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There are many computational models set up to predict
blood flow and pressure in vascular networks. Methods
for a single forward solution of such models are well es-
tablished, but become problematic in clinical applications,
where model calibration and patient-specific parameter
estimation call for repeated forward simulations of the
model requiring substantial computational costs. A poten-
tial workaround is emulation, which approximates the orig-
inal mathematical model by a statistical or machine learn-
ing surrogate model. Our methodological framework is
based on physics-informed neural networks, with a partic-
ular focus on patient-specific model calibration. Once fully
trained, our machine learning model predicts flow and pres-
sure waveforms in a fraction of the time required by the
numerical solver, enabling fast parameter inference and in-
verse uncertainty quantification. The proposed framework
is applied to clinical data from four patients diagnosed with
a Double Outlet Right Ventricle (DORV), a congenital heart
defect where both the aorta and main pulmonary artery
connect to the right ventricle, potentially leading to insuffi-
cient oxygen delivery to the body and hence requiring care-
ful blood flow monitoring. We assess the performance of
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our method in a comparative evaluation study that includes
several alternative state-of-the-art machine learning meth-
ods, and we quantify the improvement achieved in terms
of accuracy and efficiency gains.
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1 | INTRODUCTION

One-dimensional (1D) computational fluid dynamics (CFD)models have long been used for simulating haemodynamics
in vascular networks including studies by Reymond et al. [1], Mariscal-Harana et al. [2], Johnson et al. [3], and Olufsen
et al. [4]. They represent key haemodynamic properties such as pressure, flow rate, wave propagation, and shear stress,
making them relevant to clinical decision-making. However, while the computational efficiency gain over 3D models
enables forward simulations for fixed model parameters in real time [5], 1D CFD models are computationally too
complex for real-time model calibration and parameter estimation (the so-called inverse problem). This would require
a substantial number of forward simulations with different model parameters as part of an iterative optimisation or
sampling scheme. Such patient-specific model calibration and physical parameter inference are of critical importance
for clinical applications, for instance, as part of a clinical decision support system based on proper inverse uncertainty
quantification (IUQ).

Surrogate models can be introduced to approximate the outputs of 1D fluid dynamics simulations, resulting in
a significant reduction in computation time. After incurring an initial time cost in the form of a training period, such
models can make rapid predictions. This allows for extensive simulations in terms of performing IUQ for potential
surgical outcomes, such as the construction of a Fontan circuit in single-ventricle infants [6] [7]. Applications of
data-driven surrogate models to CFD (in general) and cardiovascular modelling (in particular) have been extensively
researched, for example, using polynomial chaos expansions (PCE) [8, 9], Gaussian Process (GP) regression [10], and
deep learning [11, 12]. A disadvantage of these purely data-driven surrogate models is that they may not fully capture
underlying dynamics. As a result, their performance may suffer when extrapolating to conditions outside the training
domain. This shortcoming can be addressed by explicitly integrating physics-based information into the surrogate
modelling process.

One of the first approaches to modelling fluid dynamics using physics-informed machine learning was introduced
by Raissi et al. [13], where 2D and 3D Navier-Stokes problems were tackled. In this study, the networks were trained
using (synthetic) observational data and governing equations where Reynolds and Peclet numbers were inferred as
part of the training process. Their work included an application to cardiovascular fluid dynamics, namely in a 2D
stenosis toy problem. In a similar vein, Garay et al. [14] used physics-informed neural networks to infer Windkessel
parameters, again as part of the network optimisation. Their study used 2D MRI flow and pressure data observed
at vessel midpoints over one period to inform these parameters, which defined the model’s boundary condition. Of
particular interest is the work carried out by Kissas et al. [15], where PINNs were applied to a 1D model of blood flow
in both synthetic and patient-specific vessels. The authors utilised observational flow and cross-sectional area data at
vessel midpoints to train a physics-informed neural network, which could then be used to predict blood pressure, flow,
and vessel cross-sectional area at any time point or location in their respective domains, with a particular focus on non-
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invasive aortic pressure predictions. The applications ranged from a three vessel system including one bifurcation with
synthetic data to a seven vessel network with three bifurcations applied to real patient data. Windkessel parameters
were inferred post-training using predictions of flow and pressure at the ends of the outflow vessels. Yang et al.
[16] introduced a general class of Bayesian physics-informed neural networks (b-PINNs) designed to handle noisy
observational data. By modelling uncertainty in the network weights, their approach yielded predictive intervals
rather than a single deterministic solution. The authors employed both Markov Chain Monte Carlo (MCMC) and
variational inference (VI) methods to infer the network parameters. The methodology was tested on a variety of
1D and 2D PDEs toy problems. Sun and Wang [17] approached the problem of modelling 2D fluid flow from noisy
or sparse data by using b-PINNs and a slightly modified VI method. Their application included a toy problem of an
idealised stenosis. They demonstrated that hybrid data-driven and physics-informed models (i.e., models that utilise
both observational (simulation) data and PDE residuals) learn solutions faster and more accurately than purely PDE-
residual-based learning methods. More recently, Huang et al. [18] tackled a one-fluid cavitation model problem using
a joint data-driven and physics-informed approach, finding that combining the two sources of information led to more
accurate results than previously achieved. Note that in this case, data-driven means using simulation data obtained
by numerically solving the equations. Investigations into fully data-free (i.e., fully physics-informed) modelling have
also been carried out. Sun et al. [19] introduced a surrogate model for steady-state 2D flow, which did not require
data to fit, as long as boundary conditions were imposed correctly. The work focused on a toy problem of idealised
stenotic flow. This approach included an input parameter ν in the model, in addition to the spatial coordinates, which
corresponded to fluid viscosity.

Isaev et al. [20] modelled flow in a steady-state system of 4 vessels resulting from the Fontan procedure in a data-
driven manner to investigate how perfusion changed given a change in geometry. Their model accepted geometry
parameters (vessel radii and bifurcation angles) and boundary conditions (pressure values at the inlet and outlets) as
inputs, and outputted flow predictions at single points in each of the 4 vessels. Physics-informed machine learning
continues to be a heavy focus in both the machine learning literature (sampling strategies [21, 22], avoiding failure
modes [23], architectures [24]) and applied engineering problems [25, 26, 27].

When making a model patient-specific for medical applications, each parameter adaptation calls for another nu-
merical integration of the PDEs. The accumulated time can reach days or weeks. However, since predictions made
using a trained machine-learning model can be done in a fraction of the time required by a standard numerical solver,
the overall computational costs of Bayesian inference can be reduced by several orders of magnitude to time frames
acceptable for clinical decision making. The focus of the present work is on implementing physics-informed machine
learning for emulation in the context of Bayesian inference and inverse uncertainty quantification to understand aortic
remodelling in infants with a Fontan circulation. The novelty lies in a substantial upscaling of the model complexity to
a 1D fluid dynamics model of a large haemodynamic network of up to 17 interconnected blood vessels. In addition
to predicting flow and pressure as a function of space and time, our model accepts biophysical parameters as inputs.
These parameters define the elasticity of the vessel walls in the large and small vessels, as well as the geometry of
the network of small vessels. Given noisy, clinical flow waveforms extracted from 4D-magnetic resonance images,
our aim is to carry out Bayesian inference and inverse uncertainty quantification of the physical parameters using
posterior sampling. To this end, we need model outputs for repeatedly varying parameters as part of an established
sampling routine, such as Hamiltonian Monte Carlo [28] (HMC).

This study is organised as follows: Section 2 introduces the multiscale 1D fluid dynamics model and Section
3 the physics-informed neural networks used as surrogate models. The implementation workflow is presented in
Figure 1. Numerical results are reported in Section 4, demonstrating predictive performance compared to proven
surrogate models and the ability to perform uncertainty quantification in two arterial network models: a proof-of-
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F IGURE 1 Overview of the modelling and inference pipeline. The process begins with the 1D fluid dynamics
model (top-left panel) and patient-specific geometry extracted from MRA data. A PINN is then trained as a
surrogate model using both clinical inflow boundary conditions from 4D MRI and embedded physical constraints
such as conservation laws and boundary conditions (bottom-left panel). Once trained, the PINN is used to perform
fast forward predictions of flow and pressure at any coordinate in space, time and physical parameter space
(top-right panel) and inverse inference of biophysical parameters, enabling uncertainty quantification and
non-invasive pressure predictions (bottom-right panel). The top-right panel displays flow and pressure fields
predicted by the trained PINN model alongside fields obtained via a high-fidelity PDE solver in 2 different vessels.

concept application in a smaller network consisting of 9 vessels (the aorta and those immediately branching off), as
well as a more realistic model composed of 17 vessels (extension of the 9 vessel model including head and neck
vessels) with accompanying real patient data. Finally, findings are summarised in Section 5.

2 | FLUID DYNAMICS MODEL AND DATA

2.1 | Vascular network and haemodynamic data

The aorta, head, and neck vessel geometry is taken from Taylor-LaPole et al. [29] and Paun et al. [30]. Vascular
dimensions are determined by first segmenting the vasculature from patient MRA images, creating a 3D-rendered
volume of the vessels. Then, the centerlines are generated throughout each vessel. From the centerlines, a directed
labelled tree is defined including vessel connectivity, length, and radii.

