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ABSTRACT

Reasoning-oriented language models achieve strong performance by generating
long chain-of-thought traces at inference time. However, this capability comes
with substantial and often excessive computational cost, which can materialize in
redundant or inefficient reasoning. We study this setting and introduce Truncated-
Reasoning Self-Distillation (TRSD), a lightweight post-training procedure that en-
courages models to produce correct predictions from partial reasoning traces. In
TRSD, a frozen teacher model first generates a full reasoning trace and evaluates
the corresponding answer distribution conditioned on the prompt and the complete
reasoning to construct a synthetic training target. A student model with the same
architecture is then trained to match the teacher’s answer distribution while be-
ing conditioned only on a truncated prefix of its reasoning trace. Across multiple
reasoning benchmarks and token budgets, we demonstrate that TRSD improves
robustness to truncated inference, with far reduced accuracy tradeoffs when ap-
plied to a diverse set of reasoning models. Moreover, although never explicitly
regularized for shorter generation during training, we also find that TRSD-trained
models inherently output shorter reasoning traces without truncation, significantly
reducing inference-time costs even without artificial interventions.

Prompt =
User Raymond had $21. Then he saved $11 from his allowance and spent $5 on a comic book Frozen Dteacher (y | z, 7')
. and $19 on a puzzle. How much money does Raymond have left? Teacher
Q
I~ Reasoning

Okay, let's see. Raymond starts with $21. Then he saves $11 from his allowance. So first,
I need to add that $11 to his original amount. So 21 plus 11 is 32. Now, he spends some
money. He spends $5 on a comic book and $19 on a puzzle. Let me add those together. 5
_/ plus 19 is 24. So he spends a total of $24. Now, subtract that from the 32 he had after
saving. 32 minus 24... Hmm, 32 minus 20 is 12, then minus 4 more is 8. So he has $8
eft. Wait, let me check again. Original money: 21. Add 11: 21+11=32. Then subtract 5
and 19. 5+19=24. 32-24=8. Yeah, that seems right. So the answer should be 8.
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Okay, let's see. Raymond starts with $21. Then he saves $11 from his allowance. So first,
I need to add that $11 to his original amount. So 21 plus 11 is 32. Now, he spends some
money. He spends $5 on a comic book and $19 on a puzzle. Let me add those together. 5
plus 19 is 24. So he spends a total of $24. Now, subtract that from the 32 he had after
saving. 32 minus

pstudent(y I xvf)

Figure 1: Truncated-Reasoning Self-Distillation (TRSD). Given an input prompt z, a frozen teacher
model first generates a full chain-of-thought reasoning trace r and an answer y, and then evaluates
the answer-token distribution peacher(y | 2, ) conditioned on the prompt and the complete reasoning
trace. The trainable student model, initialized as a copy of the teacher, is conditioned only on a
truncated prefix © of the teacher-generated reasoning trace, and evaluates the corresponding answer
distribution pgydent (v | «, 7). Training minimizes the KL divergence between the teacher and student
answer distributions, encouraging the student to recover the same predictions from partial reasoning
and to remain accurate when inference-time reasoning is truncated.
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1 INTRODUCTION

Recent progress in large language models
(LLMs) has increasingly focused on solv- T
ing complex reasoning tasks, moving be- | —— Trsp
yond fluent text generation toward multi- 80
step problem solving in domains such as
mathematics and coding (Wei et al.| [2022;
Guo et al) [2025). A central ingredi-
ent behind these gains is the explicit gen-
eration of chain-of-thought reasoning, in
which models produce long intermediate
reasoning traces before emitting a final an- 30
swer. In modern reasoning models, perfor- 2
mance improvements are often achieved 32 61 8 256 512 1022 2048
by allowing longer such traces at inference Reasoning Budget (Tokens)

time, effectively treating test-time com-
pute as an additional scaling axis along-

Accuracy

Figure 2: Accuracy as a function of the avail-
side model size and training data (Muen- able Ggﬁsé)éin% budget _ for a Qwen3—4B .mo.del
nighoff ot al, 025} [Yang et al, 2023). on . r.uncatfzd-Reasomng Self—Dlst.lllatlon
(TRSD) substantially improves performance in low-
However, this reliance on extended infer- budget regimes, enabling accurate predictions with
ence comes with significant costs. Rea- limited reasoning.
soning models frequently generate thou-
sands of chain-of-thought tokens per
query, resulting in high inference latency and substantial computational overhead. More impor-
tantly, this additional computation is often inefficient: models tend to overthink, producing verbose
or repetitive reasoning that provides little benefit to the final answer. Prior work shows that such
behavior can arise even on simple problems, where extended reasoning is unnecessary and does
not reliably improve accuracy (Chen et al., 2025b). In more extreme cases, reasoning traces may
degenerate into repetitive or looping patterns, consuming large amounts of inference-time compute
without meaningful progress (Pipis et al., 2025).

In response to the growing cost of long chain-of-thought reasoning, a range of strategies have been
proposed to reduce test-time compute. A first class of approaches acts directly at inference time,
guiding the model to produce shorter reasoning traces. This includes prompt-based heuristics, ex-
plicit suppression of reflection tokens, and decoding strategies designed to reach a final answer with
fewer intermediate reasoning steps (Zhang et al., 2023 |[Leviathan et al.| |2025; |Wang et al., 2025;
Xu et al.). A second line of work focuses on explicitly compressing or shortening chain-of-thought
traces, for instance by skipping, pruning, or selectively retaining reasoning tokens while attempting
to preserve final answer accuracy (Yan et al., 2025} Xi1a et al., [2025} Zhang et al.|[2025aib; Ma et al.}
2025} |Yuan et al.| [2025). Finally, some methods incorporate length control directly into training,
encouraging models to produce shorter reasoning traces by design rather than artificial inference
interventions (Luo et al.,|2025; [Chen et al., 2025al).

In this work, we take a different perspective on reducing the cost of reasoning. Rather than mod-
ifying decoding procedures or explicitly shortening chain-of-thought traces, we focus on training
reasoning models to remain effective when inference-time reasoning is truncated, a setting that nat-
urally arises under latency constraints, compute budgets, or user-facing APIs that allow early stop-
ping. We propose Truncated-Reasoning Self-Distillation (TRSD), a post-training self-distillation
approach in which a model is trained to match its answer predictions from a truncated prefix of its
own reasoning trace to those obtained when conditioned on the full reasoning (see Figure[I). By
encouraging robustness to truncated reasoning rather than enforcing shorter traces, TRSD directly
targets wasteful inference without constraining how models reason, shifting the optimization objec-
tive away from producing shorter reasoning and toward producing answers that rely less on extended
or redundant computation.

We evaluate TRSD across multiple reasoning-oriented language model architectures and datasets.
Across most settings, TRSD-trained models outperform their corresponding baselines under trun-
cated inference (Figure 2)), and in several cases these gains persist even when larger reasoning bud-
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gets are available. When reasoning is unconstrained, TRSD-trained models also tend to generate
shorter reasoning traces while maintaining or improving accuracy. Importantly, this reduction in
reasoning length is not enforced during training, but emerges naturally as a consequence of opti-
mizing robustness to truncated reasoning. Overall, TRSD is a simple and lightweight post-training
procedure that improves accuracy under low reasoning budgets and reduces unnecessary inference-
time computation in existing reasoning models.

2 BACKGROUND

Reasoning models are language models trained to explicitly generate chain-of-thought reasoning
traces during inference, rather than relying solely on implicit internal computation. This paradigm,
exemplified by models such as DeepSeek-R1 (Guo et al.}|2025), induces language models to decom-
pose complex problems into intermediate steps by generating long thinking traces before producing
a final answer. Training reasoning models typically proceeds in two stages. First, the model un-
dergoes a supervised fine-tuning stage, leveraging masked prompts paired with explicit reasoning
traces and correct answers to establish a structured reasoning format in its generation patterns (Wei
et al., |2022; |Guo et al.| [2025)). Second, the model is directly optimized with reinforcement learn-
ing to maximize the correctness of its generated responses on downstream tasks using verifiable
rewards (Guo et al.,|2025). In this second stage, the thinking trace generated by the language model
inherently grows, increasingly trading test-time computation for improved accuracy. To leverage
the properties of reasoning while mitigating its inference cost, large reasoning models are often dis-
tilled into smaller “students”. In standard distillation pipelines, a “teacher” generates synthetic data
consisting of prompts, reasoning traces, and answers, which are used to supervise a smaller model
via fine-tuning or distribution matching (Guo et al.l 2025} |Guha et al.||2025). While distillation en-
ables compact models to acquire strong reasoning performance (Ye et al., 2025; Muennighoff et al.,
2023)), it can also encourage students to reproduce long and unnecessary reasoning traces, partially
inheriting the teacher’s inefficiencies (Chen et al.,2025b; Pipis et al.| 20255 [Yuan et al., [2025).

