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ABSTRACT

Recently, many approaches, such as Chain-of-Thought (CoT) prompting and Multi-
Agent Debate (MAD), have been proposed to further enrich Large Language
Models’ (LLMs) complex problem-solving capacities in reasoning scenarios. How-
ever, these methods may fail to solve complex problems due to the lack of ability
to find optimal solutions. Swarm Intelligence has been serving as a powerful tool
for finding optima in the field of traditional optimization problems. To this end, we
propose integrating swarm intelligence into the reasoning process by introducing
a novel Agent-based Swarm Intelligence (ASI) paradigm. In this paradigm, we
formulate LLM reasoning as an optimization problem and use a swarm intelligence
scheme to guide a group of LLM-based agents in collaboratively searching for
optimal solutions. To avoid swarm intelligence getting trapped in local optima, we
further develop a Swarm Intelligence Enhancing Reasoning (SIER) framework,
which develops a density-driven strategy to enhance the reasoning ability. To
be specific, we propose to perform kernel density estimation and non-dominated
sorting to optimize both solution quality and diversity simultaneously. In this case,
SIER efficiently enhances solution space exploration through expanding the diver-
sity of the reasoning path. Besides, a step-level quality evaluation is used to help
agents improve solution quality by correcting low-quality intermediate steps. Then,
we use quality thresholds to dynamically control the termination of exploration and
the selection of candidate steps, enabling a more flexible and efficient reasoning
process. Extensive experiments are conducted on widely-used seven mathematical
reasoning benchmarks, i.e., MATH-500, MMLU-STEM, etc. As expected, our
method consistently outperforms both CoT methods and existing reward-guided
approaches, particularly on complex problems. This demonstrates the effectiveness
of our approach in leveraging swarm intelligence for enhanced reasoning.

1 INTRODUCTION

Large Language Models (LLMs) have demonstrated remarkable progress across various domains,
yet significant challenges remain in complex reasoning tasks. Generally, many approaches propose
to address the remaining challenges by employing Chain-of-Thought (CoT) prompting Wei et al.
(2022a); Kojima et al. (2022) or its variants Wang et al.; Yao et al. (2023); Zhou et al.; Zhang et al.;
Wang et al. (2023), guiding models to decompose complex problems into manageable steps, and
reasoning the final answer step by step. However, Large language models are typically prone to
making hallucinations during the CoT reasoning process due to inherent randomness and limitations
in comprehension, which may lead to incorrect results.

Alternatively, researchers propose to use Multi-Agent Debate (MAD) frameworks to perform in-
teractions among multiple agents, collaboratively deriving better answers Du et al. (2023); Liang
et al. (2024); Chen et al. (2024); Wang et al. (2024). Generally, a variety of agents are defined
and assigned distinct, pre-defined roles. They then follow a designated communication protocol or
scheme to collaboratively generate better answers. Note that the success of MAD is presumably
based on the hypothesis that LLMs can take on heterogeneous roles with various human-crafted
prompts. Different from CoT methods, the heterogeneous prompts can help agents think divergently
together, expanding the extent of exploration of the solution space and ultimately converging on
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a better solution. However, this hypothesis is not always valid and frequently fails, making MAD
ineffective in deriving better answers. Instead, MAD methods even perform worse than basic CoT
methods. As mentioned in Zhang et al. (2025a), the factor may be attributed to the fact that various
agents are inherently homogeneous. Despite the different roles of the agents, they still rely on the
same large language model. Solutions generated by different agents hold high similarities. Moreover,
during the collaboration process, influenced by the context constructed from historical interaction
information, the similarity between the solutions generated by the agents gradually increases, which
is significantly lower than the diversity of using multiple CoTs with the same computational resource
consumption (the details are shown in Appendix C), thus making it difficult to find the optimal result.
This leads us to a simple but crucial question: how can we generate more diverse solutions to increase
the chances of finding the correct answer?

Swarm intelligence algorithms are a kind of traditional heuristic optimization method Bonabeau et al.
(1999); Kennedy & Eberhart (1995); Dorigo et al. (2007) that mimic the collective behaviors observed
in nature. Generally, they begin by forming an initial population of candidate solutions through
repeated sampling in the solution space, and then gradually improve the population quality using
feedback from fitness value indicators. With limited computational resources, they show significant
effectiveness compared to direct random sampling. Inspired by this, we conceptualize LLM reasoning
as solution space exploration, treating the reasoning process as an optimization problem where a
population of LLM-based agents collectively searches the solution space for optimal solutions.

However, directly applying swarm intelligence algorithms may result in suboptimal solutions. Due
to the complexity of LLM reasoning and the high diversity of possible solutions, the solution
space contains multiple global optima with correct reasoning pathways alongside local optima with
incorrect reasoning pathways. Traditional swarm intelligence algorithms tend to cause population
concentration within the same region of the solution space, resulting in convergence to the same
optima and diminishing the ability to thoroughly explore the space as population diversity decreases.
Consequently, once trapped in an incorrect local optimum, the population loses its capability to
discover global optimal solutions. Despite existing research Wei et al. (2022b); Ahrari et al. (2022);
Zhu et al. focused on maintaining population diversity, it remains crucial to be aware of the risk of
local optima entrapment when applying swarm intelligence algorithms to LLM reasoning tasks.

In this paper, we propose a novel paradigm called Agent-based Swarm Intelligence (ASI), which
conceptualizes LLM reasoning as a solution search process in the solution space for global optima.
ASI consists of a generator G generating solutions and an evaluator E evaluating the step-level quality
of solutions. Based upon ASI, we address the aforementioned local optima issue by introducing the
density-assisted search mechanism and developing the Swarm Intelligence Enhancing Reasoning
(SIER) framework. This mechanism employs kernel density estimation techniques and non-dominated
sorting to implement step-level Pareto front selection that jointly optimizes steps’ quality and density,
enabling exploring solution space efficiently while preserving diversity. Through this innovative
mechanism, SIER efficiently enhances solution space exploration by expanding the diversity of
the search paths while mitigating convergence to local optima. Furthermore, a step-level quality
evaluation is used to enable agents to enhance solution quality by rectifying intermediate steps
of low quality. Then, we use the termination of exploration and the sampling of candidate steps
can be dynamically controlled through quality thresholds, facilitating a more flexible and efficient
reasoning process. We conduct extensive experiments on seven widely used mathematical reasoning
benchmarks, including AIME-2024, AIME-2025, MATH-500, and other challenging datasets. Across
various evaluation metrics, SIER consistently outperforms state-of-the-art methods, demonstrating
the effectiveness of our approach in enhancing reasoning capabilities.

