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ABSTRACT

Q-learning is a popular Reinforcement Learning (RL) algorithm which is widely
deployed with function approximation (Mnih et al., 2015). In contrast, existing
theoretical results are pessimistic about Q-learning. For example, Q-learning does
not converge even with linear function approximation for linear MDPs ((Baird,
1995)) and even for tabular MDPs with synchronous updates, Q-learning has sub-
optimal sample complexity (Li et al., 2021; Azar et al., 2013). The goal of this
work is to bridge the gap between practical success of Q-learning and the relatively
pessimistic theoretical results. The starting point of our work is the observation
that in practice, Q-learning is used with two important modifications: (i) train-
ing with two networks, called online network and target network simultaneously
(online target learning, or OTL) , and (ii) experience replay (ER) (Mnih et al.,
2015). While they play a significant role in the practical success of Q-learning,
a thorough theoretical understanding of how these two modifications improve the
convergence behavior of Q-learning has been missing in literature. By carefully
combining Q-learning with OTL and reverse experience replay (RER) (a form of
experience replay), we present novel methods Q-Rex and Q-RexDaRe (Q-Rex+
data reuse). We show that Q-Rex efficiently finds the optimal policy for linear
MDPs (or more generally for MDPs with zero inherent Bellman error with lin-
ear approximation (ZIBEL)) and provide non-asymptotic bounds on sample com-
plexity — the first such result for a Q-learning method for this class of MDPs un-
der standard assumptions. Furthermore, we demonstrate that Q-RexDaRe in fact
achieves near optimal sample complexity in the tabular setting, improving upon
the existing results for vanilla Q-learning.

1 INTRODUCTION

Reinforcement Learning (RL) has been shown to be highly successful in practice for a variety of
long term decision making problems (Mnih et al., 2015). Several classical works have studied RL
methods like TD-learning, Q-learning and their variants (Sutton & Barto, 2018; Bertsekas, 2011;
Borkar & Meyn, 2000; Sutton, 1988; Tsitsiklis & Van Roy, 1997; Watkins & Dayan, 1992; Watkins,
1989) but the guarantees are mostly asymptotic and therefore do not sufficiently answer important
questions that are relevant to practitioners who struggle with constraints on the number of data points
and the computation power. Recent works provide non-asymptotic results for a variety of important
settings (Kearns & Singh, 1999; Beck & Srikant, 2012; Qu & Wierman, 2020; Ghavamzadeh et al.,
2011; Bhandari et al., 2018; Chen et al., 2020; 2019; Dalal et al., 2018a;b; Doan et al., 2020; Gupta
et al., 2019; Srikant & Ying, 2019; Weng et al., 2020; Yang & Wang, 2019; Zou et al., 2019a).

Despite a large body of work, several aspects of fundamental methods like Q-learning (Watkins &
Dayan, 1992) are still ill-understood. Q-learning’s simplicity and the ability to learn from off-policy
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data makes it widely applicable. However, theoretical analyses show that even with linear function
approximation and when the approximation is exact, Q-learning can fail to converge even in simple
examples (Baird, 1995; Boyan & Moore, 1995; Tsitsiklis & Van Roy, 1996). Furthermore, even in
the simple case of tabular RL with synchronous updates, Q-learning is known to have sub-optimal
sample complexity (Wainwright, 2019a; Li et al., 2021).

However, Q-learning has seen tremendous practical success when deployed with “heuristic” mod-
ifications like experience replay (ER) and online target learning (OTL). ER is used to alleviate the
issues arising due highly dependent samples in an episode whereas OTL helps stabilize the Q iter-
ation. Mnih et al. (2015) conducted extensive experiments to show that both these techniques, are
essential for the success of Q-learning. But, existing analyses for ER with Q-learning either require
stringent assumptions (Carvalho et al., 2020) to ensure convergence to a good Q value, or assume
that ER provides i.i.d. samples which might not hold in practice (Fan et al., 2020; Carvalho et al.,
2020). In this paper, we attempt to bridge the gap between theory and practice, by rigorously in-
vestigating how Q-learning performs with these practical heuristics. We thus introduce two model
free algorithms: Q-Rex and Q-RexDaRe that combine the standard Q-learning with OTL and re-
verse experience replay (RER). RER is a form of ER which was recently studied to unravel spurious
correlations present while learning form Markovian data in the context of system identification (Jain
et al., 2021b). We show that OTL stabilizes the Q value by essentially serving as a variance reduc-
tion technique and RER unravels the spurious correlations present in the Markovian data to remove
inherent biases introduced in vanilla Q learning.

These simple modifications have surprisingly far-reaching consequences. Firstly, this allows us to
show that unlike vanilla Q-learning, Q-Rex finds the optimal policy for MDPs with an exact linear
function representation of the Bellman operator. and allows us to derive non-asymptotic sample
complexity bounds. In the tabular setting, Q-Rex even with asynchronous data is able to match the
best known bounds for Q-learning with synchronous data. Its variant Q-RexDaRe , which reuses
old samples, admits nearly optimal sample complexity for recovering the optimal Q-function in the
tabular setting. Previously, only Q-learning methods with explicit variance-reduction techniques (not
popular in practice) (Wainwright, 2019b; Li et al., 2020b) or model based methods (Agarwal et al.,
2020; Li et al., 2020a) were known to achieve such a sample complexity bound. Our experiments
show that when the algorithmic parameters are chosen carefully, Q-Rex and its variants outperform
both vanilla Q-learning and OTL+ER+Q-learning with the same parameters (see Appendix A).

To summarize, in this work, we study Q-learning with practical heuristics like ER and OTL, and
propose two concrete methods Q-Rex and Q-RexDaRe based on OTL and reverse experience
replay — a modification of the standard ER used in practice. We show that Q-Rex is able to find
the optimal policy for ZIBEL MDPs, with a strong sample complexity bound which is the first such
result for Q-learning. We also show that Q-RexDaRe obtains nearly optimal sample complexity for
the simpler tabular setting despite not using any explicit variance reduction technique. See Table |
for a comparison of our guarantees against the state-of-the-results for the tabular setting.

Organization We review related works in next subsection. In Section 2 we develop the MDP
problem which we seek to solve and present our algorithm, Q-Rex in Section 3. The main theoretical
results are presented in Section 4. We present a brief overview of the analysis in Section 5 and
present our experiments in Section A. We provide minimax lower bounds for the asynchronous
tabular setting in Section K. Most of the formal proofs are relegated to the appendix.

1.1 RELATED WORKS

Tabular Q-learning Tabular MDPs are the most basic examples of MDPs where the state space
(S) and the action space (A) are both finite and the Q-values are represented by assigning a unique
co-ordinate to each state-action pair. This setting has been well studied over the last few decades and
convergence guarantees have been derived in both asymptotic and non-asymptotic regimes for popu-
lar model-free and model-based algorithms. Azar et al. (2013) shows that the minimax lower bounds

on the sample complexity of obtaining the optimal Q-function up-to e error is (1|f‘7|)’2‘62 ,
the discount factor. Near sample-optimal estimation is achieved by several model-based algorithms
(Agarwal et al., 2020; Li et al., 2020a) and model-free algorithms like variance reduced Q-learning
(Wainwright, 2019b; Li et al., 2020b). (Li et al., 2021) also shows that vanilla Q-learning with stan-

dard step sizes, even in the synchronous data setting — where transitions corresponding to each state

where 7 is
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Paper Algorithm Data Type Sample Complexity
(GHAVAMZADEH ET AL., 2011) | SPEEDY Q-LEARNING | SYNCHRONOUS 62‘8”/},&1
VARIANCE REDUCED S| A
WAINWRIGHT, 2019B St
( ) Q-LEARNING SYNCHRONOUS 27
VARIANCE REDUCED
LI ET AL., 20208 o
( ) Q-LEARNING ASYNCHRONOUS A=)
(LTET AL., 2020B) Q-LEARNING ASYNCHRONOUS L (_,‘(1 2
(LTET AL., 2021) Q-LEARNING SYNCHRONOUS (2‘(81”“1‘)1
-LEARNING+ OTL |S[IA]
THIS WORK, THEOREM 2 Q e
+ RER (Q-REX) ASYNCHRONOUS (=73
-REX+ DATA-REUSE max(d, % )
THIS WORK, THEOREM (Q-REXDARE) ASYNCHRONOUS (=)

Table 1: Comparison of tabular Q-learning based algorithms. d < |S| is maximum size of support
of P(:|s,a). In the case of asynchronous setting, % is roughly equivalent to |S||.A| in the syn-

chronous setting. We use the color green to represent results with optimal dependence on (1 —~) 1.

action pair are sampled independently at each step — suffers from a sample complexity of %

and the best known bounds in the asynchronous setting — where data is derived from a Markovian
trajectory and only one Q value is updated in each step — is %. These results seem unsatis-
factory since v € (0.99,1) in most practical applications. In contrast, our algorithm Q-Rex with
asynchronous data has a sample complexity that matches Q-learning bound with synchronous data
and its data-efficient variant Q-RexDaRe has near minimax optimal sample complexity (see Ta-
ble 1). For details on model based algorithms, and previous works with sub-optimal guarantees we
refer to (Agarwal et al., 2020; Li et al., 2020b). We note that the lower bounds apply only to the
synchronous case (i.e, when every state-action pair is sampled at every step). We provide minimax
lower-bounds which show that the bound is tight in the asynchronous case too (see Theorem 5 in

Section K), where |S||.A| in the synchronous case of (Azar et al., 2013) is replaced by m 3‘ -

Q-learning with Linear Function Approximation Since tabular Q-learning is intractable in most
practical RL problems due to a large state space S, function approximation is deployed. Linear
function approximation is the simplest such case where the Q-function is approximated with a linear
function of the ‘feature embedding’ associated with each state-action pair. However, Q-learning can
be shown to diverge even in the simplest cases as was first noticed in (Baird, 1995), which also
introduced residual gradient methods which converged rather slowly but provably. We will only
discuss recent works closest to our work and refer the reader to (Carvalho et al., 2020; Yang &
Wang, 2019) for a full survey of various works in this direction. SARSA is the on-policy control
variant of Q-learning where the challenge is to explore the state-space while learning the optimal
policy. Unlike Q-learning, SARSA is inherently stable due to its on-policy nature (Gordon, 2000).
Therefore, we do not compare our results to the results of on-policy control algorithms like SARSA.
We refer to (Zou et al., 2019b; Perkins & Precup, 2002; Melo et al., 2008) for further details.

Yang & Wang (2019) consider MDPs with approximate linear function representation. They require
additional assumptions like finite state-action space and existence of known anchor subsets which
might not hold in practice. Our results on the other hand hold with standard assumptions, with
asynchronous updates and can handle infinite state-action spaces (see Theorem 1). Similarly, Chen
et al. (2019) consider Q-learning with linear function approximation which need not be exact. But
the result requires the restrictive assumption that the offline policy is close to the optimal policy. In
contrast, we consider the less general but well-studied case of MDPs with zero inherent Bellman
error and provide global convergence without restrictive assumptions on the behaviour policy.

Under the most general conditions Maei et al. (2010) present the Greedy-GQ algorithm which con-
verges to a point asymptotically instead of diverging. Similar results are obtained by Carvalho et al.
(2020) for Coupled Q-learning, a 2-timescale variant of Q-learning which uses a version of OTL and
ER'. This algorithm experimentally resolves the popular counter-examples provided by (Tsitsiklis
& Van Roy, 1996; Baird, 1995). However, the value function guarantees in Carvalho et al. (2020,

!'The version of ER used in Carvalho et al. (2020) makes the setting completely synchronous as opposed to
the asynchronous setting considered by us.
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Theorem 2) (albeit without sample complexity guarantees) requires very stringent assumptions and
even in the case of tabular Q-learning might not converge to the optimal policy.

