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Abstract

In real-world applications, learning-enabled systems often undergo iterative model develop-
ment to address challenging or emerging tasks. This continual model development process
raises a significant issue that acquiring new or improving existing capabilities may inad-
vertently lose good capabilities of the old model, also known as catastrophic forgetting.
While existing continual learning aims to mitigate catastrophic forgetting by trading off
performance on previous tasks and new tasks to ensure good average performance, it often
falls short in cost-sensitive applications, where failing to preserve essential established ca-
pabilities introduces unforeseen costs and risks and substantial expenses for re-improving
these capabilities. To address this issue, we impose a requirement on learning systems
to ensure that a new model strictly retains important capabilities of the old model while
improving target-task performance, which we term model developmental safety. To ensure
model developmental safety, we propose a retention-centric framework with data-dependent
constraints, and study how to continually develop a pretrained CLIP model for acquiring
new or improving existing capabilities of image classification. We propose an efficient con-
strained optimization algorithm with theoretical guarantee and use its insights to finetune a
CLIP model with task-dependent heads for promoting the model developmental safety. Our
experiments on improving vision perception capabilities on autonomous driving and scene
recognition datasets demonstrate the efficacy of the proposed approach.

1 Introduction

Learning-enabled systems are rapidly transforming various sectors, with applications in autonomous vehicles,
medical diagnosis, and financial prediction. These systems often rely on ML models that are trained on vast
amounts of data. However, the inherent complexity of the environments in which these systems operate
often presents critical challenges, e.g., dealing with corner cases and rare scenarios that deviate from the
norm. Additionally, real-world scenarios continuously evolve, presenting new challenges and requiring the
system to adapt. These necessitate an iterative development process where models are constantly refined and
improved based on new data. Continuously updating the model has become a norm especially in the era
of large foundation models, e.g., ChatGPT has experienced several cycles of development from GPT3.5 to
GPT4 and GPT4o and recent GPTol.

However, this iterative model development process raises a significant issue, i.e., the model development
for improving the existing capabilities or acquiring new capabilities may inadvertently lose the previously
acquired capabilities of the old model. This issue has been widely observed and documented as catastrophic
forgetting when models are trained to learn a sequence of contents (McCloskey & Cohenl, [1989). Tremendous
studies have been conducted to mitigate the forgetting problem in continual learning literature (Zhou et al.,
2022; Rolnick et al.; 2019; [Shin et al. [2017} |Li & Hoieml [2016; Kirkpatrick et al.l [2017]). However, these works
primarily focus on mitigating the catastrophic forgetting problem, by trading off performance on previous
tasks and new tasks to have good average performance (Wang et al., [2024)), but do not strictly retain critical
existing abilities (i.e., ensuring zero forgetting) while learning new tasks. Ensuring zero forgetting is crucial
for many cost-sensitive applications, as failure to strictly preserve the model’s essential capabilities not only
introduces unforeseen costs and risks but also imposes substantial expenses in the re-improving of these
measures, such as in domains like autonomous driving, where established capabilities are usually critical, and
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re-validation and re-verification is complex and could cost billions of dollar (Rajabli et al., |2020; Koopman &/
Wagner, 2016} |Companyl, 2023). This presents a significant challenge for iterative model development process.

To address this challenge, this paper formally introduces model developmental safety (MDS) as a
requirement of a learning system that in the model development process the new model should strictly retain
the existing important capabilities of the old model while improving its performance on target tasks. This
concept subtly differs from trading off performance between previous tasks and new tasks to have good
average performance of existing continual learning approaches. Moreover, MDS cannot be achieved by the
naive weighting method that optimizes a weighted loss by combining protected and target tasks’ losses
and tuning the weight to preserve protected capabilities. This approach does not necessarily retain the old
model’s performance across all protected tasks even if the weight is large enough, observed in our experiments
(Table @), and will yield no improvement on target tasks if the weight is too large. A more effective algorithm
is required to efficiently find a model that not only retains the performance on protected tasks but also
improves the performance on target tasks. To the best of our knowledge, no such algorithm currently exists.

This paper aims to address this critical gap by introducing a novel retention-centric framework to ensure
MDS. We propose to formulate the MDS as data-dependent constraints, which offers statistical guarantee
for strict preservation of performance for all protected tasks. With this framework, we explore developing a
pretrained CLIP model (Radford et al.l [2021a) for acquiring new capabilities or improving existing ones in
image classification. We propose an efficient constrained optimization algorithm with theoretical guarantee.
With insights from theoretical analysis, we finetune the CLIP model with task-dependent heads to facilitate
MDS. Finally, we demonstrate the efficacy of our approach on autonomous driving dataset and scene
recognition dataset, highlighting the practical importance of MDS in real-world scenarios. Our contributions
are summarized below:

o We introduce a retention-centric framework by formulating the MDS as data-dependent constraints, which
offer statistical guarantee for strictly preserving performance for every protected task.

e We propose an efficient constrained optimization algorithm with theoretical guarantee to develop a
pretrained CLIP model for acquiring new or improving existing capabilities of image classification.

¢ We conduct comprehensive experiments to study the proposed algorithm and compare it with existing
baselines to demonstrate its effectiveness. An experimental result for ensuring MDS in improving vision-
based perception capabilities of autonomous driving is shown in Figure [T}

2 Related Work

Continual learning. This work is closely related to Continual learning (CL), also known as lifelong
learning, yet it exhibits nuanced differences. Continual learning usually refers to learning a sequence of tasks
one by one and accumulating knowledge like human instead of substituting knowledge (Wang et al.| 2024}
2021). The core issue in CL is known as catastrophic forgetting (McCloskey & Cohen) [1989), i.e.,
the learning of the later tasks may significantly degrade the performance of the model for the earlier tasks.
There is a vast literature of CL of deep neural networks (DNNs) (Aljundi et al., |2018; [Lopez-Paz & Ranzato,
[2017a}; [Farajtabar et al., 2019} [Lee et al., 2017; |Guo et al., [2020} [Parisi et al., |2018)). Different approaches
have been investigated to mitigate catastrophic forgetting, including regularization-based approaches (Castro
let al.l 2018} [Kirkpatrick et al) [2017; [Zenke et al.| [2017} [Li & Hoieml, 2016), expansion-based approaches (Zhou
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et all 2022; [Yan et al. [2021; [Li et al., [2019; Rusu et all 2016, and memory-based approaches (Buzzega
et all 2020; |Cha et al., |2021} |Guo et al.l |2020; Lopez-Paz & Ranzatol [2017a; |Chaudhry et al.l 2019). The
framework proposed in this work is similar to conventional memory-based approaches in the sense that both
use examples of existing tasks to regulate learning. However, the key difference is that most existing continual
learning focuses on the trade-off between learning plasticity and memory stability and aims to find a proper
balance between performance on previous tasks and new tasks (Wang et al., 2024). Hence, they do not
provide a guarantee for MDS. A recent work (Peng et al., [2023)) has proposed an ideal continual learner that
never forgets by assuming that all tasks share the same optimal solution. However, it is not implementable
for deep learning problems. Besides, existing continual learning studies usually highlight resource efficiency
when accumulating knowledge by reducing the number of samples of previous tasks. In contrast, this work
tends to utilize more examples to construct constraints for protected tasks to facilitate MDS.

Constrained Learning. Our work is also related to constrained learning. While most traditional constrained
optimization works focus on convex objectives or convex constraints, the research interest recently has been
directed to non-convex optimization (Boob et al., |2023; |Facchinei et al., |2021; [Li et al.l [2024} |(Chamon et al.|
2022 |Alacaoglu & Wright, [2024), due to its increasing importance in modern machine learning problems,
such as in applications concerned with fairness (Cotter et al., 2019), robustness (Robey et al.| 2021, and
safety (Paternain et al.l [2019b)) problems. Nevertheless, none of existing algorithms can be directly applied to
our large-scale deep learning problem , due to either prohibitive running cost or failure to handle biased
stochastic gradients caused by compositional structure. We include more discussion in Appendix

3 Notations and Preliminaries

Notations. We consider developing a model w to improve its capabilities on a target task T, while preserving
its performance on a set of protected tasks denoted by Ty,...,T,,. A task can be as simple as predicting a
class for multi-class classification. In the paper, we focus on classification using CLIP models and each task
refers to one class. For example, we can consider tasks of detecting different weather conditions in autonomous
driving, e.g., foggy, overcast, cloudy, clear, rainy, etc. We assume that each task is associated with a data
distribution denoted by Dj. Let (x,y) ~ D denote random data of task Ty with input x € X (e.g., an
image) and output y € Y (e.g., its class label). We assume that each protected task has a set of examples
denoted by Dy = {(xi,¥:)}:*,, sampled from Dy. Let lx(w,x,y) = £r(s(x;w),y) denote a loss function
that measures the loss of the model’s prediction s(x;w) with respect to the groundtruth y for task k. For
classification, the loss could be zero-one loss £y_; that measures the classification error or the cross-entropy
loss £, that is differentiable for learning. We will define these losses shortly for using CLIP models. We denote
by Li(w,Dy) = Ex yuo, fx(W, X, y) as the expected loss, and by L(w, D) = i Z(xiyyi)NDk lip(w,Xx;,y;) as
the empirical loss for task k.

The CLIP model and Contrastive Loss. We consider optimizing a two-way contrastive loss for each
image-text pair (x;,t;) following [Yuan et al.| (2022):

Lctr(w; Xi, ti, 7;7711'7) =
exp(Ey(w,x;) T Ea(w, t;)/7)
27 Xp(EL(W, i) T By (W, t5)/7)
exp(Ea(w,t;) " E1(w,x;)/T)

Yo, ez- Xp(Ea(w, ti) T Ey(w,x;)/7)’
where Ej(w,x) and Ea(w,t) denotes a (normalized) encoded representation of a image x, and a text t,

respectively, 7, denotes the set of all texts to be contrasted with respect to (w.r.t) x; (including itself) and
Z; denotes the set of all images to be contrasted w.r.t t; (including itself).

— 7log

— 7log

To utilize a CLIP model for multi-class classification with classes C = {¢1,...,ck}, we will convert a class
Cr, €.g., "rainy", into a text description of ¢, denoted by t, e.g., "the weather is rainy", similar to the
zero-shot classification scheme of the CLIP model. Hence, a prediction score (i.e., a logit) for an image x
and a text description tj of class ¢ is calculated by s (x;w) = E1(w,x) ! Ey(w,tg). The predicted class

label is given by § = arg max,, ec skx(x; w). Hence, given the true class y € C, the zero-one loss is given by
exp(sy (x;w)/70)

h
S exp(si(w) /7o) where

lo1(w,x,y) =1(§ # y), and the cross-entropy loss is given by £..(w,x,y) = —log
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7o > 0 is a temperature parameter that controls the balance between the approximation error of the zero-one
loss and the smoothness of the function.

4 A Retention-Centric Framework

To measure model developmental safety, it is necessary to evaluate how the model’s performance changes in
protected tasks from the old model wgq to a new model wyey. We introduce the formal definition of model
developmental safety (MDS) in Definition |1} which ensures the new model strictly preserves performance on
every protected task.

Definition 1 (Model Developmental Safety (MDS)) In model development process, the model de-
velopmental safety is satisfied if Lx(Wpew, Dk) < Li(Woia, Dk),Vk € {1,...,m} , where Li(w, D) =
Ex,yNZDkék(Wy)Qy)'

In practice, model developmental safety will be measured using a set of empirical examples S; ~ ©; for each
protected task. Hence, we define the empirical developmental safety metric, corresponding to Definition [1} for
evaluation:

DevSafety = min ) (L (Wold, Sk) — Li(Wnew, Sk)) -

ke{l,--,m

When using the zero-one loss £y_1 in the above definitions, we refer to the metric above as DevSafety(acc).

The key to our retention-centric framework is to utilize examples of protected tasks to define empirical
retention constraints when updating the model on a target task. To improve the model performance on a
target task T,, we assume that a set of data D for T, is constructed and a proper objective is given based on
application, denoted by F'(w, D). Then, our retention-centric approach for model development is imposed by
solving the following problem:

Whew = argmin F(w, D)

(2)
st. Lix(w,Dg)—Lr(Woid,Dr) <0, k=1,--- ,m.

We will propose an efficient algorithm to directly solve this data-dependent constrained optimization problem
in the next section.