2 RELATED WORK

2.1 MULTI-AGENT SYSTEMS

Recently, LLM-based Multi-Agent SystemsGuo et al. (2024); Tran et al. (2025); Han et al. (2024)
have rapidly emerged as powerful frameworks for solving complex problems. Early developments
like Camel Li et al. (2023) and MetaGPT Hong et al. provided infrastructure for agent collaboration.
Later on, the Multi-Agent Debate (MAD) strategy Wu et al.; Chen et al.; Zhou et al. (2025) has
been widely adopted to facilitate collaborative interactions among agents through discussion. Several
representative approaches include: Society of Mind (SoM) Du et al. (2023) establishes a three-step
framework for agents to debate and reconcile differences, enhancing factuality through consensus
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formation. Multi-Persona Liang et al. (2024) introduces contrasting "angel" and "devil" roles,
encouraging diverse perspectives and creative problem-solving, while Exchange-of-Thoughts (EoT)
Yin et al. (2023) are designed to facilitate cross-communication between models to enhance collective
understanding of the problem-solving process. In addition, COMM Chen et al. (2024) adopts
different reasoning paths for different roles to implement few-shot prompting approaches in multi-
agent scenarios, effectively enhancing the performance in domain-specific tasks.

While the MAD scheme has shown effectiveness, previous systematic evaluations Zhang et al. (2025a)
reveal that many MAD methods perform even worse than CoT methods. The advantage of solution
diversity introduced by heterogeneous agent roles does not always hold, as the agents ultimately
rely on the same underlying large language model, which leads to high similarities of the solutions
generated by agents. Furthermore, the similarity between the solutions gradually increases during
the collaboration process, since the LLM is progressively influenced by the accumulated context
from historical interaction information. This factor makes it difficult to find the optimal results in the
final despite the use of a collaborative scheme. Different from them, we propose integrating swarm
intelligence algorithms into the reasoning process to enhance the discovery of optimal solutions. We
conceptualize the LLM’s reasoning process as an exploration of the solution space and adopt heuristic
algorithms to efficiently identify optimal solutions.

2.2 SWARM INTELLIGENCE ALGORITHMS

Swarm intelligence algorithms Storn & Price (1997); Holland (1992) are biologically inspired
optimization methods that solve complex problems through natural selection and genetic variation.
The evolutionary scheme involves the generation of initial candidate solutions, fitness evaluation,
adaptive selection, and the creation of new candidates.

Although swarm intelligence algorithms can effectively enhance solution space exploration capabili-
ties, they sometimes cause populations to converge within the same region of the solution space. This
factor not only wastes a large amount of computational resources but also increases the risk of getting
stuck in local optima, thereby reducing the model’s ability to thoroughly explore the solution space.
To address this problem, existing work Wei et al. (2022b); Ahrari et al. (2022); Zhu et al.; Luo et al.
(2022); Xu et al. (2021) has tried various strategies to maintain population diversity. However, this
may not be applicable to LLM reasoning because the agent itself has the ability to generate solutions
using LLM step-by-step thinking, and many of these strategies cannot directly affect the solution
generation. Inspired by traditional swarm intelligence algorithms, we propose a novel paradigm
called ASI and develop the SIER framework, which evaluates reasoning steps based on quality and
density metrics, generating multiple high-quality, diverse reasoning paths that enhance the solution
space exploration for complex problems, thereby improving problem-solving capabilities.

3 PRELIMINARY

3.1 KERNEL DENSITY ESTIMATION

Kernel Density Estimation (KDE) is a fundamental non-parametric technique for probability density
estimation from finite samples Wand & Jones (1994). Given N independent and identically distributed
samples {xi|i = 1, . . . , N}, the KDE-based density estimate at a query point x is given by:

ρ(x) =
1

N

N∑
i=1

Kh(x− xi), (1)

where Kh(x− xi) =

{
exp

(
−∥x−xi∥2

2h2

)
, if ∥x− xi∥ ≤ h,

0, otherwise.
(2)

Here Kh(·) is a smoothing kernel with bandwidth h, controlling the locality of the estimation. A
common choice is the Gaussian kernel thanks to its desirable properties, e.g., infinite differentiability
and exponential decay. Following the widely adopted approach in Xu et al. (2021), we employ a
truncated Gaussian kernel. KDE can help our framework construct token-level density landscapes
of solution populations, where fully explored areas will have higher density values, and under-
explored areas will have lower density values, enabling the identification of over-explored (high-
density) and under-explored (low-density) regions in the solution space. It is worth noting that the
density information obtained through the Gaussian kernel function in our algorithm does not directly
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participate in numerical calculations, but is only used for comparison in the sampling step (we only
need to use it to select steps with relatively low density in the sampling reasoning step), so it is
relatively insensitive to the choice of kernel function.

3.2 MULTI-OBJECTIVE OPTIMIZATION AND NON-DOMINATED SORTING

Multi-objective optimization addresses problems with multiple objectives by identifying a set of
Pareto-optimal solutions, collectively forming the Pareto front (Figure 1a). A solution x is denoted
to dominate another solution x′ (denoted x ≻ x′) if it is superior or equal in all m objectives
(ϕi(x) ≥ ϕi(x

′) for i ∈ {1, . . . ,m}) and strictly superior in at least one objective (ϕj(x) > ϕj(x
′)

for some j). The Pareto front consists of non-dominated solutions that form a boundary in the
objective space. (The details are given in Appendix D.1)
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(b) Non-dominated sorting layers

Figure 1: Visualization of Pareto-optimal solutions and non-dominated sorting

Fast non-dominated sorting is an algorithm that categorizes solutions into hierarchical fronts based
on these dominance relationships (Figure 1b). The first front, F1, comprises all non-dominated
solutions. Subsequent fronts (F2, F3, . . . ) contain solutions dominated by those in preceding fronts.
This sorting technique is a cornerstone of algorithms like NSGA-II Deb et al. (2002).

In our framework, non-dominated sorting is employed to guide the selection of candidate reasoning
steps. This process considers two complementary optimization objectives: quality and diversity.
Quality refers to the correctness and effectiveness of a reasoning step, while diversity measures its
distinctness relative to other reasoning steps. Specifically, diversity is quantified using a density
metric, and quality is evaluated by the evaluator E. The non-dominated sorting algorithm ranks
candidates based on both their quality and this density measure. The selection mechanism subse-
quently prioritizes candidates on the Pareto front, ensuring that no chosen step is simultaneously
outperformed by an alternative candidate with respect to both quality and diversity.

4 METHODOLOGY

Swarm intelligence algorithms typically explore the solution space via individual exploration and
collective cooperation to identify the global optimum. This objective is analogous to that of LLM-
based agents when undertaking reasoning tasks. Consequently, we propos a novel paradigm named
ASI, which conceptualized the LLM’s reasoning process as an individual’s search for the global
optimum within a solution space. Specifically, for a given problem Q, it owns a solution space S.
Each dimension corresponds to a token, with its value derived from the LLM’s vocabulary. Every
point within this solution space denotes a solution in the form of a reasoning path, and the essence
of LLM reasoning is to generate such a path. Therefore, we apply swarm intelligence algorithms to
LLM reasoning, which leverages the evaluator E to evaluate the quality of the reasoning paths and
guide the search, iteratively refining reasoning paths to efficiently and effectively uncover the global
optima. Furthermore, based on the ASI paradigm, we propose the Swarm Intelligence Enhancing
Reasoning (SIER) framework, which enhances solution space exploration by expanding the diversity
of the search paths. This section first presents an overview of the SIER framework and detailed
explanations of its key processes.

