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Abstract

This paper addresses the challenge of achieving
optimal sample complexity in reinforcement learn-
ing for Markov Decision Processes (MDPs) with
general policy parameterization and multi-layer
neural network critics. Existing approaches either
fail to achieve the optimal rate or require imprac-
tical assumptions, such as access to knowledge of
mixing times or the linearity of the critic. We in-
troduce the Natural Actor-Critic with Data Drop
(NAC-DD) algorithm, which integrates Natural
Policy Gradient methods with a Data Drop tech-
nique to mitigate statistical dependencies inherent
in Markovian sampling. NAC-DD achieves an op-
timal sample complexity of O(1/€?), marking a
significant improvement over the previous state-
of-the-art guarantee of O(1/€). The algorithm
employs a multi-layer neural network critic with
differentiable activation functions, aligning with
real-world applications where tabular policies and
linear critics are insufficient. Our work represents
the first to achieve order-optimal sample complex-
ity for actor-critic methods with neural function
approximation, continuous state and action spaces,
and Markovian sampling. Empirical evaluations
on benchmark tasks confirm the theoretical find-
ings, demonstrating the practical efficacy of the
proposed method.

1 INTRODUCTION

Reinforcement learning (RL) has emerged as a powerful
framework with broad applications across various domains
such as robotics [Gonzalez et al., 2023], transportation
[Al-Abbasi et al., 2019], communication networks [Agarwal
et al., 2022], and healthcare [Tamboli et al., 2024], where au-
tonomous systems learn optimal decision-making strategies

through interaction with their environment. However, unlike
many machine learning scenarios, the temporal dependence
inherent in RL violates the assumption of independent
and identically distributed (i.i.d.) samples, complicating
theoretical analysis and convergence guarantees. Among RL
approaches, actor-critic methods have garnered attention
for their scalability and adaptability, yet they generally fall
short in achieving optimal convergence rates. This paper
aims to address this gap by analyzing sample complexity
for discounted reward Markov Decision Processes (MDPs)
with general parametrized policies and neural critic. The
current state of the art in this area, [Gaur et al., 2024],
reaches a sample complexity of O(1/€?) under Markovian
sampling. This brings forth a central question:

Can we achieve an e-globally optimal solution with a sam-
ple complexity of O(l /€2) in the Markovian sampling set-
ting, using general parameterized policies and a multi-
layer neural network parameterized critic?

In this paper, we answer this question in the affirmative
by proposing an algorithm called Natural Actor-Critic with
Data Drop (NAC-DD). We observe that the general policy
and neural critic parametrization we consider are widely
used in practice. In contrast, while tabular policies and lin-
ear critics have been extensively studied, they find limited
practical application. Our work focuses on neural critics
with differentiable activation functions (such as Sigmoid,
ELU, and GeLU), which smoothly approximate ReLLU and
are commonly employed in real-world settings.

1.1 RELATED WORKS

Policy Gradient Approaches: Recent studies have estab-
lished an optimal sample complexity of O(l /€2) for policy
gradient approaches with general parameterizations, as seen
in [Fatkhullin et al., 2023, Mondal and Aggarwal, 2024],
though these methods rely on independent sampling for
gradient estimation. Thus, their approaches for policy gra-



Table 1: This table summarizes the features of different actor-critic convergence results. Our result is the first to provide
order-optimal sample complexity results of AC for an MDP setting with general/multi-layer neural network parametrization
for the actor-critic, continuous state and action space, and Markovian sampling.

References G.loba! Contipuous State | Multi Layer MarkoYian Sampk?
Optimality Action Space NN AC Sampling | Complexity
[Xu et al., 2020b] X O(e™4)
[Khodadadian et al., 2021] X X O(e=?)
[Xu et al., 2020a] X O(e?)
[Xu et al., 2021] X O(e™)
[Wang et al., 2019] X X X O(e™)
[Cayci et al., 2024] X X X O(e™4)
[Fu et al., 2021] X X O(e%)
[Tian et al., 2023] X X O(e7?)
[Gaur et al., 2024] O(e?)
This work O(e?)

dient estimation are not directly extendable to actor-critic
framework with Markovian sampling.

Actor-Critic Approaches: For actor-critic algorithms, how-
ever, no existing work has yet achieved this optimal sample
complexity when using multi-layer neural network param-
eterizations for both actor and critic. Table 1 provides a
summary of key actor-critic approaches, categorizing al-
gorithms by their achievement of global optimality, com-
patibility with continuous state and action spaces, use of
general/multi-layer neural network parameterizations, and
reliance on Markovian sampling. The current state of the art
in this area, [Gaur et al., 2024], reaches a sample complexity
of O(1/€*) under Markovian sampling.

Neural Policy Evaluation: A recent paper has established
an optimal-order result for Q-learning with a fixed sample-
generating policy and neural function approximation [Ke
et al., 2024]. This work also provides valuable intermediate
results on Q-value approximation, which we use in our
analysis. However, in order to achieve order-optimal global
convergence, we also require a bound on the bias of the Q-
function estimates, which requires a substantially different
analysis.

1.2 MAIN CONTRIBUTIONS AND CHALLENGES

In this paper, we propose an algorithm that integrates the
Natural Actor-Critic method with a Data Drop (NAC-DD)
technique that involves selecting only one out of every i
samples for updates, thereby reducing correlation among
samples. We show that this approach achieves optimal sam-
ple complexity of O(¢~2) (Theorem 1).

To motivate why we use DD, we first take a look at a generic
recursion:

T = xp — a(g(xe) + M),

where g(z;) is linear in x; and {M;};>¢ is an ergodic
Markov chain. Denote the solution of this update as z*. It is
known that with linear function approximation, Q-learning
(with a fixed policy) is of this form. It is known that the bias
of such an update, || E[x:] — 2*||, can be constant [Nagaraj
et al., 2020]. However, by modifying this update by apply-
ing data drop, it is shown in the same paper that an optimal
sample complexity can be achieved.

However, we note that when the neural approximations are
used instead, the update becomes non-linear and the bias
becomes much more difficult to analyze. In the linear case,
bias can be characterized through a recursive formulation,
facilitating a precise analysis (e.g., (29) in [Mondal and
Aggarwal, 2024]). In contrast, for non-linear critics, such a
direct characterization is not feasible. To address this, we
adopt a linearized update approach, commonly employed in
neural critic analysis. This approximation is justified when
the neural network width is sufficiently large, aligning with
the popular Neural Tangent Kernel (NTK) theory [Jacot
et al., 2018]. Nevertheless, ensuring that the error introduced
by this linearization does not accumulate requires a refined
analytical approach.

A further challenge arises from the use of a projection oper-
ator in the critic update. This projection operator is essential
when employing NTK-based analysis. Although the use of
projections does not typically complicate the proof, we note
that our analysis also requires the bias of the critic to de-
crease sufficiently fast to achieve an improved sample com-
plexity. Standard arguments based on the non-expansiveness
property of projections are insufficient to guarantee an order-
optimal bias. To overcome this limitation, we provide a
careful analysis, which provides sharp bounds for the con-
vergence rate and bias of the critic (Lemmas 4 and 5).

Finally, we provide empirical evaluations to validate our
theoretical findings and demonstrate the practical efficacy
of the proposed NAC-DD algorithm (Section 6).



2 SETUP

This paper addresses an infinite-horizon, discounted reward
reinforcement learning problem formulated as a Markov
Decision Process (MDP), represented by the tuple M =
(S, A,r, P, p,7). In this framework, S indicates a general
state space, A is the action space, and r : S x A — [0, 1]
the reward function. When an agent takes action a in state
s, it transitions to a subsequent state s’ with a probability
P(s'|s,a). The initial state distribution is specified by p,
and ~y represents the discount factor. A (stationary) policy
m: S — A(A) defines the distribution over actions given
the current state. This induces a transition function P™ :
S — A(S), given by P7(s,s') = 3 . 4 P(s|s,a)m(als)
for all states s, s’ € S. Under any policy 7, the resulting
state sequence forms a Markov chain. We also consider a
parameterized family of policies II, consisting of all policies
7p with parameters # € ©, where © C R

The objective of the agent is to find a parameter # that max-
imizes the long-term reward function, defined as J(6) :=
Egomp Do ¥'7 (8¢, ar)|mg] where the expectation is over
the distribution of my-induced trajectories emanating from
the initial distribution, p. For notational simplicity, we ig-
nore the dependence on p. This work employs an actor-critic
method to optimize J(-). Before delving into the optimiza-
tion process, we first introduce several key concepts.

