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Abstract

Markov processes serve as universal models for
many real-world random processes. This paper
presents a data-driven approach to learning these
models through the spectral decomposition of the
infinitesimal generator (IG) of the Markov semi-
group. Its unbounded nature complicates tradi-
tional methods such as vector-valued regression
and Hilbert-Schmidt operator analysis. Existing
techniques, including physics-informed kernel re-
gression, are computationally expensive and lim-
ited in scope, with no recovery guarantees for
transfer operator methods when the time-lag is
small. We propose a novel method leveraging the
IG’s resolvent, characterized by the Laplace trans-
form of transfer operators. This approach is robust
to time-lag variations, ensuring accurate eigen-
value learning even for small time-lags. Our statis-
tical analysis applies to a broader class of Markov
processes than current methods while reducing
computational complexity from quadratic to linear
in the state dimension. Finally, we demonstrate
our theoretical findings in several experiments.

1. Introduction

Markov semigroups play a critical role in modeling dynam-
ics of complex systems across various fields, including op-
tion pricing in finance (Karatzas & Shreve, 1991), molecular
dynamics (Schiitte & Huisinga, 2003) and climate modeling
(Majda et al., 2009), where understanding long-term behav-
ior is essential for accurate forecasting and interpretation.
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The central mathematical object for describing Markov semi-
groups is the Infinitesimal Generator (IG), which governs
the evolution of probability distributions over the state space.
Its spectra reveal important features such as metastable
states, transition statistics, and committor functions, all of
which are critical for understanding system dynamics. Ac-
curately learning the spectral decomposition of the IG is
thus pivotal for a wide range of applications, including
molecular dynamics, time-series clustering, computational
neuroscience, and beyond.

The field of molecular dynamics has particularly benefited
from spectral decomposition methods of Markov semi-
groups. Research on Al-augmented molecular dynamics,
grounded in statistical mechanics, highlights the importance
of accurately identifying spectral gaps (the separation be-
tween slow and fast modes of dynamics) in molecular sim-
ulations, see (Schiitte et al., 2001). Recently, theoretical
advancements in (Kostic et al., 2024a) were used in (Dev-
ergne et al., 2024) to demonstrate the effectiveness of 1G-
based methods in accelerating simulations and enabling the
practical identification of metastable states. The authors em-
phasize that IG methods overcome the limitations of more
widely used transfer operator (TO) approaches when ex-
tracting dynamical information from biased data, and they
underline the scalability to larger proteins as a particularly
important advantage of IG methods.

On the other hand, Klus & Djurdjevac Conrad (2023) intro-
duced a Transfer Operator (TO)-based spectral clustering
method tailored for directed and time-evolving graphs. By
leveraging TOs, their approach demonstrates how to iden-
tify coherent sets within complex networks, enhancing the
analysis of temporal data structures. Furthermore, Cabannes
& Bach (2024) emphasize that IG methods open exciting
new directions for spectral-based algorithms, be it spectral
clustering, spectral embeddings, or spectral distances.

In neuroscience, Marrouch et al. (2020) used TO (also
known as the Koopman operator) to analyze brain activ-
ity. Their work shows how the operator’s spectrum captures
the spatiotemporal dynamics of neural signals, providing
insights into brain function and possible applications to diag-
nosing neurological disorders. Ostrow et al. (2023) further
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developed a dynamical similarity analysis based on TOs to
distinguish learning rules in an unsupervised way, showing
that the TO spectrum supports comparative analysis of the
temporal structure of computation in neural circuits.

However, the typically unbounded nature of the IG makes
designing efficient and reliable estimators challenging. In
this paper we address this problem through the lens of
Laplace transform. As we shall see, this fully data-driven
approach provides a way to bypass both the difficulties of es-
timating an unbounded operator and overcomes limitations
of the transfer operator based algorithms when trajectory
data is sampled at high frequency. In particular, we show
theoretically and empirically that our method enables accu-
rate and robust estimation of eigenvalues and eigenfunctions
even for arbitrarily small time-lags.

Related work. A substantial body of research has focused
on using transfer operators to learn dynamical systems from
data (see the monographs by Brunton et al., 2022; Kutz et al.,
2016, and references therein). This has led to the develop-
ment of two primary approaches: deep learning methods
(Bevanda et al., 2021; Fan et al., 2021; Lusch et al., 2018),
which excel in capturing complex data representations but
often lack rigorous statistical foundations, and kernel meth-
ods (Das & Giannakis, 2020; Klus et al., 2019; Kostic et al.,
2022; 2023; Williams et al., 2015), which offer strong sta-
tistical guarantees for Transfer Operator (TO) estimation
but require kernel function selection. A closely related chal-
lenge, learning invariant subspaces of the TO, has led to
several methodologies (see e.g. Li et al., 2017; Mardt et al.,
2018; Tian & Wu, 2021, and references therein), some of
which leverage deep canonical correlation analysis (Andrew
et al., 2013; Kostic et al., 2024c). Note that TOs share the
same eigenfunctions as the IG, which motivates the develop-
ment of TO methods aimed at learning the spectral proper-
ties of the IG. Yet TOs are sensitive to time-lag choice, with
their spectral gap deteriorating as the time-lag decreases,
making existing spectral recovery guarantees ineffective for
small lags—an issue observed in practice, see, e.g., (Bonati
et al., 2021). This bottleneck is especially problematic in
complex tasks like enhanced sampling (Laio & Parrinello,
2002; Shmilovich & Ferguson, 2023). To address this, re-
search has focused on learning the IG and its eigenstructure
directly. As recently shown (Devergne et al., 2024), IG
learning can be combined with enhanced sampling methods
to efficiently debias data and reveal true dynamics. Still,
research on IG learning remains limited and often ad hoc.
For instance, (Zhang et al., 2022) developed a deep learning
method for Langevin diffusion, while (Klus et al., 2020) ex-
tended dynamic mode decomposition to learn the generator,
connecting it to Galerkin’s approximation. However, neither
of these works provides any formal learning guarantees. To
the best of our knowledge, most existing works with theo-
retical guarantees (Cabannes & Bach, 2024; Pillaud-Vivien

& Bach, 2023; Hou et al., 2023) either have limited scope or
offer only partial or suboptimal analysis, as summarized in
Table 1. Crucially, none adequately addresses the challenge
posed by the unboundedness of the IG, leading to incom-
plete frameworks and suboptimal convergence rates, which
in some cases depend explicitly on the state space dimension.
Moreover, the estimators in these works are susceptible to
spurious eigenvalues and do not offer guarantees for ac-
curate estimation of eigenvalues and eigenfunctions. The
current state-of-the-art (Kostic et al., 2024a) introduces a
physics-informed kernel regression method only for Markov
processes admitting a Dirichlet form. This approach lever-
ages the Dirichlet form to define an energy-based metric for
learning the model and provides a comprehensive statistical
analysis with learning guarantees for the spectral decompo-
sition of the IG while avoiding spurious eigenvalues. That
said, their analysis applies only to self-adjoint IGs, assumes
partial knowledge and i.i.d. data, and requires gradients of
the feature map, leading to a quadratic scaling with the state
space dimension d, thereby hindering broader applicability.

Contributions. We introduce a novel approach for ac-
curately estimating the spectral decomposition of the IG
for a broad class of Markov semigroups, encompassing all
models considered in prior work. Our method leverages
a useful connection between the resolvent of the IG and
the semigroup of TOs via the Laplace transform. Unlike
TO methods, it estimates the IG directly, avoiding small
time-lag issues and preserving a larger spectral gap for more
accurate eigenvalue and eigenfunction learning. We provide
sharp statistical guarantees, valid for data sampled from a
trajectory in the stationary regime, accounting for slow mix-
ing effects. Our results are the first to apply to a wide class
of Markov semigroups with sectorial IGs. A key technical
contribution is our bound on the Bochner integral approx-
imation error using Crouzeix’s bound, which may be of
broader interest. Computationally, our method combines
multiple TOs at different time-lags through a single matrix
product between a Toeplitz matrix and the kernel embed-
ding, reducing complexity to O(n?d), making it practical
for high-dimensional systems. The complexity can be fur-
ther reduced while preserving accuracy by utilizing standard
scaling techniques such as random Fourier features. Our ex-
periments show a striking performance improvement over
TO-based and other IG methods, as predicted by our theory.

2. Background

Various physical, biological, and financial systems evolve
through stochastic processes X = (X;);cr+, where X; €
X C RY represents the system’s state at time ¢. We focus on
continuous-time Markov processes with continuous paths,
which are essential for modeling these systems. This class
includes It diffusion processes (see Ex. 2.1 and 2.2), re-
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flected or time-changed Brownian motions, and processes
with local time. Markov processes model phenomena where
the future depends only on the present, not the past, and are
described by their laws—measures on the path space. This
foundational approach to Markov theory defines the process
through the infinitesimal generator (1G), a key linear (often
unbounded) operator on a space of observables (functions
defined on the state space).

Markov theory. The dynamics of a continuous-time
Markov process X is described by a family of probabil-
ity densities (p¢)ter.,

P(Xt S E|X0 = (E) = prt(x7y)dyv (1)

and transfer operators (TO) (A;).er, such that for all t €
Ri, E € B(X), x € X and measurable function f: X —R,

Af = fxf(y)pt('vy)dy = E[f(Xt) | Xo = } 2)

The transfer operator is essential for understanding the dy-
namics of X. We study its action on £2(X'), the space of
functions on that are square-integrable with respect to an in-
variant measure 7, which satisfies Aym = 7 forallt € Ry.
We assume that the Markov process X meets two key proper-
ties regarding 7: [1] 7 ensures long-term stability, meaning
X converges to 7 from any initial state . [2] The process
exhibits geometric ergodicity, meaning it converges expo-
nentially fast to the invariant measure. Finally, the process
is characterized by the infinitesimal generator L, defined for
f € L2(X) by the limit L f=lim,_,o+ (A;f—f)/t, with L
being closed on its domain.

The class of sectorial generators consists of the operators
generating strongly continuous semigroups, analytic in a
sector of the complex plane defined by growth conditions in
an angular region, i.e., L is a (stable) sectorial operator with
angle 6 € [0,7/2),

F(L)CC, :={2€C|R(2)

S(2)]

0 A

<
< —R(z)tan(8)}, (3)
where F(L) denotes the numerical range of L. This
class covers all time-reversal processes (self-adjoint IG),
but also important non-time-reversal processes, such as
Advection-Diffusion and underdamped Langevin (Kloeden
etal., 1992).

Spectral decomposition. When continuous for some
w € C, the operator R,,=(uI—L)™! is the resolvent of L,
and p(L)={pn€eC| pul—Lis bijective, R, is continuous } is
called the resolvent set. For a sectorial operator, the resol-
vent is uniformly bounded outside a sector containing the
spectrum. The spectral decomposition of the IG can be
written as

L= ZieN)‘i g & fi (4)

with eigenvalues ()\;);en C C and corresponding left and
right eigenfunctions f;, g; € L?, respectively.

Resolvent operator. Eigenvalues, while informative about
long-term behavior, fail to capture transient dynamics of
the full time evolution of the process whenever IG is
non-normal, that is when LL* # L*L, (Trefethen & Em-
bree, 2020). In contrast, the resolvent of L defined by
R, = (uI—L)™', p € p(L) being a shift parameter
i € p(L), provides a more comprehensive view of the
dynamics, making it the core object of spectral theory of IG.
Through its characterization via the Laplace transform, (see
for instance (Bakry et al., 2014), equation (A.1.3)) as

Ry, = [ Aemrdt, 5)

it is intrinsically connected to the TO defined for the time-
lag t by A; = e'l. Moreover, the resolvent encodes both the
spectrum of I (eigenvalues via its poles and the continuous
spectrum) and transient phenomena, such as the system’s
approach to equilibrium. Last, the resolvent is essential for
analyzing stability under perturbations and understanding
how changes in the IG affect the dynamics.