Generalization Analysis. Since, in practice, we can only use empirical data Dy, ...,D,, in Eqn. , there
exist generalization errors between the retention constraints in Eqn. and the MDS we want to ensure
in Def. [I] The lemma below uses a standard tool of statistical error analysis to bound the generalization
error of retention. For simplicity, we assume each protected task is associated with the same loss function,
namely, ¢ = ¢ for kK = 1,...,m. In the analysis, we use the Rademacher complexity of the loss class
H = {l(w,-,") : X xY — [0,1]|]w € R?} induced by the model w on n data points, which is denoted
by R,(H). We assume that R,(H) < Cn~% for some C > 0 and o < 0.5. We note that « = 0.5 in
the vast majority of model and loss families, including linear models (Kakade et al., |2008)), deep neural
networks (Bartlett & Mendelson), [2002), and model families with bounded VC dimension (Bartlett &
Mendelson), 2002).

Lemma 1 (Generalization Error of Retention) Suppose that R,(H) < Cn~* for some C > 0 and
a < 0.5. Then, with probability at least 1 — 6, , Vk it holds that

Ly (Wnew, Dr) — Li(Woid, Dk)

4C In(2m/§
S»Ck(wnewv Dk) - 'Ck(wolda Dk) + — t 2 M
ny 2ny,

Remark: The lemma indicates that as long as the empirical retention constraints are satisfied, i.e.,
Ly (Wrnew; Dk) — Lk (Wold, Dr) < 0, the model developmental safety is ensured up to a statistical error
in the order of O(n~%), where n = miny ny. Hence, the more examples used to construct the constraints, the
more likely the new model meets MDS requirement. The proof is given in [C.1}
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5 Retention-Centric Development of CLIP

In this section, we present an efficient algorithm for improving a pretrained CLIP model on a target task
while ensuring MDS on a set of protected tasks. The CLIP model is of particular interest because (i) it is a
foundation model that has been used extensively in many applications; and (ii) can adapt to the open-world
for handling new classes using languages. However, existing studies have shown that directly applying a
pretrained CLIP model (e.g., OpenAI’s CLIP model) to a certain downstream application yields varying
performance across different classes (Parashar et al.l [2024). Rare concepts (e.g., foggy) usually has worse
performance than frequent concepts (e.g., clear), making it necessary to continuously update.

Suppose a CLIP model wgq has been trained. We aim to improve it for a target task T, (e.g., classifying
foggy). To this end, we collect a set of image-text pairs related to the target task, denoted by D = {(x;,t;)};2;.
As labeled data for rare scenarios (e.g., foggy) are usually limited in practice, we consider augmenting the
dataset D by using a query prompt to search for target-related image-text pairs from the internet (detailed
in Appendix . For each image-text pair, a set of negative texts has been collected to be contrasted w.r.t.
X;, which together with t; form 7, , and a set of negative images has been also collected to be contrasted
w.r.t. t;, which together with x; form Z;".

To develop the CLIP model in our retention-centric framework, we instantiate as:

, 1 o
H\l}\l]n F(W,D) = Tli Z Lctr(w;xiat’hﬁ 7Ii )

? (xi,t:)€D (3)
s.t. hp(w) == Li(W,Dy) — Lr(Woid, Dx) <0, k € [m]

5.1 Efficient Optimization

The optimization problem in is challenging for multiple reasons. First, this problem involves a non-convex
objective and non-convex constraints, so finding a global optimal solution is intractable in general. Second,
the objective and constraint functions are formulated using a large dataset, so we need to sample from the
dataset in order to construct stochastic gradients of the functions to update the solution. Lastly, may
contain a large number of constraints, so updating the solutions using the gradients of all constraints may be
prohibited. Given these challenges, we need to develop a stochastic optimization for based on advanced
techniques and constraint sampling.

Our method is motivated by the stochastic quadratic penalty method in (Alacaoglu & Wright, [2024), which
first converts into an unconstrained problem by adding a quadratic penalty on the constraints violation to
the objective function and then solves the unconstrained problem using a variance-reduced stochastic gradient
method. Unfortunately, their method can not be directly applied to because (i) they only consider equality
constraints while involves inequality constraints and (ii) they require an unbiased stochastic gradients for
each update while the stochastic gradients for will be biased due to the compositional structure.

A quadratic penalty method converts into the following unconstrained problem:

min ®(w) = F(w, D) + - 3" Ding(w)). (1)

where [-]; = max{-,0} and 8 > 0 is the penalty parameter. Under mild conditions(Bertsekas) 2014)), a large
enough g will ensure the optimal solution to is also an optimal solution to . In the following, we
introduce an efficient stochastic algorithm to solve . It is notable that both terms are of finite-sum coupled
compositional structure (Wang & Yang, 2022), i.e., Y. f(gi(w)), where f is non-linear.

We discuss how to approximate the gradient of two terms of the objective using mini-batch samples below.

Let s}, = E1(w,x;) " Ea(w,t;), s = Ea(w,t;) " E1(w, x;). Define
_ 1 _ 1
91i(W) = g15(w, T;") = ﬁ Z eXp((Sfj —51)/7), g2(w) = g2i(w, L) = ﬁ Z eXP((Sz; —53)/7)-

tj67;-7 v x; €L,
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Algorithm 1 Algorithm for solving

1: Initialization: choose w°, 3, 71, 72,  and step size 7.
2: fort=20,1,--- ,T—1do
3:  Sample image-text pairs B from D and protected tasks B, from {1,---,m}.
for each (x;,t;) € B do
Update u}; and u5; by Eqn.
end for
Update G4 with Eqn. (6)
for each k € B, do
Sample a batch of data from Dy denoted by By.
10: Update the estimators of hy by Eqn. .
11:  end for
12:  Compute G} with (7)
13:  Update v/t = (1 — 0)v! + 0(Gt + GY)
14:  Update w by wit! = wt — nottl,
15: end for

© XN Tk

Then, we have F(w,D) = - Z(xi,ti)ED 7log g1:(W) + 71og go; (W) and its gradient is given by

N Vaii(w) | Vgai(w)
VF(W’D) N No (xi§ED< gli(w) i g2i(w) ) .

The major cost of computing VF (w; D) lies on calculating g1,(w) and go;(w) and their gradient for each pair,
as it involves all the samples in 7, and Z; . Directly approximating g;; and g; by a mini-batch of samples
from 7;” and Z; will reduce the computational cost but lead to a biased stochastic gradient of VF (w, D)
due to the non-linear dependence of VF(w; D) on gy; and go;, causing the issue of requiring a large batch
size in order to converge (Yuan et al., [2022)).

To address this issue, we employ the moving average estimators for estimating g;; and go; which gradually
reduces the aforementioned biases to zero (Yuan et al.| 2022). More specifically, let w! be the solution
at iteration t. We randomly sample a mini batch B C D, and construct mini-batch negatives By ; C 7,7,
By, C Z; for each data (x;,t;) € B and construct the following stochastic estimations of g1;(w") and go;(W?),
denoted by g1,(w') = g1;(w', By ;) and Go;(W') = g2;(W', Ba,;). The moving averaging estimators of g;; (w')
and go; (w') denoted by uf, and ub; are updated by:

uftt = (1= y)ui; + 1 (Wt)

ubtt = (1 — y)ub; + 7121 (W')

(5)
where v1 € (0,1) is a hyper-parameter. The gradient estimator of F(w’, D) is computed by
G = 157 2 e (Vs (W) fuly + Vs (W) /) (6)
The gradient of the quadratic penalized term at w' can be approximated similarly by
Gy = 7 2, Pl V() 7)

where B, denotes a sampled subset of protected tasks, hy (w?) denotes a mini-batch estimator of hy(w') using
mini-batch By, C Dy, and u}, is the moving average estimator of hy(w") computed by

uﬁl =(1- 72)’1142 + WQBk(Wt), (8)

1
ty Coal) — . ag.
hk(w ) = |Bk| E JEBy gce(waxjay]) Zce(wolda)(]?y])'
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We highlight that the gradient estimator in for protected tasks, where each task has a dynamically
changing effective weight S[ul], during the learning process, is the key distinction from the naive weighting
method mentioned earlier.

The key steps are presented in Algorithm[I} We would like to emphasize Algorithm [T] can be easily generalized
to handling a general objective function F(w) whose unbiased stochastic gradient is available by just replacing
G with the stochastic gradient estimator of F(wy).

5.2 Convergence Analysis

Since our considered constrained optimization problem is non-convex for both objectives and constraints, a
critical concern is whether Algorithm [I] has some convergence guarantee as standard learning algorithms such
as SGD/Adam. We address this in this section. To the best of our knowlege, this is the first convergence
analysis of a penalty method for solving non-convex inequliaty constrained optimization. For analysis, we
make the following assumptions.

Assumption 1 (a) g1(-) and g2(-) are Ly-Lipschitz continuous and Lyg-smooth. (b) There exist Cy > 0
and cy > 0 such that cg < min{gy(-), g2()} and max{gi(-), g2(-)} < Cy. (¢) hi(-) is Ly-Lipschitz continuous
and Lvyp-smooth fork=1,--- ,m.

Assumption 2 (a) E[[|§1:(W) — 91:(w)|*] < 0} /|Buil, E[]|g2i(w) — gzi(W)U ] <03 /1Bail; (b) E[|[Vg1(w) —
Vi (wW)[?] < 0%, /1Buil, E[[[Vg2i(w) = Vgai (W) |?] < 0%, /|Bail: (¢) E[|[Vhr(w) — Vhe(W)[?] < 0%,/ 1Bl
(@) Bl||hx(w) = hi(w)|[?] < 02 /|Bk| for k=1,---,m

Assumption 3 There exists a constant § > 0 such that |[Vh(w®)[Rh(w)] | > §|[[W(wW))] | fort=0,--- T,
where h(w) = [h1 (W), ..., hp(W)]T and Vh(w) = [Vhy (W), ..., Vi, (W)].

Remark: Assumptionhas been justified in the earlier work (Yuan et al.||2022;|Qiu et al.,|2023|) for optimizing
a global contrastive loss. Assumption [2]is a standard one that bounds the variance of mini-batch estimators.
Assumption [3|is also made in many existing works on optimization with non-convex constraints (Sahin et al.,
2019; [Xie & Wright|, [2021; |Alacaoglu & Wright| 2024} |Lin et al., [2022; [Li et al., 2024). This assumption
is equivalent to that the quadratic penalty term H(w) := 5| [h(w)][|* satisfies the Polyak-Lojasiewicz

inequality at w = w’, meaning that there exists § > 0 such that |VH(w')|* > %H(Wt). Without this
assumption, Eqn. may be intractable because there may exist an iterate w' such that H(w') > 0 but
VH(wt!) = 0, meaning that w! is infeasible but at a flat location of H(w) so w! may get trapped at this
location forever. We will show later that a small § in Assumption [3] will increase the complexity of our
algorithm. Hence, we will present an approach in next subsection to increase §.

For a non-convex optimization problem like , finding a globally optimal solution is intractable, so almost
all numerical algorithms for non-convex problems can only guarantee a Karush-Kuhn-Tucker (KKT) solution
defined below.

Definition 2 A solution w is a KKT solution to if there exist A = (A1,...,A\m)| € R such that
VFE(w,D)+ Vh(w)A =0, h(w) <0 and A\ghi(w) =0 for Vk.

We present the convergence theorem of Algorithm [I] as follows, which shows the iteration complexity of
Algorithm [] for finding an e-KKT solution, i.e., a solution satisfying the three conditions in Definition [2] up
to e precision. The proof of the theorem is presented in Appendix [C.3}

Theorem 1 Suppose Assumptions @ and @ hold. Also, suppose, in Algorithm |1, set B = 16,

o o . 5ngf 5mb ets? €57 Bi| o . ets? min{|B.|,| B |} €2 min{|B|,|B1:],|B2:|} o
71 = 72 = min{ 3\B|’3|B 7 2688002C2,, b, 0 = min{ 672(0%, +L2) °  1344LZ(c3_+L?) }oand n =
0 ’Yl\Bl v2[Bc]

min{ 12( LF+5LH) S\fLF’ 8V3Ly B’ 40vV6L, LfCVgno 4O\f/3Lth;Lm} » where ng = Uvg—l-Lg, CV}L = 0ovntLn,
Ly:= =, Lyy := 2, Lp :=2(LyyLy + vaL ) and Ly = 2Lyp, + L. Then there exists X € R such
q

that after T = O(e _7(5 3) iterations Algomthml satisfies E |:||VF(W D) + Vh(w ))\||] < &, E[||[p(w)]4]] <
&, EIAT[h(wh)]4] <€, where { selected uniformly at random from {1,--- ,T}.