The action-value (™) function corresponding to my is
defined V(s,a) € S x Aas

> (st ar)

t=0

Q" (s,a) =E

S0 = 8,a9 = aﬂTe] (D

We can then further define the state value function as
Ve (s) = anm(.‘s) [Qﬂe (S, a)], Vs e S. 2)

Forany Q) : § x A — R, we define the Bellman operator
T for all (s,a) as

TWHQ(Sv (I) = T(Sa a) + ryEs’~P(~\s,a),a’~7rg(-|s’) [Q(Slv a’,)}'

It is known that 7™ is a ~y-contraction under the infinity
norm and Q™ is the unique fixed point.

We assume the following throughout the paper.

Assumption 1. The Markov chain {s;}¢>0, induced by an
arbitrary policy 7 € 1l is ergodic.

It is well-established that if M is ergodic, then V6 € O,
there exists a unique stationary p-independent distribution,
denoted as d™ € A(S), which obeys (P™)Td™ = d™.
With this notation in place, we define the mixing time of an
MDP.

The mixing time of an MDP M with respect to a policy
parameter 6 is defined as

t@

mix

= min {t > 1‘(P”9)t(s,~) —d"||rv < E,Vs € S}

where || - || v denotes the total variation distance.

Let d7%(s) := (1 — ) 2207 Pr(s; = s|so ~ p, mp)
be the discounted state-visitation frequency under policy
mg with initial distribution p and discount factor «y. Define
the modified transition kernel P(s’|s,a) := v P(s'|s,a) +
(1 —~) p(s’), which corresponds to sampling s’ ~ P(-|s, a)
with probability v and s’ ~ p otherwise.

It is known that if the MDP is ergodic, then dNZ;?p is the
stationary distribution of the Markov chain with the my-
induced transition kernel P™(:|s) = vP™ (-|s) + (1 —
v)p(+) [Konda, 2000]. We define

~ ~ ~ 1
tfnix = min {t > 1‘(P”9)t(s,-) —d"|rv < Z7VS IS S}

When the state space is finite, £9, = O((1 —~)7!).To see
this, observe that P is a convex combination of P™ and
a rank 1 matrix. The bound follows using Corollary 1 of
[Nussbaum, 2003] to bound the spectral gap, which provides
a bound for the mixing time [Levin and Peres, 2017]. For
convenience, we introduce

tmix = Sup max{te 1? },

mix’ “mix
0co

which serves as a uniform upper bound on both quantities.

3 NATURAL ACTOR-CRITIC WITH
DATA DROP (NAC-DD)

Policy Gradient (PG)-type algorithms typically maximize
the long-term reward function J(-) by updating 4 along the
gradient of J(-), which can be expressed in the following
form using the well-known policy gradient theorem [Sutton
et al., 1999a].

1

Vo J(0) = T Eondt, ammo(ls) Q™ (s,a)Vglogmg(als)

€))
Natural Policy Gradient (NPG) methods, however, update 6
along the NPG wyj instead, where

wy = F(0)'VeJ(0), 4)

1 denotes the Moore-Penrose pseudo-inverse and F'(6) is
the Fisher information matrix as defined as:

FO) =E, g0 Eanro(ls) [V log mo(als) (Ve log ma(als)) ]

The precoder F'() takes the change of the parameterized
policy with respect to # into account, thereby preventing
overshooting or slow updates of . Note that wj can be
written as the minimizer of the function L, (-, ) where

1
Ly (@,0) = 3 Bz ().ammclo)



(0=t summni]

for all w € RY. This is essentially a convex optimization that
can be iteratively solved utilizing a gradient-based method.
One can show that

VL, (w,0)=F(0)w—VgJ(0) (6)
Note that V, L, (w, #) is not exactly computable since the
transition function P and hence the stationary distribution,
d;“ep, and the state-action value function, Q™ (-, -) are typi-
cally unknown in most practical cases.

To estimate the policy gradient, we introduce a parameter-
ized critic Q(¢(s,a); () in place of the true action-value
function Q™ (s, a). Here ¢: S x A — R™ is a fixed feature
map and ¢ € R the critic parameters.

In this paper, we consider a neural temporal difference learn-
ing method where the action-value function Q™ (-, -) is
parameterized by some multi-layer neural network. Let us
define a feedforward neural network by the following recur-
sion:

1
O = 5 (W=D
T \/an ( 1 ) , ledl,2, LY, (D)

where W7 € R™*"™, W, € R™*™ for 2 < | < L are
the weight matrices of the network, o(-) is an activation
function, and 2(*) = ¢(s,a) € R". Using (%) computed
above, the approximate action-value function Q(¢(s, a); ¢)
can be computed as

1
7mbTx(L)’ (8)

Q((b(sa a)§ C) =

where the parameter ¢ = (Vec(Wh);--- ; Vec(Wy)) de-
notes the collection of all weight matrices, and b is given
by a random initialization. The parameter b will not be op-
timized during training. Note that the RHS of the above
equation depends on ¢ via z(%). Vec(-) stands for the vec-
torization operator that reshapes a matrix to a column vector
by stacking its columns one by one and the “;” separator
in (¢ stands for the vertical stacking of the elements. That
is, we reshape ( to a long column vector for the notational
convenience.

Assumption 2. The activation function o(-) is L;-Lipschitz
and Ly-smooth, i.e. , for Vyi,y2 € R :

lo(y1) — o(y2)| < Lilyr — y2|

and
lo'(y1) — o' (y2)| < La|y1 — vl

Assumption 2 indicates that our results below are not based
on the popular ReLU activation function. However, we pri-
marily focus on some twice-differentiable activation func-
tions (such as Sigmoid, ELU, GeLU, etc.), which are smooth

approximations of the ReLU function and are frequently uti-
lized in practical problems [Devlin et al., 2018, Godfrey,
2019]. Such a setup aligns with [Liu et al., 2020a], and pro-
videsa O(m~ 2 )-smooth property for the neural Q-function.

Let (o = (Vec(W?);- -+ ; Vec(W7)) be the initial solution.
For each [, we initialize the weights of W, element-wise
from a normal distribution A/ (0, 1) and each element of b
is drawn uniformly from {—1, +1}. For regularity purpose,
we would like to restrict the iterations to a bounded set
around (p, which is defined as

Sni={¢ = (Vee(Wh):....Vee(WL) ¢ = Goll2 < B,

1§l§L} )

and denote the projection onto Sy as I1g.

‘We now define the local linearization function class of the
multi-layer Q network (8) at the random initialization (p:

Frm = {Q(:10) = QL160) + (VeQ(:60). ¢ — o) |
(10)
for any ¢ € Sg.

For each policy parameter 6, define the mean-squared Bell-
man error under the on-policy state—action distribution by

E(0,()

,de

The critic parameter ¢? is then chosen (not necessarily
uniquely) to minimize this error:

mo(als) [ Q™ (s,a) — @(¢(S,G)§§)]2

6 .
€ E0,0).
¢+ € arg min (0,0

A direct computation of ¢? is infeasible and instead, we
perform stochastic gradient descent. Noting

Vei[Q™ (s,a) — Q(é(s,a); )]

= [Q@(s,a):0) = Q™ (5,0)] VcQ(&(s,a): ), (A1)
we obtain the batch gradient
VCE(6,¢) =Y d™ (s)mo(als)-
(@7 (5,0) = Q(&(5,0); Q)] VcQ(&(s5,a);¢).  (12)

In practice, samples obtained from a contiguous trajectory
induced by 7y are used to form unbiased estimates of this
gradient. The details of these estimates are given below.