Flow and cuff pressure data are collected from four double outlet right ventricle (DORV) patients. These patients
are born with the pulmonary artery and the aorta connected to the functioning right ventricle. To prevent the mixing
of systemic (oxygenated) and pulmonary (deoxygenated) blood flow, the DORV patients included in this study have
previously undergone surgeries to obtain a single-ventricle Fontan circulation, i.e., the pulmonary arteries are detached
from the right ventricle and connected to the inferior and superior vena cava. The flow waveforms are extracted
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from 4D magnetic resonance images (MRI) [29, 31, 32], and these 4D-MRI images are then registered on the MRA
images used to segment the networks, as described in [29, 31, 32]. The time-resolved 4D flow MRI data in the
ascending aorta is used as the inflowboundary condition for themodel. Flow data is also determined in the innominate
artery, left common carotid, left subclavian artery, and descending aorta (vessels 3, 5, 6 and 7 in Figure 2(b)). Finally,
diastolic and systolic pressure measurements were obtained via cuff measurements in the supine position with a
sphygmomanometer.

2.2 | One-dimensional (1D) arterial model with structured tree boundary conditions

The 1D model integrates the axisymmetric Navier Stokes equations for an incompressible fluid to predict periodic
blood flow, pressure and cross-sectional area in each vessel as a function of time. Each vessel is assumed to be
cylindrical with a thin, impermeable wall. We assume that the flow is Newtonian, incompressible, and axisymmetric.

The computational domain is represented by a network of interconnected vessels, and has two parts: large vessels
and small vessels. The connectivity and geometry (length and radius) of the large vessels can be extracted from images,
while a self-similar structured tree represents the small vessel network. In the large vessels, blood flow and pressure
are predicted by solving the non-linear 1D equations, whereas in the small vessels, we solve a linear 1D model. From
the perspective of the large vessels, haemodynamic predictions in the small vessels form the boundary conditions. We
prescribe a flowwaveform at the inlet to the network, and assume that flow is conserved and pressure is continuous at
each junction (both in the large and small networks). The non-linear system of PDEs in the large vessels is hyperbolic,
i.e., for each vessel, we require a boundary condition at each end. The equations are non-dimensionalised and solved
using an in-house, two-step Lax-Wendroff solver [33]. This algorithm is suitable for studying blood flow in arteries,
where we do not anticipate shock under physiological flow conditions.

2.2.1 | Networks - computational domain

Large vessel networks
The present study examines haemodynamics in two vascular networks. Network 1 (Figure 2(a)) includes 9 large vessels:
the ascending aorta, the aortic arch, the descending aorta, and vessels branching into the neck. The length l (cm) and
unstressed vessel radii r0 (cm) of each vessel are obtained from the skeletonised network data. It is important to note
that this smaller network includes only those vessels that are visible and reliably segmented in the medical images.
Network 2 (Figure 2(b)) extends network 1 to incorporate vessels outside of the imaged region. This larger network
includes 17 large vessels, with vessels extending into the arms and brain. Note all junctions, in both the large and small
networks, are bifurcations, i.e., a given vessel will always have exactly two daughter vessels. Detailed descriptions of
these networks are provided in the modelling study by Taylor-LaPole et al. [29] which was followed closely, besides
from applying a stronger tapering effect to the descending aorta.

Small vessel networks
The small vessel networks (Figure 2(c)) (attached at the terminal vessels of the large vessels, Figure 2(a) and (b)) consist
of self-similar bifurcating trees in which the unstressed vessel radii r0 (cm) of the daughter vessels are scaled relative
to the parent vessel as

(r0 )d1 = α (r0 )p , (r0 )p = β (r0 )d2 (1)
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F IGURE 2 Diagrams of the two models considered in this work. (a) Layout of the arteries in the 9-vessel model.
Structured trees, which describe the outflow boundary condition, are attached to the terminal vessels. (b) Diagram
depicting the 17-vessel network. The numbers corresponding to each vessel are coloured by group, where each
group is assigned its own vessel stiffness value. (c) The terminal vessels are indicated by ending in a structured tree
of small vessels that determines the outflow boundary conditions. The red lines intersecting vessels 3, 5, 6 and 7 in
both (a) and (b) indicate the approximate location at which flow data was available to infer physical parameters with.

The scaling factors are chosen such that the vessel labelled daughter 1 (d1) is always bigger than daughter 2 (d2) .
We assume that the radii of the daughter vessels are smaller than those of the parent vessel (0 < α < β < 1). The
structured tree continues to bifurcate until the radii are smaller than a set minimum radius rmin . Self-similarity is also
reflected in the length of the vessel, which is set for each vessel at L = l r r · r0, where l r r is the length-to-radius ratio.

2.2.2 | Large vessel equations

The system of equations solved in each large vessel relates volumetric flow q (x , t ) (mL/s), pressure p (x , t ) (mmHg),
and cross-sectional area A (x , t ) = πR (x , t )2 (cm2). For each cardiac cycle, we ensure that 0 < t < T and x ∈ (0, L ) ,
where L is the length of the vessel. The systemof equations satisfying conservation ofmass and balance ofmomentum
is given by

∂A

∂t
+ ∂q

∂x
= 0, (2)

∂q

∂t
+ ∂

∂x

(
q2

A

)
+ A

ρ

∂p

∂x
= − 2πνR

δ

q

A
, (3)

where ρ = 1.057 (g/cm3) is density, µ = 0.032 (g/cm/s) is viscosity and ν =
µ
ρ (cm2/s) denotes the kinematic viscosity.

In the present study, we kept these quantities constant with values obtained from literature [34], as they were not
expected to change much from patient to patient. The equations are derived by assuming a Stokes boundary layer
with thickness δ =

√
νT /2π .
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To close the system of equations, a linear stress-strain model relating pressure to area is imposed

p (x , t ) − p0 =
4

3

Eh

r0

(√
A

A0
− 1

)
, (4)

Eh

r0
= f (r0 ) = f1 exp(−f2r0 ) + f3, (5)

where p0 (mmHg) is the unstressed pressure and r0 (cm), A0 = πr 20 (cm2) are the equivalent unstressed radius and
cross-sectional area, respectively. The latter are obtained from the segmentation of vascular networks. To account
for the increased stiffening with the decrease in vessel radius, Young’s modulus E (g/cm/s2) and wall thickness h

(cm) are related to the reference vessel radius r0 as an exponentially tapering function f (r0 ) parametrised by three
parameters f1, f2 and f3.

2.2.3 | Boundary conditions

From the perspective of the large networks (shown in Figure 2(a,b)), three types of boundary conditions are imposed:
at the inlet, at each junction, and the terminal vessels.
Inflow
At the network inlet, we impose a smooth periodic flow waveform q (0, t ) (mL/s) obtained by generating a smooth
waveform from the measured flow in the ascending aorta, discretised at the number of time-points required by the
numerical solver.
Junctions (Bifurcations)
At the junctions, we impose conservation of flow and continuity of pressure, i.e., the flow and pressure at the end of
each parent vessel (subscript p) are related to the values at the inlet of the two daughter vessels (subscript d1 and d2).
These conditions give

qp (L, t ) = qd1 (0, t ) + qd2 (0, t ) (6)

pp (L, t ) = pd1 (0, t ) = pd2 (0, t ) . (7)
Outflow conditions
At the end of the terminal vessels (within the tree of large vessels), we impose an outlet condition via an impedance
obtained by solving a system of linearised equations in the structured tree model described in detail in [4].

Within each vessel, the linearised equations can be solved analytically in the frequency domain, generating ex-
pressions for impedance Z (x ,ω ) = P (x ,ω )/Q (x ,ω ) . To generate a solution in the tree, we determine the impedance
at the beginning of each vessel x = 0 as a function of the impedance at the end of the vessel x = L as

Z (0,ω ) =
i g −1

ω sin(ωL/c ) + Z (L,ω ) cos(ωL/c )
cos(ωL/c ) + i gωZ (L,ω ) sin(ωL/c ) , ω , 0 (8)

Z (0,ω ) = 8µl r r

πr 30
+ Z (L,ω ), (9)
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where g =
√
CA0 (1 − FJ )/ρ (n.d.) and the wave speed c =

√
A0 (1−FJ )

ρC (n.d.). In these equations A0 is the unstressed
vessel radius, C = ∂A

∂p =
3A0r0
2Eh is the vessel compliance, and FJ =

2J1 (w0 )
w0J0 (w0 )

,w0 = i 3r 20ω/ν is a ratio of Bessel functions
Ji , i = 0, 1 (functions of the Womersley number w0) arising from the solution of the linearised PDE [4]. Similar to the
large vessel network, the equation in the interior is combined with junction conditions, which in the frequency domain
are given by

1

Zp (L,ω )
=

1

Zd1 (0,ω )
+ 1

Zd2 (0,ω )
. (10)

Using a recursive algorithm (described in detail in [4]), the solution is propagated to the root of the structured tree,
where the impedance defines the relationship between flow and pressure as

p (L, t ) =
∫ T

t−T
q (L, t − τ )z (L, τ )dτ, (11)

where z(x,t) is obtained by an inverse periodic Fourier transform of Z (x ,ω ) . Alternatively, by the convolution theorem,
F(p (L, t ) ) = F(q (L, t ) ) F(z (L, τ ) ), (12)

where F denotes the Fourier transform.

2.2.4 | Model parameters

The fluid dynamics model has three types of parameters specifying: the computational domains (the large and small
vessel networks), fluid properties, and physiological properties. Nominal values and a priori bounds for all parameters,
as well as a subset of identifiable parameters via a sensitivity analysis, are determined from data and results reported
in previous studies [29, 30]. We examine haemodynamics in two networks (Figure 2(a,b)) with N = 9 and N = 17 large
vessels, respectively. For the N = 9 vessel network, the vessel parameters are the same for all vessels, while for the
N = 17 network, we include four groups denoting vessels with varying properties (see Figure 2(b) for the groupings).
Below we summarise all model parameters noting identifiable parameters for each type.

