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ABSTRACT

We analyze the joint probability distribution on the lengths of the vectors of hidden
variables in different layers of a fully connected deep network, when the weights
and biases are chosen randomly according to Gaussian distributions, and the input
isin {—1,1}". We show that, if the activation function ¢ satisfies a minimal set
of assumptions, satisfied by all activation functions that we know that are used
in practice, then, as the width of the network gets large, the “length process”
converges in probability to a length map that is determined as a simple function of
the variances of the random weights and biases, and the activation function ¢.

We also show that this convergence may fail for ¢ that violate our assumptions.

1 INTRODUCTION

The size of the weights of a deep network must be managed delicately. If they are too large, signals
blow up as they travel through the network, leading to numerical problems, and if they are too small,
the signals fade away. The practical state of the art in deep learning made a significant step forward
due to schemes for initializing the weights that aimed in different ways at maintaining roughly
the same scale for the hidden variables before and after a layer [9, i4]. Later work [7, 14} 2] took
into account the effect of the non-linearities on the length dynamics of a deep network, informing
initialization policies in a more refined way.

In this paper, we continue this line of work, theoretically analyzing what might be called the “length
process”. That is, for a given input, chosen for simplicity from {—1, 1}V, we study the probability
distribution over the lengths of the vectors of hidden variables, when the parameters of a deep
network are chosen randomly. We analyze the case of fully connected networks, with the same
activation function ¢ at each hidden node and N hidden variables in each layer. As in [14], we
consider the case where weights between nodes are chosen from a zero-mean Gaussian with variance
U?U /N, and where the biases are chosen from a zero-mean distribution with variance af.

Our first result holds for activation functions ¢ that satisfy the following properties: (a) the restriction
of ¢ to any finite interval is bounded; (b) as z gets large, |#(2)| = exp(0(2?)); (c) ¢ is measurable.
We refer to such ¢ as permissible. Note that conditions (a) and (c) both hold for any non-decreasing

o.

We show that, for all permissible ¢ and all o,, and o}, as N gets large, the length process converges
in probability to a length map that is a simple function of ¢, o, and o}. This length map was first
discovered in [14], where it was claimed that it holds for all ¢; it has since been used in a number of
other papers [[15} [17, 12} 10, [16} 114 |13} 15]].

In Section 4] to motivate our new analysis, we provide examples of ¢ that are not permissible that
lead the length processes with arguably surprising properties. For example, we show that, for arbi-
trarily small positive o, even if o, = 0, for ¢(z) = 1/z, the distribution of values of each of the
hidden nodes in the second layer diverges as [N gets large. For finite N, each node has a Cauchy
distribution, which already has infinite variance, and as N gets large, the scale parameter of the
Cauchy distribution gets larger, leading to divergence. We also show that the hidden variables in the
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second layer may not be independent, even for some permissible ¢ like the ReLU. The results of
this section contradict claims made in [14}|10].

Section [5] describes some simulation experiments verifying some of the findings of the paper, and
illustrating the dependence among the values of the hidden nodes.

Our analysis of the convergence of the length map borrows ideas from Daniely, et al. [2], who
studied the properties of the mapping from inputs to hidden representations resulting from random
Gaussian initialization. Their theory applies in the case of activation functions with certain smooth-
ness properties, and to a wide variety of architectures. Our analysis treats a wider variety of values
of 0, and o}, and uses weaker assumptions on ¢.

2 PRELIMINARIES

2.1 NOTATION

For n € N, we use [n] to denote the set {1,2,...,n}. If T is an x m x p tensor, then, for ¢ € [n],
let T; .. = (T j k) k. and define T; ; ., etc., analogously.

2.2 THE FINITE CASE

Consider a deep fully connected width- N network with D layers. Let W € RP*N*N - An activa-
tion function ¢ maps R. to R; we will also use ¢ to denote the function from R to R obtained
by applying ¢ componentwise. Computation of the neural activity vectors zg ., ...,zp. € R" and
preactivations Ay ., ..., hp.. € R proceeds in the standard way as follows:

he, =We. o1, +be. .= d(he,), for {=1,...,D.

We will study the process arising from fixing an arbitrary input 2. € {—1,1}* and choosing the

parameters independently at random: the entries of W are sampled from Gauss (O, ; ) and the
entries of b from Gauss (0,07). For each ¢ € [D], define qp = + S_1 | hZ .

Note that for all £ > 1, all the components of h, . and z,,. are identically distributed.