3.1 ALGORITHMIC DESCRIPTION

We divide each outer epoch into two phases of equal length
N. Within each phase we process data in contiguous blocks



of size M = Ktmix|log, T'|, where T = KN is the time
horizon and x > 1 is a user-chosen integer. Each phase thus
comprises H = [IN/M | blocks.

Notation. Let s; and a; denote the state and action at time
t. We write

x’,ﬁ = QS(S;CLMv a’fLM), »T;Lk = ¢(SZM+1, aliiM+1)-

The temporal-difference error on block h of epoch k is

Al = Qi) — [ QR 5G] (13)
and its gradient contribution

gr (@ Ch)

g¥ serves as an estimate of V¢ E (0, ¢F).

= A} VeQ(ar: Ch).

For the NPG update, let Efb = stM and d’fL = aﬁM. Define

ey — T
Vo Lj = Vglogmo, (af|s}) [Vologmo, (ak|55)] wirin
— Q(o(5F.af); Ch) Vologmg, (af|5r).  (14)

It can be seen that V,, L¥ is an estimate of V,, L.

Block updates. Putting it all together, for each block A in
epoch k we perform the neural TD updates

=Txr(¢h — Br), (15)

in the first phase followed by the NPG updates

k
Chet1

Wi ny1 = Whn — 1 Velf, (16)

and then finalize with the policy update 0y 41 = 0+ why.

4 SAMPLE COMPLEXITY OF THE
PROPOSED ALGORITHM

We first state some assumptions that we will be using before
proceeding to the main result.

Assumption 3. The critic approximation error defined as

€app = SUpE[(Q™ (s,a) — IIx, Q™ (s,a))?], (17)

0€®

where the expectation is over s ~ d™.,a ~ my(-|s), is
assumed to be finite.

Assumption 4. There exist \y > 0 such that V6

E[VcQ(o(s,a); (o) VeQ(d(s,a);Co) ] = Aol

a ~ mo(-|s). We
);CO)T] as Eﬂ'g

where the expectation is over s ~ dv 99

will denote E[VQ(¢(s,a); (o) Ve Q(H(s,a
henceforth.

Algorithm 1 Natural Actor—Critic with Data Drop
(NAC-DD)

1: Input: Initial parameters 6y, {w%, }, {¢¥}; policy step
size a; NPG step size 7; critic step size (; initial
state s9 ~ p; time horizon T'; outer loops K; in-
ner loop length H; discount factor ; drop number
M = Ktmix|log, T'].

2: Critic Initialization (o: Sample each entry of W ~
N(0,1) for I = 1,...,L, and each entry of b ~
Unif{—1,+1}.

3: fork=0,..., K—1do
4: Set s& to the final state of epoch k — 1.
5: forh=0,...,H—1do > Critic phase
6: form=0,...,M —1do
T: Sample a];LA4+'HL ~ To, ("SZJVI+m)
8: Sample SF A mat ~
P('|SZ]\/[+m7 a’ﬁM—i—m)
9: end for
10: Compute A} and update ¢}, = Hg(¢F —
B8 95)
11: end for
12: forh=0,...,H—1do > NPG phase
13: form=0,...,.M —1do
14: Sample a‘fLM—Hn ~ TG, (‘SfLM—Q—m)
15: Sample 5§M+m+1 ~
P('|SZ]\/I+m7 a’ﬁM—i—m)
16: end for
17: Compute V,, L¥
18: Update w’;{+h+1 — w’}Hh - @wL’,j
19: end for
200 Setwy + why.
21: Update 6y, 41 < 0 + awg. > Policy update
22: end for

Assumption 5. For any 0, the transferred compatible func-
tion approximation error, L« (wp; 6), satisfies the following
inequality.

Lz (W;, 0) = Eswd,’;fp,awﬂ*ﬂs) |:(1 - ’V)Aﬂ—e (8, a) (18)
2
— (w5) Vologm(als)| < evias

where 7 is an optimal policy for the discounted MDP M
and wyj is the exact NPG direction at .

Assumption 6. For all §,60,,0; € © and (s,a) € S x A,
the following statements hold:

(@ ||[Vologm(als)|| < Gy

(b) [[Vglogmg(als) — Vglogme,(als)| < Gal|fr — b2
Assumption 7 (Fisher non-degenerate policy). There exists

a constant y > 0 such that F'(0) — uly is positive semidefi-
nite where I; denotes an identity matrix.



Comments on Assumptions 3-4: Assumption 3 ensures
that a class of neural networks can approximate the function
obtained by applying the Bellman operator to another neural
network within the same class. Similar assumptions have
been considered in [Fu et al., 2021, Wang et al., 2019, Ke
et al., 2024, Gaur et al., 2024]. In works such as [Cayci
et al., 2024], even stronger assumptions are made, where the
function class used for critic parameterization is assumed to
approximate any smooth function.

Assumption 4 has been employed in prior works [Zou et al.,
2019, Xu and Gu, 2020] and is closely related to the state
regularity assumption, which similarly ensures a strong
convexity-type property in the critic update [Tian et al.,
2023, Gaur et al., 2024]. It can also be viewed as a gener-
alization of the positive definite feature covariance matrix
assumption in the analysis of linear Q-learning [Xu et al.,
2019, Ganesh et al., 2025].

Comments on Assumptions 5-7: We would like to high-
light that all these assumptions are commonly found in PG
literature [Liu et al., 2020b, Agarwal et al., 2021, Papini
et al., 2018, Xu et al., 2019, Fatkhullin et al., 2023]. We
elaborate more on these assumptions below.

The term ep;,5 captures the expressivity of the parameter-
ized policy class. If the policy class is complete such as
in the case of softmax parametrization, we have €pj,s = 0
[Agarwal et al., 2021]. However, for restricted parametriza-
tion which may not contain all stochastic policies, we have
€bias > 0. It is known that ey;,5 is insignificant for rich
neural parametrization [Wang et al., 2019]. Assumption 6
requires that the score function is bounded and Lipschitz
continuous. This assumption is widely used in the analy-
sis of PG based methods [Liu et al., 2020b, Agarwal et al.,
2021, Papini et al., 2018, Xu et al., 2019, Fatkhullin et al.,
2023]. Assumption 7 requires that the eigenvalues of the
Fisher information matrix can be bounded from below and
is commonly used in obtaining global complexity bounds
for PG based methods [Liu et al., 2020b, Zhang et al., 2021,
Bai et al., 2022, Fatkhullin et al., 2023]. Assumptions 6-7
were shown to hold for various examples recently including
Gaussian policies with linearly parameterized means and
certain neural parametrizations [Liu et al., 2020b, Fatkhullin
et al., 2023].

Theorem 1. Consider Algorithm 1 with K = =, H =
m and M = 2tpix|logy(1/€)] . lfAssump—
tions 1-7 hold then there exists a choice of parameters such
that the following holds for sufficiently small e:

% K-1
J* = % k=0 E[J(6x)Co]
V/ €Ebias \/€app tmix log® %
S O < 1_b,y + l_PI + (l_i)g 6) - €+ m1/4(11—’y)1/2>'

with probability 1 — 26 — 2L exp(—Cm), for some constant
C > 0. Here, m and L denote the width and depth of the
critic neural network, respectively.

5 PROOF OUTLINE

We structure our analysis into three parts: policy update,
NPG estimation, and critic analysis.

5.1 POLICY UPDATE ANALYSIS

We begin with a useful lemma from [Mondal and Aggarwal,

2024].