Remark: It is notable that the order of complexity in terms of € is higher than that of standard learning
(i.e., O(e™*)). While the complexity for a stochastic constrained optimization could be inherently higher than
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Figure 2: Visualization of the learning trajectory. Each dot denotes a solution with lighter color being earlier
iterations and darker being later iterations.

unconstrained optimization (Alacaoglu & Wright, [2024]), we note that the above complexity is also weaker
than the state-of-the-art complexity of stochastic constrained optimization (Alacaoglu & Wright| [2024). We
remark that this is a limitation of the present work due to two reasons: (i) we use the moving average gradient
estimator for sake of implementation; in contrast, they use the advanced variance reduced gradient estimator
(STORM), which incurs additional overhead; (ii) we use a constant § and they use an increasing 8. In our
experiments shown in ablation studies, we find that using a constant 3 is generally better than using an
increasing 5. Additionally, the dependence on § could also slow down the convergence. We mitigate this
issue by utilizing task-dependent heads for CLIP models justified below.

5.3 Promoting Developmental Safety via Task-dependent Heads

Below, we present a way to design the text encoder of the CLIP model such that the value of § could be larger.
Without causing confusion, we denote by w the parameter of the text encoder, which consists of two components
u and W such that the text embedding Fa(w,t) € R% can be represented as Fo(w,t) = W - Ey(u,t),
where Es(u,-) € R% is a backbone encoder while W € R%*% is called the head. The idea of task-
dependent heads is to let each task k have its own head W, = W + UkaT using low rank matrices
Up € R2X" and V, € R4*" where r < min(dy, dy) is the rank chosen as a hyper-parameter. The output
of this class-specific text encoder for task k is Es(u, W, Uy, Vi, t) = (W + UkV,:) . E_‘Q(u7tk). Note that
[Vh(w*) TTh(w)]£]|? > Amin(Vh(w?) TVh(w?))||[h(W?)]4[|?, where Apin(+) represents the smallest eigenvalue
of a matrix. This means ming Ayin(Vh(w?) T Vh(w?)) is a lower bound of § in Assumption [3| The following
lemma shows that, after expanding w with Uy and Vi, Amin(Vh(w?) T Vh(w!)) may increase at some Uy, and
Vi, providing some insight on why the task-dependent heads help to increase the parameter ¢ in Assumption 3]
reducing the total complexity of our algorithm according to Theorem [I]

Lemma 2 Let U = (Uy,...,Uy,) and V = (Vi,...,Vy). Let w = W,u), w = (W,u,U,V), hip(w) =
he(W,u), and hy, (W) = hp(W + UiV, ,u). Suppose U,V,T = 0 for all k’s. We have

Auin (VR(W) TVA(W)) = Anin (Vh(W) TV h(w)) +

mkin {||thk(w)vk||§r ) Hthk(W)TUkHi“} J

~ ~

where B(W) = [h1(W), ..., hm(W)]T and Vh(%) = [Vh(W), ..., Vi, (W)].

Following this lemma, in our experiments, we employ the task-dependent heads with setting the initial value
of Uy to zero so UkV,;r = 0. The proof is given in Appendix

6 Experiments

Dataset. We experiment on the large-scale driving image dataset, namely BDD100K (Seital, 2018). This
dataset involves classification of six weather conditions, i.e., clear, overcast, snowy, rainy, partly cloudy, foggy,
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Figure 3: Performance Comparison with Baselines. Dot lines represent the performance of the base model on
the target task. Detailed numbers are presented in Table[7, Table [§ Table [o}

and of six scene types, i.e., highway, residential area, city street, parking lot, gas station, tunnel. We consider
three settings with foggy, overcast and tunnel as the target class separately and other weather conditions
or scenes as protected tasks. Moreover, we experiment on the scene recognition dataset Places365
with 365 classes to verify the effectiveness of the proposed method in handling a large number of
constraints. We consider dressing room as the target class, as it has fewest samples in the dataset. More
experimental settings are presented in Appendix

Evaluation Metrics. We measure improvement on target task with AAcc(Target) = Acc(Target, Whew) —
Acc(Target, woiq). Besides, we utilize "DevSafety(acc)" to measure the empirical MDS. As optimization
involves randomness, we run all the experiments with five different random seeds then calculate the average
target accuracy and the percentage of times that DevSafety(acc) is non-negative, denoted as Retention
Ratio, to measure the possibility of strictly retaining the old model’s performance on protected tasks. For
example, the Retention Ratio is 60% if 3 out of 5 runs of the method preserve previous performance for all
protected tasks.

Baselines. To verify the effectiveness of our algorithms, we compare our proposed algorithm with the
following 6 baselines: (1) FLYP (Goyal et al.l 2023)), a state-of-the-art CLIP continual finetuning method that
optimizes a contrastive loss on all available data including those used in our objective and constraints. In
our experiments, we utilize the same global contrastive loss (GCL) (Yuan et al) 2022) instead of mini-batch
contrastive loss; (2) Weighted Combination of Contrastive Losses (WCCL), which utilizes a weight to combine
GCL losses on protected tasks and the target task to control the tradeoff between them; (3) GEM
|& Ranzato, |2017b)), which is a strong CL baseline motivated by a similar idea utilizing data of previous tasks
for constraints; (4) Co?L(Cha et al. 2021), which is an advanced contrastive continual learning baseline;
(5) DER(Buzzega et al.| [2020)), a strong memory-based continual learning baseline, which mixes rehearsal
with knowledge distillation and regularization; (6) Regularization Method (RM), as commonly adopted in
continual learning literature (Rebuffi et al., [2017; |Castro et al., 2018), directly takes the constraints in Eqn. (3])
as a regularization term by adding it to the objective function with a regularization weight «. All methods
start from the same CLIP model. More baselines’ details are presented in Appendix [A.1.4]

6.1 Visualization of Learning Process

To provide a direct understanding of why and how the proposed algorithm works, we present the learning
trajectory of the algorithm in Figure 2] Each dot in this figure represents a solution during the learning
processing, with lighter colors indicating earlier stages and darker colors representing later stages. From
the top four figures for training sets, we can observe a common trend that solutions start from the lower
left and move toward the upper right, indicating the algorithm endeavors to enhance the performance of
the targeted task while ensuring developmental safety on protected tasks. Similarly, this trend extends to
the validation sets, shown in the bottom row, demonstrating the generalization capability of the proposed
algorithm. It is striking to see that, when targeting Dressing Room in Places365 dataset with all other 364
classes as protected tasks, our method are still able to ensure MDS in training set and generalize to validation
set. These observations can also be found in separate views of DevSafety vs epochs and AAcc(Target) vs
epochs in Figure [0]
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Figure 4: (Left) Adaptive weight adjustments for each protected task during training (Targeting Foggy).
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denotes base model’s performance, green diamonds denote target class. RM baseline shown is for weight
« = 10000 and more plots for other weights are in Fig. m

6.2 Comparison with Baselines

In this part, we compare the proposed method with baselines to demonstrate the superiority. Specifically, we
focus on two metrics, i.e., Retenntion Ratio for measuring the possibility of strictly preserving the performance
on all protected tasks and accuracy on the target task. The details of hyperparameter tuning is presented
in Appendix [A-T.3] On BDD100K dataset, we conduct experiments with different numbers of data for
constraints, ie., 100, 1k, 2k, 4k from each task. The comparison results are presented in Figure [3] The
figure illustrates that improving the base model on the target tasks is not challenging, as nearly all methods
accomplish this effortlessly. However, all baselines, including the strong continual learning baselines GEM and
Co?L, exhibit a zero retention ratio across almost all settings, showing the insufficiency of existing methods
for ensuring MDS on protected tasks. Although, when targeting Foggy, DER may achieve a retention ratio
up to 60% with more data from protected tasks and large regularization weights, it fails to improve target
performance at the same time. In contrast, our method begins to ensure developmental safety with 1k samples
per protected task and even 100 samples for the target class tunnel. Besides, the Retention Ratio increases
when using more data for constraints, consistent with the result obtained in Lemma [I| (Refer to Table [1] for
more results). Notably, our method achieves a 100% Retention Ratio with 4k samples per protected task in
all three settings, while improving accuracy on the target class. We also see that the target overcast is most
difficult to improve as the base model already has 73.6% accuracy.

Figure [3 shows that, even with a tunable weight parameter a for protected tasks, RM fails to ensure MDS.
The key difference between RM and our method is how protected tasks are handled. As shown in Eqn. ,
our approach assigns an adaptive weight S[ul]; to each protected task, adjusting dynamically based on
constraint violations—the larger the violation, the higher the weight. This mechanism is crucial for ensuring
MDS with multiple protected tasks and improving target task. As shown in Figure 4| (left), these weights
gradually decrease to zero, allowing the model to focus on the target task when satisfying constraints. In
contrast, RM applies the same weight « to every protected task, which may fail due to varying task difficulty,
and an overly large a can harm target-task performance. Further analysis in Appendix [A.4] reveals that a
uniform weight may preserve performance on some protected tasks but fail to ensure MDS across all, even
with a large a.

To further validate our method’s effectiveness with a large number of constraints, we experiment on the
Place365 dataset, compared with RM, targeting Dressing room class while protecting other 364 tasks. Figure[]
(right) shows that even with hundreds of protected tasks, our method is still effective in retaining their
performance. In contrast, RM even with a large weight o not only causes performance drops in around 30
protected classes failing to ensure MDS but also fails to improve the performance of the target task.

6.3 Multiple Rounds of Model Development

To demonstrate the effectiveness of the proposed retention-centric framework in iterative model development
process, we conduct two consecutive rounds of development on recognizing weather conditions. Specifically,

10
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Table 1: Effect of the Number of Samples for Constraints. Numbers in parentheses denote standard deviation.

Target ‘ Measures ‘ Base model ‘ 100 1k 2k 4k
DevSafety(acc) | 0.00(0.0000) | -0.0050(0.0076) -0.0001(0.0043) 0.0105(0.0053) 0.0186(0.0058)
Tunnel Retention Ratio 100.00% 40.00% 60.00% 100.00% 100.00%
Target Acc 0.1064(0.0000) | 0.9362(0.0699)  0.8723(0.0233)  0.9106(0.0159) 0.8723(0.0233)
DevSafety(acc) | 0.00(0.0000) | -0.0241(0.0082) -0.0009(0.0044)  0.0044(0.0033)  0.0061(0.0047)
Foggy Retention Ratio 100.00% 0.00% 60.00% 100.00% 100.00%
Target Acc 0.3953(0.0000) | 0.5721(0.0406)  0.4930(0.0174)  0.4326(0.0186) 0.4279(0.0316)
DevSafety(acc) | 0.00(0.0000) | -0.0655(0.0249) -0.0043(0.0037) 0.0012(0.0029) 0.0046(0.0016)
Overcast | Retention Ratio 100.00% 0.00% 20.00% 60.00% 100.00%
Target Acc 0.7361(0.0000) | 0.8789(0.0464)  0.7827(0.0225) 0.7562(0.0167) 0.7525(0.0366)

Table 2: The Effect of External Image-text Pairs from LIAON400M. Numbers in parentheses denote std.

| Ref(Base model) | 0

100.00% 100.00%
0.3953(0.0000) | 0.3674(0.0372)

2k

80.00%
0.4047(0.0562)

5k

100.00%
0.4186(0.0389)

11k

60.00%
0.4930(0.0174)

Retention Ratio
Target Acc (Foggy)

we first target at overcast task, taking all the other five weather conditions as protected tasks, then with one
selected improved model, we successively improve the model, targeting at improving the performance of the
foggy task. As shown in Fig. [T} our method notably improves the performance of the overcast task in the first
round while ensuring the performance of other tasks does not decrease. In the second round, it continues to
enhance the performance of the foggy task. Simultaneously, it preserves the performance, if not boosts it,
across other tasks, with only a slight decrease on the snowy task, showing the effectiveness of the proposed
framework for maintaining the model developmental safety.

6.4 Ablation Studies

6.4.1 Importance of the External Data

We conduct experiments on targeting foggy to investigate the benefits of the external data retrieved from
LAION400M dataset. In detail, we vary the number of retrieved target-related image-text pairs utilized
in the objective function, i.e., {0, 2k, 5k, 11k}, with 1k samples from each protected task as constraints.
From Tab. [2| we can see that, with only 57 foggy samples from BDD100k dataset (i.e., 0 samples from
the external data), the model does not improve the target accuracy at all. However, with more and more
retrieved image-text pairs utilized to augment the dataset D, the improvement on the targeted task appears
and becomes significant, showing the advantages of incorporating the retrieved target-related image-text pairs
for boosting target task accuracy. Regarding retention ratios, we don’t observe a clear correlation between
the amount of retrieved data and the retention ratios.

6.4.2 Importance of Task-dependent Heads

As introduced in Section to reduce the total complexity of our algorithm, we propose task-dependent
heads to increase the parameter ¢ in Assumption [3| avoiding getting trapped at a flat location where w? is
infeasible but VH (w?!) = 0. To verify the effectiveness of the design, we experiment on targeting the foggy
task with varying numbers of data for constraints. The results are presented in Figure a). The results
show that models equipped with task-dependent heads almost consistently exhibit both higher retention ratio
and higher accuracy on the target task. Besides, without task-dependent heads, models may have trouble
achieving a 100% retention ratio, demonstrating the effectiveness of task-dependent heads for promoting
developmental safety.

