
Progressive Gradient Flow for Robust N:M Sparsity
Training in Transformers

Abhimanyu Rajeshkumar Bambhaniya1*, Amir Yazdanbakhsh2*, Suvinay Subramanian3

Sheng-Chun Kao4, Shivani Agrawal3, Utku Evci3 , Tushar Krishna1

1Georgia Institute of Technology, 2Google DeepMind, 3Google, 4Waymo

abambhaniya3@gatech.edu, ayazdan@google.com, suvinay@google.com, felixkao@google.com,

shivaniagrawal@google.com, evcu@google.com, tushar@ece.gatech.edu

N:M Structured sparsity has garnered significant interest as a result of relatively modest
overhead and improved efficiency. Additionally, this form of sparsity holds considerable
appeal for reducing the memory footprint owing to their modest representation overhead.
There have been efforts to develop training recipes for N:M structured sparsity, they primarily
focus on low-sparsity regions („50%). Nonetheless, performance of models trained using
these approaches tends to decline when confronted with high-sparsity regions (ą80%). In
this work, we study the effectiveness of existing sparse training recipes at high-sparsity
regions and argue that these methods fail to sustain the model quality on par with low-
sparsity regions. We demonstrate that the significant factor contributing to this disparity is
the presence of elevated levels of induced noise in the gradient magnitudes. To mitigate
this undesirable effect, we employ decay mechanisms to progressively restrict the flow of
gradients towards pruned elements. Our approach improves the model quality by up to 2%
and 5% in vision and language models at high sparsity regime, respectively. We also evaluate
the trade-off between model accuracy and training compute cost in terms of FLOPs. At
iso-training FLOPs, our method yields better performance compared to conventional sparse
training recipes, exhibiting an accuracy improvement of up to 2%. We have open-sourced
our verified implementation and it can be found at https://github.com/abhibambhaniya/
progressive_gradient_flow_nm_sparsity.

1. Introduction
A prevailing tendency in state-of-the-art DNN is the rapid increase in their model [1–5]. To address the deploy-
ment challenges of these models, a large body of research proposes quantization [6–10], sparsification [11–20],
and distillation [21]. This paper centers its attention on sparsification/pruning offering the following benefits:
(a) improved performance [22], (b) reduce memory usage [23], & (c) higher energy efficiency [24, 25].

While appealing, sparsification predominantly revolves around the inherent trade-offs between the quality
of the model and compression ratio1. For example, some studies [13, 26] have demonstrated promising
results in achieving unstructured sparsity levels of around 90%-95% in image classification models, while
maintaining the quality of dense models. Similarly, the noticeable achievements of transformer-based models,
primarily driven by their exponential growth in model size [27], have stimulated interest [28–31] in exploring
sparsification recipes for such models with high sparsity ratio. This serves as a significant incentive for the
sparsification of attention-based models, as it enables the pruning of a substantial number of model parameters
(>70%) [32, 33]. Despite its inherent ability to trim the memory footprint of large models, the realization of
unstructured sparsity in hardware poses nontrivial challenges for acceleration. The sparsity-induced models
frequently exhibit comparable or inferior performance to their dense counterparts because of the additional
intricacies involved in compression/decompression of model parameters [34–39].

As such, structured sparsity has gained significant popularity because of its hardware-friendly characteristics.
[16, 40–45] found that employing fine-grained N:M structured sparsity, has the potential to mitigate the

*Equal contributions.
1We designate algorithmic-wise factors such as accuracy, recall, and precision as model quality. and denote model
runtime/latency as model performance.
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degradation in quality. Moreover, the debut of 2:4 structured-sparse tensor core in GPU Ampere architec-
ture [34] has generated additional enthusiasm in developing efficient N:M training recipes. Although recent
methods [22, 46–50] demonstrate acceptable quality, their main focus lies in addressing sparsity levels up
to 2:8. These methods, however, less effective when dealing with high sparsity regimes such as 1:16, 1:32,
and higher. Through our studies, we identify that elevated levels of induced noise in the gradient magnitudes
constitute a notable contributing factor to such quality degradation. This phenomenon can be primarily
attributed to either the absence [51, 52] or perturbation of gradient flow of existing sparse training recipes.
Building on the insights our experiments, we introduce alternative training recipes that demonstrate substantial
improvements in model quality, particularly at high sparsity regime. We made the following contributions:

• The impact of gradient perturbations becomes increasingly evident at elevated levels of sparsity,
leading to a deterioration in the quality of the model. We present empirical evidence that SR-STE, a
state-of-the-art N:M structured training recipe [22], is less effective at high sparsity regions, ą 75%. We
attribute this to the nontrivial perturbation of gradient magnitudes. This perturbation during the initial stages
of training2 adversely amplifies the variance of gradients, resulting in a diminished model quality.

• Gradient flow is all you need. In order to alleviate the adverse effects of noisy gradients, we introduce
a class of decaying-based sparse training recipes tailored for N:M structured sparsity. The fundamental
principle underlying these methods involves progressively limiting the flow of gradients for pruned weights,
while allowing the gradients to freely flow at the early stages of training. Our results demonstrate that the
decaying-based methods consistently outperform SR-STE by up to 2%-5% in terms of model quality, while
pruning „97% of parameters.

• Decaying-based sparse training recipes require less training FLOPs. To better understand the computa-
tional overhead of the proposed sparse training recipes, we present the trade-off between model accuracy and
training compute cost in term of FLOPS. The results show that at iso-quality, our method requires ą 30%
fewer training FLOPs compared to SR-STE.

2. Background and Related Works
This work focuses on weight sparsity, which poses a significant challenge in serving attention-based models.

2.1. Computation Flow of Sparse Training Recipes

Figure 1 summarizes the computation flows of various training recipes for the sparsification of weights. A
sparsification recipe broadly entails 1) pruning criteria, 2) pruning schedule, and 3) sparsity pattern.

(1) Pruning criteria. The pruning criteria refers to the set of criteria used to determine the specific elements
within the weight tensor that should be pruned. Magnitude pruning selects the pruning elements based on their
absolute values, is one of the most widely used criteria for sparsification [12, 13, 17, 36, 53–56]. Recent work
employs other criteria such as gradient [57, 58], Hessian [59], connection sensitivity [53], and importance
estimation [60]. In this paper, we use magnitude pruning, following SR-STE [22] the state-of-the-art structured
N:M training recipe.

(2) Pruning schedule. We classify the pruning schedules into the following broad categories:

• Fine-tuning with one-shot pruningÑ This approach [46, 47, 53, 54] involves training a dense model,
followed by on-shot weight pruning. Subsequently the pruned model is fine-tuned to regain the lost quality.

• Fine-tuning with iterative pruningÑ This method [11–17, 38, 58, 61–63] trains a dense model followed by
iterative cycles of pruning and re-training, which shows a greater capacity to regain lost quality.

• From-scratch with learned pruning patternÑ This pruning recipe [11, 64] establishes the sparsity pattern
based on pretrained dense model and subsequently trains a sparse model from scratch.

• From-scratch while learning sparsity patternÑ This approach [55, 58, 65–69] trains a sparse model from
scratch while concurrently learning the sparsity mask.

(3) Sparsity pattern. We broadly categorize sparsity patterns into following groups:

2Recent studies for dense models [49, 51] have shown that the early stage of training (critical region) is imperative in the
quality of training recipes.
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(a) Dense Training
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(c) Fine-Tuning
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<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

<latexit sha1_base64="EjgU87BHnoFRSlHPZnZbKHuYcEQ=">AAACBXicZVDLSgMxFM34rOOr6lKRYCm4scy4qC6Lbly2YB/QDiWTyUxDk8yQZIQydCmu3eo3uBPpzu/wE8SfMH0grT1w4XDOPST3+AmjSjvOl7Wyura+sZnbsrd3dvf28weHDRWnEpM6jlksWz5ShFFB6ppqRlqJJIj7jDT9/u3Ybz4QqWgs7vUgIR5HkaAhxUgbqXnRiRDnqJsvOCVnArhM3BkpVE5GtZ/H01G1m//uBDFOOREaM6RU23US7WVIaooZGdqdVJEE4T6KSNtQgThRXjb57hAWjRLAMJZmhIYT1S7ORTLElRpw36xypHtqyRyrf+a85/sBFdFwIdBOdXjtZVQkqSYCT98PUwZ1DMeVwIBKgjUbGIKwpOYEiHtIIqxNcbbpxv3fxDJpXJbccqlcMyXdgCly4BicgXPggitQAXegCuoAgz54Bi/g1Xqy3qx362O6umLNMkdgAdbnL/eBm9Q=</latexit>��

<latexit sha1_base64="DKqsgpBM6SwMW9lBtNhROdE9bjA=">AAACEHicZVDLSsNAFL2pr1pfUZduQkuhIpTERXVZdOOygn1AW8JkMm2HTiZhZlIIoT8hLt3qN7gTt/5BP8G/cNIWae2BgcM593DvHC9iVCrbnhm5re2d3b38fuHg8Oj4xDw9a8kwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG99nfntChKQhf1JJRPoBGnI6oBgpLbmmOaz0AqRGGLG0PXXVpWuW7Ko9h7VJnCUp1Yu9q5dZPWm45k/PD3EcEK4wQ1J2HTtS/RQJRTEj00IvliRCeIyGpKspRwGR/XR++dQqa8W3BqHQjytrrhbKK5EUBVImgadHszPlhpmpf+aq53k+5cPpWqAbq8FtP6U8ihXheLF/EDNLhVbWjuVTQbBiiSYIC6q/YOEREggr3WFBd+P8b2KTtK6rTq1ae9Ql3cECebiAIlTAgRuowwM0oAkYJvAKb/BuPBsfxqfxtRjNGcvMOazB+P4Fqt6fRw==</latexit>

g(Wt)

<latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

<latexit sha1_base64="v8yb38cMHGr40nhpeKxAtIJpllM=">AAACEXicZVDLSsNAFJ3UV42vVJduoqVQEUriorosunFZwT6gDWEymbRDJ5MwM1FKyDe4cO1Wv8GddOsX+Al+gHsnbZHWHhg4nHMP987xYkqEtKwvrbC2vrG5VdzWd3b39g+M0mFbRAlHuIUiGvGuBwWmhOGWJJLibswxDD2KO97oJvc7D5gLErF7OY6xE8IBIwFBUCrJNUr9EMohgjTtZG4qz+3MNcpWzZrCXCX2nJQbJ9WfyVP/rOka330/QkmImUQUCtGzrVg6KeSSIIozvZ8IHEM0ggPcU5TBEAsnnZ6emRWl+GYQcfWYNKeqXlmIpDAUYhx6ajS/VKyYufpnLnqe5xM2yJYCvUQGV05KWJxIzNBsf5BQU0ZmXo/pE46RpGNFIOJEfcFEQ8ghkqpEXXVj/29ilbQvana9Vr9TJV2DGYrgGJyCKrDBJWiAW9AELYDAI3gBr+BNe9betQ9tMhstaPPMEViC9vkLOMKgMg==</latexit>Wt+1Ba
ck

wa
rd

 P
as

s

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

0 1 1 0
1 0 0 1
0 1 0 1
1 0 1 0

<latexit sha1_base64="Z48qLn9tLkaRdnsecz4Y4grZqOw=">AAACBHicZVDLTgIxFO3gC8YX6tJNIyFxRWZcoEuiG5eYyCPChHQ6Hah02knbMZIJW9du8RtMXBi3/oef4FdoB4gBOclNTs65J+09fsyo0o7zZeXW1jc2t/IFe3tnd2+/eHDYVCKRmDSwYEK2faQIo5w0NNWMtGNJUOQz0vKHV5nfeiBSUcFv9SgmXoT6nIYUI22kZlcEQtu9YsmpOFPAVeLOSalWiCd3b48/9V7xuxsInESEa8yQUh3XibWXIqkpZmRsdxNFYoSHqE86hnIUEeWl09+OYdkoAQyFNMM1nKp2eSGSokipUeSb1QjpgVoxM/XPXPR8P6C8P14KdBIdXngp5XGiCcez98OEQS1g1ggMqCRYs5EhCEtqToB4gCTC2vSWdeP+b2KVNM8qbrVSvTElXYIZ8uAYnIBT4IJzUAPXoA4aAIN78Awm4MV6sl6td+tjtpqz5pkjsATr8xdTh5uB</latexit>�

<latexit sha1_base64="Gv/mzQEKJWPfqB8hER4uUF3FXko=">AAACC3icZVDLSsNAFL3xWeurKrhxEywFVyVxUV2WunEjtGAf0IYymUzaoZNJnJkIJeQTXLvVD3DlTlzqR7hx7184aYu09sDA4Zx7uHeOGzEqlWV9GSura+sbm7mt/PbO7t5+4eCwJcNYYNLEIQtFx0WSMMpJU1HFSCcSBAUuI213dJX57XsiJA35rRpHxAnQgFOfYqS05PQCpIYYseQm7at+oWiVrQnMZWLPSLF63PimL7WPer/w0/NCHAeEK8yQlF3bipSTIKEoZiTN92JJIoRHaEC6mnIUEOkkk6NTs6QVz/RDoR9X5kTNl+YiCQqkHAeuHs2ulEtmpv6Z857repQP0oVAN1b+pZNQHsWKcDzd78fMVKGZFWN6VBCs2FgThAXVXzDxEAmEla4vr7ux/zexTFrnZbtSrjR0STWYIgcncApnYMMFVOEa6tAEDHfwCE/wbDwYr8ab8T4dXTFmmSNYgPH5C0zcnsg=</latexit>Mt
<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>

<latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

(b) Sparsification

M
as

kin
g Fo
rw
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(d) Sparse Training

<latexit sha1_base64="wgjOlY8w6vlEPzty3IJfTcKjUR4=">AAACCHicZVC7TsMwFHV4lvAqMLJEVJWYqgRQYaxgYSwSfYg2qmzHSa06dmQ7SFXUH2BmYYBvYEOszPwAn8CEWJlwH0ItPZKlo3Pu0b0+KGFUadf9sBYWl5ZXVnNr9vrG5tZ2fme3rkQqMalhwYRsIqgIo5zUNNWMNBNJYIwYaaDexdBv3BKpqODXup8QP4YRpyHFUBvppo1oJDSNierkC27JHcGZJ96EFCrHP98PJ1/v1U7+sx0InMaEa8ygUi3PTbSfQakpZmRgt1NFEoh7MCItQzk0S/xsdPHAKRolcEIhzePaGal2cSqSwVipfozMaAx1V82ZQ/XPnPYQCiiPBjOBVqrDMz+jPEk14Xi8P0yZo4UzbMUJqCRYs74hEEtqvuDgLpQQa9Odbbrx/jcxT+pHJa9cKl+Zks7BGDmwDw7AIfDAKaiAS1AFNYABB/fgETxZd9az9WK9jkcXrElmD8zAevsFvIOewA==</latexit>O

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

<latexit sha1_base64="r8l4jVrNcjhmyI+Hh6dipVLSdfU=">AAACC3icZVDLSsNAFL2prxpfVcGNm2ApuCqJi+qy1I3LFuwD2lAmk2k7dDKJMxOhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIkalsu0vI7e2vrG5ld82d3b39g8Kh0ctGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXvj68xv3xMhachv1SQiboCGnA4oRkpLbi9AaoQRSzppn/YLRbtsT2GtEmdOitWTxjd9qX3U+4Wfnh/iOCBcYYak7Dp2pNwECUUxI6nZiyWJEB6jIelqylFApJtMj06tklZ8axAK/biypqpZWogkKJByEnh6NLtSrpiZ+mcuep7nUz5MlwLdWA2u3ITyKFaE49n+QcwsFVpZMZZPBcGKTTRBWFD9BQuPkEBY6fpM3Y3zv4lV0rooO5VypaFLqsEMeTiFMzgHBy6hCjdQhyZguINHeIJn48F4Nd6M99lozphnjmEJxucvTP2eyA==</latexit>Xi

<latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

<latexit sha1_base64="FwdIYMsYn4NLzKtPZOb/1cz+LN4=">AAACEXicZVDLSsNAFJ3UV42vVJduoqVQEUriorosunFZwT6gDWEymbRDJ5MwM1FKyDe4cO1Wv8GddOsX+Al+gHsnbZHWHhg4nHMP987xYkqEtKwvrbC2vrG5VdzWd3b39g+M0mFbRAlHuIUiGvGuBwWmhOGWJJLibswxDD2KO97oJvc7D5gLErF7OY6xE8IBIwFBUCrJNUr9EMohgjTtZm5Kzu3MNcpWzZrCXCX2nJQbJ9WfyVP/rOka330/QkmImUQUCtGzrVg6KeSSIIozvZ8IHEM0ggPcU5TBEAsnnZ6emRWl+GYQcfWYNKeqXlmIpDAUYhx6ajS/VKyYufpnLnqe5xM2yJYCvUQGV05KWJxIzNBsf5BQU0ZmXo/pE46RpGNFIOJEfcFEQ8ghkqpEXXVj/29ilbQvana9Vr9TJV2DGYrgGJyCKrDBJWiAW9AELYDAI3gBr+BNe9betQ9tMhstaPPMEViC9vkLKJqgKA==</latexit>Xi+1

Ba
ck

wa
rd

 P
as

s

<latexit sha1_base64="EjgU87BHnoFRSlHPZnZbKHuYcEQ=">AAACBXicZVDLSgMxFM34rOOr6lKRYCm4scy4qC6Lbly2YB/QDiWTyUxDk8yQZIQydCmu3eo3uBPpzu/wE8SfMH0grT1w4XDOPST3+AmjSjvOl7Wyura+sZnbsrd3dvf28weHDRWnEpM6jlksWz5ShFFB6ppqRlqJJIj7jDT9/u3Ybz4QqWgs7vUgIR5HkaAhxUgbqXnRiRDnqJsvOCVnArhM3BkpVE5GtZ/H01G1m//uBDFOOREaM6RU23US7WVIaooZGdqdVJEE4T6KSNtQgThRXjb57hAWjRLAMJZmhIYT1S7ORTLElRpw36xypHtqyRyrf+a85/sBFdFwIdBOdXjtZVQkqSYCT98PUwZ1DMeVwIBKgjUbGIKwpOYEiHtIIqxNcbbpxv3fxDJpXJbccqlcMyXdgCly4BicgXPggitQAXegCuoAgz54Bi/g1Xqy3qx362O6umLNMkdgAdbnL/eBm9Q=</latexit>�� <latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

<latexit sha1_base64="SWK1bkTkZ4rTThu3euTZayApjBk=">AAACGXicZVBNS8NAFNzUr1q/qoIgXoJS8FQSD+pR6sVjC9YKbQmbzWu7dLMJuy9KCcEf4tmj+hsED+LVkxfv/gs3rYjagYVh5g1v3/ix4Bod590qzMzOzS8UF0tLyyura+X1jQsdJYpBk0UiUpc+1SC4hCZyFHAZK6ChL6DlD09zv3UFSvNInuMohm5I+5L3OKNoJK+83bnmASAXAaSdkOKAUZG2ssxDr7znVJ0x7GnifpO9k63GB7+vPde98mcniFgSgkQmqNZt14mxm1KFnAnISp1EQ0zZkPahbaikIehuOj4hsytGCexepMyTaI/VUuVXJKWh1qPQN6P5N/WUmas/5m/P9wMu+9mfQDvB3nE35TJOECSb7O8lwsbIzmuyA66AoRgZQpni5gSbDaiiDE2ZJdON+7+JaXJxUHUPq4cNU1KNTFAkO2SX7BOXHJETckbqpEkYuSF35IE8WrfWk/VivU5GC9Z3ZpP8gfX2BRHbpIo=</latexit>fWt

<latexit sha1_base64="Yk9mOSNx8egCIBQyn+I+MRX4CkI=">AAACB3icZVDLSgMxFM34bOur6tJNsBQEocy4qC6LblxWsA9th5LJZNrQTBKSjFiGfoBrV4J+Q3fi1s/wE/wKTR9Iaw9cOJxzD8k9gWRUG9f9clZW19Y3NjPZ3Nb2zu5efv+grkWiMKlhwYRqBkgTRjmpGWoYaUpFUBww0gj6V2O/8UCUpoLfmoEkfoy6nEYUI2Olu9M2kZoywTv5gltyJ4DLxJuRQiUrX+5Hjz/VTv67HQqcxIQbzJDWLc+Vxk+RMhQzMsy1E00kwn3UJS1LOYqJ9tPJh4ewaJUQRkLZ4QZO1FxxLpKiWOtBHNjVGJmeXjLH6p857wVBSHl3uBBoJSa68FPKZWIIx9P3o4RBI+C4FBhSRbBhA0sQVtSeAHEPKYSNrS5nu/H+N7FM6mclr1wq39iSLsEUGXAEjsEJ8MA5qIBrUAU1gEEMnsEreHOenJHz7nxMV1ecWeYQLMD5/AUGop0E</latexit>

+✏

<latexit sha1_base64="6pi/ibN1Jg6Y78jYM+QioRM2YDE=">AAACHHicZVDLSsNAFJ3Ud31VXeoitBQUoSQu1GXRjcsK1haaUiaT2zp0MgkzN0oJ2fgNrl271W9wJ26FfoJ/4bQVae2BgcM593DnHj8WXKPjDK3cwuLS8srqWn59Y3Nru7Cze6ujRDGos0hEqulTDYJLqCNHAc1YAQ19AQ2/fznyG/egNI/kDQ5iaIe0J3mXM4pG6hQOeofeAw8AuQgg9UKKd4yKtJFlHTzqFEpOxRnDnifuLylVi97x07A6qHUK314QsSQEiUxQrVuuE2M7pQo5E5DlvURDTFmf9qBlqKQh6HY6viKzy0YJ7G6kzJNoj9V8eSqS0lDrQeib0dE/9Zw5Uv/Mac/3Ay572UyglWD3vJ1yGScIkk32dxNhY2SPmrIDroChGBhCmeLmBJvdUUUZmj7zphv3fxPz5Pak4p5WTq9NSRdkglWyT4rkkLjkjFTJFamROmHkkbyQV/JmPVvv1of1ORnNWb+ZPTID6+sH8W2kzg==</latexit>

g(fWt)
<latexit sha1_base64="5uIpr+a0b076ieRCO6UuYOchaMA=">AAACGnicZVDLSsNAFJ3UV42vqDvdhJZCRSiJi+qy6MZlFdsKTQiTyaQdOpmEmYlQQsCPcOnarX6DO3Hrpp/gXzh9UFp7YOBwzj3cucdPKBHSskZaYW19Y3OruK3v7O7tHxiHR20RpxzhFoppzB99KDAlDLckkRQ/JhzDyKe44w9uxn7nCXNBYvYghwl2I9hjJCQISiV5xokTQdlHkGb3eXXOO7knzzyjbNWsCcxVYs9IuVFyzl9GjWHTM36dIEZphJlEFArRta1EuhnkkiCKc91JBU4gGsAe7irKYISFm01uyM2KUgIzjLl6TJoTVa8sRDIYCTGMfDU6/qZYMcfq3Fz0fD8grJcvBbqpDK/cjLAklZih6f4wpaaMzXFPZkA4RpIOFYGIE3WCifqQQyRVm7rqxv7fxCppX9Tseq1+p0q6BlMUwSkogSqwwSVogFvQBC2AwDN4A+/gQ3vVPrUv7Xs6WtBmmWOwBO3nDweZo8Q=</latexit>R(Wt)

<latexit sha1_base64="v8yb38cMHGr40nhpeKxAtIJpllM=">AAACEXicZVDLSsNAFJ3UV42vVJduoqVQEUriorosunFZwT6gDWEymbRDJ5MwM1FKyDe4cO1Wv8GddOsX+Al+gHsnbZHWHhg4nHMP987xYkqEtKwvrbC2vrG5VdzWd3b39g+M0mFbRAlHuIUiGvGuBwWmhOGWJJLibswxDD2KO97oJvc7D5gLErF7OY6xE8IBIwFBUCrJNUr9EMohgjTtZG4qz+3MNcpWzZrCXCX2nJQbJ9WfyVP/rOka330/QkmImUQUCtGzrVg6KeSSIIozvZ8IHEM0ggPcU5TBEAsnnZ6emRWl+GYQcfWYNKeqXlmIpDAUYhx6ajS/VKyYufpnLnqe5xM2yJYCvUQGV05KWJxIzNBsf5BQU0ZmXo/pE46RpGNFIOJEfcFEQ8ghkqpEXXVj/29ilbQvana9Vr9TJV2DGYrgGJyCKrDBJWiAW9AELYDAI3gBr+BNe9betQ9tMhstaPPMEViC9vkLOMKgMg==</latexit>Wt+1

Wft

Fig. 1: The computation flow of (a) dense training, (b) sparsification, (c) fine-tuning, and (d) sparse training
(e.g. SR-STE). rW represents a pruned matrix that is computed by element-wise multiplication (d) of W and
its sparsification mask (M). Sparse training recipes, such as SR-STE, introduce a “sparse refining” regularizer
(R) to adjust the gradient terms for pruned elements.