4.1 SWARM INTELLIGENCE ENHANCING REASONING FRAMEWORK

In the SIER framework, LLM-based agents progressively generate reasoning paths that continuously
expand the solution search space. This space is strategically navigated through two key mechanisms:
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1) the construction of density landscapes, which employs kernel density estimation to guide the agent
collective in exploring low-density regions that haven’t been fully explored; and 2) a multi-criteria
selection mechanism that integrates step-level quality evaluation with density calculations to optimize
task performance while maintaining solution diversity.

Specifically, the framework encompasses three main processes: 1) Population Initialization: LLM-
based agents are created to generate initial reasoning paths and form an initial population; 2)
Population Evolution: A density landscape is constructed via kernel density estimation. Then, the
multi-criteria approach is employed to combine step-level quality evaluation with density calculations
to generate high-quality and diverse reasoning paths progressively. 3) Population Clustering and
Selection: We then cluster the final population based on the answer labels of the reasoning paths,
followed by sorting the clusters based on the highest quality of the individuals in the cluster and
selecting the k best reasoning paths from each of the first k clusters.
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Figure 2: Overview of the SIER framework.

4.2 POPULATION INITIALIZATION

Given a task query q, our SIER framework first generates the initial population consisting of n
individuals. Specifically, n LLM-based agents are created as individuals. Each agent independently
processes the input q to generate a distinct step-by-step reasoning path. These reasoning paths
collectively form the population’s initial solution set. Then, a specialized evaluator (e.g., a Process
Reward Model, PRM) will subsequently be used to evaluate each path’s quality,

4.3 POPULATION EVOLUTION

The population evolution phase involves up to Imax iterations of density-assisted search, generating
a new population per iteration. An early stopping criterion terminates this phase if the highest quality
observed in the historical population surpasses a threshold θ. This is done because we then believe a
sufficiently high-quality solution has been found. If the initial population already meets this criterion,
this evolutionary phase is skipped entirely.

Density-Assisted Search: We view the reasoning paths generation process as a step-by-step search
problem in the solution space. In this space, each step represents a partial reasoning path, starting
from an initial empty step and exploring the solution space by adding reasoning steps until a complete
reasoning path is found. We employ a multi-path parallel search strategy, where "active paths"
represent branches of the solution space currently being explored, with each path starting from an
empty step and continuously expanding to explore different regions of the solution space.

To efficiently explore the solution space, we introduce an adaptive sampling mechanism. For each
active path, we first use the LLM to incrementally sample a small set of candidate expansion steps
and compute their quality using the evaluator E. If the quality score of a candidate step exceeds a
threshold, we immediately select that step and prune the other branches; otherwise, we continue to
expand the search space by resampling more candidate steps. This approach dynamically adjusts the
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search breadth according to the complexity of the current inference step, with fast convergence at
simple steps and more extensive exploration at complex steps.

Furthermore, in order to ensure full exploration of the solution space, we first construct a density
landscape based on the historical population, which shows the density distribution in the solution
space. Then we consider not only the candidate steps’ quality but also calculate their density by the
density landscape. Though the non-dominated sort algorithm for multi-objective optimization in both
quality and diversity dimensions, we select the Pareto-optimal reasoning steps to extend the search
paths. The pseudo-code of the framework is given in Appendix E.2.2.

4.4 POPULATION CLUSTERING AND SELECTING

In the evolutionary process, to maintain population diversity while ensuring the preservation of
high-quality solutions, we employ a clustering-based selection strategy. This strategy first clusters
individuals in the population based on their answer labels, then selects the best individual from each
cluster, ensuring that the final selected individuals are both high-quality and diverse.

This label-based clustering selection method ensures that we can prioritize the best solutions from
each region of the solution space while maintaining population diversity. When the number of clusters
is insufficient to meet the target selection count, the algorithm supplements by selecting the top
highest-quality individuals from the remaining population, ensuring that the number of selected
individuals reaches the expected target.

5 EXPERIMENTS

5.1 EXPERIMENTAL SETTINGS

Implementation Details.

We utilize Qwen2.5-7B-Instruct as the policy model and Qwen2.5-Math-PRM-72B Zhang et al.
(2025b) as the process reward model (PRM), respectively. This reflects our philosophy of making
smaller models more effective through collaboration rather than just scaling up. For all sampling
processes, we maintain consistency with Qwen’s PRM technical report Zhang et al. (2025b) by setting
the temperature to 1.0 and top_p to 1.0. In all experiments, the sample number k is set to 8. The
quality threshold θ is set to 0.99. The maximum number of iterations during the evolution phase is
set to 1. The bandwidth h of Gaussian Kernel is set to 1, which indicates that in density calculations,
only tokens from neighboring steps are computed.

Evaluation Benchmarks. To demonstrate the superiority of our designs in enhancing the mathemati-
cal reasoning capacity, we verify our method on several mathematical reasoning benchmarks, i.e.,
AIME-2024 MAA (2024), AIME-2025 MAA (2025), LiveMathBench Liu et al. (2024), MMLU-
STEM Hendrycks et al., MATH-500 Lightman et al. (2023); Hendrycks et al. (2021), and GSM8K
Cobbe et al. (2021). Note that we deliberately select a subset of the most difficult (level-5) problems
from the MATH-500 dataset to rigorously assess our method when solving complex mathematical
problems.

Evaluation Metrics. We employ the following metrics to evaluate the mathematical reasoning
capabilities of the algorithms: (1) pass@k: the proportion of problems where at least one answer is
correct among k independent samples; (2) major@k: the proportion of problems where the most
frequent answer among k independent samples is correct; (3) prm@k: the accuracy of selecting
the best answer from k independent samples using the PRM; (4) sample@k: for step-level model
generation, we sample k candidate steps at each step and choice the step with highest score evaluated
by PRM.

Evaluation Details. To evaluate the enhancement of SIER on LLM reasoning capabilities and its
effectiveness in solution space exploration, we compare it against a set of strong baseline methods.
Since our algorithm is based on swarm intelligence, which fundamentally differs from existing Multi-
Agent Debate (MAD) frameworks. In addition, existing MAD methods perform worse than CoT
methods Zhang et al. (2025a). In this case, we propose to perform comparisons with established CoT
methods and Reward Guide Search (RGS) Zhang et al. (2025b), which improve the quality of each
reasoning step through sampling. For CoT methods, prior approaches such as the Self-Consistency
method employ a majority voting strategy, while the Best-of-N selection method utilizes a reward
model to select the best one of the N solutions that owns the highest score. Alternatively, we advocate
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using the major@8 and prm@8 evaluation criteria as replacements for traditional majority voting
and reward-based strategies. For the RGS method, we propose the use of the sample@8 evaluation
criterion, which means that for each step, we sample 8 candidate solutions to consist with the sample
number k.

