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ABSTRACT

We study the convergence of gradient descent (GD) and stochastic gradient de-
scent (SGD) for training L-hidden-layer linear residual networks (ResNets). We
prove that for training deep residual networks with certain linear transformations
at input and output layers, which are fixed throughout training, both GD and SGD
with zero initialization on all hidden weights can converge to the global minimum
of the training loss. Moreover, when specializing to appropriate Gaussian random
linear transformations, GD and SGD provably optimize wide enough deep linear
ResNets. Compared with the global convergence result of GD for training stan-
dard deep linear networks (Du & Hu, 2019), our condition on the neural network
width is sharper by a factor of O(xL), where x denotes the condition number of
the covariance matrix of the training data. We further propose a modified identity
input and output transformations, and show that a (d + k)-wide neural network
is sufficient to guarantee the global convergence of GD/SGD, where d, k are the
input and output dimensions respectively.

1 INTRODUCTION

Despite the remarkable power of deep neural networks (DNNs) trained using stochastic gradient
descent (SGD) in many machine learning applications, theoretical understanding of the properties
of this algorithm, or even plain gradient descent (GD), remains limited. Many key properties of the
learning process for such systems are also present in the idealized case of deep linear networks. For
example, (a) the objective function is not convex; (b) errors back-propagate; and (c) there is potential
for exploding and vanishing gradients. In addition to enabling study of systems with these properties
in a relatively simple setting, analysis of deep linear networks also facilitates the scientific under-
standing of deep learning because using linear networks can control for the effect of architecture
choices on the expressiveness of networks (Arora et al., 2018; Du & Hu, 2019). For these reasons,
deep linear networks have received extensive attention in recent years.

One important line of theoretical investigation of deep linear networks concerns optimization land-
scape analysis (Kawaguchi, 2016; Hardt & Ma, 2016; Freeman & Bruna, 2016; Lu & Kawaguchi,
2017; Yun et al., 2018; Zhou & Liang, 2018), where major findings include that any critical point
of a deep linear network with square loss function is either a global minimum or a saddle point, and
identifying conditions on the weight matrices that exclude saddle points. Beyond landscape analy-
sis, another research direction aims to establish convergence guarantees for optimization algorithms
(e.g. GD, SGD) for training deep linear networks. Arora et al. (2018) studied the trajectory of gra-
dient flow and showed that depth can help accelerate the optimization of deep linear networks. Ji
& Telgarsky (2019); Gunasekar et al. (2018) investigated the implicit bias of GD for training deep
linear networks and deep linear convolutional networks respectively. More recently, Bartlett et al.
(2019); Arora et al. (2019a); Shamir (2018); Du & Hu (2019) analyzed the optimization trajectory of
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GD for training deep linear networks and proved global convergence rates under certain assumptions
on the training data, initialization, and neural network structure.

Inspired by the great empirical success of residual networks (ResNets), Hardt & Ma (2016) con-
sidered identity parameterizations in deep linear networks, i.e., parameterizing each layer’s weight
matrix as I + W, which leads to the so-called deep linear ResNets. In particular, Hardt & Ma (2016)
established the existence of small norm solutions for deep residual networks with sufficiently large
depth L, and proved that there are no critical points other than the global minimum when the maxi-
mum spectral norm among all weight matrices is smaller than O(1/L). Motivated by this intriguing
finding, Bartlett et al. (2019) studied the convergence rate of GD for training deep linear networks
with identity initialization, which is equivalent to zero initialization in deep linear ResNets. They
assumed whitened data and showed that GD can converge to the global minimum if (i) the training
loss at the initialization is very close to optimal or (ii) the regression matrix ® is symmetric and
positive definite. (In fact, they proved that, when ® is symmetric and has negative eigenvalues, GD
for linear ResNets with zero-initialization does not converge.) Arora et al. (2019a) showed that GD
converges under substantially weaker conditions, which can be satisfied by random initialization
schemes. The convergence theory of sfochastic gradient descent for training deep linear ResNets is
largely missing; it remains unclear under which conditions SGD can be guaranteed to find the global
minimum.

In this paper, we establish the global convergence of both GD and SGD for training deep linear
ResNets without any condition on the training data. More specifically, we consider the training of
L-hidden-layer deep linear ResNets with fixed linear transformations at input and output layers. We
prove that under certain conditions on the input and output linear transformations, GD and SGD can
converge to the global minimum of the training loss function. Moreover, when specializing to appro-
priate Gaussian random linear transformations, we show that, as long as the neural network is wide
enough, both GD and SGD with zero initialization on all hidden weights can find the global mini-
mum. There are two main ingredients of our proof: (i) establishing restricted gradient bounds and
a smoothness property; and (ii) proving that these properties hold along the optimization trajectory
and further lead to global convergence. We point out the second aspect is challenging especially
for SGD due to the uncertainty of its optimization trajectory caused by stochastic gradients. We
summarize our main contributions as follows:

e We prove the global convergence of GD and SGD for training deep linear ResNets. Specifically,
we derive a generic condition on the input and output linear transformations, under which both
GD and SGD with zero initialization on all hidden weights can find global minima. Based on this
condition, one can design a variety of input and output transformations for training deep linear
ResNets.

e When applying appropriate Gaussian random linear transformations, we show that as long as
the neural network width satisfies m = Q(krx?), with high probability, GD can converge to
the global minimum up to an e-error within O(k log(1/€)) iterations, where k, r are the output
dimension and the rank of training data matrix X respectively, and x = |X|%/0%(X) denotes
the condition number of the covariance matrix of the training data. Compared with previous
convergence results for training deep linear networks from Du & Hu (2019), our condition on
the neural network width is independent of the neural network depth L, and is strictly better by a
factor of O(Lk).

e Using the same Gaussian random linear transformations, we also establish the convergence guar-
antee of SGD for training deep linear ResNets. We show that if the neural network width satisfies
m = Q(krx?log?(1/€) -n?/B?), with constant probability, SGD can converge to the global min-
imum up to an e-error within O (k%€ log(1/€) - n/B) iterations, where n is the training sample
size and B is the minibatch size of stochastic gradient. This is the first global convergence rate of
SGD for training deep linear networks. Moreover, when the global minimum of the training loss
is 0, we prove that SGD can further achieve linear rate of global convergence, and the condition
on the neural network width does not depend on the target error e.

As alluded to above, we analyze networks with d inputs, & outputs, and m > max{d, k} nodes
in each hidden layer. Linear transformations that are fixed throughout training map the inputs to
the first hidden layer, and the last hidden layer to the outputs. We prove that our bounds hold with
high probability when these input and output transformations are randomly generated by Gaussian
distributions. If, instead, the input transformation simply copies the inputs onto the first d compo-
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nents of the first hidden layer, and the output transformation takes the first £ components of the last
hidden layer, then our analysis does not provide a guarantee. There is a good reason for this: a slight
modification of a lower bound argument from Bartlett et al. (2019) demonstrates that GD may fail
to converge in this case. However, we describe a similarly simple, deterministic, choice of input and
output transformations such that wide enough networks always converge. The resulting condition on
the network width is weaker than that for Gaussian random transformations, and thus improves on
the corresponding convergence guarantee for linear networks, which, in addition to requiring wider
networks, only hold with high probability for random transformations.

1.1 ADDITIONAL RELATED WORK

In addition to what we discussed above, a large bunch of work focusing on the optimization of
neural networks with nonlinear activation functions has emerged. We will briefly review them in
this subsection.