Experience Replay and Reverse Experience Replay Reinforcement learning involves learning
on-the-go with highly correlated correlated data. Iterative learning algorithms like Q-learning can
sometimes get coupled to the Markov chain resulting in sub-optimal convergence. Experience replay
(ER) was introduced in order to mitigate this drawback (Lin, 1992) — here a large FIFO buffer of
a fixed size stores the streaming data and the learning algorithm samples a data point uniformly at
random from this buffer at each step. This makes the samples look roughly i.i.d., thus breaking the
harmful correlations. Reverse experience replay (RER) is a form of ER which stores data in a buffer
but processes the data points in the reverse order as stored in the buffer. This was introduced in
entirely different contexts by (Rotinov, 2019; Jain et al., 2021b;a). In this work, we note that reverse
order traversal endows a super-martingale structure which yields the strong concentration result in
Theorem 4, which is not possible with forward order traversal (see (Jain et al., 2021b, Section 3.1)
for a brief demonstration of this fact). We can also look at RER is through the lens of Dynamic
programming (Bertsekas, 2011) — where the value function is evaluated backwards starting from
time 7" to time 1 - similar to how RER bootstraps present to the future.

In the context of reinforcement learning, works like Bhandari et al. (2018); Zou et al. (2019b) obtain
finite time convergence guarantees for RL algorithms under the mixing assumptions just like this
work. The strategy followed in these works is that if two samples are O(Tmix) time apart, then
they are approximately independent and thus analysis for i.i.d. data can be applied. The sample
complexity to obtain e error here is O(”%*). Note that this is no better than keeping one every T
samples and throwing away the rest and under general mis-specified linear function representation,
we might not be able to do any better (Bresler et al., 2020). In this work, we show that when the
linear approximation is well specifed (ZIBEL), we can use RER to obtain a sample complexity of
O(Tmix + E%), where the mixing time serves as a cut-off.

Online Target Learning OTL (Mnih et al., 2015) maintains two different Q-values (called online
Q-value and target Q-value) where the target Q-value is held constant for some time and only the
online Q-value is updated by ‘bootstrapping’ to the target. After a number of such iterations, the
target Q-value is set to the current online Q value. OTL thus attempts to mitigate the destabilizing
effects of bootstrapping by removing the ‘moving target’. This technique has been noted to allow
for an unbiased estimation of the bellman operator (Fan et al., 2020) and when trained with large
batch sizes is similar to the well known neural fitted Q-iteration (Riedmiller, 2005).

2 PROBLEM SETTING

Markov Decision Process We consider infinite horizon, time homogenous Markov Decision Pro-
cesses (MDPs) and we denote an MDP by MDP(S, A, v, P, R) where S is the state space, A is the
action space, v € [0, 1) is the discount factor, P(s’|s, a) is the probability of transition to state s’
from the state s on action a. We assume that S and A are compact subsets of R™ (for some n € N).
R:S x A —[0,1] is the deterministic reward associated with every state-action pair.

We will think of an MDP as an agent that is aware of its current state and it can choose the action to
be taken. Suppose the agent takes action 7(s), where 7 : S — A, at state s € S, then P along with
the ‘policy’ 7 induces a Markov chain over S, whose transition kernel is denoted by P™. We write
the «y-discounted value function of thg,o MDP starting at state s to be:

V(s,m) =E[>_ 7' R(Si, Ar)|So = s, A = m(S)VH]. (1)
t=0
It is well-known that under mild assumptions, there exists at least one optimal policy 7* such that
the value function V (s, ) is maximized for every sand that there is an optimal Q-function, Q* :
S x A — R, such that one can find the optimal policy as 7*(s) = arg max,c 4 Q*(s, a), optimal
value function as V*(s) = maxq,ec 4 Q*(s, a) and it satisfies the following fixed point equation.
Q"(s,a) = R(s,a) + VEywp(.|s,a) [g}gﬁ Q*(s',d)]  V(s,a) €S x A. )

(2) can be alternately viewed as Q* being the fixed point of the Bellman operator 7, where
T(Q) (57 (1) = R(Sa a) + rY]ES'NP(»|s,a) [II;&/XQ(S/, a/)]'
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The basic task at hand is to estimate Q* sﬂs,a) from a single trajectory (s;,a;)7_; such that
St41 ~ P(:|st,a:) along with rewards (r¢);_,, where ry,...,rr are random variables such that
E [r¢|st = s,a¢ = a] = R(s, a). We refer to Section B for rigorous definitions.

Q-learning Since the transition kernel P (and hence the Bellman operator 7) is often unknown
in practice, Equation (2) cannot be directly used to to estimate the optimal Q-function. To this end,
we resort to estimating Q* using observations from the MDP. An agent traverses the MDP and we
obtain the state, action, and the reward obtained at each time step. We assume the off-policy setting
which means that the agent is not in our control, i.e., it is not possible to choose the agent’s actions;
rather, we just observe the state, the action, and the corresponding reward. Further, we assume that
the agent follows a time homogeneous policy 7(s) for choosing its action at state s.

Given a trajectory {s;,a;, ¢}, generated using some unknown behaviour policy 7, we aim to
estimate Q* in a model-free manner - i.e, estimate QQ* without directly estimating P. We further
assume that the trajectory is given to us as a data stream so we can not arbitrarily fetch the data for
any time instant. A popular method to estimate * is using the Q-learning algorithm. In this online
algorithm, we maintain an estimate of Q*(s,a) at time ¢, Q:(s,a) and the estimate is updated at
time ¢ for (s,a) = (s, at) in the trajectory. Formally, with step-sizes given as {7}, Q-learning
performs the following update at time ¢,

Qev1(5t,a1) = (L —0e)Qe(s¢,ar) +me |7 + ’Yg}gﬁ@zf(stn%a/)
Qi+1(s,a) = Qi(s,a) Y (s,a) # (51, a1).

In this work, we focus on two special classes of MDPs which are popular in literature.

3)

Linear Markov Decision Process Linear MDPs (Jin et al., 2020) is a popular example of exact
linear approximation for which statistically and computationally tractable algorithms are available.
We use the definition from Jin et al. (2020), stated as Definition 1.

Definition 1. An MDP(S, A,~,P, R) is a linear MDP with feature map ¢ : S x A — R%, if

1. there exists a vector 6 € R? such that R(s,a) = (¢(s,a), ), and

2. there exists d unknown (signed) measures over S () = {p1(*), ..., Ba(-)} such that the
transition probability P(-|s,a) = (¢(s,a), B(*)).

In the rest of this paper, in the tabular setting we assume that the dimension d = |S x 4| and we use
a one hot embedding where we map (s,a) — ¢(s,a) = €5 4, a unique standard basis vector. It is
easy to show that this system is a linear MDP (Jin et al., 2020) and Q-learning in this setting reduces
to the standard tabular Q-learning (3). However, when the assumption of a tabular MDP allows us
to obtain stronger results, we will present the analysis separately.

Inherent Bellman Error There is another widely studied class of MDPs which admit a good
linear representation (Zanette et al., 2020; Munos & Szepesvari, 2008; Szepesvari & Smart, 2004).

Definition 2. (ZIBEL MDP) For an M = MDP(S, A, ~, P, R) with a feature map ¢ : S x A — RY,
we define the inherent Bellman error (IBE(M)) as:

sup inf sup |<¢(87 a)7 91> - R(S, a’) - ’YES’NP(-|s.a) sup <97 ¢(S/, a/)>|
0cRe 0'ER? (5 0)eSx A " aleA

If IBE(M) = 0, then call this MDP a ZIBEL (zero inherent Bellman error with linear function
approximation) MDP.

The class of ZIBEL MDPs is strictly more general than the class of linear MDPs (Zanette et al.,
2020). Both these classes of MDPs have the property that there exists a vector w* € R such that
the optimal Q-function, Q*(s,a) = (¢(s, a), w*) for every (s,a) € S x A, which can be explicity
expressed as a function of 6, 8 and Q*. More generally, they allow us to lift the Bellman iteration to
R? exactly and update our estimates for w* values directly (Lemmas 3, 4).

Hence, we can focus on estimating Q* by estimating w*. To this end, the standard Q-Learning
approach to learning the Q function can be extended to the linear case as follows:
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Wip1 = wy + 1 |1+ ’Yglea§<¢(5t+1a a'),we) — (D(st,ar), we) | P(s¢, ag).

The above update can be seen as a gradient descent step on the loss function f(w;) =
({é(s¢, ar), w;) —target)? where target = r; 4+~ max, (¢(s¢11,a’), w;). This update while heavily
used in practice, has been known to be unstable and does not converge to w* in general. The rea-
son often cited for this phenomenon is the presence of the ‘deadly triad’ of bootstrapping, function
approximation, and off-policy learning.

2.1 ASSUMPTIONS

We make the following assumptions on the MDPs considered through the paper in order to present
our theoretical results.

Assumption 1. The MDP M has IBE(M) = 0 (Definition 2),
R(s,a) €[0,1].

Assumption 2. Let ® := {¢(s,a) : (s,a) € S x A}. ® is compact, span(®) = R? and (s,a) —
@(s, a) is measurable.

d(s,a)|lle < 1. Furthermore,

Even when span(®) # R?, our results hold after we discard the space orthogonal to the span of em-

bedding vectors in Assumption 4 and note that Q-Rex does not update the iterates along span(®)~.

Definition 3. Forr > 0, let N'(®, || - ||2, 7) be the r-covering number under the standard Euclidean

norm over R%. Define:
Co ::/ VIg N @, [T, r)dr
0

Observe that since @ is a subset of the unit Euclidean ball in R%, Cp < C v/d. However, in the case
of tabular MDPs it is easy to show that Cy < C'v/logd.

Definition 4. We define the norm || - || s over R by ||z|| = SUP(s,q) [((5,a), )|

This is the natural norm of interest for the problem (Lemmas 2 and 4). We assume the existence
of a fixed (random) behaviour policy 7 : S — A(A) which selects a random action corresponding
to each state. At each step, given (s¢, a;) = (s,a), s41 ~ P(:|s,a) and a;y1 ~ 7(spy1). This
gives us a Markov kernel over S x A which specifies the law of (s;t1, a;+1) conditioned on (s, az).
We will denote this kernel by P™. This setting is commonly known as the off-policy asynchronous
setting. We make the following assumption which is standard in this line of work.

Assumption 3. There exists a unique stationary distribution (i for the kernel PT. Moreover, this
Markov chain is exponentially ergodic in the total variation distance with mixing time Tix. That is,
there exist a constant Cyyix for every t € N

sup TV((Pﬂ)t('ra ')a /J/) S C’mix eXp(_t/Tmix)
r€SXA

In the tabular setting, we will use the standard definition of Tmx instead:

e = Inf{t: sup TV((P™)!(2,-), ) < 1/4].
zESXA

Here TV refers to the total variation distance.
Assumption 4. There exists r > 0 such that: E(; )~ 9(s, a)p' (s,a) = é )

Remark 1. (Bresler et al., 2020, Theorem 1) shows that even linear regression with Markovian data,
zero noise and £? recovery is hard when the condition number k or the mixing time Tmi are too large.
Hence, our setup of noisy reinforcement learning with £>° error also requires these quantities to be
small. Therefore, Assumptions 3 and 4 are necessary in order to obtain non-trivial bounds.

In the tabular setting, Assumption 4 manifests itself as % = lmin ‘= min(s’a) (s, a) which is also
standard (Li et al., 2020b). Whenever we discuss high probability bounds (i.e, probability at least
1 —6), we assume that 6 € (0,1/2). Similarly, we will assume that the discount factor v € (1/2,1)
so that we can absorb poly(1/+) factors into constants.
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Algorithm 1 Q-Rex

1: Input: learning rates 7, horizon T, discount factor v, trajectory X; = {s, as, ¢}, Buffer size

B, Buffer gap u, Number of inner loop buffers N
1,1

2: Total buffer size: S <— B + u, Outer-loop length: K + NTS, Initialization w;"" = 0
3: fork=1,..., K do
4 forj:l,...,Ndo ‘ . .
5: Form buffer Buf = {Xk’J XS’J}, where, lew = XNS(h—1)+S(G—1)+i
6 Define for all i € [1, 5], o7 £ ¢(s7 aF7).
7 fori=1,...,Bdo

k.j k.j k.j
8 w1+1 =w;"+n |:TB+1 i T 7293;5((;5(53%,“ a'),w > <¢B+1 i W > ¢B+1 i
9: Option I: w7 = w’g’] 1
10: Option IL: w7 *! = LS o)
11: Option I: war1 1 ’f AN
12:  OptionII: war1 = Lyt
13: Return wK+1 !