Lemma 1. Consider any policy update rule of the form
Ok+1 = O + auwy. (19)

If Assumptions 5 and 6 hold, then the following inequality
is satisfied:

K-1
1 V/€bias
—— <
J' g 2BV < T2
k=0
G~ aG
+ 52 2 B Blardon - wil + 522 ZEHwkH“’
k=0
1 *
2 By [KL(* (]3)]m, (1)),

(20)
where KL(-||-) is the Kullback-Leibler divergence, wy, is the
NPG direction F(0)) "1V J(0x), m* is the optimal policy,
and J* is the optimal value of the function J ().

The last term above is of order O(1/K) since

“(-15) 17, (-15))]

is constant. The term E [|wy||* is further decomposed as:

K-1

1

7 2 Elwl® < ZEllwrwkH
k=0 k=

E, g+ [KL(m

9 K-1
+ o 2 Bl
Kol 21
(2) 2 ]E *|12
223 B il
k=0
K—-1
2u~? 2
E 0
+ B LRIV,

where (a) follows from Assumption 7 and the definition
w,’; = F(ek)71V9J(6k)

Thus, we can obtain a global convergence bound by bound-
ing the terms E |lw, — wi||?, E| Elwk|0k] — will, and
E||VgJ(0k)||>. The first two terms represent the second-
order error and bias of the NPG estimator wy, and the
third term indicates the local convergence rate. Since
E ||V J ()| can be expressed in terms of E |lwy, — wj %,
we now briefly describe how to bound these terms.
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Figure 1: Performance of NAC-DD on MuJoCo locomotion tasks with varying drop numbers (M). The results demonstrate
that NAC-DD consistently achieves better performance when the drop number exceeds 1.

5.2 NPG ANALYSIS

In this section, we derive bounds on the second-order error
and bias of the NPG estimator wy,. For any policy 7y, , the
critic subroutine’s fixed point need not be unique. Let

Z = {¢: Q(+5¢) is a fixed point of [Tz, 7™ },
and let ¢* be the projection of the initial critic parame-
ter (p onto Zi. We will show that the algorithm’s iterates
closely track ¢*. Finally, denote by [E.[-] the expectation
conditioned on 6y,.

Lemma 2 (Second-order error of NPG estimator). Consider
the NPG-finding recursion (16) with n = 21;)%1[{. If all
assumptions in Theorem 1 hold, then for sufficiently large
H,

(C1)?log(H/d)
Hp2(1— )

Glfdpp
p2(1—7)?

Lemma 3 (Bias of NPG estimator). Consider the NPG-
finding recursion (16) with n = 21/37%{111. If all assumptions
in Theorem 1 hold, then for sufficiently large H, we have the
following bound with probability 1 — 26 — 2L exp(—C'm),

for some constant C' > 0

G?
Ex[llwr — wil*|¢o) < O +u"%m

+ 1 P GRER[IICE — ¢EII1¢o] +

G1(C1)*G? log(H/9)
Tk

G1€app
p2(1—)?

The proof of this result can be found in Appendix B. Since
the NPG estimator w;, uses the critic values, the above
bounds depend on the second-order error and bias of the
critic estimator. The bounds for these quantities are provided
in the next section.

IWWM®]%P§0(

+ || Ex[¢F1C0) — ¢FII +

—1/2

5.3 CRITIC ANALYSIS

In this section, we focus on providing bounds for the second-
order error and bias of the critic estimator (};. A second-
order error bound of O(1) for Q-learning with neural ap-
proximation was recently studied in [Ke et al., 2024], with-
out requiring strict positive definiteness as in Assumption 3.
Instead, we present an alternative analysis of this result that
enables us to also derive a bound on the critic’s bias. The
proof of this result can be found in Appendix A.1.

Lemma 4 (Second-order error of the Critic). Consider Al-

gorithm I and let § = 2 %\)%IH. If all assumptions of Theorem

1 hold, then for sufficiently large H,

E _ k2
Bllch - ¢l < 0 (Hle el
log(H/8) 1 )

log? (11/0) .
Ao(1—y)m!/2 (1= )t AGT™

AS(L—7)2H

with probability 1 — 20 — 2L exp(—C'm), for some constant
C>0.

Analyzing the bias forms a key challenge due to the non-
linearity of the critic update due to the neural network and
due to the presence of the projection operator. The proof
details of the following result can be found in Appendix
A2.

Lemma 5 (Bias of the Critic estimator). Consider Algo-
rithm 1 and let B = 2 log H . If all assumptions of Theorem 1
hold, then the followmg is true for sufficiently large H.

k k2 HE[CO] _CfHQ
I E[G11] =7 <O (W

log" (H/9)
A§(1— )5 H?

log(H/¢) N 1
Ao(L=7)m/2 = (1 —y) 10N T

with probability 1 — 26 — 2L exp(—Cm), for some constant
C >0
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Figure 2: Comparison of NAC-DD and standard policy gradient algorithms on various MuJoCo locomotion tasks. Here,
NAC-DD-5 represents NAC-DD with a drop number of 5. Our algorithm achieves the best performance on two out of three

tasks and ranks second on the remaining task.

Table 2: Training time (in hours) for each algorithm on MuJoCo benchmarks, measured on a single NVIDIA GeForce RTX

2080 Ti GPU
Algorithm NAC-DD-1 NAC-DD-3 NAC-DD-5 PG NPG TRPO PPO
Hopper 5.44£039 12.0+£0.37 17.1+0.51 295+0.02 3.30£0.15 3.34+0.03 4.224+0.09
HalfCheetah 10.5+0.36 19.14+0.33 27.7+£0.34 6.68+0.02 7.00+0.04 7.49+£0.06 9.8240.04
Walker2d 124+£0.31 23.7+£030 35.1+£041 6.94£0.08 7.04+0.13 857+£0.14 9.74+0.35

It can be seen that substituting Lemmas 4 and 5 in Lemmas
2 and 3 with the bound on the policy update in Lemma
1 yields Theorem 1. Based on Lemmas 2, 3, 4 and 5, we
observe that it is sufficient to set k = 2 to obtain the desired
result.

6 EVALUATION

To demonstrate the effectiveness of the proposed algorithm,
NAC-DD, we compare its performance against several stan-
dard policy gradient methods, including Vanilla Policy Gra-
dient (PG) [Sutton et al., 1999b], Natural Policy Gradient
(NPG) [Kakade, 2001], TRPO [Schulman et al., 2015], and
PPO [Schulman et al., 2017]. For the baseline implemen-
tations, we utilized the open-source repository available at
https://github.com/reinforcement-learning-kr/pg_travel. The
evaluation is conducted on three benchmark MuJoCo loco-
motion tasks: HalfCheetah-v3, Hopper-v3, and Walker2d-
v3, all of which are continuous control problems. Notably,
the codes for reproducing all results in this paper is available
at https://github.com/LucasCJYSDL/NAC-DD.

We begin by evaluating the impact of the key hyperparam-
eter—the drop number M in Algorithm 1—on the perfor-
mance of NAC-DD. As illustrated in Figure 1, we set M to
1, 3, and 5, and record the training progress of these variants
on the MuJoCo tasks. Each experiment is repeated three
times with different random seeds, with the means and 95%
confidence intervals shown as solid lines and shaded areas,
respectively. The results indicate that NAC-DD consistently
achieves better performance when the drop number exceeds
one. This improvement is attributed to the fact that dropping

training samples helps mitigate the statistical dependency
between samples from different time steps, aligning with
the theoretical requirements. The performance of the algo-
rithm with drop numbers of three and five is comparable.
However, we anticipate that a larger drop number could be
more beneficial for addressing more challenging control
tasks (than MuJoCo).

In Figure 2, we position our algorithm by comparing it
against standard policy gradient methods on various Mu-
JoCo tasks. The results show that natural-policy-gradient-
based methods consistently outperform the vanilla policy
gradient approach! Additionally, actor-critic methods (i.e.,
NAC-DD, PPO, and TRPO) generally outperform pure pol-
icy gradient methods (i.e., NPG and PG). Notably, our al-
gorithm achieves the best performance on two out of three
tasks and ranks second on the third task. Thus, while this
is a theory-focused paper with the algorithm built on solid
theoretical foundations, its strong practical performance in
challenging continuous control tasks further demonstrates
its effectiveness and applicability.