It is widely believed that the training loss landscape of nonlinear neural networks is highly noncon-
vex and nonsmooth (e.g., neural networks with ReL.U/LeakyReLU activation), thus it is fundamen-
tally difficult to characterize the optimization trajectory and convergence performance of GD and
SGD. Some early work (Andoni et al., 2014; Daniely, 2017) showed that wide enough (polynomial
in sample size n) neural networks trained by GD/SGD can learn a class of continuous functions (e.g.,
polynomial functions) in polynomial time. However, those works only consider training some of the
neural network weights rather than all of them (e.g., the input and output layers) '. In addition,
a series of papers investigated the convergence of gradient descent for training shallow networks
(typically 2-layer networks) under certain assumptions on the training data and initialization scheme
(Tian, 2017; Du et al., 2018b; Brutzkus et al., 2018; Zhong et al., 2017; Li & Yuan, 2017; Zhang
et al., 2018). However, the assumptions made in these works are rather strong and not consistent
with practice. For example, Tian (2017); Du et al. (2018b); Zhong et al. (2017); Li & Yuan (2017);
Zhang et al. (2018) assumed that the label of each training data is generated by a teacher network,
which has the same architecture as the learned network. Brutzkus et al. (2018) assumed that the
training data is linearly separable. Li & Liang (2018) addressed this drawback; they proved that
for two-layer ReLU network with cross-entropy loss, as long as the neural network is sufficiently
wide, under mild assumptions on the training data SGD with commonly-used Gaussian random
initialization can achieve nearly zero expected error. Du et al. (2018c) proved the similar results
of GD for training two-layer ReLU networks with square loss. Beyond shallow neural networks,
Allen-Zhu et al. (2019); Du et al. (2019); Zou et al. (2019) generalized the global convergence re-
sults to multi-layer over-parameterized ReLLU networks. Chizat et al. (2019) showed that training
over-parameterized neural networks actually belongs to a so-called “lazy training” regime, in which
the model behaves like its linearization around the initialization. Furthermore, the parameter scaling
is more essential than over-paramterization to make the model learning within the “lazy training”
regime. Along this line of research, several follow up works have been conducted. Oymak &
Soltanolkotabi (2019); Zou & Gu (2019); Su & Yang (2019); Kawaguchi & Huang (2019) improved
the convergence rate and over-parameterization condition for both shallow and deep networks. Arora
et al. (2019b) showed that training a sufficiently wide deep neural network is almost equivalent to
kernel regression using neural tangent kernel (NTK), proposed in Jacot et al. (2018). Allen-Zhu
et al. (2019); Du et al. (2019); Zhang et al. (2019) proved the global convergence for training deep
ReLU ResNets. Frei et al. (2019) proved the convergence of GD for training deep ReLU ResNets
under an over-parameterization condition that is only logarithmic in the depth of the network, which
partially explains why deep residual networks are preferable to fully connected ones. However, all
the results in Allen-Zhu et al. (2019); Du et al. (2019); Zhang et al. (2019); Frei et al. (2019) require
a very stringent condition on the network width, which typically has a high-degree polynomial de-
pendence on the training sample size n. Besides, the results in Allen-Zhu et al. (2019); Zhang et al.
(2019) also require that all data points are separated by a positive distance and have unit norm. As
shown in Du & Hu (2019) and will be proved in this paper, for deep linear (residual) networks, there
is no assumption on the training data, and the condition on the network width is significantly milder,
which is independent of the sample size n. While achieving a stronger result for linear networks
than for nonlinear ones is not surprising, we believe that our analysis, conducted in the idealized
deep linear case, can provide useful insights to understand optimization in the nonlinear case.

'In Daniely (2017), the weight changes in all hidden layers make negligible contribution to the final output,
thus can be approximately treated as only training the output layer.
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Two concurrent works analyze gradient descent applied to deep linear (residual) networks (Hu et al.,
2020; Wu et al., 2019). Hu et al. (2020) consider deep linear networks with orthogonal initialization,
and Wu et al. (2019) consider zero initialization on the last layer and identity initialization for the
rest of the layers, which are similar to our setting. However, there are several differences between
their work and ours. One major difference is that Hu et al. (2020) and Wu et al. (2019) only prove
global convergence for GD, but our results cover both GD and SGD. In addition, Hu et al. (2020)
focuses on proving the global convergence of GD for sufficiently wide networks, while we provide
a generic condition on the input and output linear transformations for ensuring global convergence.
Wu et al. (2019) assumes whitened data and proves a O(L?log(1/e)) bound on the number of
iterations required for GD to converge, where we establish a O(log(1/¢))? bound.

1.2 NOTATION.

We use lower case, lower case bold face, and upper case bold face letters to denote scalars, vectors
and matrices respectively. For a positive integer, we denote the set {1, ..., k} by [k]. Given a vector
X, we use ||x|2 to denote its 2 norm. We use N (u,0?) to denote the Gaussian distribution with
mean 4 and variance 2. Given a matrix X, we denote |X| g, [X|2 and |X|2, as its Frobenious
norm, spectral norm and ¢ o, norm (maximum ¢, norm over its columns), respectively. In addition,
we denote by opin(X), omax(X) and o,-(X) the smallest, largest and r-th largest singular values
of X respectively. For a square matrix A, we denote by Apnin(A) and Ayax(A) the smallest and
largest eigenvalues of A respectively. For two sequences {a } x>0 and {by }x>0, we say ar, = O(by,)
if ap < C1by, for some absolute constant C, and use ap, = Q(bg) if ar = Csby, for some absolute

constant C. Except the target error ¢, we use O(-) and €2(-) to hide the logarithmic factors in O(-)
and () respectively.

2 PROBLEM SETUP

Model. In this work, we consider deep linear ResNets defined as follows:
fwx)=BI+Wp)...(I+W;)Ax,

where x € R? is the input, fw (x) € R* is the corresponding output, A € R™*¢ B e R¥*™ denote
the weight matrices of input and output layers respectively, and Wy, ..., W € R™*"™ denote the
weight matrices of all hidden layers. The formulation of ResNets in our paper is different from that
in Hardt & Ma (2016); Bartlett et al. (2019), where the hidden layers have the same width as the
input and output layers. In our formulation, we allow the hidden layers to be wider by choosing the
dimensions of A and B appropriately.

Loss Function. Let {(x;,y;)}i=1...n be the training dataset, X = (x1,...,X,) € RY*" be the
input data matrix and Y = (y1,...,y,) € R¥*" be the corresponding output label matrix. We
assume the data matrix X is of rank r, where r can be smaller than d. Let W = {W1,..., W} be

the collection of weight matrices of all hidden layers. For an example (x,y), we consider the square
loss defined by

(W:xy) = L fw() - vl

Then the training loss over the training dataset takes the following form

L 1
L(W) = Y UWix;,y;) = B+ W) (I+W)AX — Y|3.

=1

Algorithm. Similar to Allen-Zhu et al. (2019); Zhang et al. (2019), we consider algorithms that
only train the weights W for hidden layers while leaving the input and output weights A and B
unchanged throughout training. For hidden weights, we follow the similar idea in Bartlett et al.
(2019) and adopt zero initialization (which is equivalent to identity initialization for standard linear
network). We would also like to point out that at the initialization, all the hidden layers automatically
satisfy the so-called balancedness condition (Arora et al., 2018; 2019a; Du et al., 2018a). The
optimization algorithms, including GD and SGD, are summarized in Algorithm 1.

?Considering whitened data immediately gives x = 1.
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Algorithm 1 (Stochastic) Gradient descent with zero initialization

1: input: Training data {x;, yi}ie[n], step size 7, total number of iterations 7', minibatch size B,
input and output weight matrices A and B.

2: initialization: For all [ € [L], each entry of weight matrix Wl(o)

Gradient Descent

is initialized as 0.

3: fort=0,...,7T—1do

4 Wl(tH) = Wz(t) —nVw, L(W®) forall [ € [L]
5: end for

6: output: W(7)

Stochastic Gradient Descent

7. fort=0,...,T —1do

8:  Uniformly sample a subset B(*) of size B from training data without replacement.

9:  Forall £ € [L], compute the stochastic gradient Gl(t) =23 50 Vw (W x, y))
10:  Forallle[L], W™ —=w® _pG®

11: end for

12: output: {W®},_,

3 MAIN THEORY

It is clear that the expressive power of deep linear ResNets is identical to that of simple linear model,
which implies that the global minima of deep linear ResNets cannot be smaller than that of linear
model. Therefore, our focus is to show that GD/SGD can converge to a point W* with

LW*) = _min 1 |OX - Y[},

which is exactly the global minimum of the linear regression problem. It what follows, we will show
that with appropriate input and output transformations, both GD and SGD can converge to the global
minimum.

3.1 CONVERGENCE GUARANTEE OF GRADIENT DESCENT

The following theorem establishes the global convergence of GD for training deep linear ResNets.

Theorem 3.1. There are absolute constants C' and 'y such that, if the input and output weight
matrices satisfy

0272 (B) _ X2 (L(W) — LW*)"”
[ALBl,  ~ 72(X)

and the step size satisfies

n<C-
LIA2[B[2)X]2 - (VI(WO) + |A]2|B]2]X]2)”

then for all iterates of GD in Algorithm 1, it holds that

ULUilin(A)Uinn(B)Ug(X))t . (L(W(O)) _ L(W*))

e

LWW) — L(W*) < (1 -

Remark 3.2. Theorem 3.1 can imply the convergence result in Bartlett et al. (2019). Specifically, in
order to turn into the setting considered in Bartlett et al. (2019), we choose m =d =k, A =1,B =
I, L(W*) = 0 and XX = L Then it can be easily observed that the condition in Theorem 3.1
becomes L(W () — L(W*) < C~2. This implies that the global convergence can be established
as long as L(W () — L(W*) is smaller than some constant, which is equivalent to the condition
proved in Bartlett et al. (2019).

