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ABSTRACT

This paper proposes TransFusion, a novel framework for training attention-based
neural networks to extract useful features for downstream classification tasks.
TransFusion leverages the fusion-like behavior of the self-attention mechanism,
where samples from the same cluster have higher attention scores and gradually
converge. In the pursuit of deriving meaningful features, TransFusion adopts a
strategy of training with affinity matrices, effectively capturing the resemblances
among samples within the same class. In the context of classification-related tasks
with limited understanding of the Attention layer’s functionality, we offer theoret-
ical insights into the actual behavior of each layer. Our main result demonstrates
TransFusion’s effectiveness at fusing data points within the same cluster, while
simultaneously ensuring careful management of noise levels. Furthermore, exper-
imental results indicate that TransFusion successfully extracts features that isolate
clusters from complex real-world data, leading to improved classification accuracy
in downstream tasks.

1 INTRODUCTION

Contrastive Learning (CL) has recently garnered significant attention due to its effectiveness in
training feature extraction models without the need for labeled data. Along this trajectory, several
renowned models have been introduced, including SimCLRChen et al. (2020), Contrastive Multi-
view Coding (CMC) Tian et al. (2020a), VICRegBardes et al. (2021), BarLowTwinsZbontar et al.
(2021), and Wu et al. (2018); Henaff (2020). These approaches typically share a common frame-
work: during training, the objective is to minimize the distance between augmented versions of
images from the same source while simultaneously maximizing the distance between images from
different sources. Following the training phase, the model is commonly combined with a feed-
forward neural (FFN) decoder to fine-tune its performance using labeled data. Empirical evidence
demonstrates that these models can achieve performance levels comparable to fully-supervised mod-
els, even when trained with a relatively limited amount of labels (approximately 10%) on moderate
to large datasets Jaiswal et al. (2020). Amidst the recent surge in follow-up research, the research
community has predominantly focused on two critical aspects: 1) determining the optimal augmen-
tation strategy Wang & Qi (2022); Saunshi et al. (2022); Tian et al. (2020b); Xiao et al. (2020);
Wang et al. (2022) and 2) identifying the most effective loss function Yeh et al. (2022); Yang et al.
(2022a;b); Zhu et al. (2022); Cui et al. (2021).

To address these key questions, we introduce a novel framework TransFusion that allows a more an-
alytic and predictable embedding learning process. Specifically, we architect a fusion model seam-
lessly harnessed by the self-attention mechanism, which assigns higher attention scores to samples
belonging to the same cluster. After the self-attention operation, a weighted-sum operation further
fuses samples from the same cluster, bringing them closer in the embedding space (see example in
Table 1). Our research delves into the limitations inherent in the widely acclaimed loss function,
InfoNCE Oord et al. (2018), and offers a symmetric yet computationally stable alternative founded
on Jensen-Shannon Divergence Lin (1991). This new loss function not only mitigates the instability
issues associated with InfoNCE but also accommodates the inclusion of more than two images from
the same class within each batch. Furthermore, we establish a theoretical upper boundary on the
augmentation required for achieving successful fusion in the learning process. This achievement is
made possible by the unique and insightful architecture of TransFusion’s trainable fusion process,
which enables a layer-wise fusion of embeddings, facilitating a more flexible and adaptable learning
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Input Layer 1 Layer 2 Layer 3 Layer 4

Table 1: Demonstration ofTransFusion's layer by layer fusion effect, leading to the emergence
of notably denser and distinct clusters corresponding to individual classes. The embeddings are
retrieved from a 5-layerTransFusionmodel on FashionMNIST, and plotted using T-SNE visualiza-
tion.

journey. Compared to other CL models, whose theoretical aspects in the context of classi�cation
tasks remain largely unknown, our theoretical results show the insights that each layer excels at
effectively fusing data points within the same cluster, while simultaneously ensuring careful man-
agement of noise levels.

