Finding good policies in average-reward Markov
Decision Processes without prior knowledge

Adrienne Tuynman Rémy Degenne
adrienne.tuynman@inria.fr remy.degenne@inria.fr

Emilie Kaufmann
emilie.kaufmann@univ-1lille.fr

Univ. Lille, Inria, CNRS, Centrale Lille, UMR 9189-CRIStAL, F-59000 Lille, France

Abstract

We revisit the identification of an e-optimal policy in average-reward Markov
Decision Processes (MDP). In such MDPs, two measures of complexity have
appeared in the literature: the diameter, D, and the optimal bias span, H, which
satisfy H < D. Prior work have studied the complexity of e-optimal policy
identification only when a generative model is available. In this case, it is known
that there exists an MDP with D ~ H for which the sample complexity to output
an e-optimal policy is Q(SAD /e?) where S and A are the sizes of the state and
action spaces. Recently, an algorithm with a sample complexity of order S AH /<2
has been proposed, but it requires the knowledge of H. We first show that the
sample complexity required to estimate H is not bounded by any function of S, A
and H, ruling out the possibility to easily make the previous algorithm agnostic
to H. By relying instead on a diameter estimation procedure, we propose the first
algorithm for (g, §)-PAC policy identification that does not need any form of prior
knowledge on the MDP. Its sample complexity scales in SAD/<? in the regime
of small e, which is near-optimal. In the online setting, our first contribution is
a lower bound which implies that a sample complexity polynomial in H cannot
be achieved in this setting. Then, we propose an online algorithm with a sample
complexity in SAD? /2, as well as a novel approach based on a data-dependent
stopping rule that we believe is promising to further reduce this bound.

1 Introduction

Reinforcement learning (RL) is a paradigm in which an agent interacts with its environment, modeled
as a Markov Decision Process (MDP), by taking actions and observing rewards. Its goal is to learn, or
to act according to, a good policy, that is a mapping from state to actions which maximizes cumulative
rewards. However, there are different ways to define this notion of (expected) cumulative reward:
in the finite horizon setting, one should maximize the expected sum of rewards up to a certain fixed
horizon; in the discounted setting, each consecutive reward is «y times as important as the previous
one, with 0 < v < 1. In this paper, we focus on the average reward setting, in which the value of a
policy is measured by its asymptotic mean reward per time step. This setting is ideal for long-term
learning, as there is no need to tune the horizon or discount parameters. However, the asymptotic
nature of its optimality criterion makes the problem more complicated and highly sensitive to small
changes in the MDP, which is less observable in the finite horizon or discounted settings.

Formally, a Markov Decision Processes is defined as a tuple (S,.4,P,r) where S is the state space
of finite size S, A is the action space of finite size A. Letting ¥y denote the set of distribution
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overaset X, P: S x A — Xg is the (assumed unknown) transition kernel, and r : S x A —
¥[0,1] is the reward kernel. For each state-action pair (s, a), we denote by 75 , = E[r(s,a)] the

(assumed known) mean reward'. At each time step ¢, the agent observes a state s; € S, takes
an action a;, and observes a reward 1, ~ 7(s;,a;) and a next state s,y ~ P(s¢,a¢). In an
average-reward MDP (AR-MDP) the value of a policy 7 : S — A(A) is measured with its gain

gr(s) = limp_ 4 o %Eﬁ [ZtT;Ol ri|so = s} where the expectation is taken when the agent follows

policy 7 (i.e., sy ~ w(a¢)) from the initial state s. In this paper, we consider weakly communicating
MDPs (defined in Section 2) in which a policy 7, maximizing the gain in all states exists and has a
constant value, denoted by g, .

We are interested in the best policy identification problem: we want to build an algorithm that learns
the MDP by taking actions and collecting observations, until it can, after some (possibly random)
number of interactions 7 output a policy 7 that is near-optimal. More precisely, given two parameters
€€ (0,1)and ¢ € (0,1) we seek an (e, §)-Probably Approximately Correct (PAC) algorithm, that is
an algorithm that satisfies

P(r < 00,35 € S,gr, —gz(s) >e)<J.

Our objective is to find such an algorithm that has minimal sample complexity, i.e., that requires
the least amount of steps 7, with high probability or in expectation. Two different models can be
considered for the collection of observations. In the online model, the algorithm can only choose the
action a, to sample at each time step, as the state s, is determined by the MDP’s dynamics and the
previous actions. With a generative model however the agent can sample the reward and next state of
any state action pair (s, a;), regardless of which state it arrived in at the previous time step.

To the best of our knowledge, prior work on (e, §)-PAC best policy identification in AR-MDPs has
exclusively considered the generative model setting. In the online setting, the regret minimization
objective has however been studied a lot (e.g., [9, 2, 3]). Existing sample complexity or regret
bounds feature different notions of complexity of the MDP, besides its size S, A. The diameter
D and the optimal bias span H, formally defined in the next section, are two such complexity
notions that both feature in lower or upper bounds on the sample complexity of existing algorithms.
More specifically for (g, 6)-PAC policy identification, the work of [22] provides a worse-case lower
bound showing that there exists an MDP on which any (e, §)-PAC algorithm using a generative
model should have a sample complexity larger than Q((SAD/e?)log(1/5)). The recent work
of [27] provides an (g, §)-PAC algorithm that takes H as input and whose sample complexity is

o ((SAH/e?)log(1/6))". Using that H < D, this algorithm is thus optimal, and the lower bound
is also in Q((SAH/e?)log(1/4)). This raises the following question: can an algorithm attain the
same optimal sample complexity without prior knowledge of H? More broadly, as detailed in the
next section, all existing (&, §)-PAC algorithms require some form of prior knowledge on the MDP,
and we propose the first algorithms that are agnostic to the MDP.

Contributions In the generative model setting, a first hope to get an algorithm agnostic to H is
to plug-in a tight upper bound on this quantity in the algorithm of [27]. Our first contribution is a
negative result: the number of samples necessary to estimate 4 within a prescribed accuracy is not
polynomial in H, S and A. This result is proved in Section 3. On the positive side, by combining a
procedure for estimating the diameter D inspired by [21] with the algorithm of [27] we propose in
Section 4 Diameter Free Exploration (DFE), an algorithm for communicating MDPs that does not

require any prior knowledge on the MDP and has a near-optimal O ((SAD /e?)log(1/4)) sample
complexity in the asymptotic regime of small . Then in Section 5 we discuss the hardness of
(e, 9)-PAC policy identification in the online setting. We notably prove a lower bound showing that
the sample complexity of (e, §)-PAC policy identification cannot always be polynomial in S, A and
H, even with the knowledge of H. On the algorithmic side, we propose in Section 6 an online variant
of DFE whose sample complexity scales in SAD?/e2. As prior work, DFE hinges on a conversion
between the discounted and average-reward settings [22] and uses uniform sampling. Departing from
this approach, we further propose a novel data-dependent stopping rule tailored for AR-MDPs that

'In most practical cases, the reward of the system are decided preemptively, and the uncertainty solely resides
in the dynamics; moreover, estimating rewards is often easier than estimating the transition probabilities, and
doing it can be done at little cost, therefore not changing our results much.

’In the paper, the O hides constant factors and logarithmic terms in S,A,D or H, 1/ and log(1/4).



can be used both in the generative model and the online setting. We prove that it is (¢, §)-PAC for
any (possibly adaptive) sampling rule and give preliminary sample complexity guarantees.

2 Related work

In order to position our work in the literature on best policy identification in average-reward MDP,
we start by recalling some properties of average-reward MDPs and give a formal definition of the
different complexity measures that have appeared in the literature.

First of all, it can be more or less easy to travel through the MDP and visit some states. We call
an MDP weakly communicating if there exists a closed set of states that are all reachable from
every other state (meaning S’ C S such that for any s, s’ in &', min,.s—, 4 E[min{t, s; = s'}|so =
$,Vt',ap = m(sy)] < +00) and a possibly empty set of states which are transient (meaning the
return time min{¢, s; = s} when the chain starts with sy = s is not almost surely finite) under any
policy. Furthermore, when there is no such transient state, the MDP is then communicating, and it is
possible to define the diameter of the MDP to quantify how fast circulating in the MDP can be:
D =max min E[min{t > 0,s; = s'}|sop = s,Vt',ap = 7(s/)] .
s#s’ mS—A

Finally, if the MDP satisfies for any policy 7 and states s, s’ that E[min{¢, s; = §'}|so = s, Vt', ap =
m(s¢)] < +oo, then the MDP is ergodic. If the MDP satisfies this except for a possibly empty set of
transient states, the MDP is then called unichain. In the following, the MDPs are all considered at
least weakly communicating, though some results shall require some stronger assumptions, which we
will specify. Notably, every mention of the diameter will assume communicating MDPs.