In general, L(W(®)) — L(W*) can be large and thus the setting considered in Bartlett et al. (2019)
may not be able to guarantee global convergence. Therefore, it is natural to ask in which setting
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the condition on A and B in Theorem 3.1 can be satisfied. Here we provide one possible choice
which is commonly used in practice (another viable choices can be found in Section 4). We use
Gaussian random input and output transformations, i.e., each entry in A is independently generated
from N (0, 1/m) and each entry in B is generated from N (0, 1/k). Based on this choice of transfor-
mations, we have the following proposition that characterizes the quantity of the largest and smallest
singular values of A and B, and the training loss at the initialization (i.e., L(W(%)). The following
proposition is proved in Section A.2.

Proposition 3.3. In Algorithm 1, if each entry in A is independently generated from N (0, o?) and
each entry in B is independently generated from N (0, 3?), thenif m > C - (d + k + log(1/6)) for
some absolute constant C, with probability at least 1 — 4, it holds that

Umin(A) = Q(O[\/%), Umax(A) = O(a\/ﬁ), Umin(B) = Q(ﬁ\/ﬁ), amaX(B) = O(ﬁ\/a)v
and L(W®) < 0(a?B2kmlog(n/8)|X|% + [Y|[3).

Then based on Theorem 3.1 and Proposition 3.3, we provide the following corollary, proved in
Section 3.4, which shows that GD is able to achieve global convergence if the neural network is
wide enough.

Corollary 3.4. Suppose |[Y||r = O(|X]||r). Then using Gaussian random input and output
transformations in Proposition 3.3 with @« = [ = 1, if the neural network width satisfies
m = Q(max{krx?log(n/d),k + d + log(1/5)}) then, with probability at least 1 — &, the output of
GD in Algorithm 1 achieves training loss at most L(W*) + € within 7' = O(xlog(1/e)) iterations,
where r = |X|3/02(X) denotes the condition number of the covariance matrix of training data.

Remark 3.5. For standard deep linear networks, Du & Hu (2019) proved that GD with Gaussian
random initialization can converge to a e-suboptimal global minima within 7 = Q(klog(1/e€))
iterations if the neural network width satisfies m = O(Lkrx® + d). In stark contrast, training
deep linear ResNets achieves the same convergence rate as training deep linear networks and linear
regression, while the condition on the neural network width is strictly milder than that for training
standard deep linear networks by a factor of O(Lk). This improvement may in part validate the
empirical advantage of deep ResNets.

3.2 CONVERGENCE GUARANTEE OF STOCHASTIC GRADIENT DESCENT

The following theorem establishes the global convergence of SGD for training deep linear ResNets.
Theorem 3.6. There are absolute constants C', C; and Co, such for any 0 < § < 1/6 and € > 0, if
the input and output weight matrices satisfy

Thin(A)omin(B) _ X - log(L(W?) /)

| Al2]Bll2 Bo}(X)

and the step size and maximum iteration number are set as

L(W©),

Bopin(A)omin(B)ar(X) € B
n<Cp- R4 (2 - 1in 2 *) 2 (0) ’
Ln|A[3[B3]X]3 |X3,.0 LOW*) " 0| X3 - log(T'/6) log (L(W (D)) /)
1 L(W©) — L(W*)
T = . -1
02 nLUIQnin(A)O-rQnin(B)Ug (X) o8 ( € >7

then with probability® at least 1/2 (with respect to the random choices of mini batches), SGD in
Algorithm | can find a network that achieves training loss at most L(W*) + e.

By combining Theorem 3.6 and Proposition 3.3, we can show that as long as the neural network is
wide enough, SGD can achieve global convergence. Specifically, we provide the condition on the
neural network width and the iteration complexity of SGD in the following corollary.

Corollary 3.7. Suppose |Y|r = O(|X|r). Then using Gaussian random input and output trans-
formations in Proposition 3.3 with « = 8 = 1, for sufficiently small ¢ > 0, if the neural network
width satisfies m = Q(krx?log”(1/€) - n?/B? + d), with constant probability, SGD in Algorithm 1
can find a point that achieves training loss at most L(W*) + ¢ within T’ = 6(,‘{26_1 log(1/€)-n/B)
iterations.

3One can boost this probability to 1 — § by independently running log(1/8) copies of SGD in Algorithm 1.
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From Corollaries 3.7 and 3.4, we can see that compared with the convergence guarantee of GD, the
condition on the neural network width for SGD is worse by a factor of O(n?log?(1/€)/B?) and the

iteration complexity is higher by a factor of 6(%6_1 -n/B). This is because for SGD, its trajectory
length contains high uncertainty, and thus we need stronger conditions on the neural network in
order to fully control it.

We further consider the special case that L(W®*) = 0, which implies that there exists a ground
truth matrix @ such that for each training data point (x;,y;) we have y; = ®x;. In this case, we
have the following theorem, which shows that SGD can attain a linear rate to converge to the global
minimum.

Theorem 3.8. There are absolute constants C, and C such that for any 0 < § < 1, if the input and
output weight matrices satisfy
Tmin(A)oni, (B)

min min

n|X]2
>C- A/ L(W ),
|Al2]B2 Bo}(X)

B2%02%. (A)o2, . (B)o2(X)

min min T

Ln?| A3 B3] X3 - log(T/)”

for some maximum iteration number 7', then with probability at least 1 — J, the following holds for
allt < T,

and the step size is set as

n<Cp-

T

LW®) < 2L(W©). <1 - nLJﬁun(A)ofﬁn(B)oz(X>>t,

Similarly, using Gaussian random transformations in Proposition 3.3, we show that SGD can achieve
global convergence for wide enough deep linear ResNets in the following corollary.

Corollary 3.9. Suppose |[Y|r = O(|X|r). Then using Gaussian random transformations in
Proposition 3.3 with « = = 1, for any € < 5(B|\X\|§w/(nHX|\§)) if the neural network width
satisfies m = Q(k‘rﬁz -n?/B?% + d), with high probability, SGD in Algorithm 1 can find a network
that achieves training loss at most € within 7' = O (2 log(1/e) - n®/B?) iterations.

4 DISCUSSION ON DIFFERENT INPUT AND OUTPUT LINEAR
TRANSFORMATIONS

In this section, we will discuss several different choices of linear transformations at input and output
layers and their effects to the convergence performance. For simplicity, we will only consider the
condition for GD.

As we stated in Subsection 3.1, GD converges if the input and output weight matrices A and B
Thin (Ao, (B) X2

S0k
|AT2[B] o2(X)

T

(L(W©) — L(W*)'2,

.1

Then it is interesting to figure out what kind of choice of A and B can satisfy this condition. In
Proposition 3.3, we showed that Gaussian random transformations (i.e., each entry of A and B is
generated from certain Gaussian distribution) satisfy this condition with high probability, so that GD
converges. Here we will discuss the following two other transformations.

Identity transformations. We first consider the transformations that A = [I;x 4, 0gx (m,d)]T and
B = \/m/k - [Tgx, Opx (m—k)]- Which is equivalent to the setting in Bartlett et al. (2019) when
m = k = d. Then it is clear that

Omin(B) = 0max(B) = /m/k and  opin(A) = omax(A) = 1.

Now let us consider L(W (%)), By our choices of B and A and zero initialization on weight matrices
in hidden layers, in the case that d = k, we have

1 1
LW©) — 5IBAX ~Y[% = 5\|¢m7cx ~Y[;.
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We remark that | /m/kX — YH;/2 could be as big as 3 (m|X|%/k + |Y[%) (for example, when
X and Y are orthogonal). Then plugging these results into (4.1), the condition on A and B becomes

P X2 (1 ) oy ) Xl [m]X[3%

where the second inequality is due to the fact that L(W*) < ||[Y|%/2. Then it is clear if [ X|r >
\/2/C, the above inequality cannot be satisfied for any choice of m, since it will be cancelled out on
both sides of the inequality. Therefore, in such cases, our bound does not guarantee that GD achieves
global convergence. Thus, it is consistent with the non-convergence results in (Bartlett et al., 2019).
Note that replacing the scaling factor 4/m/k in the definition of B with any other function of d, k
and m would not help.

