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Abstract

Efficient anomaly detection of irregular sequences, espe-
cially those characterized by non-uniform sampling from dis-
continuous operations or unreliable sensors, presents chal-
lenges across various fields. In response, this paper introduces
irregular-sequence classification in “Ct-Echo Model Space”.
A novel Continuous-time Echo Network (Ct-Echo) is pro-
posed to fit irregular sequences, efficiently capturing their in-
herent dynamic characteristics. Ct-Echo utilizes the “Echo”
mechanism, where history information influences the current
state and diminishes over time, and employs Ordinary Dif-
ferential Equation (ODE) to construct continuous-time tran-
sition of hidden states. Each sequence is individually fitted
via Ct-Echo to derive a readout model. These fitted mod-
els, capturing the dynamic characteristics of the original data,
serve as representations of the corresponding sequences, thus
mapping the original data from the data space to the Ct-Echo
model space. Anomaly detection is further performed in this
model space, evaluating differences between models rather
than directly on the original sequences. Our method enhances
real-time processing and lessens reliance on the amount of la-
beled training data, as demonstrated by experimental studies.

Introduction

Anomaly detection of sequential data typically involves de-
termining whether a collected sequence is normal or be-
longs to a specific type of anomaly. Traditional techniques
for anomaly detection often presuppose consistent and regu-
lar sampling intervals, an assumption that is not universally
applicable. For example, sensor data collected from mechan-
ical equipment could exhibit irregular sampling or missing
values, stemming from fluctuating operational conditions or
sensor malfunctions. Such irregular sequences, character-
ized by observations at non-uniform intervals, present sig-
nificant analytical challenges (Chowdhury et al. 2023).
Common methods address such irregularities through re-
sampling or interpolation (Sterne et al. 2009), leading to
information loss and potential distortion of original sig-
nals. Recurrent Neural Networks (RNNs) have also been
introduced into such tasks (Che et al. 2018), but tend
to be computationally intensive, limiting their applicabil-
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Figure 1: The MBM represents each data instance with a
model that is suitably fitted to capture the dynamical charac-
teristic inherent in the original data instance, which further
serves as the data representation for further classification.

ity in time-sensitive scenarios. Besides, ODE-based meth-
ods, such as ODE-RNN (Rubanova, Chen, and Duvenaud
2019) and Neural Controlled Differential Equations (Neu-
ral CDE) (Kidger et al. 2020; Jhin, Lee, and Park 2023),
have proven effective for handling irregular sequences
through continuous-time networks. Nevertheless, existing
ODE-based methods grapple with high computational com-
plexity and extensive network parameters, hindering their
applicability in real-time or data-scarce tasks.

Recently, Model-Based Methods (MBMs) have emerged
as promising solutions for anomaly detection in sequen-
tial data (Chen et al. 2023). MBMs, as Figure 1, represent
each data instance through a suitably fitted model that cap-
tures the data-inherent dynamic characteristics. This rep-
resentation marks a transformation from data-space pro-
cessing to model-space analysis. Representing original data
with dynamic-captured models enables the application of
learning algorithms to the models rather than the origi-
nal data (Chen et al. 2013). MBMs have proven computa-
tional efficiency and reduced data dependency across var-
ious time-series classification and anomaly detection tasks
(Chen, Zhou, and Chen 2024; Liu, Zhou, and Chen 2024).
However, existing models (e.g. Echo-State-Network(ESN)-
based) used for data fitting and representation maintain a
uniform approach to state updates across time steps, failing
to handle data with irregular sampling or missing values.

Addressing the above considerations, this paper proposes
to conduct anomaly detection of irregular sequences within
“Ct-Echo Model Space”. The Continuous-Time Echo Net-
work (Ct-Echo) is introduced to fit irregular sequences, ef-
ficiently capturing the data-inherent dynamic characteris-



tics. Ct-Echo employs the “Echo” mechanism, where his-
torical information resonates like an echo, influencing the
current state and diminishing gradually over time. This en-
sures effective capture of the dynamic characteristics, that
is, the temporal dependencies within each sequence. More-
over, Ct-Echo incorporates the Ordinary Differential Equa-
tion (ODE) for continuous-time updates of hidden states at
irregular time intervals, constructing a continuous iteration
process in the hidden layer and effectively modeling irregu-
lar sequences. Fitting with Ct-Echo is accomplished through
ridge regression, eliminating the need for offline iterative
training such as gradient descent. Consequently, Ct-Echo not
only effectively captures dynamic characteristics in irregular
sequences but also demonstrates high fitting efficiency.