To further verify the theoretical result in Lemma |2| we empirically calculate VH(W) and Vh(w) with CLIP

models. Specifically, we compute the minimal singular values of Vﬂ(\?v) and Vh(w) on the base model
and two trained models, with 1k samples for each protected task. The initial value of U}, is set to zero so
UkaT = 0. From the results presented in Table |3 we can observe that, on the initial models, the minimal
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Table 3: Minimal Singular Values ¢ of Vh(w) and VE(W)

‘ ‘ Initial Model Final Model

Vh(w) | 23.9183 15.0919

Vh(w) | 24.1038 16.3397

w/o task-dependent heads

w task-dependent heads

singular value of Vﬁ(\?v) is slightly larger than that of Vh(w) and the gap become much significant after
training, which is consistent with the theoretical result in Lemma[2] and also provides some insight on the
empirical results in Figure a).

6.4.3 Constant § vs Increasing

In theory, an increasing penalty parameter 8 may help reduce the complexity of constrained problems as
shown in |Alacaoglu & Wright| (2024)), but in our empirical experiments, we find that using a constant g is
generally behave better than using an increasing 5 . As shown in Fig. b) for target task foggy, models with
a constant 3 are able to achieve 100% retention ratio with 2k or 4k sampler per constraint. On the contrary,
models using a cosine increasing  obtain both lower retention ratio and lower accuracy on the target task,
compared with models with constant 5. We conjecture that this is because models with an increasing 5 might
leave the developmental safety region too far in the initial stages as they have a relatively small penalty weight
£ at this time. Given the high non-convexity and complexity of the model space, it becomes increasingly
challenging in the later stages to return to a feasible solution that satisfies developmental safety constraints
while significantly improving target accuracy.

7 Conclusion

In this paper, we introduced a requirement of a learning system, namely model developmental safety, to
ensure that model development not only improves target capabilities but also strictly retains existing essential
ones, addressing a key oversight in ML/AI research. To ensure model developmental safety, we proposed a
retention-centric framework and an efficient constrained optimization algorithm with theoretical guarantees
to develop a pretrained CLIP model for acquiring new or improving existing image classification capabilities.
Experiments on driving and scene recognition datasets validate its effectiveness, showing its practical value.
As the proposed framework is a generic retention-centric optimization framework, it can be potentially
extended to various scenarios or models, such as finetuning LLMs, improving medical diagnosis systems, and
enhancing object detection for autonomous driving. We hope our work can inspire researchers in cost-sensitive
domains for more exploration.
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A More Experimental Details and Results

A.1 Experimental Details.
A.1.1 Dataset.

We choose the large-scale diverse driving image dataset, namely BDD100K (Seita, 2018), for part of our
experiments. This dataset involves six weather conditions, i.e., clear, overcast, snowy, rainy, partly cloudy,
foggy, and six scene types, i.e., highway, residential area, city street, parking lot, gas station, tunnel. Since
the labels of the official testing dataset are not released, we utilize the official validation set for testing and
partition the training dataset into training and validation sets using an 80%/20% ratio.

Moreover, we experiment on a scene recognition dataset, Places365 (Zhou et al., 2017)), to verify the
effectiveness of the proposed method in handling a large number of constraints. We utilize the standard
version of the dataset (i.e., Places365-Standard), with 1.8 million training and 36500 validation images from
365 scene classes. The number of examples for each class varies between 3,068 and 5,000 in the training set.
We merge the training dataset and validation dataset and randomly split the whole set into training set,
validation set and test set with an 60%,/20%/20% ratio.

Table 4: Datasets Statistics for BDD100K Dataset

Weather Training Validation Testing
Clear 29865 7479 5346
Snowy 4445 1104 769
Rainy 4119 951 738
Partly Cloudy 3992 959 738
Overcast 7043 1727 1239
Foggy 57 43 43

Scene Training Validation Testing
Hightway 13952 3427 2499
Residential area 6458 1616 1253
City street 34862 8654 6112
Parking lot 297 80 49
Tunnel 62 47 47

A.1.2 Experimental Settings.
We employ the CLIP ViT-B/16 (Radford et al.,|2021b) as the backbone network in all our experiments.

The image-text pairs for the objective function are from the training set of BDD100K and the external
LAION400M (Schuhmann et all 2021 dataset. Specifically, for each target class, we use a query prompt
(detailed in Appendix to search for target-related image-text pairs in LAION400M to augment the
target data set D. Additionally, we randomly sample a set of image-text pairs from LAION400M that is
10 times larger than target-related pairs as negative data for contrasting. The data of protected tasks used
for constructing constraints are sampled from the BDD100K training set with varying sizes. Statistics for
BDD100K in our experiments are shown in Appendix Table ] The text templates used for BDD100K dataset
are "the weather is [Weather]" and "the scene is a [Scene]".

For Places365 dataset, we directly utilize the pretrained CLIP model released by Radford et al.|(2021b) as
the base mode. Then we conduct continual development to improve the performance of dressing room class,
which has the fewest samples in the dataset, and consider all the other 364 classes as protected tasks. Similar
to the setting for BDD100K dataset, we also use a query prompt (detailed in Appendix to search for
target-related image-text pairs in LAION400M to augment the target set D. The data of protected tasks
used for constructing constraints are sampled from the Places365 training set. The text templates used for
Places365 dataset are "the scene is a(n) [Scene]".

19



Under review as submission to TMLR

A.1.3 Hyperparameter tuning.

For all methods in our experiments, we tune the learning rate in {le-5, le-6} with Cosine scheduler and
AdamW optimizer, using a weight decay of 0.1.

For BDD100K dataset, we set temperature 7y as 0.05. We run each method for a total of 40 epochs with a
batch size of 256 and 600 iterations per epoch, except for GEM whose total epochs are tuned in {1,2,5} with
a batch size of 64 since more iterations lead to exacerbated catastrophic forgetting problems as shown in their
paper. For our method, we tune 8 in {100, 200, 400}, 2 in {0.4, 0.6, 0.8} and set r = 32, |B.| = m, |Bx| = 10.
We set 11 to 0.8, 7 to 0.05 in FLYP, WCCL, RM, and our method. For WCCL, we vary the weight parameter
a in {0.5,0.9,0.99}. For GEM, we tune their small constant v in {0.5, 1.0}. For Co?L, we tune their 7 in
{0.05, 0.1}, x in {0.1, 0.2}, x* in {0.01, 0.1}, A in {0.1, 1, 10}. For DER, we tune their « in {0.1, 1, 10} and
B in {0, 1}. For RM, we tune regularization weight  in {0.1, 1, 10}. In hyper-parameters selection for all
methods, we prioritize larger Retention Ratio first and consider larger AAcc (Target) if there is a tie in terms
of Retention Ratio, as we look for models that maximize AAcc (Target) while satisfying DevSafety > 0.

For Places365 dataset, the temperature 7y is set as 0.01. Since there are as many as 364 constraints, we set
|B.| = 240, |B| = 2. We tune § in {600, 1000, 4000} for our method and regularization weight « in {1, 10,
100, 1000, 10000} for RM. We run each method five times for a total of 40 epochs with 1400 iterations per
epoch, with a batch size of 64.

A.1.4 Details about Baselines

FLYP. In the original FLYP paper (Goyal et al.| [2023), the author presents extensive experiments demon-
strating the superiority of employing the contrastive loss used during pre-training instead of the typical
cross-entropy for finetuning image-text models for zero-shot vision classification. As the local contrastive loss,
defined over the mini-batch samples, utilized in their paper requires a very large mini-batch size to converge,
we follow [Yuan et al| (2022) to employ a global constrastive loss (GCL) as indicated in Eqn. |§| to address this
issue: 1

min - Z(xhti)epa” Letr(W; X4, ti, Dait, Daur) 9)
where Dy =DUD_UDyU---UDyp,, gy =no+ 10%n, +n1 + -+ + 1y, D_ is the negative data collected
form LATON400M as discussed in AppendifA-2] All available data, including those used in our objective and
constraints, are utilized for fine-tuning. The simple text prompts for the labeled BDD100k dataset are the
same as those used for our method, i.e., "the weather is [Weather[" and "the scene is a [Scene]".

WCCL. Weighted Combination of Contrastive Losses(WCCL) is a straightforward baseline that utilizes a
weight to combine GCL losses on protected tasks and the target task to balance protected tasks and the
target task and achieve model developmental safety. Specifically, the objective can be formulated as:

. I -1 -
Hznlln OZ(E ]; ;k Z(Xi,ti)EDk LCtr(W, at ti7 7216 ,Iik))

1 -
Hi-a) < Z<xi,ti>eo Leus (w3 0,66, T ’Ii°)>

Mo o

(10)

where 7. = {t; : (x;,t;) € Dau\Dr} U{t;},Z;, = {x; : (x;,t;) € Dau\Dr} U {x;}, Da\Ds, denotes all
training samples excluding samples from Dy. Similarly, 7,) = {t; : (x;,t;) € Douy\Do} U {t;},Z;, = {x, :
(x5,t5) € Dau\Do} U {x;}. Consistent with other methods, the simple text prompts for this baseline are also
"the weather is [Weather/" and "the scene is a [Scene]".

GEM. GEM (Lopez-Paz & Ranzato, 2017b) is a strong continual learning baseline which motivated
by a similar idea, utilizing data of previous tasks for constraints. But it doesn’t solve the constrained
optimization problem directly but project gradients to reduce the increase in the loss of previous tasks.
For GEM, we start from pretrained image encoder of the same CLIP model and initialize the linear
classification heads W € R*®*("+1) with the representations outputted by the text encoder with input

"the weather is [Weather]" or "the scene is a [Scene]". For each task k, cross entropy loss is employed
_ 1 . exp(W,] E1(w,x;)/70)
‘Ck(w’ V[/’Dk) T ng Z(Xi,yi)NDk log Zm+1 exp(W," E1(w,x;)/70)

=1

, where 79 > 0 is a temperature parameter,
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Wi, W, denoted the kyp, U, column vector of W respectively, and E;(w,x;) is the normalized image
representation of x;. For consistency, 7y is fixed to 0.05 as the one used in our method. In each iteration, 10
examples are drawn from each protected task to calculate the corresponding loss gradient vector for each task.

RM. In continual learning literature, adding explicit regularization terms is a widely used approach to
balance old and new tasks, exploiting a frozen copy of previously-learned model to help prevent catastrophic
forgetting (Rebuffi et all 2017} |Castro et al., 2018). Similarly, the Regularization Method(RM) baseline
incorporates the constraints from Eqn. as a regularization term, adding it to the objective function with
an associated regularization weight:

1 o 1 <1
mlniZ(xhtl)eDoLCtr(W;Xi;tia'Y;o7Iio)+04 E;n—k Z Lee(W, X, Y) (11)

W N,
(x,y) €Dk

A.2 Retrieving external data from LIAON400M

To further boost the performance of the CLIP model on the target task, we utilize external data to
augment the target data set. Specifically, for each target task, we retrieve task-related image-text pairs
from Laion400M (Schuhmann et al., 2021}, by going through the dataset and retrieving the image-text pairs
with text containing the specific target task names, e.g., 'foggy’, ’overcast’, ’tunnel’; ’dressing room’. Similar
approaches have been used in (Liang et al., 2024} [Mitchell et al., 2018; |Chen et al., 2013|), where [Liang
et al.| (2024) used this approach to improve the detection of rare or unseen categories in object detection
for autonomous driving systems. However, their study is different from ours in the sense that they do not
provide guarantee of the model developmental safety.

Moreover, we refine the retrieved datasets. Let’s take the task ’tunnel’ as an example. For task ‘tunnel’,
the retrieved data contained excessive noise, including numerous image-text pairs unrelated to tunnels,
but contained ’tunnel’ in the text. Therefore, we employed the GPT-40 API to filter the retrieved data
with prompt "Determine whether the following caption mentions a tunnel or related context. First provide
reasoning for your answer, and then respond with True’ if it mentions a tunnel, or ’False’ if it does not.",
thereby decreasing the noise of our retrieved data. The statistics of obtained task-related image-text pairs
are presented in the Table 5] Additionally, for each target class, we randomly sample a set of image-text
pairs from LAION400M that is 10 times larger than the positive set as negative data for contrasting.

Table 5: Statistics of Data Collected from LIAON400M

Task ‘ Foggy Overcast Tunnel Dressing room
Size ‘ 11415 4134 23484 6786

A.3 Visualization of Models’ Learning Curves

Along with the learning trajectory in the main paper, we present the training and validation curves in Fig. [f]
to further illustrate the learning process of the algorithm. From the figure, we can see that the DevSafety(acc)
fluctuates along the MDS line while AAcc(Target) continues to increase, showing the model is striving to
improve its performance on the target task while satisfying the MDS requirements.