3 METHOD

3.1 TRUNCATED-REASONING SELF-DISTILLATION

We propose Truncated-Reasoning Self-Distillation (TRSD), a lightweight post-training procedure
applied as an additional fine-tuning step on top of already-trained reasoning models to encourage
accurate predictions even with cheaper truncated reasoning traces.

The core idea is to train a model to match its own predictions under full reasoning while being
conditioned on truncated reasoning during training. Let x denote an input prompt, r a generated
chain-of-thought reasoning trace, and y the corresponding answer. As in traditional distillation, a
teacher model is prompted with x to generate a complete reasoning trace r followed by an answer
y. However, rather than conditioning on the full reasoning trace, the student model is then trained
to match the teacher’s answer distribution while being conditioned only on a truncated prefix of 7,
denoted by 7. The teacher and student share the same architecture and initialization, but while the
student is updated, the teacher remains frozen. Thus, all the supervision signal arises from matching
the frozen teacher’s predictions under truncated reasoning rather than expensive, larger models. Our
design choice of freezing the teacher serves to provide a stable target distribution and allows the
student to learn how to recover accurate predictions from its own truncated reasoning, rather than
altering the underlying reasoning process itself.

3.2 REASONING TRUNCATION

In TRSD, reasoning traces are truncated at the token level. For each training example, we sample a
truncation ratio o ~ U(0, 1), corresponding to retaining a prefix containing |« - |r|] tokens of the
original reasoning trace, where |r| denotes the number of tokens in the reasoning trace. Truncation
is applied independently for each example in the batch. This simple uniform sampling strategy
exposes the student to a broad range of truncated-reasoning regimes, from near-complete traces to
very short prefixes. It also reflects the unpredictability of inference-time truncation in real-world
settings, where generation may be stopped at arbitrary points.
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3.3 TRAINING OBJECTIVE

Following the canonical DeepSeek R1 formulation (Guo et al., 2025), the teacher model is prompted
to generate reasoning within <think> ...</think> tags, followed by the final answer within
<answer> ...</answer> tags. We enforce a maximum reasoning length with answer forc-
ing (Muennighoff et al.| 2025): if the model does not emit an answer within a given token budget,
we pause generation and append the opening answer tag to elicit immediate answer generation. For
each training example, while the teacher generates the answer tokens conditioned on the full rea-
soning trace, the student is trained to match the same answer tokens conditioned on its truncated
version. To optimize the student, our framework minimizes the KL divergence between the teacher
and student answer distributions:

E = KL(pteacher(y ‘ 1'770) ” pstudent(y | z, F)) . (1)

The loss is computed only over answer tokens, without backpropagation through the teacher (Al-
gorithm ). This encourages the student to match the teacher’s answer under truncated reasoning,
while discouraging reliance on repetitive or late-stage refinement tokens that are often missing. As a
result of our design, the model is optimized to prioritize earlier, more informative reasoning tokens,
preserving its final response distribution with a cheaper, truncated reasoning trace.

Algorithm 1 Truncated-Reasoning Self-Distillation

Require: Prompt z, teacher model fy,, student model fy_, max reasoning length L
Ensure Updated student parameters 6,
: (r,y) < fo,(x) > teacher generation (frozen)
. if y not produced within L then
Force answer generation
end if
Sample o ~ U(0,1)
: 7« prefix(r, [a|r]])
2 pr < fo,(y | x,7) > stop gradient
cps <« fo,(y | @, 7)
: 05 < argming, KL(pr || ps)

4 EXPERIMENTAL RESULTS

We evaluate TRSD across a wide range of reasoning-oriented language models and training datasets.
Specifically, we consider Qwen3 models at 0.6B, 1.7B, and 4B parameters (Yang et al., 2025), Phi-
4-mini-reasoning (4B) (Xu et al. [2025), and OpenThinker-3 (1.5B) (Guha et al., |2025). For each
architecture, models are trained using prompts drawn from a single dataset at a time, spanning
a range of reasoning difficulty, including Countdown, GSMS8K (Cobbe et al., [2021), Dolci Math
(Olmo et al., [2025), and competition MATH (Hendrycks et al., 2021)). Throughout our analysis,
we use the average number of reasoning tokens generated by the baseline model as a coarse proxy
for task difficulty, with more challenging tasks typically requiring longer reasoning traces (see, e.g.,
Table [3). Additional details about training and evaluation datasets are provided in Appendix
To keep the main discussion focused, we concentrate on the two largest models considered in our
study, Qwen3-4B and Phi-4-mini-reasoning, both of which have approximately 4B parameters and
exhibit the strongest overall performance across benchmarks. Results for smaller models and addi-
tional architectures follow the same qualitative trends and are reported in Appendix [C| together with
extended tables and per-dataset performance plots.

In all experiments, the student model is initialized as an exact copy of the teacher and trained using
the procedure described in Section Unless stated otherwise, the teacher is allowed to generate
up to 8192 tokens for reasoning. If this budget is exhausted before an answer is produced, we
apply answer forcing by appending the end-of-thinking token and allowing an additional 200 tokens
for answer generation. The procedure used to process teacher-generated answers is described in
Appendix [A.T] and additional training details are provided in Appendix [A.2]

At evaluation time, TRSD models autoregressively generate their own reasoning traces without any
teacher support. We evaluate performance under a range of fixed reasoning budgets by enforcing a
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Table 1: Baseline vs TRSD under truncated inference for in-distribution prompts. Entries report
Baseline/TRSD accuracy (higher is better), bold indicates the better entry. When Baseline and
TRSD accuracies differ by at most 1 percentage point, both are bold.

Countdown Dolci GSMSK Math500
Budget / Data
Baseline TRSD Baseline TRSD Baseline TRSD Baseline TRSD
Teacher Model: Qwen3-4B
32 11.72 27.24 8.85 9.90 19.03 22.67 19.00 23.60
64 13.46 28.06 8.97 10.54 20.85 32.68 18.60 25.40
128 26.04 35.12 9.33 11.82 26.31 63.53 21.20 25.80
256 43.94 49.72 9.94 13.18 54.66 86.28 26.00 35.20
512 60.28 63.22 11.46 15.46 83.17 92.12 45.40 58.00
1024 71.14 72.54 13.22 17.19 91.58 93.03 67.00 76.00
20438 76.64 78.30 17.19 19.87 93.63 93.78 80.80 85.60
4096 81.32 81.20 ( -0.1) 23.32 22.72 ( -0.6) 94.31 93.86 ( -0.5) 88.00 90.00
8192 84.88 81.30 ( 3.0 34.21 24.16 ( -10.1) 94.54 93.63 ( -0.9) 91.40 91.20 ( -0.2)
Teacher Model: Phi-4-mini-reasoning

32 4.56 21.76 7.05 9.17 17.89 23.28 13.40 16.00
64 7.08 22.58 6.73 9.13 18.65 35.25 12.80 17.00
128 10.42 29.68 8.33 9.25 25.63 50.64 18.00 21.60
256 32.60 41.64 9.58 11.18 44.96 69.29 21.00 32.60
512 43.66 51.60 9.62 12.10 80.74 85.29 35.40 44.40
1024 54.34 57.48 10.58 14.58 87.72 86.88 ( -0.8) 43.40 52.00
20438 59.94 59.08 ( -0.9) 13.50 16.99 90.37 87.04 ( -33) 46.40 60.00
4096 61.96 59.56 ( 2.4 16.47 19.07 90.67 87.11 ( 3.0 51.20 66.20
8192 64.24 60.28 ( -4.0) 24.44 20.15 ( -4.3) 90.90 87.34 ( 3.0 56.20 69.40

maximum number of reasoning tokens at inference time, after which generation is interrupted. If a
model does not emit an answer within the allotted reasoning budget, we apply the same answer forc-
ing procedure used during training, appending the end-of-thinking token and allowing an additional
200 tokens for answer generation (Muennighoff et al., 2025).