<latexit sha1_base64="wgjOlY8w6vlEPzty3IJfTcKjUR4=">AAACCHicZVC7TsMwFHV4lvAqMLJEVJWYqgRQYaxgYSwSfYg2qmzHSa06dmQ7SFXUH2BmYYBvYEOszPwAn8CEWJlwH0ItPZKlo3Pu0b0+KGFUadf9sBYWl5ZXVnNr9vrG5tZ2fme3rkQqMalhwYRsIqgIo5zUNNWMNBNJYIwYaaDexdBv3BKpqODXup8QP4YRpyHFUBvppo1oJDSNierkC27JHcGZJ96EFCrHP98PJ1/v1U7+sx0InMaEa8ygUi3PTbSfQakpZmRgt1NFEoh7MCItQzk0S/xsdPHAKRolcEIhzePaGal2cSqSwVipfozMaAx1V82ZQ/XPnPYQCiiPBjOBVqrDMz+jPEk14Xi8P0yZo4UzbMUJqCRYs74hEEtqvuDgLpQQa9Odbbrx/jcxT+pHJa9cKl+Zks7BGDmwDw7AIfDAKaiAS1AFNYABB/fgETxZd9az9WK9jkcXrElmD8zAevsFvIOewA==</latexit>O
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s

<latexit sha1_base64="6pi/ibN1Jg6Y78jYM+QioRM2YDE=">AAACHHicZVDLSsNAFJ3Ud31VXeoitBQUoSQu1GXRjcsK1haaUiaT2zp0MgkzN0oJ2fgNrl271W9wJ26FfoJ/4bQVae2BgcM593DnHj8WXKPjDK3cwuLS8srqWn59Y3Nru7Cze6ujRDGos0hEqulTDYJLqCNHAc1YAQ19AQ2/fznyG/egNI/kDQ5iaIe0J3mXM4pG6hQOeofeAw8AuQgg9UKKd4yKtJFlHTzqFEpOxRnDnifuLylVi97x07A6qHUK314QsSQEiUxQrVuuE2M7pQo5E5DlvURDTFmf9qBlqKQh6HY6viKzy0YJ7G6kzJNoj9V8eSqS0lDrQeib0dE/9Zw5Uv/Mac/3Ay572UyglWD3vJ1yGScIkk32dxNhY2SPmrIDroChGBhCmeLmBJvdUUUZmj7zphv3fxPz5Pak4p5WTq9NSRdkglWyT4rkkLjkjFTJFamROmHkkbyQV/JmPVvv1of1ORnNWb+ZPTID6+sH8W2kzg==</latexit>

g(fWt)

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

0 1 1 0
1 0 0 1
0 1 0 1
1 0 1 0

<latexit sha1_base64="Z48qLn9tLkaRdnsecz4Y4grZqOw=">AAACBHicZVDLTgIxFO3gC8YX6tJNIyFxRWZcoEuiG5eYyCPChHQ6Hah02knbMZIJW9du8RtMXBi3/oef4FdoB4gBOclNTs65J+09fsyo0o7zZeXW1jc2t/IFe3tnd2+/eHDYVCKRmDSwYEK2faQIo5w0NNWMtGNJUOQz0vKHV5nfeiBSUcFv9SgmXoT6nIYUI22kZlcEQtu9YsmpOFPAVeLOSalWiCd3b48/9V7xuxsInESEa8yQUh3XibWXIqkpZmRsdxNFYoSHqE86hnIUEeWl09+OYdkoAQyFNMM1nKp2eSGSokipUeSb1QjpgVoxM/XPXPR8P6C8P14KdBIdXngp5XGiCcez98OEQS1g1ggMqCRYs5EhCEtqToB4gCTC2vSWdeP+b2KVNM8qbrVSvTElXYIZ8uAYnIBT4IJzUAPXoA4aAIN78Awm4MV6sl6td+tjtpqz5pkjsATr8xdTh5uB</latexit>�

<latexit sha1_base64="Gv/mzQEKJWPfqB8hER4uUF3FXko=">AAACC3icZVDLSsNAFL3xWeurKrhxEywFVyVxUV2WunEjtGAf0IYymUzaoZNJnJkIJeQTXLvVD3DlTlzqR7hx7184aYu09sDA4Zx7uHeOGzEqlWV9GSura+sbm7mt/PbO7t5+4eCwJcNYYNLEIQtFx0WSMMpJU1HFSCcSBAUuI213dJX57XsiJA35rRpHxAnQgFOfYqS05PQCpIYYseQm7at+oWiVrQnMZWLPSLF63PimL7WPer/w0/NCHAeEK8yQlF3bipSTIKEoZiTN92JJIoRHaEC6mnIUEOkkk6NTs6QVz/RDoR9X5kTNl+YiCQqkHAeuHs2ulEtmpv6Z857repQP0oVAN1b+pZNQHsWKcDzd78fMVKGZFWN6VBCs2FgThAXVXzDxEAmEla4vr7ux/zexTFrnZbtSrjR0STWYIgcncApnYMMFVOEa6tAEDHfwCE/wbDwYr8ab8T4dXTFmmSNYgPH5C0zcnsg=</latexit>Mt

<latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>= <latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

<latexit sha1_base64="FwdIYMsYn4NLzKtPZOb/1cz+LN4=">AAACEXicZVDLSsNAFJ3UV42vVJduoqVQEUriorosunFZwT6gDWEymbRDJ5MwM1FKyDe4cO1Wv8GddOsX+Al+gHsnbZHWHhg4nHMP987xYkqEtKwvrbC2vrG5VdzWd3b39g+M0mFbRAlHuIUiGvGuBwWmhOGWJJLibswxDD2KO97oJvc7D5gLErF7OY6xE8IBIwFBUCrJNUr9EMohgjTtZm5Kzu3MNcpWzZrCXCX2nJQbJ9WfyVP/rOka330/QkmImUQUCtGzrVg6KeSSIIozvZ8IHEM0ggPcU5TBEAsnnZ6emRWl+GYQcfWYNKeqXlmIpDAUYhx6ajS/VKyYufpnLnqe5xM2yJYCvUQGV05KWJxIzNBsf5BQU0ZmXo/pE46RpGNFIOJEfcFEQ8ghkqpEXXVj/29ilbQvana9Vr9TJV2DGYrgGJyCKrDBJWiAW9AELYDAI3gBr+BNe9betQ9tMhstaPPMEViC9vkLKJqgKA==</latexit>Xi+1
<latexit sha1_base64="r8l4jVrNcjhmyI+Hh6dipVLSdfU=">AAACC3icZVDLSsNAFL2prxpfVcGNm2ApuCqJi+qy1I3LFuwD2lAmk2k7dDKJMxOhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIkalsu0vI7e2vrG5ld82d3b39g8Kh0ctGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXvj68xv3xMhachv1SQiboCGnA4oRkpLbi9AaoQRSzppn/YLRbtsT2GtEmdOitWTxjd9qX3U+4Wfnh/iOCBcYYak7Dp2pNwECUUxI6nZiyWJEB6jIelqylFApJtMj06tklZ8axAK/biypqpZWogkKJByEnh6NLtSrpiZ+mcuep7nUz5MlwLdWA2u3ITyKFaE49n+QcwsFVpZMZZPBcGKTTRBWFD9BQuPkEBY6fpM3Y3zv4lV0rooO5VypaFLqsEMeTiFMzgHBy6hCjdQhyZguINHeIJn48F4Nd6M99lozphnjmEJxucvTP2eyA==</latexit>Xi

<latexit sha1_base64="SWK1bkTkZ4rTThu3euTZayApjBk=">AAACGXicZVBNS8NAFNzUr1q/qoIgXoJS8FQSD+pR6sVjC9YKbQmbzWu7dLMJuy9KCcEf4tmj+hsED+LVkxfv/gs3rYjagYVh5g1v3/ix4Bod590qzMzOzS8UF0tLyyura+X1jQsdJYpBk0UiUpc+1SC4hCZyFHAZK6ChL6DlD09zv3UFSvNInuMohm5I+5L3OKNoJK+83bnmASAXAaSdkOKAUZG2ssxDr7znVJ0x7GnifpO9k63GB7+vPde98mcniFgSgkQmqNZt14mxm1KFnAnISp1EQ0zZkPahbaikIehuOj4hsytGCexepMyTaI/VUuVXJKWh1qPQN6P5N/WUmas/5m/P9wMu+9mfQDvB3nE35TJOECSb7O8lwsbIzmuyA66AoRgZQpni5gSbDaiiDE2ZJdON+7+JaXJxUHUPq4cNU1KNTFAkO2SX7BOXHJETckbqpEkYuSF35IE8WrfWk/VivU5GC9Z3ZpP8gfX2BRHbpIo=</latexit>fWt
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<latexit sha1_base64="qod2S1Hm37YA+L3DsFzwn8We3Ik=">AAACCHicZVDLSsNAFJ3UV42vqks3oaVQEEviorosunFZwT6wCWUymaRDZyZhZiKE0B9w3a1+gztx61/0E/wLpw+ktQcuHM65h5l7/IQSqWx7ahS2tnd294r75sHh0fFJ6fSsI+NUINxGMY1Fz4cSU8JxWxFFcS8RGDKf4q4/up/53RcsJIn5k8oS7DEYcRISBJWWnq/cCDIGB6o2KFXsuj2HtUmcJak0y+7lZNrMWoPSjxvEKGWYK0ShlH3HTpSXQ6EIonhsuqnECUQjGOG+phwyLL18/uOxVdVKYIWx0MOVNVfN6kokh0zKjPl6lUE1lBvmTP0zVz3fDwiPxmuBfqrCWy8nPEkV5mjxfphSS8XWrBUrIAIjRTNNIBJEn2ChIRQQKd2dqbtx/jexSTrXdadRbzzqku7AAkVwAcqgBhxwA5rgAbRAGyDAwQS8gXfj1fgwPo2vxWrBWGbOwRqM718iPpxR</latexit>��t(
<latexit sha1_base64="dI6vAASU2cGNwCoOYzncOrKkJXI=">AAACC3icZVDNSsMwAE7n36x/U49ewsZgMBith+lx6MXjBPcDaxlpmm5haVqTVCilj+BN8KrP4E28+hB7BN/C7AfZ3AeBj++HJJ8XMyqVZU2Nwtb2zu5ecd88ODw6PimdnnVllAhMOjhikeh7SBJGOekoqhjpx4Kg0GOk501uZ37viQhJI/6g0pi4IRpxGlCMlJbcusN01kfDrJfXhqWK1bDmgJvEXpJKq+zUX6attD0s/Th+hJOQcIUZknJgW7FyMyQUxYzkppNIEiM8QSMy0JSjkEg3mz86h1Wt+DCIhD5cwblqVlcqGQqlTENPR0OkxnLDnKl/5qrneT7lo3ytMEhUcO1mlMeJIhwv7g8SBlUEZ8NAnwqCFUs1QVhQ/QWIx0ggrPR8pt7G/r/EJuleNuxmo3mvR7oBCxTBBSiDGrDBFWiBO9AGHYDBI3gFb+DdeDY+jE/jaxEtGMvOOViD8f0LkSSdpg==</latexit>

+�W (

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

1 0 0 1
0 1 1 0
1 0 1 0
0 1 0 1

<latexit sha1_base64="Z48qLn9tLkaRdnsecz4Y4grZqOw=">AAACBHicZVDLTgIxFO3gC8YX6tJNIyFxRWZcoEuiG5eYyCPChHQ6Hah02knbMZIJW9du8RtMXBi3/oef4FdoB4gBOclNTs65J+09fsyo0o7zZeXW1jc2t/IFe3tnd2+/eHDYVCKRmDSwYEK2faQIo5w0NNWMtGNJUOQz0vKHV5nfeiBSUcFv9SgmXoT6nIYUI22kZlcEQtu9YsmpOFPAVeLOSalWiCd3b48/9V7xuxsInESEa8yQUh3XibWXIqkpZmRsdxNFYoSHqE86hnIUEeWl09+OYdkoAQyFNMM1nKp2eSGSokipUeSb1QjpgVoxM/XPXPR8P6C8P14KdBIdXngp5XGiCcez98OEQS1g1ggMqCRYs5EhCEtqToB4gCTC2vSWdeP+b2KVNM8qbrVSvTElXYIZ8uAYnIBT4IJzUAPXoA4aAIN78Awm4MV6sl6td+tjtpqz5pkjsATr8xdTh5uB</latexit>� <latexit sha1_base64="nf+K61JxX4Ysqi1/D2FrWXcz4i8=">AAACAHicZVDLSsNAFL2prxpfVZduQkvBIpTERXVZdOOyin1AG8pkMmmHTiZhZiKE0I1rl+o3uBO3/kk/wb9w+kBae+DC4Zx7mLnHixmVyrYnRm5jc2t7J79r7u0fHB4Vjk9aMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vZGt1O//USEpBF/VGlM3BANOA0oRkpLD5VKv1Cyq/YM1jpxFqRUL/YuXif1tNEv/PT8CCch4QozJGXXsWPlZkgoihkZm71EkhjhERqQrqYchUS62eynY6usFd8KIqGHK2ummuWlSIZCKdPQ06shUkO5Zk7VP3PZ8zyf8sF4JdBNVHDtZpTHiSIcz98PEmapyJq2YflUEKxYqgnCguoTLDxEAmGlOzN1N87/JtZJ67Lq1Kq1e13SDcyRhzMowjk4cAV1uIMGNAFDAC/wBu/Gs/FhfBpf89WcscicwgqM71/EEZjM</latexit>

))

<latexit sha1_base64="JBHZMUzhH7iW/ZKRfjMhM0p28fI=">AAACGXicZVC7SgNBFJ31GeMrKghisxgCVmHXIlqG2NgICRgNJCHMzt7EwdnZZeauEpbFD7G2VL9BsBBbKxt7/8LJA0nMgYHDOfdw5x4vElyj43xZc/MLi0vLmZXs6tr6xmZua/tSh7FiUGehCFXDoxoEl1BHjgIakQIaeAKuvJvTgX91C0rzUF5gP4J2QHuSdzmjaKRObq91x31ALnxIWgHFa0ZFcp6mHezk8k7RGcKeJe6Y5Mu7tW/+VHmrdnI/LT9kcQASmaBaN10nwnZCFXImIM22Yg0RZTe0B01DJQ1At5PhCaldMIpvd0NlnkR7qGYLE5GEBlr3A8+MDr6pZ8yB+mdOep7nc9lLpwLNGLsn7YTLKEaQbLS/GwsbQ3tQk+1zBQxF3xDKFDcn2OyaKsrQlJk13bj/m5gll0dFt1Qs1UxJFTJChuyTA3JIXHJMyuSMVEmdMHJPHskzebEerFfr3foYjc5Z48wOmYL1+QsBpaSA</latexit> fMt