Modified identity transformations. In fact, we show that a different type of identity transforma-
tions of A and B can satisfy the condition (4.1). Here we provide one such example. Assuming
m = d+ k, we can construct two sets S1, So < [m] satisfying |S1| = d, [Sz| = kand S1 n Sz = .

Let S; = {i1,...,iq4} and S = {j1, ..., jr}. Then we construct matrices A and B as follows:
K 0 otherwise t 0 otherwise

where « is a parameter which will be specified later. In this way, it can be verified that BA = 0,
Omin(A) = Omax(A) = 1, and oin(B) = 0max(B) = «. Thus it is clear that the initial training
loss satisfies L(W () = [Y||2.,/2. Then plugging these results into (4.1), the condition on A and
B can be rewritten as
1 X2
2 .
e

The R.H.S. of the above inequality does not depend on «, which implies that we can choose suf-
ficiently large « to make this inequality hold. Thus, GD can be guaranteed to achieve the global
convergence. Moreover, it is worth noting that using modified identity transformation, a neural net-
work with m = d + k suffices to guarantee the global convergence of GD. We further remark that
similar analysis can be extended to SGD.

1/2

(IY[%/2 = L(W™))

5 EXPERIMENTS

In this section, we conduct various experiments to verify our theory on synthetic data, including i)
comparison between different input and output transformations and ii) comparison between training
deep linear ResNets and standard linear networks.

5.1 DIFFERENT INPUT AND OUTPUT TRANSFORMATIONS

To validate our theory, we performed simple experiment on 10-d synthetic data. Specifically, we
randomly generate X € R10X1090 from a standard normal distribution and set Y = —X + 0.1 - E,
where each entry in E is independently generated from standard normal distribution. Consider
10-hidden-layer linear ResNets, we apply three input and output transformations including identity
transformations, modified identity transformations and random transformations. We evaluate the
convergence performances for these three choices of transformations and report the results in Figures
I(a)-1(b), where we consider two cases m = 40 and m = 200. It can be clearly observed that
gradient descent with identity initialization gets stuck, but gradient descent with modified identity
initialization or random initialization converges well. This verifies our theory. It can be also observed
that modified identity initialization can lead to slightly faster convergence rate as its initial training
loss can be smaller. In fact, with identity transformations in this setting, only the first 10 entries of
the m hidden variables in each layer ever take a non-zero value, so that, no matter how large m is,
effectively, m = 10, and the lower bound of Bartlett et al. (2019) applies.

5.2 COMPARISON WITH STANDARD DEEP LINEAR NETWORKS

Then we compare the convergence performances with that of training standard deep linear networks.
Specifically, we adopt the same training data generated in Section 5.1 and consider training L-
hidden-layer neural network with fixed width m. The convergence results are displayed in Figures
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Figure 1: (a)-(b):Convergence performances for three input and output transformations on a 10-
hidden-layer linear ResNets. (c)-(d) Comparison between the convergence performances of training
deep linear ResNets with zero initialization on hidden weights and standard deep linear network with
Gaussian random initialization on hidden weights, where the input and output weights are generated
by random initialization, and remain fixed throughout the training.

1(c)-1(d), where we consider different choices of L. For training linear ResNets, we found that the
convergence performances are quite similar for different L, thus we only plot the convergence result
for the largest one (e.g., L = 20 for m = 40 and L = 100 for m = 200). However, it can be
observed that for training standard linear networks, the convergence performance becomes worse as
the depth increases. This is consistent with the theory as our condition on the neural network width
is m = O(krk?) (please refer to Corollary 3.4), which has no dependency in L, while the condition
for training standard linear network is m = O(Lkrx?) (Du & Hu, 2019), which is linear in L.

6 CONCLUSION

In this paper, we proved the global convergence of GD and SGD for training deep linear ResNets
with square loss. More specifically, we considered fixed linear transformations at both input and
output layers, and proved that under certain conditions on the transformations, GD and SGD with
zero initialization on all hidden weights can converge to the global minimum. In addition, we fur-
ther proved that when specializing to appropriate Gaussian random linear transformations, GD and
SGD can converge as long as the neural network is wide enough. Compared with the convergence
results of GD for training standard deep linear networks, our condition on the neural network width
is strictly milder. Our analysis can be generalized to prove similar results for different loss func-
tions such as cross-entropy loss, and can potentially provide meaningful insights to the convergence
analysis of deep non-linear ResNets.
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A PROOF OF MAIN THEOREMS

We first provide the following lemma which proves upper and lower bounds on |V, L(W)|%
when W is staying inside a certain region. Its proof is in Section B.1.
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Lemma A.1. For any weight matrices satisfying maxc(z) [Wi|2 < 0.5/L, it holds that,
2
[Vw, LW) 7 = =071 (A) 070 (B)or (X) (L(W) — L(W™)),

2
F min min T
[Vw, L(W)| < 2¢|A3IBI3 X3 (L(W) — L(W™))
[Vw, (W xi, y0) 5 < 2¢| ABIBI3|x: 136(W: xi, ).
In addition, the stochastic gradient GG; in Algorithm 1 satisfies
2en?|| A[3IB[31XI3
B2

<
<

I1Gi|7 <

(W),
where B is the minibatch size.
The gradient lower bound can be also interpreted as the Polyak-f.ojasiewicz condition, which is

essential to the linear convergence rate. The gradient upper bound is crucial to bound the trajectory
length, since this lemma requires that max;c() [W;| < 0.5/L.

The following lemma proves the smoothness property of the training loss function L(W) when W
is staying inside a certain region. Its proof is in Section B.2.

Lemma A.2. For any two collections of weight matrices, denoted by W = {\7\71, e ,\7\7 1} and
W = {Wy,...,W_},satisfying maxez) Wi p, maxep) [Wil|r < 0.5/L that, it holds that

L
L(W) — L(W) < Y {(Vw,L(W), W, - W)
=1

L
+ L|Al2|Bl2| X2 (v/2eL(W) + 0.5¢[ A2 | B2 | X]2) Y IWi — Wiz
=1

Based on these two lemmas, we are able to complete the proof of all theorems, which are provided
as follows.

A.1 PROOF OF THEOREM 3.1

Proof of Theorem 3.1. In order to simplify the proof, we use the short-hand notations A4, p1a, Ap
and pp to denote ||All2, omin(A), |Bll2 and omin(B) respectively. Specifically, we rewrite the
condition on A and B as follows
pans _ 4v2e3 X
Mg~ 02(X)
We prove the theorem by induction on the update number s, using the following two-part inductive
hypothesis:

1/2

(LW — L(W™))

(i) maxcpzy [WLYr < 0.5/L,

e

(i) LW®)) = L(W*) < (1 - "L“A“B””‘)> (L(W©) — L(W*)) .

First, it can be easily verified that this holds for s = 0. Now, assume that the inductive hypothesis
holds for s < .

Induction for Part (i): We first prove that maxepz; HWl(t) |7 < 0.5/L. By triangle inequality and
the update rule of gradient descent, we have
t—1
t s
Wil < 30l Vw, LW®)
s=0

t—1
< Y V2earp|X]s - (L(W®) — L(W*))"?
s=0

t—1 2 2 2 s/2
L (X
< VI AalXla - (W) - (W) 7 3 (1 2B )
s=0

12
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where the second inequality follows from Lemma A.1, and the third inequality follows from the
inductive hypothesis. Since v/1 — 2 < 1 — /2 for any = € [0, 1], we further have

2,2 2 s
HW Nr < vV2endarp| X2 - (LW©) — L(W*))I/Q _ 2 <1 B W)

’\/ 86 )\A)\B”XHQ
Ly pgpo?(X)
Under the condition that ,uA,uB/(/\A)\B) 2v/8e3|| X2 (L(W©®) — L(W ))1/2/0 (X), it can be
readily verified that HW HF < 0.5/L. Since this holds for all [ € [L], we have proved Part (i) of
the inductive step, i.e., maxe[r,] HWl(t) |Fr <0.5/L.

A(L(WO) = (W),

Induction for Part (ii): Now we prove Part (ii) of the inductive step, bounding the improvement in

the objective function. Note that we have already shown that W) satisfies maxe[z] HWl(t) lF <
0.5/L, thus by Lemma A.2 we have

L
_ _ 2
LW®)y < LWty —p 2 |Vw, LWy
=1
L
+ 0°LAaAg| X2 - (\/eL(WED) + 0.5eAaAp]X]2) - Z |Vw, LW 2
=1

where we use the fact that Wl(t) - Wl(tfl) = —nVw,L(WUD), Note that LW 1) <
L(W () and the step size is set to be

1
n= )
2LA B X2 - (\/eL(W(O)) + 0.5eA 4 \B HXHQ))
so that we have
L
n
LW®) — L(w=D) <-3 Z Vw, LWED)|2

_M(L(W(t_l)) - L(W)),

~x

where the second inequality is by Lemma A.1. Applying the inductive hypothesis, we get

L(W(t)) _ L(W*) < (1 _ W) . (L(W(tfl)) _ L(W*))

2,2 .2 t
< (1 _ W) . (L(W(O)) —L(W*)), (A.1)

which completes the proof of the inductive step of Part (ii). Thus we are able to complete the proof.