Throughout this section, we distinguish between in-distribution and out-of-distribution evaluation
with respect to the distribution of prompts used during the self-distillation phase. In-distribution
results correspond to models evaluated on the same dataset from which self-distillation prompts
were drawn, while out-of-distribution results refer to evaluation on reasoning benchmarks not used
during fine-tuning.

4.1 IN-DISTRIBUTION PERFORMANCE UNDER TRUNCATED INFERENCE

We begin by evaluating models on validation sets drawn from the same datasets used during self-
distillation, in order to characterize robustness to inference-time truncation in a controlled setting.
Table (1| reports results for Qwen3-4B and Phi-4-mini-reasoning, respectively, across a range of rea-
soning budgets.

Across both models, TRSD consistently improves performance in heavily truncated regimes. When
the available reasoning budget is small (e.g., below 512 tokens), distilled models reliably outper-
form their corresponding baselines across all datasets. In contrast, at the largest reasoning budgets,
performance differences become increasingly trivial and task-dependent, with TRSD students suc-
cessfully preserving the baseline’s performance despite the shift in optimization objective. Crucially,
these improvements should not be interpreted as standard task-specific fine-tuning effects. During
TRSD, the model is not trained on ground-truth labels from the dataset, nor is it optimized to im-
prove full-budget accuracy on that benchmark. Instead, the student is trained only to reproduce the
frozen teacher’s answer distribution under truncated reasoning. The observed gains, therefore, sug-
gest a genuine increase in robustness to limited reasoning budgets, rather than adaptation to the data
distribution itself.

4.2  OUT-OF-DISTRIBUTION GENERALIZATION ACROSS PROMPT DISTRIBUTIONS

We next evaluate whether the robustness learned through TRSD transfers to unseen prompt distri-
butions. Specifically, we evaluate models on reasoning benchmarks that are not used during self-
distillation, assessing whether robustness to truncated reasoning generalizes beyond the datasets
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Table 2: Baseline vs TRSD performance under truncated inference on out-of-distribution bench-
marks. Entries report Baseline/TRSD accuracy (higher is better), bold indicates the better entry.
When Baseline and TRSD accuracies differ by at most 1 percentage point, both are bold. Left:
Baseline Qwen3-4B compared to TRSD trained on GSM8K. Right: Baseline Phi-4-mini-reasoning
compared to TRSD trained on Countdown.

Teacher Model: Qwen3-4B, TRSD: GSM8K Teacher Model: Phi-4-mini ing, TRSD: Co
Budget / Data Countdown Dolci Math500 Budget / Data Dolci GSMSK Math500
Baseline TRSD Baseline TRSD Baseline TRSD Baseline TRSD Baseline TRSD Baseline TRSD
32 11.72 12.62 8.85 1218 19.00  23.20 32 705 9.54 17.89  20.70 1340 15.00
64 1346 15.50 8.97 12.14 18.60  24.40 64 673 998 18.65  26.00 12.80  16.80
128 26.04 24.88(-1.2) 933 1210 2120 2740 128 833  10.10 2563 3556 18.00  20.00
256 43.94 44.36 9.94  13.46 26.00  39.00 256 9.58  10.58 44.96  60.58 21.00  26.60
512 60.28  60.82 1146 14.78 4540 58.80 512 9.62  11.70 80.74 8491 3540 46.80
1024 7114 70.54(-0.6) 1322 17.95 67.00  74.00 1024 10.58  14.02 87.72  90.60 4340 67.00
2048 76.64  77.20 17.19  21.55 80.80  80.60 (-0.2) 2048 1350  16.23 90.37 9196 46.40  77.80
4096 81.32 8144 2332 29.13 88.00  84.20(-3.8) 4096 1647 19.03 90.67 9242 5120 83.40
8192 84.88 82.86(-2.0) 3421 39.34 91.40  86.20(-5.2) 8192 2444  2424(-02) 9090 9242 56.20 87.80

seen during TRSD. For each architecture, we select the best-performing model across the evalua-
tion datasets, as described in Appendix [A:3] Results are summarized in Table 2] with per-dataset
performance curves reported in Figure 3| for Qwen3-4B and in Figure ] for Phi-4-mini-reasoning.

Overall, TRSD generalizes well across prompt distributions. Under truncated inference, TRSD-
trained models consistently outperform the corresponding baselines on out-of-distribution bench-
marks, and in several cases match or exceed in-distribution performance. Performance gains are
most pronounced in the low-budget regime and remain stable across datasets, even when the evalua-
tion task differs from the self-distillation source. At larger reasoning budgets, performance typically
approaches that of the baseline, with only trivial and task-dependent differences, mirroring the be-
havior observed in the in-distribution setting. Together, these results indicate that TRSD encourages
a general ability to recover correct predictions from truncated reasoning, rather than adapting models
to dataset-specific reasoning patterns.
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Figure 3: Per-dataset accuracy as a function of the reasoning budget for Qwen3-4B. The evaluation
dataset is specified below the respective plot.
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Figure 4: Per-dataset accuracy as a function of the reasoning budget for Phi-4-mini-reasoning. The
evaluation dataset is specified below the respective plot.

4.3 EMERGENT REDUCTION IN REASONING LENGTH

While TRSD does not impose any explicit constraint on the length of the reasoning trace produced
at inference time, its training objective discourages reliance on late-stage reasoning tokens that may
be absent under truncation. As a result, TRSD-trained models consistently exhibit shorter reasoning
traces even when inference is unconstrained.

We analyze this effect in detail by reporting the average number of reasoning tokens generated
at the maximum reasoning budget (ry.x = 8192), conditioned on whether the final prediction
is correct or incorrect, in Table 8] TRSD consistently reduces reasoning length for both correct
and incorrect predictions. This behavior is observed both for in-distribution evaluation and out-
of-distribution. The reduction in reasoning length is particularly pronounced for Qwen3-4B. For
Phi-4-mini-reasoning under out-of-distribution evaluation, reasoning length on GSM8K and MATH
is comparable to, or slightly longer than, the baseline; however, this is accompanied by improved
performance on both datasets.

4.4 QUALITATIVE ANALYSIS OF REASONING TRACES

Beyond aggregate accuracy and token-level statistics, we examine how TRSD affects the structure
and length of model reasoning. We qualitatively compare reasoning traces produced by baseline
and TRSD-trained models on representative examples where both models produce the correct an-
swer. Figure [5]shows an example from GSM8K using Qwen3-4B. While both models arrive at the
same final answer, the baseline produces a longer reasoning trace that repeatedly restates interme-
diate quantities and re-verifies simple arithmetic. In contrast, the TRSD-trained model reaches the
solution using a more compact reasoning prefix that focuses on the essential computations. We pro-
vide more examples in Appendix [D]evidencing this same pattern: TRSD prunes unnecessary tokens
and computation from a model’s natural thinking trace, complementing the reasoning paradigm by
successfully tackling its canonical inefficiencies.
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Table 3: Average number of reasoning tokens conditioned on answer correctness under uncon-
strained inference (r,.x = 8192). Top block: in-distribution TRSD (trained and evaluated on the
same prompt distribution). Bottom block: out-of-distribution TRSD using a single fixed checkpoint
per model (Qwen3-4B trained on GSM8K; Phi-4-mini-reasoning trained on Countdown). Bold in-
dicates the configuration (Baseline or TRSD) with lower average reasoning length.