Time
Buffer Collection Order Buffer Collection Order
Buffer processing order Buffer processing order
L Buffer j=1 Ga’p Buffer j=2 Gap} \ Bufferj=1  Gap Buffer j=3 GapJ
Y Y
Outer Loop lteration k=1 Buffer Length = B k=2 Gap Le:;h: "

(Target is fixed through the loop)

Figure 1: Ilustration of Online Target Q-learning with Reverse Experience Replay

3 OUR ALGORITHM

As discussed in the introduction, we incorporate RER and OTL into Q-learning and introduce the
algorithms Q-Rex (Online Target Q-learning with reverse experience replay, Algorithm 1), its sam-
ple efficient variant Q-RexDaRe (Q-Rex + data reuse, Algorithm 2) and its episodic variant EpiQ-
Rex (Episodic Q-Rex, Algorithm 3). Since Q-RexDaRe and EpiQ-Rex are only minor modifications

of Q-Rex, we refer the reader to the appendix for their pseudocode.

Q-Rex is parametrized by K the number of iterations in the outer-loop, N the number of buffers
within an outer-loop iteration, B the size of a buffer and « the gap between the buffers. The algorithm
has a three-loop structure where at the start of every outer-loop iteration (indexed by k € [K]), we

checkpoint our current guess of the @ function given by wlf’l. Each outer-loop iteration corresponds
to an inner-loop over the buffer collection with IV buffers, i.e. at iteration j € [N], we collect a
buffer of size B + wu consecutive state-action-reward tuples. For every collected buffer we consider
the first B collected experiences and perform the target based Q-learning update in the reverse order
for these experiences. We refer Figure 1 for an illustration of the processing order. Of note, is the
usage of checkpointed target network in the RHS of the Q-learning update through the entirety of

the outer-loop iteration, i.e. for a fixed k and for all 7, ¢, our algorithm sets

k
,w’Ji

a’€A

, k,j
i1 — W; ]+77 TB+1 i 'Ymax@(SBiQ—ma/) > <¢B+1 W > ¢B+1 i

Figure 1 provides an illustration of the processing order for our updates. It can be seen that the
number of experiences collected through the run of the algorithm is ' = K N (B + u). For the sake
of simplicity, we will assume that the initial point, w%’l = 0. Essentially the same results hold for
arbitrary initial conditions. Q-RexDaRe is a modification of Q-Rex where we re-use the data from
the first outer-loop iteration (i.e, data from k£ = 1) in every outer-loop iteration (i.e, k& > 1).
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Setting K N u B 7
ZIBEL MDP . i : R 2
(THEOREM 1) >1 > %% log (%) > Oy log(CdN) | = 10u | < Cy mm(%, %)
TABULAR MDP (05(%))° , SIIAIK N )
(ThEorREM 2) | 2 O 157 > G log(PUEE) | > Crrlog(BY) | = 10u < (\SC\TA\K)
TABULAR MDP 10g (1) i A
(Theorem 3) | 2G| > Gmelog(BE) > Crmdog(KFY) | =10u <G stw)
3 dlog
ZIBEL MDP 8 y C2 45 KN (A=pte 1
(THEOREM 1) (1,17) KBa max(i@(liw)i—mw 1) Tmix 10g (T) 10u nnn( Célﬁ;; , ﬁ)
TABULAR MDP 82 3.
(THEOREM 2) 1‘:7 ﬁ max (/357 %)) Tmix 10g (%) 10u (13:) min(e, 52)
TABULAR MDP 3 1 K] i (€0=7)° (1) e(1-9)°
(THEOREM 3) £ Fomin 1AX ( Bs: o )) Tmix log (45 10u | min ( B 0 4B i )

Table 2: Parameter constraints (first 3 rows) and choice for < ¢ error (last 3 rows) for our algorithms.
Here the poly-log factors /3; are given by 5; = log(m), B3 = log(m),

B2 = log(k) + B3, Ba = log(%), Bs 10g(|5HAI)

Remark 2. For the sake of clarity, we only analyze the algorithms Q-Rex and Q-RexDaRe for data
from a single trajectory with Option I. Option II involves averaging of the iterates which boosts the
convergence — indeed we can obtain much better bounds in this setting by using standard analysis.

4 MAIN RESULTS

We will now provide finite time convergence analysis and sample complexity for the algorithms
Q-Rex and Q-RexDaRe. Recall that K is the number of outer-loops, IV is the number of buffers
inside an outer-loop iteration, B is the buffer size and u is the size of the gap. In what follows, we
will take 1 = O(Tmix), B = 10u, K = O(ﬁ) We also note that the total number of samples used
is NK(B + u) for Q-Rex and N (B + u) for Q-RexDaRe since we reuse data in each outer-loop
iteration. In what follows, by Q1 t' (s, a), we denote (¢(s, a), wi ™"') which is our estimate for
the optimal @) function. Here wf( 11 s the output of either Q-Rex or Q-RexDaRe at the end of
K outer-loop iterations. Define |QF T — Qo := sups, a)GSXA’QKH Y(s,a) — Q*(s, a)|. We
first consider the performance of Q-Rex with data derived from a linear MDP (Defintion 1) or a
ZIBEL MDP (Definition 2) and satisfying the Assumptions in Section 2.1.

Theorem 1 (ZIBEL /Linear MDP). Suppose we run Q-Rex using Option I with data from an MDP
with IBE = 0. There exists constants Cy,Co,Cs3,Cy, Cs > 0 such that whenever the parameter
bounds given in Table 2 (row 1) are satisfied, then with probability at-least 1 — 0, we must have:

K
K [ Kn n|C3+log( 5
||Q il Q ||oo > 1 - + Cy 5(1Ii,y)4* exp ( nNB) + Cs 4[ I(l_,y)(zl J )]

Given € € (0, ﬁ] and the parameters as given in Table 2 (row 4)(up to constant factors), then
with probability at-least 1 — 6: | Q™" (s, a)

O(NKB) = 0) (/ﬂnax (& Timix ))

(1—7v)%€e?’ 1—v

— Q*(8,a)||oc < €. This has a sample complexity

We now consider the performance of Q-Rex and Q-RexDaRe in the case of tabular MDPs. We
refer to Table 1 for a comparison of our results to the state-of-art results provided in literature for
Q-learning based algorithms.

Remark 3. To the best of our knowledge, Theorem I presents the first non-asymptotic convergence
results for Q-learning based methods for ZIBEL MDPs under standard assumptions. Notice that
the sample complexity scales as 6% + Tmix instead of ™3 like in Zou et al. (2019b); Bhandari et al.
(2018). This is because in the case of ZIBEL MDPs RER brings out the super-martingale structure
present in the problem which forward pass does not.

Theorem 2 (Tabular MDP). Suppose we run Q-Rex using Option I with data derived from tabular
MDPs. Whenever the algorithmic parameters are picked as given in Table 2 (row 2) for some

universal constants C1, . . ., Cs, we obtain with probability at-least 1 — §:
Nitmin N B KI|S||A] K|S||A]
o b (- BNE) (RIS (KIS
Q™ = Qoo <G |75+ — i + =  F =)
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Where L = 11717K1 Given € € (0, ﬁ], and the parameters are picked as given in Table 2 (row
og T~
5), then with probability at-least 1 — §, we have: ||QX*! — Q*||o < €. This gives us a sample

complexity of
1 1 Tmix
Hmin max ((1—7)4 min(e,e?)’ 1—7)) .

Even though the sample complexity provided in Theorem 2 matches the sample complexity of syn-
chronous Q-learning even with asynchronous data, it is still sub- opt1ma1 with respect to the mln max
lower bounds (i.e, it has a dependence of has a dependence of a ,y) —~——7 instead of the optimal = ’v) ).
We resolve this gap for Q-RexDaRe in Theorem 3. For tabular MDPs, the number states can be
large but the support of P(-|s,a) is bounded in most problems of practical interest. Consider the
following assumption (note that this holds for every tabular MDP with d = |S|.)

Assumption 5. Tabular MDP is such that |supp(P(:|s,a))| < d € N.

Theorem 3 (Tabular MDP with Data Reuse). For tabular MDPs, suppose additionally Assumption 5
holds and we run Q-RexDaRe using Option 1. There exist universal constants C1,Co, C3, Cy such
that when the parameter values satisfy the bounds in Table 2 (row 3), with probability at-least 1 — §:

Nlmin N B ‘SHA‘K
HQ{{+L1 _Q*”oc <C lexp(— 2 . )+'yK + ( )\/’_’_\/ 1Og(K|SJ|IA)‘|

O(NKB) =0 (

(1—v)

Suppose € € (0, ﬁ] If we choose the parameters as per Table 2 (row 6), then with probability
at-least 1 — § we have: |Q¥T1(s,a) — Q*|l < € The sample complexity in this case is

ONB) = O (k- max (T, s e ) )

5 OVERVIEW OF THE ANALYSIS

We divide the analysis of Q-Rex and Q-RexDaRe into two parts: Analysis of wlf’l obtained at the
end of outer-loop iteration k£ and the analysis of the algorithm within the outer-loop. The algorithm
reduces to SGD for linear regression with Markovian data within an outer-loop due to OTL. That is,

we try to find w¥ ™" such that (wf ™!, ¢(s,a)) ~ R(s,a) + Eg ~p(|s,a) SUPy/ (Wt o(s',a')).

Therefore, we write w; T"" = T(wh') 4 € (w'"), where T is the ~ contractive Bellman operator
whose unique fixed point is w* and €, is the noise to be controlled. Following a similar setting in
in (Jain et al., 2021b), we control €5 with the following steps:

(1) We introduce a fictitious coupled process (see Section C) (3, @, 7;) where the data in different
buffers are exactly independent (since the gaps of size u make the buffers approximately indepen-
dent) and show that the algorithm run with the fictitious data has the same output as the algorithm
run with the actual data with high probability when w is large enough.

(2) We give a bias-variance decomposition (Lemma 5) for the error ¢;, where the exponentially de-
caying bias term helps forget the initial condition and the variance term arises due the inherent noise
in the samples.

(3) We control the bias and variance terms separately in order to ensure that the noise ¢ is small
enough. RER plays a key role in controlling the variance term by endowing it with a super-
martingale structure, which is not possible with forward order traversal (see Theorem 4).

The procedure described above allows us to show that wlfH’l ~ T(wlf"l) uniformly for £ < K,
which directly gives us a convergence bound to the fixed point of 7 i.e, w* (Theorem 1). In the
tabular case, the approximate Bellman iteration connects to the analysis of synchronous Q-learning
in (Li et al., 2021), which allows us to obtain a better convergence guarantee (Theorem 2). To obtain

convergence guarantees for Q-RexDaRe, we first observe that if we re-use the data used in outer-

loop iteration 1 in all future outer-loop iterations k > 1, ek(wlf’l) might not be small since w’f !

depends on ¢ (+). However, (w]lC Yk approximates the deterministlc path of the noiseless Bellman

iterates: w} V= wpt and @ T = T(@h ). Since [len(wh )]s < [l (i) — e (@F )| oo +
||le* (w1 )||OO we argue mductlvely that ||e (W) — € (! ok Mlso ~ 0 since w'' ~ @' and
[[€¥ (@) || oo & 0 since W is a deterministic sequence and hence Wit & gkt
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A EXPERIMENTS

Even though OTL has a stabilizing effect on the Q-iteration, it reduces the rate of bias decay since
the values are not updated for a long time. Therefore, the success of our procedure depends on
picking the right values for the parameters N, B and Option I vs. Option II. However, under the
right conditions the algorithms which include OTL+RER converge to a much smaller final error
as illustrated by the examples we provide in this section. If a better sample complexity is desired,
then Q-RexDaRe can be used as shown by Theorem 3. Further research is needed to identify the
practical conditions such as (function approximation coarseness, MDP reward structure etc.) under
which techniques like OTL+RER help.