The diameter has appeared in previous upper and lower bound on the regret [9] and in the lower bound
of [22] for best policy identification. The diameter is also used in the literature on the Stochastic
Shortest Path (SSP) problem, in which one seek to minimize the sum of cost obtained before some
goal state is reached (some details on this alternative framework are given in Appendix B). The
SSP-diameter is defined as the maximum over states of the minimum expected steps to the goal state,
and it appears in the sample complexity bounds given by [21]. We will see in the following that
there are multiple similarities between the SSP setting and our average-reward setting, the use of the
diameter being only one of them.

For a policy 7 : S — A, we define the gain g-(s) = limy_, o +E [ZtT;()l ri|so = s]. By writing

P, = (P(s,m(s))),, and introducing P; = limy_ 4o 7 Zthl P!~ the asymptotic distribution
matrix, as well as defining 7. (s) = E[r (s, 7(s))], we have g, (s) = P, (s)7,. Finally, we can define

the bias vector b, = ::f (P;_1 — E) - 7. Those vectors satisfy the so-called Poisson equations
(see [18]):

{ (I—-Pr)gr=0 3)

9r + (I - Pﬂ)bﬂ' =Tr (4)

We notice that the solution, b, is defined up to an additive element in Ker(I — P,). We can then
define g* the optimal gain and (up to an additive constant) b* the optimal bias satisfying

9" +b"(s) = max {7(s,a) + ps,ab"}, )

where p, , is the (row) vector of transition probabilities from (s, a). We further define

H = maxb*(s) — min b*(s)
as the span of the optimal bias. The optimal bias span is always smaller than the diameter [2], which
motivates a line of work replacing D with H in existing regret bounds [2, 7]. These improved bounds

are however obtained only when H is known. Similarly existing sample complexity bounds featuring
H all require this knowledge, as discussed in more detail below.

In addition to the diameter D and the optimal bias span H, we define the mixing time

trix = maxinf {t >1: maXHPf;(s) —E(s)Hl < ;}



Table 1: Existing sample complexity bounds in the generative model setting

Algorithm Bound Setting

[23] o (%ﬁﬁwzlog(l/a)) ts <Pr(s) < 4. 7 known
tr., over all policies, known

[11] o (SA“M log 1/6)) £ known

[12] o (S m Jo0(1/5) ) £ known

[16] 1) (SA(tm'* log(1/ 6)) t*..» known (policy gradient)

[24] 0] (SAt"“XD log(1/6) ) thix.p> kKnown

[22] o (S:‘a,H log(1/9)) H known

[26] O ([S‘:fﬁ + SZ%] log(l/é)) H known

[27] O (54H) H known

2

This paper O ([S?—f + S2AD?]log(1/6))  no prior knowledge

[12] 9] (%) Lower bound (worse case)

[22] Q (242 1og(1/9)) Lower bound (worse case)

which has also appeared in previous sample complexity bounds. By default the maximum is taken
over all stochastic policies m : & — X 4, and we denote by t*. [, the same quantity where the
maximum is restricted to determlmstlc policies.

m]x

Multiple papers have considered the problem of finding an e-optimal policy in average-reward with
access to a generative model. We summarize existing results in Table 1. [12] and [22] derived worse
case lower bounds for the problem by exhibiting MDPs on which a certain number of samples must be
collected to guarantee correctness of any (e, §)-PAC algorithm. The literature has first focused on the
mixing time as a measure of the complexity of MDPs [23, 11, 12, 16], until the mixing time-scaling
lower-bound for the sample complexity was matched by [24], for an algorithm taking ¢%. ,, as input.
Algorithms using the optimal bias span H were introduced more recently, by [22] and [276], and the
lower bound scaling in H was matched up to logarithmic factors by [27]. This side of the literature
has mostly used the links between discounted and average-reward MDPs and has used that for known
H it is possible to choose a discount «y (with 1 — -y of order €/ H) such that H-optimal policies in the
discounted MDP are c-optimal in the average-reward MDP [22]. This idea leads to upper bounds
of the sample complexity that scale with the (assumed known) upper bound on H. To make these
algorithms agnostic to the MDP, a natural question is therefore: can we find a tight upper bound on
H from the data?

3 On the hardness of estimating /1

In this section, we investigate the complexity of estimating the optimal bias span H and more
specifically of finding upper bounds on this quantity.

Definition 1. We say an algorithm computes a A-tight upper bound for the optimal bias span with

probability 1 — § when, on any MDP of optimal bias H, it outputs H such that with probability
higherthan1 — 6, H < H < H + A.

Theorem | shows that there exists an MDP on which the sample complexity of an algorithm finding a
A-tight upper bound with probability larger than 1 — § can be arbitrarily large. As a consequence,
there cannot exist a bound on this sample complexity depending solely on S, A, H, § and A.



Theorem 1. For any § < ﬁ, T > 0, A, there exists an ergodic MDP M with optimal bias span
H =1/2, S =3 and A = 2 such that any algorithm that computes a A-tight upper bound for the
optimal bias span with probability 1 — § under a generative model assumption needs (in expectation)
more than T samples in M.

Sketch of proof To give an idea of the proof, we first focus on the weakly-communicating setting,
with the full proof and the necessary ergodicity transformation detailed in Appendix A. We use the
family of MDPs (M Rr)o<r<1 displayed in Figure 1. Indeed, having R < 1/2 makes the full-line
policy optimal; since moving from one state to the optimal final state (1) is very easy in this case,
no state is drastically worse than another, hence a small optimal bias span, H = 1/2. However,
R > 1/2 makes the dashed-line policy optimal; moving from state 3 to state 2 is more difficult as p
is small, taking on average 1/p time steps, and state 3 has a worse reward than state 2; thus state 3 is
considered way worse than state 2, hence a high optimal bias span, H = HTPR. Thus, to bound H

tightly, one needs to know whether R > 1/2 or R < 1/2, which can require many samples if R is
very close to 1/2.

O
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Figure 1: MDP M g, the hard instance for Theorem 1. Each arrow corresponds to a state-action and
next state combination, and is annotated with the mean reward of the action and the probability of the
transition. Arrows with a different line style correspond to different actions.

We remark that since the hard MDP instance in our proof has a fixed optimal bias span 1/2, we would
have the same problem if we looked for algorithms trying to find H such that, with high probability,

H<H< (1 + A)H. Moreover, instead of looking for upper bound we could also consider the task
of estimating H within a given margin of error and the same issue would arise.

While Theorem | does not preclude the existence of an algorithm that is agnostic to H and reaches a

O((SAH/£?)10og(1/5)) sample complexity, it still suggests that assuming a known upper bound on
H is a lot to ask. In the next section we will see that for communicating MDPs such an assumption is
not needed to attain a near-optimal sample complexity.

4 A near-optimal algorithm without prior knowledge

As we have seen, finding tight upper bounds on H is not feasible in finite time. In the literature on
regret minimization, in which improved regret bounds featuring H have also been derived when H is
known, two types of workarounds have been used. In the REGAL algorithm”, [2] propose to use a
doubling trick to counter not knowing H, at the expense of an additional factor of v/S in the regret.
The doubling trick method is not applicable to BPI problems, though. For communicating MDPs,
the idea of plugging-in an upper bound on D which is also a (not necessarily tight) upper bound on
H was first proposed by [25] and permits to match the minimax lower bound on the regret of [9]
featuring D. In this section, we translate this idea to the best policy identification setting.

We propose Diameter Free Exploration (DFE), stated as Algorithm |, which combines a diameter
estimation sub-routine that follows from the work of [21, 20] with the state-of-the-art algorithm of

*Some issues about this algorithm are detailed in [6], but the doubling trick still deserves consideration.



Data: Accuracy € € (0, 1), confidence level § € (0, 1)
Let D be the output of Algorithm 2 with accuracy 1 and confidence level 6/2.

Let 7 be the output of Algorithm 3 with accuracy &, upper bound H = D and confidence level
0/2
return 7
Algorithm 1: Diameter Free Exploration (DFE)

[27] when (an upper bound on) H is known. Both components are described in details in Appendix
Wlth their theoretical propemes More precisely, DFE first calls Algorithm 2 to output a quantity

D which satisfies D < D < 4D with probability larger than 1 — § / 2, using a random number
of samples N from each state action pair (s,a) that satisfies N = O(D?(log(1/8) + S)). Then

Algorithm 3 (which also uses uniform sampling) takes as input D and is guaranteed to output a
policy that is e-optimal with probability larger than 1 — §/2, using a total number of samples of order

o (S AD log ( )) This gives the following theorem.

