labels as Y € {0,1}*L. The pairwise counts of the words
can be estimated by X T X, whose sum of all elements is,

D D D D N N D D N
Z Z (XTX)vl,ug — Z Z in,leiﬂ& = Z Z Z Liw, LT vy = Znnz(xl)z
=1

vi=1v9=1 vi=1v9=11i=1 1=1 vi=1v9=1

where z; is the row of X corresponding to the ith document, z; , is the vth element in it (v € [D]),
and nnz(x;) is the number of non-zero elements in x;, i.e., the number of distinct words in the ith
document.

Therefore, the joint probability matrix of the words (M5) can be estimated as,

My = ;XTX (16)

Zﬁl nnz(xz;)?

Similarly, the triple-wise occurrences of the words can be estimated by the tensor X ® X ® X, and
the sum of all of the elements of this tensor is

N
)SDIDICEETETINNES s

v1= 1 Vo= 1 v3= 1
Therefore, M3 can be estimated as

- 1
M= ———XX®X (17)

iy nnz(w)?

The dimensions of M, and Ms are D? and D3 respectively. But in practice, these quantities are
extremely sparse. We do not need to compute M3 in practice. If the whitening matrix computed

through the Singular Value Decomposition of M, is W, then Ms can be estimated straight away
using Equation[12]as,

2 1 ~ o o
My= ——"XWRXWXW (18)

Zf\il nnz(xz;)3

Since Mj has a dimension of K® and K < D, it can be conveniently stored in the memory. The

computation of M takes one pass through the dataset, and the computation of M; takes another.

Also, the counts of the labels occurring with the pairs of words can be estimated by the tensor
Y ® X ® X, whose sum of all element is

L D D N
Z Z Z YOX®X) 0 = z:nnz(yl)nnz(alcl)2

=1 vi=1vy=1 =1

where y; represents the ith row of Y and nnz(y;) is the number of labels associated with the ith
document. Therefore, M, can be estimated as,
- 1
My, = — YoX®X 19)
>iz1 nnz(y;)nnz(z;)?
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Algorithm 1 Three-pass Algorithm for Parameter Extraction

Input: Sparse Binary Data X € {0,1}V*P Labels Y € {0,1}V*L and K € Z+
Output: 7, P[v|h] and P[l|h)

1. Estimate M, = (X T X)/ Zf\il nnz(z;)? (pass # 1)
2. Compute K maximum singular values of M, as {v }K_,, and corresponding left singu-
lar vectors as {wy }1—,. Define Q = [wi|ws|. .. |wk ], and ¥ = diag (v1, 12, ..., vK)

3. Estimate the whitening matrix W = QX ~1/2 ¢ RP*K
4. Estimate Mz = (XW @ XW @ XW)/ SN nnz(x;)? (pass # 2)
5. Compute eigenvalues {;\k}kK:1 and eigenvectors {iy}i, of M. Assign U =
[G o] . . . |UK] X
6. Estimate ji, = Wiy, where Wi = W(WTW) ~, and &), = X;Q,sz €1,2...K.
7. Estimate )
> Hkv
Plvlh =k = —— Vkel...K,v€wv...vp
Zq, 122
8. Estimate I = Y ((XWU) e (XWU)), where o stands for the element-wise product
(pass # 3)
9. Estimate .
Sl 1 Lk
Plllh=k] = —,Vkel...K,lely...l
Tk

If kth eigenvector of J\ng is Uy, then from Equation

A = g My (W, W )i
1 R R
=— ap (Y @ XW @ XW)iy,
Zi=1 nnz(y;)nnz(r;)?
1 P s
1 . N
= — YT ((XW4i XWi

where e stands for the element-wise product, and Z(X,Y) = Zf\il nnz(y;)nnz(x;)? is a constant.
If we assign I' = [$1]92] . . . |9k ], then it can be computed as,

I'=[Fel .. [9x]

1 T o S9N - A
=z [(XTWiy @ XV i) | (X Witz @ XTWi)|
(X Wi o X W)
1 . .
=————YVT((X X 2
ZXY) (XWU) e (XWU)) (20)
where U = [di1|2| . . . |i]. Since we estimate P[I|h] by normalising the columns of I as P[i|h =
k] = <L itis sufficient to compute I' = YT ((XWU) o (XWU)) as the constant Z(X,Y) will

- Zl Lig
be cancelled out during normalisation. Instead of computing all the /s separately, we can compute

I in one step by just one pass through the entire dataset. The overall method takes three passes

through the dataset as outlined in Algorithm|l} There is no need to compute My, explicitly since T
can be computed straight away from X, Y and the intermediate parameters.
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3.1 CONVERGENCE BOUNDS

Theorem 1. Let us assume that we run Algorithm I\ on N i.i.d. samples with word vectors