100-State Random Walk  We first consider the episodic MDP (Sutton & Barto, 2018, example
6.2) — but with 100 states instead of 1000. Here the agent can either move left or right on a straight
line, receiving a reward of 0 at each step. Reaching the right terminal point ends the episode with
reward 1, while the left terminal point ends the episode with reward 0. In each episode, the initial
point is uniformly random and the offline policy chooses right and left directions uniformly at ran-
dom. We use state aggregation to obtain a linear function representation (Sutton & Barto, 2018)
with total 10 aggregate states. Along with 2 actions, this leads to a 20 dimensional embedding.
We compare vanilla Q-learning, OTL+ER+Q-learning and EpiQ-Rex (Option II, N = 1). The
same step size (0.01) was chosen for all the algorithms. OTL+ER+Q has the same structure as
EpiQ-Rex and was run with the same parameters as EpiQ-Rex . The main difference between the
two algorithms is that OTL+ER+Q processes the experiences collected in each episode in a random
order processing instead of reverse order. Refering to Figure 4, we note that the bias decay for EpiQ-
Rex and OTL+ER+Q are slower than vanilla Q-learning due to the online target structure. However
EpiQ-Rex converges to a better solution than the other algorithms.

Mountain Car We run an online control type experiment with the Mountain car problem (Sutton
& Barto, 2018, Example 10.1). The task here is to control the car and help it reach the correct peak
(which ends the episode) as soon as possible (i.e, terminate the episode with fewest steps). The agent
receives a reward of —1 unless the correct peak is reached. Here we run EpiQ-Rex with Option I
and N = 1, OTL+ER+Q-learning and vanilla Q-learning. The k-th episode is generated with the
policy at the end of k — 1-th episode for each of the three algorithms. We use a n = 4 tile coding
to represent the Q values for a given action, each of which has 4 x 4 squares. The step-size was
picked as 0.1/n and the result was averaged over 500 runs of the experiment. We refer to Figure 2
for the outcomes. For the last 300 episodes, the mean episode length for Vanilla Q-learning was
145, EpiQ-Rex was 136 and OTL+ER+Q-learning was 143 (rounded to the nearest integer).

Grid-World We consider the grid-world problem which is a tabular MDP (Sutton & Barto, 2018,
Example 3.5), which is a continuing task. Here, an agent can walk north, south, east or west in a
5 x b grid. Trying to fall off the grid accrues a reward of —1, while reaching certain special states
accrues a reward of 10 or 5. In our example, we also add a unif[—0.5, 0.5] noise to all rewards to
make the problem harder. We run the grid world experiment with the discount factor v = 0.9 and
step size 0.05 for Vanilla Q-learning, Q-Rex (Option II, B = 3000, N = 1) and OTL+ER+Q-
learning which is run with the same parameters as Q-Rex but with random samples from the buffer.
We run the experiment 30 times and plot the error in the Q-values vs. time in Figure 3.

Baird’s Counter-Example Consider the famous Baird’s counter-example shown in Figure 6. The
features corresponding to each state is shown and the reward for any transition is 0. Thus, w* = 0
is the optimal solution. Since Assumption 4 made in this work is violated for this example, we
consider the analog of the problem where at each step, a state is sampled uniformly at random and
the corresponding transition, along with the 0 reward is used to learn the vector w. In the experiment,
we set the problem and algorithmic parameters to be v = 0.99 and n = 0.01/+/5 (the factor of v/5
normalizes the features to satisfy Assumption 1). We set B = 50, u = 0, and N = 5 since there is
no need for keeping a gap between the buffers in this experiment. Figure 7 shows the non-convergent
behavior of vanilla Q-learning while OTL-based Q-learning converges. Note that since the sampling
of state, action and reward is done in a uniformly random fashion, it is not relevant to use reverse
experience replay. It is easy to see that with data reuse, we only need few samples to ensure all states
are covered; the rate of convergence would be same as that of OTL+Q-learning.
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Linear Dynamical System with Linear Rewards We also compare the algorithms on a linear
dynamical systems problem. While the problem described next is strictly not a linear MDP, the
value functions for certain policies can be written as a linearly in terms of the initial condition; this
is made precise next. Consider a linear dynamical system with initial state being X, € R?. The
state evolves as X; .1 = AX, + 1, where A € R?*¢. The reward obtained for such transition
is given by (X3, 0) for a fixed § € R?. The maximum singular value of A is chosen less than 1
to ensure that the system is stable. The infinite horizon y-discounted expected reward is given by
(X0, Y e (vAT)0). Thus, the expected reward can be written as (Xo, w*), where

w* = (I —~vAT)™14.

Since there are no actions in this case, the Q learning algorithms reduce to value function approx-
imation (i.e, TD(0) type algorithms). We take the embedding ¢(X;) = X, the identity mapping.
We considered d = 5, v = 0.99, n = 0.01, and a randomly generated normal matrix A and 6. We
Option II for Q-Rex along with B = 75, u = 25, and N = 5 for the experiments. For OTL+ER+Q-
learning, we keep the same parameters, but with random order sampling, while ER+Q-learning does
not include OTL. The results shown in Figure 5 are averaged over 100 independent runs of the
experiment. Note that the errors considered are using iterate averaging.
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As seen from Figure 5, Q-Rex outperforms vanilla Q-learning and OTL+ER-based Q-learning as
one would expect based on the theory presented in this work. However, it is interesting to note that
ER+Q-learning performs slightly better than Q-Rex. One possible reason could be due to the fact
that in Q-Rex, the target gets updated at a slower rate at the cost of reducing bias. However, setting
a smaller value of N B might resolve the issue.

B DEFINITIONS AND NOTATIONS

B.1 Q-REXDARE

The psuedocode for Q-RexDaRe is given in Algorithm 2. Note that we reuse the sample data in
every outer-loop iteration instead of drawing fresh samples.

Algorithm 2 Q-RexDaRe

1: Input: learning rates 7, horizon T, discount factor v, trajectory X; = {s, as, r+}, number of
outer-loops K buffer size B, buffer gap u
Total buffer size: S < B + u

Number of buffers loops: N < T'/S

1,1 S
w;’ = 0 initialization

fork=1,...,K do
forj=1,...,Ndo _ _
Form buffer Buf = { X}/, ..., X7}, where,

A A

Xf’j — Xs(j—1)+i

8: Define for all i € [1, 5], o779 £ ¢(s57 aF7).

9: fori=1,...,Bdo

10: wffﬂ = wf’j‘H? [7"?9711_1' + WmaxafeAW(S’Eig_p a’), wlf’1> - <¢]Eil—i7 wf7j> ¢’fg’i1_i
11: wlf’j+1 = w%j_l

12: wlf'H’l = wlf’NH

13: Return wl !

B.2 EPIQ-REX

The psuedocode for EpiQ-Rex is given in Algorithm 3. Note that the buffers here are individual
episodes and can vary in size due to inherent randomness. We do not require a gap here since
separate episodes are assumed to be independent.

MDP definition Here we construct the MDP with a (possibly) random reward r. We consider
non-episodic, i.e. infinite horizon, time homogenous Markov Decision Processes (MDPs) and we
denote an MDP by MDP(S, A, v, P, r) where S denotes the state space, .4 denotes the action space,
~ represents the discount factor, P(s’|s, a) represents the probability of transition to state s’ from
the state s on action a. We assume for purely technical reasons that S and A are compact subsets
of R™ for some n € N). r is a reward process (not to be confused with Markov Reward Processes
i.e, MRP) indexed by S x A x S, such that r(s,a,s’) € [0, 1] almost surely. We will skip the
measure theoretic details of the definitions and assume that the sequence of i.i.d. reward processes
(r¢)ten can be jointly defined over a Polish probability space. The function R : S x A — [0, 1]
represents the deterministic reward R(s, a) obtained on taking action a at state s and is defined by
R(s,a) = E [IES/NP(.|S,,1)T(5, a, s’)] Here the expectation is with respect to both the randomness
in the reward process and in state s’.

Now, given a trajectory, (s¢,a;)7_,, which is independent of i.i.d sequence of rewards processes
(r¢)L_,. We observe (s, as, (8¢, ar, 8¢+1))1—1, and we will henceforth denote 74 (s¢, at, s¢11) by
just ry.
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Algorithm 3 EpiQ-Rex
1: Input: learmng rates 77, number of episodes 7', discount factor 7y, Epsiodes E; =

{(s5,al,71), ..., (s%,,a%,,7,)}, Number of buffer per outer-loop iteration N.
2: Number of outer loop iterations: K < T'/N
3: wy'' = 0 initialization
4: fork=1,..., K do
5: forj=1,...,Ndo
6: te (k—1)xN+j
7: Collect experience and form buffer Buf = {X{,..., X }, where,
Xi = (si,aj,77)
8: Define for all i € [1, B, — 1], ¢™7 £ ¢(s7, aF7).
9: fori=1,...,Bdo
k, , k,j k,
10: wzfl =w; ]‘H? [ it ’ymaxa/eA<¢(st+1_i,a') > <¢Bt i W > ¢Bf_i
11: Option I: w7/ = wk’f
12: Option IL:w 7+t = Btl_l ZZ‘Q w
13 wlf'H’l wlf’NH
K1

14: Return w;

Notation Due to three loop nature of our algorithm it will be convenient to define some simplifying
notation. To this end, consider the outer loop with index k € [K ] and buffer number j € [N] inside

this outer loop. Further given an i € [S] define a time index as t7 = NS(k — 1) + S(j — 1) + i.
We now denote the i-th state-action-reward tuple inside this buffer by
(85 i iy —

i QT (St’““atk“rt“)

Similarly, Rf"] = R(sf’],af”). For conciseness, we define for all 1, j, k, (bf’] = gb(sf ],af .
Since we are processing the data in the reverse order within the buffer, the following notation will
be useful for analysis:

kg ._ k.J kg ._ k.J kg ._ kJ k.. k,j k..
875 = sph gy 07 = agyy T = g BT = R,y and 7 = ¢B+1 i

C COUPLED PROCESS

It can be seen that the buffers are approximately i.i.d. whenever we take © = O (Tyix log %) when-
ever Assumption 3 is satisfied. For the sake of clarity of analysis, we will consider exactly inde-
pendent buffers. That is, we assume the algorithms are run with a fictitious trajectory (3, @s, 7+t),
where we assume that the fictitious trajectory is generated such that the first state of every buffer is
sampled from the stationary distribution . We show that we can couple this fictitious process (i.e,
define it on a common probability space as the original process (s¢, at, r+)) such that

P (i, I, NEEH(sF Y al ) = P A b)) =1 -6 )

K2 E ) [ EE )

Notice that the equality does not hold within the gaps between the buffer which are of size u but
inside the buffers of size B only. That is, the sequence of iterates obtained by running the algorithm
with the original data (s, a;, ;) is the same as the sequence of iterates obtained by running the algo-
rithm with the fictitious coupled data (8;, a;, 7;) with high probability. We state this result formally
in Lemma 16 and prove it in Section M.1. Henceforth, we will assume that we run the algorithm
with data (8, a;,7;) and refer to Lemma 16 to carry over the results to the original data set with

high probability. We analogously define q@fj . We will denote the iterates of the algorithm run with

the coupled trajectory as wf 7 instead of wf] and will focus on it entirely. We now provide some
definitions based on the above process. These definitions will be used repeatedly in our analysis.
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D BASIC STRUCTURAL LEMMAS

We first note some basic structural lemmas regarding ZIBEL MDPs under the assumptions in Sec-
tion 2.1. We refer to Section M for the proofs.