Theorem 2. Algorithm | is (€, 8)-PAC and its sample complexity satisfies, with probability 1 — 0,

Toqs‘w SA} 1og<(15) +D252A) .
E

From Theorem 4 of [22], there exists a communicating MDP with a sample complexity in
Q (S AD 1n (1/ 6)) Therefore, the DFE algorithm is worse than the lower bound by a multiplicative

factor (1 + De? + 1ng 515/25). In particular, in the regime of small €, this algorithm is optimal up to

logarithmic factors.

S On the hardness of best policy identification in the online setting

In the online setting, many algorithms with regret guarantees have been designed, however to the best
of our knowledge there exists no online algorithm that is guaranteed to output a policy 7 satisfying
gz > g* — € with probability larger than 1 — §". In this section, we give some elements of explanation.

On the hardness of a regret to PAC conversion In the finite-horizon setting, [10] gave a way
to convert any algorithm guaranteeing sublinear regret into a BPI algorithm with finite sample
complexity. However, in average-reward MDP, this conversion is not straightforward. Indeed, it
hinges on the fact that selecting at random one of the policies played during the regret-minimizing
algorithm should yield a good enough policy: the more time steps there are, the smaller the regret
induced by the most recent policy is, thus the better the policy is. However, in our setting, we know
that the empirical mean reward of a policy converges towards the gain of this policy, but the speed of
this convergence is determined by the mixing time. Moreover, as shown in [22], this mixing time can
be arbitrarily large. However, the regret is not defined asymptotically. In [9], the regret at time T’
is defined as T'g* — E[Zle r¢]. In [17], the regret is E- [23:1 re] — E[Zle r¢]. As the mixing
time can be big, it is possible that these regret measures are small for a large number of steps, but that
the underlying policy is not anywhere near asymptotically optimal.

It is therefore not possible to preemptively define the number of steps necessary for the regret-
minimizing algorithm to find an asymptotically good policy, and not just one that is good on the
short term. For example, for any NV € IN, N > 2, consider the MDP M,, displayed in Figure
withp = +
policy is better for at least N time steps, and is not even e-optimal, as we show in Appendix

An algorithm guaranteeing low regret (over a slightly modified version of the MDP to guarantee
ergodicity) could therefore take the full-line action for a number of steps independent of the known
parameters .S and A, and the knowledge of N would be required to know how many samples are

“The work of [16] provides an online policy gradient algorithm for ergodic MDPs but its guarantees are
not expressed in the PAC setting considered in the paper (rather with simple regret). Moreover, this algorithm
requires some prior knowledge on the MDP through some parameter 3 related to the mixing time
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Figure 2: MDP M, ,,» with high mixing time.

Figure 3: MDP M, the hard instance for Theorem

necessary for best policy identification. This means that a wrapper turning any regret minimization
algorithm into a best policy identification algorithm would require estimating and incorporating this
measure N somewhere, which argues against the existence of a straightforward wrapper as in the
episodic setting. Similar arguments in the SSP setting have been brought up for example in [21].

A hardness result As the following lower bound shows, it is in fact not possible at all to have an
online best policy identification algorithm that has a sample complexity bound polynomial in .S, A
and H. This result is as a counterpart of the hardness result proved by [5] in SSP-MDPs.

Theorem 3. Forany S >4, A> 4, ¢ € (0, i) € (0, %) and any (g,0)-PAC online algorithm,
there exists a weakly communicating MDP with S states, A actions, mean rewards in [0,1], H < S

S—1 N . . . . B AS-1
and D > A°~1/16¢ such that if the algorithm starts in a given state s1, E[7] = 2 ( - )

Sketch of proof For j € (S — 1), we define the hard instance M as in Figure 3. An agent in so
must execute the precise sequence of actions j to get back to s1, which is the only state that generates
non zero rewards. Since not learning this precise sequence would mean the agent will perform badly
on one of the M, and therefore perform a very suboptimal policy, the agent will need to have a big
enough sample size to at least see so with high probability when starting in s;. With a small value of
p, it is possible to make the sample complexity exponentially big, as we detail in Appendix

This hard MDP is actually inspired from the hard SSP-MDP instance considered by [5] to prove
that sample-efficient learning is impossible in the online setting of SSP. Indeed, their hard MDP is
one where the cost is always the same in each state, in which case we can easily transform the SSP
problem into an average reward one, as shown in Figure 5. Indeed, if the costs of the SSP-MDP are
all equal and non-zero, then finding an optimal policy in it can be show to be equivalent to finding an
optimal policy in the corresponding AR-MDP in which the only reward is in the initial state. O

We remark that while the hard MDP instances M ; used in our proof have an optimal bias span H
that is upper bounded by S, its diameter is exponential is S. Hence while Theorem 3 implies that no
online algorithm can get a O (S ff[ ) sample complexity (with or without the knowledge of H) on
every instance and for every ¢, it does not rule out the possibility to have an online algorithm with a
sample complexity scaling with D. We propose such an algorithm in the next section.




6 Algorithms for the online setting

6.1 Diameter Free Exploration for the online setting

Our first idea to tackle the online setting is to propose an online variant of the Diameter Free
Exploration algorithm from Section 4. While the first ingredient of DFE is Algorithm 2, a diameter
estimation procedure based on a generative model, we could use instead the online diameter estimation
procedure proposed by [20] to get an upper bound D < D < 4D with probability larger than 1 — §
using a slightly worse sample complexity in Os(D3SA)”. The second ingredient, Algorithm 3, starts
by collecting a fixed number of samples 7 proportional to (D/2) log (125 A/(8¢)) from each (s, a),
using the generative model. We can replace this step by using the GOSPRL algorithm of [20] to
collect this amount of samples with an online algorithm, which requires O5(SAD7T + D3/252%A)
samples, with high probability. We call the resulting algorithm Online-DFE.

Theorem 4. Online-DFE is (¢,0)-PAC and its sample complexity satisfies, with probability larger
than1 — 6, 7 = O (SAD2 + SQADg).

2

Compared to Theorem 2 for the generative model setting, we note a multiplicative D factor in the
sample complexity, as well as a less explicit dependency in §. Still, it provides an online PAC
algorithm whose sample complexity scales in SAD? /2 in the small € regime. We remark that the
extra factor D compared to the lower bound for the generative setting comes from the use of GOSPRL
and the (mostly theoretical) conversion from the generative to the online setting. To get more efficient
algorithms, a promising direction is to investigate more adaptive algorithms, directly tailored for the
average-reward setting. This is what we do next.

6.2 Towards more adaptive algorithms

We recall that an identification algorithm uses three components: a sampling rule, selecting at time ¢
a state-action pair (s, a;), after which the next state s;1 ~ P(s¢, a;) and the reward r; ~ (s, a;)
is observed; a stopping rule 7 which decides whether the data collection can be stopped, and a
recommendation 7 which is a guess for a near-optimal policy that depends on the first 7 observations.
In the online setting, the sampling rule is actually reduced to the choice of a; given s;, as we have the
constraint that s;+1 ~ P(s¢,a;). In this section we introduce a novel stopping rule, that can be used
in conjunction with different sampling rule, possibly in the online setting.

The Value Iteration stopping rule We first introduce some notation to define the stopping rule.
We denote by N7, = >7," | 1((s¢, a¢) = (s,a)) the number of visits to the state action pair (s, a) in
the first n steps and pg , the empirical estimate of the transition probability vector ps , built at step n,
where py , can be arbitrarily chosen to be the constant vector equal to é it N, =0.

Our stopping rule takes inspiration from the stopping condition of value iteration for average-reward
MDPs. It relies on a sequence of bias vectors b, € R® and on the ability to build confidence
intervals on the quantity I ,(n) = T4 + Ps,abn — bn(s). This leads us to build an upper bound
of the span of I ,(n), which can be seen as the average-reward equivalent of the Bellman error as
defined in [8]. We know that, if b,, = b*, then (max, I5 (1)), is equal to the constant vector g*.
Conversely, by Theorem 8.5.5 of [18], if the span of (max, I,4(n)), is small, then the associated
policy m(s) = arg max, I (n) is approaching the optimal one; this can be used to derive a criterion
for correctness of value iteration in average-reward MDPs. Therefore, by examining an upper-bound
on the span of I, we get the following theorem.