• Large vessel networks: Large vessel parameters include estimates of vessel radii (r0 )i , i = 1, . . . ,N , vessel length
l i , i = 1, . . . ,N , and vessel connectivity. For both networks, estimates for these parameters are obtained from
segmentation of the MRA images.

• Small vessel networks: Terminal vessels of the large vessel networks are connected to structured trees charac-
terised by four parameters: α , β , l r r , and rmin . The parameter rmin specifying the size of the smallest vessels is
kept fixed. For the terminal tree attached to the large descending aorta rmin = 0.001 and for the structured tree
attached to the descending aorta and for the terminal vessels in the head and neck rmin = 0.0001. The parameters
(α , β , l r r ) are correlated. Similar to the original study [29], α is inferred, while β and l r r kept fixed at their nominal
values.

• Fluid properties include blood density ρ and viscosity µ. Parameters associatedwith these quantities are fixed for all
simulations (see above), as they are easy tomeasure in vivo and have been extensively reported in haemodynamics
studies.

• Biophysical parameters include parameters denoting vessel compliance, i.e., parameters required to specify Eh/r0,
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i.e., (fi1 , fi2 , fi3 , i = s, l . These parameters appear both in both the large (i = l ) and small (i = s ) networks. Again,
the parameters of the large and small vessels are correlated. For both networks we fix f1 for all large vessels and
structured trees, we infer one value of fi2 , i = l , s for the large and small vessels, respectively, and group specific
values for fi (3,j ) (one value j = 1 for the 9-vessel network and 4 values j = 1, ..., 4 for the 17-vessel network).

In summary, for the 9-vessel network (Figure 2(a)), we infer 5 parameters
θ = (fl2 , fs2 , fl3 , fs3 , α ) (13)

and for the 17-vessel network (Figure 2(b)), we infer 10 parameters
θ = (fl2 , fs2 , fl (3,j ) , fs (3,j ) , α ), j = 1, ..., 4. (14)

3 | METHODS

3.1 | Training the physics-informed emulator

An independent, fully connected feed-forward neural network, also known as a multilayer perceptron (MLP), is as-
signed separately to each vessel in the system. A comprehensive comparison of network architectures for blood flow
modelling was carried out byMoser et al. [35], where it was found that fully connected feedforward networks provide
a favourable balance between prediction accuracy and training time. The networks accept spatial location in the axial
direction x ∈ [0, L ], where L (cm) is the vessel-specific length, time point t , and biophysical parameters θ as inputs,
and output flow and pressure values

uNN : (x , t ,θ) ↦→ (q̂ , p̂ ) . (15)
Note that the domain of the spatial input x is different for each vessel, reflecting the vessel-specific lengths. The pa-
rameters belonging to the vector of biophysical parameters θ are the quantities to be inferred and remain a modelling
choice.

A neural network with L layers is defined as a composition of functions
uNN (x , t ,θ) =

(
uL ◦ uL−1 ◦ · · · ◦ u1

)
(x , t ,θ) . (16)

Each layer uℓ : Ònℓ−1 → Ònℓ is given by
uℓ (z) = σℓ (Wℓz + bℓ ), (17)

where Wℓ ∈ Ònℓ ×nℓ−1 is the weight matrix, bℓ ∈ Ònℓ is the bias vector, and σℓ is a (typically non-linear) activation
function applied elementwise. The complete set of parameters is ω = {Wℓ,m , bℓ,m | ℓ = 1, . . . , L, m = 1, . . . ,M },
whereM denotes the total number of vessels in the system. Note that the cross-sectional vessel areaA is an additional
quantity present in the equations of the 1Dmodel and can be easily found by rearranging Equation (5) given a predicted
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pressure value and vessel stiffness parameters:
Â (x , t ,θ) = A0 (

3

4

r0
Eh

(p̂ (x , t ,θ) − p0 ) + 1)2 . (18)
The 1Dmodel outlined in Section 2.2 imposes several constraints that the flow and pressure solutions must adhere to.
These form a collection of loss functions that must be satisfied for the neural network to provide the correct solution
to the problem.

3.2 | Exact imposition of inlet boundary condition and periodicity

Solving the patient-specific fluid dynamics problem requires a set of geometry parameters (lengths and radii of arteries)
and an inflow profile. The inflow profile imposed at the inlet of the first vessel in the system remains fixed and periodic,
given periodT (s), irrespective of additional physiological input parameters. Furthermore, since the system is assumed
to be periodic, flow and pressure should be equal at all times t = kT , k ∈ Ú. Both of these conditions are imposed
exactly as described in the subsequent sections, rather than being learnt through loss functions.

3.2.1 | Inflow

Embedding the inflow boundary condition into the solution requires a representation of flow as a continuous, at
least one-time differentiable function of time. When numerically solving the PDEs, the inflow exists as a vector
of flow data on a sufficiently fine grid to ensure numerically stable solutions. Incorporating a deterministic inflow
into the PINN solution requires a continuous inflow profile. Gaussian Process (GP)[36] regression offers itself as
an excellent choice for the following reasons: GPs are fast to apply and train given the number of points expected
in this application (< 100), satisfy the differentiability requirement given appropriate choice of covariance function
(kernel) and periodicity can be enforced through a periodic kernel. In our study, a Matérn 5/2 kernel wrapped inside
a periodic kernel [37] was chosen for modelling the inflow. This kernel is twice differentiable, which appears more
realistic than the more common infinitely differentiable (and hence potentially over-smooth) Squared Exponential (SE)
kernel. Having fitted the GP and optimised hyperparameters via maximising the marginal likelihood, the posterior
predictive mean was used as the surrogate inlet boundary condition.

Let qi n (t ) be the inflow profile over one period and q̂ (x , t ,θ) the neural network’s flow prediction of the first
vessel in the system. The corresponding PINN can be augmented to satisfy the inflow profile exactly at location x = 0

by mixing the two outputs [38]
q̃ (x , t ,θ) = cos ( π

2

x

L

)
qi n (t ) + sin ( π

2

x

L

)
q̂ (x , t ,θ), (19)

where L (cm) denotes the length of the vessel and x ∈ [0, L ].

3.2.2 | Periodicity

Satisfying one-dimensional periodicity exactly requires imposing the condition
uNN (x , t ,θ) = uNN (x , t + kT ,θ), k ∈ Ú, (20)
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on the neural network, whereT is the period of the system. A change of variable is introduced in the first layer of the
neural network for the variable t , which naturally satisfies the constraint in Equation (20)

v : t ↦→
(
cos

(
2πt

T

)
, sin

(
2πt

T

))
. (21)

The input-augmented neural network is then represented as
ũNN : (x , ν (t ),θ) ↦→ (q̃ , p̃ ), (22)

where q̃ is given by Equation (19) in the inflow vessel, and otherwise flow and pressure are the raw neural network
outputs: q̃ = q̂ , p̃ = p̂ .

3.3 | Loss functions

3.3.1 | Bifurcations

The outputs of the neural network representing flow and pressure in each vessel in the artery tree must satisfy the
same continuity conditions as presented in Section 2.2. This is incorporated into the training process via a soft con-
straint, usingmean-squared error loss functions. Given a bifurcating parent vessel of length Lp with 2 daughter vessels,
for a time point t and vector of biophysical parameters θ, the residuals between flow predictions are defined as

rq (t ,θ) B q̃p (Lp , t ,θ) − q̃d1 (0, t ,θ) − q̃d2 (0, t ,θ) (23)
The pressure continuity residuals are split into two equations:

rp1 (t ,θ) B p̃p (Lp , t ,θ) − p̃d1 (0, t ,θ), (24)
rp2 (t ,θ) B p̃p (Lp , t ,θ) − p̃d2 (0, t ,θ) . (25)

Given an n-length vector of training time points and biophysical parameters, the bifurcation loss function is then

Lbif =
1

n

n∑
i=1

{
rq (t i ,θi )2 + rp1 (t i ,θi )2 + rp2 (t i ,θi )2

}
. (26)

3.3.2 | PDE residuals

Satisfying the PDEs represents the bulk of the networks’ training. Given Equations (2) (conservation of mass) and (3)
(conservation of momentum), residual functions are introduced as functions of space, time and biophysical parameters

rmass (x , t ,θ) B
∂Ã

∂t
+ ∂q̃

∂x
, (27)

rmom (x , t ,θ) B ∂q̃

∂t
+ ∂

∂x

(
q̃2

Ã

)
+ Ã

ρ

∂p̃

∂x
+ 2πνR̃

δ

q̃

Ã
, (28)

where q̃ , p̃ and Ã denote the predicted flow, pressure and cross-sectional area solutions at (x , t ,θ) .
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The loss function that captures the errors in the PDEs for an n-length vector of training spatial locations, time
points and biophysical parameters is hence

LPDE =
1

n

n∑
i=1

{
rmass (xi , t i ,θi )2 + rmom (xi , t i ,θi )2

}
. (29)