Countdown Dolci GSMSK Math500
Model Outcome Baseline TRSD Baseline TRSD Baseline TRSD Baseline TRSD
In-distribution evaluation

Qwen3-4B Correct 1209 660 6915 3328 783 247 2810 1570
Wrong 7169 3725 7913 4458 2546 661 5770 5243

Phi-4-mini-reasonin Correct 1350 1095 6272 4346 683 513 1859 1831
g Wrong 4418 3799 7585 6477 1983 1537 3523 3079

Out-of-distribution evaluation (fixed TRSD checkpoint)

Qwen3-4B Correct 1209 824 6915 5624 783 247 2810 1216
Wrong 7169 6307 7913 7141 2546 661 5770 3135

Phi-4-mini-reasonin Correct 1350 1064 6272 5625 683 680 1859 1893
g Wrong 4418 3602 7585 7484 1983 2024 3523 5957

Prompt. Ray had 25 lollipops. He kept 5 lollipops and shared the remaining equally with his four
friends. How many lollipops did each of his friends receive?

Baseline (Qwen3-4B)

Think:

Okay, let’s see. Ray had 25 lollipops. He kept 5 for him-
self, so the remaining ones are shared equally with his four
friends. Hmm, first I need to figure out how many lollipops
were left after he kept 5. So 25 total minus 5 he kept equals
20. Then he shares those 20 equally with his four friends. So
I need to divide 20 by 4. Let me check that again. 25 minus
5 is 20, right? Then 20 divided by 4 is 5. So each friend
gets 5 lollipops. Wait, that seems straightforward. Did I miss

TRSD (GSMS8K)

Think:

Okay, let’s see. Ray starts with 25 lollipops. He
keeps 5 for himself, so we subtract those first.
That leaves 20 lollipops to share with his four
friends. To find out how many each friend gets,
I divide 20 by 4. 20 divided by 4 is 5. So each
friend gets 5 lollipops.

Answer: 5

anything? The problem says “shared the remaining equally
with his four friends.” So yeah, 20 divided by 4 is definitely
5. I think that’s the answer.

Answer: 5

Figure 5: Example where both models answer correctly, but the TRSD-trained model uses a sub-
stantially shorter reasoning trace. The example is taken verbatim from the Qwen3-4B GSMSK
evaluation set.

5 RELATED WORK

A common approach to reducing the cost of chain-of-thought reasoning is to explicitly shorten or
prune reasoning traces. TokenSkip (Xia et al., [2025) skips intermediate reasoning tokens during
generation based on learned importance scores, while Conditional Token Selection (Yuan et al.,
2025)) trains models to selectively retain only a subset of reasoning tokens. TokenSqueeze (Zhang
et al., 2025b) compresses reasoning traces using length-aware training objectives that encourage
more compact outputs. Related work, such as O1-Pruner (Luo et al.l 2025) and CoT-Valve (Ma
et al., 2025)), incorporates length control directly into training, encouraging models to generate
shorter reasoning traces through budget constraints or controllable reasoning length. Prompting-
based methods such as Chain of Draft (Xu et al.) pursue a similar goal by instructing models to
produce minimal intermediate reasoning at inference time. All these approaches explicitly optimize
reasoning length or structure, either by deciding which tokens to keep, compress, or suppress, or
by enforcing a target reasoning budget. In contrast, we do not enforce brevity, modify decoding, or
alter the reasoning process itself. Instead, we train models to remain accurate when reasoning is ar-
bitrarily truncated, allowing inference to stop early without explicitly selecting or pruning reasoning
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tokens. Any reduction in reasoning length observed at inference time emerges as a consequence of
optimizing robustness to partial reasoning, rather than as an explicit training objective.

The work of |Chen et al.| (2025a) analyzes which parts of reasoning traces provide effective super-
vision during distillation, showing that supervising selected portions of a teacher’s reasoning can
retain strong performance. Adaptive Prefix Alignment (Liu et al.| 2026) further explores how pre-
fixes of reasoning traces can be used during distillation to reduce noise from later reasoning steps.
These approaches typically distill from a larger teacher into a smaller student and rely on carefully
selecting, weighting, or aligning specific parts of the teacher’s reasoning trace. In contrast, TRSD
uses self-distillation, where the teacher and student share the same architecture and initialization,
and does not assume that any particular portion of the reasoning is inherently more informative.
By randomly truncating reasoning prefixes across the full range of possible truncation points, we
directly optimize robustness of the answer distribution to partial reasoning, rather than optimizing
for a fixed cutoff, compressed trace, or predefined notion of “important” reasoning tokens.

6 DISCUSSION AND FUTURE WORK

In this section, we summarize the main empirical findings of TRSD, discuss its limitations, and
outline directions for future work.

Across all evaluated architectures and datasets, TRSD consistently improves robustness to truncated
inference, with the largest gains observed in low-budget regimes where baseline models frequently
fail to complete a useful reasoning trajectory. At the same time, we note that the observed magnitude
of the gains can be sensitive to the interaction between model architecture and the dataset used to
generate self-distillation prompts. Different models achieve their largest improvements when trained
on different prompt distributions, and no single dataset is uniformly optimal across architectures.
While we do not identify a single underlying cause for this behavior, a plausible explanation is that
models respond differently to prompt-induced reasoning patterns depending on their prior training,
which shapes how reasoning traces are generated.

6.1 LIMITATIONS AND FAILURE CASES

While TRSD consistently improves robustness under truncated inference, its gains naturally dimin-
ish as the available reasoning budget increases. In addition, improvements obtained through TRSD
do not always translate uniformly across out-of-distribution prompt distributions. This sensitivity re-
flects the fact that TRSD optimizes robustness with respect to the reasoning patterns induced by the
self-distillation prompts, and that different prompt distributions emphasize different reasoning struc-
tures. As a result, identifying suitable self-distillation prompts is an important factor in maximizing
the benefits of the TRSD step, which we believe this work has only begun to explore.

6.2 FUTURE DIRECTIONS

Several directions could further improve the effectiveness and applicability of TRSD. First, alter-
native training strategies could be explored to mitigate the occasional performance inconsistencies
observed at large reasoning budgets, for example, by adapting the distillation objective based on
truncation level or teacher confidence. Such approaches may help better balance robustness to par-
tial reasoning with performance under full-length inference. Second, our results indicate that the
choice of self-distillation prompts influences downstream performance. Developing curated prompt
datasets that elicit reasoning patterns that transfer reliably across tasks could improve the consis-
tency of TRSD gains, particularly in out-of-distribution settings. Finally, while TRSD is applied
here as a post-training step, robustness to truncated reasoning could be incorporated directly into
the distillation process from larger teacher models, allowing robustness to partial reasoning to be
learned jointly with standard distillation objectives rather than added as a separate training stage.

Overall, this work shows that robustness to truncated reasoning can be learned as a lightweight
post-training property of existing reasoning models through self-distillation alone. By improving
accuracy under limited reasoning budgets without introducing additional supervision or architectural
changes, TRSD provides a practical approach for deploying reasoning models in settings where
inference-time computation is constrained.
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A IMPLEMENTATION DETAILS

A.1 TEACHER ANSWER PROCESSING

When generating outputs, the teacher model does not always strictly follow the prescribed format,
namely a reasoning trace enclosed in <think></think> tags followed by a final answer enclosed
in <answer></answer> tags. In addition, generation may terminate early due to exhaustion of
the reasoning token budget. We therefore apply a deterministic post-processing procedure to sanitize
teacher outputs before they are used for distillation. First, if the generated output does not begin with
a <think> tag, we prepend one. If a closing </think> tag is missing, we append it at the end
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of the generated text and mark the example for answer forcing. We then inspect the text following
the final </think> tag. If no <answer> tag is present, we discard any trailing content and
prompt the model to generate an answer by appending <answer> to the sanitized prefix, following
the answer forcing procedure of Muennighoff et al.| (2025). If an <answer> tag is present but
the corresponding closing </answer> tag is missing, we similarly continue generation until the
answer is completed. In all answer-forcing cases, we allocate a maximum budget of 200 tokens for
answer generation. If multiple <answer></answer> pairs are present in the output, only the first
pair is retained and all subsequent content is discarded. This procedure ensures that each training
example contains a well-formed reasoning block and a single, clearly delimited answer segment.