<latexit sha1_base64="wgjOlY8w6vlEPzty3IJfTcKjUR4=">AAACCHicZVC7TsMwFHV4lvAqMLJEVJWYqgRQYaxgYSwSfYg2qmzHSa06dmQ7SFXUH2BmYYBvYEOszPwAn8CEWJlwH0ItPZKlo3Pu0b0+KGFUadf9sBYWl5ZXVnNr9vrG5tZ2fme3rkQqMalhwYRsIqgIo5zUNNWMNBNJYIwYaaDexdBv3BKpqODXup8QP4YRpyHFUBvppo1oJDSNierkC27JHcGZJ96EFCrHP98PJ1/v1U7+sx0InMaEa8ygUi3PTbSfQakpZmRgt1NFEoh7MCItQzk0S/xsdPHAKRolcEIhzePaGal2cSqSwVipfozMaAx1V82ZQ/XPnPYQCiiPBjOBVqrDMz+jPEk14Xi8P0yZo4UzbMUJqCRYs74hEEtqvuDgLpQQa9Odbbrx/jcxT+pHJa9cKl+Zks7BGDmwDw7AIfDAKaiAS1AFNYABB/fgETxZd9az9WK9jkcXrElmD8zAevsFvIOewA==</latexit>O

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

1 1
1 1

1 1
1 1

<latexit sha1_base64="Z48qLn9tLkaRdnsecz4Y4grZqOw=">AAACBHicZVDLTgIxFO3gC8YX6tJNIyFxRWZcoEuiG5eYyCPChHQ6Hah02knbMZIJW9du8RtMXBi3/oef4FdoB4gBOclNTs65J+09fsyo0o7zZeXW1jc2t/IFe3tnd2+/eHDYVCKRmDSwYEK2faQIo5w0NNWMtGNJUOQz0vKHV5nfeiBSUcFv9SgmXoT6nIYUI22kZlcEQtu9YsmpOFPAVeLOSalWiCd3b48/9V7xuxsInESEa8yQUh3XibWXIqkpZmRsdxNFYoSHqE86hnIUEeWl09+OYdkoAQyFNMM1nKp2eSGSokipUeSb1QjpgVoxM/XPXPR8P6C8P14KdBIdXngp5XGiCcez98OEQS1g1ggMqCRYs5EhCEtqToB4gCTC2vSWdeP+b2KVNM8qbrVSvTElXYIZ8uAYnIBT4IJzUAPXoA4aAIN78Awm4MV6sl6td+tjtpqz5pkjsATr8xdTh5uB</latexit>�

<latexit sha1_base64="Gv/mzQEKJWPfqB8hER4uUF3FXko=">AAACC3icZVDLSsNAFL3xWeurKrhxEywFVyVxUV2WunEjtGAf0IYymUzaoZNJnJkIJeQTXLvVD3DlTlzqR7hx7184aYu09sDA4Zx7uHeOGzEqlWV9GSura+sbm7mt/PbO7t5+4eCwJcNYYNLEIQtFx0WSMMpJU1HFSCcSBAUuI213dJX57XsiJA35rRpHxAnQgFOfYqS05PQCpIYYseQm7at+oWiVrQnMZWLPSLF63PimL7WPer/w0/NCHAeEK8yQlF3bipSTIKEoZiTN92JJIoRHaEC6mnIUEOkkk6NTs6QVz/RDoR9X5kTNl+YiCQqkHAeuHs2ulEtmpv6Z857repQP0oVAN1b+pZNQHsWKcDzd78fMVKGZFWN6VBCs2FgThAXVXzDxEAmEla4vr7ux/zexTFrnZbtSrjR0STWYIgcncApnYMMFVOEa6tAEDHfwCE/wbDwYr8ab8T4dXTFmmSNYgPH5C0zcnsg=</latexit>Mt

<latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>= <latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

<latexit sha1_base64="FwdIYMsYn4NLzKtPZOb/1cz+LN4=">AAACEXicZVDLSsNAFJ3UV42vVJduoqVQEUriorosunFZwT6gDWEymbRDJ5MwM1FKyDe4cO1Wv8GddOsX+Al+gHsnbZHWHhg4nHMP987xYkqEtKwvrbC2vrG5VdzWd3b39g+M0mFbRAlHuIUiGvGuBwWmhOGWJJLibswxDD2KO97oJvc7D5gLErF7OY6xE8IBIwFBUCrJNUr9EMohgjTtZm5Kzu3MNcpWzZrCXCX2nJQbJ9WfyVP/rOka330/QkmImUQUCtGzrVg6KeSSIIozvZ8IHEM0ggPcU5TBEAsnnZ6emRWl+GYQcfWYNKeqXlmIpDAUYhx6ajS/VKyYufpnLnqe5xM2yJYCvUQGV05KWJxIzNBsf5BQU0ZmXo/pE46RpGNFIOJEfcFEQ8ghkqpEXXVj/29ilbQvana9Vr9TJV2DGYrgGJyCKrDBJWiAW9AELYDAI3gBr+BNe9betQ9tMhstaPPMEViC9vkLKJqgKA==</latexit>Xi+1
<latexit sha1_base64="r8l4jVrNcjhmyI+Hh6dipVLSdfU=">AAACC3icZVDLSsNAFL2prxpfVcGNm2ApuCqJi+qy1I3LFuwD2lAmk2k7dDKJMxOhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIkalsu0vI7e2vrG5ld82d3b39g8Kh0ctGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXvj68xv3xMhachv1SQiboCGnA4oRkpLbi9AaoQRSzppn/YLRbtsT2GtEmdOitWTxjd9qX3U+4Wfnh/iOCBcYYak7Dp2pNwECUUxI6nZiyWJEB6jIelqylFApJtMj06tklZ8axAK/biypqpZWogkKJByEnh6NLtSrpiZ+mcuep7nUz5MlwLdWA2u3ITyKFaE49n+QcwsFVpZMZZPBcGKTTRBWFD9BQuPkEBY6fpM3Y3zv4lV0rooO5VypaFLqsEMeTiFMzgHBy6hCjdQhyZguINHeIJn48F4Nd6M99lozphnjmEJxucvTP2eyA==</latexit>Xi

<latexit sha1_base64="SWK1bkTkZ4rTThu3euTZayApjBk=">AAACGXicZVBNS8NAFNzUr1q/qoIgXoJS8FQSD+pR6sVjC9YKbQmbzWu7dLMJuy9KCcEf4tmj+hsED+LVkxfv/gs3rYjagYVh5g1v3/ix4Bod590qzMzOzS8UF0tLyyura+X1jQsdJYpBk0UiUpc+1SC4hCZyFHAZK6ChL6DlD09zv3UFSvNInuMohm5I+5L3OKNoJK+83bnmASAXAaSdkOKAUZG2ssxDr7znVJ0x7GnifpO9k63GB7+vPde98mcniFgSgkQmqNZt14mxm1KFnAnISp1EQ0zZkPahbaikIehuOj4hsytGCexepMyTaI/VUuVXJKWh1qPQN6P5N/WUmas/5m/P9wMu+9mfQDvB3nE35TJOECSb7O8lwsbIzmuyA66AoRgZQpni5gSbDaiiDE2ZJdON+7+JaXJxUHUPq4cNU1KNTFAkO2SX7BOXHJETckbqpEkYuSF35IE8WrfWk/VivU5GC9Z3ZpP8gfX2BRHbpIo=</latexit>fWt
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<latexit sha1_base64="6pi/ibN1Jg6Y78jYM+QioRM2YDE=">AAACHHicZVDLSsNAFJ3Ud31VXeoitBQUoSQu1GXRjcsK1haaUiaT2zp0MgkzN0oJ2fgNrl271W9wJ26FfoJ/4bQVae2BgcM593DnHj8WXKPjDK3cwuLS8srqWn59Y3Nru7Cze6ujRDGos0hEqulTDYJLqCNHAc1YAQ19AQ2/fznyG/egNI/kDQ5iaIe0J3mXM4pG6hQOeofeAw8AuQgg9UKKd4yKtJFlHTzqFEpOxRnDnifuLylVi97x07A6qHUK314QsSQEiUxQrVuuE2M7pQo5E5DlvURDTFmf9qBlqKQh6HY6viKzy0YJ7G6kzJNoj9V8eSqS0lDrQeib0dE/9Zw5Uv/Mac/3Ay572UyglWD3vJ1yGScIkk32dxNhY2SPmrIDroChGBhCmeLmBJvdUUUZmj7zphv3fxPz5Pak4p5WTq9NSRdkglWyT4rkkLjkjFTJFamROmHkkbyQV/JmPVvv1of1ORnNWb+ZPTID6+sH8W2kzg==</latexit>

g(fWt)

<latexit sha1_base64="qod2S1Hm37YA+L3DsFzwn8We3Ik=">AAACCHicZVDLSsNAFJ3UV42vqks3oaVQEEviorosunFZwT6wCWUymaRDZyZhZiKE0B9w3a1+gztx61/0E/wLpw+ktQcuHM65h5l7/IQSqWx7ahS2tnd294r75sHh0fFJ6fSsI+NUINxGMY1Fz4cSU8JxWxFFcS8RGDKf4q4/up/53RcsJIn5k8oS7DEYcRISBJWWnq/cCDIGB6o2KFXsuj2HtUmcJak0y+7lZNrMWoPSjxvEKGWYK0ShlH3HTpSXQ6EIonhsuqnECUQjGOG+phwyLL18/uOxVdVKYIWx0MOVNVfN6kokh0zKjPl6lUE1lBvmTP0zVz3fDwiPxmuBfqrCWy8nPEkV5mjxfphSS8XWrBUrIAIjRTNNIBJEn2ChIRQQKd2dqbtx/jexSTrXdadRbzzqku7AAkVwAcqgBhxwA5rgAbRAGyDAwQS8gXfj1fgwPo2vxWrBWGbOwRqM718iPpxR</latexit>��t(

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

<latexit sha1_base64="O/3H7u3x9dg1XHoVrmTCMppw2PY=">AAAB/3icZVDLSgMxFL3js46vqks3oaWgCGXGRXVZdOOyBfuAdiiZTNqGZjJDkhGGoQvXbus3uBO3fko/wb8wfSCtPXDhcM49JPf4MWdKO87U2tre2d3bzx3Yh0fHJ6f5s/OmihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzR48xvvVCpWCSedRpTL8QDwfqMYG2k+nUvX3TKzhxok7hLUqwWujeTaTWt9fI/3SAiSUiFJhwr1XGdWHsZlpoRTsd2N1E0xmSEB7RjqMAhVV42/+gYlYwSoH4kzQiN5qpdWolkOFQqDX2zGmI9VBvmTP0zVz3fD5gYjNcCnUT3772MiTjRVJDF+/2EIx2hWRkoYJISzVNDMJHMnIDIEEtMtKnMNt24/5vYJM3bslspV+qmpAdYIAeXUIArcOEOqvAENWgAAQpvMIF369X6sD6tr8XqlrXMXMAarO9fXRqYmQ==</latexit>

)

<latexit sha1_base64="v8yb38cMHGr40nhpeKxAtIJpllM=">AAACEXicZVDLSsNAFJ3UV42vVJduoqVQEUriorosunFZwT6gDWEymbRDJ5MwM1FKyDe4cO1Wv8GddOsX+Al+gHsnbZHWHhg4nHMP987xYkqEtKwvrbC2vrG5VdzWd3b39g+M0mFbRAlHuIUiGvGuBwWmhOGWJJLibswxDD2KO97oJvc7D5gLErF7OY6xE8IBIwFBUCrJNUr9EMohgjTtZG4qz+3MNcpWzZrCXCX2nJQbJ9WfyVP/rOka330/QkmImUQUCtGzrVg6KeSSIIozvZ8IHEM0ggPcU5TBEAsnnZ6emRWl+GYQcfWYNKeqXlmIpDAUYhx6ajS/VKyYufpnLnqe5xM2yJYCvUQGV05KWJxIzNBsf5BQU0ZmXo/pE46RpGNFIOJEfcFEQ8ghkqpEXXVj/29ilbQvana9Vr9TJV2DGYrgGJyCKrDBJWiAW9AELYDAI3gBr+BNe9betQ9tMhstaPPMEViC9vkLOMKgMg==</latexit>Wt+1

<latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

<latexit sha1_base64="v8yb38cMHGr40nhpeKxAtIJpllM=">AAACEXicZVDLSsNAFJ3UV42vVJduoqVQEUriorosunFZwT6gDWEymbRDJ5MwM1FKyDe4cO1Wv8GddOsX+Al+gHsnbZHWHhg4nHMP987xYkqEtKwvrbC2vrG5VdzWd3b39g+M0mFbRAlHuIUiGvGuBwWmhOGWJJLibswxDD2KO97oJvc7D5gLErF7OY6xE8IBIwFBUCrJNUr9EMohgjTtZG4qz+3MNcpWzZrCXCX2nJQbJ9WfyVP/rOka330/QkmImUQUCtGzrVg6KeSSIIozvZ8IHEM0ggPcU5TBEAsnnZ6emRWl+GYQcfWYNKeqXlmIpDAUYhx6ajS/VKyYufpnLnqe5xM2yJYCvUQGV05KWJxIzNBsf5BQU0ZmXo/pE46RpGNFIOJEfcFEQ8ghkqpEXXVj/29ilbQvana9Vr9TJV2DGYrgGJyCKrDBJWiAW9AELYDAI3gBr+BNe9betQ9tMhstaPPMEViC9vkLOMKgMg==</latexit>Wt+1