3.3.3 | Outflow

The loss function corresponding to the outflowboundary condition follows from the convolution relationship between
flow and pressure at the end of the terminal vessels presented in Equation (12). Implementing the outflow loss requires
pre-computing a set of impedance vectors z imp obtained using an n imp -length training set of biophysical parameters
θimp generated from an LHS design which sufficiently densely covers the parameters’ (patient-specific) viable regions.
The impedances are calculated atm equidistant time points in one period, timp . For a vector of biophysical parameters
θ with corresponding impedance vector z, the outflow residuals in a terminal vessel of length L are given by

rimp (θ,z) B
1

m

m∑
j=1

{(
p̃ (L, t imp

j
,θ) − F−1 (F(q̃ (L, t imp

j
,θ) ) F(z j ) )

)2}
, (30)

which follows from Equation (12), and where F and F−1 denote the Fourier transform and its inverse, respectively.
Then the outflow loss function for nimp -length full batch of biophysical parameters and corresponding impedance
vectors is given by

Limp B
1

n imp

n imp∑
i=1

rimp (θimp
i
,z

imp
i

) . (31)

3.3.4 | Data-driven loss

Lastly, a loss function that corresponds to a data-driven loss term is introduced. In this case, the data represent
simulation results of flow and pressure at the mid-points of the vessels, obtained by numerically solving the partial
differential equations for a set of biophysical parameters. For an n-length vector of training spatial locations, time
points and biophysical parameters, the data-driven (simulation) loss is given by

Lsim B
1

n

n∑
i=1

{
(qi − q̃ (xi , t i ,θi ) )2 + (pi − p̃ (xi , t i ,θi ) )2

}
, (32)

where qi and pi denote the numerical solutions of flow and pressure, respectively.

3.3.5 | Total loss

Summing the individual loss terms together provides the total loss function to be minimised. Previous research has
shown that weighting the individual terms appropriately can help in reaching the optima more consistently as well as
more efficiently by getting there in fewer iterations [39, 40, 41, 42]:

L(ω) B λbifLbif + λPDE LPDE + λimpLimp + λsimLsim . (33)
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The goal is to find the networks’ parameters which minimise Equation (33):
ω∗ = argmin

ω
L(ω), (34)

which is performed using stochastic gradient descent. More details on optimisation can be found in Section 3.8.

3.4 | Weighting scheme

Manually tuning the individual loss component weights in Equation (33) would prove arduous. For this reason, there
has been a keen interest in investigating automatic tuning methods in the existing body of literature. The weighting
scheme used in this work to set the loss terms in Equation (33) utilises the method introduced by Wang et al. [39], in
which the authors investigate a potential failure mode in training PINNs caused by stiffness in gradient flow dynamics
leading to unbalanced back-propagated gradients of each loss function. An algorithm is introduced that updates the
loss weights based on the L2 norm of the network parameters’ ω gradients via a moving average using gradient
statistics obtained during training every m steps

λi ,new =
| |+ωLbif (ω) | | + | |+ωLPDE (ω) | | + | |+ωLimp (ω) | | + | |+ωLsim (ω) | |

| |+ωLi (ω) | | , (35)

λi = γλi ,ol d + (1 − γ )λi ,new , (36)
for i ∈ {bif, PDE, imp, sim }, and | | · | | denotes the L2 norm. In this work, γ was set to 0.9 and m to 5, which follows
a general guideline proposed by Wang et al. [39]. The weighting scheme makes for a computationally cheap method,
since the gradients are readily available as part of a single gradient descent step.

3.5 | Multi-task data-driven and physics-informed learning

The modelling approach investigated here is a mixed learning approach, whereby the physics-informed loss functions
presented in the previous sections are combined with a standard data-driven approach to neural network learning.
In the context of emulation, this entails conducting numerical simulations of the physical model for a set of input
parameters and using the simulator’s results as an additional loss objective, in addition to the physics-informed loss
terms. However, a data-free approach may also be taken, in which case the neural networks are trained using a
modified total loss (Equation (33)) which does not include the data-driven loss term (Lsim ). It is of interest to quantify
the information gained by including the physics-based loss terms over a data-driven model, i.e., a model trained using
only Lsim in Equation (33). The out-of-sample predictive accuracy of the joint data-driven and physics-informed
emulator is compared to that of both purely data-driven surrogate models (using deep neural networks and Gaussian
Processes) and strictly physics-informed neural networks via an ablation study in Section 4.2.2. We demonstrate
that introducing even a small amount of simulator output, combined with physics-informed constraints, yields more
accurate out-of-sample predictions than typical data-driven surrogate models that use several times the amount of
training data. This may be especially useful in a clinical setting, for example, in the case of transfer-learning a pre-
existing and well-trained model to a new patient, given only a limited amount of time to run forward simulations.
Further transfer learning approaches are investigated in Section 4.3.
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3.6 | Neural network enhancements and activation function

Two other methods to improve the learning of the underlying physical system by PINNs were also considered: a
modified MLP that allows residual connections between the input and each hidden layer [39], and random weight
factorisation (RWF) [43], a method of initialising and parameterising the weights of the hidden layers that has been
shown to improve performance in some applications of PINNs [44]. A comparison of network architectures and train-
ing approaches was conducted for the 9-vessel 5-biophysical parameter model (Figure 2). The results are displayed
in Section 4.2.2. t anh activation functions were used for all hidden layers, which is a reliable activation function in
applications of physics-informed machine-learning [35, 44, 45].

3.7 | Transfer-learning

For the analysis of real patient data in Section 4.3, the quality of emulation was evaluated through the lens of its
application in a clinical setting. For all patient-specific applications, the PINN emulator is trained solely on numerical
solutions of the 1Dmodel (using the patient-specific geometry and inflow) together with the physics-based loss terms.
The measured flows and brachial pressures enter the workflow only through the likelihood in the Bayesian calibration
step, and are not used as direct targets when optimising the PINN weights. CFD simulations were run for varying
amounts of time using new patients’ vascular geometries and inflow profiles, which were then used to build patient-
specific surrogate models. Instead of learning the weights and biases of the PINNs from scratch, a network trained on
a previous patient was used as the starting point before fine-tuning the weights using a stochastic gradient descent
method with a small learning rate for a maximum of 30 minutes. In this work, the same pre-existing PINN model was
used as the base for all new patients; however, building a large set of emulators for pseudo-patients with varying
vascular geometries, boundary conditions, and physiological features and then choosing one similar to a new patient
based on the features as the starting point may be an attractive route to take for larger scale applications.

3.8 | Implementation

Optimisation of PINNnetworkweightswas performed using Adam [46], a variant of stochastic gradient descent (SGD),
with a learning rate starting at 1 × 10−3 and following a cosine-shaped decay function to a lowest value of 1 × 10−4,
based on optimisation of similar problems [15, 38], and using mini-batches consisting of 512 points.

3.9 | Inverse uncertainty quantification of biophysical parameters

To quantify the uncertainty of the estimated biophysical parameters θ given noisy flow data, a Bayesian framework
was adopted where the likelihood model used for inference was multivariate normal. The covariance structure aimed
to capture the discrepancy between the fluid dynamics model and the true underlying physical model in a patient
[47, 48]. This modelling choice has two benefits: firstly, it takes into account that the mathematical model used
to predict flow may not be representative of the underlying system (model discrepancy), and secondly, it captures
observation errors that are correlated in time (noise model mismatch). Model discrepancy may be explained by several
factors andmodelling choices, such as a flawed patient geometry due to errors in theMRAmeasurements, an incorrect
inflow profile, or incorrect fixed parameter values [49]. Assuming correlated errors instead of an i.i.d. noise model
was also motivated by the temporal nature of the data, i.e. a measurement error affecting one time point in the period
may depend on the previous measurement and affect the following. The approach taken in this study addresses both
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of these potential problems at once, using the Gaussian process model laid out by Kennedy and O’Hagan [48]. As
indicated in Figure 2, flow data was measured in four vessels at a fixed spatial location xi (i = 1, 2, 3, 4) in each over
nT time points t1, . . . , tnT spanning one period. For each vessel, we define the vector of observed flow values as

yi =
(
yi (t1 ), yi (t2 ), . . . , yi (tnT )

)T
, (37)

and the corresponding vector of flow values predicted by the physics-informed neural network, parametrised by θ, as
fi (θ) =

(
q̃ (xi , t1,θ), q̃ (xi , t2,θ), . . . , q̃ (xi , tnT ,θ)

)T
. (38)

We assume for each vessel
yi

�� θ ∼ N
(
fi (θ), Σi

)
. (39)

The correlated errors of vessel i were modelled via a zero-mean Gaussian Process (GP) prior with a Matérn 3/2 co-
variance function, motivated by existing works in the literature which account for model mismatch during inference
using similar GPs [50],

Σi = Kdisc,i + τi Itn , (40)

[
Kdisc,i ] j ,j ′ = σ2

i

(
1 +

√
3 |t j −t j ′ |

ℓi

) exp(− √
3 |t j −t j ′ |

ℓi

)
, (41)

where ℓi , σ2
i
and τi are vessel-specific length-scale, discrepancy variance, and noise variance parameters.