2.3 THE WIDE-NETWORK LIMIT

For the purpose of defining a limit, assume that, for a fixed, arbitrary function x : N — {—1, 1}, for
finite V, we have g . = (x(1), ..., x(IV)). For ¢ > 0, if the limit exists (in the sense of “convergence

in distribution”), let , be a random variable whose distribution is the limit of the distribution of x4 1
as IV goes to infinity. Define ki, and ¢ P similarly.

2.4 TOTAL VARIATION DISTANCE

If P and @ are probability dlstrlbutlons then drv(P,Q) = supg P(E) — Q(E), and if p and ¢ are
their densities, d7v (P, Q) = 3 [ |p(x x)| dz.

3 CONVERGENCE IN PROBABILITY

In this section we characterize the length map of the hidden nodes of a deep network, for all activa-
tion functions satisfying the following assumptions.

Definition 1 An activation function ¢ is permissible if, (a) the restriction of ¢ to any finite interval
is bounded; (b) |¢(z)| = exp(o(x?)) as |z| gets large)'} and (c) ¢ is measurable.

Conditions (b) and (c) ensure that a key integral can be computed. The proof of Lemma [I]is in
Appendix [A]

! This condition may be expanded as follows, limsup,,_, .

lo x lo, x
slo(@)| _ glo@)| _ o

0 and limsup,,_, _,—=
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Lemma 1 If ¢ is permissible, then, for all positive constants c, the function g defined by g(z) =
d(cx)? exp(—x?/2) is integrable.

Now, we recall the definition of a length map from [14]]; we will prove that the the length process
converges to this length map. Define gy, ...,¢p and 7, ..., 7p recursively as follows. First gy =
79 = 1. Then, for £ > 0,
Q= Ui)fg_l + O'g

and

Tg = ]EZEGauss(O,l) [d)( q~[Z)2]~
If ¢ is permissible, then, since ¢(cz)?exp(—z2/2) is integrable for all ¢, we have that
4o, ---s4pD,To, ..., T p are well-defined finite real numbers.

The following theorem shows that the length map gy, ..., ¢p converges in probability to gy, ..., p.

Theorem 2 For any permissible ¢, ., 0, > 0, any depth D, and any €, > 0, there is an Ny such
that, for all N > Ny, with probability 1 — 6, for all £ € {0, ..., D}, we have |q; — q¢| < €.

The rest of this section is devoted to proving Theorem [2] Our proof will use the weak law of large
numbers.

Lemma 3 ([3]) For any random variable X with a finite expectation, and any €,§ > 0, there is an
Ny such that, for all N > Ny, if X1, ..., X are i.i.d. with the same distribution as X, then

N
Pr<]E[X}—]1VZXi >e> < 4.
i=1

In order to divide our analysis into cases, we need the following lemma, whose proof is in Ap-

pendix

Lemma 4 If ¢ is permissible and not zero a.e., for all o, > 0, for all ¢ € {0,...,D}, ¢ > 0 and
7o > 0.

We will also need a lemma that shows that small changes in o lead to small changes in Gauss(0, o2).

Lemma 5 (see [8]) There is an absolute constant C such that, for all o1,09 > 0,
dry (Gauss(0, 0%), Gauss(0,03)) < C%.

The following technical lemma is proved in Appendix

Lemma 6 If ¢ is permissible, for all 0 < r < s, for all 3 > 0, there is an a > 0 such that, for all
g € [rys], [ 6(y/a2) exp(—22/2) dz < Band [~ 6(/32)? exp(—22/2) dz < B.

Armed with these lemmas, we are ready to prove Theorem [2]

First, if ¢ is zero a.e., or if o, = 0, Theorem [2| follows directly from Lemma |3} together with a
union bound over the layers. Assume for the rest of the proof that ¢(z) is not zero a.e., and that
ow > 0, so that g > 0 and 7, > 0 for all 4.

For each ¢ € [D)], define ry = % Zf\; x%l

Our proof of Theorem [2]is by induction. The inductive hypothesis is that, for any €, > 0 there
is an Ny such that, if N > N, then, with probability 1 — 6, for all &/ < ¢, |qp — Ger| < € and
|rer — Tor| < e

The base case holds because qo = Gy = ro = 79 = 1, no matter what the value of N is.