Theorem 5. In a weakly communicating MDP, for a given vector b,, € R, if for all pairs (s, a) we
have pgabn € (L2 4(bn;8), ULy (by; 0)), then defining 7y, (s) = arg maxq 172 (bn; 6), we have

minmax[ﬁi(bn;é) <gr, <g* < maxmax[?;f(bn;é)
s a ? } s a ?

where 172 (by; 0) :=Ts q + L7 4 (bn; 6) — bu(s) and 175 (bn; 6) i= Ty q + UL 4 (b 6) — b (s).

Sthe O notation hides constants and logarithmic terms in S,A,D, H and 1/ (instead of log(1/8) in O) as
the work of [20] did not try to optimize the dependency in ¢, as we did in Section 4.



Now to propose a concrete stopping rule, we provide expressions of U and L chosen such that the
premise of Theorem 5 is satisfied in every round n, with high probability. KL(p, q) denotes the
Kullback-Leibler divergence between the probability vectors p and g on S.

Definition 2. Given a sequence of (by,),, we define

U2a(00i8) = o {0 VLKL 1) < (687}
L?,a(bnv 5) = min {p/b" N:,aKL(ﬁZ,a?p/) S 1‘(5, Nga)}
Sor the threshold function x(6,y) = log(SA/d) + (S — 1) log (e(1 +y/(S — 1))) and let
Te,s = min {maxmaxfgf(bm J) — min max I;ff(bn; 0) < s} . (6)

The following result is a consequence of Theorem 5 and a KL-based time uniform concentration
result for the transition probabilities from [1] (Lemma 5 in Appendix). Using Pinsker’s inequality
(see Remark | in Appendix where we discuss some computational aspects), we can also justify that
this theorem hold for U',, L¢ , replaced by

2x(6, N?,) ~ 2x(5, N7,)

SO L (b3 6) = 92 ubo— |lbul oo S
N Eal0ns9) = laba Il [ =50 @)

ﬁ;fa(bm §) = ﬁ?,abn‘FanHoo
Theorem 6. For any sampling rule ((sy, a,))n, and any sequence (by,),, of bias vectors, the algorithm
using the stopping rule T = T, 5 defined in (0) and recommending T(s) = argmax, I;’g(bT; d)
satisfies P (1 < 00, g* — gz > ¢€) < 0.

Theorem 6 shows that for any sampling rule, be it in the generative model or in the online setting, the
stopping rule (6) and associated recommendation rule yields an (e, §)-PAC algorithm, for any choice
of bias vector sequence b,,. Of course, bad choices of sampling rules and bias vectors could still yield
7 = oo almost surely (e.g. picking always (s, a;) = (s1, a1) when a generative model is available).

Choosing a sampling rule As a sanity-check we analyze in Appendix an algorithm which
combines the simplest possible sampling rule, uniform sampling from a generative model, with the
VI stopping rule (6) where the sequence of biais vector is b,, = by, where b, is the optimal bias vector
in the AR-MDP with rewards 7 , and transition probabilities given by (p ,)s.a (see Algorithm 4).
We prove in Theorem 9 that in unichain MDPs, for sufficiently small € the sample complexity of this

algorithm is bounded with probability larger than 1 — § by o (%\;FM)Q (1og % +S )> , where

T" o1 is some constant depending on the MDP. We refer the reader to Appendix for the definition
of this constant, that has a complex expression and should be in most case larger than H.

We remark that we could also use GOSPRL to turn Algorithm 4 into an online algorithm (using phases
of increasing length in which we collect a uniform number of samples using GOSPRL and check our
stopping rule), with a sample complexity essentially multiplied by D. However the resulting sample
complexity is likely to be much larger than SAD? /<? in the small € regime, making this algorithm
not very interesting. We believe that to get efficient algorithms for the online setting it is important to
depart from this uniform sampling + GOSPRL approach. Our stopping rule actually suggests some
clever online choices that could be used to make the algorithm stop earlier. For example it could be
interesting to make a greedy choice of the bias vector b, that minimizes over b € R the quantity
max, max, I7:4(b; §) — ming max, I77 (b; §). Assuming we could compute this vector, a possible
online sampling rule could be optimistic choice a,, = argmax,[Fs,q + UL ,(bn,0)]. We leave the
analysis of such algorithms for future work.

7 Conclusion and perspective

We provided several elements indicating that the optimal bias span H may not be an adequate
complexity measure for e-optimal policy identification in an average-reward MDP. In the generative
model setting, as all existing algorithms with sample complexity featuring H require prior knowledge



of this quantity, we investigated the question of estimating H and proved that the sample complexity
of this estimation task can be arbitrarily large. Then, in the online setting, we gave a lower bound on
the sample complexity indicating that no algorithm can get a SAH /c? sample complexity on every
MDP, with or without the knowledge of H. On the algorithmic side, we proposed the first best policy
identification algorithms for the generative model setting that does not require any form of prior
knowledge on the MDP. By estimating the diameter D instead of H, DFE attains a near-optimal
sample complexity in SAD /? for communicating MDPs. We further proposed an online variant
of DFE with a slightly larger SAD?/c? sample complexity, which is a factor D away from the
worse case lower bound established in the generative model setting. We leave as an open question
whether there exists online algorithms with a SAD/? sample complexity. In future work, we will
investigate whether the novel adaptive stopping rule proposed in our work can lead to this reduced
sample complexity, when combined with a suitable online sampling rule.
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A Proof of Theorem

We only prove here the result for weakly communicating MDPs, and provide the ergodic MDP
necessary to prove the general theorem.

g NI
o

27 1o

— In2ds

Fix §, T and A. Define d = e* and d’ = 128. Let ¢ = min {110, %, 1,},}7 =
2 32Td +1

ease the notation, we denote by M, and M. respectively the MDPs ./\/l%_E and /\/l% 1 in Figure
. The rewards distribution in these MDPs are assumed to be Bernoulli variables with the means

indicated in the figure.

The optimal policy in M. always chooses the actions represented by a full line. Its gain is %, its

bias vector (up to an additive constant) is (0, f%, f%) In M., the optimal policy always chooses

the dashed actions and its optimal gain is % + €. Using the Poisson equations, we can show that its

associated bias vector (up to an additive constant) is (— (% + E) 1#, 0,— (% + 5) 1 ) With H, the

P
span of the optimal bias for M, and H that of M’, we have:

1 1 P 1/1
H -H==(|= 1 — = )==(=
c e p(<2+8>(+p) 2) p(2+5>+€

A—¢ 1+ .
=—\|=4€ €
%4—5 2

=A

Consider now an algorithm that outputs Ha A-tight upper bound for the optimal bias span with
probability greater than 1 — ¢ on any MDP. We denote by P and P’ the probability with regards to
M. and M. respectively, and IE and IE’ the associated expectation.

We denote by 7 the total number of samples used before stopping, by T' the number of samples of the
dashed action taken in state 2 before stopping and by K; the number of times the agent gets a reward
of 1 among the first ¢ visits of state 2. We introduce the three events

& = {I:[ < H;}

1
R — <
{113%*'(2 8)t kil —Z}

& = {Tgt*},

&

where we define z = \/2 (l — 5) (l +5) t* ln%, with § = exp # and let t* =
2 2 (3-¢)(3+¢)

%&MIHT}M WeletE =& NENE;s.
Let W be the interaction history of the learner and the generative model, L(w) = P(W = w) and
L'(w) = P"(W = w). For K = K,

rw).  (1/2+e)51/2 )T K 9
L) T (12— K12 oK £ dE

by the arguments within the proof for Lemma 13 of [5]. Using a change of measure, we can write
L'(W) 0

G ng(W)} > = P(€) = 20P(€). ®)

Moreover, in M., K; — (1/2 — €) t is the sum of ¢ Bernoulli variables of expectation (1/2 — ¢), and
thus of variance (1/2 — ¢)(1/2 + ¢). Kolmogorov’s inequality states that

ki (3-e) <) < L=

€

P'(&) > P(E)=FE[lg(W) =E [

P@&) = P ( max

1<t<t*

which entails P(€;) > 7/8. The detailed computation is given in the proof for Lemma 12 of [5].
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Now, we assume towards contradiction that P(E£3) > 7/8. Using the above, this yields

>
)+ P(&) + P(&)

P(&) < P&
2
< 0+g

< 1

27

where the first inequality uses that P(£1) > 1 — 0 by the correctness of the algorithm and the second
inequality uses that § < 5. Hence, we have P(€) > % which leads to P'(£1) > & using (8). This

contradicts the correctness of the algorithm. Therefore, we have P(&3) < %.

It follows that with probability larger than L T > t* on M., hence

*

. t
Efr] > E[f] > 2 > T,
which concludes the proof.