O

A.2 PROOF OF PROPOSITION 3.3

Proof of Proposition 3.3. We prove the bounds on the singular values and initial training loss sepa-
rately.

Bounds on the singular values: Specifically, we set the neural network width as

m =100 - (v/max{d, k} +/21og(12/5))

By Corollary 5.35 in Vershynin (2010), we know that for a matrix U € R%*% (d; > dy)
with entries independently generated by standard normal distribution, with probability at least
1 — 2exp(—t2/2), its singular values satisfy

\/d>1 \/>2_t Umm U) Umax )ﬁ\/a-i-\/d?-f't

13



Published as a conference paper at ICLR 2020

Based on our constructions of A and B, we know that each entry of %B and éA follows standard

Gaussian distribution. Therefore, set ¢ = 24/log(12/§) and apply union bound, with probability at
least1 — 6 /3, the following holds,

a(vm —Vd —2+/10g(12/5)) < omin(A) < omax(A) < a(vm + Vid + 2+/1og(12/6))
B(v/m - f — 24/log(12/8)) < amm<B) < Omax(B) < B(vm + VE + 24/l0g(12/6)),

where we use the facts that oy (KU) = £0min(U) and omax (KU) = Kkomax(U) for any scalar x
and matrix U. Then applying our choice of m, we have with probability at least 1 — §/3,

0.9av/m < omin(A) < omax(A) < Llay/m  and  0.98vm < omin(B) < 0max(B) < 1.18y/m.
This completes the proof of the bounds on the singular values of A and B.

Bounds on the initial training loss: The proof in this part is similar to the proof of Proposition 6.5
in Du & Hu (2019). Since we apply zero initialization on all hidden layers, by Young’s inequality,
we have the following for any (x,y),

(WO x y) = fHBAx y[3 < IBAx|3 + |yl3. (A2)

Since each entry of B is generated from N(0, 32), conditioned on A, each entry of BAx is dis-

tributed according to N(0, 32||Ax]|3), s ‘lfﬁrg% follows a X3 distribution. Applying a standard

tail bound for 7 distribution, we have, with probability at least 1 — &',

IBAXES _ sog(1 4 o iog(U/5)F + 210s(1/8)
|Ax[3 : )

Note that by our bounds of the singular values, if m > 100 - (y/max{d, k} + /2 10g(8/6))2, we
have with probability at least 1 — §/3, |A 2 < 1.1as/m, thus, it follows that with probability at
least 1 — &' — 4,

IBAx|3 < 1.21a%8%km[1 + 24/log(1/8") + 21log(1/8")]|x]3-

Then by union bound, it is evident that with probability 1 — nd" — §/3,

IBAX|7 = ) [BAx;[3 < 1.21a°8%km[1 + 24/log(1/8) + 210g(1/8")]| X 3.

i=1
Set 8" = §/(3n), suppose log(1/6") = 1, we have with probability at least 1 — 26/3,
1
LW©) = 5IBAX =Y < [BAX|Z + [Y|F < 6.05078%km log(2n/0) X[ 7 + [ Y7

This completes the proof of the bounds on the initial training loss.

Applying a union bound on these two parts, we are able to complete the proof. O

A.3 PROOF OF COROLLARY 3.4

Proof of Corollary 3.4. Recall the condition in Theorem 3.1:

Omin(A)02in(B) _ X2

[AlIBl. T a2(X)

A(L(W©) — L(W#) 2, (A3)

By Proposition 3.3, we know that, with probability 1 — 6,
Tmnin (A) 02 (B)

“IaLrsl,  — o)
Xl oo etz o { /FIoR/8) + DX X
7o) BV = L(W)) O( 7 (X) |
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Note that | X[z < 4/7||X]|2, thus the condition (A.3) can be satisfied if m = Q(krx?log(n/5))
where x = |X|3/02(X).

. . 1 1
Theorem 3.1 implies that L(W®)) — L(W*) < ¢ after T = O (nLU Ao (B)o2(%) 108 ;)

min ( min

iterations. Plugging in the value of 7, we get

- O<A|2|B||2|X|2 (VLWO) + |Al|BJs[X]2) | 1)

2. (A)o2. (B)o2(X) €

min

min

By Proposition 3.3, we have

7 _ o [ JALIBl2[ X2 - (vkmlog(n/0)|X|r + |Al2B2]X]2) | og -
Tnin(A) 01, (B)oF (X) b
_ o [ Xl (VEmlog(n/8)|X|r +m|X]2) | og 1
mo?2(X) &
_ o [ X2 (v/Frlog(n/0)/m|X]; + [X]2) 0g ©
o2(X) &
=0 (/{ log 1)
€
for m = Q(krlog(n/d)), completing the proof. O

A.4 PROOF OF THEOREM 3.6

Proof of Theorem 3.6. The guarantee is already achieved by W(©) if ¢ > L(W() — L(W*), so
we may assume without loss of generality that e < L(W () — L(W*).

Similar to the proof of Theorem 3.1, we use the short-hand notations A 4, pt4, A and pp to denote
|Al2, omin(A), in(B) respectively. Then we rewrite the condition on A and B, and
our choices of 77 and T as follows

pargh _ V8edn|X|y - log(L(W)/e)
/\A>\B BO’Z(X)

D00 f log*(2) |
= G LnN NG X KT LOW) 5ul X -Tog(T,/5) loe(L(W ) )
(0)

_nLuiu%UZ(X)'log< = )6 o ))’

where we set ¢’ = ¢/3 for the purpose of the proof.

2L(W©)

We first prove the convergence guarantees on expectation, and then apply the Markov inequality.

For SGD, our guarantee is not made on the last iterate but the best one. Define €; to be the event
that there is no s < t such that L(W®) — L(W*) < ¢. If 1(&;) = 0, then there is an iterate W
with s < ¢ that achieves training loss within €’ of optimal.

Similar to the proof of Theorem 3.1, we prove the theorem by induction on the update number s,
using the following inductive hypothesis: either 1(&;) = 0 or the following three inequalities hold,

(i) maxe(] HWI(S)HF < w - \/2L(WO).
(i) E[(L(W®) - L(W*)] < (1- w) (L(W©) — L(W*))

(iii) L(W®) < 2L(W(),

where the expectation in Part (ii) is with respect to all of the random choices of minibatches. Clearly,
if 1(€&;) = 0, we have already finished the proof since there is an iterate that achieves training loss
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within ¢ of optimal. Recalling that ¢ < L(W () — L(W*), it is easy to verify that the inductive
hypothesis holds when s = 0.

For the inductive step, we will prove that if the inductive hypothesis holds for s < ¢, then it holds
for s = t. When 1(€&;_;) = 0, then 1(&;) is also 0 and we are done. Therefore, the remaining
part is to prove the inductive hypothesis for s = ¢ under the assumption that 1(&;_;) = 1, which
implies that (i), (ii) and (iii) hold for all s < ¢ — 1. For Parts (i) and (ii), we will directly prove that
the corresponding two inequalities hold. For Part (iii), we will prove that either this inequality holds
or 1(&;) = 0.

Induction for Part (i): As we mentioned, this part will be proved under the assumption
1(&;_1) = 1. Besides, combining Part (i) for s = ¢ — 1 and our choice of 7 and T implies that
=1 |7 < 0.5/L. Then by triangle inequality, we have the following for HWl(t) |,

t t—1 t—1
W p < WD e+ 0lGE ) p.

maxle[L] HWZ(

By Lemma A.1, we have

VZenA s X2

IGI" Ve < =

L(W(-D).
Then we have
W e < (W )e +alGEVF)

V2ennAag|X|2 .
B
By Part (iii) for s = t — 1, we know that L(W(¢=1) < 2L(W (). Then by Part (i) for s = t — 1,

it is evident that
V2etmmAaAs|X
W < X5 "”é‘ 5[ X2 A[2L(WO).. (A.5)

This completes the proof of the inductive step of Part (i).