<latexit sha1_base64="kIhUsZOPKjEI5MU6bqxdmddDWWw=">AAAB/3icZVC7SgNBFL0bX3F9RS1tBkPAKuxaRJtg0MYyAfOAZAmzs5NkyOzsMjMrhCWFta1+gYWd2PoFfoL4Cf6FkweSmAMXDufcw8w9fsyZ0o7zbWXW1jc2t7Lb9s7u3v5B7vCooaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eDPxm/dUKhaJOz2KqRfivmA9RrA2Uq3czeWdojMFWiXunOSvPu1y/PJlV7u5n04QkSSkQhOOlWq7Tqy9FEvNCKdju5MoGmMyxH3aNlTgkCovnX50jApGCVAvkmaERlPVLixEUhwqNQp9sxpiPVAr5kT9Mxc93w+Y6I+XAu1E9y69lIk40VSQ2fu9hCMdoUkZKGCSEs1HhmAimTkBkQGWmGhTmW26cf83sUoa50W3VCzVnHzlGmbIwgmcwhm4cAEVuIUq1IEAhUd4gmfrwXq13qz32WrGmmeOYQnWxy/Gkpjf</latexit>=

𝛽 t 𝛽 t𝛽 t 𝛽 t𝛽 t𝛽 t𝛽 t 𝛽 t

(b) Mask Decay Gradient Flow (MDGF)(a) SR-STE

<latexit sha1_base64="wgjOlY8w6vlEPzty3IJfTcKjUR4=">AAACCHicZVC7TsMwFHV4lvAqMLJEVJWYqgRQYaxgYSwSfYg2qmzHSa06dmQ7SFXUH2BmYYBvYEOszPwAn8CEWJlwH0ItPZKlo3Pu0b0+KGFUadf9sBYWl5ZXVnNr9vrG5tZ2fme3rkQqMalhwYRsIqgIo5zUNNWMNBNJYIwYaaDexdBv3BKpqODXup8QP4YRpyHFUBvppo1oJDSNierkC27JHcGZJ96EFCrHP98PJ1/v1U7+sx0InMaEa8ygUi3PTbSfQakpZmRgt1NFEoh7MCItQzk0S/xsdPHAKRolcEIhzePaGal2cSqSwVipfozMaAx1V82ZQ/XPnPYQCiiPBjOBVqrDMz+jPEk14Xi8P0yZo4UzbMUJqCRYs74hEEtqvuDgLpQQa9Odbbrx/jcxT+pHJa9cKl+Zks7BGDmwDw7AIfDAKaiAS1AFNYABB/fgETxZd9az9WK9jkcXrElmD8zAevsFvIOewA==</latexit>O

<latexit sha1_base64="7Jrw4GfVz03HbzEY96LDm6GXY/s=">AAACC3icZVDLSsNAFJ3UV42vquDGTbAUXJXERXVZ6sZlC/YBbSiTybQdOpnEmRuhhHyCa7f6Aa7ciUv9CDfu/QsnbZHWHhg4nHMP987xIs4U2PaXkVtb39jcym+bO7t7+weFw6OWCmNJaJOEPJQdDyvKmaBNYMBpJ5IUBx6nbW98nfnteyoVC8UtTCLqBngo2IARDFpyewGGEcE8aad96BeKdtmewlolzpwUqyeNb/ZS+6j3Cz89PyRxQAUQjpXqOnYEboIlMMJpavZiRSNMxnhIu5oKHFDlJtOjU6ukFd8ahFI/AdZUNUsLkQQHSk0CT49mV6oVM1P/zEXP83wmhulSoBvD4MpNmIhioILM9g9ibkFoZcVYPpOUAJ9ogolk+gsWGWGJCej6TN2N87+JVdK6KDuVcqWhS6qhGfLoFJ2hc+SgS1RFN6iOmoigO/SIntCz8WC8Gm/G+2w0Z8wzx2gJxucvXQie0g==</latexit>Wt

<latexit sha1_base64="Z48qLn9tLkaRdnsecz4Y4grZqOw=">AAACBHicZVDLTgIxFO3gC8YX6tJNIyFxRWZcoEuiG5eYyCPChHQ6Hah02knbMZIJW9du8RtMXBi3/oef4FdoB4gBOclNTs65J+09fsyo0o7zZeXW1jc2t/IFe3tnd2+/eHDYVCKRmDSwYEK2faQIo5w0NNWMtGNJUOQz0vKHV5nfeiBSUcFv9SgmXoT6nIYUI22kZlcEQtu9YsmpOFPAVeLOSalWiCd3b48/9V7xuxsInESEa8yQUh3XibWXIqkpZmRsdxNFYoSHqE86hnIUEeWl09+OYdkoAQyFNMM1nKp2eSGSokipUeSb1QjpgVoxM/XPXPR8P6C8P14KdBIdXngp5XGiCcez98OEQS1g1ggMqCRYs5EhCEtqToB4gCTC2vSWdeP+b2KVNM8qbrVSvTElXYIZ8uAYnIBT4IJzUAPXoA4aAIN78Awm4MV6sl6td+tjtpqz5pkjsATr8xdTh5uB</latexit>�

<latexit sha1_base64="Gv/mzQEKJWPfqB8hER4uUF3FXko=">AAACC3icZVDLSsNAFL3xWeurKrhxEywFVyVxUV2WunEjtGAf0IYymUzaoZNJnJkIJeQTXLvVD3DlTlzqR7hx7184aYu09sDA4Zx7uHeOGzEqlWV9GSura+sbm7mt/PbO7t5+4eCwJcNYYNLEIQtFx0WSMMpJU1HFSCcSBAUuI213dJX57XsiJA35rRpHxAnQgFOfYqS05PQCpIYYseQm7at+oWiVrQnMZWLPSLF63PimL7WPer/w0/NCHAeEK8yQlF3bipSTIKEoZiTN92JJIoRHaEC6mnIUEOkkk6NTs6QVz/RDoR9X5kTNl+YiCQqkHAeuHs2ulEtmpv6Z857repQP0oVAN1b+pZNQHsWKcDzd78fMVKGZFWN6VBCs2FgThAXVXzDxEAmEla4vr7ux/zexTFrnZbtSrjR0STWYIgcncApnYMMFVOEa6tAEDHfwCE/wbDwYr8ab8T4dXTFmmSNYgPH5C0zcnsg=</latexit>Mt
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Fig. 2: An overview of different sparse training recipes (a) SR-STE [22], (b, c) proposed decaying mechanisms
in this work. (b) indicates decaying binary mask values for pruned weights (MDGF), whereas (c) gradually
change the N:M sparsity patters at different intervals (SDGF).
• Unstructured Sparsity refers to the process of pruning a model without imposing any constraints on the

sparsity pattern [13, 36, 53–55]. This sparsity pattern is known to be able to prune the model size to an order
of magnitude smaller while retaining a similar model quality as its dense counterpart at the cost of increased
runtime overhead.

• Coarse-grained Structured Sparsity enforces coarse-grained sparsity patterns, including techniques like fil-
ter/channel pruning [14, 70, 71] and block-wise pruning [35, 62, 71, 72]. By skipping the entire computation
of a tensor, this sparsity pattern often yields speedup in natively-dense accelerators such as GPUs and TPUs.
Nevertheless, this trade-off often results in a reduction in model quality.

• Fine-grained Structured N:M Sparsity prunes (M-N) out of M consecutive elements. Several preliminary
studies rely on special threading and grouping techniques [16] or specialized sparse accelerators [40]
to exploit this fine-grained sparsity pattern. With the inclusion of 2:4 GEMM support in GPU Ampere
architecture [34], recent work starts to investigate effective training recipes for N:M sparsity patterns to
harness the existing accelerators [22, 46–48].

Other related work. Other work has also investigated N:M structured sparsity in attention-based models.
Figure 2(a) demonstrates the weight update scheme for the forward and backward pass of SR-STE [22].
SparseGPT [50] introduces a post-training sparsification recipe tailored for GPT-family models. SparseGPT
shows on-par model quality with up to 50% weight pruning under unstructured and N:M structured sparsity.
Finally, selective weight decay (SWD) [73] is a pruning method based on Lagrangian smoothing, which
penalizes weights that are selected for pruning. However, SWD neither explores attention models nor provides
training recipes for N:M structured sparsity.

3. Decaying-based Sparse Training Recipes
This section covers the class of decaying-based training recipes for fine-grained N:M sparsity. The main
premise of these recipes is to allow the gradient to flow through weight tensors in a controlled way to prevent
induced noise in the gradients. We broadly classify the proposed decaying-based training recipes into: (a)
“Mask Decay Gradient Flow” (MDGF) and (b) “Structure Decay Gradient Flow” (SDGF), each with sub-
variants which we discuss in details below. In contrast to [22], we intentionally refrain from modifying the
gradient update rules in either of these categories. Instead, we use different update rules for sparsity pattern or
sparsity mask tensor, facilitating unimpeded gradient flow during the entire sparse training process.
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Implementation. In order to implement these methods, we employ the process of pruning dense weight
tensors (Wt) to generate sparse weight tensors ( ĂWt), adhering to the following rule during the forward pass:

rW “ FpW, N,M,Φ, β, jq

“ W d rΦpW, N,M, jq ` Dpjqp1 ´ ΦpW, N,M, jqqs

Here d represents the Hadamard product. Φp¨q and Dp¨q calculate a decaying-based binary mask and decay
mask factor, respectively. (j) denotes the training step count. Each function’s implementations establish
distinct decaying-based training recipes. Φp¨q calculates a binary mask that matches the dimensions of the
input weight tensor (W). The location of 0s and 1s in the binary mask refers to pruned and unpruned weights,
respectively. In fine-grained N:M structured sparsity with magnitude pruning, Φp¨q assigns a value of 1 to
the N weight tensor elements with the highest absolute magnitude within a contiguous block of M elements.
Simultaneously, it enforces all the other elements with the block to be set to 0. In addition, Dp¨q calculates the
decaying factor for binary mask according to the target decaying-based training recipe. It should be noted that
prΦpW, N,M, jq ` Dpjqp1 ´ ΦpW, N,M, jqqs is not a sparse matrix during intermediate steps. However, as
Dpjq decays to 0 over the course of training, pW̃q ultimately equals pW ¨ ΦpW, N,M, jqq, which is sparse.

1 Mask Decay Gradient Flow (MDGF). In the first training recipe Figure 2 (b), we propose the use of
a diminishing value ranging from 1 to 0, as opposed to the commonly-used binary pruning mask (e.g., “0”
Ñ pruned and “1” Ñ dense). Note that for the mask-decay training recipes the function Φp¨q produces a
mask tensor either with all ones (dense training) or with a sparsity pattern following target N:M fine-grained
structured sparsity. In the initial epochs, we use a mask comprising solely of ones and assign a constant value
of 1 to Dp¨q, i.e., dense training.

Upon staring sparse training phase, Dp¨q produces gradually diminishing floating-point values between 1 and
0. The output of function Dp¨q depends on current decaying interval. Using a diminishing decaying factor
enables gradient flow for both pruned and unpruned weights. This is in contrast to prior work in which Dp¨q is
null which may cause instability in the training process. We propose two new implementations for Dp¨q:

• MDGF-Linear uses Dpjq “ maxp1 ´ βτ ˆ j, 0q that reduces the decay mask values linearly with respect to
training steps.

• MDGF-Exponential, as its name implies, we use Dpjq “ e´βηˆj , indicating an exponential decrease in the
mask decay value relative to the ongoing training step.

The value of βτ{η determines the rate of decay. To ensure a binary mask value for the target N:M sparsity
pattern, after sufficient decaying intervals, Dp¨q approaches zero. After reaching the target N:M sparsity
pattern, we proceed with few additional training epochs to restore the model accuracy. We postulate that using
non-binary pruning mask values facilitates the smooth propagation of gradients in pruned weights, resulting in
more stable sparse training. For practical use, we recommend setting the decay rate such that the decay factor
reaches zero when approximately 70% of the training budget is completed, allowing for sufficient fine-tuning
of the final sparse weights.

2 Structure Decay Gradient Flow (SDGF). SDGF decays the structure of the pruning mask, e.g. gradually
altering the sparsity level, e.g. 3

4 ÞÑ ¨ ¨ ¨ ÞÑ 1
4 . In contrast to MDGF, this method strictly confines the pruning

mask values to either 1 or 0, e.g. Dp¨q “ 0. We propose two alternative implementations of Φp¨q, (a) Stepwise
and (b) Geometric.

The SDGF-Stepwise starts by inducing M-1:M structured sparsity. Subsequently, it gradually increase the
level of sparsity following M

2d
: M formulation in which d denotes the index of the decaying interval, until

M
2d

““ N . For example, to retain a target sparsity level of 1:8, the method applies the following sparsity
patterns at different decaying interval 7

8 ÞÑ 4
8 ÞÑ 2

8 ÞÑ 1
8 .

The core idea of SDGF-Geometric is to maintain a constant ratio of N
M throughout successive decay intervals

by adjusting the values of N and M in proportion to each other. In all experiments, we configure Φp¨q to be
kˆM
2d

: kˆN
2d

. The value of k is set to 16, unless specifies otherwise. We empirically find that k ą 16 offers
negligible improvements in terms of model quality. For example, for a target sparsity of 1:8, we induce the
following sparsity patterns at each decaying interval, 16

128 ÞÑ 8
64 ÞÑ 4

32 ÞÑ 2
16 ÞÑ 1

8 . For both recipes, we
evenly partition the total sparsification epochs throughout the decaying intervals. Fundamentally, this approach
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Fig. 3: Trends for different indicators of gradient values during training. Data from ViT-tiny trained on
CIFAR-10 with 1:16 sparsity pattern. (a) and (b) show the running average of the variance of AdamW second
moment and gradient variance, respectively.

follows a hypothesis akin to MDGF. Enabling the flow of gradients of pruned weights throughout the model
potentially leads to higher model accuracy.