More generally, adding the transitions described in Figure 4 with 7" = {75 can be used to show that

computing a 1%—tight upper bound for the optimal bias span with high probability would need in
expectation more than 7" samples.

N/ N/

R1-17 0,1—p

Figure 4: M r in the ergodic case

B Complements for Section

In this Appendix, we provide some details on the two components of our near-optimal algorithm: a
procedure to provide a high-probability upper bound on the diameter (Algorithm 2) and a near-optimal
algorithm for best policy identification in an average reward MDP that requires an upper bound on H
as an input (Algorithm 3). Finally, we give the proof of Theorem 2.

B.1 Diameter Estimation Procedure

The procedure proposed by [20] for estimating the diameter hinges on the observation that the
diameter can expressed in terms of optimal values in a goal-oriented Markov Decision Decision (or
SSP-MDP for Stochastic Shortest Path). We recall that in a SSP-MDP the transition kernel is coupled
with a goal state s, € S and a cost function ¢ : (s, a) — ¢(s, a). The value of a (deterministic) policy
m, that is to be minimized, is denoted by

) (s)

VI (8) =B | ST elsem(se)| 1= s

t=1

13



where T,(fg)(s) = inf{t: 5441 = s4|s1 = s, 7w} is the number of steps before reaching the goal when

starting from state s and following policy 7. The diameter can thus be written
D = maxmaxminE[r{*)(s')] = max maxmin V{",(s')

s sl#s T g s s'#s

= maxmax V7 (s)
s s'#s ’
where V', denotes the optimal (i.e. minimal) value function in the SSP-MDP with cost ¢ and goal
state s, and 1 is the cost function that is constant and equal to 1.

Prior works on SSP-MDPs [19, 21] have proposed and analyzed an Extended Value Iteration scheme
for SSP, whose goal is to obtain confidence bounds on V., , that we now recall for completeness.
Given a cost function c and a goal state s, EVI-SSP,. ; takes as input a set of plausible transitions
P = (P(s,a))s,q such that P(s,a) are included in the set of probability distribution over S (and
the unknown vectors p; , is believed to belong to P(s, a)), and a precision py;. It introduces the

extended optimal Bellman operator, defined for v € RS as

Lu(s) = min c(s,a) + min pv
( ) acA ( ) 5€P(s,a)p

for all s # s, and Lv(g) = 0. EVI-SSP,. ; sets vg = 0 € RS and defines v; 1 = Luv; for j > 0. It
stops at iteration 7 = min {j : ||vj41 — v;|| < pvi} and outputs ¥ = vj. It also outputs an optimistic
transition kernel p = (Ds,q)s,q, defined for all s, a as

Ds,q € argmin pu
pEP(s,a)

and the optimistic greedy policy

7(s) = argmin [c(s,a) + pv] .
acA

We denote by ‘7559 (s) the value function of policy 7 in the SSP with cost function ¢, goal state s,
and transition kernel p. Previous work (see e.g. Lemma 4 of [21]) have established the following
properties.

Lemma 1. Assume that, for all (s, a), ps.. € P(s,a). Letting (v,p, T) = EVI-SSP. (P, uvr), the
following inequalities hold (component-wise):

(i) < Vy,, andv < Vi, < VI

= Ve,84

(ii) if pov < S then VE, < (14 222)
Notably, this result gives an upper bound on the optimal value in the optimistic SSP-MDP. With the

additional help of a simulation lemma, proved by [20], we can further relate it to the value in the true
SSP-MDP.

Lemma 2 (Lemma 2 in [21]). ° Let p and p be two transition kernels such that for all (s,a),
lps,a — Ps.alli < n. Assume that cyin > 0 and that under both p and p there exists at least one
policy that reaches sy almost surely from any state (such a policy is called proper). Let w be a proper
policy in p such that

||V

sSg

||oo S Cmin - (9)

Then T is proper in p and

c,s
. 2 g
lel’l

. MV, oo\ =,
Vs € S,V (s) < |14+ 22 ) U (s)

Compared to the original statement, we fixed a small typo in the condition (9), and also propagated the
changes accordingly in the definition of Algorithm 2 and its analysis.
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Finally, the last step to be able to apply Lemma | is to construct the sets P (s, a) that contains the true
transition probabilities with high probability. This can be done as in the rest of the paper by relying
on Lemma 5, which gives confidence regions of the form

{p € s tlp—Psanllt < B(n,d)}
where p; 4., 1s the empirical estimate of the transition probability after the n-th transition has been
observed from (s,a) and B(n,§) = \/QIOg(SA/5)+2(S_l) log(e(1+n/(S=1)))

n

The resulting algorithm for estimating the diameter is described in Algorithm 2. It is a slight variation
of the procedures proposed by [20] to estimate the SSP diameter and by [21] to estimate the diameter
in the online setting. In particular, our instantiation relies on simpler confidence regions.

Data: Accuracy € > 0, confidence level § € (0, 1)
Set W =1 and U = 1
while v, > W do
W 2w
Set accuracy 1) = g7 and compute N = N (6,71) = inf{n : B(n,d) < n}
Call the generative model until each (s, a) gets N visits.
Let each (s,a) let P(s,a) ={p € Zs : |[p — Ps,a,n|l1 <1} and P = (P(s,a))s,a-
for s = s1,...,55 do
| Let (v0®),p(®), 7)) = EVI-SSPy , (P, 14¢)
end

Let Voo = max, maxg/ £ 7 (s").
end

return D = (1 + 7000 /2) 00
Algorithm 2: A diameter estimation procedure

Theorem 7. Let ¢ < 1. With probability 1 — 0, Algorithm 2 run with parameters € and § outputs an
estimate D which satisfies

D<ﬁ<<1+8(12+€)>(1+5)D

using SA x N (6, g35) samples where
N(0,n) :=inf{n >0: B(n,d) <n},
leading to an overall sample complexity of
~ (D?SA 1 D?S5%A
@) log | =)+
g2 0 e?

where the O ignores logarithmic factors in S, A, D, 1/e and log(1/6).

Proof. The proof closely follows that of [20]. We let W), be the value of W in the n-th iteration
of the while loop (starting at n = 1), such that W,, = 2"~!. We define n,, = ﬁ and v,, the
value of v, at the end of the n-th iteration. The number of iteration used by the algorithm is
n =min{n : v, <W,}.
Assume the event

&= (VS, a,Vn > 1, HﬁS,a,n *pS,a”l < B(n,é))

holds. Using a property of the EVI scheme (first statement in Lemma 1), for all n, '17,({9) <V, <D
(component-wise), which yields v,, < D. Hence 71 is bounded by min{n : D < W} < logQ(D) +1.
We now bound the final accuracy 77 := 7). First, as U, := v < W5, we have 1 < ﬁ. Moreover,
using that

D >0 >Wsq =%
further yields
€ ~ €
— < n < —.
8D 4V
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We let 78 , ;B(S), 7() be the output of Extended Value Iteration with goal state s in the final iteration,
and let V7 , denote the value function in the SSP MDP with costs 1, goal state s and transition kernel
p(®). For every s, s', using the simulation lemma, we have

N () ()
Vi(s) < V() < (L 20V o) Vi (81)

provided that the condition
57
Vs oo <1

is satisfied. This is the case by using the second statement of Lemma | together with the upper bound
on 7] established above:

e(1+¢) <1

2V oo < 2L+ €[5 low < 201 + )0 < T <1,

where the last step uses that € < 1. Hence, one can write
~11 77 78
Vl*,s(sl) S (1 + 277HV1,S ”OO)VI,S (S/)
(14 21 + &) 5] o0) (1 + )T (")

(1 + 277(1 + €)To0) (1 + €)To = D
<1+(1+5k>(y+@07

IANS IAS INE

2

where (a) uses the second statement of Lemma 1, (b) uses the definition of ¥, and (c) uses that
Uoo < D and 7vee < £/4. Recalling that D = maxg o2 V7' (s') yields that, on event &,

(I+e)
2

D<D<(1+ )(1+¢)D.

Moreover, the number of samples collected per transition is N (J,7) < N ((5, %).

The conclusion follows from the fact that £ holds with probability larger than 1 — ¢ (Lemma 5) and
by upper bounding N (6, 3 D) using Lemma 6 in Appendix E. Specifically, choosing the parameters

A? =n? a=2log (%2),b=2(S—1),c=candd = g% we get

N < Stog (SA) 1 2 g (o & 1 (52) 4 B¢
AN A N TR PR N nt)’
which leads to the approximation stated in Theorem 7. O

B.2 Near-optimal algorithm using the knowledge of H

We recall here for completeness the algorithm of [27] to find an e-optimal policy in an average
reward MDP when an upper bound H of the optimal bias span H is known, and its theoretical
guarantees. The algorithm consists in a slight variation of the Perturbed Empirical Model-Based
Planning algorithm originally given by [15] (for which a refined analysis was proposed by [27]) with
the reduction from the average reward to the discounted case from [22].