< WV + L(W(-D), (A4)

Induction for Part (ii): As we previously mentioned, we will prove this part under the as-
sumption 1(&;_;) = 1. Thus, as mentioned earlier, the inductive hypothesis implies that

maxer) [W V| < 0.5/L. By Part (i) for s = ¢, which has been verified in (A.5), it can
be proved that maxer] HWl(t) |F < 0.5/L, then we have the following by Lemma A.2,

L
LW) = LWED) < = 31 (Tw LW D), G
=1

L
+ PLAaAE X2 - (\/eL(WE=D) + 0.5eAadp|X]2) - D] G2
=1

(A.6)
By our condition on A and B, it is easy to verify that
2,2 -1 (0)
Aidg > Hals o 2V2e LWD)
AaAB X2
Then by Part (iii) for s = ¢t — 1 (A.6) yields

L L

LW®) = LW™D) < =y 37 (Tw, LW ), GV 4 e LB X3 - 30161 5
=1 =1

(A7)

Taking expectation conditioning on W~ gives

L
E[L(W)|WED] — LWE) < = 3 |V, LW D)3,
=1

L
—1 _
+ e L3NG X3 Y E[GI Y [F WD) (A8)
=1
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Note that, for ¢ sampled uniformly from {1,...,n}, the expectation E[HGl(t_l) |2,/ W (=] can be
upper bounded by

E[|GI Y 2 /WD) YV Vw, LW D)2 WED] 4 |y, LW D)2

2
n _ _
< ZElIVw. (W W ixi, yi) [ WO D] + [V, LOWED) 3.
(A.9)

By Lemma A.1, we have

E[[Vw, (W%, y:) |3 WOD] < 2e AN LE[ ] 36(W Vs %, y) W]

26)\2)\ n
SEATE N x 36(W T x4, )

n i=1

_ 20NN |X3 ., L(WOY)

n

Plugging the above inequality into (A.9) and (A.8), we get
E[L(W®)|W(D] — L(W-D)

L
=1 ) [Vw, LW D)3
=1

<2enA?4AZB|X|§,OOL<w<“>>

: IV LW D)2 ).

+en? LAY X2 - Z
=1

Recalling that < 1/(6eLA3\%|X|3), we have

E[L(W®) W] - p(wt-D) < -2 2 [V, LW D)2
=1
| 2P LG IXIBIXI3 (W)

5 (A.10)

By Lemma A.1, we have

L
DIVw, LW % = 267 Ly pj ol (X) (LW D) — L(WH)).
=1

If we set

Bu%upor(X)
A1l
= 6e3Ln\4 AABIX31X]3 00 ( )

then (A.10) yields
E[L(W®)| WD — L(W(D)
snLpipgor(X) -
< —AB—f(L(W“ V) — L(W*))
N 2¢%1° L2 Ny NG | X 3] X 3 o0 (L(W D) — L(W*))
B
N 2202 L2n A4 A g | X 31X 3 o, L(W*)
B
AnLp%pgor(X) -
< —+(L(W(t D) — L(W*)) +

Define

2e”n* L2n X\ N | X3 X3 o, L(W¥)

572 . (A12)

_ALgper(X) 28D B[ XX o L(W)
Yo 3. 71 B

)
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rearranging (A.12) further gives
E[L(WO)WED] = LW*) < (1= 190) - (LIWD) = LWH) + P31, (A13)
Therefore, setting the step size as

Vo€’ Bpipugpoi(X) ¢
nNs — = : )
Am o 6e3LnAAB|X[3X]3 ., L(W*)

we further have
E[L(W®) = LW*)[WD] < [(1 = ny0) - [LWETD) = LIWH)] + 171

< (1= 3my0/4) - [L(W V) — L(WH)], (A.14)
where the second inequality is by (A.13) and the last inequality is by the fact that we assume
1(€;_1) = 1, which implies that L(W*~1) — L(W*) > € > 4v;1/7o. Further taking expectation
over W1 we get

E[L(W®) — L(W*)] < (1 - 3ny/4) - E[L(W!V) — L(W*)]
< (1=3my0/4)" - (L(W) — L(W*)),

where the second inequality follows from Part (ii) for s = ¢ — 1 and the assumption that 1 (&) = 1.
Plugging the definition of -, we are able to complete the proof of the inductive step of Part (ii).
Induction for Part (iii): Recalling that for this part, we are going to prove that either
LW®) < 2L(W©) or 1(¢;) = 0, which is equivalent to L(W®) - 1(¢&;) < 2L(W©)
since L(W () and L(W(t)) are both positive. We will prove this by martingale inequality.
Let F; = cr{W © ... W®} be a o-algebra, and F = {F;};>; be a filtration. We first
prove that E[L(W ) (€)|Fio1] < L(WED)1(&,_,). Apparently, this inequality holds
when ]I(Q‘Et 1) = 0 since both sides will be zero. Then if 1(¢;_1) = 1, by (A.14) we have
E[L(W®)WE-D] < L(W 1) since L(W*) is the global minimum. Therefore,

E[L(W®) 1(€)|Fr1, WO 1(€ 1) = 1] S E[L(WD)|Foy, 1(& ) = 1]
< (WD),
Combining these two cases, by Jensen’s inequality, we further have
E[log (L(W®") 1(&))|Fi—1] < log (E[L(W") 1(&)[F,_1])
< log (LW 1) 1(€,_y)),

which implies that {log ( (W(t) Gt )}t>0 is a super-martingale. Then we will upper bound the

martingale difference log L 1(€,)) — log (L(W#=D) . 1(&,_;)). Clearly this quantity
would be zero if 1(&;_1) = hen 1f (€:—1) = 1, by (A.7) we have

LW®) < LW ) + 772 [V, LW D) [ GV | + en? LA NE X3 Z IV I3
=1 =1
By Part (i) for s = ¢t — 1, Lemma A.1, we further have
L(W®) < <1 n 2677Ln/\2g/\23 1X13 i 262712772L;);4/\%”Xg)L(W(t—l))
< (1 n 367771L/\2%/\23 |X%>L(W(t—1))7 (A15)
where the second inequality follows from the choice of 7 that

B
< —mm—F——————.
TS 9enI L[ X2

Using the fact that 1(€;) < 1 and 1(&;_;) = 1, we further have

BenLn A3 NG X3
B )

log (L(W®) - 1(¢,)) < log (L(WE D). 1(€;,_1)) +

18
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which also holds for the case 1(€;_;) = 0. Recall that {log (L(W®) - 1(&;))}¢> is a super-
martingale, thus by one-side Azuma’s inequality, we have with probability at least 1 — §’,

212 2
log (L(W®) - 1(&,)) < log (L(W)) + 3‘”’L”A§BHX”2 -\/2tlog(1/8).

Setting ¢’ = §/T, using the fact that ¢ < T and leveraging our choice of T" and 7, we have with
probability at least 1 — 6/7,

VT log(2)B

 3eq/210g(0/T) Ln A3 A% X3

which implies that
LOW®D)1(&,) < exp [log (L(W©)) + log(2)] <2L(WO), (A.16)
This completes the proof of the inductive step of Part (iii).

Note that this result holds with probability at least 1 — 6/7". Thus applying union bound over all

iterates {W(®)},_o 7 yields that all induction arguments hold for all ¢ < T with probability at
least 1 — 4.

.....

Moreover, plugging our choice of 1" and 7 into Part (ii) gives
E[L(W®) - L(W*)] < ¢.

By Markov inequality, we further have with probability at least 2/3, it holds that [L(W (7)) —
L(W*)]-1(€&;) < 3¢’ = e. Therefore, by union bound (together with the high probability arguments
of (A.16)) and assuming § < 1/6, we have with probability at least 2/3 — ¢ > 1/2, one of the iterates
of SGD can achieve training loss within ¢’ of optimal. This completes the proof. O

A.5 PROOF OF COROLLARY 3.7

Proof of Corollary 3.7. Recall the condition in Theorem 3.6:
Omin(A)05in(B) n[[ X[z - log(L(W©®)/e)

min min > C X

1A[2[Bll2 Bo(X)

Then plugging in the results in Proposition 3.3 and the fact that |X||r < 4/7[|X]2, we obtain that
condition (A.17) can be satisfied if m = O(krx?log®(1/e) - B/n).