A.2 TRAINING DETAILS

All models are fine-tuned with TRSD for 2000 optimization steps using the AdamW optimizer, with
learning rate 3 x 1075, batch size 32, 31 = 0.9, 3> = 0.999, ¢ = 1078, no weight decay, and
gradient norm clipping at 1.0. We save intermediate checkpoints at steps 250, 500, 1000, and 2000
and evaluate each checkpoint using the protocol described in Section[A.3] We use temperature 1 to
generate reasoning and answers during training, and 0.8 at evaluation.

A.3 CHECKPOINT SELECTION

We use different checkpoint selection rules for in-distribution and out-of-distribution evaluation.

In-distribution. For each model and each training dataset, we select the checkpoint that achieves
the best performance on the corresponding evaluation set of that same dataset (i.e., the dataset used
to draw prompts during self-distillation). These checkpoints are used for all in-distribution results.

Out-of-distribution. For each model, we select a single checkpoint to be used across
all out-of-distribution evaluations. Concretely, among the four candidate checkpoints (steps
250/500/1000/2000), we select the checkpoint that performs best on average across all four eval-
uation datasets, including the in-distribution dataset. These checkpoints are used for all out-of-
distribution results.

Table 4| summarizes the checkpoints selected for in-distribution and out-of-distribution evaluation.

Table 4: Checkpoint selection summary. Columns corresponding to a specific dataset report the
checkpoints achieving the best in-distribution performance for each (model, dataset) pair. The final
column reports the checkpoint used for out-of-distribution evaluation, selected by best average per-
formance across all four datasets; the dataset used for self-distillation is shown in parentheses. All
entries denote the training step of the selected checkpoint.

Model Countdown Dolci GSMS8K MATHS00 \ OOD checkpoint
Qwen3-0.6B 500 2000 250 250 500 (Countdown)
Qwen3-1.7B 500 1000 250 250 250 (GSM8K)
Qwen3-4B 250 2000 250 250 250 (GSM8K)
Phi-4-mini-reasoning 1000 1000 500 500 500 (Countdown)
OpenThinker3-1.5B 1000 250 2000 1000 2000 (GSM8K)

B DATASETS

We evaluate TRSD on four reasoning benchmarks spanning arithmetic search, grade-school
math word problems, and competition-style mathematics.  For all datasets, prompts are
formatted to request reasoning inside <think></think> tags and a final answer inside
<answer></answer> tags (see Appendix for how we sanitize teacher outputs when this
format is not followed).

Countdown. We use a preconstructed version of the Countdown arithmetic-construction task from
the Jiayi-Pan/Countdown-Tasks-3to4 dataset on Hugging Face. Each example provides
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a multiset of integers and a target value, and the model must construct an equation that reaches the
target using basic arithmetic operations while using each number at most once. We subsample the
dataset and split it into 45000 training prompts and 5000 test prompts. A typical prompt is:

Using the numbers 33, 5, 68, 29, create an equation that
equals 67. You can use basic arithmetic operations (+,

-, %, /) one or multiple times but each number can only be
used once. Show your work in the <think> </think> tags and
return the final equation in the <answer> </answer> tags,
for example <answer> (1 + 2) / 3 </answer>. Think step by
step inside <think> tags.

MATH. For competition-style mathematics, we use the MATH dataset of [Hendrycks et al.|(2021)
via the EleutherAI/hendrycks_math release on Hugging Face. We draw the 7500 training
prompts from the official training split and evaluate on the standard MATHS00 subset (500 prob-
lems), following common practice for efficient evaluation. Prompts follow a standard instruction
format:

Solve the math problem. Think step-by-step inside <think>

tags, then put only the final answer inside <answer> tags.

Problem: The point (a,b) lies on the line with the equation
3x 4+ 2y =12. When a =4, what is the value of b?

GSMB8K. We use GSM8K (Cobbe et al.l 2021) through the openai/gsm8k Hugging Face
dataset. GSMS8K consists of grade-school math word problems requiring multi-step reasoning. The
dataset is composed by 7470 training prompts and 1320 evaluation prompts. A typical prompt is:

Solve the math word problem. Think step-by-step inside
<think> tags, then put only the final integer answer inside
<answer> tags. Question: Darrell and Allen’s ages are in
the ratio of 7:11. If their total age now is 162, calculate
Allen’s age 10 years from now.

Dolci (math subset). We use the math portion of the allenai/Dolci-Think-RL-7B
dataset, a collection of prompts designed to elicit deliberate reasoning (Olmo et al.| 2025)). We
split the 24951 available examples into 22455 training and 2496 test prompts. An example prompt
is:

user: What is the probability of such event happening:

Form a word by randomly choosing 2 letters from the multiset
x: 3, 1l: 4, shuffle the letters in the word, what is the
probability of no letter ’'x’ occupy any of their original
positions? If the probability can be written as the form
%, where m and n are relatively prime integers, find m + n.
Show your work in the <think> </think> tags and return the
final equation in the <answer> </answer> tags.

C EXTENDED RESULTS

We report here extended experimental results that complement the main findings in Section[d In
particular, we provide full in-distribution and out-of-distribution tables for additional model sizes
and architectures, together with per-dataset plots that visualize performance as a function of the
available reasoning budget. All results follow the same evaluation protocol and checkpoint selection
strategy described in Section ] and Appendix [A.3]

C.1 EXTENDED TABLES
We first report extended numerical results for additional model families omitted from the main

text. In-distribution performance under truncated inference for Qwen3-0.6B, Qwen3-1.7B, and
OpenThinker3-1.5B is shown in Table [3}
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Table 5: Baseline vs TRSD accuracy under truncated inference for smaller and mid-size models
(in-distribution prompts). Entries report Baseline/TRSD accuracy (higher is better). Colored values
report the absolute change in accuracy (TRSD — Baseline, percentage points). Bold indicates the
better entry; when Baseline and TRSD differ by at most 1 percentage point, both are bold.

Countdown Dolci GSMSK Math500
Budget / Data
Baseline TRSD Baseline TRSD Baseline TRSD Baseline TRSD
Teacher Model: Qwen3-0.6B

32 14.06 22.14 3.37 4.45 3.03 8.34 7.20 11.20

64 13.84 22.12 3.89 4.69 341 10.24 6.40 11.00

128 17.18 29.86 3.37 517 4.47 25.85 7.40 11.60

256 25.82 42.46 3.93 5.57 23.96 54.59 12.40 22.60

512 40.24 53.56 4.81 5.69 59.14 67.55 31.80 37.00

1024 52.54 61.22 5.05 5.89 70.81 72.71 47.40 50.00
2048 61.76 66.54 6.85 5.97 ( 09 74.60 74.45 ( 02) 60.80 54.40 ( -6.4)
4096 68.44 68.58 7.29 6.29 ( -1.0) 76.35 75.36 ( -1.0) 67.00 55.60 ( -11.4)
8192 70.30 68.74 ( -1.6) 6.77 6.13 ( -06) 76.50 7491 ( -1.6) 70.40 56.60 ( -13.8)

Teacher Model: Qwen3-1.7B

32 10.68 25.98 4.37 6.21 6.82 15.09 11.60 14.80

64 13.50 26.70 3.89 6.93 6.90 17.36 11.20 16.40

128 19.40 30.20 3.81 6.77 9.40 32.75 12.20 20.20

256 39.24 42.94 4.29 6.81 33.06 65.88 17.80 24.00

512 55.60 57.38 6.57 6.77 69.67 81.65 38.00 44.60

1024 66.10 66.42 8.17 8.21 84.53 87.72 60.00 64.60

2048 72.60 71.76 ( -08) 9.82 9.78 ( -0.0) 88.25 88.70 74.20 74.80

4096 77.54 73.28 ( -43) 12.78 10.66 ( -2.1) 89.61 88.86 ( 0.3 80.40 79.20 ( -1.2)
8192 80.16 73.32 ( 6.8) 17.23 12.26 ( -5.0) 89.92 89.16 ( 03 84.60 82.20 ( 2.4

Teacher Model: OpenThinker3-1.5B

32 0.26 12.96 3.73 4.81 2.58 7.28 3.40 13.20

64 0.46 15.64 4.49 4.89 3.34 7.28 6.00 13.20

128 0.82 17.30 4.37 4.77 4.02 8.26 6.20 15.00

256 4.84 26.36 3.37 5.49 9.33 22.59 11.20 19.00

512 16.64 36.08 4.65 5.93 35.25 54.81 24.80 29.00

1024 28.28 44.42 4.53 7.21 57.47 66.87 51.00 35.80 ( -152)
2048 41.16 45.02 6.49 8.93 62.62 69.83 60.40 37.60 ( -22.8)
4096 43.16 43.28 8.33 10.22 53.90 71.04 50.80 41.00 ( 9.8
8192 39.98 43.72 12.22 12.98 41.70 70.89 38.00 43.20

Across all three architectures, the same qualitative pattern observed in Sectiondholds. TRSD yields
the largest gains in the heavily truncated regime, where only a small number of reasoning tokens are
available and baseline models often fail to complete a useful reasoning trace. As the reasoning
budget increases, the performance gap typically narrows, and in some cases reverses slightly at the
largest budgets.