T1,Ts...xN and label vectors y1,ys...yn. Let us define e; = |1+ W) and €5 =

(1 1/ e 2/6)> forsome § € (0,1). If N > max(nq,ng, n3), where

1. ni=cy (logK—f—logbg (g ) \/%))
. 2
= e
2. ng =9 ((JQSUK(MQ)) )

oy =0 (K2 (g0 )
<13 = dasox (M2)5/2 dss ok (M2)3/2 !

for some constants c1 and cs, then following bounds on the estimated parameters hold with proba-
bility at least 1 — 6,

e — il < (160\/01 2) | 32/201(0) 2)> €1
k — Mk e

doso i (M2)>/? d350K(M2)3/2 dzsUK(Mz) VN

e — 4] < 160 322 242 2e1 N 8¢9
kE— Yk = - i T
dosorc (My)7/2 dgsaK<M2)5/2 dysore (Mz)? ) VN = djsox (Ma)V'N

. 200 40v/2 €1
|7 — 7| < 52 T 32 | 5
ok (M)®/? "~ ox(M2)3? | dsg/N

The terms o1(Ms) . ..ok (M) are the K largest eigenvalues of the matrix My, whereas dos =
E [nnz(z)?], dss = E [nnz(z)3] and dis = E [nnz(y)nnz(z)?], with nnz(z) representing the
number of distinct words and nnz(y) representing the number of labels present in an instance. The
proof is included in the appendix.

The convergence bounds on 7 and /; are very similar to those in/Anandkumar et al.|(2012) and Wang

& Zhu| (2014), except for the terms dgs, dgs and dls in the denominator. These terms arise in our
convergence bounds since we use the probability moments, whereas |[Anandkumar et al.[(2012)) and
Wang & Zhu| (2014)) use the moments of word counts. The parameter « is unique to our model,
although its bound contains those terms too.

We need at least one document with 3 distinct words or more to construct the third order mo-
ment Ms, i.e., nnz(x) > 3 for at least one document. Therefore, dos = E [nnz(z)Q] > 1 and
d3s = E [nnz(z)?] > 1. Also, since every document has least one label, nnz(y) > 1 for all
the documents, and therefore, and d;; > 1. In practice, these terms can be much larger than 1 for

any real-life text corpus (The estimates of them for different experimental datasets are in Table
Therefore, our algorithm achieves a tighter convergence bound than Anandkumar et al.| (2012) or

Wang & Zhu|(2014). Further, since the terms d2s and d3s appear in the denominators of ny and ng
too, using probability moments also lowers the minimum number of samples required.

3.2 COMPUTATIONAL COMPLEXITY

The bottleneck of the algorithm is the whitening step of Mo, especially for the large datasets. M,
computed using Equation [I6]is a symmetric p.s.d. matrix with very high sparsity. The number of

elements of M, is O( vazl nnz(a:l)Q) , with the worst case occurring when no two documents have
any word in common, and every element in X " X is 1. The top K eigenvalues for large symmetric
matrices are usually computed through Lanczos method. For a sparse matrix of size D x D with
O(X | nnz(x;)?) number of elements, this step has a complexity of O(( X1, nnz(z;)?) K +
DK?) |Mahadevan| (2008).
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We do not compute the third order tensors Ms or My, explicitly. The step to compute M3 using
Equation |18/ has a complexity of O(N K?), while the computation of Iy using Equatlon E has a

complexity of O(( I, nnz(y;)) K?). We carry out the tensor factorisation of My € RE*KxK

using the Tensor Toolbox [Bader et al. (2015), and this step has a complexity of O(K*loge) to
compute each of the K eigenvalues up to an accuracy of € Kolda & Mayol| (2011). These steps
contribute the most to the computational cost. The overall time complexity of Algorithm (1] is

0(( S nnz(w)?) K + (D + S, nnz(y:)) K2 + NK? + K*log e).

As per as space requirement is concerned, the storage of M takes up O( Zfil nnz(xl)z) space,
whereas the word parameters like W and fi1.x take up a space of ©(DK), the label parameter r

takes up a space of ©(LK), and Ms takes up a space of ©(K?3). The overall space complexity is
o Zfil nnz(z;)? + (D + L)K + K?).