Link with SDEs. [It6 diffusion processes are a key example
of Markov processes, governed by stochastic differential
equations (SDEs) of the form:

dXt = Q(Xt)dt + b(Xt)th, X() =, (6)

where x € X, W = (W},...,W/)er+ is a standard
p-dimensional Brownian motion, the drift a : X — R
and diffusion b : X — R¥*P are globally Lipschitz and
sub-linear. This ensures a unique solution X = (X;);>¢
in (X,B(X)). SDEs like (6) include Langevin dynamics
and Ornstein-Uhlenbeck processes. The IG L associated
with (6) is a second-order differential operator, defined for
feLi(X)andx € X, as:

Lf(x)=Vf(x) a(x) + 3Tr[b(z) " (V?f(z))b(z)], (7)

where V?f=(07;f)ijeia) is the Hessian of f. Its
domain is the Sobolev space Wi2(X)={f €
L£2(x) | [fllgz +IV£llcz <oo}. Its spectral de-
composition allows one to solve SDE (6), that is

E[f(Xo) [ Xo=a]=Y;en € (g0 f) o2 fil). (8)

Example 2.1 (Overdamped Langevin). Let o, k;, and
T € RY.. The overdamped Langevin dynamics of a particle
in a potential V : R? — R satisfies (6) with a = —y~'VV
and b = /2(kyT/v), where ~, ky, and T are the friction
coefficient, Boltzmann constant, and system temperature,
respectively. The invariant measure is the Boltzmann dis-
tribution 7(dx) oc eV (@)/(FT) dz In dissipative systems,
the IG L is sectorial, with its spectrum usually in the left
half-plane.
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Aspect (Cabannes & Bach, 2024) (Hou et al., 2023) (Kostic et al., 2024a) Our work

Many Markov Processes X (only Laplacian) X (only Itd) X (only Dirichlet form) v

Risk metric £2 norm £2 norm Weighted Sobolev norm £2 norm

Required prior knowledge X / (full info. needed) v (partial info. needed) X

Data iid trajectory iid trajectory

IG error bound O(n~ 7@ Var = O(-£ ) O(n~ 7&Fm) O(n~ =)

Spectral rates X (spuriousness) X (spuriousness) v (self-adjoint) v (sectorial)
O((rvd) n?

Computational complexity O(n?4n?/2d) O(n3d?) O(rn2d?) ((rv)n®)

O(rn(y/nVN)VdnN)

Table 1. Comparison to previous kernel-based works on generator learning. State-space dimension is d, N is the number of features
(possibly N=c0), n is a sample size and r < max(n, N) is estimator’s rank. Our learning bounds are derived in Thm. 6.2 where
parameters a € [1,2] and 8 € (0, 1] quantify the intrinsic difficulty of the problem and the impact of kernel choice on IG learning.

Example 2.2 (Ornstein-Uhlenbeck (OU) processes). The
OU process with drift is governed by the SDE (6) with
a(z) = Az and b = B, where A € R%*? is the drift ma-
trix and B € R¥*? is the diffusion matrix. This models
systems like the Vasicek interest rate and neural dynamics,
where fluctuations return to equilibrium. If the real parts
of A’s eigenvalues are negative, the OU process has an in-
variant Gaussian distribution with covariance >, satisfying
Lyapunov’s equation: AY o + X, AT = —BBT.

3. Problem formulation

Let H be an RKHS with kernel £ : X x X — R, and
¢ : X — H be a feature map such that k(x,2’) =
(p(x), p(")) for all z,2’ € X. We assume that H C
L2(X), enabling us to approximate L : £2(X) — L2(X)
with an operator G : H — H (Kostic et al., 2022). Al-
though H is a subset of £2(X'), they have different metric
structures, so for f, g € H, (f, 9),, # (f, g>£%. To resolve
this, we introduce the injection operator Sy : H — L2(X),
which maps each f € H to its pointwise equivalent in
L2 (X) with the appropriate £2 norm. For bounded kernels
this operator is Hilbert-Schmidt, allowing one to efficiently
learn bounded operators on £2 via finite rank approxima-
tions.

While regressing directly the generator might lead to learn-
ing spurious spectra due to its unbounded nature, the resol-
vent operator is bounded for ;¢ > 0, and, hence, recalling
(5), the standard regression risk is well defined via

2

R(G)=) _ Exymr /Ooohk(Xt)e_“tdt—[th}(Xo) )

keN

where (hy)ren is any orthonormal system of #. Next, if
we define the target feature via Bochner integral as

Y(Xo) = [y o(Xy) e, )

the risk can be equivalently written as the mean square error

(MSE) w.r.t. stationary distribution 7
R(G) = Exyr [4(X0) = G*0(X0)[3,,  (10)

and we can show, c.f. App. A.2, the universal approxi-
mation result for its minimizers over bounded operators
in H. Namely, since Rex(G) = R(G) —ming R(G) =
112

HR“S”_S”GHHS’ if # is dense in £2(X) and the injec-
tion operator is Hilbert-Schmidt, then one can find arbitrarily
good finite-rank approximations of R,,S.. However, learn-
ing the IG alone is insufficient for forecasting the process,
and estimating the spectral decomposition of L is of greater
interest. But, as noted in (Kostic et al., 2023), as the es-
timator’s rank increases, metric distortion between H and
L£2(X) hinders learning.

4. Approach and main results

The main bottleneck in the risk functional (10) is the inte-
gral computation in (9), which hinders standard operator
regression methods. In this section, starting from a simple
idea to approximate (9) with numerical integration schemes,
we present a novel fully data-driven method that addresses
this difficulty. Namely, consider

’
wm(XO) = Zj:O mj¢(th)7 (11)
where m = (mj)§:0 are real weights given by the famous
trapezoid rule with ¢ > 1 points and time-discretization

At > 0, that is

Ste~rti if j{0,0},
Ate Ft if1 < j<i—1.

~
~

;=7At and mj{ (12)

So, we estimate R, by learning

Ry, = E?:omjAtw (13)
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in which case the problem of minimizing the risk (10) over
G: H — H transforms to

i R(G)=Exymr [0 (X0) -G 0(Xo) 3, (14)

which can be solved by Reduced Rank Regression (RRR)
estimator proposed in (Kostic et al., 2022). Namely, to
learn (5), we constrain (14) to rank-r-RKHS operators G €
B, (H) := {G: H — H|rank(G) < r}, and obtain the
solution _ _

Gr,, = C Y2 [CT P H ], (15)

where }NIm = S;R,nsﬁ: Z?:o m;Ty, is the ag-
gregated cross-covariance obtained by combining
Tlt].:S;;e’fiLSﬂ:EXO~7T [#(Xo) ® ¢(Xy,)] being the
cross-covariance operators in RKHS H w.r.t. invariant
measure 7, and C.,=Tp+/ is the regularized covariance,
since C=Tp=S:S=Ex.[p(X) ® ¢(X)].

While the computational details for deriving the empirical
version of (15), denoted by anﬁ, are presented in Sec. 5,
the main challenge in the statistical analysis of the risk/error
bounds, compared to the standard TO case, lies in address-
ing both the bias from approximating the integral and the
variance from non-iid data collected along a single trajectory
sampled at frequency 1/A¢. While the general case is dis-
cussed in Sec. 6, we focus here on well-specified learning
problems using any universal bounded kernel, specifically
for eigenvalue estimation of self-adjoint operators.

Due to the unbounded nature of the generator, (13) with the
choice of (12) may not always provide a good approxima-
tion of the integral transform (5). However, for a large
class of problems with sectorial IG, such as Examples
2.1 and 2.2, we are able to prove, see App. C.2.4, that
IR, — Rm| < cAt, where c is a constant when (pAt is
sufficiently large, and, consequently, obtain that the differ-
ence between the true risk and its approximation is bounded
in terms of the time-lag parameter. Concerning the vari-
ance, the main challenge is accounting for the unavoidable
data dependence by aggregating concentration inequalities
at multiples of the initial time-lag, leveraging the mixing
time from geometric ergodicity. Our approach reveals the
impact of key parameters (shift ;¢ > 0, regularization y > 0,
L eigenvalues, and time-lag At) on the variance.

Putting both analyses together, we bound the excess risk of
G = G, , in the operator norm. That is, for the the operator

norm error £ (CA}’) = HR” S.—5.G H with probability
H—L2

at least 1 — & over samples drawn at frequency 1/At, we
obtain that

~ 1 In%/%(n/6)
EGr, ) S ——— + At + ——tL 16
(G f= A4 piy/ AL As 1o

holds for large enough n = 2¢, where the regularization
parameter is chosen as v < 1/(nAt).

Analyzing (16), when the sampling frequency is
1/ At=n'/? and the hyperparameters are chosen such that
IArp1|>nt/2, y=n~1/4 and p=./1/At, the learning rate
for the operator norm error is = 1/2 In3/? (n). This matches
the learning rates in (Kostic et al., 2023; 2024a) for TO and
R,,, respectively.

Further, the error/risk analysis led to spectral learning rates,
specifically for estimating the eigenvalues and eigenfunc-
tions of L. The key difference in the analysis is that the
hypothetical domain H typically has a different geometry
(norm) than the true domain £fr (Kostic et al., 2022; 2023).
To control the potential deterioration of spectral learning
rates relative to the risk/error, one must analyze the met-
ric distortion of the estimator’s eigenfunctions, defined as
n(h) = [|hlly, / [|2]l 2, for b € H. When the metric distor-
tion is uniformly bounded (as can occur in well-specified
settings), the eigenvalue bound becomes

. 3/2(,,2
i Ail 70r+1(R#Sﬂ)SAHln (n /5)7 (17
=Xl |u=X;|  or(RuSx) pvnAt

where Xl = p1 — 1/7; are estimates of the generator’s eigen-
values A; for i € [r], with G7, . =7, (17 hi ® G being
the spectral decomposition. Note that (17) can be trans-
formed into eigenfunction bounds using standard arguments,
see App. C.5 for technical details.

Investigating the spectral learning rate in (17), we find that
tuning p in an unbounded manner is prohibitive; if p is too
large, the resolvent’s eigenvalues collapse to zero. Thus,
for spectral estimation, we must fix a small ¢ > 0, which
influences the rate and the optimal relationship between n
and At. Specifically, the spectral learning rate becomes
n~1/31'%(n2/5), corresponding to a sampling frequency
of 1/At =< n'/3. As expected, the estimation bias depends
on the singular value gap of the resolvent operator restricted
to the RKHS, given by R, = R,,Sr. Finally, note that
metric distortion of eigenfunctions can be estimated from
data, allowing for spectral bounds with empirical biases for
each eigenpair (see Sec. 6).

In conclusion, while TO methods can learn the IG’s eigen-
functions by learning Ax; = e2* L, there are currently no
theoretical guarantees for small A¢. This motivated methods
that learn the IG directly. Table 1 contrasts these methods
with our contribution, which is applicable to more general
settings and guarantees learning the leading eigenvalues
with lower computational complexity under mild conditions.
Compared to (Kostic et al., 2024a), which relies on the
Dirichlet form, our estimator is more general (e.g., applica-
ble to underdamped Langevin diffusion) and offers linear
complexity in terms of state dimension, albeit with lower
bias and higher variance. For details, see Sec. 6.
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5. Learning algorithms

In this section we assume the access to the dataset D,, =
(wi—1)ic[n) obtained by sampling the process (X;);>o at
some sampling frequency 1/At for At > 0 being typically
small in order to observe all the relevant time-scales of the
process. To simplify analysis, we will assume stationarity,
i.e. Xg ~ m, and, hence, X;an; ~ m. Clearly, to derive
empirical risk we need to replace the expectation in (10)
with the empirical mean, which leads to estimating cross-
covariance operators by their empirical counterparts

Hp =30 e300 (i) @ $laigy),  (18)

noting that for the time-lag jAt we can only observe
n—j pairs from the joint distribution p;a;, that is

1
TgAt—Ti]Z:l 0] P(xi) @ d(xitj), j7=0,..., L.
Therefore, we can construct the empirical RRR estimator of

R , as an 776;1/2 [[6;1/21?Im]]r. In particular, when r =

n, it coincides with the standard ridge regression estimator.

In the reminder of this section we show how to compute the
estimator and its eigenvalue decomposition in both settings,
when the finite dictionary of IV features spans H (Algorithm
1) and when H is infinite dimensional RKHS (Algorithm
2). To derive them we follow general construction of vector-
valued RRR estimator developed in (Turri et al., 2023),
detailed in App. B. To that end, recall the definition of the
sampling operator S: H—R" and its adjoint S*: R H

Sh—T(h(% 1))ien] and S*v= lee[n]vz (Ti1),

implying that f'At:ng*(z e Li l,Tﬂ)S where
(1, ),e[n]CR” is the standard basis. Then, using (18), we ob-

tain that H,,=S*MS, where MER"*" is a Toeplitz matrix
(i.e. has constant diagonals) given by

My = { (nmy)/(n—j) ,i€[n],0<j<¢,

19
0 , otherwise. (19)

When the process is time-reversal invariant, meaning that
T}, and consequently R,,, are self-adjoint, we can enforce
symmetry in the empirical objects by estimating Tja; ~
%(YA’J At + ’f’j*m), which can be done at no cost by replacing
M with %(M+MT). Consequently, both formulations of the
algorithm solve a symmetric eigenvalue problems, resulting
in real eigenvalues and avoiding additional numerical errors.

In finite-dimensional H, we have that ¢(z)=z(z) " z(-),
where z=[z1,...,2n]" is a vector of features that span
H, that is H={h = v'z|v € RV}. Thus, operator (18)
becomes isometrically isomorphic to a matrix computed by
replacing ¢ by z. Thus, estimator G, ., can be expressed
asa N x N matrix in basis (2;);e[n]-

”sample”

Algorithm 1 Primal LaRRR

Require: dictionary of functions (z;);c|n]; hyperparame-

ters u > 0,y > 0and r € [n].