To leverage the fusion-like behavior exhibited by the Attention layer,TransFusionutilizes a series
of modi�ed attention layers, where the traditional softmax function is replaced with an element-wise
ReLU function. The model takes a group of samples as input and generates a matrix of attention
scores as the �nal output. Subsequently, we provide the model with a target af�nity matrix that
indicates whether each pair of images belongs to the same or different class. By minimizing the
Jensen-Shannon Divergencebetween the model's output and the target af�nity matrix, each layer of
the model progressively fuses the input to produce embeddings that are denser but distinct across
different classes.

This design offers several noteworthy advantages, with its predictability standing out as the foremost
bene�t. To validate this assertion, we conducted an extensive theoretical analysis. Our �ndings con-
clusively reveal that, as long as the noise remains within a controlled threshold, each layer within
theTransFusionmodel actively contributes to the fusion process. This insight can be readily trans-
lated to establish an upper limit on the required augmentation for achieving a successful fusion
process when employing images as the direct input. Furthermore, it elucidates the in�uence of class
structure (i.e., intra-cluster and inter-cluster distances) on the effectiveness of fusion. In contrast to
other theories regarding Attention-based models, which suggest that speci�c layers require speci�c
weights to ful�ll speci�c tasks, all layers in theTransFusionmodel perform a simple and repetitive
task: fusing points to achieve an improved embedding space. By executing these straightforward
tasks that align with expectations, theTransFusionmodel exhibits enhanced stability and predictable
behavior, making it well-suited for practical applications.

Furthermore,TransFusionintroduces a heightened degree of adaptability in its management of the
loss function. This is because the fusion process can be further conceptualized as a relaxation of the
loss function, which assumes that all samples within the same class should exhibit precisely iden-
tical similarity. However, this approach disregards the inherent characteristics of datasets, wherein
certain samples may exhibit varying degrees of proximity or distance from each other even within
the same class. In contrast,TransFusionalleviates this stringent constraint by allowing samples to
organize into sub-clusters across different layers, subsequently consolidating the centroids of these
sub-clusters into a uni�ed cluster. This augments the interpretive �exibility of the embeddings. Ad-
ditionally, TransFusionis purposefully designed as a plug-in learning model, seamlessly capable of
integration with any existing classi�cation network.

Paper Organization. We provide a formal introduction toTransFusionand its key insights in Sec-
tion 2. Subsequently, we conduct a comprehensive theoretical analysis ofTransFusionin Section 3.
Moving forward, we delve into the landscape of relevant research pertaining to neural network em-
bedding learning in Section 4. To validate the ef�cacy of our approach, we present the experimental
results in Section 5.
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Figure 1: The architecture of theTransFusionModel. Its mid layers consist of regular attention
blocks with ReLU replacing the softmax function for the af�nity matrix. In the �nal layer, we
train the model to minimize the KL-Divergence between predicted af�nity matrix and the provided
af�nity matrix-.

2 TRANSFUSION

Let us consider the input data as a collection of samplesx 2 Rm that are associated with various
classes. The training set is represented by the input matrixX 2 Rn � m , wherem represents the
ambient dimension, andn represents the number of samples, with each row corresponding to a data
sample:

X = [ x1; : : : ; xn ]>

Our main goal is to create embeddings that effectively distinguish between different classes. This
implies that samples belonging to the same class should be closer to each other in distance com-
pared to samples from different classes. To achieve this objective, we introduce theTransFusion
model (see Figure 1) with customized Attention blocks. TheTransFusionmodel takes a set of input
samples and generates a non-negative af�nity matrix, which re�ects the similarities between pairs
of samples. Higher values in the af�nity matrix at thei; j 'th entry indicate stronger similarities be-
tween samplei and samplej . To train the model, we create a target af�nity matrix based on the
ground-truth labels and then minimize the Kullback-Leibler Divergence (KL Divergence) between
the output af�nity matrix and the target af�nity matrix. After identifying the best model that min-
imizes the divergence between the target and output af�nity matrices, we extract the output of the
second-to-last layer to obtain the �nal embeddings.