4 LABEL PREDICTION

Once we have extracted the model parameters P[h], P[v|h] and P[i|h] using Algorithm I a new
test document d with a distinct set of words VW, can be modelled as,

Pldh=k = [[ Plh="H ][ (I—P[v|h:k])

vEWy ’U¢Wd

This step will take D multiplications involving floating point operations. However, since
Do Plolh = k] = 1forv € {v...vp} and D can be very large, the values of Plo|h = K]
are much less than one for the most, and (1 — Pluvlh = k]) ~ 1. If we threshold P[v|h = k] when
v ¢ W, using some threshold 7 (say 7 = 0.01 or 0.001), then P[d|h = k] takes the form:

Pldh=k= [] Peln=k ][] (1—P[v|h=k])

vEW4 _ vEWa
Plv|h=Ek]>n

Usually only a few of P[v|h = k] will be greater than the threshold, and this will significantly reduce
the number of multiplications when v ¢ W, without sacrificing accuracy. Also, since a document
has only a few distinct words, i.e. [W,| < D, the left multiplicand (when v € W,) accounts for
only a few multiplications. From there, we can estimate the following using Bayes rule.

w [[ Plolh=% ] (1 — Plulh = k])

veEWyq vgEWqy
Plh = k) = L =HPAL =1 Plolh=k>n
Yoy Plh=kPldh =k XK. A -
Swc [ Plolh=H ] (1—P[v\h:k])
k=1 veEWy vEWy
Plv|h=k]>n

And finally, the label probabilities for the document (P[l|d]) can be estimated from P[I|h] and
P[h|d] using Equation

5 EXPERIMENTAL RESULTS

We carry out our experiments on six datasets ranging from small datasets like Bibtex with 4, 880
training instances to large datasets like WikiLSHTC with more than 1.7M training instances. The

description of the datasets are listed in Table[T} We categorise the datasets into three groups:
1. Small: Bibtex and Delicious

2. Medium: Wiki-31K and NYTimes
3. Large: AmazonCat and WikiLSHTC
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Name # of # of Feature Label Average Median Average Median JZS cigs J,S
Train Test Dimen- Dimen- # of # of # of # of
Points Points sion sion Features Features Labels Labels
Bibtex 4,880 2,515 1,836 159 68.67 69 2.4 2 5957 | 597K | 15K
Delicious 12,920 3,185 500 983 18.29 6 19.02 20 1,892 | 363K | 24K
Wiki-31K | 14,146 6,616 101,938 | 30,938 669.05 513 18.64 19 550K | 545M | 1IM
NYTimes 14,669 15,989 24,670 4,185 373.91 354 5.40 5 175K | 95M | 755K
AmazonCat| 1,186,239] 306,782 | 203,882 | 13,330 71.09 45 5.04 4 6,301 | 651K | 27K
WIKILSHT( 1,778,351| 587,084 | 1,617,899 325,056 0215 30 3.19 2 2210 | 135K | 7,594
Table 1: Description of the Datasets
True Labels LEML MoM
“airlines and “airlines and airplanes” (0.34), “terrorism” (0.12), “united states
airplanes”, “terrorism” (0.30), “united states international relations” (0.08), “airlines
“hijacking”, international relations” (0.27), “elections” and airplanes” (0.07), “world trade center
“terrorism” (0.22), “armament, defense and military (nyc)” (0.07), “hijacking” (0.07), “united
forces” (0.18), “internationalrelations” states armament and defense” (0.07),
(0.18), “bombs and explosives” (0.15), “pentagon building” (0.03), “bombs and
“murders and attempted murders ” (0.13), explosives” (0.03), “islam” (0.02),
“biographical information” (0.13), “islam” “missing persons ~ (0.02)
0.12)
“armament, “civil war and guerrilla warfare” (0.62), “civil war and guerrilla warfare” (0.09),
defense and “united states international relations” “united states international relations”
military (0.39), “united states armament and (0.09), “united states armament and
forces”, “civil defense” (0.23), “armament, defense and defense” (0.06), “politics and
war and military forces” (0.23), government” (0.04), “armament, defense
guerrilla “internationalrelations” (0.17), “oil and military forces” (0.03),
warfare”, (petroleum) and gasoline” (0.11), “surveys “internationalrelations” (0.02),
“politics and and series” (0.10),“military action” (0.09), “immigration and refugees” (0.02),
government” “foreign aid” (0.08), “independence “foreign aid” (0.02), “terrorism” (0.02),
movements” (0.08) “economic conditions and trends” (0.02)

Table 2: Examples of label prediction from the NYTimes dataset. The numbers in parenthesis are
the scores for the top 10 labels. The scores of LEML and MoM have different ranges.

Since LEML is shown to outperform WSABIE and other benchmark algorithms on various small
and large-scale datasets in |Yu et al|(2014), we benchmark the performance of our method against
LEML. Also, there are other methods proposed on topic based embedding of the labels, most recent
of which is|Rai et al.|(2015]) that extends Latent Dirichlet Allocation |Blei et al.|(2003) to Multi-label
learning, and uses Bayesian Learning through Gibbs Sampling. However, use of Gibbs sampler
limits the use of the algorithms only to the datasets of limited size. The largest dataset used in Rai
et al. (2015)) is EurLex that is similar to NYTimes dataset in size. Using any MCMC based sampling
scheme is not viable for the large datasets such as AmazonCat or WikiLSHTC containing millions
of training instances.