Compute Z = [z(x0) | ... |2(zn-1)] €

if self-adjoint then {using Toeplitz matrix (19)}
Symmetrize M < (M+M ") /2

end if

Solve eigenvalue problem HH ' v;=5?C.v;, i € [r],

where Z j=7M, H:%ZIZT and Cny:%ZZT—FWI

Normalize v; < v;/(v;' Cyv;)Y/2, i € [r]

Form V, = [v1 | ... |v.] € RN”

Compute eigentriples (v;, w!, w}) of V. HV,.

Construct g;=z" HV,w! and hi=2TV Fwr

10: Compute eigenvalues N=p—1 / Vi

Ensure: Estimated eigentriples (/\L7 Gi, h,)ie[r] of L

Ran

Dk

o LR

Alternatively, to derive dual Alg. 2, applicable to
infinite-dimensional H, we perform computations in
space, relying on the reproducing property
h(x)=(h,$(x)),, and kernel Gram matrices K =
n~Hk(xi, x5)]i jepn) ER™™ and Ky = K +71.

Algorithm 2 Dual LaRRR
Require: kernel k; hyperparameters ;1 > 0, v > 0 and
r € [n].
1: Compute K= n""[k(z;, ;)i je[n) ER™"
2: if self-adjoint then {using Toeplitz matrix (19)}
3:  Symmetrize M + (M+M")/2
4: end if
5: Solve eigenvalue problem K fKu,:c?fK,yu,-, i€ r],

where K = MKM "

Normalize u; < u;/(u; KK u;)'/2, 4 € [r]
Form U, = [u1 | ... |u,] € R"XT and V,=KU,
Compute eigentriples (7;, w;, w!) of VTMV
Construct g; = S*MTV w’ /Vz andh S*U wy
10: Compute eigenvalues )\1 =u—1/ Vi

Ensure: Estimated eigentriples ()\z7 Gis hi )z‘e[r] of L

L LR

In both algorithms, the most expensive computation is in
line 5. Naive computations result in cubic complexity w.r.t
feature dimension N (primal) or sample size n (dual). How-
ever, using classical iterative solvers, like Lanczos or the
generalized Davidson method to compute the leading eigen-
values of the generalized eigenvalue problem, when r < n
this cost can significantly be reduced, c.f. (Hogben, 2006).
Namely, assuming that complexity of computing a kernel is
linear in d, we obtain the complexity of primal LaRRR to
be O((r Vd)nN V r(nf Vv N?)), while the complexity of
dual one is O((r V d) n?).

In light of (8), even when the SDE in (6) is unknown, Al-
gorithms 1 and 2 enable the construction of approximate
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solutions from a single (long) simulated trajectory by esti-
mating the dominant spectrum of L. Specifically, they allow
approximating conditional expectations as

E[h(X,) | Xo=a] & Xye € @i Ay hi(z),  (0)

where (g;, h)# can be computed on the training set via the
kernel trick, see (Kostic et al., 2022). This approach is
particularly interesting for high-dimensional state spaces,
where classical numerical methods become unfeasible due
to the curse of dimensionality, making data-driven methods
a key tool in fields like molecular dynamics, (Schiitte et al.,
2023). We prove in Sec. 6 that the precision of our method
does not depend on the state dimension, but on intrinsic
effective dimension of the process, which, together with its
linear complexity w.r.t. d, makes it an attractive approach
in such problems. Finally, we remark that (20) enables
forecasting of full state distributions and not just the mean
(e.g. f can be an indicator function), noting that this formula
extends to all Efr functions, at the price of an additional
projection error, which leads to predicting the evolution of
distributions, c.f. (Kostic et al., 2024b).

6. Statistical learning guarantees

We derive now statistical bounds for estimating IG’s re-
solvent using the Laplace transform-based Reduced Rank
Regression algorithm (LaRRR). We then derive learning
rates for IG’s eigenvalues and eigenfunctions, assuming the
RKHS is generated by an universal kernel k, hence using
Alg. 2 to compute Gy, ...

We start with the following auxiliary result, essentially
proven in (Kostic et al., 2022). It shows that estimated
eigenvalues in the operator regression are guaranteed to lie
in the e-pseudospectrum Sp, of the true operator (union of
all spectra of € perturbed operators), where € depends on
the operator norm error £(G)=||R;, Sz —SG||3— 2 and
the metric distortion 1(h) := [|h||3/||hl[z2, h € H, of es-
timated eigenfunctions. To obtain the result, the latter is
either uniformly bounded or empirically estimated.

Proposition 6.1. Let G= Ziem

decomposition of G:H— H, and denote the empirical
metric distortions as 7; = ||\h;||/||Shi|, @ € [r]. Then for
every it >0, At >0, > 1andi € [r],

Ui ﬁi ® §; be the spectral

NAT E)|G
T < sim max (E(G)i(hy), DG ),

o (RyuSx)—E€(G)
implying that U; belongs to €;-pseudospectrum of R,,.

To bound the operator norm version of the excess risk,
E(G)=|R.Sx—SxG|ly_, ;2> we make the following as-
sumptions that quantify the cBmplexity of learning problem
and suitability of the chosen RKHS:

(BK) Boundedness.  There exists cy >0 such that
esssup [|o(z)|)* <cp. ie. peLZ(X,H);

(RC) Regularity. For some o € (0,2] there exists
¢a > 0 such that H, H? = (co/p)*C'te, with
H,=S5;R,Sx= [, Tyedt.

(SD) Spectral Decay. There exists 3 € (0,1] and ¢g >0
s.t. A\ (C)<cp it/ forall j € J.

These assumptions, which originate from the state-of-the-art
statistical learning theory for regression in RKHS (Fischer
& Steinwart, 2020), have been extended to TO regression
(Li et al., 2022) and to learning self-adjoint IG of diffusions
(Kostic et al., 2024a). Condition (BK) ensures that H C ,Cfr,
while (SD) quantifies the regularity of 7{. Similar to the
regularity condition in (Kostic et al., 2023), (RC) quanti-
fies the relationship between the hypothesis class (bounded
operators in ) and the object of interest, ,,. Specifically,
(RC) holds if L has eigenfunctions in the a-interpolation
space between H and £2(X). If f; € H forall i € N, then
o > 1 (see App. C.1). Since the worst-case bound on metric
distortion in Prop. 6.1 depends on the estimator’s norm, «
must be restricted to [1, 2] to avoid vacuous bounds, though
this restriction isn’t needed for empirical metric distortions.
We present o € [1, 2] here and analyze o < 1 in App. C.6.

Theorem 6.2. Let L be sectorial operator such that
we=—No(L+L*)/2>0.  Let (BK), (RC) and (SD)
hold for some a€[1,2] and B€(0,1], respectively, and
cl(Im(Sy))=L2(X). Given §€(0,1) and r€[n), let

In®(n/é =5 N In3(n/s i
= <(/))  eh(6)= <<(ﬁ)/>> @1)
Lo mawy

n At w,

At=e} and 1/0=o0(c}), then there exists a constant ¢ >0,
depending only on H and o,(R,Sz)—0r41(R,Sx) >0,
such that for large enough n>r with probability at least
1 — 0 in the draw of D,, it holds that

E(GT, ) Smax (Gp1, 0ri1(RuSr)) +ceh(d)). (22)

Proof sketch. Let Gzﬂﬂ/:Cw_l/2 [[Cy_l/QHuﬂr and

62@,720»?1/2[[0;1/2?[771]]“ and set for brevity ||-|| :=
H'HHHm. Then we have

E(G ) < | RuSn=Sx G || +]|5(Gruy= G, )|

(I) regularization bias

(IT) rank reduction bias

+‘ Sﬂ(G;ﬁ—é:m)Hﬂ sw(é:m—é:nﬁ)u :

(III) integration bias (IV) estimator variance

Regularity assumption (RC) guarantees that (I) < Cl—j'ya/ 2,
From definition of RRR, we immediately get (II) <
0r+1(RmSx). Applying proposition in App. C.2.4 yields
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(III) < At . Results of App. C.3 gives the control on (IV).
Hence we get w.p.a.l. 1 — 4,
n®/2 (L)

pur/(n—€) Atw, 8’

noting that the same result holds when 0,1 (R, Sx) is re-
placed by 7,1 computed in line 5 of Algorithms 1-2. By
balancing with respect to +y first and then with respect to At,
we derive the final bound. [

(G S L A A1 (RS +

Since Prop. 6.1 transforms the estimation error via metric
distortion into the pseudospectral perturbation level, it is a
starting point to derive estimation of eigenvalues and eigen-
vectors of 17, and consequently of L. The quality of such
bounds depends on the properties of L, in particular on the
conditioning of eigenvalues, that is on the angles between
its eigenfunctions, or more generally its spectral projectors.
The nicest case is for normal generators, where we derive
the following.

Theorem 6.3. Under the assumptions of Thm. 6.2, let

~ o~

(Xis Gis hi)icpr) be the output of Algorithm 2. If L* L=LL*,
then for large enough n>r with probability at least 1 — § in
the draw of D,,
A=Al
=il =il
where € =(Grs1 A 71 (RySy) /o, (RuSe))+4(6),

fi=Szhi/ HS’,@Z-HL% and gap, is the difference between
i-th and (i + 1)-th eigenvalue of R,,, i € [r].

o~

fi—fi

s
2 < 2e,,.

<& and ‘ < ;; ,
27 [gap;—€; ]+

=%n,i

Without further details on the rich theory of spectral pertur-
bations, note that in non-normal setting, the conditioning
of eigenvalues typically comes as multiplicative factor, e.g.
Bauer-Fike theorem (App. A.3).

Comparison to other approaches. Assume for sim-
plicity that the RKHS aligns perfectly with £2(X)
and that L=L*, meaning that o;(Aa¢Sx)=0;(Aas)
and 0;(R,Sx)=0,4+1(R,,) for all j<r+1. TO methods
learn Ax; = e2tL, which shares the same eigen-
functions as the generator L. Analysis from (Kostic
et al., 2023, Eh\m 3 and Eq. 8) for Tginsures that
i 2 <21N BN fgap, (Ase)— |ed Bt
)\/ZA\t denoting the empirical estimate of this product from
data. However this bound becomes vacuous as At—0 since
gap, (Aa;)—0 but |eridi—e A > ( for finite sample size.
In contrast, our generator-based approach is not sensitive to
time-lag, as gapj(R#) is independent of At, guaranteeing
recovery of eigenfunctions even as At—0, which is crucial
for capturing fast dynamics. We note that this analysis of
the bounds indeed captures the reality of the both estimators
in practice, see Fig. 2 bellow and Fig. 4 in App. D.

We now compare our method to the physics-informed ap-
proach of (Kostic et al., 2024a), using the same simplifying

assumptions as above for clarity. In their equation (24), they
obtained:

=Nl
=il [ = A

Or+1 (Ru>
UT(R/L)

<n” 7@ In(67Y).

Note that their bias term (\/o,+1(R,)/0(R,.)) is larger
than ours (0,41 (R,,)/0r(R,)), while their variance term (o<
n~o/2(+5)) is smaller than ours (x n~®/(32+26)) This
is expected, as their method is restricted to self-adjoint IGs
exploiting their structure, while our results are structure
agnostic and apply to the broader class of sectorial I1Gs.

7. Experiments

In this section, we demonstrate that our LaRRR Algorithms
1 and 2 successfully recover the eigenvalues and eigenfunc-
tions of the process’s IG. We present both a 1D and 2D
experiments, where we measure error against the ground
truth, as well as a higher dimensional molecular dynamics
experiment, where we obtain results consistent with the
independent study of Mardt et al. (2018). Finally, to em-
pirically support our claims in Tab. 1, in Fig. 5 in App.
D we provide an additional experiment, showcasing that
our method, despite not being physics-informed as (Kostic
et al., 2024a), does not suffer from spurious estimation of
IG’s eigenvalues as baselines (Cabannes & Bach, 2024; Hou
et al., 2023) do. The implementation of the methods, as well
as all experiments are available in the GitHub repository.

Non-normal process in 2D. We evaluate the performance of
our primal LaRRR algorithm on a one-dimensional Ornstein-
Uhlenbeck with a (non-normal) 2 x 2 matrix. As features
we use 1000 random Fourier features, and test if we can
recover eigenvalues of the non-normal linear drift. In Fig. 1
we compare to TO RRR estimator over ten trials and for two
different time-discretizations. While high variability in the
estimation for both methods is expected due to sensitiveness
of the eigenvalues to perturbations due to non-normality, we
can observe that LaRRR achieves better estimation.