Lemma 1. For tabular MDPs satisfying the assumptions in Section 2.1, for both Q-Rex and Q-

RexDaRe, we have that for every k, j, i we have that ||| 4 <i= 7

The lemma above says, in particular, that the Q-value estimate given by our algorithm never exceeds
ﬁ due to O initialization. The proof is a straightforward induction argument, which we omit. We

will henceforth use Lemma 1 without explicitly mentioning it.
Lemma 2. Suppose Q. (s,a) := (w, ¢(s,a)) and let Q*(s,a) = (w*, ¢(s,a)) be the optimal Q

function. Then:
sup  [Qu(s,a) — Q" (s,a)| = lw—wy
(s,a)eSx.A

. llzll d
Moreover, we must have: ||| > ||z||s > s forany x € R
Lemma 3. For any wy € RY, there exists a unique wy € R¢ such that

<’U)1, ¢(37 CL)> = R(Sa Cl) + ’YESINP('IS7U,) sua(gb(s’, CL’), U)0>-
a’'e

We will denote this mapping wo — wy by wq = T (wo).

Lemma 4. 7 : R? — RY is y contractive in the norm || - ||4. The unique fixed point of T is w*.

e

Moreover, we have: |[w*||s < ﬁ and ||lw*]| < jp

In view of Lemma 4, we can begin to look at the following noiseless Q-iteration. Let w! = wl =0
and w**! = T (w*). This converges geometrically to w* with contraction coefficient y under the
norm || - ||4. In our case, however, we only have sample access to the operator 7. Therefore, our

Q-iteration at the end of k-th outer loop can be written as @ ~k+1 ' = 'T(ﬁ}lf’l) + € where €y, is the
error introduced via sampling which needs to be controlled.

E BI1AS VARIANCE DECOMPOSITION

We begin our analysis by providing a bias-variance decomposition of the error with respect to the
noiseless Q-iteration at every loop. We will need the following definitions which we use repeatedly
through our analysis.

Given step size 7, outer loop index k and buffer index j, we define the following contraction matrices
fora,b € [B].
b

Ay =TT (1= ndt167) 5)

Whenever a > b, we will define f[fg := I. In the tabular setting, we define for any (s,a) € S x A

by N*(s, a) to be the number of samples of (s, a) seen in the outer loop k (excluding the gaps).i.e.

~ N B . .
Nk(s,a) = ZZ 1((5?7]7d§7]) = (s,a))

j=11i=1

Further we denote by Nik’j (s,a), the number of samples of (s, a) seen in the outer loop k in the
buffers post the buffer j as well as the number of samples of (s,a) in buffer j before iteration .
Formally,

i—1 N B
=Y 1((EE, a0 = (s,0)) + D> Y L(GEH A = (s,a)) -
r=1 j
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We define the error term for any w:

& (w) = |77 — R 4y Stép<w 031 0)) = VB L p st by S/léa<¢(8’,a’)7w> . (6)

Finally we define the following shorthands for any 1, j, k:

B

ket lx gkl N B e | ko kg 77k, Tk

w =T (w;") & =4 ( i) L J~—7726i Hy 0
i=1

Given the above definition, the following the lemma provides the Bias-Variance decomposition
which is the core of our analysis.

Lemma 5 (Bias-Variance Decomposition). For every k, we have that,
1 N j+1
~k+11 ~k+1’* . rrk,j ( ~k,1 ~k;+1* rrk,l 7k,
i LT AR ERD 3 | G
1 j=11l=N

Here and later on in the paper, we use the reverse order in the product to highlight the convention that

higher indices [ in H L B appear towards the left side of the product and further define HN+1 H f fg =

I. We call the first term in Equatlon (7) as the bias term and it decays geometrically with N and
the second term is called the variance, which has zero mean. We will bound these terms separately.
Since tabular setting allows for improved analysis of error, we will provide special cases for the
tabular setting with refined bounds. We refer to Section M.5 for the proof of Lemma 5.

F BOUNDING THE BIAS TERM

F.1 TABULAR CASE

In the tabular case, we have the following expression for bias. We omit the proof since it follows
from a simple calculation.

Lemma 6. In the tabular setting, we have:

rrk,g /1 ~ ~ * VE(s,a) 7 ~k, ~ *
(@(s,0), [T HY @ —a*+h7) = (1 =)V @t — @+ g(s, a))

For a particular outer loop k, we show that N*(s, a) is Q(ftmin N B) with high probability whenever
N B is large enough. For this we use (Paulin, 2015, Theorem 3.4) similar to the proof of (Li et al.,
2020b, Lemma 8). We give the proof in Section M.6.

Lemma 7. There exists a constant C such that whenever B > T, and NB > C’J’"'X log (=4 IS”A‘ ),
with probability at least 1 — 0, we have that for every (s,a) € S x A:

N*¥(s,a) > (s, a)NB > L pimin N B
F.2 ZIBEL MDP CASE

Lemma 8. Suppose g € R? is fixed and nB < i. Then, the following hold:
1.

1
E| [T &fhal? < exp(—222)|g||? ®)

2. With probability at-least 1 — 5 we have:
E| H Al < (- 152), %),

We refer to Section L.1 for the proof.
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G BOUNDING THE VARIANCE TERM

G.1 TABULAR CASE

In the tabular case, it is clear that:

N j+1 N B .y
o(s,a), Y [ HEBLH) =331 — )N Capeh a3, a8) = (s,a) )
j=11=N j=1i=1

Now, we note that N I(s,a) depends on data in buffers [ > j and when i; < i inside buffer j.

Following the dlscussmn in (Li et al., 2021), we define the vector Varp(V}), Varp(V*) € RS*A
such that

2
Varp(Vi)(s,a) = Egp(]s,a) [sua(gb(s',a'),lblf’l) —Eyop(s,a) sug(gf)(s', a), wlf 1)] (10)
a’e a'e

2
Varp(V*)(s,a) = Eg o p(.|s,a) [sup (o(s',a"),w*) — Egup(.|s,a) SUP (qﬁ(s’,a’),w*)] (11)
a’€A a’€A

More generally, we define

2
Val’p(V>(S, a; U)) = ]ES'NP('IS,CL) |:Su134<¢(5/3 a/)a w> - IF‘s’r\zPHs,a) Sua<¢(5/7 al)7 w>:|
a’'e a’e

Similarly, we define Lk (w) by replacing w’f ! with any fixed, arbitrary w. It is easy to see that:
-k
B I (0P

Lemma 9. In the tabular setting, suppose w is a fixed vector such that (w, $(s,a)) € [0, ﬁ] Sfor
every (s,a) € S x A. Fix (s,a) € § x A. Then there exists a universal constant C' such that with
probability atleast 1 — 0, we have that:
Then,

‘ N j+1 ‘

03 [T A5 2 ()| < OViTos2/B 1+ Ve (V)5 ) + 0 LB
j=11=N

(5% a7y = (s,a)} < 2(1 +~*Varp(V)(s, a;w)) (12)

G.2 ZIBEL MDP CASE

We will use an appropriate exponential super-martingale to bound the error term in the ZIBEL MDP
case just like in the proof of (Jain et al., 2021b, Lemma 27). The following thereom summarizes the
result and we refer to Section L.3 for its proof.

Theorem 4. Suppose x,w € R? are fixed. Then, there exists a universal constant C' such that with
probability at least 1 — 0, we have:

N j+1
(@, [ BV BL" (w ‘ < Cllzfl (1 + [lwl[g) v/nlog(2/6) . (13)

j=1I1=N

By a direct application of (Vershynin, 2018, Theorem 8.1.6), we derive the following corollary. We
remind the reader that C'p is the covering number defined in Definition 3.

Corollary 1. Suppose x,w € R are fixed. Then, there exists a universal constant C such that with
probability at least 1 — §, we have:

N j+1

S LA <00+l [car i3]

Jj=11l=N
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In order to apply the theorem above, we will need to control ||w3}‘lc o1 ¢ uniformly for all k. The
following lemma presents such a bound and we refer to Section L.4 for the proof.

Lemma 10. Suppose w’f’l are the iterates of Q-Rex with coupled data from a ZIBEL MDP.

There exist universal constants C,C1,Co such that whenever NB > 01% log (%) n <

(1-y?

Cs T Toa(KT8) andnB < i, with probability at-least 1 — 0, the following hold:
@

1. Foreveryl < k<K, ||1B}f1

4
I

N P c
Ellg < /55555 exp(—1NE) + G4 [Co + ylog(2E)]

H PROOF OF THEOREM 1

2. Foreveryl <k <K,

Proof. Consider the Q learning iteration:
@yt = T(@)) + &, .

Using Lemma 4, we conclude: @} T1! — w* = T(@%") — T(w*) + €, and thence:

~k+1,1 ~k,1
[y = w*lly < Al — w*llg + sup el -
I<K

Unrolling the recursion above, we conclude:

SUpi< g ||EIH¢

~K+1,1
([ 1—

—w e < Y Nlwllg +

Now, we invoke item 2 of Lemma 10 along with the constraints on N, B, K,n and Lemma 2 to
conclude the result.

O

I PROOF OF THEOREM 2

In this section we analyze the output of Q-Rex in the tabular setting and obtain convergence guar-
antees. To connect with the standard theory for tabular MDP Q-learning in (Li et al., 2021), let

us use the standard @-function notation where we assume for all &, Qlfl € RS*A and we have

that Q%'(s,a) = (@', ¢(s,a)). Since ¢(s,a) are the standard basis vectors, we must have

N’f’l = w’f’l. In the tabular setting, we see by using Lemmas 5, 6, 7, and 9 that for any § > 0,

there exists a universal constant C, whenever NB > C’% log(W)

1 — 4, for every k € [K] and every (s,a) € S x A:

, with probability at-least

Nttt =T [ ~’f’1} +é, (14)
where & € RS*A is such that for all (s, a),
- log( KIS1IA]
|@@wSCJWgU§M)0+%w@Wmﬂ@?»+J’f_j)

Mmin N B
2

]@F—TTF}

+(1-n) (15)

‘ oo

Now that we have set-up the notation, we will roughly follow the analysis methods used in (Li et al.,
2021). Since we start our algorithm with Q%’l = 0, and r; € [0, 1] almost surely, we can easily show

k1 k1 1
eTler) <

that Q% (s, a) € [0, =] for every k, s, a. Therefore, we upper bound -

» T—~

oo
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in Equation (15) to conclude that with probability at-least 1 — 4§, for every k € [K] and every
(s,a) € S x A:

Ex(s, )] < C\/nlog(KIAY 2 Varp (Vi) (s, )] + a, (16)

on ( EISIIA] oxcpy (— Memin N B
Where o, := C% +Cy/nlog (K‘%HA‘) + p( 1772 )

Now we define A, = Q'fl — Q" and 1, : § — A to be the deterministic policy given
by Q¥ ie, my(s) = arg SUPgeA Q%'(s,a) and 7* to be optimal policy given by 7*(s) :=
arg sup,c 4 Q*(s,a). We use the convention that we pick a single maximizing action using some
rule whenever there are multiple. Similarly, we let P™ to be the Markov transition kernel over
S x A given by P™((s,a), (s',a’)) = P(s'|s,a)l(a’ = m(s')). Similarly, we define P™ with
respect to the policy 7*. It is easy to show that:

T(QV') = R+~yP™ Q.

Similarly,
Q" =T(Q)=R+~P" Q"

Furthermore given any Q € RS*4, letting m¢ being the greedy policy with respect to the function )
we have that for any policy 7, it can be easily seen from the definitions that following element-wise
inequality follows:

P™Q < P™Q.