A.4 Deficiency of Weighting Methods

As observed in Figure [3] the naive weighting approach RM fail to achieve model developmental safety, even
though they tradeoff the performance on the target task and protected tasks with weight parameter a. To
have a close look at why this happens, we show the detailed performance RM when targeting foggy with 4k
samples for each protected task in Table[6] We find that, with a uniform weight for all the protected tasks,
the method might preserve previous performance on some of the protected tasks but fail to achieve MDS for
all the protected tasks, even with a very high . Moreover, with the weight « getting larger, the performance
on the target task drops dramatically although the decline in protected tasks goes smaller, e.g., Clear tasks
for RM. In contrast, our proposed method is able to strictly retain all the protected tasks’ performance
and improve the target task, as the mechanism of our algorithm is very different from using the uniform
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Figure 6: Models’ Training and Validation Curves

Table 6: Detailed performance comparison between our method and baseline RM on targeting Foggy with 4k
samples for each protected task. Bold numbers highlight the performance decrease over the base model.

Protected Tasks

Target Task i
Clear Overcast Snowy Rainy Partly cloudy Foggy Average
Base | 0.8938 0.7014 0.7503 0.7195 0.6734 | 0.3953 | 0.6889
Ours | +0.0115(0.0054)  +0.0831(0.0228)  +0.0120(0.0079)  +0.0230(0.0081) ~ +0.1047(0.0168) | 0.0326(0.0316) | +0.0430(0.0027)
RM a=0.1 | -0.0189(0.0039) +0.0667(0.0392) +0.0328(0.0113)  40.0081(0.0074) +0.1253(0.0227) | 4+0.0559(0.0617) | +0.0450(0.0071)
RMa=1 -0.0129(0.0055) +0.0910(0.0102) +0.0666(0.0139)  +0.0217(0.0215) +0.1168(0.0112) | -0.0604(0.0634) | +0.0372(0.0114)
RM a =10 | -0.0106(0.0085) +0.1131(0.0068) +0.0656(0.0302) +0.0163(0.0182) +0.0830(0.0201) | -0.1674(0.0174) | +0.0167(0.0050)

weight. In our method, weights for protected tasks depend on the constraint violation of those tasks, i.e.,
the larger the violation, the larger the weight. As shown in Figure [4] (left), the weight for each protected
task is adaptively adjusted during learning and once one protected task constraint is satisfied, it will not
be penalized (weight becomes zero). This mechanism plays a big role in enabling the model to find feasible
solutions to ensure zero-forgetting on all the protected tasks.

To further demonstrate the deficiency of the weighting method, we compare RM with our method on the
Place365 dataset, targeting Dressing room class and protecting the other 364 tasks in Figure []] With
a = 1,10, 100, 1000, 10000, RM causes performance drops in 50, 35, 33, 32, and 35 classes, respectively.
Although larger weights reduce the number of classes where performance drops, RM still cannot ensure MDS
for all protected tasks. In contrast, we can see that even with hundreds of protected tasks, our method is still
effective in preserving their performance whiling improving the target task.

A.5 Detailed Performance Comparison with Baselines

In this part, we present a detailed performance comparison with baselines. Specifically, we include the
DevSafety(acc) numbers for each method in Table m |§|7 which directly show the largest decrease over all
the protected tasks. We can see that baselines usually lead to 1-14 percent decrease when targeting Tunnel,
0-13 percent decrease when targeting Foggy, 1-30 percent decrease when targeting Overcast. In contrast, our
method demonstrates a smaller performance drop when there is insufficient data for constraints and ensures
zero forgetting on the protected task when sufficient constraint data is available.

B More Related Work

Continual learning. This work is closely related to Continual learning (CL), also known as lifelong
learning, yet it exhibits nuanced differences. Continual learning usually refers to learning a sequence of tasks
one by one and accumulating knowledge like human instead of substituting knowledge (Wang et al.| 2024}
2021)). The core issue in CL is known as catastrophic forgetting (McCloskey & Cohen, [1989), i.e.,
the learning of the later tasks may significantly degrade the performance of the model for the earlier tasks.
There is a vast literature of CL of deep neural networks (DNNs) (Aljundi et all [2018} [Lopez-Paz & Ranzato,
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Figure 7: Performance comparison between our method and baseline RM with different regularization weight
a when targeting Dresssing Room on Places365 Dataset, with 2k samples per constraint. Red line denotes
base model’s performance, green diamonds denote the target class.

Table 7: Detailed Performance Comparison on Targeting Tunnel

Method ‘ Measures ‘

100

1k 2k 4k

Base Retention Ratio//DevSafety(acc) | 100%//0.00(0.0000) 100%/,/0.00(0.0000) 100%//0.00(0.0000) 100%/,/0.00(0.0000)
Target Tunnel 0.1064(0.0000) 0.1064(0.0000) 0.1064(0.0000) 0.1064(0.0000)

FLYP | Retention Ratio//DevSafety(acc) | 0.00%//-0.0398(0.0067  0.00%//-0.0660(0.0126)  0.00%//-0.0647(0.0123)  0.00%//-0.0774(0.0069)
Target Tunnel 0.9361(0.0330) 0.9702(0.0318) 0.9915(0.0170) 0.9659(0.0170)

WCCL | Retention Ratio//DevSafety(acc) | 0.00%//-0.0836(0.0164)  0.00%//-0.0756(0.0090)  0.00%//-0.0673(0.0103)  0.00%//-0.0893(0.0089)
Target Tunnel 0.9957(0.0085) 0.6000(0.1002) 0.6553(0.0282) 0.6383(0.0485)

GEM | Retention Ratio//DevSafety(acc) | 0.00%//-0.1019(0.0267)  0.00%//-0.1034(0.0153)  0.00%//-0.1301(0.0169)  0.00%//-0.0873(0.0231)
Target Tunnel 0.8255(0.1214) 0.5915(0.2020) 0.6085(0.0768) 0.3915(0.1819)

Co%L | Retention Ratio//DevSafety(acc) | 0.00%//-0.1407(0.0043)  0.00%//-0.1252(0.0061)  0.00%//-0.0821(0.0029)  0.00%//-0.0479(0.0039)
Target Tunnel 0.6808(0.0460) 0.8936(0.0626) 0.8936(0.0301) 0.8723(0.0000)

DER | Retention Ratio//DevSafety(acc) | 0.00%//-0.0219(0.0083)  0.00%//-0.0156(0.0026)  0.00%//-0.0155(0.0048)  0.00%//-0.0111(0.0029)
Target Tunnel 0.6894(0.0438) 0.4340(0.1030) 0.3957(0.0768) 0.3234(0.0493)

RM Retention Ratio//DevSafety(acc) | 0.00%//-0.1021(0.0022)  0.00%//-0.0969(0.0036)  0.00%//-0.0955(0.0057)  0.00%//-0.0897(0.0068)
Target Tunnel 0.9574(0.0233) 0.8894(0.0340) 0.8808(0.0170) 0.8681(0.0085)

Ours ‘ Retention Ratio//DevSafety (acc) ‘ 40.00%//-0.0050(0.0076)  60.00%//-0.0001(0.0043)  100.00%//0.0105(0.0053)  100.00%/,/0.0186(0.0058)

Target Tunnel

0.9362(0.0699)

0.8723(0.0233)

0.9106(0.0159)

0.8723(0.0233)

[2017a; [Farajtabar et al., 2019 Lee et al., [2017; |Guo et al., 2020} [Parisi et al.| |2018). Different approaches

have been investigated to mitigate catastrophic forgetting, including regularization-based approaches (Castro
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Table 8: Detailed Performance Comparison on Targeting Foggy

Method ‘ Measures ‘ 100

1k

2k

4k

Base Retention Ratio//DevSafety(acc) 100%;//0.00(0.0000) 100%;//0.00(0.0000) 100%,/0.00(0.0000) 100%//0.00(0.0000)
Target Foggy 0.3953(0.0000) 0.3953(0.0000) 0.3953(0.0000) 0.3953(0.0000)
FLYP | Retention Ratio//DevSafety(acc) | 0.00%//-0.0590(0.0140) 20.00%//-0.0281(0.0167)  0.00%//-0.0254(0.0101)  0.00%//-0.0201(0.0105)
Target Foggy 0.5721(0.0315) 0.5209(0.0581) 0.5302(0.0228) 0.4977(0.0186)
WCCL | Retention Ratio//DevSafety(acc) | 0.00%//-0.0504(0.0123)  0.00%//-0.0259(0.0080)  20.00%//-0.0141(0.0111)  0.00%//-0.0132(0.0076)
Target Foggy 0.3395(0.0865) 0.2186(0.0186) 0.2093(0.0208) 0.2000(0.0114)
GEM | Retention Ratio//DevSafety(acc) | 0.00%//-0.0695(0.0009)  0.00%//-0.0330(0.0053)  0.00%//-0.0424(0.0060)  0.00%//-0.0424(0.0060)
Target Foggy 0.3349(0.0865) 0.2837(0.0271) 0.2558(0.0000) 0.2558(0.0000)
Co’L. | Retention Ratio//DevSafety(acc) | 0.00%//-0.0686(0.0064)  0.00%//-0.1217(0.0383)  0.00%//-0.1305(0.0183)  0.00%//-0.0721(0.0154)
Target Foggy 0.7132(0.0109) 0.6047(0.0380) 0.6357(0.0110) 0.6357(0.0290)
DER | Retention Ratio//DevSafety(acc) | 0.00%//-0.0252(0.0033) 40.00%//-0.0029(0.0027)  40.00%/,/-0.0010(0.0010)  60.00%//0.0017(0.0038)
Target Foggy 0.3163(0.0405) 0.2233(0.0114) 0.2186(0.0114) 0.2372(0.0174)
RM Retention Ratio//DevSafety(acc) | 0.00%//-0.0418(0.0062)  0.00%//-0.0173(0.0054)  0.00%//-0.0159(0.0034)  20.00%//-0.0124(0.0091)
Target Foggy 0.5674(0.0378) 0.5023(0.0186) 0.4419(0.0658) 0.2279(0.0174)
Ours ‘ Retention Ratio//DevSafety(acc) | 0.00%//-0.0241(0.0082) 60.00%//-0.0009(0.0044)  100.00%//0.0044(0.0033) 100.00%//0.0061(0.0047)

Target Foggy 0.5721(0.0406)

Table 9: Detailed Performance Comparison on Targeting Overcast

0.4930(0.0174)

0.4326(0.0186)

0.4279(0.0316)

Method ‘ Measures ‘ 100 1k 2k 4k
Base | Retention Ratio//DevSafety(acc) | 100%//0.00(0.0000) 100%,//0.00(0.0000) 100% //0.00(0.0000) 100%, /0.00(0.0000)
Target Overcast 0.7361(0.0000) 0.7361(0.0000) 0.7361(0.0000) 0.7361(0.0000)
FLYP | Retention Ratio//DevSafety(acc) | 0.00%//-0.0749(0.0049)  0.00%//-0.0449(0.0140)  0.00%//-0.0434(0.0095)  0.00%//-0.0314(0.0113)
Target Overcast 0.9143(0.0111) 0.8559(0.0241) 0.8412(0.0294) 0.8247(0.0255)
WCCL | Retention Ratio//DevSafety(acc) | 0.00%//-0.1192(0.0294)  0.00%//-0.0716(0.0053)  0.00%//-0.0424(0.0091)  0.00%//-0.0414(0.0102)
Target Overcast 0.9315(0.0112) 0.9296(0.0092) 0.9207(0.0022) 0.9172(0.0064)
GEM | Retention Ratio//DevSafety(acc) | 0.00%//-0.0677(0.0042)  0.00%//-0.0711(0.0050)  0.00%//-0.0807(0.0128)  0.00%//-0.0634(0.0042)
Target Overcast 0.9282(0.0051) 0.9233(0.0037) 0.9149(0.0088) 0.9165(0.0049)
Co’L | Retention Ratio//DevSafety(acc) | 0.00%//-0.0138(0.0099)  0.00%//-0.0072(0.0032)  0.00%//-0.0095(0.0043)  0.00%//-0.0137(0.0052)
Target Overcast 0.5916(0.0417) 0.8369(0.0049) 0.8396(0.0055) 0.8507(0.0172)
DER | Retention Ratio//DevSafety(acc) | 0.00%//-0.0435(0.0037)  0.00%//-0.0241(0.0064)  0.00%//-0.0182(0.0032)  0.00%//-0.0166(0.0077)
Target Overcast 0.8731(0.0066) 0.8604(0.0075) 0.8602(0.0023) 0.8651(0.0027)
RM Retention Ratio//DevSafety(acc) | 0.00%//-0.2032(0.0365)  0.00%//-0.3016(0.0228)  0.00%//-0.2444(0.0120)  0.00%//-0.2634(0.0105)
Target Overcast 0.9787(0.0050) 0.9730(0.0028) 0.9588(0.0041) 0.9647(0.0023)
Ours ‘ Retention Ratio//DevSafety(acc) | 0.00%//-0.0655(0.0249)  20.00%//-0.0043(0.0037) ~ 60.00%//0.0012(0.0029) 100.00%//0.0046(0.0016)