Out-of-distribution generalization results for the same models are reported in Table[6] Following the
checkpoint selection procedure described in Appendix a single checkpoint per model is used
for all out-of-distribution evaluations. Despite this restriction, TRSD-trained models retain most
of their gains under truncated inference, indicating that robustness learned from partial reasoning
transfers across prompt distributions.
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Table 6: Baseline vs TRSD accuracy under truncated inference on out-of-distribution benchmarks
(smaller/mid-size models). Each block reports a fixed TRSD source dataset (shown in the block
header) and evaluates on the remaining benchmarks. Entries report Baseline/TRSD accuracy (higher
is better). Colored values report the absolute change in accuracy (TRSD — Baseline, percentage
points). Bold indicates the better entry; when Baseline and TRSD accuracies differ by at most 1
percentage point, both are bold.

Teacher Model: Qwen3-0.6B — TRSD: Countdown

Dolci GSMSK Math500
Budget / Data
Baseline TRSD Baseline TRSD Baseline TRSD
32 3.37 4.01 3.03 5.23 7.20 11.40
64 3.89 4.69 341 5.46 6.40 11.80
128 3.37 4.77 4.47 12.36 7.40 13.80
256 3.93 5.09 23.96 41.17 12.40 21.60
512 4.81 5.61 59.14 64.22 31.80 38.60
1024 5.05 7.05 70.81 70.36 ( 0.5 47.40 52.40
2048 6.85 8.09 74.60 72.78 ( -1.8) 60.80 59.00 ( -1.8)
4096 7.29 7.57 76.35 73.16 ( 32 67.00 63.40 ( 3.6
8192 6.77 7.97 76.50 73.01 ( 355 70.40 65.20 ( -5.2)
Teacher Model: Qwen3-1.7B — TRSD: GSM8K
Budget / Data Countdown Dolci Math500
Baseline TRSD Baseline TRSD Baseline TRSD
32 10.68 7.14 ( 35 4.37 8.77 11.60 15.80
64 13.50 9.64 ( -3.9) 3.89 8.93 11.20 16.20
128 19.40 18.20 ( -12) 3.81 9.29 12.20 17.80
256 39.24 39.64 4.29 9.78 17.80 25.80
512 55.60 55.14 ( -0.5) 6.57 10.98 38.00 46.00
1024 66.10 65.12 ( -1.0 8.17 12.94 60.00 64.20
2048 72.60 70.20 ( 2.4 9.82 15.30 74.20 72.60 ( -1.6)
4096 77.54 73.90 ( -3.6) 12.78 19.91 80.40 79.80 ( -0.6)
8192 80.16 74.70 ( -5.5) 17.23 25.40 84.60 81.20 ( -34)
Teacher Model: OpenThinker3-1.5B — TRSD: GSM8K
Budget / Data Countdown Dolci Math500
Baseline TRSD Baseline TRSD Baseline TRSD
32 0.26 2.34 3.73 4.93 3.40 10.20
64 0.46 2.90 4.49 5.97 6.00 10.00
128 0.82 2.44 4.37 6.33 6.20 12.40
256 4.84 7.78 3.37 6.25 11.20 15.80
512 16.64 18.86 4.65 7.25 24.80 32.80
1024 28.28 31.02 4.53 9.33 51.00 50.20 ( -0.8)
2048 41.16 32.64 ( 8.5) 6.49 10.78 60.40 55.20 ( 5.2)
4096 43.16 32.00 ( -11.2) 8.33 13.10 50.80 59.20
8192 39.98 33.34 ( -6.6) 12.22 16.59 38.00 59.80
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Table 7: Average number of reasoning tokens conditioned on answer correctness for smaller mod-
els. Top block: in-distribution TRSD using per-dataset checkpoints selected as in Table [A.3] Bot-
tom block: out-of-distribution-style TRSD using a single fixed checkpoint per model (Countdown
step 500 for Qwen3-0.6B, GSMSK step 250 for Qwen3-1.7B, GSM8K step 2000 for OpenThinker3-
1.5B). Bold indicates the configuration (Baseline or TRSD) with lower average reasoning length.

Countdown Dolci GSM8K Math500
Model Outcome Baseline TRSD Baseline TRSD Baseline TRSD Baseline TRSD

In-distribution evaluation

Correct 1169 724 5655 3765 848 575 2460 1575

Qwen3-0.68 Wrong 4719 3230 7295 5268 2183 1888 5606 4506
Qwens-1 7B Comect 1098 747 6633 4590 1005 710 2879 2227
: Wrong 6379 2482 7777 6071 3364 2501 5829 5633
OvenThimkers. op COmect 4814 2641 7765 7375 3679 1543 4142 3625
P SB \Wrong 6517 5951 7999 7788 4720 3143 4692 3571

Out-of-distribution evaluation (fixed TRSD checkpoint)
Correct 1169 725 5655 3833 848 555 2460 1738

Qwen3-0.6B Wrong 4719 3230 7295 5750 2183 1308 5606 4371
Qwens-1 7B Comect 1098 915 6633 6362 1005 710 2879 2283
: Wrong 6379 4518 7777 7512 3364 2501 5829 5055
OenThinkers.1op  Comect 4814 2580 7765 6806 3679 543 4i42 2876
P SB Wrong 6517 5017 7999 7642 4720 3143 4692 3951

C.2 REASONING LENGTH ANALYSIS FOR SMALLER MODELS

We complement the main analysis in Section .3 by examining how TRSD affects inference-time
reasoning length for smaller model architectures. Table [/|reports the average number of reasoning
tokens generated under unconstrained inference (r,,x = 8192), conditioned on answer correctness,
for Qwen3-0.6B, Qwen3-1.7B, and OpenThinker3-1.5B.

We report in the top part results using per-dataset in-distribution checkpoints, following the same
selection procedure as in the main experiments, while in the bottom part we fix a single TRSD check-
point per model across all datasets, mirroring the out-of-distribution evaluation protocol. Across all
three models and datasets, the same qualitative pattern observed for larger architectures persists,
where TRSD reduces reasoning length for both correct and incorrect predictions across nearly all
settings.
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C.3 PER-DATASET PERFORMANCE PLOTS

To complement the aggregate tables, Figures [6] [7] and [§] visualize per-dataset performance as a
function of the available reasoning budget. These plots make two consistent behaviors particularly
clear. First, the advantage of TRSD is concentrated in the low-budget regime. Across datasets,
TRSD curves typically rise earlier or degrade more slowly as the budget decreases, indicating that
distilled models can recover correct predictions from much shorter prefixes of the reasoning trace.
In contrast, baseline models often exhibit sharp transitions in accuracy as the reasoning budget
increases. Second, the plots highlight that TRSD does not uniformly improve performance across
all budgets. At moderate and large budgets, TRSD-trained models generally approach the baseline,
and in some cases plateau below it at the largest budget.
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Figure 6: Per-dataset accuracy as a function of the reasoning budget for Qwen3-0.6B. The evaluation
dataset is specified below the respective plot.
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Figure 7: Per-dataset accuracy as a function of the reasoning budget for Qwen3-1.7B. The evaluation
dataset is specified below the respective plot.
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Figure 8: Per-dataset accuracy as a function of the reasoning budget for OpenThinker3-1.5B. The
evaluation dataset is specified below the respective plot.
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D ADDITIONAL QUALITATIVE EXAMPLES

We provide additional qualitative comparisons between baseline and TRSD-trained models. We
consider two complementary regimes: cases where both models answer correctly, and cases where
both models fail on the same prompt. These examples are intended to illustrate differences in reason-
ing behavior and representative shared failure modes, rather than to suggest systematic correctness
improvements beyond those reported in the main paper. In both cases, we use Qwen3-4B as baseline
and the TRSD version trained with prompts from GSMS8K.