Now for the induction step; choose ¢ > 0, 0 < € < min{g,/4,7,} and 0 < 6 < 1/2. (Note that
these choices are without loss of generality.) Let ¢’ € (0, €) take a value that will be described later,
using quantities from the analysis. By the inductive hypothesis, whatever the value of €, there is an
N{ such that, if N > N{, then, with probability 1 — 6/2, for all £/ < £ — 1, we have |gp — Go| < €
and |ry — 7| < €. Thus, to establish the inductive step, it suffices to show that, after conditioning
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on the random choices before the ¢th layer, if |go—1 — ¢o—1| < €, and |ry—; — 7¢—1| < €, there is
an Ny such that, if N > N,, then with probability at least 1 — ¢ /2 with respect only to the random
choices of Wy . . and by ., that |g; — G¢| < e and |r; — 7| < e. Given such an N, the inductive step
can be satisfied by letting Ny be the maximum of N} and Ny.

Let us do that. For the rest of the proof of the inductive step, let us condition on outcomes of the
layers before layer ¢, and reason about the randomness only in the ¢th layer. Let us further assume
that ‘qg,1 — (jg,1| < ¢ and |7“g,1 — 7:4,1| <é€.

Recall that ¢ = % Zfil hii. Since we have conditioned on the values of hy_11,..., he—1,N,
each component of hy; is obtained by taking the dot-product of z¢—1. = ¢(he—1,.) with Wy, .
and adding an independent b, ;. Thus, conditioned on hy_1 1, ..., hy—1, n, we have that hy 1, ..., he N
are independent. Also, since z,_1 . is fixed by conditioning, each h,; has an identical Gaussian
distribution.

Since each component of W and b has zero mean, each hy ; has zero mean.

Choose an arbitrary ¢ € [N]. Since x,_1 . is fixed by conditioning and Wy ; 1, ..., Wy ; x and b, ; are
independent,

o2 def _
Elqe] = E[hfb] =0} + Ww Zx%_u =04+ 0iri 1 =G, (1)
J

We wish to emphasize the g, is determined as a function of random outcomes before the fth layer,
and thus a fixed, nonrandom quantity, regarding the randomization of the /th layer. By the inductive
hypothesis, we have

Elge] — Ge| = [E[h7 ;] — el = @, — Ge| = o|re—1 — Fer] < €03, )
The key consequence of this might be paraphrased by saying that, to establish the portion of the in-
ductive step regarding qy, it suffices for gy to be close to its mean. Now, we want to prove something
similar for r,. We have
1 & 1 &
Blre] = 5 D_Blofd = 7 D Elo(he)°] = Elp(hea )’

i=1 i=1

since hy 1, ..., he v are i.i.d. Recall that, earlier, we showed that hy; ~ Gauss(0,q,). Thus

E[T@] = EzrvGauss(O,@)[Qs(z)Q] = EZNGauss(O,l)M)(\/q?Z)z] = \/;/¢(\/(EZ)26XP(22/2) dz.

which gives

|E[r2] - f2| < |E2~Gauss(0,§g) [¢(z)2] - Ez~Gauss(O,(jg)[¢(Z)2]| .

Since |7, — G¢| < €02 and we may choose ¢ to ensure €' < 2‘% , we have ¢, /2 <q, < 2G,.

For # > 0 and £ € (0,1/2) to be named later, by Lemma 6] we can choose a such that, for all
q € [qe/2, 2],

—a

OVaexp(—2/2) dz < /2 and [ 0(ya2)? exp(—5/2) dz < B2

and \/2qu ffa exp (7;721) dz > 1 — k. Choose such an a.

4
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We claim that ‘f ¢(/q2)? exp(—2%/2) dz — [ ¢(,/qz)? exp(—22/2) dz’ < Bforall /2 <
q < 2g,. Choose such a g. We have

i en(=22/2) d= — [ oz expl—22/2) dz

= [ (a2 exp(—22/2) dz + / " () exp(—2/2) d=

§2max{

<B.

olaep(-22/) de. [ o el dz

So now we are trying to bound ‘f o(VTp2)  exp(—22/2) dz — [*, ¢(V/Gez)? exp(—2%/2) dz‘
using G¢/2 < Gy < 2Ge.

Using changes of variables, we have

‘ o(\/p2)? exp(—2%/2) dz — / d(\/Gez)? exp(—2%/2) dz
|1 a2, 9 22 1 oV 5 B 22
= ﬁ _a\/{[¢(z) exp( 2%) dz T _a\/»¢(z) exp( 2@)) dz| .