Target Overcast 0.8789(0.0464)

0.7827(0.0225)

0.7562(0.0167)

0.7525(0.0366)

et al., 2018; |Kirkpatrick et al., |2017; Zenke et al., |2017; [Li & Hoiem), 2016), expansion-based approaches (Zhou
et all 2022} [Yan et al., 2021} [Li et al., 2019; Rusu et al. 2016), and memory-based approaches (Buzzega
et al., 20205 |Cha et all [2021; |Guo et al., [2020; Lopez-Paz & Ranzatol, [2017a; (Chaudhry et all [2019). The
framework proposed in this work is similar to memory-based approaches in the sense that both use examples
of existing tasks to regulate learning. However, the key difference is that most existing continual learning
focuses on the trade-off between learning plasticity and memory stability and aims to find a proper balance
between performance on previous tasks and new tasks (Wang et all [2024)). Hence, they do not provide a
guarantee for MDS. A recent work (Peng et al., [2023)) has proposed an ideal continual learner that never
forgets by assuming that all tasks share the same optimal solution. However, it is not implementable for
deep learning problems. Besides, existing continual learning studies usually highlight resource efficiency when
accumulating knowledge by reducing the number of samples of previous tasks. In contrast, this work tends to
utilize more examples to construct developmental safety constraints for protected tasks to facilitate MDS.

AT Safety. Our notion of model developmental safety should not be confused with Al safety. The latter is a
field concerned with mitigating risks associated with AI, whose surge in attention stems from the growing
capabilities of Al systems, particularly large foundation models (Kojima et all [2022} [Wei et al. [2022} Bubeck
let al [2023; Radford et al. [2021b)). As these models become more adept at complex tasks, concerns around
potential misuse, bias, and unintended consequences rise proportionally. [Amodei et al.|(2016) presents several
practical research problems related to Al safety, including avoiding side effects, avoiding reward hacking,
scalable oversight, safe exploration, and robustness to distributional shift. More recently, [Wang et al.| (2023a))
elaborate on eight different perspectives to evaluate the trustworthiness of LLMs, including toxicity, stereotype
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bias, adversarial robustness, out-of-distribution robustness, robustness on adversarial demonstrations, privacy,
machine ethics, and fairness. These Al safety issues arise in the usage of Al models, and they are distinctive
from model developmental safety studied in this work, which arises in the development of Al models. Note
that the term "safety" in model developmental safety is to underline that it is important and must be enforced
in practice. Therefore, this work provides another dimension for consideration in Al safety, i.e., retention of
safety. Any safety features of an Al system that have been acquired and validated should be retained safely
in continuous development.

SafeRL. This work is partially related to SafeRL (Safe Reinforcement Learning), which focuses on developing
algorithms and techniques to ensure safety (avoid harmful actions) of RL agents, such as in autonomous
driving (Shalev-Shwartz et al., |2016)), robotics areas (Pham et al., |2018). Many studies have been conducted
in SafeRL domain. A popular approach in SafeRL is to maximize the expected cumulative reward subject to
specific safety constraints (Wachi et al.| [2024), such as expected cumulative safety constraint (Ding et al.
2021; Bura et al. 2022; |Tessler et al. 2018; |Achiam et all 2017), state constraint (Thomas et al., 2021
Turchetta et al., 2020; Wang et al., [2023b} |[Thananjeyan et al.l [2021)), joint chance constraint 2015
Pfrommer et al, [2022)), etc. However, as SafeRL heavily relies on the special structure of policy optimization
for RL, it is different from our work that study a generic developmental safety in model development process.
Hence, although sharing the similarity of solving a constrained problem, the algorithms for SafeRL are not
applicable to our problem.

Constrained Learning. Constrained learning has attracted significant attention in the literature. Traditional
works for constrained optimization include three primary categories: 1) primal methods which do not involve
the Lagrange multipliers, e.g., cooperative subgradient methods (Lan & Zhoul [2016; [Polyak & Tret’yakovl [1973)
and level-set methods (Aravkin et al.| [2019; [Lin et al.| [2018aib)); 2) primal-dual methods which reformulate
constrained optimization problems as saddle point problems (Hamedani & Aybatl, [2021; Nemirovskil, [2004); 3)
penalty-based approaches which incorporate constraints by adding a penalty term to the objective function (Xul
[2021; Lan & Monteiro, [2013; [2016). However, most of these works are limited to convex objectives or convex
constraints. In recent years, due to its increasing importance in modern machine learning problems, such as
in applications concerned with fairness (Cotter et all 2019; |Agarwal et al., 2018), robustness (Robey et al.
2021} Madry et all 2017), and safety (Paternain et al., 2019bfa)) problems, the research interest has been
directed to developing efficient algorithms for non-convex optimization (non-convex objective and non-convex
constraint) (Boob et al., [2023; Facchinei et al., [2021; Ma et al., [2020; Li et al., 2024} Chamon et al., 2022;
\Alacaoglu & Wright), [2024]). Among these, Chamon et al.| (2022) studies how to solve constrained learning
learning with expected non-convex loss and expected non-convex constraints by using empirical data to ensure
the PAC learnability, and proposed a primal-dual algorithm to solve constrained optimization problems in
the empirical dual domain. However, their algorithm requires solving the primal problem up to a certain
accuracy, which is theoretically not feasible for general non-convex problems. [Boob et al| (2023) introduces a
new proximal point method that transforms a non-convex problem into a sequence of convex problems by
adding quadratic terms to both the objective and constraints. For solving non-convex optimization problems
with equality constraints, |Alacaoglu & Wright| (2024]) propose single-loop quadratic penalty and augmented
Lagrangian algorithms with variance reduction techniques to improve the complexity. Nevertheless, none of
these algorithms can be directly applied to our large-scale deep learning problem , due to either prohibitive
running cost or failure to handle biased stochastic gradients caused by compositional structure.

C Proofs
C.1 Proof of Lemma

Proof Consider task k. Recall that Dy, contains ny, data points. According to Theorem 3.2 in|Boucheron]
, we have with probability at least 1 — &/m, for all w,

In(2m/d) < 2C N In(2m/9d)

- [e3%

[L1(w, Di) = Lu(w, Du)] < 2R, () 4[5 < T

)

2ng
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where the second inequality is by the assumption on R, (H). Combining the inequalities above with W = W e,
and W = W4, we have with probability at least 1 —&/m

4C In(2m/o
L (Wnew Dr) — Le(Wod, Dr) < L (Wnew, Dr) — Li(Woig, Di) + — + 2 (2716/)
ny
Applying the union bound with the events above for k =1,...,m leads to the conclusion of this lemma.

C.2 Proof of Lemma

Proof Recall that w has two component u and W. The gradient of hi(w) with respect to W and u are
denoted by Vi hi(w) and Vyhi(w), respectively. Hence,

Vhi(w) = (Vahi(w), Viyhi(w))

for k=1,...,m. Similarly, after adding the task-dependent heads, W has four component u, W, U and V.
The gradients Vyhi (W), Vi hi (W) Vuhg(W) and Vvhi (W) are defined correspondingly, and

V(W) = (vuﬁk(«z), Vv i (W), Vo i (W), vvﬁk(m) .
Recall that .
hi(W) = he(W + UpV,] ou) fork=1,...,m

Therefore, A A
Vauhi (W) = Vahi (W + Up V' u), Vwhi(W) = Viwhie(W + UV, u)
and

-
Vuhip(W) = (0, 0, Virhie (W + U V3|, u) Vi, 0, ... .,0)

The kth block

.
Vvhi(W) = (0,‘..,0,thk(W+UkaT,u)TUk,O,...,O) ,

The kth block

where the sparsity patterns of Vyhi (W) and Vvhe (W) are because hy, does not depend on U; and V; with
J#Fk.
Suppose UV, =0 for all k. It holds that hy(w) = ﬁk(W) and
Vhi(w) = (Vuhi(w), Vil (w) = (Valn(W), T hu(w))
Consider any o = (o, ..., qy) € R™. We have

Amin ([w}l(m, . th(W)] T [Vha (W), vhm(W)])

Z athk W

astHa” 1

m

Z avahk

+ Zak IV w B (w) Vil |2 + Zai vahk(wakHi)

astHa” 1 (
k=1 k=1

+mkin||Vth(w)VkHF+mkinHVth(w) UkHi

2
hk W) =+

astHa“ 1

)

Zakvwhk (W)
k=1

where the first two equalities are by definitions and the third equality is because U,V,| = 0 for all k.
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C.3 Proof of Theorem

We present a formal statement of Theorem [1| below.

Theorem Suppose Assumptions @ nd @ hold.  Also, suppose, in Algorithm |1, set [ = %,

— — 5ngf 5me _ '8°|Bi| _ et min{|Be|,[Brl}  €® min{|Bl,|Buil,|Bai} _
M = 72 = min{ 3\13 31B.]” 26880022, } 0 = min{ 672(02, +L7) °  1344L%(0%,+L2) }oand n =

: 1
min{ sy 5 8\/§Lp ’

0 7118] v2|Bc|
8vV3LyuB’ 40vV6L,L;Cyyng’ 40vV6BL,Conm ’
Lp :=2(LvyLy + LysL}) and Ly := 2Ly, + Lj. Then there exists X € R such that after T O(e77673)

iterations Algorz'thm satisfies E [||VF(wf,D) +Vh(wf)>\||} < ¢ E[[Aw)]4]] < & EAT[A(wD)]4] <

where t selected uniformly at random from {1,--- ,T}.

T
c

} , where C’vg = 0Ovyg +Lg, éVh = oyp + Ly, Lf = L va :

2
g
3

In this section, we present the proof of the Theorem [I| Recall that the problem is formulated as

mvin F(w,D) := nio ZO (f(g1i(w)) + f(g2:(w))) s.t. %hk(w;Dk) <0, k=1,---,m. (12)
i=1

with f(-) = 7log(-). With the quadratic penalty method, the problem is converted to

min ®(w) :=F %Zé [hi (w3 D)) 4 )2 (13)
k=1

w

H(w)

By Assumptlon l we can get f is Ly-Lipschitz continuous and Ly j-smooth with Ly = =~ and Lyy = =
-9

By noticing that £.. is a cross entropy loss, we find that |hg(-)| can be bounded by a constant Cj, w1th
Cp, = 2. Then, we can get ®(w) is Lg-smooth with Lg := Lp + Ly where Lp := 2(LyyLy + LysL?) and
Ly := Ly,Ch + Li. We also define C’vg ‘= 0yg+ L4 and Cyp := ovn + Lj,. To facilitate our discussion, we
let

vl = (1 -0t~ +60G1,
vh = (1 — 0)vi ™! +0GY,
vt = vi + vé

To prove our main theorem, we need following lemmas.