5.2 PERFORMANCE COMPARISON

We provide a systematic comparison of our proposed SIER method with RGS and standard CoT
approaches under various evaluation criteria in Table 1 . As shown in Table 1, our method consistently
outperforms RGS and standard CoT approaches across various mathematical reasoning benchmarks,
particularly on challenging datasets such as AIME and the level-5 subset of MATH-500. Specifically,
SIER achieves the highest pass@8 and prm@8 scores across all benchmarks. For example, our
method achieves a score of 26.7% on AIME-2024 and 30.0% under the pass@8 evaluation criterion,
whereas the CoT method obtains 20.0% and 23.3% on the same benchmarks, respectively. This
is because SIER enhances and preserves the diversity of solutions while maintaining the quality
of understanding. Furthermore, even on the subset of MATH-500 with the level-5 difficulty, i.e.,
MATH-500 (level-5), our method also outperforms the CoT method. The main reason is that our
method more thoroughly explores the solution space, obtaining higher-quality and more diverse
solutions. Compared with the reward-based method, our method also performs better than RGS. This
is because our density-assisted search explores a broader range of solution paths rather than focusing
only on high-reward solutions, preventing the model from getting stuck in local optima.

We notice that our method consumes a relatively higher number of tokens compared to other methods,
and the token usage increases with problem complexity. For example, our method consumes
approximately 5.1k tokens on GSM8K, whereas other methods use around 3–4k tokens, which is
relatively comparable. However, when applied to more complex datasets such as MATH-500, our
method requires nearly five times as many tokens. This increased computational cost is inherent to
SIER’s methodology, which involves more extensive exploration of the solution space and additional
refinement phases to improve the solutions’ quality and diversity. It is encouraging that we can
improve our reasoning ability by increasing the token data via extending the reasoning process,
suggesting the potential to solve more complex reasoning problems.
Table 1: Performance Comparison. We present the performance of SIER, RGS, and CoT methods
under various evaluation criteria. The best results are highlighted in bold. Tokens denote the average
number of tokens consumed per task.

Benchmark SIER RGS CoT

pass@8 prm@8 Tokens sample@8 Tokens pass@8 major@8 prm@8 Tokens

AIME-2024 26.7 23.3 40.8k 20.0 12.4k 20.0 16.7 16.7 8.61k
AIME-2025 30.0 13.3 35.0k 10.0 11.9k 23.3 10.0 10.0 8.42k
LiveMathBench 60.7 47.9 45.6k 47.1 8.15k 55.0 39.3 46.4 7.28k
MMLU-STEM 92.8 84.1 6.61k 83.7 4.97k 91.7 78.9 83.3 3.74k
MATH-500(level5) 82.1 70.1 60.4k 68.7 10.5k 76.9 63.4 67.2 7.04k
MATH-500 93.0 86.2 32.3k 84.6 6.43k 89.8 81.8 84.2 5.40k
GSM8K 97.4 95.8 5.10k 95.3 3.98k 97.0 93.3 95.3 3.13k

5.3 ABLATION STUDIES

In this section, we conduct ablation studies to analyze the impact of key components in SIER. The
key components of SIER lie in the candidate steps selection strategy with the guidance of fitness
values and the density of the candidate steps, where the fitness values are obtained from the evaluator
(PRM) and the density is calculated via the kernel density estimation (KDE) process. Besides, the
evolutionary scheme in SIER plays a key role in further exploring the solution space and searching
for high-quality and diverse reasoning paths.

In this case, we carefully elaborate three ablation variants, i.e., SIER w/o Fitness, SIER w/o Density,
and SIER w/o Evolution, to independently examine the effectiveness of each component. To be
specific, SIER w/o Fitness resorts to selecting candidate solutions solely based on the fitness score
from the evaluator without the density information. Alternatively, SIER w/o Density adopts to
select candidate solutions with the density information while ignoring the fitness score. SIER w/o
Evolution represents a variant that removes the evolutionary mechanism entirely, making it essentially
equivalent to standard CoT with PRM-based selection. This setup allows us to assess the critical
contribution of the evolutionary search process within our framework.
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Table 2: Ablation study. We validate the contributions of the fitness values provided by the evaluator
(PRM), the density information estimated via kernel density estimation (KDE), and the evolutionary
scheme in enhancing mathematical reasoning capability.

Benchmark SIER SIER w/o Fitness SIER w/o Density SIER w/o Evolution

pass@8 prm@8 pass@8 prm@8 pass@8 prm@8 pass@8 prm@8

AIME-2024 26.7 23.3 20.0 20.0 20.0 16.7 20.0 16.7
AIME-2025 30.0 13.3 16.7 10.0 16.7 10.0 20.0 10.0
LiveMathBench 60.7 47.9 55.7 47.1 56.4 39.3 53.6 35.7
MMLU-STEM 92.8 84.1 88.6 84.0 89.1 76.1 88.6 80.7
MATH-500(level5) 82.1 70.1 77.6 69.4 79.1 67.2 76.9 67.2
MATH-500 93.0 86.2 91.0 85.6 91.8 84.0 90.8 83.8
GSM8K 97.4 95.8 96.3 95.7 96.7 94.8 95.6 94.5

As shown in Table 2, the SIER method with full configurations performs the best across different
ablation variants. In terms of the effectiveness of fitness values, it can help models avoid converging
to local optima, increasing the solution diversities and consequently boosting the performance.
Conversely, SIER w/o Density enhances diversity (sometimes achieving higher pass@8 than SIER
w/o Fitness) but suffers from lower prm@8 scores due to a lack of explicit quality control. SIER w/o
Fitness focuses on improving the quality of the solution (often obtaining higher prm@8 than SIER
w/o Density), but has lower pass@8 scores due to too much focus on localized step scores of the
solution at the expense of solution diversity.

Furthermore, the comparison with SIER w/o Evolution demonstrates the critical importance of
the evolutionary mechanism in our approach. Without evolution, performance drops considerably
across all benchmarks, especially on challenging tasks like AIME-2024 (pass@8: 26.7% vs. 20.0%;
prm@8: 23.3% vs. 16.7%) and LiveMathBench (pass@8: 60.7% vs. 53.6%; prm@8: 47.9% vs.
35.7%). This substantial performance gap highlights the evolutionary search enhances the exploration
of the solution space by further exploring unexplored regions through kernel density estimation,
and maintains the quality of the solution localization step through PRM, enabling the discovery of
higher-quality solutions that would otherwise remain inaccessible with standard sampling approaches.
All these ablations together indicate the importance of maintaining high solution quality while
encouraging sufficient diversity, effectively balancing exploration and exploitation to achieve superior
overall performance.