Fitting irregular sequences via Ct-Echo, each sequence
is represented with a fitted model respectively'. The dis-
tance metric between models is further introduced, well re-
flecting the difference of dynamic characteristics inherent
in the original sequences. Through the above, the original
sequences are mapped from the data space to the Ct-Echo
model space. The Ct-Echo effectively captures the dynamic
characteristics of irregular sequences into fitted models,
leading to closer models for sequences within the same cate-
gory and more pronounced divergence for sequences across
different categories due to their unique dynamics. Classifi-
cation algorithms are efficiently operated on the models, al-
lowing for the efficient anomaly detection of the sequences
represented by these fitted models. The main contributions
of this paper are presented as follows:

* We propose Ct-Echo, effective in capturing the dynamic
characteristics of irregular sequences. It uses the “Echo”
mechanism to capture temporal dependencies and ODE
for continuous-time transitions of hidden states. By rep-
resenting data with fitted models, further processing is
conducted on the models instead of the original data.

A notable advantage of the proposed method is its com-
putational efficiency. Fitting with Ct-Echo is accom-
plished through ridge regression, followed by the read-
ily available distance metric between fitted models. This
efficiency is critical in scenarios requiring rapid data pro-
cessing and immediate analysis.

Focusing and adequately capturing the data-inherent dy-
namic characteristics, our method reduces dependence
on the amount of labeled training data. This attribute is
beneficial in situations where labeled data is limited or
where collecting large datasets is not feasible, broaden-
ing its applicability across various fields.

Related Work

Analysis of Irregular Sequences

Most studies addressing sequence analysis assume uniform
sampling, but in reality, data could be irregularly sampled
due to inconsistent data collection or missing values. This

'In this paper, “Ct-Echo” refers to the network used to fit ir-
regular sequences, yielding the fitted “Ct-Echo readout model” for
sequence representation, also short-termed as “‘Ct-Echo model”.
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Figure 2: Illustration of ESN structure, which consists of an
input layer, a hidden layer, and an output layer.

irregularity poses challenges for methods originally devel-
oped for regularly sampled data (Chowdhury et al. 2023).
Considerable studies have contributed to the analysis of
irregular sequences. Che et al. (2018) proposed GRU-D,
which incorporates missing patterns into Gated Recurrent
Unit (GRU). Besides, transformer-based methods, such as
Multi-Time Attention Networks (mTANSs) (Shukla and Mar-
lin 2021) and Warpformer (Zhang et al. 2023), have been
proposed to tackle this. Recent advancements have seen
the integration of ODEs in modeling irregular sequences.
Rubanova et al. (2019) introduced ODE-RNN for capturing
continuous-time hidden dynamics. Furthermore, Kidger et
al. (2020) extended this concept by incorporating CDEs into
the Neural ODE (Chen et al. 2018) framework. Yuan et al.
(2023) further proposed the Ordinary Differential Equation
Recurrent State Space Model (ODE-RSSM). However, the
efficacy of these learning methods diminishes when train-
ing data is scarce, primarily due to their extensive param-
eterization. Furthermore, the significant computational re-
quirements associated with these methods result in extended
training times and increased computational resources.

A Brief Introduction to ESN

ESN (Jaeger 2001) (Figure 2) is a form of RNN optimized
for processing sequence, constructed by three parts: input
layer, hidden layer (reservoir), and output layer. The distinc-
tive feature of ESN lies in the reservoir, which is a large,
randomly generated, fixed recurrent network. In MBMs, fit-
ting data with ESN involves sequentially feeding the input
sequence into the reservoir, acquiring the corresponding hid-
den states, and finally solving only the output weight W¥"
(Chen et al. 2013), while the input weight W" and the
reservoir weight W"" are randomly generated and fixed un-
der Echo State Property (ESP) (Jaeger 2001). This stream-
lines the fitting process and enhances the efficiency.

Model-based Methods

MBMs? start by fitting each sequence into a suitable
model that captures its dynamic characteristics (i.e. chang-
ing rules). These models then served as more stable and par-
simonious representations of the corresponding sequences.
Thus, learning methods are utilized on the fitted models in-
stead of the original data. In (Chen et al. 2013), temporal
signals are segmented, fitted by Cycle topology with Reg-
ular Jumps (CRJ) (Rodan and Tifio 2012), represented by

2Also denoted by “learning in the model space”



the obtained readout models that are further efficiently clas-
sified. Extended from this, MBMs have proven effective in
various domains, such as the fault diagnosis of the Barcelona
water network (Quevedo et al. 2014) and diverse sequence
classification tasks (Gong et al. 2018; Ma et al. 2020; Chen,
Zhou, and Chen 2024). Besides, MBMs have also been em-
ployed for underground diagnosis by considering two direc-
tions’ dynamic characteristics (Chen et al. 2023; Liu, Zhou,
and Chen 2024). While existing studies show MBMs’ ef-
fectiveness in sequential data analysis, current MBMs use
ESN-based methods for data fitting. ESN, with uniform state
updates across time steps, is not suited for irregular sequence
fitting and dynamic capturing.