Overdamped Langevin dynamics in 1D. We evaluate
the performance of our dual LaRRR algorithm on a
one-dimensional Langevin process with a triple-well poten-
tial (Schwantes & Pande, 2015). Specifically, we simulate
the dynamics with inverse temperature =1 and potential
U(x):4(x8+0_8678012+0.2678()(907().5)2+0'56740(x+0.5)2)
that consists of three Gaussian-like wells located at
x € {-0.5,0,0.5}, with a bounding term proportional
to 28 to confine the equilibrium distribution primarily
within the interval [—1,1]. We generate 10 independent
trajectories from this process and apply LaRRR to each
trajectory in order to estimate the leading eigenvalues of
the generator. By fitting 10 separate models, we assess
the distribution of the relative errors in the eigenvalue
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Figure 1. The eigenvalues of the (non-normal) 2 x 2 drift matrix
in Ornstein-Uhlenbeck process are estimated via primal LaRRR
and TO RRR methods with 1000 random Fourier features in ten
trials for two different time-discretizations. Number of samples for
At = le —2isn = led, while for At = 1le — 3 isn = 1e5. This
large number of samples is anticipated due to additional sensitivity
of the true eigenvalues to perturbations.

estimates, defined as |A;—\;|/|\;| for each eigenvalue
A;. Dual algorithm with RBF kernel is assessed in Fig. 2.
Similar results obtained by the primal version using random
Fourier features is shown in Fig. 4 in App. D.

Comparison of Dual LaRRR to TO RRR for estimating A2

— LaRRR
175+ —— TORRR 1.5 A
1.50 1.0

a

1254 051 4 )
- -

1.00 4 b . N :

0.0

Relative error A, —Ag|/|Az

T T T T T T T T
-2.25 —2.00 -1.75 —1.50 -1.25 -1.00 —-0.75 —0.50
logio At

Figure 2. Comparison of the LaRRR dual algorithm to the TO RRR
one on the task of estimating the slowest timescales of the process.
As predicted by our theory, while LaRRR (blue) is not affected by
decreasing the time-lag At, the error of TO method (red) explodes
as At — 0. The main figure shows three quartiles of relative error
for A2 across 10 independent trajectories of a 1D Langevin process
on a triple-well potential, while the inset figure shows distributions
for the leading three eigenvalues for At = 0.005.

Alanine Dipeptide. Alanine dipeptide in water serves as
a benchmark for studying dynamics due to its simplicity
and metastability, where the system predominantly occupies
several metastable states, that can be identified using the
dihedral angles ¢ and 1. Under reasonable assumptions,
the long-term dynamics can be treated as Markovian by
integrating out the water degrees of freedom. In this study,
we apply our method to alanine dipeptide, using the inter-
atomic distances between heavy atoms as input. Notably,
the state space dimension is d = 45, which is intractable for
the kernel based generator learning method of (Kostic et al.,
2024a). We use two independent trajectories from (Niiske

et al., 2017) to train and validate the model, respectively.
The recovery of metastable states corresponding to the lead-
ing two (non-trivial) eigenfunctions of IG is shown in Fig.
3: the eigenfunctions’ values (color) are represented in the
2D plane of dihedral angles. Note that approximately con-
stant values (red and blue) reveal two metastable states that
align with the state-of-the-art expert knowledge in molecular
dynamics, (Wehmeyer & Noé, 2018).

First Eigenfunction Second Eigenfunction

Figure 3. The first two non trivial eigenfunctions of the alanine
dipeptide in water trained on a 250 ns simulation with A¢ = 50 ps
and displayed on an independent 250 ns test simulation. The color
of the points corresponds to the values of the eigenfunctions.

8. Conclusion

We presented a first-of-its-kind method to learn continu-
ous Markov semigroups, offering both theoretical guaran-
tees at any time-lag and linear computational complexity
in the state dimension, enabling efficient exploration of
high-dimensional complex systems. Notably, our method
applies to a broad range of Markov processes previously
unaddressed, and overcomes the problem of TO-based meth-
ods failing to capture slow dynamics when trained on data
with high sampling frequency. The main limitation of the
current results lies in the assumption of uniform sampling of
the (full) state of the system. While the theory can be seam-
lessly adapted to multiple observations sharing the same
non-uniform sampling, an important challenge is to extend
it to non-uniformly sampled single trajectory data, as well
as to the case of partially observed systems.
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Supplementary Material

notation | meaning || notation | meaning
A minimum \Y maximum
R real part of a complex number R imaginary part of a complex number
I-1- r-truncated SVD of an operator 1 identity operator
HS (#H,G) | space of Hilbert-Schmidt operators H — G || B, (H) set of finite rank-r operators on H
I A]| operator norm of an operator A | Al s Hilbert-Schmidt norm of an operator A
F(A) numerical range an operator A Ve f Hessian of a function f
oi() i-th singular value of an operator Ai() i-th eigenvalue of an operator
X state space of the Markov process (Xt)e>0 time-homogeneous Markov process
P transition kernel of the Markov process T invariant measure of the Markov process
a drift of the It process b diffusion of the It6 process
L2(X) L2 space of functions on X w.r.t. measure 7 Ay transfer operator on £2 (X') for time-step ¢
Wh2(X) Sobolev space w.r.t. measure  on X L generator of the semigroup on W12(X)
I shift parameter At time discretization
R, resolvent of L R, approximated resolvent of L
Ry, resolvent operator restricted to A R, (L) resolvent set of L
k(x,y) kernel 1) canonical feature map
H reproducing kernel Hilbert space Sr canonical injection H — L2 (X))
1 function in £2(X) constantly equal to 1 vy regularization parameter
R true risk & operator norm error
Rex excess risk, i.e. HS norm error Ro irreducible risk
R approximated risk R empirical risk
P Bochner integral Um approximated Bochner integral
S sampling operator w.r.t. £2(X) p joint invariant measure of the Markov process
C covariance operator on £2 (X)) C empirical covariance operator on £2 ()
cy regularized covariance operator on £2 (X) (O regularized emp. covariance operator on £2(X)
T, cross-covariance operator at time step ¢ Ti emp. cross-covariance operator at time step ¢
H, integrated cross-covariance H,, empirical aggregated cross-covariance
H,, aggregated cross-covariance M Toeplitz matrix associated to H,,
K kernel Gram matrix K, regularized kernel Gram matrix
G population estimator of R, on H G empirical estimator of R, on H
Gy population KRR estimator Gy empirical KRR estimator
Gl population RRR estimator Gy empirical RRR estimator
Gy approximated population RRR estimator P approximated projector
P spectral projector P empirical spectral projector
n metric distortion n empirical metric distortion
A 1-th generator eigenvalue A i-th eigenvalue of the empirical estimator
fi i-th generator right eigenfunction in £2 (X) fi i-th empirical right eigenfunction in £2 (X)
gi i-th generator left eigenfunction in £2(X) Ji i-th empirical left eigenfunction in £2(X)
h; i-th generator right eigenfunction in £2 (X) h; 1-th right empirical eigenfunction
v 1-th empirical eigenvalue cH boundedness constant
@ regularity parameter Ca regularity constant
I} spectral decay parameter cB spectral decay constant
T embedding parameter Cr embedding constant

12



Laplace Transform Based Low-Complexity Learning of Continuous Markov Semigroups

The supplementary material is organized as follows. App. A reviews key results on Markov semigroups, RKHS operator
regression, and spectral perturbation theory. App. B covers prior reduced rank regression methods and extends LaRRR
to non-uniformly sampled data from multiple trajectories. App. C presents proofs of Theorems 6.2 and 6.3, including
guarantees for LaRRR with non-uniform sampling. The table above summarizes the notation.

A. Background
A.1. Markov semigroups

Markov processes, where the future depends only on the present, are key to modeling physical, biological, and financial
systems. This class includes It6 diffusions, time-dependent or singular drift processes with continuous paths, and jump
processes like Poisson, Lévy, and Hawkes. Here, we focus on continuous-path Markov processes, primarily It6 diffusions.
All Markov processes can be defined both as time-dependent random functions and by their laws, via measures on path
space. A key tool is the infinitesimal generator (IG), a linear operator on observables.

We provide here some basics on operator theory for Markov processes. Let X C R? (d € N) and (X;);er , be a X-valued
time-homogeneous Markov process defined on a filtered probability space (€2, F, (F;):er, , P) where F; = o(Xj, s < 1)
is the natural filtration of (X;);cr, . The dynamics of a continuous-time Markov process X is described by a family of
probability densities (p;):er.,

P(X, € E|Xo = x) = / pe(e, y)dy, 23)
E

and transfer operators (TO) (A;).cr, such thatforallt € Ry, E € B(X), z € X and measurable function f : X — R,

Af = /X F@p(y)dy = ELF(X0) | Xo = . (24)

The transfer operator is essential for understanding the dynamics of X. We examine its action on £2 (X'), noting the presence
of an invariant measure 7, which satisfies A;m = 7 for all £ € R.. In theory of Markov processes, the family (A;);cr, is
referred to as the Markov semigroup associated to the process X. The process X is then characterized by the infinitesimal
generator (IG) L : L2(X) — LZ(X) of the family (A;);cr, defined by

L= lim A’f*I.

t—o0t ¢

(25)

In other words, L characterizes the linear differential equation 0, A:f = LA, f satisfied by the transfer operator. The
spectrum of the IG can be difficult to capture due to the potential unboundedness of L. To circumvent this problem, one can
focus on an auxiliary operator, the resolvent, which shares the same eigenfunctions as L and becomes compact under certain
conditions. The following result can be found in Yosida’s book ((Yosida, 2012), Chap. IX) : For every p > 0, the operator
(ul — L) admits an inverse R, = (ul — L)™' that is a continuous operator on X and

(o)
(ul —L)~! :/ e M A dt.
0
The operator L, is the resolvent of L and the corresponding resolvent set of L is defined by
p(L) = {u € C|(ul — L)is bijective and L, is continuous }.

In fact, p(L) contains all real positive numbers and (uI — L)~ is bounded. In particular, the resolvent of a sectorial
operator (see (38) below) is uniformly bounded outside a sector containing the spectrum. Its spectral decomposition writes

L=Ynhigi®f (26)

with eigenvalues (\;);en C C and corresponding left and right eigenfunctions f;, g; € L?, respectively.

We detail the two examples of processes with sectorial IG discussed in the paper: the overdamped Langevin process and the
Ornstein-Uhlenbeck process.

Example 2.1 (Overdamped Lagenvin - detailed) Let o, k;, and T' € R’.. The overdamped Langevin dynamics of a
particle in a potential V : R? — R is given by the SDE: dX; = —y V'V (X,)dt + \/2(k,T/~v)dW; and X, = z,
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where v, ky, and T are the friction coefficient, Boltzmann constant, and system temperature, respectively. The in-
variant measure is the Boltzmann distribution w(dx) = Z 'e”V(®/(T)dy where Z is a normalizing constant.
Its infinitesimal generator is Lf = —y 'VVIVf + (kT/y)Af, for f € WL2(X). Since [(—Lf)gdr =
— [ ( kT /7)Y £ (x )M)} g(x)dx = (k,T/v) [VfTVgdr = [ f(~Lg)dn, the generator L is self-
adjoint. In dissipative systems, the IG L is sectorial, with its spectrum usually in the left half-plane. For confining potentials,
the spectrum is discrete, featuring O as the largest eigenvalue, which corresponds to the distribution 7.

Example 2.2 (Ornstein-Uhlenbeck - detailed) The Ornstein-Uhlenbeck (OU) process with drift is governed by the SDE
dX, = AX, + BdW,, with X, = x, where A € R%*? is the drift matrix and B € R%*? is the diffusion matrix. This
models systems like the Vasicek interest rate, damped harmonic oscillators, and neural dynamics, where fluctuations return
to equilibrium. If the real parts of A’s eigenvalues are negative, the OU process has an invariant Gaussian distribution
with covariance ¥, satisfying Lyapunov’s equation: AY. . + Y. A" = —BB". Its infinitesimal generator is defined, for
feL?byLf(z) =Vf(z)" Az + $Tr[B"(V?f(x))B]. The IG has a discrete spectrum with eigenvalues related to the
drift matrix A, where 0 corresponds to the distribution 7, and the rest are negative, reflecting relaxation rates.

A.2. Operator Regression in RKHS spaces

Recalling the operator regression problem for learning the resolvent of the generator, for the reader’s convenience we state
that the learning problem is well posed, the proof of which is essentially the same as in (Kostic et al., 2022).

Proposition A.1. Given ju > 0, let HC L2(X) be the RKHS associated to kernel k : XxX — R such that S, € HS (H,£2),
and let Py, be the orthogonal projector onto the closure of Im(S,) C L2(X). Then for every € > 0 there exists a finite rank
operator G: H — H such that

R(G) < ”Sﬂ”ils - ”RuSﬂHIQ{S + H(I_PH)RHSWH?{s(H_LgF) +e.