5.4 UNSOLVED PROBLEMS ANALYSIS

Our algorithm uses a threshold-based mechanism to control the quality of the solution. Specifically,
the maximum number of iterations in the evolutionary phase is set to 1. This means that the task has
been solved, and we will skip the evolutionary phase if the highest quality of the initial population
exceeds the quality threshold θ. Therefore, to further analyze the impact of the evolutionary phase,
we focus on the unsolved problem identified by θ in depth in this section.
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Figure 3: The percentage of unsolved problems identified by θ and the identification success rate
across different datasets.
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Fig. 3 presents the identification success rate of our algorithm in determining whether a problem has
been solved. On AIME-2024 and AIME-2025 datasets, the algorithm achieves a 100% identification
success rate. LiveMathBench shows a lower rate at 87.5%, possibly due to reward model limitations
or dataset characteristics. Other datasets maintain high rates from 95.6% (MMLU-STEM) to 99.5%
(MATH-500). The figure also shows the proportion of unsolved problems across datasets. Challenging
datasets like AIME-2024 and AIME-2025 have higher percentages of unsolved problems, while
MATH-500 and GSM8K show lower proportions, indicating our algorithm solves most tasks in these
domains. This distribution reflects varying difficulty levels and suggests directions for future work.
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Figure 4: Performance comparison of SIER, RGS, and CoT variants on the unsolved problems.

Analyzing performance specifically on the subset of problems initially deemed unsolved (Fig. 4)
provides further insights. SIER consistently achieves higher pass@8 scores than CoT across all
unsolved datasets (e.g., AIME-2024: 15.4% vs. 7.69%; MATH-500(level5): 63.5% vs. 52.4%).
SIER’s prm@8 generally exceeds CoT’s prm@8 (e.g., AIME-2024: 11.5% vs. 3.84%; MATH-
500(level5): 38.1% vs. 31.7%). Compared to RGS’s sample@8, SIER’s prm@8 is competitive on
some datasets (AIME-2024, LiveMathBench) but significantly higher on more challenging ones
(MATH-500(level5): 38.1% vs. 31.7%; GSM8K: 66.7% vs. 60.0%). SIER also exhibits more stable
performance across datasets compared to CoT and RGS. These results suggest SIER is more adept
at discovering both correct (pass@8) and high-quality (prm@8) solutions even within challenging
problem subsets. The dynamic balancing of solution diversity and quality, facilitated by density
estimation and non-dominated sorting, likely contributes to its robustness and effectiveness on
difficult tasks where other methods falter. SIER demonstrates a superior capability to find high-
quality solutions in complex reasoning scenarios, particularly on difficult benchmarks where its
advantage over CoT and RGS is most pronounced, highlighting the benefit of its integrated approach.

5.5 PARAMETER ANALYSIS

The quality threshold θ serves as a crucial parameter in SIER that controls both solution acceptance
criteria and guides the resampling strategy in its evolutionary mechanism. Experiments were con-
ducted across multiple θ values ranging from 0.5 to 0.9 (with 0.99 as default) to evaluate its impact.
Results demonstrated that higher θ values (0.9-0.99) achieve superior performance, especially on
complex datasets, while lower values (0.5-0.8) maintain stable performance due to reduced activation
of evolutionary mechanisms. (Details are given in Appendix G.1)

6 CONCLUSION

In this work, we propose a novel paradigm called Agent-based Swarm Intelligence (ASI) for enhanced
reasoning, where LLM reasoning is conceptualized as a solution search process, and the swarm intelli-
gence strategy is applied to find the global optima in the solution space. Accordingly, a density-driven
framework is designed to employ kernel density estimation and non-dominated sorting for balancing
solution quality and diversity when finding the optima. We conduct extensive experiments on seven
challenging mathematical reasoning benchmarks, where our method consistently outperforms other
methods under various evaluation criteria, showcasing the potential of swarm intelligence to enhance
reasoning capabilities.
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7 REPRODUCIBILITY STATEMENT

The algorithm is described in Section 4, with additional details in Appendix E. All experimental
details, including parameters and implementation, are provided in Section 5.

REFERENCES

Ali Ahrari, Saber Elsayed, Ruhul Sarker, Daryl Essam, and Carlos A Coello Coello. Static and
dynamic multimodal optimization by improved covariance matrix self-adaptation evolution strategy
with repelling subpopulations. IEEE Transactions on Evolutionary Computation, 26(3):527–541,
2022.

Eric Bonabeau, Marco Dorigo, and Guy Theraulaz. Swarm intelligence: from natural to artificial
systems. Number 1. Oxford university press, 1999.

Chi-Min Chan, Weize Chen, Yusheng Su, Jianxuan Yu, Wei Xue, Shanghang Zhang, Jie Fu, and
Zhiyuan Liu. Chateval: Towards better llm-based evaluators through multi-agent debate. In The
Twelfth International Conference on Learning Representations.

Pei Chen, Shuai Zhang, and Boran Han. Comm: Collaborative multi-agent, multi-reasoning-path
prompting for complex problem solving. In Findings of the Association for Computational
Linguistics: NAACL 2024, pp. 1720–1738, 2024.

Weize Chen, Yusheng Su, Jingwei Zuo, Cheng Yang, Chenfei Yuan, Chi-Min Chan, Heyang Yu, Yaxi
Lu, Yi-Hsin Hung, Chen Qian, et al. Agentverse: Facilitating multi-agent collaboration and explor-
ing emergent behaviors. In The Twelfth International Conference on Learning Representations.

Ran Cheng, Miqing Li, Ke Li, and Xin Yao. Evolutionary multiobjective optimization-based
multimodal optimization: Fitness landscape approximation and peak detection. IEEE Transactions
on Evolutionary Computation, 22(5):692–706, 2018. doi: 10.1109/TEVC.2017.2744328.

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian, Mark Chen, Heewoo Jun, Lukasz Kaiser,
Matthias Plappert, Jerry Tworek, Jacob Hilton, Reiichiro Nakano, et al. Training verifiers to solve
math word problems. arXiv preprint arXiv:2110.14168, 2021.

K. Deb, A. Pratap, S. Agarwal, and T. Meyarivan. A fast and elitist multiobjective genetic algorithm:
Nsga-ii. IEEE Transactions on Evolutionary Computation, 6(2):182–197, 2002. doi: 10.1109/
4235.996017.

Marco Dorigo, Mauro Birattari, and Thomas Stutzle. Ant colony optimization. IEEE computational
intelligence magazine, 1(4):28–39, 2007.

Yilun Du, Shuang Li, Antonio Torralba, Joshua B Tenenbaum, and Igor Mordatch. Improving
factuality and reasoning in language models through multiagent debate. In Forty-first International
Conference on Machine Learning, 2023.

Taicheng Guo, Xiuying Chen, Yaqi Wang, Ruidi Chang, Shichao Pei, Nitesh V Chawla, Olaf
Wiest, and Xiangliang Zhang. Large language model based multi-agents: a survey of progress
and challenges. In Proceedings of the Thirty-Third International Joint Conference on Artificial
Intelligence, pp. 8048–8057, 2024.