In our experiments, we chose to measure AUC (of Receiver Operator Characteristics) against the
latent dimensionality (K). AUC is a versatile measure and has been used in a range of problems
from binary classification to ranking. Also, it is shown that there exists a one-to-one relation between
AUC and Precision-Recall curves in |Davis & Goadrich| (2006), i.e., the same algorithm achieving
a higher AUC will also produce a better Precision-Recall curve. We carried out our experiments
on Unix Platform on a single machine with Intel i5 Processor (2.4GHz) and 16GB memory, and no
multi-threading or any other performance enhancement method is used in the codeE] For the label
prediction step of MoM, we chose 7 = 0.001. For LEML, we ran ten iterations for the small datasets
and five iterations for the medium and large datasets, since the authors of LEML chose a similar
number of iterations for their experiments in Yu et al.[(2014). For AmazonCat and WikiLSHTC
datasets, we ran LEML on an i2.4xlarge instance of Amazon EC2 with 122 GB of memory since
LEML needs significantly larger memory for these two datasets (Figure [2)).

To be shared later
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Figure 2: AUC and Memory vs. Latent Dimensionality (K)

Dataset LEML MoM Speed-up (x)
Bibtex 160s. 300s. 0.53
Delicious 60s. 150s. 0.4
NYtimes 1 hour 6 min. 10
Wiki-31K 3 hr. 40 min. 15 min. 15
AmazonCat 13hr 1 hr. 15 min. 10
WIikiLSHTC ~ >2days | 3 hr. 16

1 Runtime on i2.4xlarge instance of Amazon EC2

Table 3: Training Time

We computed AUC for every test documents and performed a macro-averaging across the docu-
ments, and repeated the experiments for K = {50, 75,100, 125, 150} (Figure . Both LEML and
Method of Moments perform very similarly, but the memory footprint of MoM is significantly less
than LEML. MoM takes longer to finish for the small datasets since tensor factorisation takes much
more time compared to the LEML iterations. However, as the size of the datasets grows, the LEML
iterations become more and more costly. For the medium and large datasets, MoM takes a fraction
of the time taken by LEML. For WikiLSHTC, LEML takes more than two days to finish, while

MoM finishes within a few hours. The training times of LEML and MoM for different datasets are
listed in Table 3.

6 CONCLUSION

Here we propose a latent variable model for multi-label learning in large-scale text corpus and
show how to extract the model parameters based on the spectral decomposition of the probability
moments of the words and the labels. Our method gives similar performance in comparison with
state-of-art algorithms like LEML while taking a fraction of time and memory for the medium and
the large datasets. Our method takes only three passes through the training dataset to extract all

10
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the parameters, which contributes to its superior time performance. Also, the memory requirement
of our method is nominal when compared to the existing algorithms, and it scales to large datasets
like WikiLSHTC containing millions of Wikipedia articles just on a single node with 16GB of
memory. Lastly, since our method consists of only linear algebraic operations, it is embarrassingly
parallel and can easily be scaled up in any parallel ecosystem using linear algebra libraries. In our
implementation, we used Matlab’s linear algebra library based on LAPACK/ARPACK, although we
did not incorporate any parallelisation.

LEML has a bound of O (1 / VN ) on the training loss|Yu et al.[{(2014), whereas our method (MoM)

has a convergence bound of O(l /VN ) on the model parameters w.r.t. the number of training in-
stances N. However, when we compute AUC on the test dataset, the AUC of LEML decreases with
the latent dimensionality(K) for three datasets including AmazonCat with more than a million of
training instances. It shows the possibility of overfitting in LEML. MoM, on the other hand, is not an
optimisation algorithm, and the parameters are extracted through spectral decomposition of matrices
and tensors, rather than optimising any target function. It is not susceptible to over-fitting, which
is evident from its performance. But MoM has the requirement of N > Q(K?), and will not work
when N < ©(K?). However, for smaller text corpora where N < ©(K?) holds, 1-vs-all classifiers
are usually sufficient to predict the labels. We need low-rank models for large text corpora where
1-vs-all classifiers fail, and MoM provides a very competitive choice for such cases.
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A MATRIX NORM INEQUALITIES

Here we paraphrase the inequalities regarding the matrix norms from Anandkumar et al.| (2014),
which we will use further in our final proof. Let the true pairwise probability matrix and the third
order probability moment be My = p(v,v) and M3 = p(v,v,v), where v stands for the words.
Let us assume that we select IV i.i.d. samples z1,... 2y from the population, and the estimates

of pairwise matrix and third order moment are My = p(y,y) and My = p(y,y,y). Let ey, =

||[My — My||o. We use the second order operator norm of the matrices here. Let us assume €57, <
ok (Ms)/2, where ok is the Kth largest eigenvalue of M. We will derive the conditions which
satisfies this later.