To gain deeper insight into theTransFusionmodel's functioning, let us delve into the details of the
Attention Head, which comprises three key components: QueryQ, Key K , and ValueV . Each
of these components undergoes a linear transformation based on the inputX . The output of an
attention head is obtained by applying a similarity-weighted sum to the ValuesV :

Attn (X ) = � (QK T )V = � ((XW Q )(XW K )> )(XW V )

whereW Q , W K , andW V 2 Rm � m represent the learn-able parameters for the transformations,
and � denotes the column-wise softmax function. Under this mechanism, if the model learns a
effective linear transformation of QueryQ and KeyK , the similarity between samples from the
same class can be high, whereas the similarity from the different class can be low. Using this as
the weight in the next weighted-sum calculation, samples from the same class shall be able to fuse
closer to each other. However, the drawback of this model is that the softmax function� tends to
over-sparsify the similarty, which makes limited samples fuse at a time, and thus less effective fusion
into clusters.

To leverage this fusion effect, we change the softmax function� to elementalwise ReLU. This gives
us a few advantages: 1) Increased clustering �exibility: By adopting elementalwise ReLU, multiple
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elements with high similarity scores can fuse into the same cluster. This approach facilitates the
integration of a broader range of elements into clusters. 2) Enhanced model non-linearity: It is
important to note that the model does not necessarily require a feed-forward layer immediately after
each attention block. However, by incorporating an activation function at this stage, we introduce
non-linearity into the model, thereby fortifying its resilience and adaptability.

Formally, denoteX ` as the input of thè'th block of the model in theTransFusion, then`'th block
can be de�ned as

A ` := ( X ` W `
Q )(X ` W `

K )> (1)

X ` +1 := ReLu(A ` )(X ` W `
V ) + X ` (2)

Denoted is number of blocks intended for the model, then the �nal af�nity matrix output is de�ned
asA d, and the �nal embeddings areX d� 1.

The �nal block of the model is what makeTransFusiondiffer from any other attention-based net-
works. Our objective is to ensure that the af�nity matrixA equals training target af�nity matrixY ,
indicating successful capture of the cluster structure represented byY . For multi-class classi�cation
task,[Y ]ij can be a indicator of whether samplei; j are in the same class. Moreover, for classes
with hierarchical structures,[Y ]ij can also be modi�ed to represent that. Speci�cally,

[Y ]ij =

8
<

:

1 i; j in the same class andi 6= j
" � i; j in the same parent class but� depths away
0 Otherwise

(3)

where" is a decay constant. An example can be referred to Figure 2.

Figure 2: Contract Af�nity matrixY based on the
hierarchical structure of the data. Black pixel in
the af�nity matrix represents 1, and gray pixel rep-
resents" .

To attain our objective, one viable approach is
to minimize theKullback-Leibler Divergence
Kullback & Leibler (1951) betweenY and
g(A ), whereg : Rn � n ! Rn � n represents
a function that transforms af�nities into proba-
bilities. Remarkably, if we setg(A ) to be the
row-wiseSoftmax� , our loss with a one-layer
TransFusionmodel behaves identically toIn-
foNCE. The detailed proof is available in Ap-
pendix A.

However, there is a signi�cant concern with the
use ofKL-Divergencedue to its inherent asym-
metry. This issue becomes particularly prob-
lematic in this context, as a majority of entries
in Y are �lled with zeros. To see this, take any

pair of samplesi andj belonging to different classes, the loss term
�

[Y ]i;j log [Y ]i;j

[g(A )] i;j

�
prevents

the model from penalizing the positive value of the af�nity term[g(A )] i;j as the target af�nity is
zero, i.e. [Y ]i;j = 0 . Although the normalization withing might indirectly in�uence[g(A )] i;j to
be small, this effect is relatively minor compared to the in�uence other terms. In simpler terms, this
loss function strongly encourages embeddings from the same class to be close to each other while
largely disregarding the distances between embeddings from different classes.