Methodology

This section outlines the irregular sequence classification in
the Ct-Echo model space, unfolding in three parts:

e Capture Dynamic Characteristics via Ct-Echo: This
initiates our method by fitting sequences through Ct-
Echo, representing each sequence by a fitted model.

Distance Metric between Ct-Echo Models: The next
part introduces a reasonable distance metric to measure
differences between Ct-Echo models.

Anomaly Detection in the Ct-Echo Model Space: Rep-
resenting the sequences with fitted models, supported
with the distance metric between models, anomaly de-
tection is implemented in the Ct-Echo model space.

Capture Dynamic Characteristics via Ct-Echo

Similar to ESN, Ct-Echo is composed of: the Input layer,
the Hidden layer that consists of a reservoir subjected
to continuous-time transitions facilitated by ODE, and the
Output layer. In this structure, 1) an irregular sequence is
sent into the input layer, 2) and then iterated in the hidden
layer considering both the history and current information to
generate continuous-time hidden states, 3) resulting in out-
put through the output layer.

Among them, the reservoir in the hidden layer is a re-
current network with parameters randomly generated and
fixed under the echo state property, ensuring that history
information influences the current state and gradually di-
minishes over time. Besides, the use of ODE in the hidden
layer allows for the integration of hidden states at any time
point. Therefore, Ct-Echo gives a continuous-time transition
of hidden states under irregular time intervals, beneficial to
capturing the dynamic characteristics of irregular sequences.
The Ct-Echo is adapted into two variants:

¢ Ct-Echo-Decay: The linear ODE, independent of the in-
put sequence, is used to construct the continuous-time
transition of hidden states.

¢ Ct-Echo-Leaky: The leaky integrator, considering the
input sequence, is integrated into the reservoir to process
continuous-time hidden states.

Ct-Echo-Decay In the first variant of Ct-Echo, the ODE
processes hidden states independently of the input® x. As

3 An irregular sequence is x = [z(t1),z(t2), ..., x(tg)], t is
the sampling time, and F is the number of sampling time points.

15733

|
X ha) g 1A h v
hh |
x() .. '(? W e pw
x(t,) | pye \/ h(t,) gyt | 1)
x(t,) | w— .\ h(t,) E‘ »(ty)
| , % /“'1 e
x(t;) RS I IR - b
Reservoir i
Input Layer Hidden Layer Output Layer
(a) Structure of Ct-Echo-Decay
h(t) e ) he
Hidden *\_,‘ 3 C
state _I *\J A K’
oo
Input
npu X

) x(z,)
(b) Flow of Ct-Echo-Decay in hidden layer

x(,)

Figure 3: Illustration of Ct-Echo-Decay. (a) is the structure,
consisting of an input layer, a hidden layer, and an output
layer. It uses ODEs in the hidden layer to help the reservoir
establish continuous-time hidden states. (b) is the processing
flow in the hidden layer. The blue line is the continuous-time
transition achieved by ODE, and the red line is the hidden
state computation in the reservoir.

shown in Figure 3(a), the input x is sent into the hidden layer
sequentially through the input layer. Ct-Echo operates in the
hidden layer according to the following iterative formula:

h,,(t,) = ODESolver(fy(h),h(t,—1), (tn-1,ts)),
h(t,) = tanh(whh “hy, (tn) + Whe . x(tn)),

where h,,(t,) represents the intermediate hidden state at
time t,,, ODESolver is a solver for ODE, fy denotes the
ODE governed by parameters 0, h(t,,_1) is the previous hid-
den state (initial value of ODESolver), (t,_1,t,) is the
time interval, h(¢,) is the updated hidden state, Whh and
W' are the weights for hidden layer (reservoir) and input
layer, respectively, and x(t,,) is the data point at time t,,.

During the iteration (Figure 3(b)) in Ct-Echo-Decay, the
previous hidden state is continuously transitioned to the cur-
rent step as an intermediate hidden state using the ODE. This
intermediate hidden state, combined with the current input
value, then determines the current hidden state. As iterations
progress, the above process persists, linking each data point
to prior ones, thus effectively preserving the dynamic char-
acteristics within the sequence.