Uniform proper priors over physiologically realistic parameter ranges, as shown in Tables 1 and 4, were placed on
the biophysical parameters θ. For theMatérn 3/2 kernel parameters, Unif(0,T ) priors were placed on the lengthscale
terms, where T denotes the period of a patients’ circulation. Exponential priors were placed on the variance terms
corresponding to each vessel, where the scale chosen was equal to the range of observed data (maximum observed
- minimum observed) in that vessel. This was motivated by the idea that the mismatch between model outputs and
observed data was expected to increase at a steady rate given an increase in flow magnitude. Finally, log-normal
priors were placed on the vessel-specific observation noise terms with means of −2 and standard deviations of 1:

ℓi ∼ Unif(0, T ), σ2
i ∼ Exp(scale = max

j
yi (t j ) − min

j
yi (t j )

)
,

log τi ∼ N(−2, 1), θ ∼ Uniform(physiological bounds) .
The log-likelihood for vessel i was

log p (yi | θ, l i ,σi , τi ) = −T
2 log(2π ) − 1

2 log |Σi | − 1
2

(
yi − fi (θ)

)T
Σ−1
i

(
yi − fi (θ)

)
, (42)
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and combining all vessels,

p (θ, l i ,σ2
i , τi | {yi }) ∝

M∏
i=1

nobs∏
j=1

p (yi ,j | θ, l i ,σ2
i , τ ) p (θ)p (l i )p (σ

2
i )p (τi ), (43)

where the second product’s subscript j = 1, ..., nobs applies when there are multiple observed flow waveforms per
vessel for a patient. Samples were obtained from this posterior using HamiltonianMonte Carlo (HMC). Specifically, the
No-U-Turn sampler [51] algorithmwas used, eliminating the need to pre-specify the number of leapfrog steps. 4 chains
were run in parallel with starting points sampled from the parameters’ respective prior distributions. Convergence was
tested by monitoring the potential scale reduction factor (PSRF) [52] until it reached 1.1, after which 2000 further
samples were obtained.

4 | RESULTS

4.1 | Evaluation Strategy

The performance of the proposed PINN framework is assessed using the three-level evaluation strategy introduced
in Figure 3: (1) testing the surrogate model’s accuracy in reproducing outputs from the high-fidelity CFD solver, (2) as-
sessing the quality of parameter inference in synthetic settings with known ground truth, and (3) evaluating predictive
performance in function space via push-forward simulations.

4.2 | 9-vessel network, 5 biophysical parameters

The PINNs framework laid out above was first applied to a 9-vessel network (Figure 2a) beginning in the ascending
aorta. Five biophysical parameters were included as inputs to the model: stiffness parameters relating to both the
9 large vessels and the microvasculature that make up the structured tree, and an additional term that determines
the shape of the structured trees (defined in Equation 13). The chosen parameter ranges are listed in Table 1. They
were chosen to allow for typical wave speeds and realistic pressure ranges [53]. More details on parameter bounds,
sensitivities and variable selection can be found in Paun et al. [30] and Taylor-LaPole et al. [29].

4.2.1 | Training, test and noisy data

214 combinations of spatial locations, time points, and biophysical parameter vectors were obtained using uniform
sampling for space and time, and a Latin hypercube sampling (LHS) design for the biophysical parameters, with the
aim being a dense coverage of all input coordinates. These vectors were then used as inputs to the loss functions,
where applicable. For example, the bifurcation loss function accepts time points and biophysical parameters as inputs,
whereas the PDE residuals loss function accepts spatial locations, time points and biophysical parameters. Numerical
simulations of the physical model described in Section 2.2 were performed using biophysical parameters generated
from the same LHS design consisting of roughly 5000 points. The outputs (flow and pressure) of the numerical solver
consisted of 512 time points at the midpoint of each vessel. These input-output pairs were then subsampled using
the following training data set sizes: {128, 512, 1024, 2048, 4096}, to be used in the data-driven loss (Equation (32)).
Each set of simulation data was then used to build separate surrogate models.

A test set with 128 input-output numerical simulation pairs was created by randomly sampling and removing
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(1) Forward predictions 
(emulator verification)

(2) Parameter 
space calibration

(3) Push-forward 
model check

Compare 
emulator 
predictions 
to PDE solver 
in output 
space

Recover 
known 
parameters 
given noisy 
data

Bayesian updating of priors

Run obtained 
posterior 
samples 
through PDE 
solver

PDE solver

Validate 
obtained 
posterior 
against data

PARAMETER SPACE

OUTPUT SPACE

MCMC

PINN 
prediction

F IGURE 3 Illustration of the three levels of model evaluation. (1) Forward prediction (emulator verification): The
PINN surrogate is compared to the high-fidelity numerical solver to assess prediction accuracy in function or output
space (bottom subpanel) for different combinations of physical parameters θ (note that θ1 and θ2 on the axes in the
top subpanel denote two arbitrary input physical parameters). (2) Parameter-space inference: Given noisy
observational data (bottom subpanel), posterior parameter samples of the biophysical parameters are inferred (top
subpanel), and their distributions are compared against known ground truth values. (3) Push-forward validation:
Posterior samples (top subpanel) are re-inserted into the high-fidelity solver to assess predictive accuracy in function
space (bottom subpanel), comparing resulting waveforms against observed data to validate both emulator and
inference performance.

from the training set, as outlined in the previous paragraph. Both training and test sets used only 20 time-wise
equidistant flow data points over one period from the midpoints of each vessel instead of the full 512, to mirror
what the data-driven surrogates would typically use (see Section 4.2.2). Predictive accuracies of the trained PINN
models are compared to purely data-driven methods in Section 4.2.2. For each vessel and each test simulation, the
vessel-specific test loss was defined as the root mean squared error (RMSE) of predictions against the test data:

RMSEi =
√√√√

1

20

20∑
j=1

(
qi j − q̃i j

)2
, (44)

where the indices i , j denote the i th element of the test set and the j th time point, respectively. The total loss was
calculated by summing the RMSE scores of all individual vessels, and the distributions of RMSEi over the 128 test
simulations are shown in Figure 6.

To give a more concrete sense of emulator accuracy in physical units and relative terms, mean absolute error
(MAE), maximum absolute error, and a relative L2 error for flow and pressure were computed for each vessel and test
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TABLE 1 9-vessel model parameter descriptions, and values and ranges for fixed and inferrable parameters. The
stiffness parameters, which are used in Equation (5), relate either to the large vessels (f ) or the small vessels which
describe flow in the structured trees (f s ).

Parameter Value Description
f1 2 × 108 (fixed) Large vessel stiffness
f s1 2 × 108 (fixed) Small vessel stiffness
f2 [25, 45] Large vessel stiffness
f s2 [25, 45] Small vessel stiffness
f3 [2 × 105, 9 × 105 ] Large vessel stiffness
f s3 [2 × 105, 9 × 105 ] Small vessel stiffness
α [0.85, 0.94] Structured tree scaling term
β 0.60 (fixed) Structured tree scaling term
l r r 50 (fixed) Small vessel length:radius ratio
rmin 0.001 (vessel 7), 0.0001 (rest) Radius cut-off of structured tree

simulation. These are defined for flow as

MAEi = 1

20

20∑
j=1

��qi j − q̃i j
��, MaxAEi = max

1≤j ≤20

��qi j − q̃i j
��, (45)

and

rel L2
i =

√√√√©­«
20∑
j=1

(
qi j − q̃i j

)2ª®¬√√√√©­«
20∑
j=1

q2i j
ª®¬

. (46)

The same quantities are defined for pressure by replacing qi j andq̃i j with pi j and p̃i j .

In order to test the PINNs’ ability to perform uncertainty quantification, 4 sets of synthetic, noisy flow data were
generated using biophysical parameters sampled from their viable ranges, as presented in Section 4.2. The ground
truth data consisted of 20 time-wise equidistant flow measurements in one period, obtained using the CFD solver
introduced in Section 2.2 at the midpoints of vessels 3, 5, 6 and 7. Correlated errors were produced and added to
the CFD solutions by sampling from the zero-mean Gaussian Process (GP) prior outlined in Section 3.9. The variance
parameter σ2

i
, i ∈ 3, 5, 6, 7, was set to be vessel-specific to aim for similar signal-to-noise ratios, while the same

lengthscale parameter l and noise variance τ was shared between all vessels for generating the data. These values
were considered known and fixed during inference in order to isolate the performance of the emulator in recovering
the physical parameters. While this would not be realistic in a clinical setting, it was decided upon for this synthetic
validation study to ensure a controlled and interpretable comparison to ground-truth posteriors.
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F IGURE 4 Flow and pressure waveform predictions vs ground truths for 3 different vectors of physical
parameters in the test set. The predicted flow (a) and pressure (b) were obtained using the best performing model in
the architecture comparison.

4.2.2 | Emulation accuracy

A comparison of architectures was conducted using a simulation batch consisting of 128 input and output pairs. The
performance with respect to out-of-sample predictive accuracy of the various architectures is presented in Figure 5a.
This figure illustrates the importance of deeper networks, with performance further improving as more neurons are
added. Figure 4 displays predicted pressure and flowwaveforms at themidpoint of each of the 9 vessels of the 5-layer,
128-neuron PINN model utilising both the modified MLP and RWF, and the corresponding ground truth obtained via
CFD simulations for 3 vectors of biophysical parameters included in the test set.