We now use Equation (14) along with the equations above to conclude:

YP™ Ap + & < Apy1 < YPTAL + & (17)

Here, the inequality is assumed to be point-wise. By properties of Markov transition kernels, we can
write:

K NE—k N
Z’YK_k <P7'r ) €k+’7K (P‘n' ) Al SAK+1

k=1
K k+1 1
<) A4F (H P’”) g,€+ny<H P’”) A, (18)
k=1 1=K 1=K
Here, we use the convention that HK+1 P7™ = I. We bound the lower bound and the upper bound
given in Equation (18) separately in order to bound || Ak 1| co-

We first consider the lower bound. Using (Azar et al., 2013, Lemma 7), we have:

2
|(I —~P™" )1 \/Narp(V¥)|| < T (19)

7)3

We also note from (Li et al., 2021, Equation 64) and basic calculations that:

v/ Varp(Vi) = V/Varp(V*) | < V/[[Varp(Vi) — Varp(V*)]
4
<\1T= 77\\Ak||oo~ (20)
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Using Equations (15) (16), we conclude that there exist universal constants C', C; such that with
probability at least 1 — § (interpreting the inequalities as element-wise):

K—k
Ay > — "Jr,y — Cy/ny2log(E ZVK k(P“) VVarp (Vi)
K—k
> 06714_‘7 -C WVQIOg(Kl‘S(;HAl)Z’yK k(P”) Varp( V*)
k=1
1 2t (KISIAL) N Kk
— OV los(T5 DR VAN
k=1
oy +7y S|lA - "
> — z_ C 7]7210g(K|6H I)(IffyP )t/ Varp(V*)
1 5 K|S||A| = K—k
= O T VP log(555) > v VA
k=1
e P o log(K1SI14)
I Sake (L—=9)?

O/ \/77721 og (XS4l Z K 1A s - @1

In the above chain, the first inequality follows from Equations (16) (18), the second inequality from
Equation (20) and the fourth inequality from Equation (19). For the upper bound consider the
following set of equations interpreting them element-wise which hold for a universal constant C' and
with probability at least 1 — 4.

kt1 1
Agy1 < Z’YK k (H Pm) &+ (H Pm) Ay

k=1 =K

oy + /
77 7 +C n,leOg Z,YK k<
k+1
LJ” C\/my2 log (X181 Kk P | Varp(V,
+Cy/1y? log (X1 Zv 11 arp(Vi)

=K

k+1

I /\

Pm> Varp(Vk)
1=K

IN

k+1

K
_ag 4t KIS|IA| Kok Kok .
—ﬁJrC 172 log (=5 );7 e [P ) Varp(i)

1=K

o 4 7K K K k+1
n K|S||A]| K—k K-k m
= +Cy/ny? log (&%) ;7 17 (HP’> Varp (Vi)

k= 1=K

IN

an—i—WK
11—~

IN

+C

g
i

o K ket 1
T log(Kl‘f;”A‘) ZWK#“ (H P’”) Varp (V)

« k+1 ~E/2
<ot c\/f”y SCCEINED SRR (H P’”) Varp (Vi) + 75 -
- - k=K/2+1 =

(22)

In the above chain, the first inequality follows from Equation (18), the second inequality follows
from Equation (16), the third inequality follows from Jensen’s inequality and noting that P™ is a
Markov operator, the fourth inequality via Cauchy-Schwartz and the last inequality by noting that
that [|Varp (Vi) lloo < 1/(1— 7).
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It can now be verified that (Li et al., 2021, Lemma 5) applies in our setting to conclude that:

K k+1 4
K-k T
P ) Varp(V) < o (142 Ao ) -
2. (H ) ol k)72(1—7)2< 2 e i 19 )

k=K/24+1 1=K

Using the equation above, along with Equations (22) and (21), we conclude there exists a universal
constant C' such that with probability at least 1 — §, we have:

K/2

(23)

oy + 7K 7 K|S|| Al Y
A o < C 1 1 Aklloo
S \/(17)3 og(ZF ) 1+ max (1Al + a9

We note that this works with every K replaced with [ for any [ < K, importantly under the
same event (with probability at least 1 — J) described above for which Equation (23) holds. De-
fine L = 45 for some s = [log,(1 + C'log(12))]. Under the conditions of the Theorem, i.e,

2
K > Cogtsy (log(ﬁ)) , we have % < 1. Therefore we conclude from the discussion above
that for every K > [ > L, we must have:

a, + " 1 K|S||A
Al < 24— 1 1 Akllso
Al < 1=~ +C\/(1_7)3 og(=5 )\/ +z/2inla§}i-§l” el
o+~ log ( KISIAI log (KISIAL
<ot o [1os(CTET) o fros(TE ) T e
1—~ (1—7) (1—7) 1/24+1<k<I

To analyze this recursion, we have the following lemma which establishes hyper-contractivity,
whose proof we defer to Section M.8.

Lemma 11. Suppose o, 3 > 0. Consider the function f : Rt — RT given by f(u) = a + B+/u.
2
Then, f has the unique fixed point: u* := (B+ ~§2Ha> . Fort € N, denoting ") to be the t fold

composition of f with itself, we have for any u € Rt :

1 1
1O =] < BT — w2

Now consider for0 < a < s,
Ua = SUD A1 oo

55—a SISK

"’ 7]log(KISIIA\) nlog(K‘SHAl)
In lemma 11, define f with o = % +C ﬁ and 3 = C W. The

fixed point u* is such that:

nlog(K‘Sé“A‘)

-7 14

ut < C (25)

Clearly, by Equation (24), we have: u, < f(uq—1) and [|[Ag11]] < f(us—1). By monotonicity of
f () and the fact that ug < ﬁ (Lemma 1):

oo < SV (o) < £ ()

Therefore,
1Ak +1lloe < flus—1) < f& <ﬁ>
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Applying Lemma 11, we conclude:

1
1Ak lloo < u* + B 35T) | L _yyr|20 (26)

Note that under the constraints on the parameter n and K as stated in the Theorem, we must have

1
2¢ < (. Using this in Equation 26

* < 1 : . 1 ¥
U < Gy By our choice of s, we must have: |(17"/) U

and the fact that 3 (2-z51) < B+ 2, we conclude that with probability at-least 1 — 4, we must
have:

nlog(K‘S”Al) ay +~L

A <C
H K+1|| = (1_ ) 1_,7

+

This proves the first part of the theorem. For the second part, we directly substitute the values
provided to verify that we indeed obtain € error.

J PROOF OF THEOREM 3

We will now show uniform convergence type result under Assumption 5. For (s,a) € S x A and
s € supp(P(-|s,a)). We define the random variables for all &:

(s'ls, a) *VZZ (1-n ~"’ Sa)]l( =55 =5 a7 =a)

j=11:=1

N B
Pu(s'ls,a) =) (1= OO P(s/]s, a) 151 = 5.6} = a).

j=11i=1
Lemma 12. Suppose Assumption 5 holds. Then, with probability at-least 1 — 8, we must have for
any fixed (s,a):

Z |Pe(s']s,a) — Pp(s'|s, a)| < Cy/ndlog(4/8) + Cndlog(4/6)

s’ €supp(P(-|s,a))
We refer to Section L.5 for the proof. We now proceed with the proof of Theorem 3. Recall the
noiseless iteration w"* defined in the discussion following the statement of Lemma 4. We define
Dy, := w(lf 0 _ k. Observe that we cannot apply Lemma 9 as in the proof of Theorem 2 where

k0 . . . k,0
we used w = wy’ in order to bound ||ex| . This is because of data re-use which causes wy” to

depend on the ‘variance’ term.

However note that * is a deterministic sequence and we can apply Lemma 9 and then use the fact

that @ ~ wo % to show a similar concentration inequality. To this end, we prove the following
lemma:

Lemma 13. [n the tabular setting, we have almost surely:

N j+1 N j+1
’< SCL ZHHlek] ZHHlekj >‘

j=11=N j=11=N

<qlw—vls D |Bu(sls,a) = Pu(s|s, a)| 27)

s'€supp(P(-|s,a))

The proof follows from elementary arguments via. the mean value theorem and triangle inequality.
We refer to Section M.7 for the proof. We are now ready to give the proof of Theorem 3.

Proof of Theorem 3. We proceed with a similar setup as the proof of Theorem 2. Notice that due to
data reuse, the noise €, in outer loop k is given by €; (w’fl)

P =T ra@h.
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We also define the noiseless Q iteration such that Q1" = Q1! and Q¥ ™' = T(Q%1). Let A, :=
Qk,l - Qk,l
1 1

Now, by Lemma 5, we can write down

- ~ ~ N j+1
(@) (s.a) = 1 =N QP — QP + (9(s,a), Y [ HUBLM(@QYY))
j=11=N
N ]+1 ~ J~ . ~ ~
= 0= 0@ Q) Hots ), - TT A (2@ - V(@)
j=11l=N
N j+1 o
Z 1 &2 @) (28)
j=11=N

We bound each of the terms above separately. By union bound, the following statements all hold
simulataneously with probability at-least 1 — §. By Theorem 7, whenever N B > C'-T=ix log( ‘SHA)

s
Hmin

we must have N M (s,a) 2 f=in NB. A simple observation using recursion shows that

(s, a),Q% (s,a) € [0 ] Usmg Lemmas 12 and 13 we conclude that we must have:

71—

N j+1
il 1 1 k1
sup (s,a) LY ( L' QY ‘
(s,a)GSx.A’ ;ll_][\] LB ( ) ( ))>
<C||Ak||oo{ ndlog(lslAl)+77dlog(5”“4)] (29)

Now observe that Qlfl is a deterministic sequence. Therefore, using Lemma 9 uniformly for every
k< K and (s,a) € S x A:

nlog( \SH?IK)

1=~
(30)

N
‘<¢<s,a>72 11 ﬁi@éld(@’f’l»‘ < C/n1og (B (1 4 Varp (Vi) (s, 0)) + C
j=11=N

Where, Varp(Vy) := Varp(V)(s, a; QF1).

We now combine all the above with Equation (28) to show that with probability at least (1 — §), we
must have uniformly for every k£ < K and (s,a) € S x A:

_ o~ 1 _ _ - .
@) 0] < 12 exp (~ N2 ) 4 A |yfadtog () + natog(144) |

nlog( ISHAIK)

+C\/nlog(w)(l—I-Varp(Vk)(S,a))+C 1

(€29)
We will now present a crude bound on || Ay ||+ to reduce the analysis of Q-RexDaRe to the analysis
of Q-Rex.

Claim 1. Whenever n < C4 W, with probability at-least 1 — d, we must have for every

k < K uniformly:

ex ( 77MmmNB
\5|\A|K
(1 ,Y +O\/( log 5 )

Applying this directly to Equation (31), we conclude that with probability at least (1 — 0), we must
have uniformly for every k < K and (s,a) € S x A:

1Aklloe < C—pr=57—
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S|AIK
[E1(Q) (s, a)] < { 07) exp @M) Cnlo(gl( )l ) Vi
+ C\/n log (SIAEY (1 4 Varp(V3) (s, a)) + Cnlogl( jlle) (32)
Proof of Claim 1. First note that T is « contractive under the sup norm. Therefore,
IBseill =T - Tk + &
<[t - Teoth| -+
<Akl + [l ) (33)

In Equation (31), note that Varp (V4 ) (s, a) < ﬁ Therefore, under the conditions of this Claim,

we can take C; small enough so that uniformly for every (s, a) and k& < K with probability at-least
(1 —9), Equation (31) becomes:

NB
o exp —““f -
e (@)oo < (1_7 ) + 1| A%k] oo < ) +C\/(1 ; log (BIAK )

Combining the display above and the fact that €, = El(Q’f ’1) in Equation (33), we conclude that
with probability at-least 1 — J, for every k£ < K uniformly:

1 + 14+ exp( Nmin NB

A 2
[Akt1lloe £ ——1Ak|ls ) +C\/ log ISH?\K) (34)

1—y

Unrolling the recursion above and using the fact that | A; || = 0, we conclude the statement of the
claim.