L(W©), (A.17)

In addition, consider sufficiently small ¢ such that € < O (B|X]3,./(n|X]3)). then and use the fact

that |X|2,.0 < |X]|2 we have n = O(kBe/(Lmnk|X][3)) based on the results in Proposition 3.3.
Then in order to achieve e-suboptimal training loss, the iteration complexity is

e LWO — L(W*)) 2 1
T = = log(1/e) -n/B).
e ] O og(1/9) /)
This completes the proof. O

A.6 PROOF OF THEOREM 3.8

Proof of Theorem 3.8. Similar to the proof of Theorem 3.6, we set the neural network width and
step size as follows,

WA _ 20| X ],
Adp ~ Bo2(X)
_ _ log(2)B?pi s (B) o7 (X)
TS 543 Ln2NANL X4 1og(T/5)
where A4, 114, Ap and pp denote |A |2, omin(A), |B|2 and omin (B) respectively.

2L(WO)

Different from the proof of Theorem 3.6, the convergence guarantee established in this regime is
made on the last iterate of SGD, rather than the best one. Besides, we will prove the theorem by
induction on the update parameter ¢, using the following two-part inductive hypothesis:
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(i) maxgerzy [W”|p < 0.5/L

(i) LW®) <2L(W©). (1 — w)

e

Induction for Part (i) We first prove that maxe[y) HWl(t) |F < 0.5/L. By triangle inequality and
the update rule of SGD, we have

t—1
(WOle < 3 nlGilr
s=0
_ nti V2enAadg| X

s %) 1/2

5=0
V2emmA g || X2 12 ‘& Ly p%02(X)\°

< n - IX] ~(L(W(O))—L(W*)) / _;}(1_77 HANQ]Z ( ))
_ VBEmAads X

BLiZ 502 (X)
where the second inequality is by Lemma A.1, the third inequality follows from Part (ii) forall s < t
and the fact that (1 —2)/2 < 1 —z/2 for all z € [0, 1]. Then applying our choice of m implies that

W p <0.5/L.

Induction for Part (ii) Similar to Part (ii) and (iii) of the induction step in the proof of Theorem 3.6,

we first prove the convergence in expectation, and then use Azuma’s inequality to get the high-
probability based results. It can be simply verfied that

2,2, 44/2e3n||X]5 - log(L(W© 24/2e=1L(W(0)
Mg > Male e3n| X2 20g( (W) /e) QL(WO) > e L L(W©)
A)\g Bo2(X) I1X|2
y o JOEQBUEIBEBX) _ Buubot(X)
= 96e3Ln2 AL X3 - log(T/8) — 63 LA AL 1X3X3

Thus, we can leverage (A.12) and obtain

(L(W©) — L(W*))'?

AnLpipgor(X)
3e
where we use the fact that L(W*) = 0. Then by Jensen’s inequality, we have

2 2 2

E[log (L(W®)) W] < log (L(W®*1)) + log (1 _ W)
dnLyppor(X)

B 3e ’

where the second inequality is by log(1 + ) < z. Then similar to the proof of Theorem 3.6, we

are going to apply martingale inequality to prove this part. Let F; = U{W(O), e ,W(t)} be a

o-algebra, and F = {F;};>1 be a filtration, the above inequality implies that

AL pgor(X) _ log (L(W=1)) + At = DLy pgor(X)
3e h ’

(A.18)

which implies that { log (L(W®)) + 4tnLu? p%02(X)/(3€)} is a super-martingale. Besides, by
(A.15), we can obtain

E[L(W(t))‘w(tfl)] _ L(W(tfl)) < L(W(tfl))v

< log (L(W(=1))

E[log (L(W®"))|F_1] +

22 2
log (L(W®)) < log (L(W*1)) + 3enLnAa i X2

B )
which implies that
@y L ALy pgor(X)
log (L(W)) + o
< log (L(W(1)) + At = DnLpapior(X) | denLnXiAB|X |3
=08 3e B ’
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where we again use the fact that log(1 + z) < x. Thus, by the one-sided Azuma’s inequality we
have with probability at least 1 — ¢’ that

4tnLp%pko? (X denLn3 )% (X3
log (L(W®)) < log (L(W(©)) — = NA?ZBJT( ), denln g BIXI3 3tToa(1/0)
2,2 2 3 214 14 4 !
< log (L(W©)) — tnLuanpor(X) | 96e’nln )‘é)‘B2HXH210g(1/6)
¢ B2pippo(X)
tnl 2,2 2 X
< log (L(W®)) - %BUH +log(2),

where the second inequality follows from the fact that —at + b/t < b?/a, and the last inequality is
by our choice of 7 that

log(2) B2 3 (B) o7 (X)
T 96e3Ln2 A4 \L X3 - log(1/87)°

Then it is clear that with probability at least 1 — §’,

(A.19)

tnLpppol(X
LW®) < 2L(WO) . exp <_ anUU)

(&

which completes the induction for Part (ii).

Similar to the proof of Theorem 3.6, (A.19) holds with probability at least 1 — ¢’ for a given ¢. Then
we can set 8’ = ¢/7 and apply union bound such that with probability at least 1 — &, (A.19) holds
for all t < T'. This completes the proof. O

A.7 PROOF OF COROLLARY 3.9

Proof of Corollary 3.9. Recall the condition in Theorem 3.8:
Rin(A)2a(B) _ Xl

min min

[Al.Bl. = Bo2X)

L(W©), (A.20)

Then plugging in the results in Proposition 3.3 and the fact that |X||r < 4/7[|X]2, we obtain that
condition (A.17) can be satisfied if m = O (krx? - B/n).

In addition, it can be computed that n = O (kB?/(Lmn?x|X|3)) based on the results in Proposition
3.3. Then in order to achieve e-suboptimal training loss, the iteration complexity is

€ L(W(O)) — L(W*) , .
r= 1 = O(k*log(1/€) - n*/B*).
L0210 (B)o2(X) 0 ( c (k2log(1/e) - n?/B?)

This completes the proof. -

B PROOFS OF TECHNICAL LEMMAS

B.1 PROOF OF LEMMA A.1

We first note the following useful lemmas.

Lemma B.1 (Claim B.1 in Du & Hu (2019)). Define ® = arg mingegsx« [@X — Y|
any U € R** it holds that

|UX ~ Y[} = [UX - @X|% + [@X - Y3

2., then for

Lemma B.2 (Theorem 1 in Fang et al. (1994)). Let U, V € R%*? be two positive definite matrices,
then it holds that

Amin (U)TE(V) < TH(UV) < Ao (U)Te(V).

The following lemma is proved in Section B.3.
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Lemma B.3. Let U € R?*" be a rank-r matrix. Then for any V € R"** it holds that
omin(U)[V]F < [UV]F < 0max(U)[ V£
Proof of Lemma A.1. Proof of gradient lower bound: We first prove the gradient lower bound. Let

U=B(I+Wp)...(I+Wj)A, by Lemma B.1 and the definition of L(W*), we know that there
exist a matrix ® € RF*? such that

1
L(W) = 5|UX - ®X|% + L(WH). (B.1)
Therefore, based on the assumption that max;e[z) [Wi|r < 0.5/L, we have

[Vw, LW)[7 = [[BE+ W) (I+ Wist)] (UX = @X) [T+ Wiy) - AX] [,
> 02 (T+ W) T+ Wi)) oo (T+ Wip) - (T + W)
IBT(U - ®)XXTAT|%
> (1-05/L)* 7 BT(U - @)XXAT|3,

where the last inequality follows from the fact that o (I+ W) = 1 — [Wi|2 = 1 — |[Wi|F =
1 —0.5/L. Applying Lemma B.2, we get

IBT(U-®)XXTAT|3 =Tr(BB"(U - ®)XX'ATAXX (U-®)")
> Anin(BBT) - Tr(ATAXXT(U - @)" (U - &)XXT)
= /\rm (BBT) : )‘min(ATA) ' H (U - @)XXTH%
Note that X is of r-rank, thus there exists a full-rank matrix X € R%*" such that XX T = XX.
Thus we have
> )
(U= @)X[} = Tr((U - #)XX (U - ¢)") = Tr(U - 2)XX (U - 9)") = |(U - ®)X[}.
(B.2)
Therefore,
SST2
I(U—@)XXT[3 = |[(U-®)XXT|},
=Tr((U—-@)XX'XXT(U-®)")
= /\mln(XT ) ”(U (I’)XHF
= 207(X) - (L(W) — L(W¥)), (B.3)

where the inequality follows from Lemma B.2 and the last equality follows from (B.2), (B.1) and

the fact that Api, (X X) = A (XXT) = ¢2(X). Note that we assume d,k < mand d < n. Thus
it follows that A, (BBT) = o2, (B) and Amin(ATA) = A). Then putting everything
together, we can obtain

[Vw, LOW)[F = 207,(B)oyin (A) o7 (X) (1 = 0.5/L)*F 72 (L(W — L(W*)).

m1n (

Then using the inequality (1 — 0.5/L)?2~2 > e~!, we are able to complete the proof of gradient
lower bound.