Data: Accuracy € € (0, 1], upper bound H on H, confidence level § € (0,1)
Set discount factor y =

of
Set? = 1445# log (1234 with C5 the constant in Theorem 1 of [27]
Collect @ samples from the transition in each (s, a)

Let p be the estimated transition kernel based on all transitions collected
Compute the randomized reward function (s, a) = r(s,a) + X5 , where X, o Ly ([0, 5])
Compute 7 the optimal policy in the discounted MDP (7, p, 7)

return 7
Algorithm 3: Algorithm 2 from [27]
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Theorem 8. With probability 1 — 6, Algorithm 3 with parameters ¢ € (0,1], H satisfying H < H
and 6 € (0,1) outputs a policy 7t satisfying

P(VSES,p*—pT}(S) SE) >1-94
and collects a (deterministic) total number of transitions given by

144C,SAH 1254
log ,
g2 o€

where Cs is the constant in Theorem 1 of [27].

B.3 Proof of Theorem

We let D be the output of Algorithm 2 run with parameters 1 and §/2 and 7; the total number of
samples it uses. From Theorem 7, it holds that

P (D <D <4D, 7 = O (D2SAlog(1/5) + D252A)) >1-6/2.

We let 7 be the output of Algorithm 3 run with parameter ¢, D and § /2 and 79 the total number of
samples it uses. Using Theorem &, we have

P <g* —97 <M < 144C;SAD log (245iA> | D < ﬁ) >1-4/2.

The total sample complexity being 7 = 71 + T2, using a union bound yields that with probability
1 — 4, it holds that ¢* — g7 < ¢ and

7 < O(D2SAlog(1/5) + D25%A) + 576C28AD | (24SA>

g2 de

= 0 ([S‘tD + D2SA} log (;) + DQSQA)
€

- o[22 ()

C Complements for Section

C.1 Study of the MDP M,, .,

We recall the MDP introduced in Figure 2. We prove the following: for any N, for any p < 1/N
and any p’ < }—;i p, the policy in full line 7 is optimal for more than NV steps, but is not e-optimal in

average reward.

1,1—p
Ly Lp
1L,1—p' <22 o 0,1—p
Oap 1 0,p/
0,17})

Figure 2: MDP M,, , (repeated from page 7)
For that, we define u,, the probability of being in state 1 at timestep n. We note that u,, does not
ug = 1
Upt1 = (1 —plun +p/(1 — Up)

/ '
unz(l—p—p’)"(l— p >_|_ p

p+p p+p

depend on the policy chosen. Since we know { , we have
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Therefore, the (asymptotic) gain for the full-line policy 7 is g, = pi—/p,, while that of the dashed-line

/
. ’ - p p : / 1—¢
policy 7’ is g» = 1 — o = Since p’ < {72p,

P(l+e) <p(l-e)
pP<p—(p+p)e
9r < Gr' — €

and we have indeed that 7 is not e-optimal.

Moreover, the empirical reward up to step n for policy mis r, = Y., o tp, and 7, = n+1=>"1"  u,
for policy 7’. As (r,,/n),, is decreasing and (r;, /n),, is increasing, policy 7’ becomes better than 7
when Y u, < ”7“, that is, when

P’ 4 - ne o nt1
(n+1) ,+<1 )Z(l—p—p)S 5

p+p oy ) =
p_ 1 1-(Q-p-p)t _1
p+p n+1 p+p 2 p+yp
which implies
p_ 1 (tDe+p)—nrt+De+p)? 1 ¥
p+p n+1 p+p —2 p+yp

by using that (1 — 2)"*! < 1 — (n + 1)z + n(n + 1)2%/2 for any 0 < z < 1. Finally, 7’ being
better than 7 at timestep n implies —* < (% — p—//) L_ 1 je.n>1>N.
p+p’ ) p  ptp p

C.2 Proof of Theorem

Proof. For S, A, ¢, § satisfying the assumptions of Theorem 3, we let p = Alffl and define the family

of MDPs M for any j € AS~1 displayed in Figure 3. There are A actions available in each of the
S states, but the figure only displays actions with distinct transitions.

Figure 3: MDP M (repeated from page 7)

* In state s1, for any action a, a reward of 1 is incurred, and there is probability p of getting
into state so, and probability 1 — p of staying in s;.

* In state s, forn € {2,..., S}, taking action j,,_; transitions to state s, 1 (Where sgy1 =
s1) and every other action transitions to state so, with no reward.

To summarize, it is very unlikely to get into state so; but, once it has been entered, only one specific
deterministic policy can allow an agent to get back to the favorable state s;.

Let 7 be a (possibly stochastic) policy. Let us write p/ = 7(ji_1|s;) fori € {2,...S}, and 27 =
[15_, p]. With P, ; the transition matrix under 7 in MDP M, and Py j = limz 00 & 305, P,
we know that P ;P ; = P, ;. Since the MDP M is unichain, by theorem A.2 of [18], all the
rows of P, ; are identical to a vector (71, ...ns) € Xg.
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We therefore deduce the following linear system:

m = (1 —p)m + phns
s

me=pm+ Y (1=ph)m

n=2

Vn € {3, S},nn :pil,lﬂnfl

s
> =1

n=1

Injecting the third equation into the second yields 72 = pn; + Zi;; (Mn — 1) +ns — x4ny and
finally 2715 = pn;. Therefore,

p(L+pb + phph + ...+ 2d) 1
1+ ‘ =1 = < —F
" ( % "I
using that 1 —|—p{ + p%pé + ...+ 24 > 1. Finally,
I < .
STV E
The optimal policy in M is to play action j,,—; in state s, forn € {2,..., S}, so the above equation
becomes 7, (1 + p(S — 1)) = 1 and the optimal gain in M, is g/ = m.
If a policy  is e-optimal in M ;, we have
g9 —e
1 S 1
—€
1+2 = 1+p(S—1)
S —1)p?
=102 L e (145 -+ £ B0
T T T

l—e(1+(S—1)p)
Z P S 1+ (S-1)p)
(S — 1)zl > L

— ((S=1)p+1)2
1+ e EDp—e—e(s—1p)

3G,

X

Since (S —1)p < %, (14 (S - 1)p)® < 2. Since we also have & < 1,(l-e—e(S—1)p) >

‘ L - f , » ] ,
Therefore, (S — 1)z > T Finally, ﬁ > 1, and 27 > Z. Since Zj xd

we deduce that each policy 7 can be e-optimal for at most %5 MDPs in {M,},. By denoting
y%— = ]1{71' is e-optimal in M; }» WE have Zj er < Sf

For the remainder of the proof, we can use the proof of Theorem 9 of [5], which we retranscribe
here. Assume towards contradiction that there exists a learner that is (e, §)-correct whose sample
complexity is smaller than 1/p with probability larger than 7/8 on all the instances (M;);. By
writing & the event that the first 1/p steps from s; all transit to s1; &> the event that the learner uses
at most 1/p samples; and € = & N &; we can prove that for every j, writing P; the probability
distribution w.r.t. M, we have P;(&) > 1.

We let £’ be the bad event in which the policy 7 returned by the learner is not e-optimal. We observe
that on the event &, the distribution of the output policy 7 conditionally to £ is independent on j as
on the event &, the algorithm has never visited another state than s; before stopping and outputting
7. We denote by P(7|€) the common value of P;(#|€) for all j, which satisfies [, P(7|)dr = 1.
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It follows that f P(#|€)yLdi < 5 and that there exists j such that [, P;(#|€)ylds =
f P(#|E)y ]d7r < AS r. For this value of j,

. i a 8e 1
Pi(&'E) =1 —/ﬁPj(W\E)y;dw >1- SAST =5

The overall failure probability in M; is thus P;(E') > P;(E)P;(E'[€) > % > &, which is
a contradiction. Therefore, for all (e, d)-PAC algorlthm there ex1sts an instance M for which

P;(1 > 1/p) > 1/8, hence the expected sample complexity under this instance is larger than 1/8p.

Let us finally compute the diameter and bias span of MDP M. For states s; and sg, the only
(deterministic) policy with finite traveling time from s to s; is the policy which plays action j,,_1 in
state s,, for any n € {2,...5}. As the bottleneck of exploration is the small probability to transition
from s; to sg, the travel time is biggest from s; to so. Therefore,

1 AS—l
D= Wr‘rslglAE[mln{t > 0,8, = 81}|s0 = 85, Vt',ay = 7(sp)] = » +5-1=8S-1+ T6e

As for the bias span, by fixing b(s2) = 0, the Poisson equations (5) yield for ¢ € {3,...5} that
b(s;) = (i — 2)g, and finally b(s1) = (S — 1)g < S.