Finally, for completeness, Table 2 reports the training
time for each algorithm on the Hopper, HalfCheetah, and
Walker2d benchmarks using a single NVIDIA GeForce RTX
2080 Ti GPU. The table above reports the training time (in
hours) for each algorithm on each benchmark, using a single
NVIDIA GeForce RTX 2080 Ti GPU. NAC-DD-5 requires
more training time because it discards 80% of the collected

"For practical implementation, we estimate the natural pol-
icy gradient, as defined in Equation (4), and update the actor ac-
cordingly using the conjugate gradient method combined with
backtracking line search.



samples, using only the remaining 20% for training. To
ensure the total number of training samples is comparable
to other methods, NAC-DD must collect more transitions.
However, this additional sampling can be parallelized using
a vectorized environment setup. In terms of computation
time for policy and critic updates, NAC-DD is compara-
ble to TRPO and PPO, as demonstrated by the results of
NAC-DD-1 in relation to the other methods.

7 CONCLUSIONS

In this work, we address the challenge of achieving optimal
sample complexity in reinforcement learning for Markov
Decision Processes (MDPs) with general policy parameteri-
zation and multi-layer neural network critics. Existing meth-
ods either fall short of achieving the optimal rate or rely on
linear critic approximations. To overcome these limitations,
we introduce Natural Actor-Critic with Data Drop (NAC-
DD) algorithm, which integrates Natural Policy Gradient
methods with a Data Drop technique to mitigate statistical
dependencies inherent in Markovian sampling. By achiev-
ing an optimal sample complexity of O(1/€2), our approach
significantly improves upon the previous state-of-the-art
guarantee of O(1/¢?), marking a pivotal advancement in
the field.
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A NEURAL CRITIC ANALYSIS

Let §(zk; ) = (Q(z¥; ¢) — (rF + 4Q(z},F; 0))) Ve Q(F; ¢o) be the linearization of g(xF; ¢) at Co. For brevity, we denote
B(s¥,ak) by 2% . It can be seen that

9(x5;C) = Alxg)¢ = blap), (22)
where
Alay) = VeQ(7: o) (VeQ(xh; o) — Ve Q"5 o)) T (23)
and
b(ak) = (rf + Q4% G) — Q35 €0)) Ve Q(xk; Co)- (24)
Define Ay = B, y70 qm, (o[A@5)IC0] and b = E, 7o, 4or, (.15)[b(})]Co]- For notational convenience, we

henceforth drop the conditional expectation E[-|(p] and instead write denote E[-] instead.

We now state a useful lemma summarizing various properties of the ()-value estimator below:

Lemma 6. Fix an outer iteration index k. Let (' € S forall h € {0,1,2,..., H}, where the radius R satisfies R = O(1).
Then, forall h € {1,2,..., H}, there exist positive constants C, C{ and {C;}i=1,2,... 5 such that the following statements
hold with a probability of at least 1 — § — 2L exp (—C'm).

(@) |VeQ(a; Ch| < Cr, 1Q(af: ¢F)| < C1v/log(H/5)

() llg(xfs k) — (ks G|l < Com™2 /log(H/3)

() [{g (xf: Ck) = 9 (ks CF) S GF = )| < Cam™2 \/log(HJS)
(d) 1Q(zf; ¢F) — Qaf; ¢l < Cum™ 2 \/log(H/D)

(e) [VcQ(xf; Go) — VeQ(ah; ¢h)|l < Csm™2 \/log(H/6)

Statements (a)-(e) follow from results in Ke et al. [2024]: Statement (a) from Lemmas D.2 and D.3, Statements (b) and
(¢) from Lemma D.5, and Statements (d) and (e) from Lemma D.4. Building on the above result, we obtain the following
bounds.

Lemma 7. There exist positive constants c1,co > 0 such that the following bounds for each h, k hold under the assumptions
stated in Theorem 1 with a probability of at least 1 — § — 2L exp (—C'm).

- NA@)] < e

- o)l < cav/log(H/9)

- N E[A@})] — Akll < exT

- N ED(R)] — bill < c2v/log(H/8)T "

A W N~

Proof. Note that from Lemma 6(a)
IAGR)I < [VeQ(ah: o) = vVeQ(ah™; Go)IIVeQ (g o)l < (1 +7)CF. (25)

Statement 1 follows by setting ¢; = (1 + v)C%. Again, from Lemma 6(a)

o)l < Iri; + Q(aks Go) = vQ(h"; )V Q(ars Go)ll < (1+ Cf +4C1)C1v/log(H/).

and by setting co = (1 + C] 4+ vC4)C1, Statement 2 follows. For Statement 3, observe that

E[A(z})] — Ak = ZA(xlﬁ)((Pm")M(sl(éh—nMv shar) — A7 (s ))m(afarlshar)- (26)



Since M = Ktmix [logy T

C
IE[A(zh)] — Akl < ex Y [(P™ )M (st _1yars snar) — d% (snar) Im(ahplsnar) < T% @7
@)

Statement 4 follows along similar lines. O

Lemma 8. Fix k and let assumptions in Theorem 1 hold. Then the following holds ¥ € ker(Ay)*
CTARC > (1= 7)olI¢I? (28)
Proof.
CTARC = (T E[VeQ(ah; G0)VeQ(ah; o) T = 7VeQ(x,"; 6o) VeQ(arh; o) ¢

= E[(VcQ(a}; o) €)% = YE[(VeQ(x3,"; o) "O(VeQ(x756o) T ¢)]

(ﬁ) E[(VeQ(x};¢o) TO)] = Y(E[(VeQ (w1, 5 60) TP E[(VeQ(ak; o) ")) (29)
= (1= E[(VeQ(a]:¢0) O]
2 (1= rollcl?

where (a) follows from Cauchy-Schwartz inequality, (b) follows since % and z,* have the same marginal distribution and
(¢) follows from Assumption 3. O

—~
=

A.1 PROOF OF LEMMA 4

We begin by introducing some notation. Let A4, Ay, 04, and d; be positive constants such that |]E[A(xﬁ)] — Ayl < 04,
IE[b(x%)] — br| < dp, |A(zF)] < A4, and [b(zF)| < Ap. The values of these quantities are provided in Lemma 7.

We introduce an auxiliary sequence { § ,’f} n>o that replaces the neural update g with its linear approximation §. Specifically,
define

& =ch =G Chi =1 (CF - Balehs ).
where I1 denotes the projection onto the ball of radius R centered at (y, and 5 > 0 is a step-size parameter.

Let IT denote the orthogonal projection onto ker(Ay,)~. We now bound the expected discrepancy between the auxiliary
and original iterates:

E[[chan — | = |1 (ch — Botaks ) — 10a (¢ - Batatich)|| (30)
< &||ck ~ Botaks ) — (2 - patak )| a1

<B|ch — Batahsch) — (& — Batahsch)) | + BCam™ 12/ og(H]) (32

=B |(ch - &) - A (k- )|+ BCom=2 iog(mH5) G3)

=&k~ —20m{ck — & AGhick - ) (34)

+ BE[ A~ )|+ Beam1 /g (H]) (35)

<E|ck - | - 28 (ck - & anch - ) (36)

v2asa ok~ G|+ 2B At - || + soem 2 VigETS G



2

<E||ck = G| - 26m{T(h — &), ATt - ) (38)
12
+28R254 + B2 E [T (¢F — &) | + BCam /2 /log(H/9) (39)
-2 o2

<E|ck - k[ + 82A% — 280 E||mich - )| (40)

+ 28R%64 + BCym ™2\ /log(H /) (41)
)

<E|CF— || +28R%04 + BCam ™%\ log(H/5) (42)
-2

<E| G| +26(h+1)R?54 + B(h +1)Cam™"/2\/log(H/0) 43)

=2(h+1)BR%04 + B(h 4+ 1)Com™Y?\/log(H /) (44)

<2(h+1)BR*c1T~" + B(h + 1)Cam™/?\/log(H}5), 45)

where we used the non-expansiveness of I1  and the approximation error bound between g and §. Substituting 5 = %,

we obtain the following result for all h € {1,2,--- , H}:

- 2 R?cilog H
k k 1108 —1/2
E HCh - ChH <0 ()\0(1 T + Com log(H/$) ) .