To compare the emulation performance of PINNs versus standard data-driven surrogate modelling techniques,
deep neural networks and Gaussian processes were assigned to each of the 9 vessels, which were trained on varying
amounts of simulation data. This corresponds to the first level of evaluation in Figure 3, focusing on forward prediction
accuracy of the surrogate model. The data-driven methods were trained using vectors consisting of 20 equidistant
points of the original 512 stretching across the whole temporal domain. This was chosen based on a typical amount of
patient data available in a clinic setting for inference (see Section 4.3) [29]. The data-driven neural networks (DDNNs)
were trained in a multi-output fashion with 20 output neurons, corresponding to each time point, whereas 20 inde-
pendent Gaussian processes were fit using the numerical simulation flow output at each of the time points. The total
data budget was fixed for all models. Neural networks used a 90:10 train/validation split of the simulation data for
early stopping and underwent a grid search to find the optimal architecture, while GPs were trained using the full set.
This design ensured that no method benefitted from access to more simulation outputs. Accompanying PINN models
were fit using the same amount of numerical simulation output as the data-driven methods. The architecture chosen
was based on the comparison above: 5 hidden layers with 128 neurons per layer, and utilising both the modified MLP
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F IGURE 5 (a) Comparison of the models’ predictive accuracy on an out-of-sample test set: number of neurons
per hidden layer vs sum over 9 vessels of mean RMSE scores. The colours and shapes refer to the number of hidden
layers and neural network properties, respectively. Both the number of neurons per hidden layer and the number of
hidden layers have a strong impact on predictive performance, with performance plateauing when using at least 5
hidden layers, 256 neurons per layer, and the modified MLP architecture. Note that values for the 7-layer
256-neuron Base and RWF models were left out, as they were not able to converge during training, and further
investigation of appropriate learning rates was considered outside the scope of this work. (b) Traceplots describing
the evolution of loss component weights over the course of training the best performing model in the architecture
comparison.

and RWF, which provided a good balance between predictive performance and training time.
The same test set was used as in the architecture analysis. RMSE scores for each of the 20-length test set vectors

were obtained using the fully trained DDNNs, PINNs and GPs, and the results are summarised in Figure 6. The PINNs
averaged better scores than the data-driven methods across all tests (48%±16% and 40%±15% improvement in mean
RMSE (± one standard deviation) across all vessels and number of simulations over GPs and DDNNs, respectively) due
to having more information of the underlying physical process naturally built into them. Using as few as 512 simu-
lations provided roughly the same level of predictive performance as the competing data-driven methods achieved
when using 4096 simulations. This stark difference describes the impact that the physics-based loss function has
on out-of-sample predictive accuracy. Table 2 provides further metrics for the PINN trained with 128 simulations,
displaying the mean and standard deviation of the MAE and relativeL2 error across the 128 test simulations, together
with the corresponding maximum absolute error. Maximum absolute errors for pressure are within a unit across the
network, showing strong performance.

4.2.3 | Inverse uncertainty quantification of biophysical parameters using the emulator

Given the noisy flow observational data generated as outlined in Section 4.2.1, ground truth posteriors were obtained
using Bayesian inference, where forward runs of the numerical CFD solver were used within a Markov Chain Monte
Carlo (MCMC) sampling procedure to evaluate the likelihood at each parameter setting. This approach provides a high-
fidelity posterior against which the PINN-based posteriors can be compared. This analysis addresses the second level
of model assessment shown in Figure 3, examining how well the inferred parameter posterior distributions align with
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F IGURE 6 Comparison of physics-informed neural networks, data-driven neural networks and Gaussian
processes’ predictive performances in the 9-vessel model given by RMSE error scores (displayed on the log scale) on
an out-of-sample test set of 128 simulations using varying amounts of data to train each model (displayed on the
x-axis). The extra information provided by the physics-informed constraints contained within the PINNs resulted in
lower averages (59% and 49% improvement in mean RMSE across all vessels and number of simulations over GPs
and DDNNs, respectively) across the entire test set compared to either of the other two methods when trained on
the same amount of simulation data. Training the PINNs using 512 forward simulations yields comparable
performance to the data-driven methods trained using 8 times as many (4096) simulations.
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TABLE 2 Flow and pressure mean (standard deviation) error scores (mean and max absolute, and relative L2)
across the test set per vessel for the PINN model trained using 128 simulations. Mean and max absolute error
scores are in the corresponding units (mL/s and mmHg), while relative L2 is in percentage points.
Vessel Flow MAE Flow Max AE Flow Rel L2 Pressure MAE Pressure Max AE Pressure Rel L2

1 0.089 (0.066) 0.232 (0.172) 0.001 (0.001) 0.185 (0.133) 0.545 (0.398) 0.003 (0.002)
2 0.222 (0.163) 0.641 (0.470) 0.003 (0.002) 0.182 (0.132) 0.537 (0.404) 0.003 (0.002)
3 0.126 (0.084) 0.365 (0.258) 0.010 (0.007) 0.181 (0.129) 0.530 (0.384) 0.003 (0.002)
4 0.279 (0.201) 0.805 (0.614) 0.004 (0.003) 0.176 (0.130) 0.511 (0.394) 0.003 (0.002)
5 0.089 (0.102) 0.248 (0.291) 0.030 (0.032) 0.242 (0.184) 0.700 (0.567) 0.004 (0.003)
6 0.220 (0.152) 0.675 (0.442) 0.016 (0.010) 0.182 (0.135) 0.526 (0.405) 0.003 (0.002)
7 0.365 (0.230) 1.042 (0.691) 0.006 (0.004) 0.136 (0.098) 0.392 (0.295) 0.002 (0.002)
8 0.110 (0.063) 0.332 (0.200) 0.010 (0.006) 0.177 (0.130) 0.499 (0.371) 0.003 (0.002)
9 0.081 (0.089) 0.200 (0.179) 0.030 (0.033) 0.253 (0.193) 0.705 (0.537) 0.004 (0.003)

TABLE 3 Summary of KL-divergences between the ground truth posterior obtained via simulations and the
posteriors found using PINNs with varying amounts of simulation data used during training. The KL-divergences
tend to decrease in size when using PINNs trained on more simulation data. The posteriors which resulted in the
smallest KL-divergence are in bold.

128 512 1024 2048 4096
Sample 1 0.072 0.033 0.022 0.012 0.0093

Sample 2 0.46 0.064 0.057 0.051 0.032

Sample 3 0.062 0.069 0.12 0.043 0.033

Sample 4 0.059 0.015 0.0101 0.016 0.009

the ground-truth posterior. Due to the computational cost of repeatedly solving the full 1D fluid dynamics model,
this procedure required a timescale on the order of days. In contrast, the PINN emulators produced comparable
posteriors in under an hour, highlighting the practical advantage of emulation in time-constrained settings. Boxplots
of the marginal posteriors are displayed in Figure 7, and KL-divergence scores summarising the differences between
the PINN and ground truth posteriors are given in Table 3.

4.3 | 17-vessel network, 10 biophysical parameters

For the 17-vessel network, the arteries are divided 4 groups by location, with each group having a unique vessel
stiffness parameter, thereby increasing the number of parameters in the model from 5 to 10 (Equation 14, see Table
4 for inferrable parameter bounds and descriptions). This allows for more flexible modelling of blood circulation, with
the challenge of a larger parameter space required to be accurately emulated. The modelling methods closely follow
the study conducted by Taylor-LaPole et al. [29], including variable selection and most of the parameter bounds.

In this study, bounds for these parameterswere estimated using Equation (5), inserting the patient’s pulse pressure
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F IGURE 7 Boxplots comparing the PINNs’ and ground truth marginal posterior quartiles. Note that the outputs
have been scaled to lie between 0 and 1 for ease of comparison. The models’ boxplots are in the following order:
N =128, 512, 1024, 2048, 4096, and finally the ground truth obtained via the numerical solver. There is not much of
a difference in posterior quartiles when using more than or equal to 512 runs of the numerical solver to train the
models.
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TABLE 4 Patient 1: 17-vessel model parameter descriptions, values and ranges for fixed and inferrable
parameters. Note that there are 4 unique, group-specific parameters for f3 and f s3, and the empty subscript
replaced with a dot refers to the parameter bounds being shared between groups.

Parameter Value Description
f1 2 × 107 Large vessel stiffness (fixed)
f s1 2 × 107 Small vessel stiffness (fixed)
f2 35 Large vessel stiffness (fixed)
f s2 [16, 88] Small vessel stiffness
f(3,·) [4 × 105, 2.2 × 106 ] Large vessel stiffness
f s (3,·) [3.52 × 104, 1.936 × 105 ] Small vessel stiffness
α [0.90, 0.94] Structured tree scaling term
β 0.60 (fixed) Structured tree scaling term
l r r 50 (fixed) Small vessel length:radius ratio
rmin 0.001 (vessel 7), 0.0001 (rest) Radius cut-off of structured tree

TABLE 5 Time taken to run varying amounts of simulations.
Number of simulations 128 512 2048 8148
Time taken in minutes 30 120 480 1920

obtained from systolic and diastolic cuff pressure measurements and typical expansion rates of arterial cross-sectional
area reported in the literature. For example, Thijssen et al. [54] and Green et al. [55] noted that the typical arterial
expansion ranges from 3-10% depending on the artery.

4.3.1 | Uncertainty quantification of vessel-stiffness parameters

For the 17-vessel model, the parameters to be inferred using the likelihood model defined in Section 3.9 were: 10
biophysical parameters (4 large and 5 small vessel stiffness parameters and a structured tree scaling parameter), 8
parameters (2 per vessel) defining the vessel-specific Matérn 3/2 kernel used for the covariance matrices to model
correlated error/model discrepancy structure, and 4 vessel-specific observation noise parameters. Results for Patient
1 are discussed in the following section, and results for the 3 further patients can be found in A.2.

4.3.2 | Patient 1

Physics-informed neural networks, data-driven neural networks and Gaussian processes were implemented and
trained using varying amounts of simulation data for different vectors of physical parameters. Simulations were run in
parallel and performed using Dual Intel Xeon Gold 6138 processors. Table 5 displays the time (in minutes) to run 4 dif-
ferent batches of input data. Figure 8a highlights the out-of-sample predictive performance of each of the emulation
methods trained on each of the batches of simulation data.