To solve this issue, we useJensen-Shannon Divergence, which is a symmetric loss that avoids
singularity with entries being zero. Speci�cally,

L TF := D(Y jjg(A ) + Y ) + D(g(A )jjg(A ) + Y ) (4)

whereD denotesKL-Divergenceloss. As for the selection ofg(A ), we deliberately opt for using
row-normalized ofA 2, i.e.

g(A ) := Row-Normalize(A 2) (5)

The rationale behind this choice lies in the potential existence of negative af�nity scores withinA , a
scenario where traditionalSoftmaxtreatment might designate negative values as indicative of ”low
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probability.” However, in our unique context, such negativity does not necessarily signify insignif-
icance. To illustrate, consider the case where Queryq i perfectly captures the subspace of Keyk j .
We can ensure that the magnitude of the projection fromq i to k j is large, possibly equal tojjq i jj2.
However, we cannot tell whether two vectors face the same direction or exact opposite directions.
This latter scenario results in a negative projection value. Consequently, the act of converting nega-
tive values to low probabilities inadvertently constricts the model's capacity to �exibly capture the
intrinsic substructure of the Keys.

Through our empirical analysis, we have uncovered a noteworthy enhancement in stability by adopt-
ing our custom loss function (5) in comparison to alternative choices, includingInfoNCE. This im-
provement is evident in both performance and resilience to changes in the learning rate. For a more
detailed exploration and comprehensive insights, please refer to Appendix B.

3 THEORETICAL GUARANTEES

Recall that the input matrixX has dimensionsn � m, wherem represents the ambient dimension
andn represents the number of samples. It is common for datasets with multiple classes to exhibit
some form of clustering. In our study, we speci�cally focus on subspace clusters, where samples
belonging to the same class can be linearly dependent on each other.

Speci�cally, we assume that the data matrixX can be decomposed into a collection of low-
dimensional subspacesfU 1; :::; U� g, where� � n, and each row ofX lies in one of these subspaces.
We assume that the rank of each subspace is at mostr . It is easy to see that for each subspaceUi ,
there exists a unit vectoru?

i that is orthogonal toUi , such that for anyx j not belonging to the
subspaceUi , the inner productx>

j u?
i is greater than or equal to a certain threshold� , i.e.,

8x j =2 Span(Ui ); x>
j u?

i � �: (6)

In the upcoming section, we will provide a theoretical proof that assures the existence of solutions
for theTransFusionmodel, enabling it to perform fusion not only on noise-free data but also on data
with controlled noise.

3.1 NOISE-FREE FUSION

Recall that the last layer of theTransFusionproduces the predicted af�nity matrix by:

A = ( XW Q )(XW K )> =

2

4
x>

1 W Q
:::

x>
n W Q

3

5
�
W >

K x1 ::: W >
K xn

�
:

whereW > x i 2 Rm can be understood as a linear transformation ofx i . Picking any entry fromA ,
we can see that[A ]i;j measures the cosine similarity ofx i andx j after linear transformation, i.e.

[A ]i;j = ( W >
Q x i )> (W >

K x j ):

Our �rst theoretical result, summarized in the following theorem, shows that if each sample inX
comes from one of the subspaces in the unionfU 1; :::; U� g, we can always �nd a set of(W �

Q ; W �
K )

that enables the similarity score matrixA to separate clusters.

Theorem 1. Given a collection of input samplesX , where every samplex i comes from one
subspaces amongfU 1; :::; U� g, there always exists a pair of parameters(W �

Q ; W �
K ) such that

the af�nity matrixA calculated by(1) has a block-diagonal form, ie.
�

[A ]i;j = 0 ; x i ; x j in different clusters
[A ]i;j > 2� 2; x i ; x j in the same cluster

where� is the lowerbound of cross-class projection de�ned in(6)
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