Ro Rex(G)

Consequently, when k is universal, the excess risk can be made arbitrarily small.

Proof. First, note that we can decompose

R(G) < ||Sxlfis = 1RuSxllfis + |1 RuSe = SxGlfis ez

Ro Rex(G)

as in (Kostic et al., 2022, Proposition 4) but now applied with additional integration. Next, since S, € HS (H, WH(X)),
according to the spectral theorem for positive self-adjoint operators, Sy admits an SVD Sr = 3\ 0;¢; ® h;. Recalling
that [-] denotes the r-truncated SVD, i.e. [Sz]. = >_;c(,0;¢; ® hy, since ||Sx — [[Svr]]r”i[s = 27>T %, for every
d > 0 there exists 7 € N such that ||S; — [Sx]|lgs < #d/3. Consequently since all the eigenvalues of L have non-
1 (S = [Sx]i)llgg < 1187 — [Sxlrllug /1 < 6/3. Next since Im(Py R, Sx) C cl(Im(Sy)), for
any j € [r], there exists g; € H s.t. ||PyRul; — Z,g;|| < <, and, denoting B, = 2 e[ 939; © h; we conclude
| Py R [Sx]r — SxBr|lys < /3. Finally we recall that the set of non-defective matrices is dense in the space of
matrices (Trefethen & Embree, 2020), implying that the set of non-defective rank-r linear operators is dense in the

space of rank-r linear operators on a Hilbert space. Therefore, there exists a non-defective G € B,.(#H) such that
|G — By|lys < 6/(301(Sx)). So, we conclude

”RHSW - STrG”Hs < ”(I_PH)R;LSTr”Hs + HRMSTF - [[RHSW]]T”HS + ||[[Ru57r]]r - SWBTHHS + ||S7T(G - BT)”HS
SN =Py)RyuSxlys + 6.

A.3. Spectral perturbation theory

Recalling that for a bounded linear operator A on some Hilbert space H the resolvent set of the operator A is defined as

Res(A) := {A € C: A— Al is bijective}, and its spectrum Sp(A) := C\ {Res(A)}, let A C Sp(A) be isolated part of

spectra, i.e. both A and p := Sp(A) \ X are closed in Sp(A). Than, the Riesz spectral projector Py: H — H is defined by
1

P, = I—A)! 2
\ by (z ) dz, (27)
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where T is any contour in the resolvent set Res(A) with A in its interior and separating A from . Indeed, we have that
P} = Py and H = Im(Py) @ Ker(Py) where Im(P,) and Ker(P,) are both invariant under A and SP(Ajir,y) = A
SP(AIKMPA)) = p. Moreover, P\ + P, = I and P\P, = P, P, = 0.

Finally if A is compact operator, then the Riesz-Schauder theorem, see e.g. (Reed & Simon, 1980), assures that Sp(7') is a

discrete set having no limit points except possibly A = 0. Moreover, for any nonzero A\ € Sp(7'), then A is an eigenvalue (i.e.
it belongs to the point spectrum) of finite multiplicity, and, hence, we can deduce the spectral decomposition in the form

A= Z APy, (28)

AESp(A)

where geometric multiplicity of A, r) := rank(P) ), is bounded by the algebraic multiplicity of A. If additionally A is normal
operator, i.e. AA* = A*A, then Py = P5 is orthogonal projector for each A\ € Sp(4) and P\ = >_'*, ¥; ® 1;, where ¢
are normalized eigenfunctions of A corresponding to A and r) is both algebraic and geometric multiplicity of .

Next we review well-known perturbation bounds for eigenfunctions and spectral projectors of normal compact operators,
that is when AA* = A*A.

Proposition A.2 ((Davis & Kahan, 1970)). Let A be compact self-adjoint operator on a separable Hilbert space H. Given
a pair (X, f) € C x H such that HfH =1, let \ be the eigenvalue of A that is closest to X and let f be its normalized

eigenfunction. If § := min{[X — A|| A € Sp(A) \ {A}} > 0, then sin(<(F, f)) < HAf— Xﬂ] /3.

Proposition A.3 (Sinclair’s theorem, see (Zwald & Blanchard, 2005)). Let A and A be two compact operators on a
separable Hilbert space. For nonempty index set J C N let

gap;(A) := min{[\i(4) = X;(A)|[i €N\ J, j € J}

denote the spectral gap w.r.t J and let P; and P 7 be the corresponding spectral projectors of A and A, respectively. If A is
normal and for some ||A — Al < gap ;(A), then

50 A= 4]

1By = Byl < 2=

gap ;(A)

For non-normal operators, spectral perturbation becomes much more involved. Two core objects in it are the pseudospectrum
and the numerical range, which we review next.

Definition A.4 (Pseudospectrum). Given € > 0, the e-pseudospectrum of a bounded operator A on H (w.r.t. the spectral
norm) is a set in the complex plane that consists of all eigenvalues of all e-perturbations of A (w.r.t. spectral norm). Formally,

it is defined as
Sp.(A) ={z € C|z € Sp(A + E), for some operator E s.t. ||E| < e€}.

Since, it provides insights on the sensitivity of eigenvalues, pseudospectrum is the tool of choice in the study of non-normal
operators. Equivalently, it can be expressed via resolvent

sp(4) = {z el [[zI - )7} " <},

implying that the lower bounds on the resolvent’s norm lead to bounds on the eigenvalue sensitivity to the perturbations.
Whenever the operator is normal, that is it commutes with its adjoint, indeed we have that dist(z, Sp(A)) = minyegp(a)|z —
Al = eforall z € 9Sp.(A). On the other hand, when operators are not normal, distance of the eigenvalues of the perturbed
operator to the spectrum is typically amplified. A general result showing this is the following.

Proposition A.5 (Bauer-Fike theorem, see (Trefethen & Embree, 2020)). Let A be diagonalizable bounded operator on
a separable Hilbert space, that is there exists a bounded operator X with bounded inverse X ' such that X 'AX is
diagonal operator. If B, := {z € C||z| < €} denotes the e-ball in C, then

Sp(A) + Be € Sp(4) € Sp(A) + Bew(x);

where 1(X) = || X|||| X || is the condition number of X. Consequently, dist(z, Sp(A))<er(X) for all 260 Sp,(A).
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We recommend a book by (Trefethen & Embree, 2020) for an in depth study of nonormality, pseudospectra and related
quantities.

Definition A.6 (Numerical Range). The field of values, known also as numerical range, of a bounded operator A on H is a
set in the complex plane that is closely related to the spectrum of A. Formally, it is defined as

[ (Av,v)
F) = {0

:’UEH,’U#O}.

Due to Hausdorff’s theorem, numerical range is a convex subset of C and that its closure contains the spectrum of A. It is
one of the key objects in the study of operator semigroups, since it is known that

et max{RO) [ A€Sp(4)} < HetAH < ¢t max{R(z) | z€ F(A)]

Finally, we conclude this review with a key result on bounding analytic functions of an operator using its numerical range.
Theorem A.7 (Crouzeix’s Theorem, see (Crouzeix & Palencia, 2017)). Let A be a bounded linear operator on a Hilbert
space H, and let f be any analytic function. Then

IF (A < (1 +V2) max |f(2)],

z€cl F(A)

where cl F(A) denotes the closure of numerical range of A.

B. Methods and their extension to non-uniform sampling

In this section we discuss the Algorithms 1 and 2, together with their simple extensions to the case of learning from multiple
independent copies of the process over a finite time-horizon.

For computationally efficient primal and dual form of the solution of general vector-valued reduced rank regression problem
we refer to (Turri et al., 2023, Proposition 2.2). Coupling this result with classical result on solving low rank eigenvalue
problems, see e.g. (Kostic et al., 2022, Theorem 2) for application in the context of TO, we obtain the final form of two
algorithms.

Now, let us discuss the setting where dataset D,, = (74,¢,_, )ie[n],je[¢+1] COnsisting of n trajectories sampled at the same
(possibly non-uniform) times 0 =ty < t; < ... < t,. This is typical when we observe particle systems where n copies of
the same process are tracked.

In this setting, learning transfer operators becomes difficult task since, due to diverse time-lags one ends up with the
non-convex optimization problems. Instead, learning IG of the process by LaRRR is direct. Namely, we simply have that

é;%,’y = 67—1/2[[67—1/2137”]% where in this setting

~

1 ~ 1
Cy= 771([4_1) Z Z A(wie,_ ) @P(xig,_,) and Hy, = Z mj_1<ni€2[;l] ¢($i,t0)®¢(xi7tj_l)>

i€[n] jE[L+1] JE[E+1]

_ _ to—ty_ _ ti —ti_ _ . . .
where now mg = Bt emrlo m, = L=t em kb gnd my; = ML=t e i otherwise for 1 < j < 0 — 1.

In this case, the sampling operator becomes

-~ T
Sh= (h(xi,tj_l))je[f+1],i€[n] = \/ﬁ [h(xl,to), sy h(iﬂn,tg), h(l'l,tl); sy h(wn,t()] s

implying that the matrix M € R*(¢+1)xn(¢+1) ig defined as

{4+ 1)m,; ,i€n],0< <Y,
M jnvi '={( )73 n),0< 5 (29)

0 , otherwise.

Therefore, we can readily implement Algorithms 1 and 2 also in this setting of non-uniformly sampled data. Moreover,
analyzing such an estimator, as we discuss in App. C.7, from the statistical perspective, becomes an easier task than a single
trajectory analysis. This is due to the fact that we observe n iid copies allows the use of classical concentration inequalities
without the need to asses the impact of mixing.
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C. Statistical learning theory

In this section, we provide the proofs of the main results from Section 6, along with additional discussions for the reader’s
convenience. We begin by stating the main assumptions, then present results on controlling the approximation error and the
estimator’s variance, and finally prove the main results on operator norm error and spectral learning bounds. To this end, we
first decompose the operator norm error (G, ) = |RuSr—Sx G s c2 of the Laplace transform-based Reduced

m,y m,Yy
Rank Regression algorithm (LaRRR) G7, _ as

E(G) < I(T=Pr)RuSel| + | P RyuSa—SxGrus | + || Sx (G

(0) representation bias (I) regularization bias (IT) rank reduction bias

n)|

(III) integration bias

W(é:n,'y_é:n;y) ) (30)

(IV) estimator variance

where Py is the orthogonal projection in £2 (X)) onto the cl(Im(Sy)), G, = C; ' H, and G}, | =C; 1/2[[0 1/ZH]] are

the population KRR and RRR models for the risk (10), respectively, while Gm y = C’ 1§7] m and G’" ,YfC’ ~1/2 [Cy -~ H,]-
are the population KRR and RRR models for the approximated risk (14), and, for snnphcuy, we abbreviate ||-[| := [|-]|,,_, 2

C.1. Assumptions

In this section we discuss the assumptions that are necessary to study the learning problem. They concern the interplay
between the resolvent of IG and the chosen RKHS space, which is encoded in the injection operator S and the restriction
of the resolvent to the RKHS Z,, = R, S.

We start by observing that S, € HS (’H, L£2(x )), according to the spectral theorem for positive self-adjoint operators, has
an SVD, i.e. there exists at most countable positive sequence (0;);ecs, where J := {1,2,...,} C N, and ortho-normal
systems (¢;);jes and (h;); e of cl(Im(S,)) and Ker(S, )", respectively, such that S;h; = o;¢; and S:l; = ojh;, j € J.
Now, given o > 0, let us define scaled injection operator Sy o: H — L2(X) as Sroa = ZjeJ o§'l; ® h;. Notice that
Syr = S 1, while Im Sy o = cl(Im(S)). Next, we equip Im(S ) with a norm ||-||, to build an interpolation space.

(H]o == f € Im(Sx,a) | ||f|| 2‘772(} 154

jeJ

We remark that for o = 1 the space [#H],, is just an RKHS A seen as a subspace of £2 (X'). Moreover, we have the following
injections

[Hlay = [Hl1 = Mo, = [H]o = L2(X),
where vy > 1> g > 0.
In addition, from (BK) we also have that RKHS 7 can be embedded into L3°(X), i.e. for some 7 € (0, 1]

[Hly = [H]r = LF(X) <= L2(X).