As outlined in the evaluation strategy in Figure 3, we assess the inference performance of the emulators not only
in parameter space but also in output space via push-forward validation. Figure 8b shows the marginal posterior dis-
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TABLE 6 KL-divergences between the ground truth posterior obtained using the numerical solver and the
posteriors found using both DDNNs and PINNs, with varying amounts of simulation data used during training.

Number of simulations 128 512 2048
DDNN 18.46 5.94 1.71
PINN 2.11 1.44 1.13

tributions inferred using both data-driven emulators and physics-informed neural networks (PINNs), each trained on
simulation datasets of increasing size. To assess how well each model captured the true posterior distribution under
noisy observational data, we computed a ground-truth posterior using the numerical solver embeddedwithin an adap-
tiveMetropolis algorithm. Achieving sufficient convergence across all parameters (PSRF < 1.1) required slightly over a
week of computation. As shown in Table 6, PINNs achieved lower KL-divergences to the ground-truth posterior than
their data-driven counterparts, despite requiring roughly four times fewer training simulations to reach comparable
predictive accuracy on the test set. Contour plots of posterior samples of stiffness parameters corresponding to each
of the four vessel group obtained using the PINNs and DDNNs with the varying training set sizes and the numerical
solver are displayed in Figure 9.

Figure 10 displays posterior predictive intervals for both flow and pressure. The posterior samples was subsam-
pled down to 50 sets of physical parameters, which were then inserted into the PDE solver to obtain the set of high-
fidelity pressure solutions for the inferred posterior displayed in Figure 10b. This push-forward validation corresponds
to the third level of evaluation in Figure 3, where we assess whether posterior uncertainty over parameters translates
into plausible uncertainty in predicted pressure waveforms. The flow credible intervals were generated by passing
each of the samples from the inferred posterior distribution through the trained PINN model. This push-forward
step propagates parametric uncertainty into the output space, producing distributions over predicted physiological
quantities such as flow and pressure waveforms.

In Vessels 3, 5, and 6, the predicted flow envelopes show close agreement with the observed 4D-MRI data. In
contrast, Vessel 7 exhibits a discrepancy between predicted and observed waveforms, which may be attributed to
model mismatch, measurement noise, or dynamics missing from the model which are specific to that location. In
the absence of invasive pressure measurements, we use cuff-based brachial pressure as a surrogate validation target.
While this is an indirect metric, it reflects a clinically meaningful endpoint and provides a practical means of validating
output-space predictions. The predicted pressure distribution at the midpoint of the brachial artery (Vessel 10; see
Figure 2b) demonstrates the model’s ability to estimate central blood pressure non-invasively. Dashed red and blue
lines represent themeasured systolic and diastolic pressures, respectively, with the shaded band indicating a±3mmHg
tolerance corresponding to the reported accuracy of clinical cuff-based measurements [56, 57]. The predicted range
lies well within this band, supporting the model’s potential for practical use in pressure estimation.

All predictive simulations used posterior samples obtained from a PINN trained on 512 simulation points. The
full inference workflow required approximately three hours per patient: two hours to generate simulation data (see
Table 5), 30 minutes for patient-specific fine-tuning via transfer learning, and 30 minutes for posterior inference.

4.3.3 | Patients 2-4

To test the generalisability of the method across a broader cohort, we applied the same workflow to three additional
patients. In all three cases, the predicted brachial pressure intervals aligned well with the measured systolic and
diastolic values, falling within the ±3 mmHg clinical tolerance. These results, shown in A.2, provide further evidence
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vessel midpoints generated using 512 different vectors of biophysical parameters. Similarly to the 9-vessel network,
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trained on the same amount of data. This is explained by the fact that PINNs have more information about the
underlying process built into them. Notably, the PINNs require roughly 4 times fewer simulations to achieve similar
predictive accuracy as the data-driven methods trained on 2048 simulations. (b) Marginal posterior quartiles of the
large vessel stiffness parameters inferred using DDNNs and PINNs as surrogate models trained with varying
amounts of simulation training data. The posteriors obtained using the PINNs and the DDNN with the most training
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that the proposed approach can generalise across patients and produce clinically relevant predictions with minimal
tuning. Additionally, compliance distributions in the four vessels where flow data was measured are reported in Figure
12b, in Appendix A.1. The values match the range of inferred compliances in the original study.

4.3.4 | Information provided by physics-based constraints

Based on the results of the previous sections, the constraints provided by the physics-based loss functions have
a significant impact on creating an accurate predictive model. In this section, an attempt is made to quantify the
amount of information that is provided by the physics-informed loss functions in finding the solutions to the physical
problem. The predictive performance in Section 4.2.2 (specifically Figure 6) highlighted that introducing even a small
amount of data in the form of solutions to the physical problem for a small set of physical parameters improved
predictive performance by a significant amount, despite the remaining loss functions being the same. In other words,
introducing the solutions obtained via the numerical solver as a loss functionmay aid the neural networks inminimising
the remaining loss functions, and hence finding the solutions to the PDEs.

To validate this idea, a second round of PINNs were fit to the 17-vessel network corresponding to Patient 1
(Section 4.3.2). Instead of using an uninformative set of initial weights as the starting point for fitting the model, the
weights were initialised at the final weights of a well-trained model, i.e. the emulator which was trained using the
largest amount of numerical solver data (see Figure 8a, 8148 runs of the numerical solver using different vectors
of physical parameters each time). The predictive performance of the trained models after using the best available
initialisations are compared to the previous results (presented in Section 4.3.2) in Figure 11. The models trained on
fewer data retain much of the information provided by the initialisation, as the physical constraints provided by the
loss functions are still being met. In summary, the physics-informed loss functions offer a wealth of information for
obtaining solutions to the PDEs. One of the drawbacks of the PINNs compared to the data-driven models, however,
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is an increase in training time due to the much more complex loss surface resulting from the sum of individual losses.
The weighting scheme introduced in Section 3.4 was one attempt to balance the loss terms and allow for efficient
training. For the 1D fluid dynamics problem of branching networks tackled in this work, the focus moving forward
may lie on finding an ideal optimisation routine to obtain the encouraging results in Figure 11 without relying on a
fully informative initialisation.

5 | DISCUSSION

5.1 | Physics-informed emulator

In this work, a method for implementing physics-informed neural networks as emulators of a complex fluid dynamics
problem involving a system of vessels around the heart was introduced and compared to standard emulation tech-
niques. In comparative experiments the physics-informed surrogate consistently outperformed standard data-driven
emulators in both forward prediction accuracy and inverse UQ while using substantially fewer high-fidelity simula-
tions. The PINN emulator achieved comparable RMSE performance when trained on 512 CFD simulations whereas
the purely data-driven deep neural networks and Gaussian Process surrogates required 4096 simulations to reach
a similar error level (8x larger training budget). Across the tested vessels the PINN models yielded mean RMSE im-
provements on the order of 40–48% relative to DDNNs and GPs, and produced posteriors with low KL divergence to
simulator-based ground truth (see Table 3 and Figures 7 and 8b). These quantitative gains highlight that embedding
conservation laws and boundary constraints directly into the learning objective substantially improves out-of-sample
generalisation. Compared to other applications in the field which use physics-informed models to infer physiological
parameters from simplified or smaller-scale models, we extend the framework to a larger vessel network with multiple
interconnected arteries, vessel compliance, and structured outflow boundary conditions. For instance, Naghavi et al.
[58] employ a closed-loop 0D circulation model of the left ventricle and surrounding components aorta, peripheral ar-
teries, vena cava, and left atrium), using PINNs to estimate contractility parameters from single-beat pressure–volume
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waveforms. While accurate and fast, their approach does not capture spatial heterogeneity or flow in multiple vessels.
Similarly, Jara et al. [59] use a 1D Navier–Stokes model together with MRI imaging to estimate pulmonary artery pres-
sures, which brings in spatial flow/area data but remains limited in network complexity and number of vessels (three
vessels with one bifurcation). In contrast, we model a 17-vessel network with full enforcement of mass conservation
and flow continuity, and crucially, infer both systolic and diastolic pressures in unobserved vessels (i.e. vessels lacking
direct pressure measurements).

A practical concern is whether a PINN-based approach remains tractable as the vascular network grows. The
architecture used throughout the paper, 5 hidden layers with 128 neurons per layer with the modified MLP, has a
total of 68096 parameters. In our formulation, a separate fully connected network is assigned to each large vessel,
all sharing the same architecture. Consequently, both the total number of trainable parameters and the associated
training cost scale linearly with the number of vessels. For example, moving from 9 to 17 vessels increased the total
parameter count from 6.13 × 105 to 1.16 × 106, with a proportional change in training time and no degradation in
optimisation stability due to the loss scaling scheme which has trivial complexity (Section 3.4). Cross-vessel coupling
enters only through bifurcation constraints, whose number is also linear in network size. Importantly, once trained,
inference for biophysical parameters remains constant-time (depending only on the number of vessels data in which
data was observed), as predictions are vessel-specific and do not depend on the total network size. This linear scaling
suggests that extending the framework to larger arterial networks is computationally feasible, especially given the
natural parallelism of the branching structure and the potential for transfer learning demonstrated in this study.