4. Impact of Gradient Flow in Sparsification
To better understand the impact of gradient flow while sparififying the weights, we follow the insight that
when the decaying variance of the noisy gradient is large, the algorithm might spend much time bouncing
around, leading to slower convergence and worse performance [52]. Through MDGF and SDGF, we allow a
smoother and more stable gradient flow during backpropagation compared to SR-STE, thereby reducing the
noise introduced by high-sparsity constraints.

In order to observe the effect of proposed decay methods, we conducted an empirical analysis to compare
the gradient values of MDGF-Exponential and SR-STE [22]. We created a compact version of ViT with
three encoder layers, each with three attention heads, and an embedding size of 192. We trained this model
on CIFAR-10 [74] for 200 epochs with batch size 64 with AdamW optimizer. To understand the impact of
sparsification, we collect and analyze two different metrics, namely second moment and gradient variance.
These values are an indication of how effective the gradient estimations are for training [75–77].

4.1. Analysis of Second Moment Estimates

3(a) shows the variance of the second moment term (exponential moving average of squared gradient values)
for Feed-Forward (FF) layers in the model. We observe that in MDGF, the variance steadily decreases in
magnitude, whereas in SR-STE, the variance stays at the relatively high level even at the later stages of training.
Prior study [75–77] correlate lower variance of the second moment with faster convergence rate during training
and better model accuracy. This suggests that the gradient noise induced by SR-STE have negative impact on
the convergence of the model and model accuracy.

4.2. Analysis of Gradient Noise

Figure 3(b) shows the variance of absolute back-propagation gradients. These values can be interpreted as
the amount of noise in the gradient estimates. Similar to the previous study, we collect the gradients of
Feed-Forward(FF) layer in tiny-ViT. We observe that in MDGF, the variance of gradients decreases quickly,
whereas in SR-STE, the variance of gradients has a lower slope (e.g. taking a larger number of steps). When the
variance of the gradient is higher, the optimizer spends time bouncing around, leading to slower convergence
and lower performance [51, 52]. The variance for MDGF-exponential comes down rather quickly thus the
gradients are less noisy compared to SR-STE. This would result in higher accuracy for MDGF-Exponential.
When observing the final validation accuracy of the two runs, we confirm our intuitive conclusions as the
SR-STE accuracy is lower compared to MDGF-Exponential accuracy.
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Table 1: The compute and memory contributions of the three major layers in Transformers. These estimations
are made for ViT-Base. The FF layers account for around 64% of overall FLOPs and 66.6% of parameters. We
use sequence length 196 to read image of 224x224.

Einsum (Logit & Attend) Projections (Q/K/V/O) Feed Forward (FF1/FF2)

(T)FLOPS 1.42 (4%) 11.1 (32%) 22.20 (64%)
Params (MB) 0.0 (0%) 28.31 (33.3%) 56.62 (66.6%)

5. Experiment
In this section, we evaluate the effectiveness of various training recipes for N:M fine-grained structured
sparsity in a range of attention-based models and tasks, such as image classification, language translation and
understanding. Motivated by the relatively substantial contribution of FF layers (Table 1) in total FLOPs

Table 2: ImageNet-1K Top-1 validation accuracy on ViT-Base across different N:M sparsity patterns and
training recipes.

Sparse Target Dense SR-STE MDGF-Linear MDGF-Exponential SDGF-Stepwise SDGF-Geometric

2:4 (FF) 76.389 77.761 77.613 76.381 77.081 77.363
1:4 (FF) 76.389 78.782 78.512 78.579 77.357 78.347
1:8 (FF) 76.389 77.869 78.019 78.009 77.025 78.175
1:16 (FF) 76.389 75.637 76.594 77.325 75.923 76.869
1:32 (FF) 76.389 73.056 75.807 76.068 74.394 74.910
1:128 (FF) 76.389 72.069 74.012 74.180 71.725 69.801
1:4 (FF) + 1:4 (QK) 76.389 78.145 77.755 78.113 77.163 78.229
1:8 (FF) + 1:8 (QK) 76.389 75.527 76.473 77.349 76.617 76.334
1:8 (FF) + 1:4 (QK) 76.389 78.144 78.025 78.273 77.163 76.839
1:8 (FF) + 1:4 (QKV) 76.389 78.222 78.319 78.319 77.309 78.213

(„64%) and parameter count („66.6%), we center our experiments around sparsification of these layers within
the encoder and decoder blocks. In addition, we conduct experiments on the pruning of projection layers
(Q{K{V) for a variant of ViT-Base [78], a variant of SwinV2-Base [79], and T5X-Base [1]. For ViT-Base,
we use fixed-size patches (resolution 16ˆ16) on images with resolution 224. In SwinV2-Base, we employ
window sizes of 8ˆ8 on images with resolution 256. For image classification tasks, we branched (commit:
1304589) our implementation from PyTorch Image Models [80] and use NVIDIA A100 GPUs for training
on ImageNet-1K dataset [81]. For T5X-Base, we extend the official Google T5X release (commit: d3d3cbf)
with sparsification training recipes and use Google TPUv3. We train these models from scratch using different
training recipes across different patterns of N:M fine-grained structured sparsity. SR-STE [22] serves as the
baseline sparse training recipe to assess the effectiveness of the proposed training recipes in terms of model
accuracy. Appendix C have details about training hyperparameters, dataset details, and evaluation metrics.

5.1. Image Classification ÞÑ ViT-Base and SwinV2

ViT-Base model quality. Table 2 presents Top-1 validation accuracy for variations of N:M sparsity in
ViT-Base, with the highest accuracy model indicated in bold. The “Sparse Target” column signifies the
intended level of N:M sparsity. For example, a sparsity target of 1:32 indicates that sparse tensors exhibit at
most one non-zero for every 32 contiguous elements. In low sparsity scenarios (e.g., 2:4 and 1:4), both MDGF
and SR-STE demonstrate comparable performance. Nevertheless, with increases in either sparsity degree (e.g.,
1:8 and higher) or the number of sparse layers, e.g., 1:4 (FF) + 1:4 (QK), employing SR-STE is detrimental to
model quality. In contrast, the proposed decaying-based training recipes, MDGF and SDGF, yield the highest
accuracy.

Interestingly, when aiming for a sparsity target of 1:32 (approximately 97%), MDGF-Exponential showcases a
mere 0.3% reduction in accuracy compared to a fully dense model (76.389 vs. 76.068). Additionally, we notice
that the model accuracy increases at modest sparsity degrees, specifically in 2:4/1:4/1:8 (FF) patterns, resulting
in an improvement of up to ∆pAccq “ `2.4% in 1:4 (FF). The increase in model accuracy, demonstrated in
4(a), can be attributed to Occam’s Hill, wherein the positive impact of sparsity as a means of regularization is
elucidated [82, 83]. The performance of MDGF-Exponential training recipe is comparable to that of SR-STE
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Fig. 4: ViT-Base trained on ImageNet-1K with different sparsity patterns and targets. (a) shows the Occam’s
hill where sparsity improves the model accuracy. The dashed red line shows the reduction in inference FLOPs
at different sparsity ration. At high sparsity regime (ą80%) MDGF yields better accuracy than SR-STE
and (b) demonstrates model accuracy across training recipes (dense and sparse) at different training FLOPs.
The vertical line indicates the proposed decaying method is better (1.6%) than dense model at given training
FLOPS. The vertical line shows that the decaying based method reaches to dense model accuracy at 37.8%
less training FLOPs.

in low-sparsity scenarios. However, the proposed MDGF-Exponential recipe far surpasses SR-STE when
confronted with high-sparsity patterns.

Fig. 5: FLOP vs. Accuracy for ViT-Base+ImageNet-
1K.

As commercially available accelerator can not support
high-sparsity patterns. In order to assess the potential
performance benefits by comparing the savings in in-
ference FLOPs as well as memory usage. Figure 5
visualizes the trade-off between accuracy and infer-
ence FLOPs across range of sparsity configurations
and recipes. The results show that MDGF-Exponential
with sparsity 1:16 provides similar accuracy as SR-
STE 2:4 with 60% fewer inference FLOPs and 30%
fewer parameters. Appendix D provides the details of
FLOPs calculations.

SwinV2-Base model quality.

Table 3 demonstrate Top-1 validation accuracy for SwinV2-Base. Similar to ViT-Base, we observe that the
decaying-based algorithms outperforms SR-STE across various N:M sparsity patterns. In 1:4 and 1:8 (FF),
SDGF-Geometric yields the highest Top-1 validation accuracy. Whereas, in high-sparsity patterns, MDGF-
Exponential demonstrates superior performance compared to SR-STE. To summarize, the results from the
two image classification models demonstrate that the proposed training recipes, MDGF and SDGF, which
incorporate decaying-based approaches for N:M fine-grained structured sparsity, yield superior performance
compared to SR-STE.

Table 3: ImageNet-1K Top-1 validation accuracy on SwinV2-Base across different N:M sparse patterns and
training recipes.

Sparse Target Dense SR-STE MDGF-Exponential SDGF-Stepwise SDGF-Geometric

1:4 (FF) 83.45 82.355 82.491 82.267 82.469
1:8 (FF) 83.45 81.437 81.466 81.382 81.382
1:16 (FF) 83.45 80.154 80.542 80.386 80.274
1:32 (FF) 83.45 78.972 79.545 76.480 79.277
1:8 (FF) + 1:8(QK) 83.45 81.441 81.550 81.218 81.438

5.2. Language Understanding ÞÑ T5X-Base

We also analyze the efficacy of the proposed decaying-based training recipes for the language understanding
task. We employ a dense pre-trained T5X-Base model trained on the C4 dataset with a span-corruption
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objective [1]. The dense pre-trained model undergoes fine-tuning using the GLUE dataset [84] with various
training recipes for N:M structured sparsity. Table 4 depicts the overall score, summarized across eight
different GLUE tasks. We observer a consistent trend where SDGF outperforms SR-STE at high-sparsity
patterns and increasing number of sparse layers. Notably, we observe a relative difference of ∆ “ `5.3 in 1:8
(FF) + 1:8 (QKV) sparsity pattern. Appendix A and Appendix B provide details about the T5X-Base model,
per-task evaluation metrics, and additional ablation studies.
Table 4: The GLUE overall score on the sparsified T5X-Base model across different N:M sparse training
recipes and patterns.

Model Sparsity Target Dense SR-STE SDGF-Stepwise SDGF-Geometric

T5X-Base 1:4 (FF) 86.2 84.1 83.7 (∆ “ ´0.4) 83.4
T5X-Base 1:32 (FF) 86.2 79.4 80.9 (∆ “““ `̀̀1.5) 79.3
T5X-Base 1:8 (FF) + 1:8 (QK) 86.2 75.8 80.7 (∆ “““ `̀̀4.9) 76.8
T5X-Base 1:8 (FF) + 1:4(QKV) 86.2 78 80.3 (∆ “““ `̀̀2.3) 78.9
T5X-Base 1:8 (FF) + 1:8 (QKV) 86.2 74.2 79.5 (∆ “““ `̀̀5.3) 75.8

5.3. Language Translation ÞÑ Enc-Dec
Table 5: The translation accuracy on WMT task across different N:M sparsity patterns and training recipes.

Model Sparsity Target Dense SR-STE SDGF-Stepwise MDGF-Exponential

Enc-Dec (WMT) 1:16 0.747 0.709 0.717 0.717
Enc-Dec (WMT) 1:32 0.747 0.707 0.713 0.714
Enc-Dec (WMT) 1:64 0.747 0.707 0.710 0.711
Enc-Dec (WMT) 1:128 0.747 0.707 0.708 0.711

Finally, we compare the performance of different sparse training recipes on WMT language translation
task [85]. For that, we use an encoder-decoder transformer-based model [86] each with six layers and 16
heads, which is relatively smaller than T5X-Base. outlines the details about this model and the training
hyperparameters.

Table 5 demonstrates the accuracy results across range of sparsity patterns and training recipes. We observe that
SDGF and MDGF collectively outperform SR-STE across various N:M structured sparsity patterns. However,
we note that the difference in accuracy achieved through different training recipes is relatively smaller. This
can be attributed to the model size (6 layers vs. 12 layers in T5X-Base), as well as the nature of the translation
task, which appears to be less sensitive to sparsity patterns and training recipes3.

5.4. Recipe impact for CNNs.

While the primary focus of this work is on evaluating sparse training recipe for transformer models, for the
sake of completeness, we also test the efficacy of our recipe on CNNs. We train ResNet-50 following two
sparse training recipes (SR-STE and MDGF-Exponential) and across different sparse patterns (2:8, 1:8). We
pruned all the convolution layers and evaluate Top-1 validation accuracy on CIFAR-10. Table 6 shows a
similar pattern, decaying-based sparse training recipes outperform SR-STE in both cases.

Table 6: ResNet-50 Top-1 validation accuracy.

Sparse Target Dense SR-STE MDGF-Exponential

2:8 85.09 83.33 83.60
1:8 85.09 80.78 82.48

5.5. Baseline Comparison

Table 7: Comparing various sparsification techniques by fine-tuning T5X on GLUE dataset.