O

Figure 5: An SSP-MDP and its average reward transformation
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D Complements for Section

D.1 Correctness of the stopping rule

Proof. (Theorem 5) We first note that gz, = Pz, 72, = Pz, [Fa, + Pz, by, — b, where we use that
?7}" Pﬁ-n = Pﬁ—n.

Since for all s, a, ps abn > LY ,(by; ), we have
gﬁn Z P‘ﬁ'n |:F7¢rn + ( Z,frn(s) (bn’ 5)) - bn:| = P‘ﬁ'n (maX I;l,g(bn; 5))

by the definition of #,,, and finally gz, > min, max, I77 (by; 6).

S

For 7 a stationary deterministic optimal policy satisfying the optimal Poisson equation (5) (that exists
according to Theorem 8.4.3 and 8.4.4 of [18]),

0= gr = Prin = Pr[Fx + Prbn = ba] < Pr [Fr + (Ul () (b0:6)) = bu]
<P, (max 14 (b 5))
and finally g < max, maxg I} (bn; 0)
Finally, since g is the gain of an optimal policy, g > gx,,. O

Proof. (Theorem 6) By Theorem 5, we have
Plr < 400,97 < g* — €]
<P {Eln, 9" — gz, > &, maxmaxlg’aﬁ(bn; 0) — minmax]ﬁﬁ(bn; 0) < 5}
<P [HTL, 337 aaps,abn ¢ [Ls,a(bn; 5)7 U;a (bTH 5)]]
Using further a union bound and the definitions of U and L,
Pr < 400,02 < g* — €]
<P [Eln7 ds,a,ps abn > Uga(bn; 0)) U 3n,3s,a, ps by < L?ﬁa(bn; 5))]
z (5’ N:a)

<P
< N7

3”7 357 Elaa KL(ﬁ?,a’psva) >

<9,

where the last inequality follows from the concentration result given in Lemma 5.

D.2 A sample complexity analysis

In this section, we present and analyze an algorithm for the generative model setting using the
simplest possible sampling rule, uniform sampling, together with the adaptive stopping rule (6)
for b,, = l;n such that Bn is the optimal bias function in the AR-MDP with transition probabilities
given by (p7 ,)s.o (normalized so that the bias in the first state is always 0). The pseudo-code of the
algorithm is ’given in Algorithm 4.

Remark 1. The quantities U, and LY , in Definition 2 are solutions to complex optimization
problems and can be expensive to compute. Several modifications are possible to prevent long run
times. First, it is possible not to check for stopping at each time step while preserving correctness.

Second, the stopping rule can be relaxed with the following looser confidence intervals which satisfy
Uso(bn;0) <UL, (bn;6) and LY ,(by; 8) > LY ,(bn; 0) using Pinsker’s inequality:

~ " 2x(9, Ngfa) ~ " 2z(0, N*,)
Us,a(bn; 5) = ps,abn + ||bn||00 RN Ls,a(bﬂ; 5) = ps,abn - anHOO T’

N7,
Theorem 6 (as well as our sample complexity analysis to follow) still applies for these alternative
choices which are easier to compute but yield looser confidence intervals and thus in theory a larger
sample complexity.
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Data: Accuracy € € (0, 1), confidence level § € (0, 1)
n=0,by, =0,11}(by,6) =1, I} (b, 6) = 0;
while max, max, I;’yf (bn, ) — ming max, I;f@f (bn;0) > e do
for (s,a) € S x Ado

| Sample a reward and a next state of s, a
end
n=n-+SA;

AT

Compute p¢ , for each (s, a)
Compute b,, = 137,, the bias of the empirical MDP, with rewards 7 , and transitions 13?7 as
Compute [ ?aﬁ(bn, J) and I?(f (bn, 0) using U, L from Definition 2 (or the relaxations (7))

end
return 7, = (arg max, I (by;9))
Algorithm 4: Uniform sampling combined with adaptive stopping

We analyze Algorithm 4 for unichain MDPs, for which we are able to derive a simulation lemma,
akin to those existing in the discounted [14] or SSP [21] settings. It relates the gains and the bias in
two AR-MDPs that are close enough.

A simulation lemma for AR-MDPs To introduce this result, we need the following definitions.

Definition 3. Ler Dy, be the set of policies generating a unichain Markov chain on a weakly
communicating MDP M. For M an MDP and 7 € Dy,

} 0 .. 0 ( 0 Pr(s1,82) ... Pr(s1,89) )
I — - ..
- Is— 0 Pr(ss,s2) ... Pr(ss,ss)

is the matrix such that the Poisson equations (3) and (4) rewrite as Il h, = T, with T the average
reward vector and hy = (gr, bz (82) — br(81), ... (8s) — br(81)). We further define
6= min |gr —g*|, Ay = max [[II]|
TED M

d Ay = max ||h
T,9r#g* an 2 wIIelD)LH WHOC

where the norm used is the operator norm associated to the infinity norm, ||A|] =
SUP||z|| =1 || Az oo

We can show with results from [18] that IL, is invertible for any unichain policy 7, hence A is
well-defined. Indeed, by Theorem A.7 and (A.4), there exist solutions to the Poisson equations. By
Theorem 8.2.6, the solution is unique up to an additive vector in the kernel of (I — P), which is of
dimension 1 for unichain MDPs as proved in Theorem A.5. Therefore, since in the unichain setting
solutions to Il H, = 7, are exactly solutions for (4), we can conclude.

The following two lemmas can be extracted from the proofs of Lemmas 7 and 8 of [4]. For
completeness, we provide a full proof in Appendix

Lemma 3 (Simulation lemma). Let p’ : S X A — X.g be the transition probability matrix of a
weakly communicating MDP M’ with the same reward function 7 as M. For a given policy T that is
unichain on M, if for all (s, a) we have ||p§ , — Ps.all1 < m then ||hy — hM || < .
Lemma 4. Suppose M unichain. Let p' : S x A — s be the transition probability matrix of a
unichain MDP M' with the same reward function 7 as M. If for all s,a we have ||p, , — ps.all1 <

Ariaray where x < 81/2, then [[b* — M ||, < 2.

It is necessary to suppose M unichain, because without this assumption, there is no guarantee that
there exists a policy 7 that is optimal in M’ and unichain in M.

Sample complexity bound Using these results together with our previous concentration result
for the transitions (Lemma 5) permits to prove the following high-probability bound on the sample
complexity of Algorithm 4, which features the quantity I'yq := A1 (Ag 4 61/2).
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Theorem 9. For e < 61, with probability larger than 1 — 6, the sample complexity of Algorithm 4 on
a unichain MDP satisfies

(I (1))

Just like DFE, Algorithm 4 is an (e, §)-PAC algorithm using a generative model that does not require
any prior knowledge on the MDP, as its stopping rule is fully data-dependent. Their sample complexity
in the regime of small & and small § both scale in (S Ac(M)/e?) log(1/§) but for different complexity
quantities: ¢1(M) = D for Algorithm | while co(M) = ((H + 1) V I'p()? for Algorithm 4. We
know from the lower bound that the latter has to be larger for some MDPs, but so far we did not
manage to quantify their difference (even if we suspect that cy can be much larger than c;). Besides
this, we hope that the sample complexity of Algorithm 4 can be significantly reduced by the use of
smarter (online) sampling rules.

D.3 Simulation lemmas

1
[T 4|

We thus have [T h, = II,hM . I, — IT', = P! — P, and therefore ||TT,, — I || < y.

Proof. (Lemma 3) First, let us fix any policy 7 and y < such that max; 4 |[ps,a — p;7,,,| h <w.

hﬂ(HTr - H;'r) = H;(hiy/ - hTr)
[T el -y > 17" = Bl
Moreover,
I < T T — )+
I < T (T — 7]+ T
I < T Iy +

iy < el
1= [z ]| -y
since ||TI- Y] -y < 1.
And therefore,
th_hﬁ{/||< |‘H;1||||hﬂ'||y < A1Agy

L [[IzYy — 1= Ay

Therefore, for any x, taking y = gives the result. O

oz
A Dotz

Proof. (Lemma 4) Fix < 01/2, and let 7 be an optimal policy in M’. For any policy 7', using
Lemma 3 successively with policy 7 and policy 7’ yields g, > g, —x > ¢, — x > g — 2x and
finally g, > gr» — 1, which implies by definition of §; that g, > g,, and therefore 7 is optimal in
M. Hence applying Lemma 3 to 7 yields the result. O

D.4 Proof of Theorem

Fix a unichain MDP. We prove in Theorem | 0 below an explicit upper bound on the sample complexity
of Algorithm 4. For ¢ < 41, we deduce from it that

=0 <SA((H J;i) VIa)® <1og <(15> + S)) ,

as claimed in Theorem 9.