Lemma 3 If 6 < 3, the gradient variance Al := ||v} — VF(w',D)||? can be bounded as
212
BIAL] <(1 - 0)B[A + ZEEBw+ - w2+ 501303, B2 4 =5
14)
. 1 ) 202[2(0%, + L2) (
131202 E | — (u”l—ul + |kt — ) + -2 g 9
fva no ie%t:-i—l H ' H H ? H mm{|B|, |Bli|a |821|}
with 5 = [t — gy (w2 = L 370, b — grg(wt) 2 and S5 o= L at - gy (w2 =
o iy lluay L gai(wi 2,
Proof
AT = ot = VE(W|? = [[(1 = 0)v] +6G] — VE(w' |2

-lo+e+e+al,
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where (1), (), (3), @ are defined as

@= (1*9)( —VFEWwY)), @=@1-0)(VF(w')—VFw™)),
@ = @ Z Vglz t+ ) (vf(ulz) Vf(glz( +1))) + Vg ( ) (Vf(u;z) _ vf(gZi(WH_l))) ,

ieBt+l

\B\ > Vi (g1a(w'™™) + Vos (W' TV f(g2i(w'th)) = VF(w'H).

iepttl

Note that E[((D), @)] = E (D, @)] = 0. Then, by the Young’s inequality, we can get

E[|O+@+@+@]
=@ + @I +E @I +E | +2(D.®) + 2EHD. @)] + 2EL@.@)] + 2EL(@.D)]
<a+0|@f +2(1+5) 1@IF + 25 =@ + 25 |DI

We can also get

1+ OIDI = (1+6)(1 - 6o}~ VF(w")| < (1 - v} — VE(w!)
2(14 2) @I =2 (1+ 5) (- OPITE) ~ TR < 220 a1

24 P, IOIP]

2230%& > (91" [V e) = VA guw™ )|+ [T (w0 )|* [ 7 ki) = T (gailw™ D]
ieBttl

We first bound the first term

3, S | Wans w | [T £ ) — T (g

B
ieBtt+l

24 360)0L
< H(j}fm[ > vau(w”UHzHu’ii—gu(wt“)||2]

ieBk+1

— 2 300135, lm > B [Ivuw |l e 5] gu<w'f+l>ll2]

ieBt+1

\B\ > k= gu(w™? ||]

iept+l

< (2+39)9L§é%g< + 0)E: [ ZH 1 z+1)H2] (1+1/0)E, [ ZHut“ uy; D
Z H t+1 t+1)H2 ( 1/5 Et [ Z Hut+1 —Uh ])
ieptt+l

If0 <3 andé= 30, we have (2 + 30)0(1 + 6) < 50 and (2 + 30)0(1 + 1/6) < 3. And similarly, we can get
the bound for the second term. Then, by combining them, we can get

LS (it -kl i -k)|

ieBtt+L

(2 + 39)9Lf Cvg]Et

= (2+30)0L3C%, ( + 0)E:

2+30

E [|D)?] < 50L3C% E[=1H + =471 + 3L3C2 E
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E |IDI?]

2
1
=6°E, ”|B| > Vou(whV (gu(whth) Zng TV F(gu(w'™)
ieBt+L
-
+0°E, H|B| D V(W V f(gai(w'™) Zng TV (g2i(w' )
ieBttl
1 d
=0°E, B > Vgli(WtH)Vf(gli(WtH))—@ > Vgu (WY f(gri(wth))
ieBtt! ieBt+1 |
_ -
+ 0% Z Vg (w* )V fgri(w'™) ZVgu )V f(gu(w'™))
L zEBHl ]
r 2
+ 0°E, Z Vi (W) f(gai(w't)) Z Vgai (W) V[ (g2 (W)
L IEBt+1 leBt-Fl
r 2
+ 0°E, |B| > V(W)Y f(gai(w't)) ZV!J2 OV (gai(w'))
166t+1
202L§c(02vg + Lf])
~ min{|Bl, |Buil, |Bail }
Therefore, we can get
t+1 0, 2L% 1t 2 E[t+] 4 =t+l
E[ATT] <(1 - 0)E[A]] + —FE[lw'™ 1] + 50 L3 C3 E[=T + =57
~ 1 2 292L2(U2V +L2)
+312C2 E | — t+1_uz 4+ [ttt uti + = f 9 9’
A z’e%t:ﬂ (| Uy 1 || H 2 H ) min{|B|, |Bui|, |Bai| }

Lemma 4 If v; < 1/5, function value variance ZY := n%H“ﬁ — gy (Wh)||? can be bounded as

4n0

—

5SngL2E[||witl — wi||?]  2y302|B| 1
=) J g t+1 t 2
=1 + + ——FE ultt — (15
! 8| nolBul  dng BZ II LIP| as)

Lemma 5 If v, < 1/5, function value variance Z% := %Hug — go(Wh)||? can be bounded as

B| SnoLLE[|w' ! —w'||?]  29f07|B] 1
IEE”lg(l—% )E =] + g + 9 _ __E ubtt —ub 2| . (16
(E57] 4no 3] 118 nolBal g i%‘,ﬂ [ 2l17| - (16)

Since the proof of Lemma [ and Lemma [5] are almost the same, we only presents the proof of Lemma [4] as
follows.

Proof Define ¢}(u1) = ||uy — g, (W*)[|> = 3 30 [luri — g1a(W)||?, which is 1-strongly convex.

1
o1 (ui™) = 2||ut1+1 gi(WI* = Sllun = g (W + (wy — g (W), ™ ) + || -l
. 1
= 5”“& — g (wtH?+ Z (uf; — gua(w'™h), ui_zH “ii>+§ Z ”“H_l — uy?
ieBt+1 ieBt+1
+ Y Guwth) = gu(wETh) Wt — b))
1€BttL
(17)
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Note that ul; — g1;(wit) = (ul, —ulT") /v and 2(b — a,a —c) < ||b—¢||? — |la — b]|* — |la — ¢||>.

Z <Uu gu(w'), uijl ul;)

ieBt+l
= D G = g guaw ) ) DT Gl g (w ), u = gu(w)
iepr i€Bt+1
o 1
- Z (u; — gui(w'™h), gu(w'™h) —ufy) + — Z (uf; — i T uflt = gra(w')
e m ieBt+1
< Z (uf; = gu(w'™h), gri(wth) —uf,)
ieBt+l
1
b 3 (lu = s I = = b = = g )

If 1 < %, we have

1/1 v +1 A
(R S el S G - gt -

ieBt+1L ieBt+1
1 . 2 1

S—— Yol =P Y [auw T = gu(w T — Y bt -l

4y . 471

ieBt+1 ieBt+1 ieBt+1
~ 2

=71 Y [gn(wth) = gu(wth||”

ieBttl

Then we can get

1 1
Sl = g (W DI <2k — gy (w4 s S ks — gua(w P
ieBttl
1
> lubt = (w1
27 ieBtt1
. 2 71 +1
+ 7 Z ||g1i(Wt+1)—g1i(Wt+l)H _187 Z H tH_Utu‘HQ
Bt Mg
+ ) (uly = (W), gu(wth) — aly).
ieBttl

Note that ﬁ Dignr ut; — gra(wit1)||2 = ﬁ B lultt — gra(wth)||2, which implies that

1 1
2n Y Uluhi = w7 = lluff = gu(w™ )1%) = 5 (lui — g (W) = [u™ = gu(w)]?).-

B+l n

2
Besides, we also have E [ZieBt+1 Hﬁu(wt“) _ gli(Wt—i_l)Hﬂ < Blog ni

= Bl
t A t+1 t+1 t B S t t+1 t+1 t
E Z (ug; — gri(w' ), g1 (W) —wyy) | = (ui; — gra(wW'™), gui( ) — uiy)
ieBit! o =1
|B|
= ok~ gy (w2,

Then we can obtain

1 1 1 1y(12
(3+ 5 ) Bl - s

1 1 |B|> " 1 7|Blo? 4 + 1
<l=-4+——-——E|[|u; — witH|1?] + g _
( 0 [H 1 gl( )” ] |Bl’L| 8")/1

Bl Y juttt —uuuﬂ

i€BtHL
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Divide both sides by ’g—;’;l we can get

B
luf — gy (w112 < (1 + ZED b — gy (
1|B B B B
( + 'Y \ |)(1 _ ml \) < (1 _ ’Y417|10\) and (1+ 7417%')(1 . ’Y217|lo\) < 7517‘1%|

2710 -

B 2 2
Mnt+1l-2n5 2 7Blo
1 t+1y)12] < 0 Ml — an (wht! g
B [Juf — gy (w1 < 2 g g — gy ()17 4 2
1
SR
ieBtt+t
Note that P70 ¢ MUT)HL g Bl ) mlBl g 1< 0,1]. Besides, we b
ote tha T S A =l i S 1% and Sy <1 foryn € (0,1]. Besides, we have
wh||2 + (1+ é"‘gl)ﬂgl( t+1) g1 (Wwh)||? due to Young’s inequality,

bt — gl<wt+1>||2}

1
E[Et] =E|—
(=] o Uy
71|B|> [ . : 2] Sno Ly [wi —w'||? 29707 |B] 1 Byt |12
<|1-— E|—|u; — w + - —FE Uy, — U,
(1- 25 e | Ljag - gy . A e

ZeBt+1

_ (1_71|B|>E[:t]+5”0L3E[HW w|?] 2V%U§|B| 1 Z Hut+1_u HQ

! 7B nolBui|  4no Bl 1

477,0

Lemma 6 The gradient variance AL = ||vl — VH(w')||? can be bounded as

252 i
E[A5™] <(1 - 0)E[AY] + BE W — w'?] + 5052CF) B[]
35°C3), 1| L PBOR0Y, 1) (%)

E _

keBtt!

with Tyyq = L [lu! T — (w12,

Proof
AGH = gt = VH(W™ |2 = [[(1 = 0)v + 0G5 — VH(w')|?

||®+@+@+@||2,
where (1), (), (8) and @ are defined as

@:(1*9)( Lo VH(wWY), @ =(1-0)(VH(w') — VH(w')),

@ =577 3 ([0hle Vhn(w'™) = (w1, Tha (')
keBit!
@:9 |B|ﬁ Z [hi(w t+1 Vilk(WtJrl)—VH(WtJrl)
keBit!

E,[((2), @)] = 0. Then, by the Young’s inequality, we can get

Note that E[((D), @>] =

E(IQ+@+@+@I
=[DI? + 1N + EN@N? + ENDI? + 2(D, @) + 2E. (D, B)] + 2E:[(D, ()] + 2E.[(D, ()]

2 + 30
E I + 2B (DI

<1+0)|QD|? +2 (1+ ) I21% +
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We can also get

A+ = (1 +0)(1 = 0)|jvy = VH(W")|* < (1= 0)jv; — VH(w")||?

2 (145 ) I@IF =2 (14 3) (L= 0PIV AW - V(') P

m

21

<5l ’;5 (Vhe(W' ) T hy (W] — Vhe(wh) T [hi(wh)]4)
2L g1 _ 2
- 0
2+ 30 2 + 30 0232 ~
2@ < B0 S 9Pkl — B 2
keBtt!
2 390
g(ﬂgﬂ S (Vi (w L) 2], — (w2
keBitt

Consider that w'' and u!, do not depend on either BL™' or By, we have

(2+30)05°Ee | oy D [IVAk(w' ™) luk — ha(w )|
15| keBitt
1 «
= (2 + 360)05°E, B Z Ee [[|[Vhi(w Pk € BE] Iluf, — ha (w12

t+1
keBtT

~ 1
< (@4 3005°CoB | g D Ik~ hew DI

(&
keBtT!

2 +30)0(1 + 6)B>Ce 2+ 30)0(1 +1/6)8°C3
< ( ) (m ) Vh Z E, [”uzﬂ_hk(wtﬂ)”z] +( )6( - /9) Vhi, Z HUZH—UZHQ
k€[m]

24 30)0(1 + 6)32C% 2+ 30)0(1 +1/5)3°Ce
:( ) (m ) Vh Z E; [”uzﬂ —hk(th)HQ] +( )6( - /%) Vhi, Z ”ut+1 u2||2
ke[m] | kestt?

where the last equation holds by noting that ut+1 =ul foralli¢ BitL.

If0 < % and 6 = 32, we have (24 3B3)B(1+6) < 50 and (2+ 3B3)B(1 + 1/8) < 3. Therefore, we can get

2+ 30 332C2
R R P I S
keBit!
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Nezt, we give the upper bound of IEI,5||</,L>||2

2
N 1 &
E[I(HN? =0 B°Ex B.| > (W Vi (W) = = e (W] Vhg (W)
¢ keBit! iy
1 ~ 1
<O5E || pr D e L Thn(w) = e 3 (] V()
! pepttt keBttl
1 1 —
OB | > (W] Vi (wh ) 47§: )4 Vhg (W)
! keBttt iz
PR, + 1)
min{|B.|, [Bx|}

Combine above inequalities, we can get

26°LY 5
E[A;"] <(1 = O)B[AY] + =B [[w' = w'[[*] + 505°C3,E[Tupa]
332C%, . 0232C} (0%, + L3)
E ||ut+ —ut ”2 + . h\"Vh h
m kg%;rl k k min{|B.|, |Bk|}
Lemma 7 If vo < 1/5, function value variance Ty := L |lu! — h(w")||* can be bounded as
"2|Be| SmLAE[[w'™ — w|?] | 29307|Be| 1 t
E[l 1- === )E[l - L ug?
keBLT!
Proof Define ¢y,(u) = £||u— h(w")||2 = 1 30" | [lup — hi(Wh)||?, which is 1-strongly convex.
1 1 1
e (01 = Ll B = Ll — B (RO ) ol