Sparse Target SR-STE [22] SNIP [53] IDP [87] MDGF-Exponential

1:32 (FF) 79.4 79.5 80.6 80.9

SR-STE is our primary baseline in our evaluations as it has shown good results in low-sparsity regions [2:4,1:4]
and is considered SOTA for N:M training. We also compared against other techniques like Inherited Dynamic
3Model accuracy is less affected as we increase the sparsity level beyond 1:32.
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Pruning (IDP) [87], and SNIP: Single-shot Network Pruning [53]. Table 7 compares the results on T5X with
GLUE dataset. We also tried to test against LBC [88] but could not recreate the results shown in the paper.4

5.6. Inference speedup on Real Hardware.

Current SOTA hardware accelerates sparsity at a 2:4 ratio. However, adopting higher sparsity levels can enable
even faster inference, even without dedicated hardware support for such patterns. This acceleration primarily
arises from reduced memory movement in memory-bound kernels.

To evaluate end-to-end acceleration on GPUs, we measure the runtime of the ViT-Large [78] inference stage
across various N:M sparse patterns, using the dense implementation as a baseline. We induce N:M sparse
patterns only in the FF layers. Our results demonstrate substantial benefits from N:M sparsity, even for patterns
beyond 2:4, during end-to-end model inference. Table 8 presents the speedups achieved on V100 and A100
GPUs for different N:M sparsity patterns compared to dense ViT implementations. It is important to emphasize
that these gains primarily stem from reduced memory movement and optimizations via custom cuSPARSE
APIs. Furthermore, we report standalone acceleration for sparse FFN kernels in Appendix E.

Table 8: Speedup of ViT Inference with various sparsity amounts in FF layers.

Hardware Dense 2:4 1:4 1:8 1:16 1:32 1:128

V100 1.0 1.542 2.202 3.019 3.460 3.558 3.380
A100 1.0 1.953 2.614 2.958 3.014 3.129 3.259

6. Limitations and Future Works
This work explores effective high-ratio sparsity for self-attention models. While we evaluate MDGF and
SDGF in isolation, combining them across training regions may yield better model quality. Our key finding
is that high sparsity degrades gradient estimation, which we mitigate by progressively tightening gradient
flow—a simple yet effective strategy across various models and datasets.

However, our approach has limitations. First, while empirically effective, it lacks a strong theoretical foundation
explaining why gradient decay alleviates sparsity effects. Future work could provide a rigorous analysis.
Second, our method focuses on structured sparsity at training time and may not extend to dynamic scenarios
like KV cache compression in autoregressive models. Adapting it to such contexts remains an open challenge.
Further, applying our techniques to autoregressive models, which suffer from high inference costs and memory
constraints, is a promising direction. A deeper evaluation in this setting could enhance their impact and utility.

7. Conclusion
We study the efficacy of recent sparsity recipes for N:M sparsity across transformer-based models and find that
conventional methods introduce significant gradient noise at high sparsity (>75%). To address this, we propose
decaying-based training recipes, with MDGF-Exponential achieving state-of-the-art accuracy—improving
vision models by 2% and language models by 5% at high sparsity. Our results highlight the critical role
of gradient flow, especially in early training. For same training FLOPs, our approach improves accuracy
by 2%. Additionally, MDGF-Exponential (1:16) matches SR-STE (2:4) accuracy while reducing inference
FLOPs by 60% and parameters by 30%. Finally, real hardware tests show up to 3.38ˆ speedup over dense
implementations. The source code is open sourced and available in github.
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A. Ablations Studies
This section shows the various ablation studies we performed during our experiments.

A.1. Effect of dense training steps (d)

Both our proposed methods, MDGF and SDGF include a dense training phase. We do an ablation study
on different amounts of dense training steps(% of total steps) in Table 9. We perform this study on the
language translation model (more implementation details in section §C.2.4) trained on WMT-17. We found
that changing the dense step between 1.25% - 10% of the total training steps does not observably change the
accuracy performance. However, empirically, we found that the dense training phase is still essential. The
model cannot achieve as competitive accuracy without few epochs of dense training.

Table 9: Ablation: The effect of number of dense training steps (d).
Accuracy MDGF-Linear SDGF-Stepwise

Sparsity Target 1:16 1:32 1:64 1:128 1:16 1:32 1:64 1:128

Dense steps (d)

1.25% 0.7155 0.7134 0.7106 0.7100 0.7157 0.7134 0.7108 0.7106
2.5% 0.7160 0.7127 0.7110 0.7093 0.7160 0.7136 0.7117 0.7100

5% 0.7157 0.7137 0.7103 0.7094 0.7164 0.7141 0.7107 0.7098
10% 0.7156 0.7126 0.7107 0.7104 0.7165 0.7128 0.7115 0.7107

A.2. Effects of fine-tuning steps (s)

We also have a sets of study on number of fine-tuning steps in Table 10. We perform this study on the language
translation model (more implementation details in section §C.2.4) trained on WMT-17. We found that for all
of our proposed methods, the fine-tuning steps between 10% - 20% of the total training steps do not observably
change the accuracy performance. However, empirically, we also found few steps of fine-tuning at the end are
essential to recovering the accuracy.

Table 10: Ablation: The effect of number of fine-tuning steps (s).
Accuracy MDGF-Linear SDGF-Stepwise

Sparsity Target 1:16 1:32 1:64 1:128 1:16 1:32 1:64 1:128

Fine-tuning steps (s) 10% 0.7153 0.7130 0.7107 0.7098 0.7160 0.7125 0.7095 0.7072
20% 0.7161 0.7132 0.7106 0.7097 0.7121 0.7093 0.7081 0.7065

A.3. Effect of (βt) in MDGF-Linear

We also study on effect of decay rate on model’s accuracy in Table 11. We do experiments with varying βt for
ViT-Base trained on Imagenet-1k for different sparsity targets.

We observe that a higher decay rate is beneficial at low sparsity targets (2:4,1:4), but for targets higher than
1:8, we found lower decay rate works better.

Table 11: Ablation: The effect of mask decay rate (βt) for MDGF-Linear.

Sparsity Target 2:4 1:4 1:8

Mask decay rate (βt)
0.0002 77.495 78.448 78.019
0.001 77.613 78.512 76.4075

B. Detailed Results for T5X-Base Sparsification on GLUE Dataset
We compared sparsification methods N:M block sparsification against state-of-the-art technique, SR-STE on.
T5 model uses a span-based masked language modeling (MLM) objective. T5 models were introduced in [1]
and the updated models are available at T5X-github. We train a pre trained t5x-base model on GLUE dataset
[84].
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The main paper shows a snapshot of the performance across various sparsity targets using the overall score as
metric. Table 12 presents all 9 scores for each sparsification technique and sparsity target.

Table 12: GLUE full score using various T5X-base with different N:M sparse targets and various sparsification
techniques.

overall score CoLA MNLI matched MNLI mismatched MRPC QNLI QQP RTE SST-2 STS-B

Dense - 86.2 58.9 87.2 87 92.4 / 89.2 (90.8) 93.6 92.0 / 89.2 (90.6) 82.3 95 90.1 / 90.0 (90.0)

SR-STE (Zero Dense) 1:4 83.1 41.8 85.2 85.3 92.8 / 90.0 (91.4) 92.3 91.8 / 88.9 (90.3) 79.1 93.6 89.5 / 89.2 (89.3)
SR-STE (10K Dense) 1:4 84.1 48.1 85.7 85.6 92.4 / 89.5 (91.0) 92.1 91.8 / 89.0 (90.4) 82.7 93.6 87.9 / 87.7 (87.8)
MDGF-Stepwise (10K Dense) 1:4 83.7 48.8 85.3 85.4 92.4 / 89.2 (90.8) 92.3 91.8 / 89.0 (90.4) 80.5 93.5 86.5 / 86.3 (86.4)
MDGF-Geometric (Zero Dense) 1:4 83.3 48.4 85.3 85.3 92.0 / 89.0 (90.5) 91.8 91.8 / 88.9 (90.3) 78 92.8 87.3 / 87.4 (87.3)
MDGF-Geometric (10K Dense) 1:4 83.4 47.2 85.4 85.3 92.6 / 89.7 (91.1) 92 91.8 / 89.0 (90.4) 79.8 92.9 86.7 / 86.4 (86.5)

SR-STE (Zero Dense) 1:32 77.1 19 81.3 81.3 90.9 / 87.0 (89.0) 86.9 90.6 / 87.4 (89.0) 71.1 89.9 86.7 / 86.8 (86.8)
SR-STE (10K Dense) 1:32 79.4 29.4 82.2 82.6 91.5 / 88.5 (90.0) 89.6 91.2 / 88.2 (89.7) 72.6 91.4 87.1 / 87.2 (87.2)
MDGF-Stepwise (10K Dense) 1:32 80.9 38.3 83.6 83.7 92.5 / 89.7 (91.1) 90.5 91.5 / 88.5 (90.0) 74.4 91.2 85.2 / 85.0 (85.1)
MDGF-Geometric (Zero Dense) 1:32 77.6 20.2 81.3 81.6 91.8 / 88.5 (90.1) 87.2 90.8 / 87.7 (89.2) 73.3 90.1 85.8 / 85.5 (85.6)
MDGF-Geometric (10K Dense) 1:32 79.3 29.2 82.3 82.9 91.3 / 88.0 (89.6) 90.4 91.3 / 88.3 (89.8) 73.3 90.5 85.4 / 85.4 (85.4)

SR-STE (Zero Dense) 1:8(FF) + 1:8(QK) 74.4 15.7 77.2 77.6 89.9 / 85.8 (87.8) 83.6 89.7 / 86.2 (87.9) 67.5 88.2 84.1 / 83.9 (84.0)
SR-STE (10K Dense) 1:8(FF) + 1:8(QK) 75.8 19.9 78.6 79.4 89.7 / 86.0 (87.9) 84 90.1 / 86.7 (88.4) 70 89.4 84.5 / 84.2 (84.4)
MDGF-Stepwise (10K Dense) 1:8(FF) + 1:8(QK) 80.7 38.7 83.1 83.2 90.9 / 87.7 (89.3) 89.9 91.2 / 88.2 (89.7) 76.2 91.9 84.5 / 84.5 (84.5)
MDGF-Geometric (Zero Dense) 1:8(FF) + 1:8(QK) 75.8 21.6 78.8 79 90.0 / 86.0 (88.0) 83.6 90.1 / 86.6 (88.3) 69.7 88.9 84.0 / 83.9 (83.9)
MDGF-Geometric (10K Dense) 1:8(FF) + 1:8(QK) 76.8 22.3 80.7 80.9 89.8 / 85.8 (87.8) 86.3 90.5 / 87.4 (89.0) 70 91.1 83.7 / 83.4 (83.6)

SR-STE (Zero Dense) 1:8(FF) + 1:8(QKV) 73.2 13.5 76.3 76.4 89.0 / 84.6 (86.8) 83.2 89.5 / 85.9 (87.7) 63.9 87 84.3 / 84.2 (84.2)
SR-STE (10K Dense) 1:8(FF) + 1:8(QKV) 74.2 16.1 77.7 77.6 88.5 / 84.1 (86.3) 82.9 89.9 / 86.3 (88.1) 66.4 88.8 84.4 / 84.2 (84.3)
MDGF-Stepwise (10K Dense) 1:8(FF) + 1:8(QKV) 79.5 33 82.3 82.3 91.3 / 87.7 (89.5) 89.2 91.0 / 88.0 (89.5) 74.4 91.1 84.5 / 84.8 (84.6)
MDGF-Geometric (Zero Dense) 1:8(FF) + 1:8(QKV) 75.5 22.1 78.6 78.7 90.5 / 86.8 (88.6) 83.4 90.0 / 86.5 (88.2) 67.9 88.2 84.2 / 84.2 (84.2)
MDGF-Geometric (10K Dense) 1:8(FF) + 1:8(QKV) 75.8 19.5 79.4 79.6 89.4 / 85.3 (87.3) 84.5 90.2 / 86.8 (88.5) 70.4 89.8 83.3 / 83.0 (83.2)

SR-STE (Zero Dense) 1:8(FF) + 1:4(QKV) 75.1 15 78.4 79 90.5 / 86.8 (88.6) 84.2 90.1 / 86.6 (88.4) 67.9 88.4 86.2 / 86.1 (86.2)
SR-STE (10K Dense) 1:8(FF) + 1:4(QKV) 78 24.5 81.2 81.6 91.1 / 87.7 (89.4) 87.1 90.6 / 87.3 (89.0) 72.2 90.9 85.8 / 85.8 (85.8)
MDGF-Stepwise (10K Dense) 1:8(FF) + 1:4(QKV) 80.3 36.4 83.2 83.4 90.9 / 87.3 (89.1) 90.3 91.3 / 88.3 (89.8) 74.7 90.9 85.2 / 85.0 (85.1)
MDGF-Geometric (Zero Dense) 1:8(FF) + 1:4(QKV) 76.8 20.2 80.5 80.8 91.3 / 87.7 (89.5) 85.4 90.3 / 87.0 (88.6) 70.8 90.4 84.9 / 84.9 (84.9)
MDGF-Geometric (10K Dense) 1:8(FF) + 1:4(QKV) 78.9 27.7 82.4 82.4 91.3 / 87.7 (89.5) 88.8 91.0 / 88.1 (89.6) 74.4 91.3 84.5 / 84.5 (84.5)

Here is an itemized list of nine tasks used in the GLUE dataset, along with brief descriptions of each:

• CoLA (Corpus of Linguistic Acceptability): Classify whether a given sentence is grammatically
acceptable or not.