Since ¢ is permissible, ¢? is bounded on [—a+/2G;, av/2q,]. If P is the distribution obtained by con-
ditioning Gauss(0,G,) on [—a+\/q,, a\/q,], and P by conditioning Gauss(0, G¢) on [—a+/qe, /4],
then if M = V27 SUp,¢(_oy/33;.0v23] #(2)?, since g, < 2qy,

52 52
2 exp dz — 2exp(——) dz
f/_a\ﬁ . 2‘12 \/QT’ —a\ﬁ ( Q(Jz)

But since, for K < 1/2, conditioning on an event of probability at least 1 — x only changes a
distribution by total Varlatlon distance at most 2k, and therefore, applying Lemma [5|along with the
fact that |g, — G¢| < €'02,, for the constant C' from Lemma L we get

drv (P, P) < 4k + dry (Gauss(0,7,), Gauss(0, G¢))
ClVa, — Vil
Vae
Clg, — qel
W, +VaelVae
C/ 2
7

< Mdry (P, P).

<4k +

=4k +

<4k +

Tracing back, we have

a

/_a o(y/Te2)? oxp(—2/2) dz / (V/Gez)? exp(—22/2) dz

—a

72
<M<4+Cea>
qe

which implies
[Elre] — 7| < ‘/¢(\/9172)26XP(22/2) dz — /¢( Goz)? exp(—2%/2) dz

/2
<M (4n+ Cia“f) + 2.

ae

If K = min{55;, 3}, B = {5, and € = min {%, ﬁ, 2?;%, 60‘3\703 } this implies |E[ry] — 7| <
€/2.
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Recall that gy is an average of N identically distributed random variables with a mean between 0
and 2, (which is therefore finite) and 7, is an average of IV identically distributed random variables,
each with mean between 0 and 7, +¢/2 < 27,. Applying the weak law of large numbers (Lemma,
there is an Ny such that, if N > N, with probability at least 1 — §/2, both |g, — E[ge]| < €/2 and
|re — E[r¢]| < €/2 hold, which in turn implies |g; — §¢| < € and |r;, — 7¢| < ¢, completing the proof
of the inductive step, and therefore the proof of Theorem [2]

4 DIVERSITY OF BEHAVIOR IN THE DISTRIBUTION OF HIDDEN NODES

In this section, we show that, for some activation functions, the probability distribution of hidden
nodes can have some surprising properties.

4.1 NON-GAUSSIAN

In this subsection, we will show that the hidden variables are sometimes not Gaussian. Our proof
will refer to the Cauchy distribution.

Definition 2 A distribution over the reals that, for xo € R and v > 0, has a density f given by
flx) = )2} is a Cauchy distribution, denoted by Cauchy(zq,~). Cauchy(0, 1) is the

-1
Ty [1 + ( =20
standard Cauchy distribution.

5

Lemma 7 ([6]) If Xi,...,X, are i.id. random variables with a Cauchy distribution, then
LS | X, has the same distribution.

Lemma 8 ([11]) If U and V' are zero-mean normally distributed random variables with the same
variance, then U/V has the standard Cauchy distribution.

The following shows that there is a ¢ such that the limiting k4 is not defined. It contradicts claims
made on line 7 of Section A.1 of [[14] and line 7 of Section 2.2 of [10].

Proposition 9 There is a ¢ such that, for every o,, > 0, if o, = 0, then (a) for finite N, ha 1 does
not have a Gaussian distribution, and (b) ho 1 diverges as N goes to infinity.

Proof: Consider ¢ defined by ¢(y) = { é/y ggj i 8

Fix a value of N and o, > 0, and take o, = 0. Each component of h; . is a sum of zero-mean
Gaussians with variance o2 /N; thus, for all i, hi: ~ Gauss(0, 02). Now, almost surely, hao1 =
Zj.vzl Wai,;0(h1;) = Z;\le Wa.1,5/h1,j. By Lemma for each j, W51 j/h1,; has a Cauchy
distribution, and since (NWa 1 1), ..., (NWa 1 ) ~ Gauss(0, No2)), recalling that by 1, ..., b1y ~
Gauss(0,02), we have that NWa 1 1/h1 1, ..., NWa 1 n/h} are iid. Cauchy(0,v/N). Applying
Lemma hg’l = Z;\le Wgyl’jd)(hg’j) = % Z;\le NWZ,l,jd)(hl,j) iS also Cauchy(O, \/N)

So, for all N, hg; is Cauchy(0, V' N). Suppose that hs,1 converged in distribution to some dis-
tribution P. Since the cdf of P can have at most countably many discontinuities, we can cover
the real line by a countable set of finite-length intervals [a1, b1], [a2, b2], ... Wwhose endpoints are

points of continuity for P. Since Cauchy(0,+/N) converges to P in distribution, for any 4,
P(la;, b)) < limyeo % = 0. Thus, the probability assigned by P to the entire real line
is 0, a contradiction. O

4.2 INDEPENDENCE
The following contradicts a claim made on line 8 of Section A.1 of [14].

Theorem 10 If ¢ is either the ReLU or the Heaviside function, then, for every ., > 0, o, > 0, and
N > 2, (ha1, ..., ho n) are not independent.
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Proof: We will show that E[h3 | h3 5] # E[h3 1]E[h3 5], which will imply that s 1 and hq 5 are not
independent.