According to (Fischer & Steinwart, 2020), if Sy r.o0: [H]r < L2°(X) denotes the injection operator, its boundedness
implies the polynomial decay of the singular values of S, i.e. af-(Sﬂ) < j~Y7,j € J, and the following condition holds

(KE) Kernel embedding property: there exists 7 € |3, 1] such that

¢r = ||Srr00l® = ess SUPZU‘?TMJ‘(J})P < +o0. (31)

T jed

Assumption (SD) allows one to quantify the effective dimension of # in ambient space £2 (X'), while the kernel embedding
property (KE) allows one to estimate the norms of whitened feature maps

&(z) = C; ' ¢(x) € H, (32)

as the following result states.
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Lemma C.1 ((Fischer & Steinwart, 2020)). Let (KE) hold for some 7 € [8,1] and ¢, € (0,00). Then,

Cr A/_l ,8=1

B
i -5 <1 _r
E%w&m&s{kﬂ B<L and €))% = esssup [[E()|2, < ey (33)
. xTAvT

Next, we discuss assumption (RC) that quantifies the regularity of the problem w.r.t. the chosen RKHS. Typical form in
which well-specifiedness of the operator regression problem is expressed, see e.g. (Li et al., 2022), is to ask that  is invariant
under the action of the operator. In our setting, this reads as Im(Z,,) C Im(S). This can be relaxed (or straightened)
by using interpolation spaces [H], = Im(Sr, o), which leads to (RC). Indeed, according to (Zabczyk, 2020)[Theorem
2.2], the condition (RC) is equivalent to Im(Z,) = pIm(R,,Sx) C Im(Sr o). ie. G§, := pSh SiR,Sx = pSh Hy is
bounded operator on H and R, Sx = Sr oG%;. In this case we have that pH,, = Sk(uR,)Sx = S;Sr oG4, and, thus,
H,H: = (|G| /p)*CH. We note that re-scaling with 1 is motivated by the fact that ||uR,,|| < 1.

no—

We conclude this section discussing the assumptions for the case when RKHS is build as a span of some finite dictionary of
functions (z;)jenys 25 : X = R, j € [N],

H = {huzzjew]ujzj|u:(u1,...,uN)ERN}. (34)

The choice of the dictionary, instrumental in designing successful learning algorithms, may be based on prior knowledge
on the process or learned from data (Kostic et al., 2024c; Mardt et al., 2018). The space H is naturally equipped with the

geometry induced by the norm ||h,||3, := Zjvzl u? Moreover, every operator A: H — H can be identified with matrix

A € RV*N by Ah, = 2(-)T Au. In the following, we will refer to A and A as the same object, explicitly stating the
difference when necessary.

In this setting all spaces [#], are finite dimensional, and, hence, Im(Z,,) C Im(S,) implies also Im(Z,,) C Im(S; ) for
every o > 0. This choice makes (RC) for different o € (0, 2] all equivalent to asking for # to contain all eigenfunctions of
the generator. Moreover, in this setting we can set 5 = 7 = 0 and observe that in the limit v — 0 we have

tr(C;lC) — N and ||§||io — esssup (¢(z), CTp(x)),, < 0.

xr~T

C.2. Approximation error analysis

In this section we study the approximation errors, i.e. bias terms in (30).

C.2.1. REPRESENTATION BIAS

The first term is the representation error that one incurs only when the hypothesis space H is not dense in the true domain
L2 (X). That is, if one uses universal kernels, such as RBF Gaussian kernel k(x,y) = e~le=vl”/7 with some length-scale
[ > 0, then ||(/ — Py)R,S=|| = 0. On the other hand, when one uses the finite-dimensional RKHS (34), this term
quantifies the loos of information due to the restriction of the model to H. In recent work by (Kostic et al., 2024c) it has
been shown how to learn dictionary of functions with neural networks so that the minimal representation error is incurred
from perspective of TOs. While, one can use the same method for learning an appropriate kernel for the estimation of the
resolvent, an interesting future directing would be to develop representation learning based on the Laplace transform.

C.2.2. REGULARIZATION BIAS

We control this term using the regularity assumption. The result is stated in the following proposition whose proof we omit
since it follows exactly the same lines as (Kostic et al., 2023, Proposition 5) with the only difference that (RC) assumption
holds for R, instead of TO with fixed lag-time.

Proposition C.2. Let G, , = C ' H, for y > 0, and Py : L2(X) — L2(X) be the orthogonal projector onto c1(Im(Sy)).
If the assumptions (BK), (SD) and (RC) hold, then

(ca/m)els™ % ae1,2], N
”%”S{@mﬁ@wzaemu and - |Pr By = SxGusll < (eafu) 7 G
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While the previous result gives us the means to study the learning bounds when H is dense in £2(X’), whenever the RKHS
is finite-dimensional and not learned, the regularization bias is usually coupled with the representation bias and one studies
the decay of || R, Sz — SzG | as a function of v > 0 w.r.t. N — oo for the choice of dictionary that forms basis of
L2 (X) in the limit.

C.2.3. RANK REDUCTION BIAS
To control of this term, observe that

HSw(Gury -G, )H = HCl/QC,?lHﬂ(I - P)

Y

;1/2HM(I - Pr)

< or1(B), (36)

where P, is the orthogonal projector onto the leading right singular space of operator B = C., 2 e

This bound on the bias can be further analyzed using the (RC) assumption, as indicated by the following proposition
essentially proven in (Kostic et al., 2023, Propositions 6 and 7).

Proposition C.3. Let B := C_1/2 H,, let (RC) hold for some o € (0,2]. Then for every j € J,

0(Z,) — (ca/p)? &2 7%1% < 02(B) < 02(Z,). (37)

C.2.4. INTEGRATION BIAS

Diversely to the previous terms analyzed up to now, the control of the integration bias term is truly novel technical
contribution in the study of TO and IG data-driven methods. This necessary step allows one to connect empirical objects to
the population ones by approximating the integral with the finite sum.

We start with the key result showing that, for the class of sectorial IGs, we can control the difference between the resolvent
and its finite-sum approximation via TOs of different times-lags using Crouzeix’s theorem A.7.

Proposition C.4. Let L be a (stable) sectorial operator with angle 6 € [0, 7/2), that is

F(L)CCy :={2€C|R(z) <0 A [3(2)] < —R(z)tan(0)}, (38)

where F(L) = {(Lf, 2/ ||f|\2£2 : f €dom(L)\ {0}} denotes the numerical range of L, and we let (mj)§:0 be given
by the trapezoid rule

tlgto efp,to ,j — O,
my = q HHGEeTM 1< < -1, (39)
tz*;z—le—utg ,j _ g’

where 0 = tg < t1 < ... <ty is (possibly non-uniform) discretization in time. Then, for every i > 0,

~ L .
HRH - RmH <2ty + GE/2m A Ay e (40)
where At = maxjcpy1)(t; — tj—1) is the maximal time-step, ty is time-horizon and k = maX;ep41)(t; —
tj—1)/ minjepeq1)(t; —tj_1) € [1,+00) is the conditioning of discretization that measures the amount of non-uniformity.
Consequently, for uniform discretization t; = jAt, j =0, ..., ¢, it holds

LuAt

~ 2 —
- < o 52 55) = s

Proof. Given 0 < j < ¢ — 1, remark that the functions

tj+1 oo
;‘i( z) = / e~ (=20t gy _ t.7'+12*t.7‘ (ef(ﬂfZ) ti 4 o= (n—2) tj+1) and g, (z) := / e~ (=2)t 3y
t 124

J

are analytic whenever 1 = R(u) > R(z). Thus, since L is stable, we have that

HR;L - Em,

-1
|ZfZ(L)+9u < |[l£(L) HZH]‘J M+ llgu (DI
j=0
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Next, using that || A¢|| < 1 for all ¢ > 0, we bound the first and last term as

t o —ut —ut
Il [ eas e = (0 Yy <o

and
e Hte

lu(D)] < / e hidt =
te 2

Finally, we bound I{(L) using Crouzeix’s theorem A.7. To that end, we need to replace the unbounded operator L with its
bounded Yoshida approximation L := s?(sI — L)~'L, s > 0, for which we know that for every f € dom(L) Lsf — Lf,
as s — 0o, (Kato, 2012). This implies that for every & > 0, there exists large enough s > 0 so that F(L;) C C, +¢. Now,

since fﬁ . is analytic over C,; + ¢, applying the Crouzeix’s theorem A.7 we conclude that

S 1+2ﬁ sup ‘ ;H—a( )| < 1+2\/§ sup |f,i(2’)|
z€cl F(Ly) zeC;

[FANES

So, since fl{ is the error of approximating the integral of complex valued function t — e~(#~2)* on the real interval
[1At, (j + 1)At] by the trapezoid rule with two points, we have that (see for instance (Quarteroni et al., 2010), equation
(9.12))

O S Bk 7) AP _ (i —t)? 2 (a2t (1) 4y 11)
i) = LB gm0, 1 - ) 4 gty = - BRI oG-,

for some £ € (0, 1). Hence, for z € C..

(tjs1 —t5)° o (R, — (tir1 —t5)° 2 —(=R())t; _
|f(2)] € —=———|u—z[% < 0 (1 4+ tan® 0) (n — R(2))%e I =

- 6 - 6
< (1 + tan? Q)Atg 4e2 _ 2 (tj+1 — tj)g 2k2 g
- 6 t2 3e2cos? 6 t? ~ 3e2cos?f 52
Therefore,
(1 1 1
zuﬂ DY < Tt
3@2 cos2 0 = 2 18¢€2 cos? 0

and the proof follows by letting s — co and noting that sequence of bounded operators (7 (L)), converges to a bounded

14

operator f7(L). O

Now, appying the above result on the integration bias in (30) for the case without the rank reduction (reasonable when
r = n), we obtain

(G = Con)|| = [S207 2 (R = o) S| < viem (2+ G5y ) 42)
which becomes arbitrarily small for At — 0 and t; — oc.
On the other hand for the rank reduction case,
(G~ é;w)H - Hcl/Qc;ls;(RusﬂB,, RSB < H(RM — Rp)S. P, -B)|| @

[P =P
m

that is, “IL which can be controlled by bounding

be performed for the orthogonal projector onto the leading singular subspace of the empirical operator B= C V2 m» 1N
the following we jointly bound last to terms in (30).

(G

wy Grm,v)

T2k2 e—mt
< Jen (2+ %) At /o 2

via ‘ B*B — B*B H using Theorem A.3. Since in the analysis of the variance term similar construction should
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C.3. Estimator’s variance

In this section, with the exception of App. C.7, we assume the single trajectory setting with uniform time-discretization, and
analyze the last term in (30) developing concentration inequalities in Hilbert spaces for non-iid variables based on the notion
of beta-mixing and the method of blocks introduced in (Yu, 1994). Before we begin, let us summarize the reminder of the
terms, assuming the case of universal kernel together with (BK), (SD) and (RC)

E(C) < (ca/m ™/ + oria (B) +|

$2(Gpy = G- (44)

C.3.1. REMINDER ON ERGODIC AND EXPONENTIALLY MIXING MARKOV PROCESSES

We recall some fundamental results on ergodic, exponentially mixing Markov Processes.

Definition C.5 (Strict stationarity). A Markov process X = (X;);en with values in X is strictly stationary if for every
m, ! € N the marginal distribution of (X1, ..., X,41) is the same as (X7, ..., X,,).

For a set I C N and a strictly stationary process X = (X;);en we let X for the o-algebra generated by { X}, and y;
for the joint distribution of { X}, ;. Notice that yir; = pz. In this notation 7 = pg1y and p; = piy1,14-3. We can now
introduce the -mixing coefficients

Bx (1) = sup |pg114r) (B) = pgay X pig14-y (B)]
BeX®X

which by the Markov property is equivalent to

Bx (t) = sup |ugus (B) = pr x py (B)],
BEZI(X)EJ
where I, J C Nwithj > ¢+ 7forall¢ € I and j € J. The latter is the definition of the mixing coefficients for general
strictly stationary processes.

It is well-known that a stationary, geometrically ergodic Markov process is S-mixing with Sx (7) — 0 exponentially fast as
T — oo, thatis Bx (7) < ne™ 7, for some 7,7y € (0, 00) for all 7 € N. See e.g. (Bradley, 2007, vol. 2 Theorem 21.19 pp
325).

The following result exploits a block-process argument to extend concentration bounds from the iid setting to strictly
stationary [S-mixing Markov processes.

Lemma C.6 (cf. (Kostic et al., 2022), Lemma 1). Let X be strictly stationary with values in a normed space (X, ||-||), and
let T, m € N such that m is the largest integer satisfyong n > 2m7. Moreover, let Z1, ..., Zy,+1 be m + 1 independent
copies of Z =Y., X;. Then for s > 0,

n m m K’
Pl x>} < Pl 2] > 5} +r{ X2+ X
i=1 j=1 j=1 i=1

where we define k € [0,27 —1] such that k = n—2m7 = I74+k" withl € {0,1} and k' € [0,7—1], and X| = X (2m41)74
forallie [1,K].

>§}+2mﬁx(%—1).