Lemma9. Let Z), ;= {z € R?: 2z = ALbk + v, v € ker(Ag)} denote the set of minimum-norm least-squares solutions to
Az =2 by, and let C* be the projection of a fixed point {y € R onto Zy,. Then, under the update rule

Gt =Tr (s — Baehs ).
where §(x¥; CF) € ker(Ay)", it holds that
fl,f — ¢ e ker(Ap)*, forallh > 0.

Proof. The set Z;, = A;Lbk + ker(Ay) is an affine subspace, and (¥ is the projection of (y onto Zj. By the projection
theorem for affine spaces, we have:

Co — CF e ker(Ap)*.

We proceed by induction on h.

Base case (h = 0): By initialization, (¥ = (o, hence

G — ¥ = Co— ¥ € ker(Ap) ™
Inductive step: Assume that (| — C¥ € ker(A},)". Define the intermediate iterate:
Ch = Gy = Baals G-
Since §(z¥; CF) € ker(Ay)* and (|, — ¢¥ € ker(Ay)* by the inductive hypothesis, we conclude:
Ch = ¢F =Gy = ¢8) = Balals C) € ker(A)*

Now consider the projection operator 11, defined as:



: ifl¢ — ol < B.
Hr(¢) = o+ R- ||g g” otherwise.

This operation returns a point on the line segment between ¢ and ¢, and since both ¢y — ¢* and Ch ¢F lie in ker(A)*,
which is a linear subspace (and hence convex), we have:

IR(CF) — ¢F € ker(4y)*.

Therefore, by definition of the update:

Eili = HR(CA;:%

we conclude that:

Ck— ¢F e ker(Ap)*.

This completes the proof.

To derive the second-order error bound, we first note the following relations.
1G4 — CEIIP
= |TR(CH — By(ar; ) — TTR(CH|1?
< |Gk — By(ak; GF) — &P
= [I¢F — CFII? — 28(Ck — CF, g(ahs CF)) + BPllg (ks )12
= [IGk — CEII® — 2B(Ck — C&, a(afs; ) — 284Gk — CF, g(aks &) — gk G )Y + B2 g (s CR)IIP
<Gk — CEIIP = 28(Ck — &, g &) — 28 — 55,9(962;5’5) — gy ) + B7CF log(H /5)
(a) . - - - ~ - - ~
< IICE — CEIIP — 28(C — ¢, AR(Ch — CF)) — 2B(CF — CF, gk ) — Ar(Ch — CF))
+ Cym™Y2log(H/8) + B2C? log(H /6)
(®) - - - - - - - - -
< (IGE = G2 = 2800 (1 = MG — CENIP = 28(G — €8, g G) — Aw(Gy =€)
+2BCsm ™2 log(H/8) + B2C?log(H/6)

where (a) follows from Lemma 6(a), (b) follows from the fact that Ay = A\o(1 — +)I and Lemma 6 (a). Taking conditional
expectation [E;, on both sides, we obtain

2] < (1= 280(1 = MG = CHIP — 284Gk - &8 B [ ) — Aw(CE - D))

+28C3m~Y?log(H/8) + B>C?log(H /) (46)

B ke - ¢

The second term in (46) can be bounded as

(G — 8B [g(afi G — A - CB))

)\0( ) 1 s T
< I8k =P+ g = [[Bnlotads O — et - )

A (1 —Y) 1 . 2
< %HC}? — CEIIP + N —7) ‘ {En[A(zf)] — Ax} G + {bk —Ep [b(z)] }




Ao(1—7 262 ||CK |2 + 202
< 0( )th _C*HQ AH h”_ b
4 Ao(1—7)
Ml =79), 5 = 40%1Ch — CFI? + 403052 (1 — v) "2A2 4 267
< o( 7)||C;§—Cf||2+ allén — &l aro (1—7) b b (47)
4 Ao(1 =)

2
o= ||A’1b||2 < Ay ?(1 —v)72A2. Substituting the above bounds in (46),

En [ICher = CHIP]

3BXo(1 —1) 88% Sk k|2 4 2 \—2 —2,2 , 2
< (1 - 5 + ol — )) ICh = GI7 + =) 209200 % (1 —7) 72 A7 + 6]

+ 2BCsm ™2 1og(H/8) + B2C?log(H/6)

For §4 < Ag(1 — v)/4, we can modify the above inequality to the following.

En[l|Ch i1 — CEI17)
< (1= Bro(1 =) lICk — 8NP + Ao(fﬁ,y) 203002 (1 =) 72AZ + 67] + 2BCsm™"/? log(H /6)

+32C log(H/9)
Taking expectation on both sides and unrolling the recursion yields
E[lICFr — CoI°]
< (1= Bro(1 =) EllCo — CEI1°
H— 48
Z (1= Bro(1=~))" {/\(17) (20200 2(1 — ) "2A7 + 6F] + 28Csm ™/ log(H/9)
— oll—
+ 5C 015
<exp (—HBo(1 =) E|l¢o — ¢F|

+ Bx\o(ll > {)\o(fﬁ o [25?4A52(1 — )22+ 5?} +2BCsm~1/? log(H/68) + B*C? log(H/(S)}
= exp (—HBXo(1— 7)) E || — ¢¥||?

- {4A52(1 — )72 2630521 = ) T2AE + 6] + 200(1 — ) " Cym 2 log(H/5)

(1 — )2 log<H/6>}

Substituting 8 = % and using Lemma 7 yields
E |G — CEII* | log®(H/6) log(H /4) 1
E k _ ~kj2 <O *
e = e = Dt T D W R ST IR (R DY i
A.2 PROOF OF LEMMA 5
Consider the critic update
Chr = Hr(CE — By(ahi G)) (48)

This can be rewritten as

¢k =CF — Ba(ak; Ck) + e (49)



where ¢, = ITr(C; — By (Cr)) — (¢ = Ba(=}; G))- Note thatif ¢ — Bg(ah; ¢F) € Sr then ¢ = 0 and if ¢ — Bg(x};; ¢r)) ¢
SR, we have the following

(a)
bl = ITR(CE — Bg(ak; ¢F)) — (¢ — Ba(ak; NI < 1€k — (¢F — Bg(af; NI < Bllg(aks <o, (50)

where (a) follows since IIz(CF — Bg(xF; ¢F)) is the closest point to (¥ — Bg(z¥; (k) in the set Sk and ¢ € Sg. This
yields,

lenll < Bllg(ah; GOk —po(ahich)gsny (51)
where 1 4 denotes the indicator function for event A. Taking expectation on both sides gives us

E ]| < A0y y/Iog(H/0) Pr(Ch — Bl G8) ¢ Sm) < B0/ 1og T Pr (G ¢ Sy yiatirsy) - 5

where (a) follows from the fact that the event {¢} — Bg(x%; (F) ¢ Sr} is contained in the event {¢} ¢ SR—,@CI\/W}'
To see this, observe that if ¢} — Bg(xF; ¢F) ¢ Sg, then

Gk = Coll > 1ICK = Co — Balais GOl — 1Bg (s GOl > R — BC1+/log(H/5) (53)

We now bound Pr (Q’f €S

earlier.