In this paper, we choose the linear ODE function as fy
within the ODESolver in Formula (1), given as

dh
o = fo) =71, @)

where 7 < 0 is the decay rate. This ODE is solvable analyt-
ically, and its solution describes an exponential decay pro-

(D



Algorithm 1: Ct-Echo-Decay

Input: Sequence x, sampling time ¢, number of sampling points
FE, input and hidden weights W"* and W™, function fo.

Output: The output weights {W¥" b}

1: Initialize h(t;) = tanh(W"® . x(t1))

2: forn =2to E do

3: h..(tn) = ODESolver(fo(h),h(tn-1), (tn—1,tn)),

4

5

h(t,) = tanh(W"" . h,, (t,) + W' - x(t,,)),
: Compute weights of x(t + 1) = W¥"h(t) 4+ b on observed
timestep through Ridge Regression

6: return {W¥" b}

Algorithm 2: Ct-Echo-Leaky

Input: Sequence x, sampling time ¢, number of sampling points
E, input weight W"?  hidden weight W"", function fo.

Output: The output weights {W¥" b}

1: Initialize h(to) = 0

2: x + CubicSplinelnterpolation(x)

3: forn =1to E do

4: h,.(t,) = ODESolver(fo(h,x),h(tn—1), (tn-1,tn)),

5.

6

: h(ts) = tanh(hm(tn)),
: Compute weights of x(t + 1) = W¥"h(t) 4+ b on observed
timestep through Ridge Regression

7: return {W¥" b}

cess. The analytical solution with an initial value h(t,,_1) at
any time ¢ is given by

h(t,_y) - e (=t 3)

Therefore, the intermediate state h,, (¢,,) in Formula (1) is
given by value at ¢,,:

by, (tn) = h(ty_1) - e” tnmtn-1), )

Consequently, the decay mechanism leads to the gradual
fading of the previous information in the hidden states,
which is modulated by the variability of the time intervals.
The pseudocode of the fitting process of a sequence x using
Ct-Echo-Decay is presented in Algorithm 1.

Ct-Echo-Leaky The second variant of Ct-Echo incorpo-
rates the ODE into the reservoir, making the ODE directly
consider input x. As shown in Figure 4(a), sending the input
x into the hidden layer through the input layer sequentially,
the iterative process in Ct-Echo-Leaky is defined as follows:

h,,(t,) = ODESolver(fy(h,x), h(t,—1), (tn-1,tn)),
h(t,) = tanh(h,,(¢,)),

&)
where h,,(¢,) is the intermediate state computed by the
ODE solver*, which integrates the ODE function over the
time interval (¢,,—1,t, ). The hidden state h(¢,) is obtained
by applying the tanh function.

According to the iteration (Figure 4(b)) of Ct-Echo-
Leaky, the input sequence is first represented by a spline

*In this variant, the ODE complicates the integration process,
requiring numerical solution methods. Runge-Kutta (4,5) is uti-
lizied in this paper (Dormand and Prince 1980).
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Figure 4: Tllustration of Ct-Echo-Leaky. (a) is the structure,
consisting of an input layer, a hidden layer, and an output
layer. It integrates ODEs into the reservoir in the hidden
layer to establish continuous-time hidden states. (b) is the
processing flow in the hidden layer. The green line is the
spline curve achieved through the input, and the blue line is
the continuous-time hidden state obtained in the reservoir.

curve®. Subsequently, the ODE integrates considering both
the input and proceeding hidden states to generate a contin-
uous hidden process, giving hidden states at any time step.
Notebly in Ct-Echo-Leaky, we utilize the leaky integrator
(Jaeger et al. 2007) to model irregular sequences, given as:

dh

dt
where a acts as the leaky rate, and the tanh function captures
the non-linear interactions between the hidden state h and
the input x. This design ensures a balanced consideration
of both inputs and hidden states, useful for modeling time-
dependent processes. The pseudocode of Ct-Echo-Leaky is
presented in Algorithm 2.

fo(h,x) = —a-h+tanh(W"" .- h4+ W"*.x), (6)

Fitting Sequence by “Next-Step Prediction” To fit the
sequence and capture its dynamic characteristics via Ct-
Echo, we adopt the “next-step prediction” approach (Chen
et al. 2015). This approach predicts the next step value using
current and past values in the series, effectively capturing the
dynamic characteristics of the data and obtaining the readout
model as the representation of the original data.
Specifically, 1) a sequence x is sequentially sent into the
hidden layer through the input layer. 2) x is then iterated in
the hidden layer to obtain the hidden states h. During the it-
eration process through Formula (1) or (5), the hidden state

3To handle irregularly sampled input data x, cubic spline inter-
polation (De Boor 1978) is employed.



at any time is influenced by the current input value as well
as proceeding hidden states, and the use of ODE ensures
continuous-time transitions of hidden states across irregular
time intervals, thus effectively retaining the dynamic char-
acteristics within the sequence. 3) Finally, the mapping be-
tween the predicted value y and the hidden state from the
previous time step is established, given as:

y(h) = W¥"h + b, ©)

where the output weights W¥" and the bias b can be directly
determined by extending the ridge regression solution:

W = (HTH + A1) 'HTX, (8)

where W is the concat of the output weights W¥" and the
bias b, H is the augmented matrix of hidden states with
additional all-ones columns. X represents the target values,
which are the data points at the next time step corresponding
to each hidden state. A is the regularization parameter, and I
is the identity matrix.