Proof. Recall first the definition of the blocked variables

(25—-1)7 257
V= Y X and Y= > X, (45)
i=2(j—1)7+1 i=(2j—1)7+1

Then, we have,

n

> X

i=1

m m k m 43 m K
= DY+ DY D Ko < DY Kamrei| | 2Y] D Xamrira
7j=1 Jj=1 =1 J=1 =1 Jj=1 =1
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where we let k = n — 2m7 = 7 + k' with [ € {0,1} and k¥’ € [0, 7 — 1], and we use the convention 22:1 - = 0. Thus,
for s > 0,

it
i=1

} +mBx(7 —1)

<P {I85 8] > 5}t e S S
m+l
P{[S5a] - 5) p{]3 4 3

where we have defined X = X (2,,,44)74 for all i € [1, k'] and we have used (Kostic et al., 2022), Lemma 3 to get the first
inequality. O

} +omBx (7 — 1),

C.3.2. CONCENTRATION FOR TRANSFER OPERATORS

We consider the transfer operators Tja; = Sye’ iAtLG forany j € {0,...,£} and their empirical versions
n—j—1
jAt—n ] ZO d) 1At ®¢ H»j)At)-
i=

We prove several concentration results on operators C' and Tja¢, j € [] and fIm.

Proposition C.7. Assume thatn — j > 2m7. Let § > (m — 1)Bx ,,(T — 1). Let Assumption (KE) be satisfied. With
probability at least 1 — § in the draw Xo ~ 7, Xiae ~ p(Xi—1)ae,*), 1 € [n],

B8
~ 4 c c
-1/2/7. . oy B T
HCAY (T TJM)H < 8v2¢ In (5 —2(m —1)Bx A, (T — 1)) \/(1 - B)vBm + m2yT’ (46)

Proof of Proposition (C.7). Set&(z) := Cy 1 %¢(z). Assume first for simplicity that n — j = 2m7. We have
1 n—j—1
n—j

cy 1/2 (TjAt Tiat) := E(Xiar) ® ¢(X(itjae) — E [€(Xiar) @ ¢(X(itj)ar)] -

=0

Set A; == {(X(i—1)at) ® ¢(X(i—14j)ae). Let Zy,..., Z,, be m iid coples of Z := = Z A For any k > 2, by

triangular inequality and convexity of x —» z*, we have that || Z||j;g < (£ S7_, [| A ||HS) < % T IlAi||ks. Observe
next that

ENA15s] = E €KX anadl” 16K arinallT < IEIE2 1815 ENE(Xa1yan)]’]

k—2 2
— el ol w(e; 0) < 3 (2 varew) (Ve wicri))

In view of (Fischer & Steinwart, 2020, Lemma 11), we have under Condition (SD) when 8 < 1 that

8
C
w(C;1C0) < ﬁv*ﬂ, Yy > 0.
Consequently
_ 3 2
k 1< k 1 . k=2 ¢ B
ElZ1s) < = Elldillis) < 54! (v Veren) eni257 ] )
i=1
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We apply (Kostic et al., 2023, Proposition 9) to get with probability at least 1 — 4,

1 m
g

i=1

e
2 Cg Cr
<4+v2c¢y In| = .
< CH n(6> \/(1—6)75m+m277
Replacing § by % — (m —1)Bx_,,(T — 1) and an union bound combining the last display with Lemma C.6 gives the result.

O

We assume now that the Markov process X.a: = (X;a¢)ien is ergodic, exponentially mixing, that is, there exists
cmix € (0, 00), such that for all 7 € N,

BX . a¢ (T) < Cmix eiAtw*‘F, VT > 1, (48)

where we recall that w,=—X3(L+L*)/2 > 0.

For any n > 1 and § € (0, 1), define the rate

_ o (W*(5) | In(3)
en(9) '_C<Atw*n+\/Atw*n ’ “49)

where ¢ = ¢(cmix) > 0 is a large enough numerical constant.

Proposition C.8. Let § € (0,1). Assume that (n — j) At w, > 41In (M) Let Condition 48 be satisfied. With
probability at least 1 — § in the draw Xo ~ 7, Xiae ~ p(Xi—1)ae,*), @ € [n],

HTjAt —Tja¢

<En_;(6). (50)

Proof. We start from the following result (Kostic et al., 2022, Proposition 3) assuming n — j > 2m7

48 dmT 21/C| dm
<mln(a—(m—nﬁx,m(r—U)“2\/ m 1“5—(m—1)ﬁx,m(7_1)>>1_5'
(51)

P (Hfjm —Tiae

For any j € [I], we take integers m;, 7; > 1 such thatn — j > 2m;7; and 6 > 2 (m; — 1) fx ,, (7; — 1). Hence we can
pick

S (n—j) Atw, and 7 e 1 I 2€%Cmix(m; — 1) (52)
I 21n (Ze%mig(nﬂ')) 7| Atw, 1) '

Assuming that n is large enough such that (n — j) At w, > 41n (M) , we get

4e2cpmix(n — 7)
—s )

We also have in view of (48) that (m; — 1)5x ,, (T — 1) < 6/2. Replacing these quantities in (51), we get the result.

mj > %(nfj) Atw,/In (

Define forany n > 1

—1 —
2D (v, 8) i= ¢ (chn(ms)ﬁl (7,8) + \/CTln(”él)U(% 5)) : (53)

n At w, T n At w, T

LY(v,6) :=1n (%) +1In (m)

where the numerical constant ¢ > 0 only depends on cjx.

and
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Proposition C.9. Let Assumption (KE) and Condition (48) be satisfied. Then, with probability at least 1 — ¢ in the draw
Xo ~ 7, Xiat ~ p(X(i—1)ae, ), @ € [n),

|12 - ey 2| < 2D, 0).
In addition, for § € (0,1) and n large enough such that ?511)(7, 9) €(0,1),

~ 1
C1/207101/2H < -
H Yy Py 1 7%1)(%5)
Finally, for any j € [l] such that n — j > 2m7, we have with probability at least 1 — § in the draw Xo ~ 7, X;at ~
p(Xi—nae ), 1 € [n],
|72 @ a0 - Tanes 2| < 22,59,

Proof of Proposition C.9. Define for any m > 1and 6 € (0,1)

4c 2c
D (v,0) := ——L(v,6 =T L(v,6 54
6"” (77 ) 3m,77- (’Y? ) + m’yT (’Y? )7 ( )
where © 10)
4 tr(C
LYy,8):=In(=)+1In (V>
(5) el
Combining Lemma C.6 with (Kostic et al., 2023, Proposition 13), we obtain with probability at least 1 — 4,
|es12e - ey 2| < 260 (3,8/2 = (m = 1) B (7= 1)). (55)
Exploiting again the S-mixing assumption in (48), we take 7 as the smallest integer such that
1 4Cmix M
F>1 1 .
T +Atw*n< 5 > (56)

With this choice of 7 and picking m as the largest integer such that n > 2m7, then we get
2e0,) (71:8/2 = (m = 1) Bx., (T = 1)) < 260 (7,6/4) <20 (7,9),
provided that the numerical constant ¢ = ¢(cmix) > 0 is large enough.

Finally, for § € (0, 1) and n large enough such that = (v,6) € (0,1) and observing that

1= 1= e 2e,e | = ||osee - Eyey

we get

01/207101/2“ _ H(C’*1/2C 071/2)71H < - < :
|exeeses vy 1- 1= e, 2| T -l (9)

~

The proof for the last result on ‘ Cy 1/2 (Tiar — Tine)Cy 1/2 H follows from the same argument. O]

Proposition C.10. Let the assumptions of Proposition C.7 and Condition (48) be satisfied. Assume in addition that
At € (0,1) and w, At < 1. Then with probability at least 1 — § in the draw Xo ~ 7, Xint ~ p(X(i—1)at, ), @ € [n],
=(2)
— e Ty € (’77 5)
|72 = | < 5, (57)

where

2 ( n(l+1) 3/2 ( n(+1)
ln(75>1+ln/<6) 1

Atw,y™2 n—1 VAt w, YA(n—=1) |’

(58)

ES; (7,0) :==¢

where ¢ = ¢(Cmix, CH, Cr, €3, ) > 0 is a large enough numerical constant.
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Proof of Proposition C.10. For any j € [l|, we take integers m;,7; > 1 such that n — j > 2m;,7; and § >
4(m; — 1) Bx_A, (Tj — 1). We use the same choices as in (52).

Replacing these quantities in (46), we get with probability at least 1 — 4,

= SVEedn ( ) (\/<1 - ﬁ)w(zvig— Jatw, " (262%3(” - j)>

2¢r 2¢%cmix(n =)\ \ _. @
(n—j) At w, y7/2 In ( 5 =&, 5(0). (59)

|65 T~ T00

Next, by definition of f[m, H m and an elementary union bound, we get with probability at least 1 — 4,

I
HCW—l/z(ﬁm - f[m)H < Atzwj Hcv_l/Q(fjAt _ ij)H LN

< Atz% @O/ + 1)) emra At

1113/2 (n(l+l)> i e —pj At h’l2 (L(l;—l)) ! e—/LjAt
/2 4 ’
Vwr? Vi wyT g =

for some large enough numerical constant C' = C'(¢c3, ¢r, Cmix, €3, 8) > 0 that can depend only on ¢y, ¢, Cmix, €8, B

<C | VAt

We apply the well-known Abel transform formula

-1 j
kagk—legk—Z (fis1 = 1) D gns
7=0 k=0

—pjAt . . . .
to series " j=0 Gi—jye» With av € {1/2,1}. Since we assumed that pAt € (0, 1), elementary computations give
; , -1
e HIAt 1 1 1
< _ —pkAt
> e e - L (e ) B
j=0 3=0
< 1 1 < 2
T (n—-0D*1—e kA T pAt(n— 1)’
where we have used the inequality e =% < 1 — x + 22 /2 true for any = € (0, 1) in the last line. O

Proposition C.11. Letr Assumption (KE) and Condition (48) be satisfied. Fix 6 € (0,1) and assume in addition that
n is large enough such that n Atw, > 4In (W) Then, with probability at least 1 — § in the draw Xy ~ T,
Xiat ~ p(Xi—1ae;+), i € [n],

|e2@ - o)|| < 22.0) (60)

Proof of Proposition C.11. Similarly to the proof of Proposition C.7, we obtain, assuming that n > 2m7, with probability
at least 1 — ¢ in the draw Xo ~ 7, Xinr ~ p(X(i—1)at, ). @ € [n],

B
~ 4 c c
—1/2(A _ Y B i
HCA’ © C>H <8viey In (5 —2(m —1)Bx ,, (T — 1)) \/(1 — B)yPm + m2y7’ 61)

We pick integers m, 7 > 1 such that n > 2m7 and § > 2 (m — 1) fx ., (T — 1). Hence we pick

Atw, 1 2e2cpix(m — 1
m:= % and T:= { 1n< ce ém )>J ; (62)
21n( émlx )
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Assuming that n is large enough such that n At w, > 41n (W), we getm > 1n Atw,/In (%). We also have
in view of (48) that (m — 1))fx_,, (T — 1) < 4/2. Replacing these quantities in (61), we get the result. O

C.3.3. VARIANCE OF SINGULAR VALUES

We introduce the approximated and empirical KRR models as émﬂ = C’; 1}~Im and CAJ,,W = 6; 1ﬁm, respectively.
We recall that @” = 071/2[[071/2137 ] and @T = 6’71/2[[671/219' ]~ We also introduce B := C’fl/QH and
B:= C, CoYVH, ms let denote P, and P, denote the orthogonal pI‘Q]eCtOI‘ onto the subspace of leading r right s1ngularAvect0rs
of B and B, respectively. Then we have [B],. = BP, and [B], = BP,, and, hence G7, . = Gy, AP andGr, =G,

m,y m,y
Let us recall that G},  =C 1/2[[07 1/QHM]]T.

Proposition C.12. Let (RC), (SD) and (KE) hold for some o € [1,2], B € (0,1] and 7 € [,1]. Let B := C5 "/*H,
and B = 5;1/2}?% Given § > 0 ifégll)(% 8/3) < 1/2, then with probability at least 1 — ¢ in the draw Xy ~ T,
Xint ~ p(Xi—1)at, ), @ € [n],

P 2 .