As mentioned earlier, because each component of £ . is the dot product of z . with an independent
row of W .. plus an independent component of b; ., the components of ;. are independent, and

since 1. = @(h1,.), this implies that the components of x; . are independent. Since each row of
Wi1,.,. and each component of the bias vector has the same distribution, x4 . is i.i.d.
We have

2

E[h3 ] =E Z Waiiz1i | + b2
1€[N]

= Y EWerWon ]+ Y B[Waormiibea] +E[b3,].
(,4)€[N]? i€[N]
The components of W5 . . and z; ., along with b2 1, are mutually independent, so terms in the double
sum with i # j have zero expectation, and E[h3 ;] = (Ziem E[W3, ;] E[23 Z]) + E[b3 ,]. For
a random variable x with the same distribution as the components of x; ., this implies

E[h3,] = 02K [2?] + o7 (3)
Similarly,
E[h3 1h3 o]
2 2
=E Z Wa1,im15 + b Z Wa2,i%1: + ba2
i€[N] i€[N]

= E EWa,1,Wa1,;Wa2,Waso s®1,:21 jT1 0215

(i,3,7,8)E€[N]*
+ 2 Z E[WQJ71"W2,17jW27277-.T17i$17j$1’7-b2,2}+2 Z ]E[W2,l,iW2,2,rW2,2,sxl,ixl,'r'xl,sbll]
(4,5,7)€[N]? (i,r,s)€[N]®
+4 Z E[Ws.1,iWa,2,21,:21,rb21b2,2]
(i,r)€[N]?
+ Z E[Ws,1,:Wa1 3331,@‘371,3'5%,2] + Z ]E[WQ,Q,TW2,2,sx1,rxl7sb§,1]
(i,5)€[N]? (r,s)€[N]?
+2 Z E[Wa,1,i21,ib2,103 5] + 2 Z E[Wa,2,,21,,b3 1 b2,2]
i€[N] r€[N]

+ E[bg,lbg,z]
= Z E[W2211W2227]E[33%1]E[$%r] + Z E[W221LW222z]E[93411J

(i,m)E[N]2,ir 1E[N]
+ Z W2 1] E[z} JE [b o] + Z E[W222T]E[$%T}E[b§1]
i€[N] r€[N]
+ E[b?,zbg,z]
N27N 4E 212 N4E4 IN 2E2 2
— ( ]3‘(;111 [‘T ] + 0'1]1)\[2[1: } + a'wN[‘T }O'b 4 O'gl

o (B[] — E[2?]%)

= ol B[] + X N + 202 02E[z?] + o}

Putting this together with (3)), we have

E[hgﬁl%ﬂ - E[hgl]E[hgz] = €]
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Figure 1: Histograms of h[2, :], averaged over 100 random initializations, for N € {10, 100, 1000},

)]
along with Cauchy(0,v/N) (shown in green) and Gauss(0,02) for o estimated from the data
(shown in red).

Now, we calculate the difference using (@) for the Heaviside and ReLU functions.

Heaviside. Suppose ¢ is Heaviside function, i.e. ¢(z) is the indicator function for z > 0. In this
case, since the components of h; . are symmetric about 0, the distribution of ;. is uniform over

N 4 2 . 2 22 2 2 30
{0,1}". Thus E[z*] = E[2*] = 1/2, and so (@) gives E[h3 ;3 5] — E[h3 1 |E[h3 5] = & # 0.
ReLU. Next, we consider the case that ¢ is the ReLU. Recalling that, for all ¢, h; ; ~ Gauss(0, afv),
we have E[2?] = \/2172"“ fooo 22 exp (%) dz. By symmetry this is $E.Gauss(0,02)[2%] = 05,/2.