Fatemeh Haji, Mazal Bethany, Maryam Tabar, Jason Chiang, Anthony Rios, and Peyman Najafi-
rad. Improving llm reasoning with multi-agent tree-of-thought validator agent. arXiv preprint
arXiv:2409.11527, 2024.

Shanshan Han, Qifan Zhang, Yuhang Yao, Weizhao Jin, Zhaozhuo Xu, and Chaoyang He. Llm
multi-agent systems: Challenges and open problems. arXiv preprint arXiv:2402.03578, 2024.

Dan Hendrycks, Collin Burns, Steven Basart, Andy Zou, Mantas Mazeika, Dawn Song, and Jacob
Steinhardt. Measuring massive multitask language understanding. In International Conference on
Learning Representations.

10



540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593

Under review as a conference paper at ICLR 2026

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul Arora, Steven Basart, Eric Tang, Dawn Song,
and Jacob Steinhardt. Measuring mathematical problem solving with the math dataset. arXiv
preprint arXiv:2103.03874, 2021.

John H Holland. Genetic algorithms. Scientific american, 267(1):66–73, 1992.

Sirui Hong, Mingchen Zhuge, Jonathan Chen, Xiawu Zheng, Yuheng Cheng, Jinlin Wang, Ceyao
Zhang, Zili Wang, Steven Ka Shing Yau, Zijuan Lin, et al. Metagpt: Meta programming for
a multi-agent collaborative framework. In The Twelfth International Conference on Learning
Representations.

Yi Jiang, Zhi-Hui Zhan, Kay Chen Tan, and Jun Zhang. Optimizing niche center for multimodal
optimization problems. IEEE Transactions on Cybernetics, 53(4):2544–2557, 2023.

James Kennedy and Russell Eberhart. Particle swarm optimization. In Proceedings of ICNN’95-
international conference on neural networks, volume 4, pp. 1942–1948. ieee, 1995.

Takeshi Kojima, Shixiang Shane Gu, Machel Reid, Yutaka Matsuo, and Yusuke Iwasawa. Large
language models are zero-shot reasoners. Advances in neural information processing systems, 35:
22199–22213, 2022.

Guohao Li, Hasan Hammoud, Hani Itani, Dmitrii Khizbullin, and Bernard Ghanem. Camel: Com-
municative agents for" mind" exploration of large language model society. Advances in Neural
Information Processing Systems, 36:51991–52008, 2023.

Tian Liang, Zhiwei He, Wenxiang Jiao, Xing Wang, Yan Wang, Rui Wang, Yujiu Yang, Shuming Shi,
and Zhaopeng Tu. Encouraging divergent thinking in large language models through multi-agent
debate. In Proceedings of the 2024 Conference on Empirical Methods in Natural Language
Processing, pp. 17889–17904, 2024.

Hunter Lightman, Vineet Kosaraju, Yuri Burda, Harrison Edwards, Bowen Baker, Teddy Lee, Jan
Leike, John Schulman, Ilya Sutskever, and Karl Cobbe. Let’s verify step by step. In The Twelfth
International Conference on Learning Representations, 2023.

Xin Lin, Wenjian Luo, and Peilan Xu. Differential evolution for multimodal optimization with species
by nearest-better clustering. IEEE Transactions on Cybernetics, 51(2):970–983, 2021.

Junnan Liu, Hongwei Liu, Linchen Xiao, Ziyi Wang, Kuikun Liu, Songyang Gao, Wenwei Zhang,
Songyang Zhang, and Kai Chen. Are your llms capable of stable reasoning? arXiv preprint
arXiv:2412.13147, 2024.

Wenjian Luo, Yingying Qiao, Xin Lin, Peilan Xu, and Mike Preuss. Hybridizing niching, particle
swarm optimization, and evolution strategy for multimodal optimization. IEEE Transactions on
Cybernetics, 52(7):6707–6720, 2022.

MAA. American invitational mathematics examination - aime. In
American Invitational Mathematics Examination - AIME 2024, Febru-
ary 2024. URL https://maa.org/math-competitions/
american-invitational-mathematics-examination-aime.

MAA. American invitational mathematics examination - aime. In
American Invitational Mathematics Examination - AIME 2025, Febru-
ary 2025. URL https://maa.org/math-competitions/
american-invitational-mathematics-examination-aime.

Samir W. Mahfoud. Crowding and preselection revisited. In Parallel Problem Solving From Nature,
pp. 27–36. Elsevier, 1992.

Alain Pétrowski. A clearing procedure as a niching method for genetic algorithms. In Proceedings of
IEEE International Conference on Evolutionary Computation, pp. 798–803. IEEE, 1996.

Mike Preuss. Niching the CMA-ES via nearest-better clustering. In Proceedings of the 12th Annual
Conference Companion on Genetic and Evolutionary Computation, pp. 1711–1718, 2010.

11

https://maa.org/math-competitions/american-invitational-mathematics-examination-aime
https://maa.org/math-competitions/american-invitational-mathematics-examination-aime
https://maa.org/math-competitions/american-invitational-mathematics-examination-aime
https://maa.org/math-competitions/american-invitational-mathematics-examination-aime


594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2026

Rainer Storn and Kenneth Price. Differential evolution–a simple and efficient heuristic for global
optimization over continuous spaces. Journal of global optimization, 11:341–359, 1997.

Khanh-Tung Tran, Dung Dao, Minh-Duong Nguyen, Quoc-Viet Pham, Barry O’Sullivan, and
Hoang D Nguyen. Multi-agent collaboration mechanisms: A survey of llms. arXiv preprint
arXiv:2501.06322, 2025.

Matt P Wand and M Chris Jones. Kernel Smoothing. CRC press, 1994.

Lei Wang, Wanyu Xu, Yihuai Lan, Zhiqiang Hu, Yunshi Lan, Roy Ka-Wei Lee, and Ee-Peng Lim.
Plan-and-solve prompting: Improving zero-shot chain-of-thought reasoning by large language
models. arXiv preprint arXiv:2305.04091, 2023.

Qineng Wang, Zihao Wang, Ying Su, Hanghang Tong, and Yangqiu Song. Rethinking the bounds of
llm reasoning: Are multi-agent discussions the key? arXiv preprint arXiv:2402.18272, 2024.

Xuezhi Wang, Jason Wei, Dale Schuurmans, Quoc V Le, Ed H Chi, Sharan Narang, Aakanksha
Chowdhery, and Denny Zhou. Self-consistency improves chain of thought reasoning in language
models. In The Eleventh International Conference on Learning Representations.

Yong Wang, Han-Xiong Li, Gary G. Yen, and Wu Song. MOMMOP: Multiobjective optimization for
locating multiple optimal solutions of multimodal optimization problems. IEEE Transactions on
Cybernetics, 45(4):830–843, 2015. doi: 10.1109/TCYB.2014.2337117.

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten Bosma, Fei Xia, Ed Chi, Quoc V Le, Denny
Zhou, et al. Chain-of-thought prompting elicits reasoning in large language models. Advances in
neural information processing systems, 35:24824–24837, 2022a.