HB*B — B*BH < 2 (\/CH —&—Efji(% §/3) + \/en ,us,hg(At)> (5;3)(7, 0/3) + Ven usu,g(At)) (63)
where en 4(7,5/3) = 5(2) (v, 5/3) + 5(2) 0(7,0/3)ca c(a n/2 *;22 (7,0) is defined in (58), and s,, ¢(At) in (41). Conse-
quently, for every i € [n], when € oy (7, 0/3)/ 1+ \/Cx spe(At) < /ey it holds that

~ 2\/cy
02(B) — oF(B) < = (89 (2,6/3) + Vot (A1) (64)

Proof. We start from the Weyl’s inequalities for the square of singular values

03(B) ~ o¥(B) < || BB

But, since,
B*B-B*B=H}C;'Hy — H.C;'Hy, = (Hy — H,)*Cy ' Hyy + HiCT (Hy — Hy) + HA(CTY — C5 Y Hy,
denoting M = C;l/Q(ﬁm - H,),N = C;l/Q(CA' —C)and R = Ci/Q(CAv'mW — Gpy), we have
B*B~B*B=M*CY?Gp+B*M — B*NGpy = B"M + (M*CY? — B*N)(G oy £ G ry)
=B*M + M"B — B*NGy,, + (M* — B*"NC;"/*)R
= (Gpr) (Hp — Hy) + (Hp — H) Gy — (Gpuny) (C = C)Gry + (M* + (Gpn)* N*)R.
Note next by definition of G, , and @mﬁ, we have

Gy — Gy = C512 [c;”%ﬁm — H,) - C5Y*(C - O)C Y2 CY2CT e[ e 2 ) | (65)
Therefore, due to (65), R = c$/26;10$/2(M — NG, ~), we conclude
E*E - B'B = (Gu,v)*(ﬁm - Hu) + (ﬁm - Hu)*G/w/ - (Gu’v)*(a - C)Guﬁ
+ (M — NG, ,)*C}/2C;'CY3 (M — NG, ) (66)

Hence,

D* D * = 2
|B*B - B*B|| <2 1Bl M) + |BI NI IGonll +||C3/2E5 €32 | M+ IN T 1G]

<]

11 52— )|+ 2 = )| €524 = B + v | o

C 1O 1M1+ VTG D] TIAI + 1N 1G]

Now, noting that

and applying Propositions C.4, C.9, C.10 and C.11 we obtain (63), and, therefore, (64) follows. O
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We remark that to bound singular values we can rely on the fact

2(n 2
0%(B) ~ o¥(B) “
B

aié —o0i(B)| = .
|loi(B) (B)] o4(B) + 0:(B) 0;(B) V 0;(B)

C.3.4. VARIANCE OF RRR ESTIMATOR

Proposition C.13. Let (RC), (SD) and (KE) hold for some o € [1,2], € (0,1] and T € [3,1]. Given § > 0 and v > 0, if
553)(7, ) < 1/2, then with probability at least 1 — 0 in the draw Xo ~ 7, Xins ~ p(X(i—1)at, "), i € [n],

exfp+ (Ve W Ey(1,0/3) + suu(At)
02(2#) r+1(Z) (Ca/,u)2 a/2 Q/Q

(68)

Gy = G| <2 (25500:6/3) + Ve s A) [

Proof. Start by observing that ‘

$:(C, ., — G| < |G - 65 and

myy

~

CY2(@r = Gry) =(CYRCICY) - [ = C)Gy + €5 V2l — H,)| P+ B = P). (69)

Taking the norm, using that the norm of orthogonal projector ]ST is bounded by one and applying Proposition A.3, we obtain

To complete the proof it suffices to apply Propositions C.2, C.3, C.9, C.10, C.11 A.3 and C.12. O

~

X . HB*B B*BH
$e(Gr =G| < Ci 651

2(B)— U§+1(B>'

ezt @[ liep I+ e * (n—H = Fa) || + 151 =

We remark that the previous proof simplifies when we do not have the rank reduction, that is we can estimate

~

S (G =Gy H = H oy

3
<2e;}<v,5/3>
- Iz

[HO (- OHHGM||+HC (Hyp—H, + H,, ]H

+ 2v/c3 5,,0(AL), (70)

and further obtain that

Co C
N TP TR P i 1

(a=0/2 (920 (y,8/3)
I Val %

+2/cn su,g(At)> . @D

C.4. LaRRR operator norm error bounds

Theorem 6.2. Let L be sectorial operator such that wy,=—Xo(L+L*)/2>0. Let (BK), (RC) and (SD) hold for some
a€[1,2] and 3€(0, 1), respectively, and cl(Im(S,))=L2(X). Given 6€(0,1) and r€[n), let

I3 (n/6)\ =7 . m3(n/s) \ 7
- (nA(tq/u)> ’5”(5)_< 2(u+(B)/ ) > @D
* H o N Wi

At=e}, and 1/l=o0(c},), then there exists a constant ¢ >0, depending only on H and o,(R,,Sz)—0r41(R;Sx) >0, such
thatfor large enough n>r with probability at least 1 — 6 in the draw of D,, it holds that

E(Gr,) Smax (Gyi1, 01 (RuSy)) + ces()). (22)

Proof of Theorem 6.2. Note first that under the gap condition o,.(R,Sx)—0,+1(R,Sx) > 0 and by choice of +y in (73), we
have for n large enough that 02(Z,,)—02, 1 (Z,)—(ca/p)? c?_/Q /2 > (0,(RyuSx)—0rs1(RuSx))/2 > 0.
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Next we set | = n/2. By definition of the rates &,,(9), =Y (v, 9), éfg (7y,6) and ?S? (7, 0), and since 7 € (3, 1], we have for
n large enough, 553)(7, 4/3) € (0,1/2), nuAt > 1 and
o’ (3)

VAtw, v n

We note indeed that [ = n/2 satisfies the condition 1/1 = o(&}) for n large enough. Hence, recalling the decomposition of
the operator norm error in (44) and Proposition C.13, we get with probability at least 1 — 9,

£8(7,8/3) + Veunsuo(At) < +AL< L.

(A)

~ 1 In? (2
E(Gr, ) Sori1(B) + p(yaﬂ + (@) +At). (72)

VAtw, P n

B)

By balancing (A) with respect to «y first and then (B) with respect to At, we derive the upper bound on (B) < £} () for the
choices of v and At given in (73).

Finally, if 0,1 (B) = 0 then we proved the result. Otherwise if o,.11(B) > 0, then an union bound combining (72) with
(64) and (67) gives the final bound. O]

C.5. LaRRR spectral operator bounds

First, recalling Proposition 6.1, essentially proven in (Kostic et al., 2022; 2023), with the only difference that instead of
applying it to TO, we apply it to the resolvent of IG. This exposes the perturbation level such that the pseudospectrum of R,,
contains an eigenvalue of its estimator. The bound on the perturbation level comes in two forms: one specific to the targeted
eigenvalue and one uniform over all leading r eigenvalues. Since we have resolved the bound on the operator norm error,
the only term that remains is the metric distortion for which we have the following

[te]

- =_ and
0. (S:G)

77(/}22’) < n; — n(ﬁi)

< (n(ﬁi) /\ﬁi) U(ﬁi)ﬁi

c-cl|.
Now, applying this to the LaRRR estimator, since we have that \UT(S,,(A?Z,L,,Y) —0,(S:GY, )| < ||S,T(@f,m -Gy, )| and

01(8:G) 2 00OV ) — VA |G| 2 0:(B) = A Gl

using Propositions C.3, C.13 together with (71) we obtain that for every ¢ € [r] metric distortion (in the worst case) is
bounded by

oy < Cafmei P40 @) | e
v or(RuSx) o2 (RuSr)’

which further ensures that n(ﬁi) — 7 < ex(9). Hence, checking that

_ =1 % _ =1 L& 1_,'_%
ey (W T () \ T o)) T (g | )
n n At w, uw'nw* N Wy ,anw*
that is
1 1) (Ba .
T2k (6) = <“n(z/>> Pz
*

remains bounded w.r.t. n — oo for @ > 1, we can apply Theorem 6.2 and Proposition A.2 to obtain the statement of
Theorem 6.3. Alternatively, we could apply Proposition A.5 to obtain that for general (non-normal) sectorial operator the
estimated eigenvalues satisfy

A=Al
‘M—)\iHM—)\H

where F is the bounded operator with bounded inverse such that '~ LF is diagonal operator.

Or41 (Ru S‘ﬂ')

SIFNE] (Franhi A Zo

)+en0).
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C.6. LaRRR bounds in the misspecified setting

In this section, we briefly discuss the case where the eigenfunctions of the generator do not belong to RKHS, i.e., the
misspecified learning setting when o < 1. First, we note that the misspecified setting for the learning of transfer operators
was considered in (Li et al., 2022) in terms of the excess risk (Hilbert-Schmidt norm) of kernel ridge regression (KRR), while
the error (operator norm) of KRR, principal component regression (PCR), and reduced-rank regression (RRR) was addressed
in (Kostic et al., 2023). In both works, risk/error could be made arbitrarily small for every « € (0, 1), however at arbitrarily
slow rate as v — 0. By adapting our proofs, notably in (68) by avoiding the splitting of G, ., from the concentration result
in Proposition C.10, one can also derives of the operator norm error for learning of R,,.

On the other hand, recalling Proposition 6.1, the main challenge of the misspecified setting arises when developing spectral
learning rates. Namely, since given any eigenfunction f € £2(X) \ [H], for every sequence (hy)ren € H of functions in H
that approximates it, i.e., such that || f — Srhg|| L2 — 0, metric distortions explode, that is 1(hy) — co. Consequently, with
current approaches, it is impossible to derive learning bounds for an eigenvalue whose corresponding right eigenfunction
lies outside of the RKHS.

C.7. LaRRR bounds for multiple unevenly sampled trajectories

Here we only derive a bound on the operator norm excess risk when we have access to multiple iid trajectories sampled
unevenly, noting that spectral bounds then readily follow in the same fashon as above. Here n stands for the number of
trajectories and £ is the number of samples on each trajectory.

Theorem C.14. Let L be sectorial operator such that w,=—Xo(L+L*)/2>0. Let (BK), (RC) and (SD) hold for some
a€[1,2] and B€(0, 1), respectively, and cl(Im(Sy))=L2(X). Given 6€(0,1) and r€[n), let

2 —1 ﬁ 2 —1 2(51(2)
— <ln (05 )) o (5):(111 (5 )) | )

n Wy n Wy

then there exists a constant ¢ >0, depending only on H and gap c,.(R,,Sz)—0,41(R,Sx) > 0, such that for large enough
n>r and | > 1 with probability at least 1 — § in the draw of D,, it holds that

E(G, ) < Grt A 0r1(RuSy) +c (% +/€2At) , (74)
where At = maxje[ul] (t; — tj—1) is the maximal time-step, t; is time-horizon and conditioning number k. =
maxepe41](t; — tj—1)/ minjereq1)(t; —t-1) € [1,+00) quantifies the unevenness of the sampling.

Proof. We proceed with the same decomposition (30) of the excess as in the proof of Theorem 6.2. The steps (0), (I) and
(ID) remain unchanged. The integration bias in (III) is again tackled with Proposition C.4. As for the estimator variance in
step (IV), we now use concentration result for multiple iid trajectories instead of the results we derived in App. C.3 for a
single S-mixing trajectory. Specifically, Proposition C.7 is replaced by Proposition 14 in (Kostic et al., 2023). Proposition 11
is replaced by Proposition 13 in (Kostic et al., 2023) with n replaced by n(I + 1). Proposition 14 is replaced by Proposition
17 in (Kostic et al., 2023). Hence instead of Proposition 15, we obtain the following control on the variance term. For n and
¢ large enough, in view of (40), we have with probability at least 1 — 9,

(G H~ ( () >+m2At+€:” (75)

w*’yﬁn

Thus we get w.p.a.l. 1 — 6,

~ In (L —ut
E(Gr,) —or1(B) S (WQ bnl) ) + KA+ (76)

\/w*'yﬁn

(A)

==

We can balance (A) as in the proof of Theorem 6.2.
Next set At = minejp41)(t; — t;-1). Note we have the following conservative bound for [ large enough

e Hte e~ HAL
Iz = HAL

At < At.

The end of the proof follows from the same argument as in the proof of Theorem 6.2. O
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D. Experiments

Comparison of Primal LaRRR to TO RRR for estimating A,
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Figure 4. Comparison of the primal LaRRR algorithm to the TO RRR method for estimating the slowest timescales of the process in the
basis of random Fourier features (Rahimi & Recht, 2007). As predicted by our theory, LaRRR (blue) remains stable as ¢ — 0, whereas
the error of TO method (red) diverges. The main plot shows the three quartiles of relative error for A2 across 10 independent trajectories
of a 1D Langevin process on a triple-well potential. The inset displays the distributions of the top three eigenvalues for At = 0.005.
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Figure 5. In the setting of experiment on Overdamped 1D Langevin dynamics, we show how LaRRR (presented in red) compares to two
physics-informed IG baselines: energy based regression of Dirichlet form by Kostic et al. (2004) (magenta), and Galerkin projection by
Hou et al. (2023) (blue). The eigenvalues are shown on the horizontal axis, and the vertical axis indicates the histogram hight of those
estimated by Galerkin projection. While both the method of Kostic et al. (2004) (left) and LaRRR (right) recover the eigenvalues of 1G
(black lines), Galerkin projection (due to the unbounded nature of IG in £2) produces many spurious eigenvalues near the origin.
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