If ¥ = diag(01,02...0K) are the top-K eigenvalues of Ms, and U are the corresponding eigen-
vectors, then the whitening matrix W = UX~1/2. Also, W MoW = I k. Then,

v/ i = y/maxeig(X—1) = _
||W||2 = maxelg(WTW) - € g(z ) \/m

Similarly, if W1 = W(W T W)=, then WT = WY = UX'/2. Therefore,
W[z = /maxeig(X) = /o1 (Mz) @1)

Let TV be the whitening matrix for My, ie., W MoW = Iy . Then by Weyl’s inequality,
Uk(MQ) - O'k(Mg) S HM2 - Mg”,Vk = 1,2 K.
Therefore,
1 1 2
— < — <
k(Mz) = ox (Ma) = [|Mz — My|| — o (M2)

W13 = 22)
g

12
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Also, by Weyl’s Theorem,

||WT||§ = Gl(Mg) S 0'1(M2) —|—€M'2 S 1.50’1(M2) — HWTHQ S 1.50'1(M2) S 1.5 0’1(M2)
(23)

Let U™ be the eigenvectors of W M, W, and A be the corresponding eigenvalues. Then we can write,
W MyW=U*AU*". Then W = WU*A~Y2U*T whitens Mo, i.e., W MyW = I. Therefore,

1T = Al = [[I = U*AU*T||2
= |[I — WM W ||
= ||[WMW — W MW ||
< [|W[3][ My — Ms||

2
S 24
S (]\42)€M2 24)
ew = [|W - W||

_ ||W—WU*A1/2U*T||2
= [[Wllol[I = U"AY2U™ T
= [[Wllal[1 — AVl
W2l [T = All2

2
70K(M2)3/28M2

IN

IN

(25)

ewr = [[WT = W1l
= ||I/VTU*A1/2U”kT — WTHQ
= [[WH|o|[T = U*AV2UT |5
2 O'l(Mg)
o

< [|WH[sl|T = All, <
< |[WTle|| ]2 < (M)

€M, (26)

B TENSOR NORM INEQUALITIES

Let us define the second order operator norm of a tensor 7' € RP'*P*D with D, D’ € Z+ as,

1712 = sup{||T(-,w, u)|| : w € RP&lJul| = 1} 27

Lemma 1. For a tensor T € RP"*P*D_||T||, < ||T)
defined as,

r, where ||T||p is the Frobenius norm

|T|F = Z(Ti,j,k)2

i,k
Proof. The tensor T can be unfolded as an array of D’ matrices each of size D x D, as T =
[Th T2 ce TDI]. Then,

T(,u,u) = [uTTlm u' Thu, . .. uTTD/u] cRY

13
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Therefore,

2
||TH§ = ||Sl‘l‘p ||[UTT1U, UTTQU, Ce ’U,TTDIU} ||
ul|=1

= sup (Ju' Thul® + |u" Toul* + - + [u Tpul?)

[lul|=1
< sup |u' Tyl + sup |u' Toul?> +---+ sup |u' Tpul? (28)
[lul|=1 [lul|=1 [lul|=1

Let us assume that the singular value decomposition of 7}; has the form (d € [D’]),

Ty = o191¢] + 0othapy + -+ 0pPpo)

D

where {1, }2 | are the left singular vectors, {¢;}[, are the right singular vectors and {o;}2 , are

i=1
the singular values.

Each of [¢1, % ... 9 p] and [¢1, ¢ . .. ¢p] forms a spanning set in R, and any vector u € RP can
be spanned using both ¥1.p and ¢1.p as the basis.

Letu = a191 + agtpa + -+ + aptp = B1¢1 + Baga + -+ - + Bpdp, where ay.p and §1.p are
scalars.

Since ||u]| = /< u,u > =1,

lal| = \Jo? + 03 +...a% = Land||8| = /B2 + 3 +...f% = 1

Therefore,

lu" Tyu| = |ay0181 + a209fs ... apopBp|

< \/of +U§+-~-+a%\/a%ﬁ% +adf3...a% 6%  (Cauchy-Schwartz Inequality)
S\/af-l—ag—i—-~-+0,23\/a%—&—a%---—i—a%\/ﬁf—kﬁ%“-%-ﬁ%

Y
= ||Tul|F

Equality holds when T} is of rank 1. Since this holds for any vector u € R such that ||u|| = 1,

sup |u' Tyu| < ||Ty||F for d € [D’]. Therefore, from Equation ,
[Jull=1

17115 < (IT2ll% + 1 T2lff + - + 1T 17) = 1 T1F = (1Tl < [IT]]r

O

Lemma 2. (Robust Power Method from (Anandkumar et al.| [2014))) IfT =T + E € REXKXK,
where T’ is an symmetric tensor with orthogonal decomposition T' = Zszl Aty @ up ® up with
each N\, > 0, and E has operator norm ||E||a < e. Let Apin = minle{)\k} and Apax =
maxX_ {\}. Let there exist constants ¢y, co such that € < ¢1 - (Amin/K), and N > co(log K +
loglog (Amax/€)). Then if Algorithm I in (Anandkumar et al.| 2014)) is called for K times, with
L = poly(K)log(1/n) restarts each time for some n € (0, 1), then with probability at least 1 — ),
there exists a permutation Il on [K), such that,