Both models correct. Figure [9] shows a representative example where both the baseline and
TRSD-trained models produce the correct answer on the Countdown dataset. While correctness
is preserved, the TRSD-trained model typically reaches the solution using a shorter and more fo-
cused reasoning trace, whereas the baseline exhibits additional intermediate steps or redundant self-
verification. This behavior mirrors the quantitative trends reported in Section @ where TRSD re-
duces reasoning length without degrading accuracy.

Both models incorrect. Figure [10] presents a case where both models fail on the same prompt
from GSM8K. These examples illustrate shared failure modes, such as semantic ambiguity or invalid
implicit assumptions, that are not directly addressed by reasoning truncation.
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Prompt. Using the numbers 59, 92, 24, 62, create an equation that equals 53. You can use basic arithmetic operations (+, -, *, /) one or multiple times but

each number can only be used once.

Baseline (Qwen3-4B)

Think:

Okay, let’s see. I need to use the numbers 59, 92, 24, and 62 exactly
once each, and combine them with basic arithmetic operations to make
53. Hmm. Let me start by thinking about possible operations.

First, maybe I can subtract some numbers. Let’s see, 92 is a big number.
If T subtract something from 92, maybe that could help. Let me try 92
minus something. For example, 92 minus 59 is 33. But then I have 24
and 62 left. Not sure how to combine those. Maybe 24 plus 62 is 86.
33 and 86... that’s way over. Not helpful.

Alternatively, maybe 62 minus something. Let’s see. If I take 62 and
subtract 24, that’s 38. Then maybe 92 minus 59 is 33. 38 and 33... not
helpful. Hmm.

‘Wait, maybe I need to use division or multiplication. Let me think. For
example, 59 minus something. If I can get 59 minus a number that
equals 53, but that would require subtracting 6, but T don’t have a 6.
Alternatively, maybe combining numbers through operations.

‘What if I do 92 minus 62? That’s 30. Then maybe 59 minus 24 is 35.
30 and 35... not helpful. Or 30 plus 35 is 65. Not 53.

Another approach: Maybe multiply two numbers and then subtract oth-
ers. Let’s see. 24 times something. 24 times 2 is 48, but I don’t have a
2. Alternatively, 24 times 59? That’s way too big. 24*59 is 1416. Not
helpful.

How about division? Let’s see. Maybe 92 divided by something. 92
divided by 2 is 46, but again, no 2. Wait, 62 divided by something.
Maybe 62 divided by 24? That’s around 2.58. Not sure.

Alternatively, maybe 59 minus (something). Let’s think. If I can get
59 minus (: ing) equals 53, that ing would be 6. But how
to get 6 from 92, 24, and 62?7 Let me try. 92 minus 62 is 30. Then 30
minus 24 is 6. Oh! Wait, that’s 92 - 62 = 30, then 30 - 24 = 6. So then
59 - 6 = 53. But wait, that uses 92, 62, 24, and 59. Each number is used
once. Let me check:

5059 - ((92 - 62) - 24) =59 - (30 - 24) = 59 - 6 = 53. Yes! That works.
Let me verify the operations step by step.

First, compute 92 - 62 = 30. Then subtract 24 from that: 30 - 24 = 6.
Then subtract that result from 59: 59 - 6 = 53. Yes! So that uses all
four numbers once each. Let me write that as an equation.

So the equation would be 59 - ((92 - 62) - 24) = Alternatively,
simplifying the parentheses, it’s 59 - 92 + 62 - 24. Wait, let me check
that. Because (92 - 62) is 30, then subtract 24 gives 6. So 59 - 6 is 53.
Alternatively, ing the p 59 -92 + 62 - 24. Let me
compute that: 59 -92 is -33, plus 62 is 29, minus 24 is 5. Wait, that’s
not 53. Wait, that can’t be right. Wait, what’s wrong here?

Wait, no. The original expression is 59 - (92 - 62) - 24). Which is 59
-((92-62) -24). Let’s compute the inner part first. 92 - 62 is 30.
Then subtract 24: 30 -24 is 6. Then 59 - 6 is 53. So that’s correct. But
if I expand the parentheses, it’s 59 - 92 + 62 - 247 Wait, no. Because
((92-62) -24 ) is 92 -62 -24. So the entire expression is 59 - (92 -62
-24) = 59 -92 +62 +24? Wait, no. Wait, subtracting a sum is the same
as adding the negatives. So 59 - (92 -62 -24) = 59 -92 +62 +24. Let me
compute that: 59 -92 is -33, plus 62 is 29, plus 24 is 53. Oh right! So
that’s correct. So the equation can be written as 59 - 92 + 62 + 24. But
wait, that would be 59 -92 is -33, plus 62 is 29, plus 24 is 53. Yes. So
that’s another way to write it. But in that case, the original expression
is 59 - ((92 -62) -24 ). Which simplifies to 59 -92 +62 +24. But that
uses all four numbers once. So that’s valid.

Alternatively, maybe the user wants the equation to be written with
parentheses. So the answer would be 59 - (92 - 62) - 24) = 53. But I
need to check if that’s allowed. The problem says each number can be
used once. So yes, 59, 92, 62, 24 are all used once. So that works.
Alternatively, maybe there’s another way. Let me check. For example,
62 -24 =38.92-59=33. 38 +33 =71. Not helpful. Or 92 - 59 = 33.
62 - 24 = 38. 33 + 38 = 71. Still no. How about 92 - (62 + 24) =92 -
86 = 6. Then 59 - 6 = 53. Oh! That’s another way. So that would be
59-(92-(62 +24)) . Let’s check: 62 +24 is 86. 92 -86 is 6. 59 -6
is 53. So that’s another valid equation. Which one is better? Both are
correct. Either way.

So the equation can be written as 59 - (92 - (62 + 24)) = 53. Or 59 -
((92 - 62) - 24) = 53. Either is acceptable.

Alternatively, maybe using multiplication or division. Let me think.
For example, 24 divided by something. 24 / (something) to get a num-
ber. But I don’t see a straightforward way. Let me try. Suppose I do
92 - (59 +24) =92 - 83 =9. Then 62 - 9 = 53. But that would be 62 -
(92 - (59 +24)) = 53. Let me check: 59 +24 is 83. 92-83is 9. 62 -9 is
53. So that’s another way. But that uses all numbers once. So 62 - (92
- (59 +24)) = 53. That’s another valid equation.

So there are multiple correct answers. The problem just requires one.
So any of these would work. Let me pick one. The first one I thought
of was 59 - ((92 -62) -24) =53. Alternatively, the second one 59 - (92 -
(62 +24)) =53. Either is correct.

But let me check if the numbers are all used once. In the first case:
59,92, 62, 24. Yes. In the second case, same numbers. So either is
correct. The answer can be written in any of these forms. So perhaps
the simplest way is to write 59 - (92 - 62 - 24) = 53. Wait, but that
would be 59 - (92 -62 -24). Let’s compute that. 92 -62 is 30, minus 24
is 6. 59 -6 is 53. So that’s the same as before.

Alternatively, 59 - 92 + 62 +24. Which is also correct. But the problem
says to use the numbers once each. So that’s acceptable.

But maybe the problem expects parentheses to show the order of oper-
ations. So perhaps the answer is written as 59 - (92 - 62 - 24) = 53. Or
maybe 59 - ((92 - 62) - 24 ) = 53. Either is fine.