Proof of gradient upper bound: The gradient upper bound can be proved in a similar way. Specif-
ically, Lemma B.3 implies

|V, LOW)[% = [[BA+ W) (I+ Wiiy)] (UX — 8X) [T+ Wi_y)---AX] [
<o (@+ W) (T+ Wip)) - 02 (T+ WiZg) -+ (IT+ Wy))
[BT(U - @)XXTAT[3
< O (T+ W) - (T+ W) op (T+ W) - (T+ W)
-IBI3I A3 - (U — @)XXT|%
< (1+0.5/L)* 72|BJ3|A]3 - (U — @)XX |7,
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where the last inequality is by the assumption that maxe[) [W;|# < 0.5/L. By (B.3), we have

[(U - @)XXT[3 = (U - &)(XX)2(XXT)"2 [},
< Amax(XXT) (U — @)(XX )23
= )\maX(XXT) : H(U - Q)XH%‘
=2|X]3 - (L(W) — L(W*)),

where the inequality is by Lemma B.3 and the second equality is by (B.2). Therefore, combining
the above results yields

[Vw, LOW) [ < 207,00 (B) 00 (A) | X3(1 + 0.5/L)*F 72 (L(W — L(W*)).
Using the inequality (1 + 0.5/L)?272 < (1 + 0.5/L)?F < e, we are able to complete the proof of
gradient upper bound.
Proof of the upper bound of |V, ((W;x;,y;)|%: Let U = BI+ W) - (I+ Wp)A, we
have
T _ 4T
VWZK(W;Xi,yi) = [B(I + WL) <. (I + Wl+1)] (UXZ‘ - yz)[(I + Wl,1) s AXl] .

Therefore, by Lemma B.3, we have

[Vw (Wi x5, yi) [ < O (T4 W) - (T4 Wii1)) - 0p (T+ Wig) - (T+ W)
(BT (Ux; —yi)x:AT|3
< (1+05/L)*" 72 B3| Al3]xi3 - [Uxi — yil %

< 2¢| Al3IB3]x:[36(W; xi, y4),

where the last inequality is by the fact that (1 + 0.5/L)?172 < e.

Proof of the upper bound of stochastic gradient: Define by B the set of training data points used
to compute the stochastic gradient, then define by X and Y the stacking of {x;},cg and {y;}icn
respectively. Let U = B(I + W) --- (I + W1)A, the minibatch stochastic gradient takes form

Gl =35 Z sz W szyz)
’LGB
- E[B(I + W) I+ W) (UX =) [T+ W) AX] .

Then by Lemma B.3, we have

222 max((I+WL) (I+Wl+1))' max((I+Wl 1) (I+W1))

[BTUX - Y)XTAT[E
2

< 32 (1 +0.5/L)*72 - B3| AI3X]3 - JUX - Y%

|GulE <

< o7 IBIBJA[ZIX]3 - [UX ~ Y.

it

where the second inequality is by the assumptions that maxe[z) [W|r < 0.5/L, and the last

inequality follows from the the fact that (1 + 0.5/L)?2~2 < (1 + 0.5/L)?F < e. Note that X and
Y are constructed by stacking B columns from X and Y respectively, thus we have |X||2 < || X2
and [UX - Y||2 < |[UX — Y% = 2L(W). Then it follows that

2en?
|G| < ?HBI@HAI@HXH% - L(W).

This completes the proof of the upper bound of stochastic gradient. [
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B.2 PROOF OF LEMMA A.2
Proof of Lemma A.2. Let U = BI+Wp)---(I+ W;)Aand U = BT+ W) - (I+ W;)A

and A = U — U. We have

|UX - Y[3 - [UX - Y]3)

(U +A)X - Y|E - [UX - Y]})

NI RN NN

(
(
(IUX-Y + AX|% - [UX - Y[})
(I

[2(UX - Y, AX) + ||AX\|F)

|
AN

UX-Y,(U-U)X) + §H(INJ—U)XH%. (B.4)

We begin by working on the first term. Let V = (I+ W) - (I+W;)and V = (I—&-WL) (T4
W), sothat U—U = B(V —V)A. Breaking down the effect of transforming V = H;:L (I+W;)

into V = ]_[jl= LI+ Wj) into the effects of replacing one layer at a time, we get

S (o) (e wo) = (ffrew) (e )

~

and, for each [, pulling out a common factor of (HZH (I+W; )) (]_[]1;5(1 + Wj)) gives

T+ W) I+ W) (W, —W)I+ W) (I+ W)

<

|

<

Il
I~

(I + WL) - (I + Wl+1)(wl — Wl)(I + Wlfl) “e (I + Wl)

Il
NS

Il
—_

Vi

L
+ YA+ W) (T4 Wi ) (W — W)
=1

Vi
JT+Wimy) - @+ W) — T+ W) I+ Wy)]. (B.S)

Vo
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The first term V satisfies
(UX -Y,BV;AX)

L
= <UX -Y,B (Z(I + W) (T W) (W = W) T+ W) - (T4 W1)> AX>
=1

L
= 3 (UX =Y B+ Wy (T+ Wi )(Wy = W) T+ W) (T+ Wi)AX)
=1

Tr(UX —Y) BI+ W) (I+ W) (W, —W)(I+W,;_) - (I+ W;)AX)

Il
D=

N
I
—_

Te((I+W,_1) - I+ W)DAX(UX - Y)TBI+ W) (I+ W, 1)(W, — W)

Il
D=

~
Il
fut

[l
D=

(BA+Wg)- I+ Wi )] (UX - Y)[(IT+W,_p)---AX]T, W, - W)

N
I
—_

(Vw,L(W), W, — W), (B.6)

Il
M=

N
Il
—

where the first equality is by the definition of V1. Now we focus on the second term V5 of (B.5),

L

Vo= Y I+ Wp) (I+ Wip)(W, — W)
=1
-1
DA+ Wig) - (T+ W )(W, = W)(T+ W) (T+ W),

Recalling that [W, ||, [W, || < 0.5/L for all [ € [L], by triangle inequality we have

[Valp < (@+05/L) - Y [Wi=Wi|p [W,—W,|r
l,se[L] : I>s

L — 2
<+ 05/0 - (LI~ Wil )

=1

WV

where we use the fact that 3, 1.0, @as < X sy mas = (X a)) holds forall ay, . .., ay,
0. Therefore, the following holds regarding V:

(UX ~ Y, BV3AX) < [UX — Y|+ [BV2AX| s
< V2LW)[Bla| Al2|X 5[ Val r

L 2
< Ve EOWI B ALIX (YW, - Wile) @)
=1

where the third inequality follows from the fact that (1 + 0.5/L)% = (1 + 0.5/L)L < /e. Next,
we are going to upper bound the second term of (B.4): 1| (U — U)X|%. Note that, since | (U —
U)X|2 = |B(V = V)AX|2 < |A|2|B|2|X|2|V — V|2, it suffices to bound the norm |V —
V| r. By (B.5), we have

L
IV=V]p=| DT+ W) I+ W) (W, = W) I+ W) (I+ W)
=1 F
L ~
< (1+0.5/L)" Y [W, — Wi p. (B.8)

=1
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Plugging (B.6), (B.7) and (B.8) into (B.4), we have
L(W) — L(W)
1 ~
=(UX-Y,B(V; + V3)X) + 5HB(V — V)AX|3

(Vw,L(W),W; -~ W)

NS

<

1

I3 2
+ |Al2[Bl2[ X2 (v2eL(W) + 0.5¢[ All2|B| 2] X]2) (2 Wi — Wm)

=1

~

< D UVw, L(W), W, - W)
1

L
+ L All2| B2 [ X2 (v/2eL(W) + 0.5¢| A 2| B2 X[2) D [Wi = WilZ,  (B9)
=1

where the last inequality is by Jesen’s inequality. This completes the proof.

B.3 PROOF OF LEMMA B.3
Proof of Lemma B.3. Note that we have
[UV|%2 =Tr(UVVTUT) =Tr(UTUVVT).
By Lemma B.2, it is clear that
Amin(UTU)TH(VVT) < Tr(UTUVVT) < Apax (UTU)TH(VV ).

Since U € R*" is of r-rank, thus we have A\pin (UTU) = 2. (U). Then applying the facts that

Anax(UTU) = 02 (U) and Tr(VV ") = | V|2, we are able to complete the proof.

O
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