The output weights and bias can be then extracted from
W, obtaining the Ct-Echo readout model as Formula (7).
This transformation allows for a concise representation of
each sequence with the readout model.

Distance Metric between Ct-Echo Models

Representing each sequence with a fitted model, the distance
between the Ct-Echo readout models should be defined to
support further classification of models (Chen et al. 2013).

Suppose two distinct Ct-Echo readout models, y; and y2
mapping from RV (hidden layer dimension) to R™ (output
layer dimension), are formulated as:

yi(h) = W{"h+b,, ©
y2(h) = W¥"h + b,.

The definition of the 2-norm distance (Chen et al. 2013)
between y; (h) and yo(h) is given as:

Lo(y1,y2) </ [|ly1(h

where C' = [—1,1]" is the domain of integration®.
By integrating Formula (9) into (10), the distance between
two Ct-Echo readout models could be estimated by:

1/2
m)] dh) o)

N M

ZZwU+\|b’||2 (1)

jlll

Dis(y1,y2)

where w; ; is the (i, j) element of W/ = W¥" — W¥" and
b’ = by — b,. Utilizing Formula (11), the distance between
any two Ct-Echo readout models could be effectively mea-
sured, thus distance-based learning algorithms could be ap-
plied in the model space for further analysis.

6According to the iterative formula (1) and (5), hidden states h
are assumed to lie within the hypercube [—1, 1]

Anomaly Detection in the Ct-Echo Model Space

Anomaly detection involves classifying unknown irregular
sequences as either normal or specific types of anomalies.
Our approach consists of two phases: training and detection.

Training phase Each labeled irregular sequence is first
fitted through Ct-Echo separately to obtain a correspond-
ing readout model. The fitted model represents the original
data, mapping the corresponding sequence into the Ct-Echo
model space supported by the distance metric given in the
above subsection. A classifier, such as Support Vector Ma-
chine (SVM) (Cortes and Vapnik 1995) or K-Nearest Neigh-
bors (KNN) (Altman 1992), is then trained on these models.

Detection phase A newly collected irregular sequence is
first fitted with Ct-Echo, obtaining the readout model. This
model is then evaluated using the previously trained classi-
fier to determine whether it is normal or belongs to a specific
type of anomaly, which directly corresponds to the category
of the original sequence.

Experimental Study

This section details experiments tested on several datasets,
followed by analysis of comparative experimental results
and the presentation of additional analytical experiments.

Introduction of the Utilized Datasets

Three datasets, CWRU, SU, and WHU are utilized, intro-
duced as follows’. For the default setting: 1) Assume se-
quences with irregular sampling, we randomly delete 50%
data points from each sequence (i.e., with the missing rate
of 50%)%; 2) Supposing labeled-data-limited scenarios,
for training, we use only 200 sequences per sub-dataset for
CWRU and SU, and 90 for WHU; for testing, we use 1800
sequences per sub-dataset for CWRU, 4800 per sub-dataset
for SU, and 90 for WHU.

* CWRU Dataset (Loparo 2012): Comprises 2-
dimensional vibration signals from bearings under
four load conditions (sub-datasets A, B, C, D), each with
200 instances per category. A mixed dataset is denoted
as E. The dataset, with 2048 time steps per instance,
supports a 10-category classification task (one normal
category and nine distinct anomaly categories).

¢ SU Dataset (Shao et al. 2019): Contains 8-dimensional
data for gearbox and bearing under two working condi-
tions, denoted as sub-datasets G20, G30 for gearboxes,
and B20, B30 for bearings, each with 1000 instances per
category. The dataset includes four faults and one normal
category, and each sample consists of 1024 time steps.

« WHU Dataset (Liu et al. 2019): Includes 1-dimensional
vibration data from a rotor system, collected at 1200 rev-
olutions per minute and a sampling frequency of 2048

"The experiments are conducted on a PC with CPU: Intel(R)
Core(TM) 19-13900k, and GPU: NVIDIA GeForce RTX 3080.