Similarly, E[z*%] = %]Eszauss(O,a'a ) [24] = % Plugging these into (@) we get that, in the case the

¢ is the ReLLU, that

ob ((3/2)0h — o4/2) 508
N 4N

completing the proof. O

E[hg,lhgg] - E[hgl]E[hgﬂ = > 0,

4.3 UNDEFINED LENGTH MAP

Here, we show, informally, that for ¢ at the boundary of the second condition in the definition
of permissibility, the recursive formula defining the length map g, breaks down. Roughly, this
condition cannot be relaxed.

Proposition 11 For any o > 0, if ¢ is defined by ¢(x) = exp(ax?), there exists a 0., 0 .t Go, T
is undefined for all £ > 2.

Proof: Suppose 02 + 02 = L. Then §; = 115, so that

da 4a2°

oo 2 2
T = \/%7_ /_OO qb(\/éjilz) exp (—2) dz = %77 /_OO exp(a\/deQ)exp (—;) dz

oo 2
= \/% /700 exp(z?/2) exp (—22) dz = o0,

and downsteam values of ¢y and 7, are undefined. O

5 EXPERIMENTS

Our first experiment fixed z[0,:] = (1,...,1), 0, = 1,05, = 0, ¢(2) = 1/ 2.

For each N € {10,100,1000}, we (a) initialized the weights 100 times, (b) plotted the his-

tograms of all of the values of h[2, :], along with the Cauchy(0,/N) distribution from the proof
of Proposition EI, and Gauss(0, 02) for o estimated from the data. Consistent with the theory, the

Cauchy (0, v/N) distribution fits the data well.

To illustrate the fact that the values in the second hidden layer are not independent, for N = 1000
and the parameters otherwise as in the other experiment, we plotted histograms of the values seen
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Figure 2: Histograms of h[2, :] for nine random weight initializations.

in the second layer for nine random initializations of the weights in Figure 2] When some of the
values in the first hidden layer have unusually small magnitude, then the values in the second hidden
layer coordinately tend to be large. This is in contrast with the claim made at the end of Section
2.2 of [10]. Note that this is consistent with Theorem 2] establishing convergence in probability for
permissible ¢, since the ¢ used in this experiment is not permissible.
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A PROOF OF LEMMAI]

log |p(z)|

x2

log |¢()]

I2
= 0. Thus, there is an a such that, for all

= 0 and limsup,_,_ = 0, we also have

log [¢(ca)|
x2

Choose ¢ > 0. Since limsup,_,

log |¢(cz)|
x2

limsup,,_, = 0 and limsup,,_,

x & [—a,al, log|d(cz)| < 22 which implies ¢(cx)? < exp (%) Since ¢ is permissible, it is
bounded on [—a, a]. Thus, we have

/(;5((:3:)2 exp(—z?/2) dx

= o(cx)? exp(—x?/2)dx + ’ o(cx)? exp(—x?/2)dx + /OO b(cx)? exp(—a?/2)dx

—a

— 00 z€[—a,al —a

< / aexp(—x2/4)dx+< sup (b(cm)Q) / " exp(—a?/2)dz + / " expl—a?/A)dz

< 00

completing the proof.

B PROOF OF LEMMA 4]

The proof is by induction. The base case holds since gy = 79 = 1.

To prove the inductive step, we need the following lemma.

Lemma 12 If ¢ is not zero a.e., then, for all ¢ > 0, IEZGGauSS(O,l)(qS(cz)Q) > 0.

Proof: If 1 is the Lebesgue measure, since

p({x € R: ¢*(cx) > 0}) = lim p({z: ¢*(cx) > 1/n} N[-n,n]) >0,

n—oo
there exists n such that u({z : ¢*(cz) > 1/n} N [-n,n]) > 0. For such an n, we have
1 -
EZGGauSS(O,l)(qb(CZ)Q) > Ee /QM({J; : ¢2(C$) > 1/TL} N [_n7n]) > 0.
0

Returning to the proof of Lemma [4] by the inductive hypothesis, 7,_; > 0, which, since o, > 0,
implies gp > 0. Applying Lemma|12]yields 7y > 0.
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C PROOF OF LEMMA

Since limsup,, _}OO% = 0 there is an b such that, for all z > b, log |¢(z)| < g—z, which implies
#(x)? < exp (j—z) Now, choose ¢ € [r, s]. For a = b/+/r, we then have

/ " o(v/aw)? exp(—a®/2) de

1 [ 9 22
@(2)” exp <_2q> dz

By increasing b if necessary, we can ensure % fboo exp (—i—Z) dz < [ which
then gives [ ¢(\/qz)?exp(—2?/2) dx < B A symmetric argument yields
[* . o(\/qz)? exp(—2?/2) dz < 3, completing the proof.
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