Theorem 10. With probability larger than 1 — 0, the sample complexity of Algorithm 4 is smaller

than o0 )
Y Y+
SA(S 1)0 (1 + ; log( e ))

— 14 ImSA/S — 1 _ min(5.e)*
where y = 1+ === and C' = 535 max(H+1,T a)2"
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Proof of Theorem We write N, = Lﬁj to denote the number of visits in each state action pair
at time step t. We denote by b the optimal bias function (normalized to be equal to zero in the first
state). We set £ € (0, %) to be determined later and define the three events

21’(57 Nt)
Ny

™
I

Vtavs’ a, Hﬁg,a - ps,a”l <
a(6t) = {Ilb—blle <ée}

- z (6, NV . 1 3 “
E(&t) = (VYs,a,]|be]]o Q(Ntt)<mlﬂ(<4—2§>€a||bt||oo>

Using Lemma 5, we know that P(£) > 1 — 4.

We first prove that, if £ N E1(&,t) N E2(&, t) is satisfied for a certain time step ¢, then the
stopping condition (0) is satisfied at this time step. To this end, let us assume that £ N & (£, 1) N
E(&,t) holds for a fixed ¢t and £. We recall the definition of the confidence bounds U and L from

Definition 2 and their relaxations U and L defined in (7). For all (s, a), we have
Toa + Ul (bt 0) = by(s) < o + ﬁz,a(i)t; 8) — by (s)

22(5, Nt ,)

- ?s,a + ﬁé,ai)t + Nt

1520 = bi(s)

< Ts,a T+ ps,ab + (ﬁi,a - ps,a)b +ﬁg7a(i7t - b)
2x(9, Nt )
THthoo — by(s) + b(s) — b(s)

2x(6, Nt )

s,a

Nt

+ {16 = bl|oo + \/Tllbtlloo + 11be — bl
>s+§s+ (— £>5+§s

a+psab ( +||b_bt+bt||oo

)-lk\P—‘

<750+ Ps,ab — b(s) +§6+<

IN

1
Fs,a + ps,ab - b(S) + 55

Similarly, we can prove that

S 1
Tsa+ L;a —bi(8) <Ts,q + Ps,ab—b(s) — 55.

Finally, since b is a solution to the optimal Poisson equation (5), we know that
max max (Fs o + Ds,ab — b(s)) — minmax (¥ ¢ + ps,ab — b(s)) =0
It follows that
max max (ﬂ,a + Ust_’a(l;t; 0) — lA)t(s)) — min max (fs.,a + L;a(l;t; 9) — Bt(s)) <e

and the stopping condition is met.

Then, we establish a sufficient condition on £ and ¢ to have £ C &£ (&, t).
Assume that the event £ holds. Let &’ = min(e, §1/2). From Lemma 4, if for all s,a we have
[1D:(s,a) — p(s,a)||1 < %, then ||b — by||so < &, which implies & (&,t). Hence, on &, a sufficient
condition for &; (&, t) to hold is
2x(6, Ny) - &
Ny 1YV




N
Introducing (&) = 3 (rgM) , this is equivalent to

log(5A4/6) + (5 — 1) (1 +1log(L + N¢ /(S — 1))) < ¢(§) N
and finally to

c(€)

N, N, log(SA/d)

> _

S-1 log( [ 1) S (10

Next, we establish a sufficient condition on £ and t to have £4 (&,t) C £2(&,t). We first remark
that when & (¢, t) holds

~ 2%(5, Nt) ~ 2$(5, Nt)
P < _ - 7
”bt”oo ]\/v75 = (Hbt bHoo + ||bHOO> Nt
2x(0, Ny)
< ' "7
< (ée+ H) N,

Therefore, a sufficient condition for £ (¢, t) to hold is

Tt < min (Wf, 1)

2
Introducing ¢’ (£) = min <312 ( ;116556) g2, %) this is equivalent to

log(SA/8)/(S —1) +1+log(l + N /(S —1)) < (§)Ny/(S —1)
and finally to

> 14 log(SA/d) .

1 an

N, N,
C’(6)5_1—10g< 1

Finally, we put things together. The conditions (10) and (11) are of similar form. Defining
C(&) = min(c¢(§), ' (€)), for any € € (0,1/6) the condition

N, N, log(SA/5)

is a sufficient condition on ¢ to have £ C EN &1 (&,t) N E(E, t). If follows that for ¢ satisfying (12),
the algorithm has stopped before time ¢, with probability larger than 1 — 6.

We observe that the larger C'(§), the less stringent the condition is on ¢, but finding the value of
& € (0,1/6) that maximizes C'(§) leads to tedious calculations. Instead we go for finding a lower
bound on C'(1/12), denoted by C, which also provides a valid sufficient condition on ¢:

Ny Ny log(SA/9)
1 log( S 1>>1—|—.

¢ S—1
log(S’A/5)

Using Lemma 6, letting y = 1 + , this condition is satisfied for

sz ()

To conclude the proof, we explicit the value of C'. We have

11 (1/2)* 5 1min[(/12)% (01/2)]
1/12) = =, = =
c1/12) 5 30 H +2/12)2° 72 2,
= min 1 i e e 52 }
127128 (H 4 ¢/12)27 288I'3," 8T'%,
- 11 g2 g2 52 ]
2> min |-, —— ) )
127128 (H 4 1)27 28813, " 8I'%,
L[t g2 g2 52 }
= min | ——= 2 5 ) s
| 128 (H +1)2’ 28812, 8I'2,
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where we used twice that ¢ < 1. Hence a valid lower bound on C(1/12) is

1 min(é,e)?
288 max(H + 1,T )2

E Auxillary results

In this section, we restate some useful result from the literature. The first is a time uniform concentra-
tion result on the transition probabilities that can be obtained as a consequence of Lemma 9 from

[1].
Lemma 5. Forall § € (0,1), with 2(8,y) = log(SA/5) + (S — 1) log (e(1 +y/(S —1))),

AT n 5
P [Eln € N: N KL(pS s Ps,a) > (9, Naa)] < —

S
Furthermore, letting B(n, §) := 4/ w the event

€= (Vs,0,9n 2 L, [|P} 0 = poallt < BINJ4,0))
holds with probability 1 — 4.

Proof. With p, ,(m) the empirical estimate of p; , once m samples have been collected in s, a,
arbitrarily setting p, ,(0) as the constant vector 1/.5,

P [3n € N : NI' ,KL(p% ,,ps,a) > 2(6, N, S)]
S P [Hn’ me IN: N;na = m?N:aKL(ﬁZ,a’pS,(l) > .CE(5, Ngav S)}
<P [Fm € N : mKL(ps,o(m), ps,a) > (5, m, S)]
0

<

- SA
by Lemma 9 from [1]. The second claim stems from a union bound over S, A and Pinsker’s inequality
applied to the first claim.

O

The second result is an inversion lemma, which allows to get explicit sample complexity bounds.
Lemma 6 (Lemma 15 from [13]). Letn > 1 and a,b,c,d > 0.

IfnA? < a+ blog(c+ dn) then

1

N {a—{—blog <c+ %(a—kb(\/&—k \/3))2)]

<
"= A
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our claims are that it is not possible to feasibly estimate H (shown in Theo-
rem 1), that our new algorithm (Algorithm 1) requires no prior knowledge, is (¢, §)-PAC, and
near optimal (Theorem 2); that, in the online setting, the sample complexity of best policy
identification does not scale polynomially with H (Theorem 3); that our new proposed
stopping rule is (&, §)-PAC (Theorem 6).

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitations of the paper are addressed in the conclusion
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Some of the more general assumptions (prior knowledge of the mean knowl-
edge, generative model) are listed in the introduction. We have stated some proofs of past
results for completeness when relevant.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: We have made no experiments
Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: We have made no experiments
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: We have made no experiments
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: We have made no experiments
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: We have made no experiments
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our work is theoretical enough to not cause any ethical concerns
Guidelines:

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: Our work is theoretical enough that its societal impact is negligible
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not have any experiments, and release no models
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We use no existing assets
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We release no new assets
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We have not used crowdsourcing or research with human subjects
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We have not used crowdsourcing or research with human subjects
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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