8Experiments and discussions under different missing rates are
subsequently presented, where the missing rate refers to the pro-
portion of data points removed from each sequence.



CWRU SU
A B C D E G20 G30 B20 B30 WHU
NFFT-SVM | 32.56 & 1.20 | 23.28 + 1.18 | 21.83  1.33 | 22.67 + 1.25 | 18.74 = 1.07 | 84.06 = 1.67 | 69.19 =+ 1.35 | 79.10 & 1.23 | 64.44 % 1.91 | 34.09 % 2.90
GRU-At | 70.69 +4.75 | 63.56 + 2.80 | 58.85 + 4.71 | 71.38 + 3.94 | 55.63 + 2.97 [97.39 + 0.82| 94.77 + 1.72 | 96.95 + 1.03 | 97.49 + 1.10 | 67.11 + 1.31
GRU-Int | 33.63£4.57 | 21.31 +£5.43 | 27.94 £ 5.68 | 43.69 £ 4.21 | 34.94 + 6.55 | 93.02 £ 1.57 | 83.86 £ 1.40 | 90.70 £ 2.28 | 90.51 + 2.65 | 81.58 £ 3.57
mTANs | 13.33 £ 1.35 | 13.38 £ 0.96 | 12.79 + 1.41 | 13.06 £ 1.03 | 10.78 £ 1.22 | 84.56 £ 1.34 | 64.73 + 1.58 | 75.25 + 1.11 | 59.52 + 1.89 | 32.23 + 4.23
Warpformer| 81.94 & 1.13 | 64.67 & 1.58 | 67.11 = 1.76 | 80.22 = 1.07 | 61.60 = 1.66 | 90.31 = 1.73 | 82.04 £ 2.13 | 97.56 £ 1.11 | 97.50 £ 1.05 | 93.33 £ 2.11
ODE-RNN | 20.25 + 2.25 | 31.25 + 3.88 | 26.25 £ 2.75 | 23.75 £ 2.51 | 27.87 + 2.18 | 44.40 + 1.31 | 25.20 £ 1.27 | 26.35 £ 3.39 | 31.85 £ 3.77 | 23.68 £ 0.23
Neural CDE| 10.22 + 0.25 | 10.09 4 0.27 | 11.13 £ 0.21 | 10.58 # 0.25 | 10.34 + 0.22 | 19.37 4+ 0.26 | 19.16 4 0.28 | 20.83 + 0.21 | 21.22 +0.32 | 25.34 + 1.54
MBM-Int | 61.22 + 1.45 | 67.67 £ 1.05 | 68.89 £ 0.99 | 82.22 + 0.84 | 65.13 £ 0.62 | 73.83 £ 1.58 | 83.67 £ 1.27 | 96.08 £ 1.32 | 95.69 + 1.01 | 95.56 =+ 2.19
MBM-At | 66.91 4 1.01 | 64.83 +0.98 | 67.23 + 1.02 | 81.00 = 0.72 | 61.61 + 0.82 | 91.13 & 1.30 | 96.44 + 0.50 | 98.30 & 0.29 | 98.14 + 0.26 | 91.93 + 2.85
ggs:ysfd 75.22 +2.10 | 75.78 + 1.66 | 80.72 + 2.36 | 86.67 + 1.22 | 70.09 + 1.10 | 94.31 + 0.96 |98.15 + 0.55| 99.21 + 0.28 [99.69 + 0.13] 95.56 = 2.03
:)If;’;’l‘:;;’d 83.06 + 0.88(82.83 + 1.06|87.67 + 1.20(92.67 + 0.81|78.27 & 0.65| 91.25 + 0.58 | 97.10 = 0.58 |99.50 + 0.11/99.69 + 0.09|96.67 + 1.87

Table 1: Accuracy(%) (mean=std across five runs) of Classification on Multiple Datasets with 50% Missing Rate

Hz. Each instance is 2048 time steps long, with 45 in-
stances per category. It encompasses four categories: nor-
mal, contact-rubbing, unbalanced, and misalignment.