) €
Juriry — k]| < 8m, Ak — Ay | < 5e VE € [K] (29)

Since € < ¢ - (Amin/K) and A\, = ﬁ,h’k € [K], we need

KAIH&X K max
N > ¢ <1ogK + log log < )) =cy (logK + loglog ( T >) (30)
c

C1 Amin 1 Tmin

This contributes in the first lower bound (1) of N in Theoremm

14
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C TAIL INEQUALITY

Lemma 3. If we draw N i.i.d. sample documents x1,xs...xN, and probability mass function,
pairwise probability and triplet probability of the words v estimated from these N samples are p(v),
p(v,v) and p(v,v,v) respectively, whereas the true probabilities are p(v), p(v,v) and p(v,v,v)
respectively withv € {v1,va...vp}, then with probability at least 1 — § with 6 € (0, 1),

I50) =)l < — <1+ lg(j/‘”) 61)
I5t0.0) = plo. 0l < — <1+ 1g<21/5)> (2
||15(U’U’U) —p(’U,U,U)HF < (i?,si/ﬁ <1 + log(21/6)> (33)

where, di, = E[nnz(z)], dys = E [nnz(x)?], dss = E [nnz(x)3], and nnz(x) is the non-zero
entries in the binary vector representing the words in the documents as described in Section 3 (main
paper).

Proof. Since the number of distinct words in a document is always bounded, we can assume ||z|| <
1 Va without loss of generality. Then from Lemma 7 of supplementary material of Wang & Zhu
(2014)), with probability at least 1 — § with § € (0, 1),

fle] - Elol|| < % (1 + 108“(21/5)> (34)
'E[mxT] —E[zz "] B < % (1 + 10g(21/5)> (35)
HE[:C@I@$]—IE[:I:®I®$] FS\/%<1+ log(;/(s)> (36)

where [ stands for true expectation, and [ stands for the expectation estimated from the N samples,
ie.,

1 Y 1
TSR _ T
E[z] = N;:l T = NX 1
1 < 1
s T _ L T
E[xm}fNE g Qri=—=X'X

N
1 1
E[x@x@x]zﬁg xi®xi®xi:NX®X®X

Now, since the samples contains binary data, probability of the items can be computed from as

E[z]

p(v) = S Elz.] (37)
Similarly,

(o) = =l 38

p(v) SIS (38)

15
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D

Now, since z is a binary vector of dimension D, the sum across its dimensions is Y, =, = nnz(x),
v=1
D D N D ~
and therefore, > Elz,] = E[>_ x,] = E[nnz(z)] =~ E[nnz(z)] = > Elz,]. Assigning dis =
v=1

v=1 v=1
E[nnz(x)], from Equation [37|and [38] we get

p(v) —p(v) = —d. (39)

D D
Similarly, summing across the respective dimensions, we get > > (227 )y, 0,
’Ulil ’Ug:l

D D D D D
2 X BTy, =nnz(@)?and 30 3 3 (TR T @ )y 050, = nnz(@)’.

’U1:1 'U2:1 ’U1:1 U2:1 1)3:1

D D D D
Therefore, Y. > E[(27)y, 0] = Elnnz(z)?] =dos =~ > 3 El(zz ")y, 0,), and

vi=1v2=1 vi=1v2=1
D D D1 ’ 3 . ' D ’ D D
2 2 2 Bl@®@r®)n ] =Einz@@)]=dssx 3 2 2 El@@2@2)u 00l
V1=1v2=1v3= V1=1v2=1vV3=

From here, we can show that,

d2s
E ~E
ﬁ(v,v,’l)) 7P(U,’U,’U) = [x®$®x]~ [x®$®x] 40)
d35
Plugging these equations in Equation [34] [35]and [36] we can complete the proof.
O

Also, if y represents the label vector of the documents, since the number of labels per documents is
limited, we can assume ||y|| < 1 without a loss of generality. Then,

Ey®z®a]-Ey®ra]

N
1
=N E Yz, @z; —Ely @z ® z]
i=1

N N N
1 1 1
:NZ;yi@xi@xi*Ngyi(E@]E[x@x]Jrﬁ;yi@E[x@x]—E[y®x®x}

N N
1 1
:N;y:‘@($i®$i—E[$®$]>+N;yi®E[$®x]—E[y®x®x]