Zhifang Wei, Weifeng Gao, Genghui Li, and Qingfu Zhang. A penalty-based differential evolution
for multimodal optimization. IEEE Transactions on Cybernetics, 52(7):6024–6033, 2022b.

Qingyun Wu, Gagan Bansal, Jieyu Zhang, Yiran Wu, Beibin Li, Erkang Zhu, Li Jiang, Xiaoyun Zhang,
Shaokun Zhang, Jiale Liu, et al. Autogen: Enabling next-gen llm applications via multi-agent
conversations. In First Conference on Language Modeling.

Peilan Xu, Wenjian Luo, Jiafei Xu, Yingying Qiao, Jiajia Zhang, and Naijie Gu. An alternative way
of evolutionary multimodal optimization: density-based population initialization strategy. Swarm
and Evolutionary Computation, 67:100971, 2021.

Shunyu Yao, Dian Yu, Jeffrey Zhao, Izhak Shafran, Tom Griffiths, Yuan Cao, and Karthik Narasimhan.
Tree of thoughts: Deliberate problem solving with large language models. Advances in neural
information processing systems, 36:11809–11822, 2023.

Zhangyue Yin, Qiushi Sun, Cheng Chang, Qipeng Guo, Junqi Dai, Xuanjing Huang, and Xipeng
Qiu. Exchange-of-thought: Enhancing large language model capabilities through cross-model
communication. In Proceedings of the 2023 Conference on Empirical Methods in Natural Language
Processing. Association for Computational Linguistics (ACL), 2023.

Hangfan Zhang, Zhiyao Cui, Xinrun Wang, Qiaosheng Zhang, Zhen Wang, Dinghao Wu, and Shuyue
Hu. If multi-agent debate is the answer, what is the question? arXiv preprint arXiv:2502.08788,
2025a.

Zhenru Zhang, Chujie Zheng, Yangzhen Wu, Beichen Zhang, Runji Lin, Bowen Yu, Dayiheng Liu,
Jingren Zhou, and Junyang Lin. The lessons of developing process reward models in mathematical
reasoning. arXiv preprint arXiv:2501.07301, 2025b.

Zhuosheng Zhang, Aston Zhang, Mu Li, and Alex Smola. Automatic chain of thought prompting in
large language models. In The Eleventh International Conference on Learning Representations.

Denny Zhou, Nathanael Schärli, Le Hou, Jason Wei, Nathan Scales, Xuezhi Wang, Dale Schuurmans,
Claire Cui, Olivier Bousquet, Quoc V Le, et al. Least-to-most prompting enables complex
reasoning in large language models. In The Eleventh International Conference on Learning
Representations.

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

Heng Zhou, Hejia Geng, Xiangyuan Xue, Zhenfei Yin, and Lei Bai. Reso: A reward-driven self-
organizing llm-based multi-agent system for reasoning tasks. arXiv preprint arXiv:2503.02390,
2025.

Ying Zhu, Peilan Xu, Jiahao Huang, Xin Lin, and Wenjian Luo. Density-assisted evolutionary
dynamic multimodal optimization. ACM Transactions on Evolutionary Learning.

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

A THE USE OF LARGE LANGUAGE MODELS (LLMS)

Large language models are used solely for language polishing. All innovative contributions presented
are the independent work of the authors.

B SUPPLEMENTARY RELATED WORK

B.1 MULTI-AGENT FRAMEWORKS

Large Language Model (LLM)-based multi-agent systems have gained significant attention for their
ability to coordinate reasoning among multiple agents, enabling more structured, distributed, and
interpretable problem-solving. A variety of frameworks have emerged with different strategies for
agent collaboration and role differentiation.

CAMELLi et al. (2023) adopts a role-playing paradigm, where an "assistant agent" and a "user
agent" follow distinct role prompts and engage in goal-directed dialogue. The system uses inception
prompting to constrain conversational scope, facilitating self-consistent multi-turn collaboration
without human intervention. However, the use of symmetric agents often leads to convergence on
similar outputs, limiting diversity.

MetaGPTHong et al. simulates a software company by encoding Standard Operating Procedures
(SOPs) into prompts. Agents assume specialized roles—such as product manager, architect, engineer,
and QA—to generate modularized code through hierarchical task decomposition. This approach
introduces modular thinking and reduces error propagation, but its applicability is mostly limited to
software engineering tasks.

AutoGenWu et al. constructs a multi-agent execution graph with explicit message passing between
agents. It supports automatic agent generation and flexible conversation flow design, enabling scalable
orchestration and memory-aware communication. Nonetheless, the construction of effective message
protocols often requires manual intervention, especially for complex tasks.

AgentVerseChen et al. offers a dynamic platform for instantiating heterogeneous agents with distinct
capabilities and external tools. The system supports configurable agent types (e.g., searcher, planner,
executor) and interaction patterns, allowing coordination in domains such as web navigation and
embodied AI. Despite its flexibility, it demands significant task-specific engineering and infrastructure
setup.

B.2 SWARM INTELLIGENCE ALGORITHMS

B.2.1 NICHING METHODS

Evolutionary algorithms (EAs), such as genetic algorithm (GA) Wang et al. (2015); Cheng et al.
(2018), differential evolution (DE) Lin et al. (2021); Jiang et al. (2023), and evolution strategy (ES)
Luo et al. (2022); Xu et al. (2021), have become mainstream methods for solving multimodal (i.e.,
multi-peak) optimization problems (MMOPs) that have multiple global optima. Despite the success
of traditional EA, when faced with complex, high-dimensional problems with multiple local optima
(the number of local optima is much larger than the global optima), they usually converge only to the
same optimal solution, which is most likely a local optimum. Therefore, assistant mechanisms are
needed to facilitate the exploration of multiple promising regions in the search space.

Niching methods have become an important paradigm in MMOPs’ research. These methods use
different mechanisms to maintain population diversity and to identify multiple optima simultaneously.
The theoretical foundation of niching methods resides in their capacity to partition the population
into distinct sub-populations, each dedicated to the exploration of a specific region of interest. This
partitioning can be achieved through various algorithmic approaches: crowding Mahfoud (1992),
speciation Pétrowski (1996), and nearest-better clustering (NBC) Preuss (2010).

With these methods, the initialized population forms diverse subpopulations based on the relative
spatial positions between individuals, distributing the solution space more adequately, however, there
is still a risk of convergence to the same region during subsequent exploration of the evolution. With
these methods, the initialized population forms diverse subpopulations based on the relative spatial
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positions between individuals, distributing the solution space more adequately, however, there is still
a risk of convergence to the same region during subsequent exploration of the evolution. Existing
work has introduced more strategies to maintain the population’s diversity to assist in searching
during the exploratory phase of the population. Notable developments include penalty functions
and exclusion mechanisms. Wei et al. (2022b) imposes penalties on sub-populations that fall into
previously explored regions, while Ahrari et al. (2022) prevents sub-populations from conducting
repetitive searches within the same area by defining a repelling radius for each sub-population.