The Evaluated Methods

Addressing irregular sequence, we employ nine baseline
methods: 1) Feature extraction with traditional machine
learning: NFFT-SVM utilizes Nonequispaced Fast Fourier
Transforms (NFFT) (Keiner, Kunis, and Potts 2009) for fea-
ture extraction from irregular sequence data, followed by
classification using SVM. 2) RNN-based methods: GRU-A¢
enhances GRU by incorporating the time intervals between
data points as additional input; GRU-Int enhances GRU
by interpolating irregular sequence data to regular intervals.
3) Transformer-based methods: mTANs (Shukla and Mar-
lin 2021) and Warpformer (Zhang et al. 2023). 4) ODE-
based methods: ODE-RNN (Rubanova, Chen, and Duve-
naud 2019) and Neural CDE (Kidger et al. 2020). 5) MBM
methods: MBM-Int involves interpolation of irregular data,
followed by SVM classification in model space; MBM-A¢
incorporates the time intervals between data points as addi-
tional input, followed by SVM classification in model space.
Two variants of the proposed method® are denoted as:
1) Proposed(Decay) employs Ct-Echo-Decay for fitting ir-
regular sequences; 2) Proposed(Leaky) employs Ct-Echo-
Leaky for fitting irregular sequences. Both methods choose
SVM for the classification in the Ct-Echo model space.

Experimental Results and Disscussions

Results in Table 1 show that while NFFT-SVM and MBMs
exhibit some capability when handling irregular sequences,
they lack overall accuracy due to their reliance on discrete
representations, which fail to capture the continuous-time
dynamic characteristics. Deep learning methods encounter
limitations in data-scarce environments due to their reliance
on comprehensive and diverse datasets for optimization.
Specifically, mTANs, ODE-RNN, and Neural CDE exhibit
underperformance. Warpformer, GRU-A¢, and GRU-Int, al-
though comparatively more effective, still fall short of ours.

°In our experiments, the spectral radius and size of the reser-
voir are set to 0.8 and 10 respectively. The decay rate of Pro-
posed(Decay) is -0.05 and the leaky rate of Proposed(Leaky) is 1.
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Figure 5: t-SNE visualizations of the B30 dataset after pro-
cessing by two MBMs and two proposed methods. Each sub-
plot represents the data clustered into five categories, show-
casing the separation achieved by (a) MBM-Int, (b) MBM-
At, (c) Proposed(Decay), and (d) Proposed(Leaky).

The proposed methods show considerable results, with
the Proposed(Leaky) demonstrating overall superior perfor-
mance. As Figure 5, the proposed methods exhibit better
clustering across different categories compared to those that
solely rely on interpolation or intervals. The results stem
from: 1) We utilize “Echo” to preserve the temporal depen-
dencies within each sequence and incorporate ODE within
the hidden layer to manage continuous-time transitions be-
tween irregular data points, effectively and efficiently cap-
turing dynamic characteristics within irregular sequences;
2) Capturing sequence-inherent dynamic characteristics, Ct-
Echo facilitates the transformation of irregular sequences
from data space to Ct-Echo model space, enabling more ef-
ficient classification with limited data.

Discussion about Training Time We evaluate the train-
ing times of five better-performed methods (GRU-At, GRU-
Int, Warpformer, MBM-Int, and MBM-At) with the Pro-
posed(Decay) and Proposed(Leaky). Table 2 illustrates the



GRU GRU Warp MBM MBM || Proposed Proposed
-At  -Int former -At -Int (Decay) (Leaky)
CWRU| 76 132 55 2.4 1.1 0.2 13
SU 53 99 67 1.7 038 0.1 73
WHU | 26 52 15 0.8 04 <0.1 2

Table 2: Average Training Time(s) of Better-performed
Methods on Multiple Datasets with 50% Missing Rate

Missing| GRU- GRU- Warp MBM- MBM-||Proposed Proposed
Rate | At Int former Int At || (Decay) (Leaky)
10% |85.03 90.56 92.83 95.89 94.53 || 98.39 97.67
20% |81.25 81.12 94.50 92.22 90.27 || 94.96 94.33

Al 30% |77.94 73.11 85.67 85.17 85401 91.33 92.33
40% |73.62 62.37 82.17 78.67 76.57|| 82.00 85.78
50% |70.69 33.63 81.94 61.22 66.91 || 75.22 83.06
10% |82.63 75.56 91.06 97.78 97.24 || 98.33 98.94
20% |79.75 67.75 90.56 93.22 94.50 || 96.61 96.83

B| 30% |[70.63 44.50 84.06 85.28 88.13 || 93.56 94.06
40% |56.06 49.18 75.28 80.56 78.12|| 85.17 88.39
50% |63.56 21.31 64.67 67.67 64.83|| 75.78 82.83
10% [80.06 92.13 93.06 98.83 98.92 || 99.17 99.78
20% |76.94 75.56 87.56 96.11 96.94 || 97.78 98.56

C| 30% |[77.69 70.00 70.78 92.33 92.04 || 96.00 96.33
40% |65.94 47.56 65.07 85.78 81.02|| 88.28 90.00
50% |58.8527.94 67.11 68.89 67.23|| 80.72 87.67
10% [92.00 82.38 96.33 99.78 99.82 || 99.61 99.94
20% |86.50 83.50 94.44 99.11 99.23 || 99.28 99.78