• MNLI (Multi-Genre Natural Language Inference): Classify the relationship between a given
premise and hypothesis as entailment, contradiction, or neutral. We use the standard test set, for
which we obtained private labels from the authors, and evaluate on both the matched (in-domain) and
mismatched (cross-domain) sections.

• MRPC (Microsoft Research Paraphrase Corpus): Determine whether a pair of sentences express
the same meaning or not.

• QNLI (Question-answering Natural Language Inference): Determine whether a given question
can be answered correctly using a given sentence.

• QQP (Quora Question Pairs): Determine whether a pair of questions from Quora are semantically
equivalent or not.

• RTE (Recognizing Textual Entailment): Classify the relationship between a given premise and
hypothesis as entailment or not.

• SST-2 (Stanford Sentiment Treebank): Determine the sentiment of a given sentence as either
positive or negative.

• STS-B (Semantic Textual Similarity Benchmark): Calculate the similarity score between two
sentences on a scale from 0 to 5.

These tasks cover various aspects of language understanding, including sentence acceptability, sentiment
analysis, paraphrase detection, textual similarity, natural language inference, question-answering, and co-
reference resolution.

Figure 7 shows the accuracy vs. fine-tuneing step curve for each of the 9 benchmarks of GLUE.
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C. Detailed Experimental Settings

C.1. Datasets
C.1.1. ImageNet-1K

ImageNet-1K [81] is a large-scale image classification task, known as one of the most challenging image
classification benchmarks. It consists of more than 1.2 million training images and 50K validation images
with a size of 224x224 pixels, each with 3 channels. Each image is labeled as one of the 1K classes. We use
this dataset for studies in Section 4.1 of the main paper. For ViT and SwinV2 experiments, we use a patch size
of 16. This converts the 224x224 pixel image into an input of sequence length 224{16 ˚ 224{16 “ 196.

Evaluation metrics. All reported results follow standard Top-1 validation accuracy.

C.1.2. CIFAR10

CIFAR-10 [74] is a smaller-scale image classification dataset consisting of 10 classes. Each class has 6000
color images of 32x32 pixels in size.

Evaluation metrics. All reported results to follow standard Top-1 accuracy.

C.1.3. GLUE

The General Language Understanding Evaluation (GLUE) [84] benchmark is a collection of resources for
training, evaluating, and analyzing natural language understanding systems. GLUE consists of: A benchmark
of nine sentence- or sentence-pair language understanding tasks built on established existing datasets and
selected to cover a diverse range of dataset sizes, text genres, and degrees of difficulty, Table 12 shows the
overall score for each sparsity target using different sparsification methods.

Evaluation metrics. All reported results in the main paper use the overall average score.

C.1.4. WMT

WMT-17 (English-German) [85] is a key benchmark in machine translation research. They hold several
translation datasets across different languages. The training set consists of about 4.5 million bilingual sentence
pairs from WMT 2014.

Evaluation metrics. We calculate accuracy by comparing the translated output to the correct translation in the
validation datasets.

C.2. Hyperparameters for Different Models
C.2.1. Image Classification Ñ Vision Transformers (ViT)

We train the ViT-Base model on ImageNet-1k with hyperparameters presented in Table 13. We follow the
hyperparameter setting in [80] for all ViT experiments. We also use the same hyperparameters to train ViT-Tiny
model ( 3 layers, 3 attention head per layer, Embedding dimension: 192) on CIFAR-10 for initial experiments
in Section 3.2 for analysing the trends of weights, gradients and optimizer moments and comparing those with
SR-STE.

The detailed list of all hyperparameters can be found at hyperparaters.yaml. For ViT-Base, the training phase
takes « 44 hours on 16 - A100 GPUs.

Figure 6 shows the Top-1 and Top-5 accuracy trends for training ViT to various sparsity targets with different
sparsification techniques. We observe generally, MDGF and SDGF are better than SR-STE, especially for
high-sparsity targets.
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Table 13: Hyperparameters used for training ViT on ImageNet-1K.

Batch Size 256
Training Epoches 350
Learning Rate 1e-3
LR Warmup Epoches 15
LR Decay schedular Cosine
Decay Rate 0.1
Decay Epoches 100
Optimizer AdamW
Optimizer coefs beta1 = 0.9, beta2 = 0.999

C.2.2. Image Classification Ñ Swin Transformer V2 (SwinV2)

We train the SwinV2-Base model on imagenet-1k with hyperparameters presented in Table 14. We follow the
hyperparameter setting in [79] for all SwinV2 experiments.

Table 14: Hyperparameters used for training SwinV2 on ImageNet-1K.

Batch Size 128
Training Epoches 350
Learning Rate 1e-3
LR Warmup Epoches 20
LR Decay schedular Cosine
Decay Rate 0.1
Decay Epoches 30
Optimizer AdamW
Optimizer coefs beta1 = 0.9, beta2 = 0.999

The detailed model configuration is the same as present in the original Microsoft research GitHub repo,
SwinV2-base.yaml The detailed list of all hyperparameters was taken from config.yaml. For SwinV2-Base,
the training phase takes « 54 hours on 16 - A100 GPUs.

C.2.3. Language Understanding Ñ T5X

We train the T5X-Base model on GLUE dataset with hyperparameters presented in Table 15. We follow the
hyperparameter setting in [1] for all T5X training experiments.

The detailed model configuration is the same as present in the original Google research GitHub repo,
T5X model T5X-Base’s training phase takes « 22 hours on 8ˆGoogle Cloud TPUv3 cores.

Table 15: Hyperparameters used for training T5X on GLUE.

Batch Size 128
Training Steps 100k
Learning Rate 1e-3
LR Warmup Steps 1000
LR Decay schedular Constant
Optimizer AdamW
Optimizer coefs beta1 = 0.9, beta2 = 0.999

C.2.4. Language Translation Model Ñ Enc-Dec

We train an encoder-decoder-based model on WMT-17 with hyperparameters presented in Table 16. The
model is inspired by the attention paper [86]. We follow the hyperparameter setting in [89] to train all models.
The training phase takes « 8 hours on 32 - Google Cloud TPU v3 cores.
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Table 16: Model configurations and hyperparameters for training model on WMT.

Number of Encoder Layers 6
Number of Decoder Layer 6
Hidden Dimension Size 1024
Feed-Forward Dimension Size 4096
Number of Attention Heads 16
Max Sequence Length 256
Training Dataset WMT-17
Testing Dataset WMT-14
Batch Size 512
Training Steps 200K
Learning Rate 0.0625
LR Warmup Steps 1000
Decay Factor 0.5
Optimizer Adam
Optimizer coefs beta1 = 0.9, beta2 = 0.92
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Fig. 6: Training Epochs vs Accuracy graph for different sparsity targets. We train ViT-Base on ImageNet-1K.

18



1.00 1.01 1.02 1.03 1.04 1.05
Finetuning Steps 1e6

0

10

20

30

40

50

60

ev
al

/m
at

th
ew

s_
co

rrc
oe

f

cola

Dense
SR-STE (0 Dense)_1:4 (FF)
SR-STE (10K Dense)_1:4 (FF)
SDGF-Stepwise (10K Dense)_1:4 (FF)
SDGF-Geometric (0 Dense)_1:4 (FF)
SDGF-Geometric (10K Dense)_1:4 (FF)
MDGF-Exponential (10K Dense)_1:4 (FF)

1.00 1.01 1.02 1.03 1.04 1.05
Finetuning Steps 1e6

83

84

85

86

87

ev
al

/a
cc

ur
ac

y

mnli_matched

Dense
SR-STE (0 Dense)_1:4 (FF)
SR-STE (10K Dense)_1:4 (FF)
SDGF-Stepwise (10K Dense)_1:4 (FF)
SDGF-Geometric (0 Dense)_1:4 (FF)
SDGF-Geometric (10K Dense)_1:4 (FF)
MDGF-Exponential (10K Dense)_1:4 (FF)

1.00 1.01 1.02 1.03 1.04 1.05
Finetuning Steps 1e6

83.0

83.5

84.0

84.5

85.0

85.5

86.0

86.5

87.0

ev
al

/a
cc

ur
ac

y
mnli_mismatched

Dense
SR-STE (0 Dense)_1:4 (FF)
SR-STE (10K Dense)_1:4 (FF)
SDGF-Stepwise (10K Dense)_1:4 (FF)
SDGF-Geometric (0 Dense)_1:4 (FF)
SDGF-Geometric (10K Dense)_1:4 (FF)
MDGF-Exponential (10K Dense)_1:4 (FF)

1.00 1.01 1.02 1.03 1.04 1.05
Finetuning Steps 1e6

80

82

84

86

88

90

ev
al

/a
cc

ur
ac

y

mrpc

Dense
SR-STE (0 Dense)_1:4 (FF)
SR-STE (10K Dense)_1:4 (FF)
SDGF-Stepwise (10K Dense)_1:4 (FF)
SDGF-Geometric (0 Dense)_1:4 (FF)
SDGF-Geometric (10K Dense)_1:4 (FF)
MDGF-Exponential (10K Dense)_1:4 (FF)

1.00 1.01 1.02 1.03 1.04 1.05
Finetuning Steps 1e6

87

88

89

90

91

92

93

ev
al

/f1

mrpc

Dense
SR-STE (0 Dense)_1:4 (FF)
SR-STE (10K Dense)_1:4 (FF)
SDGF-Stepwise (10K Dense)_1:4 (FF)
SDGF-Geometric (0 Dense)_1:4 (FF)
SDGF-Geometric (10K Dense)_1:4 (FF)
MDGF-Exponential (10K Dense)_1:4 (FF)

1.00 1.01 1.02 1.03 1.04 1.05
Finetuning Steps 1e6

90.0

90.5

91.0

91.5

92.0

92.5

93.0

93.5

ev
al

/a
cc

ur
ac

y

qnli

Dense
SR-STE (0 Dense)_1:4 (FF)
SR-STE (10K Dense)_1:4 (FF)
SDGF-Stepwise (10K Dense)_1:4 (FF)
SDGF-Geometric (0 Dense)_1:4 (FF)
SDGF-Geometric (10K Dense)_1:4 (FF)
MDGF-Exponential (10K Dense)_1:4 (FF)

Fig. 7: Per-task evaluations for T5X-Base model finetuned on the GLUE dataset for 50 K steps.
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D. FLOPS Calculation

Fig. 8: Operations for ViT base model. For sake of brevity, we only include the operators that take significant
runtime. Parameter dimensions are mentioned in blue text near the corresponding operators.

Figure 8 shows various operators in ViT base model. The breakdown of flops, Table 17, shows that FF accounts
for majority of the FLOPS and thus would be our main avenue of sparsification.

FLOPS (G) Q/K/V/O L/A FF1/FF2

Dense 2.77 0.7 11.1
Table 17: Operator wise FLOPS breakdown for ViT-base.

We calculate the total number of flops for the model as follows.

FLOPStot “ FLOPSSA ` FLOPSFF ˚ SFF

FLOPSSA “ FLOPSQ ` FLOPSK ` FLOPSV ` FLOPSL ` FLOPSA ` FLOPSO

FLOPSFF “ FLOPSFF1 ` FLOPSFF2

FLOPSSA is number of flops in self-attention layers which consists of QKV generation, 2 einsums (Logit
and Attend) and output projection(O).

FLOPSFF is number of flops of the 2 feed-forward layers.

Using these equations, We list the total FLOPS of ViT-base for various sparsity targets in Table 18.

Sparsity : SFF FLOPSSA FLOPSFF FLOPStot

Dense : 1.0 12.51 22.19 34.71
2:4 (FF) : 0.5 12.51 11.1 23.61

1:4 (FF) : 0.25 12.51 5.55 18.06
1:8 (FF) : 0.125 12.51 2.77 15.29

1:16 (FF) : 0.0625 12.51 1.39 13.90
1:32 (FF) : 0.03125 12.51 0.69 13.20

1:128 (FF) : 0.0078125 12.51 0.17 12.69
Table 18: FLOPS(G) calculation for various level of sparsity in ViT-Base.

E. Sparse Matmuls speedup on Real Hardware.
We have conducted additional experiments showcasing the benefits of other N:M sparsity forms in performing
sparse matrix multiplications on hardware without compute support for N:M (!= 2:4) acceleration.

We performed these experiments using real hardware, specifically V100, A100, and GH200. We used cupy [90]
library along with the spmatrix.dot [91] function for sparse computation. We measured the run-time (after a
few iterations of warm-up) of different feedforward kernels of ViT.
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Table 19 shows the speedup of running VIT FFN kernels on different hardware. As shown, different forms of
N:M sparsity offer speedup over default 2:4 structured sparsity (up to 8.62 on V100, 5.87 on A100 and 4.16 on
H100).

These results further support our claim on the benefits of N:M sparsity variants in delivering performance.
Note that the benefits of non-2:4 kernels can be primarily attributed to memory savings, reduction in the data
communication, and customized cusparse API. We also included nsys profiler logs (Figure 9) to ensure the
benefits originate from both memory savings and customized cusparse kernel.

Table 19: Average Speedup across FF1 and FF2 compared to 2:4 for different sparsity levels.

Hardware 2:4 1:4 1:8 1:16 1:32 1:128

V100 1.0 1.83 3.05 5.25 7.64 8.62
A100 1.0 1.85 2.96 4.01 4.82 5.87

GH200 1.0 1.80 2.58 3.22 3.65 4.16

Fig. 9: Nsys profiler log for running N:M hardware on A100.
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