R BC: < floa(H] 5)) using Markov’s inequality combined with the bound on E ||} — ¢*||2 obtained

Pr (16t = Goll = R — BC1/10g(H/3) ) < Pr (|Ick — CFl + 1160 — X1l = R — BC1/10g(H]9))
< Pr(|IGi — ¢Fll > R) (54)

where R := (R/2)— 8C1/log(H/5) and R is chosen such that ¢} € Sg /. Since Pr(||¢F —¢F|| > R) < #'E ¢k —CF)12,
it follows that

(535)

VE(] < E [ SO(ﬂﬂzllcodfn2 | Blog®(H/6) Blog(H/9) B )

H? N =7)2H = X1 —~)ml/2 ~ (1 —~)ANT*

The term €} arising from the projection operator can now be viewed as a small error term. Taking the expectation given the

policy parameter # and the square norm in (49), we obtain

IE[Ch 1] — ¢EII1?
= || E[¢h] — ¢F — BE[g(ay; SO + I Elef)I* + 2(E[¢E] — ¢& — BElg(=5; ()] Elef]) (56)

Note that

2(E[¢F]—¢F — BE[g(¢F)], Elef])

< Pl =0y giehy - ¢k - BBl hII + e I (57)
Thus, combining the above inequalities
B ] - CHIP
< (1 0020 prigh) - ¢ - SBlp(aich + (14 5 ) IEIP 58



We now focus on bounding || E[¢}] — BE[g(z; (F)]||2. Observe the following

IE[CH] — ¢F — BE[g(a}; Ch)]l\2
= | E[Gh] = ¢EII* — 2B¢EICH] — ¢, Elg (ks ¢)D) + B[ Elg(h: GNP
< [IE[GH] = ¢EII* — 2B(E[Gh] — ¢, E[A()]) — 28(E[CH] — ¢E, Elg(ays; ¢)] — Elg(ak; ¢h)))

51 Eltets )~ Bateki I + 7 Bl 11

< I1BICH] — ¢HI — 2B(ELCE) — ¢*. Ela(eks b)) — 2B(E[CE] — ¥, Elg(ak b)) — Efa(ak cE))

+ 28] Elg(ahs ] — Bl (e 1P + 267 Eg(as I

VB - HI2 — 28(EICH] — ¢ Ela(al: b)) + 26Cs/Tog(H S)m /2 (59)

+26°C3 og(H/ym" + 26°)| Elg f: )P

< IBIGh) — 41 — 28(BICK) — ¢&, Aw(Eick] — b)) — 2B(BIck] — & Ela(aks D) — Ax(Eck] — )
+26C;\/log(H/S)m ™12 + 25°C3 log(H/6)m ™ + 25| Aw(E[c] - )P
+ 26| Elg(wh; &) — A(EIG] = )17

< (1 2800(1 —9) + 203,82 EIH] — C412 — 2B(BICH] — ¢, Bla(ahs )] - A(EIGE] - )
+26C;\/log(H/S)m™"1% + 25°C3 log(H/6)m™ + 25| Efg(ak )] - Aw(E[ch] - )P

where (a) follows from Lemma 6, while (b) follows from the fact that || Ag|| < A4 and Ay = Ao(1 — 7y)I. The last term in
the last line of (59) can be bounded as follows.

IE[g(k; )] — (AR E[GH] — bo)[I?
= ||E [(BIAEE)] - AR)(CE — ¢9)] + BIA@EE)] — A)CE + (b — Ebf))||”
< 3E [ E[A@])] - Ael2I¢E — ¢FIP] + 3E [| E[AGEE)] — A)[P] ICE1® + 3 ||bx — Efb(f)]|”
< 30RE[lIGy — CEIP] +3Ag7(1 = 7) T2A3H + 30,
The second term in the last line of (59) can be bounded as follows.
—(E[¢F] — ¢, B [Bg(y; ¢N)] — AR(B[GE] — ¢)])
< 200 =D ity - GHIP + - IElaCeks o] - AuElct] - ¢4
3

< 2D il - P + 5o

- 4

[BAENCH — CFI? + A0 % (1 = 7)"°AJ6% + 6]

Substituting the above bounds in (59), we obtain the following bound
IB[SH] — ¢F — BE[g(=; ¢GNP
< _3»3)\0(1—7) A2 82 ) | RICK] — )12 Cm -1/2
< (1 5 + 20587 ) | E[¢y] — C/I7 + 28C3+/log(H/6)m

+23°C3 log(H/6)m ™" + 63 </3 + )\0(11—7)) [GAENCK — CI? + 252 (1 = 7) "2A30% + 63

Combining (58) with the above bound yields the following result.
IECK ] = ¢

< (1- 2200 anger) (14 200200 ) ymighy - e

+ (28 + B2Ao(1 — 7)) Cs\/log(H/8)m~*/?
ro(1+ 202 (524 ) e - o



+52(1 =) (1 + L“(;_ ”) A26% + 55]
2 BAo(1 —7) -
< (1= Bhalt =)+ A ha(1 = )%) [EI] — ¢t 42 (14 PG o2

5)\0(1 - 7) 1 2 P2 -2 -2 5/\0(1 - ) 2¢2 | 12
P (1 2005 (g4 LY e (14 2900 g g
2 k1112 BAo(1 —7) 22 1
= (1= BAo(1 —7) + A3ro(1 = )B%) I E[CR] — CEIIP + A
If 8 < 1/(2A ), the above bound implies the following.

IElgtial - et < (1 - 22020 gty - g2 +

Unrolling the recursion, we obtain the following result.

IE[Ct1] = CEIIP
H H—h
s(l BAO ) IE[Go <*||2+Z( L’l_ )) A
ﬂAO " k12 2 k
< (1 ) I Elo] — ¢l erAh
H 2 2 k
< exp (20205 il - 1P +

)
< exp ( H) I ElGo] = ¢211* + (@\o(f’Y)Aﬁ)

Substituting 5 = )\5(110%, it follows that

b o IE[Go] — ¢EII* |, log™(H/d) log(H/9) 1
H ]E[gh-&-l} - C* ” <0 ()\(2)(1 _ ’7)2H2 + )\8(1 _ ’7)6H2 + )\0(1 _ 7)m1/2 (1 _ 7)10A(1JOT2“ (60)

B PROOF OF LEMMAS 2 AND 3

Recall that the block-indexed NAC-DD algorithm (Algorithm 1) uses the NPG estimator evaluated once every M transitions.
The NPG updates can be written as follows
Wirpnir = Wiren — (X (@h) i, — y(ap), (61)

where
T ko ki
X (x}) = Vg log 7, (ay|55) Ve log me, (ax|55)) y(y) = Q(8(ar|s7); k) Vologma, (ay|55),  (62)

with 2F = ¢(5F, a¥). Throughout, the conditional expectation E, ;[-] is over all the randomness from the 2" block in epoch
k given the entire history prior to this block. Whereas, E[-] denotes the expectation given 6. For notational convenience,
we henceforth denote E[], Ex 5[] and Ei[-] in place of E[|o], Ex.n[-|Co] and Ex[-|(o], respectively. Recall that X (z¥)
serves as an estimate of F'(6) and X (zF) serves as an estimate of V¢.J (6y,).

The Fisher information matrix satisfies I < F(0y) and || F(6)|| < G from Assumptions 7 and 6, respectively. Further-
more, the norm of the policy gradient norm is bounded by || Vy.J (k)| < G1(1 — ~)? [Liu et al., 2020b].



In this Section, we establish that, for each block , there exists positive constants 0%, 0%, 0, 0z, 55, Ax, A, such that the
following bounds hold:

Ern| X (2f) = FO)|* < 0% |BenlX (@) - F@O)|° < 0%, IX@@H] < Ax, |y <A,

2 2 2 =
Eenlly(z) — Vo (00)]]” < o2, ||Brnly(@h)] — Vad (0k)|” < 6o, ||Exly(z)] — Vo (0k)|” < 0,
Using these bounds, Theorem 2 of Ganesh et al. [2025] can then be applied with

=F(k), q¢=VeJ(0), Pn=X(F), G =y,

2log H
nwH

and step size n = , yielding the desired mean-square and bias guarantees for the iterates w?;.
From Assumption 7, eigenvalues of F'(6}) are bounded below by u. Whereas
Lemma 10. Under the assumptions of Theorem 1, for every epoch k and block h:
L || X (@)] < GL.
2. |Een[X(25)] = F(0R)|* < GIT 2"
Proof. Part (1) follows directly from Assumption 6. Part (2) follows by bounding the bias bound as in Lemma 7. L

Since | X ()|, | F(0x)|| < G2, it follows that Ey p, || X (2%) — F(0;)||?> < 2G1. Separately, using Lemma 6, we obtain
ly(zf)|| < C1G1\/log(H/§). Next, we bound the bias and second-order error of y(x}), which also carries the critic
approximation error.