I think that’s the correct approach. So the final answer is 59 - (92 - 62
-24) =53. Let me check again:

Compute 92 -62 =30. Then 30 -24 =6. Then 59 -6=53. Correct.
Alternatively, 92 -62 -24 = 6. 59 -6=53. Yes. So that’s valid. So
the equation is 59 - (92 -62 -24) =53. Or written with parentheses as
needed.

So the answer would be that equation. Let me make sure I didn’t miss
any other possible ways. Another way could be 62 - (92 - (59 +24))
=53. Let me check: 59+24=83. 92-83=9. 62-9=53. Yes. So that’s
another valid equation. But the problem didn’t specify any preference,
so any of these is acceptable.

But the first one I found is probably easier. So I think the answer is 59
-(92-62-24)=53.

Answer: 59 - (92 - 62 - 24)

TRSD (GSMSK)

Think:

Okay, let’s see. I need to use the numbers 59, 92, 24, and 62 exactly
once each with basic arithmetic operations to make 53. Hmm. Let me
start by thinking about possible operations.

First, maybe subtract some numbers. Let’s see, 92 minus 59 is 33. Then
62 minus 24 is 38. Not sure how that helps. Wait, maybe combining
them differently. Let me try adding some numbers and subtracting oth-
ers.

‘What if I take 92 and subtract 627 That gives 30. Then maybe add 24?7
30 +24 is 54. Close to 53, but one off. Oh, but I still have 59 left. Wait,
but I can’t use numbers more than once. Wait, I already used 92, 62,
and 24. So 59 is left. Maybe that’s not the right path.

Alternatively, let’s try 59 minus something. Let’s see, 59 - (92 - 62) =
59 -30 =29. Then adding 24? 29 +24=53. Wait, but that would use 59,
92, 62, and 24. Each exactly once. Let me check that.

S0 92 -62 is 30. Then 59 -30 is 29. Then 29 +24 is 53. Wait, but how
to structure that into an equation using all numbers once. Let me write
it step by step:

First, 92 - 62 = 30

Then 59 - 30 = 29

Then 29 +24 =53.

But how to combine these steps into one equation. Let’s see:

(59 - (92 - 62)) +24 =53.

Yes, that uses all numbers once. Let me verify:

Compute inside the parentheses first: 92 -62 is 30. Then 59 -30 is 29.
Then add 24: 29 +24 =53. Perfect. So the equation would be (59 - (92
- 62)) +24 =53.

Alternatively, maybe there’s another way, but this seems to work. Let
me check if each number is used once: 59, 92, 62, 24. Yes, all four
numbers are used once each. The operations are subtraction and addi-
tion. So that’s valid.

Answer: (59 - (92 - 62)) +24

Figure 9: Example where both models answer correctly on a prompt from the Countdown dataset.

20



Published at Latent & Implicit Thinking Workshop @ ICLR 2026

Prompt. Susan orders 3 magazines that send 12 issues a year. She has 1 magazine that sends 6 issues a year. Her last magazine sends her 4 times the

amount of the 6 issue magazine. How many magazines does she get every year?

Correct answer: 66
Baseline (Qwen3-4B)

Think:
Okay, let’s see. Susan has three magazines. Wait, the problem says
she orders 3 magazines that send 12 issues a year. Then there’s another
one that sends 6 issues a year. And her last magazine sends 4 times the
amount of the 6-issue magazine. Hmm, need to figure out how many
magazines she gets every year.
Wait, first, let me parse the question again. The first part says Susan
orders 3 magazines that send 12 issues a year. So that’s three maga-
zines, each with 12 issues. Then she has 1 magazine that sends 6 issues
a year. So that’s another magazine. Then her last magazine sends her
4 times the amount of the 6-issue magazine. So the last magazine is 4
times 6, which is 24 issues.
Wait, but the question is asking how many magazines does she get ev-
ery year? Wait, maybe I need to check if the question king for
the total number of magazines or the total number of issues? Wait,
the wording says "how many magazines does she get every year?” So
maybe it’s the total number of magazines she has? Let me check again.
Original question: "How many magazines does she get every year?”
So the answer is the total number of magazines she has. Let me check
the problem again. Susan orders 3 magazines that send 12 issues a
year. Then she has 1 magazine that sends 6 issues a year. Then her last
magazine sends 4 times the amount of the 6-issue magazine. So, the
total number of magazines would be 3 + 1 + 1 = 5? Because the first
three are 12 issues each, then one is 6, and another one is 4 times 6,
which is 24. So total magazines: 3 + 1 + 1 = 5. But wait, maybe the
wording is tricky. Let me check again.
‘Wait, the problem says she orders 3 magazines that send 12 issues a
year. Then she has 1 magazine that sends 6 issues. Then her last mag-
azine sends 4 times the amount of the 6-issue magazine. So the last
magazine is another one. So total number of magazines is 3 + 1 + 1
= 5. But maybe the problem is asking for the total number of issues?
Wait, but the question says “how many magazines does she get every
year?” So the answer is 5. But let me check again.
Alternatively, maybe the problem is phrased in a way that the three
magazines are part of the total. Let me re-express:
Original problem:
Susan orders 3 magazines that send 12 issues a year. She has 1 maga-
zine that sends 6 issues a year. Her last magazine sends her 4 times the
amount of the 6 issue magazine. How many magazines does she get
every year?
So, the first part: 3 magazines (each 12 issues). Then she has 1 maga-
zine (6 issues). Then her last magazine is 4 times the 6-issue magazine.
So that’s 4%6=24 issues. So the last magazine is another one. So total
number of magazines is 3 + 1 + 1 = 5. Therefore, the answer is 5. But
let me check again if I'm misinterpreting the problem.
Alternatively, maybe the “last magazine™ is part of the three she or-
dered? Wait, no. The problem says she orders 3 magazines that send
issues a year. Then she has 1 magazine that sends 6 issues. Then
st magazine sends 4 times the 6-issue. So that’s an additional
magazine. So total is 3 + 1 + 1 = 5. Therefore, the answer is 5. But
maybe the problem is asking for the total number of issues? Wait, the
question says "how many magazines does she get every year?” So it’s
the number of magazines, not issues. So answer is 5. But let me check
again.
‘Wait, maybe the problem is in the wording. The first sentence says she
orders 3 magazines that send 12 issues a year. Then she has 1 magazine
that sends 6 issues. Then her last magazine sends 4 times the amount
of the 6 issue magazine. So total magazines: 3 + 1 + 1 = 5. So the
answer i8 5. So I think that’s correct. But maybe the problem is trying
to trick me? Let me check again.
Alternatively, maybe the “last magazine” is part of the three she or-
dered? But the problem says she has 1 magazine that sends 6 issues.
So that’s separate. Then the last magazine is another one. So total of 3
+ 1+ 1 =5. Yes. Therefore, the answer is 5.

Answer: 5

TRSD (GSMS8K)

Think:

Okay, let’s break this down. Susan has three types of magazines. The
first part says she orders 3 magazines that send 12 issues a year each.
Then there’s one magazine that sends 6 issues a year. The last magazine
sends 4 times the amount of the 6-issue magazine.

So, the first three magazines: 3 magazines * 12 issues = 36 issues. The
next one is 6 issues. The last one is 4 times 6, which is 24 issues.
Adding those together: 36 + 6 + 24 = 66. Wait, but the question asks
how many magazines she gets every year. Wait, the total number of
magazines is 3 + 1 + 1 = 5? Wait, no. Wait, the problem says “how
many magazines does she get every year?” Wait, the issues per mag-
azine, but the question is about the number of magazines. Wait, the
problem says she orders 3 magazines that send 12 issues each, then 1
that sends 6, and one that sends 24 (4 times 6). So total number of
magazines is 3 + 1 + 1 = 5. Wait, but the answer is 5? But the problem
says “every year” so maybe the answer is 5. But let me check again.
The first part: 3 magazines that send 12 issues a year. Then one mag-
azine that sends 6, and another that sends 4 times 6 (which is 24). So
the total number of magazines is 3 + 1 + 1 = 5. So the answer is 5.

Answer: 5

Figure 10: Example where both baseline and TRSD-trained models fail on the same prompt, illus-
trating a shared failure mode.
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