Several alternative strategies have been proposed concerning patient-specific parameter inference in haemody-
namic networks. A common approach is surrogate-assisted Bayesian sampling, for example Gaussian process em-
ulators used to approximate a likelihood in MCMC to accelerate posterior exploration [10, 60], or as emulators of
the forward model outputs themselves [61, 62, 63]. For example, Schiavazzi et al. [61] use a GP surrogate for virtual
Fontan surgery to propagate uncertainty in geometric and boundary-condition parameters through 3Dhaemodynamic
simulations for single-ventricle palliation. Their surrogate, however, is constructed in a very low-dimensional parame-
ter space and targets a small set of scalar outputs, whereas the present work proposes an emulator for time-resolved
1D haemodynamics over a higher-dimensional biophysical parameter space. More recently, graph neural networks
have been proposed as surrogates for cardiovascular simulations, such as left ventricular displacement by Dalton et al.
[64, 65] and arterial blood flow by Pegolotti et al. [66]. While the GNN-based models achieve very low errors for fixed
anatomies and boundary conditions, extending them to emulate solutions over a biophysical parameter space (e.g.,
vessel wall stiffness and structured-tree outflow parameters) would require explicitly embedding these parameters
into the graph representation. Our PINN formulation instead accepts them as inputs at each prediction, while enforc-
ing the governing 1D PDEs and network constraints. In parallel, amortised simulation-based inference methods have
been developed for lumped-parameter haemodynamic models. For example, the InVAErt framework [67, 68] trains a
conditional generative model intended to approximate θ | yand enables fast approximate posterior sampling and iden-
tifiability analyses across many patients. However, that work does not explicitly assess the accuracy of the inferred
posterior in parameter space. These approaches also require specifying a noise/likelihood model a priori in order to
generate synthetic training pairs. In the present work we deliberately retain an explicit Bayesian calibration step with a
flexible, GP model discrepancy term, allowing the observation noise and model mismatch to be inferred jointly with θ

rather than fixed at training time. Ensemble-based methods such as the ensemble Kalman filter/inversion [69] require
forward evaluations of the full model for every ensemble member at each assimilation step; this is computationally
inexpensive for 0D or lumped-parameter haemodynamic models and thus commonly used in clinical pipelines, but
it becomes prohibitive for expensive 1D/3D solvers unless paired with a fast surrogate. Conversely, adjoint-based
gradient approaches [70, 71] are attractive because they yield gradients at a cost roughly independent of parameter
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dimension, but deriving and implementing either the continuous or discrete adjoint for complex coupled blood flow
models is non-trivial and often a significant engineering effort. PINNs sit between these classes: by embedding the
PDE structure they retain computational efficiency (fewer numerical solver runs required to achieve a similar level of
accuracy to a data-driven surrogate) while enabling full posterior inference using the full-order model (FOM). In this
study the PINN-based emulator reduced the simulator budget needed for reasonable posterior recovery by roughly
an order of magnitude compared with purely data-driven surrogates, making it an attractive compromise for networks
where both fidelity and computational cost matter.

5.2 | Model parameters and predictions

Parameter inference was performed using flow data from four patients, and the emulated fluid dynamics model’s
pressure predictions were shown to accurately match systolic and diastolic cuff pressure measurements as shown
in Figure 10b and in Appendix A.2. Inference was performed first by transfer-learning an existing model to the new
patient, reducing the time needed to fit themodel and allowing for rapid parameter estimation. Appendix A.1 contains
further comparisons to the point estimates of the stiffness values for the DORV patients obtained in a previous study
by Taylor-LaPole et al. [29]. The posterior flow predictions displayed in Figure 10a as well as Appendix A.2 indicate
strong ability to match most reflective waves as well as peak flows. However, even with patient-specific geometry
and inflow, we do not assume that the 1D model can reproduce all measured 4D-MRI flows exactly. The Gaussian
process discrepancy term in the likelihood is intended to capture structural model error and noise-model mismatch
arising from, for example, uncertainty in segmented radii and lengths [49], imperfect registration betweenMRI planes
and 1D vessel locations [72], simplified outflow boundary conditions, and the reduction from 3D haemodynamics to
a 1D elastic-tube model.

To provide a physiologically meaningful comparison we also translate inferred f-parameters into effective compli-
ance as in Section 2.2.3 (C =

3A0r0
2Eh ). The results for all four patients are shown in Figure 12b.

5.3 | Limitations

The inference framework presented in this work has several limiting factors. The PINNmodel requires patient-specific
inputs, including vascular geometry and inflow waveforms, which are themselves obtained from data subject to mea-
surement error. In this study, these quantities were treated as known and fixed, meaning that uncertainty in their
measurement was not propagated through the inference procedure. While this may not strongly bias the inferred
parameters in the absence of systematic error, it can lead to an underestimation of posterior uncertainty. Including
the inflow function or geometry parameters as inputs into the model, using, for example, neural operators [73], would
allow their uncertainty to be taken into account.

Furthermore, the parameter ranges that were used in building the emulator for each of the four patients used
expert knowledge from a previous study by Taylor-LaPole et al. [29]. Extending the emulator to a new patient may
require additional expert knowledge, or a new method to ascertain nominal parameter values and ranges. Lastly, the
framework laid out in this paper was only applied to four DORV patients, and would benefit from a larger case–control
study including both healthy (control) and diverse pathological cohorts to assess the robustness of the inference
pipeline in realistic clinical settings.
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6 | CONCLUSION

Physics-informed machine learning is a powerful tool for incorporating valuable information about an underlying pro-
cess into amodel. When clinicians are making surgical decisions when constructing the Fontan circuit, the limited time
available to create a patient-specific model must be used efficiently. The PINNs presented in this paper were shown
to outperform twowidely-used, purely data-driven surrogate modelling methods, deep neural networks and Gaussian
Processes, in terms of predictive accuracy (output space) and inverse UQ (parameter space) in two different models
of systemic circulation, requiring up to 8 times fewer CFD simulations to reach the same level of predictive accuracy.
A potential avenue for future work is to use the PINNs as efficient emulators to quickly infer pressure waveforms in
the aorta and use these as initial conditions in complex 3D Navier-Stokes simulations.
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F IGURE 12 (a) Pairplots between posterior samples of the stiffness parameters corresponding to the 4 vessel
groups, obtained using both the PINN as an emulator and the PDE solver as the predictive model for Patient 1. Each
of the figures is constrained to the parameters’ ranges. Red crosses indicate the point estimates obtained by
Taylor-LaPole et al. [29] in the original study. (b) Compliance distributions obtained via the parameters’ posteriors in
four arteries. The vertical lines indicate the compliances obtained in the original study. The compliances are roughly
in the same range, with differences in some of the patients due to a different tapering strategy applied to the
descending aorta.

A | APPENDIX A

A.1 | DORV patient 1 - comparison to original study

A.2 | DORV patients 2, 3 and 4 - Inference results

Table 7 displays themeans (standard deviations) of the inferred posterior distributions for the 10 inferrable parameters
for each of the 4 patients, while the posterior flow and pressure predictions are displayed in Figures 13, 14 and 15.
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TABLE 7 Posterior parameter means (standard deviations) for each of the 4 patients.
Parameter Patient 1 Patient 2 Patient 3 Patient 4
f3,1 7.71e+05 (6.03e+04) 5.58e+05 (5.85e+04) 9.18e+05 (1.73e+05) 5.29e+05 (5.15e+04)
f3,2 1.84e+06 (2.20e+05) 1.10e+06 (2.29e+05) 1.15e+06 (1.95e+05) 1.31e+06 (1.73e+05)
f3,3 1.01e+06 (7.19e+04) 2.13e+06 (7.50e+04) 2.49e+06 (2.11e+05) 1.41e+06 (4.13e+05)
f3,4 1.04e+06 (2.34e+05) 2.15e+06 (4.22e+04) 2.63e+06 (1.17e+05) 1.46e+06 (1.92e+05)
fs2 17.6 (0.969) 17.4 (1.21) 17.4 (1.28) 71.2 (12.6)
fs3,1 8.37e+04 (1.01e+04) 2.08e+05 (7.05e+03) 2.45e+05 (2.88e+04) 2.48e+05 (7.48e+03)
fs3,2 7.91e+04 (3.03e+04) 8.27e+05 (2.04e+05) 1.03e+06 (9.07e+04) 1.25e+06 (6.41e+04)
fs3,3 1.55e+05 (3.56e+04) 1.03e+06 (6.74e+04) 8.64e+05 (2.03e+05) 1.04e+06 (2.73e+05)
fs3,4 9.82e+04 (3.94e+04) 1.07e+06 (3.32e+04) 9.62e+05 (1.34e+05) 1.17e+06 (1.18e+05)
α 0.907 (0.00271) 0.901 (6.52e-04) 0.901 (8.82e-04) 0.904 (0.00177)

Similar to the results of patient 1 in Section 4.3.2, the inferred flow and pressure waveforms of patients 2, 3
and 4 line up similarly to the observed data. Patient 4’s predicted systolic and diastolic pressures (Figure 15b) are
slightly misaligned, indicating biased parameter posterior distributions, potentially due to model mismatch or one of
the invalid assumptions listed in Section 4.2.3.
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F IGURE 13 Patient 2 inference results: (a) 95% posterior credible and prediction intervals in each of the 4
vessels used for inference. (b) 95% posterior credible intervals in the brachial artery.
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F IGURE 14 Patient 3 inference results. (a) 95% posterior credible and prediction intervals in each of the 4
vessels used for inference. (b) 95% posterior credible intervals in the brachial artery.
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