O

We also note that the deterministic iterations Q’fl converges exponentially in sup norm to Q* due
to -y contractivity of 7. That is:

’)’k

(1—=7)
We are now ready to connect up with the proof of Theorem 2 with minor modifications. We follow
the same analysis as the proof of Theorem 2 but with Varp(V};) replaced with Varp (V). Similar

to the proof of Theorem 2, we can control Var p(V},) with respect to Varp(V*) and ||Q%! — Q*| s
along with Equation (35). We also replace «,, with

QY — Q"o < (35)

(\SIIA\K)

fci
-

o= ¢ mtmmNB 7710g(|5\|¢4\ )
a, '_(l—v)eXp( )+C A

Therefore, we conclude a version of Equation (23):

K/2

dr
+7% 7 K|S A 0
A R I 1
[Akt1]loo < 1 S +C\/(1 E og (=54 1+ (36)

(1-7)

Where Ay, 1= Qlf’l —@*. Using the bounds on the parameters given in the statement of the Theorem,
we conclude the result.

O
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K MINIMAX LOWERBOUNDS FOR TABULAR MDPS

Suppose © denotes the class of all tuples (M, ) where M is a tabular MDP and 7 is an exploratory
policy such that under the policy 7, the MDP achieves a stationary distribution p with minimum
probability at-least iy (see section 2.1). The rewards are almost surely in the set [0,1]. We
receive the stationary sequence (s;,a¢, r;)7_; from MDP M under policy 7, which we denote as
(8¢ at, 7)1 ~ (M, ). Let F be the class of all estimators f which estimate Q* for the MDP M
with f((s¢, az, rt)thl) We write the minimax risk as:

L(O,T) = %fo(ﬁﬁﬁ’e@]E(St*“t”‘t> ol (s, a8, ) [21) — Qoo

Theorem 5. There exists a constant C such that, for every pimin € (0,1/4), v € (0,1/2) and

T > C—2L— we must have:
Hmin (1—7)
L, T)>C 1
T T(1 —7)3pimin
Therefore, we need T' > T 1(177)3 in order to achieve € error for the Q values.

Proof. We will use Le-Cam’s two point method to prove the result. Consider a class of MDPs
denoted by MDP(q, p) (p, ¢ € [0, 1]) with state space S = {0, 1}, only one possible action, reward
function R : S — R, R(s) = s, and discount factor v € [0,1). The transition probability for the
MDP is given by P(0/0) = 1 — ¢, P(1]0) = ¢, P(0|]1) = pand P(1|]1) =1 —

Under these conditions, the stationary distribution is given by u(0) = 5 +q and u(l) =5 +q and the
value function can be written as

1
V 1) = ’
W=1= V(1 =p) = yph(q)
h
V(0) = (9)
1—~(1—p) —ph(q)
where h(q) := —24—. Since there is only one action in each state, the value function coincides

. 1—y(1—q)

with the Q function.
For showing the lower bound, consider two MDPs with parameters (p1,¢) and (ps, ¢) with ¢ <
min{py, p2} and p1, p2 < 0.5. The stationary trajectories of length 7" under the two MDPs, denoted
i)

by the random variables X l(:T for ¢ = 1, 2, satisfies

2q(p1 — p2)? 2q(p1 — p2)?
(p1 +q)(p2 +¢)?In2 (p2+q)p1In2”’

using KL(Ber(a)||Ber(b)) < 200"y henever b <1/2.

bln2
Observe that me)n = u®(1) = 5oirg and ufm)n = uM(1) = o

KL(X 21X () <

divergence bound above, we conclude that KL(X 1:THX @) ) 3 1f we set Now let p; = 1572,

> p(erQ)

p2 — p1 = ¢, /=24y for small enough constant ¢ and 7' . (notice that the equation gives

min

p2 < 0.5 when T satisfies the condition above and p; < 0.25). By Pinsker’s inequality, we must
have TV(X(2) X(l)) <i

1:7»

Elementary calculations show that |V (1) =V *)(1)| > ‘(pll ffl a Cy) /T i since g < p1 =

1—
=5~ . Therefore:

v vy > ——mm
VW - VO 2,

l'l/mln

28



Published as a conference paper at ICLR 2022

1 1
‘1—7(1—96)—7%((1) o 1—7(1—y)—vyh(q)‘ for 2,y € (0,1). Let

IP; be the distribution of X 1(1%, and let the distribution be parameterised by 6(P;) = V() (1) for
i =1,2. Let 0 be any estimator based on the observations. By (Wainwright, 2019c, Chapter 15),

Consider the semi-metric p(x,y) =

: 5 1 2) (1)
min max [E [G—HP } >C, | ———— 1-Tv(x! , Xy
in g, Ep [0-0P)] 2 0 [ (1= TV X))
1
>G4 —(1) (37)
— for less than € error, 1" has to be at-least ﬁ(l)
n’un ’Y
q= %, T2z W, we can ensure that p’fni)n = 2/min and ufm)n > min, Which ensures

that MDP(p1, q) and MDP(ps, q) are both elements of ©. Therefore, the two point risk in the LHS
of Equation (37) lower bounds £(0O,T'), which allows us to conclude the result by substituting

i = i .
L PROOFS OF CONCENTRATION INEQUALITIES

L.1 PROOF OF LEMMA 8

First, we leverage the techniques established in (Jain et al., 2021b, Lemma 28) to show Lemma 14.
The proof follows by a simple re-writing of the proof of the aforementioned lemma which uses a

linear approximation (in 1) to H k’J . We omit the proof for the sake of clarity.

Lemma 14. Suppose nB < 5. Then, the following PSD inequalities hold almost surely:

(g B\ N~ g (500
= (HL’B) Hyp 2 I-2n (1_ 1172773)2‘151" (@)
1=1
(38)

M @
-
T
<.
—~
©-
ST
o
~—

B
=29 (1+ ; "an)

&
Il
-

Proof of Lemma 8. We begin by proving the first part. Using Assumption 1 and the fact that the
decoupled trajectory (5, a); is assumed to be mixed at the start of every buffer, we begin by first
noting from Lemma 14 that:

0 =X E(H )T H Y = 1 — nBE (g aympud(s, a)((s,a)T < (1 - 12)7. (39)
Now, observe that:
N—
K, k, k, k,
|| HH Lol = H ()" ey iy | I At (40)
j=1 j=N-1

Now note that A 1 ”B is independent of A/ 1 ”B for j < N — 1. Therefore, taking conditional expecta-
tion conditioned on H; k’j for j < N — 1 in Equation (40) and using Equation (39), we conclude:
1

ki
Ef H gl < 0= 2E[ [T &l

j=N-1

Applying the equation above 1nduct1vely, we conclude the result.

We now prove Part 2. We apply Markov’s inequality to Part 1 along with Lemma 2 to show that
with probability at least 1 — §:
NB) /% lglls

_nNB
| H H gl < |l H Hygll < (f)llgll < exp(—
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L.2 PROOF OF LEMMA 9

Proof. We intend to apply Freedman’s inequality (Freedman, 1975) like in (Li et al., 2021, Theorem
4), but in an asynchronous fashion and with Markovian data. Here, reverse experience replay endows
our problem with the right filtration structure. Using Equation (9), we can write

N j+1

a), > [T HUBLH (w ZZXf’j (1)
=1

j=11=N j=1

»

of sigma algebras F, 7 = o((5 s akly : (1> jandm € [B])or (I = jandm < z)) - that is,

it is the sigma algebra of all states and rewards which appeared before and including ( ,af’j )

inside the buffer j and all the states in buffers [ > j. Notice that N kg (s,a) is measurable with
respect to the sigma algebra ]-"i . Using the fact that the buffers are independent, we conclude that:

E {X{“ﬂfﬁj] = 0and

Where X7 .= (1 — 7]) Y(sa)g i ((~iC Jakay = (s, a)). This allows us to define the sequence

E [IXFIF] < 2 (14 92Varp(V)(s.a50)] 1(EF, @) = (5,)) (1= )2V,

K3 [

It is also clear from our assumptions that |Xf k| < % almost surely. Consider the almost sure

1
inequality for the sum of conditional variances:

N B
=3 D E[IXIPIE]

j=1i=1

K B v
<2 [1 +~v*Varp(V)(s, a;w) ZZH J’” ~’W (57(1))(1 _n)2Nf’J(Saa)

j=11:i=1
N*(s,a)—1 2
1 V \% ;
=9 [1 + ’YZVarP(V)(S, a,U)):I (1 _ 77)2t S 92 ( + Y arP( )(S,(MU})) (42)
Ui
t=0
We now apply (Li et al, 2021, Equation (144),Theorem 4) with R = ﬁ and 0? =
2 <1+A’2V3rP£]V)(S’a;w)) to conclude the result. O

L.3 PROOF OF THEOREM 4

Proof. For the sake of convenience, in this proof we will take 0 := 4(1 + [|w||3). Suppose A € R.
For 1 < m < N consider:

N-mt1 N-mt1 T N i+l o
s (n Tt (T #t) <)ol > (T84 00)

=N =N j=N—m+1 \I=N

Xo = [|lz[[*n)\*0”

Here we use the convention that [ 7", T H f é = I whenever j +1 > N. We claim that the sequence

exp(X,,) forms a super martingale under an appropriate filtration. In this proof only, consider the
sigma algebra F,,, to be the sigma algebra of all the state action reward tuples in buffers V,..., N —
m + 1 and let F be the trivial sigma algebra. Notice that exp(X,,) is F,,, measurable.

Lemma 15. Fix N > m > 1. Suppose Y € R< is a F,,_1 measurable random vector. Then,

T
E|:6Xp( )\2 2< HkN m+1 (HkN m+1) >_~_)\< LkN m+1( )>)‘]:m1:| < exp (n/\20_2||YH2)
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- T
In particular, taking Y = ( f\;}mﬂ H f é) x , we conclude that exp(X,,) is a super martingale

with respect to the filtration JF,,

Proof of Lemma 15. In the proof of this lemma, we will drop the superscripts k, m for the sake of
convenience and due to conditioning on F,,,_1, we will treat Y as a constant. Now we define the
natural filtration on the buffer under consideration (G;)2 ; where G; is the sigma algebra of the all
state-action tuples from (s1,a1), ..., (S, a;) and rewards (rp)1<p<;.

Note that by the definition of L(w), we write: L(w) = Zf;l né;(w)Hy ;_1¢;. With this in mind,
for h € [B] define Ly, (w) = Zle né;(w)Hq ;—1¢;. Now, L(w) = nég(w)H1,p-1¢5 + Lp_1(w)

- . _ - - T

Now, notice that the random variables (Y, Lp_1),(Y, H1 p_1¢p) and (Y, Hfgn (Hf]gn) Y) are
Gp measureable. Furthermore, we must have: E [é5(w)|Gp] = 0 and [ép(w)| < 2(1 + |lw[|g) <
V/20. Therefore, applying conditional Hoeffding’s lemma, we have:

T

B [exp (1?0, B (1) V) + MY, L)

o]

= exp (77/\2g2<y’ ﬁLB (f[l,B)T Y) + A(Y, I~,B_1(w)>> E [exp </\77€B(w)<Y, ﬁ1,3_1<£3>>

o)

- - T ~ ~ ~
<exp (77)\202@/, Hyp (HI,B) Y) 4+ A(Y, LBl(w)>> exp ()\277202|<Y7 H1,371¢B>|2)
43)

In the third step we have used the conditional version of Hoeffding’s lemma. Now, consider Z :=
(Hy p-1)"Y. Clearly,

. N - - AT f T

(Y, H 5 (HLB) YY)+ nl(Y, Hip—168)> = ZTHE s HppZ + 12 ¢p(ds) 2
=Z" \I—ndp(d5)" + losll>n*ds(d5)" | Z
<|1Z|I?

Here we have used the fact that 7 < 1 and ||¢|| < 1. Using the bounds above in Equation (43), we
conclude:

E {exp (77)\2020/, Hyp (HLB)T Y) + (Y, LB(W)>>

QB}
- - T ~
< exp (nA%2<K g (Aupr) Y)Y, LB_l(w>>) (44)

Using Equation (44) recursively, we conclude the first statement of the lemma. The last part of the
lemma follows easily from the definition of X,,. O

By Lemma 15, we conclude that exp(X,,) is a super martingale with respect to the filtration F,,,.
Therefore, we must have:

Eexp(Xy) < exp(Xo) = exp(n[|lz[|*A*0?) .