1 A 1
= Sl = R 2 ST (= b () =) o S b - )
keBit! keBit!
+ Z with) — by (W), bt — )
keBLt!
Note that ul, — hx(w't) = (¢F — ¢F™) /2 and 2(b— a,a — ¢) < ||b —¢||* = [la — b]|> = |ja — ¢|/?.
D (uf = (W) — )
keBLT!
= > (= W) (W) =) £ Y (uf = A (W)t = g (w )
keBit! keBtt!
1
= > (uf = b (W) B (W) — )+ — Y (g — gttt — ()
keBit! T2 keBit!
< D (up = A (W) (W) — uf)
keBLt!
1
50y 2 (k= B (W DI = ™ = = ™ = b (w )

keBit!
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-5 ( —1-- ) Z Hut-i—l ZHQ + Z <ilk(wt+1) _ hk(wt+1)’uz+1 _uz>
2 72 keBit! keBitt
1 A 1
S DI LR LR Dl O Bl D A
keBit! keBit! keBtt!
R 2
=2 Hhk(wt+1) — hk(WtJrl)H .
keBit!
Then we can get
1 1 1 1
S = AP <G = R 3 = b = g 3 g w2
keBit! keBit!
N 2 +1
+ [ty = (|| = B S gt — g2
keBit! 2 keBitt
+ Y (4 W) By (W) — ).
keBit?
Note that i Drgntt luf — b (w2 = 2“/2 DokgBt it — hi(wtt)||2, which implies that
1 1
3y 2 (k=B (W DI = [ = (w2 = 5= (' = AW = [ = Aw')]%).
2 keBit! 2
R 2
Besides, we also have E [Zk68t+l hy, (witl) — hk(WHl)H } = ‘B‘glji nd
. B.| —
Bl Y th i) )| = B et ) )
keBit? k=1
Bel t1y)(2
= h(w't
"l w )|
Then we can obtain
1 + L E [”utJrl o h(wt+1)”2]
2 2%
11 |Bc|) Y2lBelop 2 +1 t+1 2
< (543~ D) B llut - awt P + 25 - 2 g | St -
“\2 2 B 8 F
Yo o om |Br| Y2 et
Divide both sides by 722;;1 we can get
E[H t+1 h(w t+1)H } Y2+ lm‘E[” t h(w t+1)H2] + 2 722|BC|J}2L
uttl — 121Pcl%h
Y2+ 1 Yo+ 1 [Byl
1 t+1 t2
SE| Y I
keBET!
1Bel _ 1Bl
Note that WH,Y 1712 m_ < 72(1724’:1 g (J;ﬁ)‘m <1- Wlffl and 'yl+ <1 for 2 € (0,1]. Besides, we
have [t — (w1 [* < (1+ 25D o = B(w)| + (1+ S [A(W') = R(w!)[[* due to Young’s inequality,
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(1+ 28y — 228 < (1 — 2 and (1+

~2|Bc| 5m
2m ) <

’ylel)( T 2m ) = ylBl]”

Bllvar] = B [~ b )]

B, 1 smLp|lw'tt —w'||? 29307 |B| 1
< <1 _ ’Yi|m |) F |:m||ut _ h(Wt)||2:| + m h”w w ” + 720h| | ___F Z Hu}chrl _UZHQ

’)/2|BC| m|Bk\ 4m keBﬁ'H

B SmL2E[||wit! — wt||?]  2+202|B, 1
(1 84 gy skl FINES - A B SR

4m Ya|Be| m|By| 4m Nor/®
We state the main theorem again for convenience and present the proof.
Theorem Suppose  Assumptions I, and @ hold, and set pf = %,
. 82 min{|Bg|,|Bc|} €2 min{|B]|,|B1:|,|B2:|} o o s r5ngl 5mb €62 |By|
min{ oT2(0%, +L2) 130412 (0% +L12) b= 2 = min{ 3181 31B.] 7268800%0%} and n
. 1 0 7118 v2|Bc| ;
min { AL SfLF SVALI T0VGL,L,Cuumy’ 10VGLCurm | Then there exists A such that

E [||VF(wf) v Vh(wf),\)u} <e

E[||[h(w")] 4[] < ¢
EXT[R(wh)],] < e

with number of iterations T of Algorithm |1 bounded by O(e~7673) and t selected uniformly at random from

{17... ,T}‘

Proof Since ®(w) is Lg-smooth with Ly = Lp + SLg where Lp := 2(LygLy 4+ LyyL2) and Ly :

LynCh + L, Cyp, we have
Lg
O(w'h) < @(w') +(VO(w'), W —w') + *||W —w'||?
Lg
= o(w') + (v, W —w') + (VO(w') — v, W —w') + *||W —w|f?

L 1
< O(wh) + (of, Wit —wh) + (5 + 477> Wit —wt|? + || VE(w!) — o2

- 2
Since w'Tt = wt —nut, which is equivalent to w'Tt = arg ming, (v, w) + %HW —w!||2, we have
(Wf, wit! — why < _2i||wt+1 — wi|%.
Then we can get
Bt +) < o) + (5 - 1) W= wiP 4 l Ve(w) )P

L 1
B +1) < @) + (5 - ) W = WP 4 20w — o2~ Tawt) - of

L 1
nIVB(w!) — o |2 < B(w') — B(w' ) + (‘* - ) Wt — w2 4+ 20 VB (w!) — of .

2 4n

Then we want to bound E||V®(w?) — vt||?.

[VO(w') = 0|12 = [[(1 = )(vi ™" +v57") + 0(GL + Gf) — Vo(w')||?
=[|(1 -0t +0G, — VF(w') + (1 — 0)vi ™t + 60GE — VH(w)|?
= |[vf = VF(W") + v — VH(w")|?
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Since By [(v} — VF(w'), vl — VH(w'))] =0, we have

Edl|VO(Wir1) = vear |* = Eello™ = VE(W )|+ Eelloy™ = VH(w™)]? (27)

. 200L2C% n 200L2C% n
Summing , VJ;TTQOX and %Tvlgox 16), we can get

212 1000L2L2C% n3
E[AT) S(I—G)E[MH( 9F+ v%ll;\? — | E[|w"!

2 A2
209Lfcvgn0 1— 71‘8‘ E =t =t _ —=t+1 _ —=t+l
B [E1+E -5 =]

n|B|

~ 56 1
A (ﬂm‘?’)E[ >kt - +||ut+l—uéiH2]

ieBt+l
20°L3 (0%, + L) N 80011 02L3CE,
min{|B|, |Buil, |B2i} ~ min{[Bul, |Bail}

2008%C32
Summin, and 2288°Csn™ o (19) we can get
g ~21Be] s g

232L%  100082L%2C2, m>
E[ALT] <(1 — 0)E[AL] + ( 5 74 7§|z§c\2‘vh E[||w!T!

2008202, m (1 _ 72lB|
’)/2|Bc‘ 4dm

w'[%]

4n0

w'|?]

) E [T — Tiiq]
50m 1 2 (29)
2442 t+1 _ ¢
-k, (S 2) % | 3 -l
KeBLH
028%(02, + L?) 4003203 C%,
min{|Be|, |Bk|} |Bk|
Summing , %x@) and %nx, let v = 72 = v < min{%ﬁl[‘%l&,?i’ge‘}, we can get 50 B = 3 >0,

50m
JIBo] 3>0 and

NE[ V(W) — v

<E[Y; - Yiq]
1 Lp+BLy 8oLy A0nLLICE,nG  &npPLy  400n3°LiC%,m? ) o [lwt+t = wh[?]
4n 2 0° 7?|BJ? 0° 7?|Be|?
8n0L% (0%, + L2)  320mo2L3C%,  4nbp2(0%, + L2)  160nyB8202C2,
min{|Bl, |Buil, [Bail} -~ min{|Byl, [Bail} -~ min{|Be|, [Bk|} |Br|
(30)
where
4 80nL3C% no _ _ 80nB2C%, m
Vis = B(w™!) + V(w12 4 TN gy gy g ST SO
0 v|B| ¥IB|
o 0 0 18| 1B |
Ifn= mm{12(Lp+,BLH) > 8V3Lp’ 8V3LypB’ 40vV6LyL;Cygng’ 40\f[3Lth;Lm}’ we have
n _
24 E (72w — w2+ [VR(w') — v]|?]
(31)

8n0L% (0%, + L7) 320my02L3C%,  4nop? (0%, +L3)  160nyB8%032C2,

<ElY; - Y; + - + — .
SEN = Yen B Bl B} T min{[Bul. [Badl) T min{1Bel. [Bll) By
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Dividing both sides by 55 and taking the average over T we can get

1« _
T Z; E [n7 2w — wh|? + [Ve(w') —o'|?]
t=

. N (32)
HUEY]  1920L5(0%, + Lg) 7680905 L5CG, | 9608%(a%, + Li) | 384098°03CT,
=T man{[B], B, [Bail} - min{[Bul, [Bail} - min{|Bel, [Bk|} |Br|
4 80nL3CE n 262
Yo = B(W") + v (w0) — 0|2 + T (=0, =) 4 S0P Conmy
0 18| B |
4n 80n L2 C’v
= ®(w’) + FIVO(w’) —°* + #(HU? =g (W)|? + [[uz — g, (w")|?)
80n5°Cy o 0y|2
——— |’ — h(wWY)]|%.
P = HwO)
Since w¥ is a feasible solution, we have ®(w°) = nlo S0 flgi(w?)). Since g is bounded by Assumptz'on

and f is Lipschitz continuous, we can show that there exists a constant Cp := max{7|log(c2)|, 7| log(C2)[}
such that |F(w,D)| < Cp. We assume that u} = hk( 0, ¥, = g1i(w°), uY;, = g21( %) and vg =
7 2 (Vi (wO) TV F (315 (W) + Vgai(wO) TV f(g2i(w®)), we can get

E[|Ve(w) — o°||?] < 2(C%, + 0%,)C%,
Ef] ) — g, (w)|?] < o
33
B — g, (w°)|?] < o (33)
[ — h(w?) ] = 0

Therefore, we can get

T-1

1 _

7 O B[ Wt = w4 [Vo(w!) - o]
t=0

_AUCr | 192(C%, +0%,)0%, 1920L3C% 0 (34)
- T 0T |BINT
N 192013 (0%, + L?) N 768070, L3CE, 9605 (0%, + L3) 38407520,216%,1.
min{|B, [Buil, |Bai|} — min{|Bul, [Bail} ~ min{|Bel, |Bk|} | By |

_ 1 _ in [ €18 min{|By|,[Be[}  €® min{|B|,|Bul,| B2} 452
Let =5, 0= mm{ 672(0%, —I',iL2) ' 134413 (0 21+L22) = 0(€%é%),

— e — im0 5mo _ €16%| Byl _ 452
71—72—’Y§m1n{3| B[ 3[B.[’ 2688002C2, = 0(e*6%),

. 0 0 11B] v2|Be| _ 553
n= mm{12(LF+BLH) > 8V3Lr’ 8V3LyB’ 40v6LyL;Cyvgn’ 40v6BL,Cynm } - 0(6 g ) and

T =0(e77673), we have

E [n7?[w = wi|? + [[Ve(w') —o'|?] <O(e)

By the definition of witl, we have

1wt et =0

e Hwh —wth) + (Vo(w!) —o!) + (VO(W'T) — VO (wh)) = Vo(with)
e H(w = w4 (Ve(w') — ') + (Ve(w'™) — Vo(w'))

= VEW) 4 D onwt ) nw ),

w
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This gives
3 2
[P 4 T h ) T
m
<3 (72wt = w2+ [Ve(w') — of [P + [Ve(wH ) — o(w')[?)
<3 (72wt = w2+ [[VO(w') — of||? + LEw' — w't|?)
<3 (72wt = w2 [V (w') — o + 72w — wit?)
<6(n 2w — w2 [ Ve(w!) —o|?)
Therefore, we can achieve that
1« t+1 B t4+1 t+1 ’ 2
7 2B ||[VEw!™ ) + = Vh(w (w4 || | < 0() (35)
t=0
By Jensen’s inequality, we can get
E HVF(wf)+ %Vh(wt)[h(wf)]+ } < O(e), (36)
with t selected uniformly at random from {1,--- T}.
Then, with the full rank assumption on the Jacobian, which is |[Vh(w')[R(w")] 4| > 6||[h(w")]+| as in
Assumption@ we can get
1
ITR(w! )] ]2 <52 lIVh(w w D [R(w 12
m2
B
N [VEW) + Th(w ) [Aw )] — VE (w2 &
2m 2 15} 2
<2 |1V PO 4 [Pty + S vnewt s, ]
Taking the average over T, we can get
= , P )
L2 < t4+1 t4+1 t+1 t+1
7 2 Bl P < Z 2 IV F ) 4 [Oov) + Svnewt ) nw ) ] .
SO(e“‘)
and using X = %[h(wf)]+. By Jensen’s inequality, we can get
E[|[R(w")]+]| < O(e) (39)
. B R R 3 R
EXT[h(w')]| =E E[h(wt)]l[h(wt)h = E]Ell[h(wt)h\\z
_ iy o2 (40)
= L Bjnw] |
< O(e).
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