D| 30% |73.38 73.69 91.83 96.61 96.37 || 97.89 98.89
40% |75.00 56.44 84.00 93.22 90.23 || 93.94 95.83
50% |71.38 43.69 80.22 82.22 81.00|| 86.67 92.67
10% [75.11 85.84 81.97 94.82 94.68 || 96.23 97.73
20% |65.91 86.80 82.81 92.05 91.22|| 93.82 95.78

E| 30% |64.92 65.17 69.69 85.32 82.72|| 90.67 92.83
40% |65.11 56.73 63.28 76.88 74.01 | 83.14 86.54
50% [55.63 34.94 61.60 65.13 61.61|| 70.09 78.27

Table 3: Accuracy(%) of Better-performed Methods with
Different Missing Rates on CWRU Datasets

average training times of these methods across different
datasets. GRU-A¢, GRU-Int, and Warpformer show longer
training times, mainly due to the high computing complex-
ity during iterative training, especially when handling long
sequences. Conversely, the proposed methods, especially
Proposed(Decay), achieve significantly shorter times. This
stems from the efficient fitting process with Ct-Echo, ac-
complished only through ridge regression instead of itera-
tive training (like gradient descent), as well as the readily
available distance metric between models. The efficiency,
combined with the superior classification accuracy given in
Table 1, underscores the effectiveness and practicality of the
proposed methods for real-world applications.

Discussion with Different Missing Rates Given different
missing rates, we evaluated the above five better-performed
methods and the proposed ones. The experiments are carried
out on five sub-datasets of CWRU, where we systematically
introduced missing values at rates ranging from 10% to 50%,
with increments of 10%.

Table 3 and Figure 6 reveal the strengths of the pro-
posed methods, particularly Proposed(Leaky), maintaining
higher accuracy across increasing missing rates, even un-
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10%

20% 40% 209 40% 50%

% 30%
Missing Rate
~a-MBM-Int

30%
Missing Rate
-¢ GRU-At -+ -GRU-Int Warpformer
-+ MBM-At ——Proposed(Decay) *-Proposed(Leaky)

Figure 6: Comparison on better-performed methods on
CWRU-C and CWRU-E datasets with different missing
rates, from 10% to 50%. The proposed methods (bold font)
maintain higher accuracy across increasing missing rates.

SVM KNN
Proposed Proposed Proposed Proposed
(Decay) (Leaky) (Decay) (Leaky)
G20 | 94.314+0.96 91.25+£0.58 | 87.23 £1.81 86.17£2.22
G30 | 98.15£0.55 97.10+0.58 | 96.92+0.64 96.54 £1.03
B20 | 99.21+£0.28 99.50+£0.11 | 98.47+£0.42 98.90 +0.44
B30 | 99.69+0.13 99.6940.09 | 99.08+0.26 99.54 +0.16

Table 4: Accuracy(%) (mean=std) of Classification in Ct-
Echo Model Space on Su Datasets with 50% Missing Rate

der challenging conditions with missing rates > 30%. The
primary reason is the capture of continuous-time dynamic
characteristics via Ct-Echo as aforementioned, resulting in
a category-discriminative Ct-Echo model space (intuitively
exampled like Figure 5). In this model space, the fitted mod-
els are positioned closer within the same category and more
distinct across different categories. Consequently, as Fig-
ure 6while the difference from some methods is minimal
at lower missing rates, the proposed methods demonstrate
a more pronounced advantage as the missing rate increases.

Classification in Ct-Echo Model Space The comparison
results between classifiers SVM and K-Nearest Neighbors
(KNN) (Altman 1992) in the Ct-Echo model space are given
in Table 4. From the results, distance-based classifiers like
SVM and KNN are both applicable in the Ct-Echo model
space. SVM exhibits higher and more stable accuracy, pri-
marily due to its ability to find an optimal hyperplane that
maximizes the margin between categories. Thus SVM is
chosen as the classification method in this paper.

Conclusion

This paper proposes learning in the “Ct-Echo Model Space”
for anomaly detection of irregular sequences. Ct-Echo fits
sequences through continuous-time integration in the hid-
den layer, capturing their dynamic characteristics. Irregu-
lar sequences are represented by the fitted Ct-Echo readout
models. Anomaly detection is then performed on these fitted
models rather than the original data. Experimental results on
several datasets highlight the improved efficiency and effec-
tiveness of our method, especially with diverse missing rates
and limited training data. In future work, we plan to extend
its applicability to broader domains, focusing on refining and
configuring Ct-Echo for more complex data analysis.
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