Lemma 11. Fix epoch k. Under the assumptions of Theorem 1, for each block h:
k 2 A (s 2
|Eenly(@i)] — Vo (6)|" < o(ﬁ+5y),

(b) Exn[lly(ay) — Vo (01)]°] < @(03+Gf(0{)2 log(H/5))7

where ) . N )
- O(m)’ 65 = O<G?”CH C* H2 +m Y24 (115:;53)

Moreover,
X 2 A% o 52
(c) HEk[y(xh)] — VgJ(Gk)H < O(W +5y),
with 33 = O(GRIBA[Ch] — I + m™1/2 1 Gheagy/ (1~ 1))

Proof. We expand

Ernly(zy)] — Vo (61)
= Er.n[Q(x}; Cfr) Vo log mo, (ay|55)] — Vo (0k)
= Ern[(Q(x5; ) — Q(55, @) Vo log o, (ay |55)] + Er n[Q(S}, ak) Vo log ma, (afi|57)] — Ve (6),

and decompose

where



We have || Ty ]|, | Tz]| = O(m~'/2), which follows from the bounds on the linearization error, while || 73| = O(C}|¢}; —

¢EID-

To bound ||Tp||, first note that
(Q(xf: C*) — Q(sF,ak))? < 2(Q(k; ) — Qaf; ¢)? + 2(Q(f; ¢F) — Q(sk, ak))? (63)

We have (Q(aF; ¢%) — Q(a%; ¢¥))2 < O(m™"). Furthermore, from Appendix A.3 in Ke et al. [2024], we have

1 _ k= €a
WE ||H]'_R,mQ(SZ7aﬁ) Q(Sﬁaaﬁ)HQ < 2 (64)

EHQ(%haC*) _Q( )H2 (1—7)2

Using arguments as in Lemma 7, we obtain |Ex ,[Q(5%, a¥ )V log 7y, (aX[5%)] — Vo J(01)|| < G1((1 —v)T*)~!, which
yields part (a). Part (b) follows easily using the bounds on ||V .J(6y)| and ||y(z¥)||. For part (c), note that

Ex[y(x))] — VoJ (0k)
= Ex[(To + T1 + T» + T3) Vg log mo, (a5} 55)] + Ex[Q(5F, ax ) Ve log e, (af|57)] — Ve (0k)

and || Ex[T5Vg log ma, (af |5)]| = || Exn[Ex[Q (2} fr) — Q(af; ¢F)] Vg log ma, (af 53]l < CLGl| Ex[CF] — ¢F|- The
bounds for the remaining terms follow from the bounds in part (a). O

We now can invoke Theorem 2 in Ganesh et al. [2025] to obtain

Gt G2(C})?log(H/)) G2e
M2 < 1 1“1 —22 k k2 -2 —1/2 1€app
Bl — il < O (gl CUEOBEO a2 o — P 2 4 e
(65)
and
N G2(C1)2G3 log(H /S Giea
Bl - wi? < 0 (HALELBIO | ey e o) (66)
T p2(1—7)
C PROOF OF THEOREM 1
Recall that the global convergence of any update of form 61 = 6}, + awy, can be bounded as
K-1 K-1
* 1 V/ €bias G aG
J—EZMMMSL,+;ZMWMMM%w-QZEM—MP
k=0 v k=0 (67)

_9 K—1
+ O‘PIL{ Z E [|Vo.J (6:)]% + 2114:5@* [KL(7" (-] 5) 7o, (+|5))]-

We note that our algorithm updates 6 at each iteration k using wy and (y obtained after H iterations of the NPG and
critic estimation inner loops. Therefore, we use wy and (g instead of wy and I’fl We begin by deriving a bound for

e Z ||V9J(9k)|\2 It is known that J is L j-smooth with L == (16‘;)2 + % [Lemma B.1, Liu et al. [2020b]].



With this, we obtain:

J(Ok+1)
L
> J(0k) + (Vo (06), Ot = Ox) = {1041 — O]
a’L
= T(0k) + (Vo (Bh) i) — 5 [lw|”

OézLJ
2

(00 + a (VT (60), F(0.) Ve (6)) + a (VoI (00w — i)

— 0 Lyllwk — wi|? — o®L||wi|

= J(gk) +« <VQJ(0k),wz> —+ « <VQJ(9k),LUk — wZ> — ||wk - w}; +w}§\|2

(0% * * *
2 IVa T ORI + (Vo (01), w = wi) = @” Ly flw, = will* = o Ly [lwi |
1

(&%
= J(00) + 55 Vo T (00)° +
1

J(0y) + .

a * *
Ye? [IV6 T (01)I1” +2GT (Vo (61), wi — wip) + Gillwr, — wil?]
1
aG?
- (55 2Ly ) e - ik IP - Q2L

« o aG?
J(0r) + 72HV0J(9;€)||2 + 5 IVaJ (0r) + GHuwp —wi)|I> = | =2 + Ly | [Jwr — wi]?
22 2G7 >
— a®Ly|wi|?

a aG?
> J(6r) + ﬁuvw(ak)nz - < Ly aQLJ) lwi — will? = 2Ly || F(0:) Vo J ()|
1

(e e} a’Ly 2 O4Gl 2 2
> — — L _
_J(Qk)+<2G% 2 )|v J(O)|I* — (2 +a’Ly | flwk = wil

where (a) utilizes the Cauchy-Schwarz inequality and the definition that w} = F(6;) "'V, J(0)). Inequalities (), and (c)

follow from Assumption 6(a) and 7 respectively. We take the above inequality, sum over k = 0, --- , K — 1, rearrange the
2

terms and substitute v = to obtain:

o
1GZL;>

K-1
2 J(0x) — J(6) s pt 1 e
16G4L ( Z IV J(Ok)ll ) K “\&z, T 1667, ) | K D> Ml =il
@ 9 2
< _ 2
ST K (SLJ * 16G4L ) < Z loor, — @il >

where (a) uses the fact that .J(+) is absolutely bounded above by (1 — ~)~. Using (69), we obtain
—9 [K-1 4 4
32L,]G1 2G 2
— Vo (01| | < + ( ) Wi — W (70)
(kZ_OH ()l K 2 ZII kll

Substituting Lemma 4 in Lemma 2, we obtain

(69)

2 ct GHC? log(H/8) 1 Gen
Eillwr —wil|” < O<Hﬂ4(17)4 Hp2(1— )4 + 12 mi/2 T 12 (1 7?)2
12 2 12 N(1—)2ZH 12 N(l— ) mi/2

LG 1
W2 M=) T )



)2 G1(CP)? log(H/) | || E[¢o] — ¢EIIP log* (H/5)
HEI@[‘W‘J] - Wk” < O( Tk + )\(2)(1 _ 7)2 H?2 )\8(1 _ 7)6 H?2
(72)
log(H/6) 1 G2 €app
Ao(L=)mt/2 MO =107 2 (1—7)2 )

Now combining (70), (71) and (72) with (67), and substituting K = /T, M = 2t |logT| and H = (v/T)/M, we
obtain the following bound

K-1

Vévias  G1y/Eapp i log® E, g [KL(7*
J* . i Z E[J(Gk)] S €bias + 14/ €app + O tmlx IOg (T/(S) + 1 + s~d [ (7T ||7T90)] .
K~ 1=y p(l=9)

A—VT | iA1= VT
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