Therefore,

Ely]||
Ely)]|

[Ey @z -Eyozoaq|, <

Elzr ® ] —E[z@x}HFJr
E[mxT] — E[mxT]HF + ffE[y] — ]E[y]||||E[xxT]HF

Since ||y|| < 1, ||E[y]|| < 1. Also, from ||z|| < 1, we get ||E[zzT]|| < ||]|2 < 1. Therefore,

HE[y@m@x] —]E[y@x@x]HF < HE[Q’JCET] —E[wa]HF + HI@[y] —]E[y]H (41)
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From Equation [34]and [33]
P | ||y —E[y}HF < \/% <1+ 1og(21/5)>] >1-6
pP ”E[mx—r] fE[:E:vT]HF < % (1 + 10g(21/5)>] >1-9

Reversing the tail inequalities,

P ||| - || > % <1+ 1og(21/6)>] s
P )‘E[mx—r] - E[mxT]HF > LN (1 + log(21/5)>] <9

If £; and &, are two events,

P(glﬂgg) P((S&)‘FP((SQ)*P((S&UEQ)

; P(&1) + P(&)

Therefore,
P |||E[y] - E[Z/]HF +||ElzzT] - E[mxT]HF > iN (1 + 10g(21/5)>1 <25
Or,
« « 4 log(1/4)
_ T _ T <2 >1_
P ’E[y] E[y}HF—i— ElzaT] - Efzz ]HF_ N(1+ 5 1-20
From Equation[41]
A 4 log(1/0)
_ _ o\ T >1_
P |||Ely®z ® ] ]E[y@:r@x]HF_m<l+ 5 >1-26
Replacing § by 6/2,
- 4 log(2/6)
_ < o\ 7 >1_
P||Ely® z ® a] E[y@x@x]HF\/N<1+ 5 >1-4§
L D D
Similar to previous cases >, > > (y ® T ® X)i4,.0, = nnz(y)nnz(z)?, and therefore,
l=1v1=1vy=1

L D D .
X Y E((ly® 2@ 2)ivw = Ennz(y)nnz(z)?] ~ Ennz(y)nnz(z)?]. Assigning

l~:]_ v1=1v2=1
dis = E[nnz(y)nnz(z)?], we can show that,

Eyzez] —Ey®z ]

ﬁ(l,’U,'U) _p(l,’l},’U) = H (42)
dls
where [ stands for the labels (I € {l1,l2...11}). Therefore, with probability at least 1 — 6,
A 4 log(2/9)
l,v,v) —p(l,v,v < = 1+ ———= (43)
1Bl v, 0) = p(l;0,0)] dzsﬁ< 5
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D COMPLETING THE PROOF

Assigning £ = (1 + log(21/5)> in the inequalities of Lemma we get

251

em, = ||Mz — Ma||z = [[p(v,v) — p(v,v)ll5 < [[B(v,v) — p(v,v)|[p < L/N and
~ ~ “ 261
emy = |[[Ms — Ms|lz = ||p(v,v,v) — p(v, v, 0)[[; < [[p(v, v, v) = p(v,0,0)||p < LN

since operator norm is smaller than Frobenius norm for both matrices and tensors (Lemma IJ).

2
Therefore, to satisfy e, < ox(Msz)/2, weneed N > Q ((JQU?(MQ)> ) This contributes in the

second lower bound (n2) of N in Theorem ]

Similarly, assigning 5 = (1 + log(22/§)> in Equation we get

~ . . 4e
enr, = || My, — My||s = |[p(L, v,v) — p(l, v, )| |y < (v, v) = p(l, v, 0)|| p < ——

dls\/ﬁ

From Appendix B in (?),

e = ||[Ms(W, W, W) — Ms(W, W, W)]|,
< (I3l lz (IIW13 + W 1121 W12 + [ WI13) ew + WP,

(2+v2+1) 2v2
< || M- —_— _—
> || 3||2 O’K(MQ) Ew + O-K(MQ)?)/QEM?’
3++v?2) 2 2v2
< || M- .
< |[M3]]2 ox (M) UK(M2)3/2€M2 + 0K(M2)3/251\/13
10[| M2 2v/2
< — 312 __ Ve
UK(M2)5/2 Em2 + oK(M2)3/2 €M,

(o 22 2z (44)
doso (M3)5/2  dssox (M3)3/2 | /N

From Lemma (1} ||M3]]a < ||Ms]|F < 1, because M3 is a tensor with individual elements as

probabilities, with the sum of all elements being 1.

From Lemma € < ¢1 - (Amin/K), and we can assign € as the upper bound of ;,,. To satisfy this,
we need

( 10 2 \/é > 2e )\min

= + = —=<c¢
dosor (Ms)3/2  dyso (Ms)3/2 ) VN !