It is also clear that Xy > /\<:E7 Z;V:N_mﬂ (Hfii[ Hf]lg) Lk (w)> Applying Chernoff bound

with we conclude that the concentration inequality in Equation (13). We can then directly apply
(Vershynin, 2018, Theorem 8.1.6) to Equation (13) in order to obtain uniform concentration bounds.

O
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L.4 PROOF OF LEMMA 10

Proof of Lemma 10. By definition of ¢, we have: wk+1 1= T(zblf’l) + €. Therefore, for any
(s,a) € S x A, we must have:

<¢(S7a) w]f+1 1> R(S Cl) + rY]Es '~P(:|s,a) bup <¢(5lﬁ a ) wlf 1> + <¢)(57 CL), gk> .

Using the fact that R(s, a) € [0, 1], we conclude:

||~k+11 |~k:1

< Tl lle + léxlle (45)

By independence of outer-loops for the coupled data, we note that wlf’l is independent of the data

~k,1
in buffer k. Therefore we can apply Theorem 4 (and resp. Lemma 8) conditionally with w = wy’

(and resp. g = wk ! _ w*), the bias variance decomposition given in Lemma 5 and the bound on

lw*]|4 in Lemma 4 to conclude that with probability at-least 1 — 6, for every k < K:

~ Kk NB ~k,1 1
lérlle <4/ = exp(=2=)(lwy s + 5—=)
4 5 LTIy

O+ [ ) v [cqp N 1og<2§<>] (46)

We now choose constants C; and Cs in the statement of the Lemma such that Equation 46 implies:

1- il
WN¢<‘4*H o +1

Using the equation above in Equation (45), we conclude:

-

lo <2+

LE gk
2 wy ¢ -

Unrolling the recursion above and noting w} "1 = 0, we conclude that with probability at-least 1 — 6,
we must have [|@}"! lo < for every k < K. The bound in item 2 follows by using item 1,

Equation (46) and the fact that wl Lis independent of the data in buffer k£ due to our coupling. [
L.5 PROOF OF LEMMA 12

Proof. For the sake of convenience, we will take d = [supp(P(-|s,a))| and index supp(P(:|s,a))
by [d]. Consider Y € {—1, 1}9. We consider the class of random variables indexed by elements of

{~1,1}4:
A(Y;s,a) ZY {Pk (s'|s,a) — P(s'|s, a)

The proof proceeds in a similar way to the proof of Lemma 9 via the Freedman inequality. To brlng

out the similarities we define similar notation. Consider the sequence of sigma algebras ]-" 7 for
i € [B] and j € [K] as defined in the proof of Lemma 9. We now define

X;w(y) — (1_77)va-7’($,‘1) ZYS, ( ~f+]1 _ 8/75573 _ sﬂf’j =aq)— P(sl|s,a)]l<§;€,] — s, dk’]
We note that E {Xf d (Y)|.7-"f o ] = 0 and |Xlk J(Y)| < 2 almost surely and a simple calculation
reveals that: E “XfJ(Y)\Q\Ff]} <(1- n)QNf’j]l(§f’j =50 = a)

It is also clear that: A(Y;s,a) = 772?:1 Zfil Xf’j (Y). Apply Freedman’s concentration in-
equality, we conclude for any fixed Y € {—1,1}% and (s,a) € S x A,

P(A(Y;s,a)] > Cy/nlog(2/6) +nlog(2/6)) < 6
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Applying a union bound over all Y € —1, 1¢, we conclude:
P( sup |A(Y;s,a)| > Cy/ndlog(4/8) +ndlog(4/5)) < 6§
ye{-1,1}d
We complete the proof by noting that
sup  |A(Y;s,a)| = > |Pe(s|s,a) — Pyp(s'|s, a)|

Ye{-1,1}d s’ €supp(P(+|s,a))

M TECHNICAL LEMMAS

M.1 COUPLING LEMMA

We first introduce some useful notation: Let D* (resp. D¥7) be the tuple of random variables

(Sk’yj ak7j r 7])?4‘1 (resp ( k] akj ~k, j)ZBJ,il)

7 2% vl Pt 1
Lemma 16. Suppose

(47)

) in the general setting

w> C'Trnix 1og(%) in the tabular setting
C'Tmix log (=2~ o

Then, we can define the sequences (s, at, ) and (5¢, 4y, T) on a common probability space such
that:

1. The tuples D*J and D*J have the same distribution for every (k, 7).
2. The sequence Dk fork < N,j < Kisiid.
3. Equation (4) holds
Proof. The proof of this lemma for the tabular case is a rewriting of the the proofs of Lemmas 1,2,3

in (Bresler et al., 2020). For the general state space case, we apply appropriate modifications as
pioneered in (Goldstein, 1979). O]

M.2 PROOF OF LEMMA 2

Proof. The first part follows from the definitions. For the second part, note that: ||z|| > ||z|/4
follows from Cauchy-Schwarz inequality and Assumption 1. For the reverse inequality we use
Assumption 4 to show that:

[ES

||$||3) 2 E(s,a)~u<¢(sa a)7x>2 Z K
M.3 PROOF OF LEMMA 3

Proof. Existence is guaranteed by Definition (2) and uniqueness follows from the assumption that
span(®) = RY. O

M.4 PROOF OF LEMMA 4

Proof. Suppose w, Wy € R? are arbitrary. Let wy = T (wg) and @, = T (). For any ¢(s, a), we
have:

‘<¢(53 (1)711/1 - U~)1>| = ’7|]ES'NP(~|S,a) su};\(qS(s', a,)aw0> - IES’NF’(~|S,¢1) Sua(gﬁ(s/,a/),zboﬂ (48)
a’e a’'e
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By Assumption 2, for every fixed s’ there exist a,, .. (s), @, (s") such that

? 'max

Su€)4<¢(8 ) @ (3 ))7 w0> = <¢(8/7 a’inax(s ))7 w0> and Suli)4<¢(3l7 a’), w0> = <¢(S/7 dinax(sl)), u~}0>'
a’e a’e
Therefore for any s’ it holds that,

<¢<5 ’amax) wo — 1I}0> < sup <¢(S/7 a/)’ w0> — Sup <¢(S/v a/)a 71]0) < <¢(8/7 ainax)? Wo — w0>
a’€A a’€eA

(o(s',a"), wo) — S}é&@(s/,a'),woﬂ < [Jwo — o[ -

a’€A

Combining this with Equation (48), we conclude the ~y-contractivity of 7. By contraction map-
ping theorem, 7 has a unique fixed point we conclude that it is w* by considering Q(s,a) :=
(w*, (s, a)) and showing that it satisfies the bellman optimality condition in Equation (2). For the
norm inequality, we note that since R(s,a) € [0, 1] by assumption and w* = T (w*), we have:
Ho(s,a), w )| < 1+ y|w*|e. w*|| < ﬁ The second norm equality follows from
Lemma 2. [

M.5 PROOF OF LEMMA 5

Proof. We write the iteration in the outer-loop k as:

atf, = [1 -] b gty [ sup (0t 006y

a’€A

Using the fact that (@*+1*, ™7 = RFJ T VB p(jstd aky SUWParea(@(s, a’), "), and recall-
ing the notation in (5),(6), we write: -

~k,j ~k+1,x Tk kg T ~k,j k+1, J kg
@) — 0 = [1 =g [BMT] (@ — wt) 4 gtk

Therefore, . o
wiﬂ,]-i-l _pktl = le ( k.j _ k+1,*) + Lkd
Unfurling further, and using the fact that w ~k N ’lZ)lerl’l, we conclude the statement of the
lemma.
O
M.6 PROOF OF LEMMA 7
We let N¥i(s,a) := ZlB L1((80,a87) = (s,a)). We want to show that the quantity

Z;-V:l N*J(s,a) concentrates around its expectation. Note that EN*(s,a) = Bu(s,a) and that

Nk (s a) are i.i.d. for j € [N]. From the proof of (Paulin, 2015, Theorem 3.4) and the fact that
Yos > 37— L we conclude:

N
Eexp()\(z N*¥J(s,a) — Bu(s,a) HEexp (N*9(s,a) — Bu(s,a)))

8N (B + 2Tmix) 11(8, @) Trmix A2
< 4
=P ( 1 — 20\ Timix “9)
Following the Chernoff bound in the proof of (Paulin, 2015, Theorem 3.4), we conclude:
~ b t2
P(|N"(s,a) — NBu(s, >1) <2 - 50
(IN%(s,a) #(s;a)l ) exp ( 167mix (B + 27mix) K 11(s, a) + 40t7‘mix> (50)
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Taking ¢t = £ N Bpu(s, a), whenever B > Tpix (by assumption), we must have:

Tmix

S 1
P (Nk(s,a) < 2NBM(S,a)) < 2exp <_CM)

for some constant C. Further, via a union bound over all state action pairs (s, a), we conclude the
statement of the lemma.

M.7 PROOF OF LEMMA 13

We first prove a simple consequence of multivariate calculus.

Lemma 17. Let f : R™ — R be defined by f(x) = sup, ;. Then, for every x,y € R™, there exists
¢ € R such that ||¢||y = 1, ¢; > 0 and:

f@) = fly) =(¢x—y)

Proof. We consider the log-sum-exp function. Given L € R, define fr(z) :=
+log (37, exp(Lx;)). An elementary calculation shows that:

log(n)
L

+supx; > fr(x) > sup ;
Therefore, for any fixed z,
i f1(x) = f(x).

—00

Now, Vfr(z) = (p1,...,pn) Where p; = % Clearly, (Vfr(x),e;) > 0 and

||V fL(z)|l1 = 1. By the mean value theorem there exists 3, such that:

fo(@) = f(y) =(VfL(Br),z —y) . (51

Now, the simplex in R™ (denoted by A,) is compact. Therefore, there exists a sub-sequence
L; — oo such that limy oo Vfr, (Br,) = ¢ € A,. Taking limit along the sub-sequence Ly,
in Equation (51), we conclude the result. O

Proof of Lemma 13. In the tabular setting, we have the following expression using Equation (41):

K B )
LES 2‘77’}’2 Z(l _ n)l\?f"?(s,a)]l [(gfvj’ dfaj) = (37 a)] [gf:j (w) — €§’j(7})} ’ (52)

j=11i=1
Where

€f](w) = {wp (w, ¢>( §0,d) —E, 1P (|55 a8 ) SUP ((é(s’,a’),w}]
a’eA a’'€eA

Now, by an application of Lemma 17, we show that for some 7(+|s’, w,v) € A(A), depending only
on (', w,v), we have:

sup (w, ¢(s', '), w) — sup (w, ¢(s',a’),0) = > ((d|s',w,0)(d(s",a'),w —v)

a’'€A a’'€A a'eA

Now, using the definition of P, (:|s, a) and P(-|s, a) in the discussion preceding Lemma 12, we can
simplify Equation (52) to:

LHS. = 7‘ Z (Pk(‘s/"sv CL) - Pk(3/|57a)) C(a/|5/a w,v)(qﬁ(s’, CL/), w— U> (53)
s'€supp(P(:|s,a))
a’ €A

We conclude the statement of the lemma by an application of the Holder inequality. [
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M.8 PROOF OF LEMMA 11

Proof. We solve for f(u*) = u* to obtain the relation: v* = «a + 5+/u*, which after discarding the
2

negative solution for v/u* yields the unique solution: v* = ( GARVAC V§2+4a) . To prove the second

part, consider for arbitrary x,y € R, the following hyper-contractivity:

[f () = f()l = BlVz — vyl
< BVl -yl (54)

The second step follows from the fact that |\/a — v/b| < /|a — b|. Since u* = f(u*), we apply the
inequality above:

1O =] = 179w = 1O )
< By1F D w) = FD () (59

We then conclude the result by induction. O
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