10 N 2v/2 2 - 1
r— — R Cl ———
dosoic(M)52 ' dsgorc(M)?2 ) VN = ' K \/Tomax

2
. 2 10 2v/2 2 : :
Since Tpax < 1, we need N > ) (K (dzsUK(M2)5/2 + ngUK(M2)3/2) 15 ) This contributes to

ns in Theorem [T
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Here, we will derive the convergence bounds for the parameters. Since p;, = Wiuy, (Algorithm 1
in main paper), with probability at least 1 — 4,

ke — ]|

= ||VVT”LL]C - WT’LAI,]CH

= [|Whup — Wiy, + Whay, — Wiy

< W2l — el + [[WF = W[Ja] ||

8e
< IIWTIIQ* +ewt

< 8v/or(M)e 4 V71 (M2)

o (Of) )

where ||ug, — Gx|| < 8¢/Ag from Lemma and ||Gg|| = 1. Since 1/, = /7 < 1, assigning € as
the upper bound of ¢4, in Equation 44] we can say that with probability at least 1 — d,

10 2v2 2 2v/01(Ms) 2¢
i — fiel] < 8/ (M ( + >1+ Vo) 2

dosorc(M2)%/2  dsgorc(M)3/2 ) /N ok (Ma) dyg/N

( 160\/0’1 M2 32\/20’1 2 4\/0’1(M2)> €1

L 46
daso i (Ms)5/2 dssUK(M2)3/2 dosox (Ms) ) VN (#0)
Also,
.| 1 (A + M) — M) B A _ .
| — 7| = )Ti_;Ti = )\%;\z —’\/Wkﬂ'k (\/Wk+\/7Tk> ()\k_)\k)‘
< 2|Ap — Ak < 10e (47)

since |A\p — 5\k| < 5e from Lemma Therefore, with probability at least 1 — §, we get

. 200 40v/2 £
|7Tk77Tk|§ (0’ ( —+ )d 1 (48)
3

K (M2)5/2 ok (M2)3/? | dy/N
where ¢ = <1 + 4/ log(;/‘;)).

Further, since v = u} My (W, W )uy,

vk = ||

= ||ug My, (W, W)y, — s T M (W, W)i,||
< | ug ML (W, W)wg — ti, My (W, W )i || + || My (W, W)y, — a,IML(W W) ak||
< ||ug ML (W, W)y, — a, My, (W, W)y, + a, My (W, W)y, — ti, My (W,

(W, W) — My (W, W)
< [k = || 09, W) | + [ — ]| |7z (7 W) ||2||uk||+\|uk|| |31 (W, W) — N1, (3, W)

= 2 — || ML (W, W), + | [ M (W, W) = R (07,

< 2fJur — an] || [W]|*[| M|, + || ML (W, W) = D (W, W)

< 2| e — ||| |W[* + |[ Mo (W, W) = M (W, W) (49)

since HukH = HukH = 1. Also, from Lemmalzl, HMLH2 < HML

s
tensor with the sum of its elements as 1.

< 1, since HMLH2 is a

19



Under review as a conference paper at ICLR 2018

Now,
|[ML(W, W) = M (W, W)||,
= || ML (W, W) — ML(W, W) + M,(W,W) — M (W, W)]|,
< ||ML(W, W) — Mp(W, W) |, + 144 2||J\4L*]\2"L |,
= || ML (W, W) — M (W, W) + My (W, W) — Mp,(W,W)||, + | [W]]*]| Mz — V]|,
< ||ML (W, W) = Mp(W, W), + || ML (W, W) = MW, W), + [|W|]*|| Mr, - Mz]|,
< [|W|||W = W[[| M|, + [[W][[|[W = W[ Me][, + |[W]]*||My = M|,
= ([[W] + [[WIDIMe|w + W] e,
< (W] + W Dew + [[W]["ear, (50)
Therefore,
v = |
< 2| ur — e [[[W][* + ([|W]| + [[W[Dew + [|W]| e,

€ 2 N
< 165 (W[ + (W] + [[W

O'K(MQ)

Jew + W] *err,

<16 +([[W]] + [|[W|Dew + | [W]|*enr,

Since 1/ = /7 < 1. Assigning € as the upper limit of &, in Equation with probability
1-9,

||’7k - 'YAkH
16 10 N 2v/2 261 N 14++v2 2 2e1 N 2 deqy
T ox(Ms) \ dyso(My)5/2  dssorc(M2)3/2 | VN = \Jor(My) 0k (M2)*/? \/Ndy, ox(Ms)/Ndy,

<<~ 80 161/2 . 142 >4gl+ 8y
d2sUK

+ = = —_—
(M2)7/2  dysorc(Ms)%/2  dosox(M2)? | VN = disox(Mz)VN

where, £, = (1 4o/ eelf 5)> and g5 = <1 + 1og(22/5)) This completes the proof of Theorem
m
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