Inspired by these algorithms, we introduce a density mechanism based on Agent-based Swarm
Intelligence to generate high-quality and diverse solutions.

C ANALYSIS OF EXISTING WORK

C.1 ANALYSIS OF MAD FRAMEWORK

Although the existing MAD framework is based on the hypothesis that LLMs can play different
roles under various human prompts, unlike simple CoT, heterogeneous prompts can help agents
collectively diverge their thinking and decide the final answer, which attempts to achieve two goals:

Brainstorming: Broaden the width of exploration of the solution space and obtain a variety of
candidate solutions when facing complex problems.

Selection: Through interaction (e.g., rebuttal, evaluation, reflection), better solutions are finally
selected.

However, existing evaluation work suggests that MAD frameworks do not perform as well as expected
in terms of the above two goals. Zhang et al. (2025a) has experimentally found that many MAD
frameworks perform worse than single-point methods and that self-consistency (i.e., by sampling the
CoT results multiple times and voting for the best result) outperforms MAD frameworks significantly,
as shown in Table 3.

Table 3: Performance results of different methods (Single-Agent (SA), Chain-of-Thought (CoT),
Self-Consistency (SC) Wang et al., Society-of-Minds (SoM) Du et al. (2023), Multi-Persona (MP)
Liang et al. (2024), Exchange-of-Thoughts (EoT) Yin et al. (2023), AgentVerse, and ChatEval Chan
et al..) on GPT-4o-mini. Results higher than CoT for a given dataset are shown in red text, and results
lower than CoT are in blue text.

Dataset SA(Single-Agent) CoT SC SoM MP EoT ChatEval AgentVerse

MMLU 65.33 ± 0.93 80.73 ± 0.34 82.13 ± 0.66 74.73 ± 0.52 75.47 ± 0.84 67.87 ± 0.41 79.13 ± 0.90 80.40 ± 0.00
MMLU-Pro 58.07 ± 0.50 62.80 ± 0.99 66.27 ± 1.39 62.80 ± 1.02 60.53 ± 1.27 61.20 ± 0.65 62.20 ± 0.49 62.07 ± 0.52
CommonsenseQA 79.47 ± 0.25 82.87 ± 0.25 83.80 ± 0.28 80.73 ± 0.93 68.07 ± 1.57 80.07 ± 0.52 81.07 ± 0.84 80.73 ± 0.41
ARC-Challenge 88.27 ± 0.41 93.53 ± 0.41 93.93 ± 0.25 90.80 ± 0.43 90.27 ± 0.25 86.40 ± 0.28 93.20 ± 0.28 92.47 ± 0.09
AGIEval 63.87 ± 1.05 66.40 ± 1.30 67.07 ± 0.84 64.33 ± 0.34 61.67 ± 1.43 65.07 ± 0.66 68.87 ± 0.94 63.87 ± 1.23
GSM8K 91.13 ± 0.34 93.60 ± 0.82 95.67 ± 0.19 94.93 ± 0.34 90.87 ± 0.19 91.40 ± 0.57 93.60 ± 0.00 92.73 ± 0.50
MATH 71.67 ± 1.31 72.87 ± 1.20 73.96 ± 0.54 75.40 ± 0.71 51.87 ± 0.66 75.93 ± 1.23 69.36 ± 1.58 64.49 ± 1.38
HumanEval 66.67 ± 1.15 78.05 ± 1.49 – 68.09 ± 1.25 63.01 ± 2.30 73.78 ± 2.17 71.75 ± 0.76 85.57 ± 1.25
MBPP 58.11 ± 0.66 62.26 ± 0.84 – 56.94 ± 1.12 45.78 ± 0.80 56.16 ± 0.49 53.70 ± 0.55 58.88 ± 0.18

Based on this research, we further analyze the brainstorming capabilities of the MAD framework
when facing complex problems. We compare Society-of-Minds (SoM) Du et al. (2023), Multi-
Persona (MP) Liang et al. (2024), Exchange-of-Thoughts (EoT) Yin et al. (2023), AgentVerse (Chen
et al., 2024c), MA-ToT Haji et al. (2024), and CoT methods with the SIER proposed in this paper.
"@8" represents that we sample 8 times for the generated results.

Specifically, we introduce the hit rate (HR) and diversity (Div.) metrics to evaluate this capability on
the base model Qwen2.5-7 B-Instruct, and the temperature is set to 1.0. The hit rate metric represents
the percentage of generated results that contain the correct answer, and the diversity metric represents
the number of different results generated by the agents during the interaction process. The results are
shown in Table 4:

CoT and SIER are evaluated with sample@8, while the other methods set the number of agents to
3 and the number of interaction rounds to 3. The experimental results show that the existing MAD
frameworks not only perform poorly in terms of hit rate but also show limited diversity compared to
the baseline CoT@8 method. For example, on the challenging AIME dataset, the diversity scores of
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Table 4: Hit rate(HR) and Diversity (Div.) of the generated response by different methods across
datasets.

Method AIME-2024 AIME-2025 MATH-500 GSM8K

HR(%) Div. HR(%) Div. HR(%) Div. HR(%) Div.

CoT 20.0 6.23 23.3 6.20 89.8 2.49 97.0 1.44
SoM 16.7 3.57 10.0 3.37 86.4 1.66 94.2 1.24
MP 3.33 2.10 3.33 2.10 77.6 1.42 90.8 1.19
EoT 13.3 4.20 6.67 2.03 61.6 1.79 95.1 1.32
ToT 16.7 2.97 6.67 3.37 79.4 2.14 94.6 1.42
SIER 26.6 7.00 30.0 7.27 93.0 2.67 97.4 1.46

CoT@8 are 6.23 and 6.20, respectively, while the diversity scores of the MAD frameworks (SoM,
MP, EOT, and TOT) are significantly lower, ranging from 2.10 to 4.20.

The observations suggest a positive correlation between hit rate and diversity - the higher the diversity
score, the higher the hit rate as well. For example, CoT@8 demonstrated higher diversity scores
accompanied by higher hit rates compared to other MAD methods. Whereas methods with lower hit
rates, such as MP (3.33% hit rate on both datasets), have much lower diversity scores (2.10). This
correlation suggests that performance is closely related to the ability to generate diverse solutions
when faced with complex problems that are difficult to solve directly.

Besides, to analyze the reasons for poor MAD performance, Wang et al. (2024) has identified two key
problems that are relevant to the goal Selection: (1) Judgment Error: This occurs when the judger
decides the final answer. If the answers vary between agents, the judger may choose the wrong option
as the final verdict. This is especially true when the decision is made in a tie. (2) Wrong Answer
Propagation: This error occurs when an agent, influenced by input from others, deviates from the
correct answer and adopts an incorrect consensus, thus spreading the error further into the discussion.
This is the most common mistake that can be made in a multi-agent discussion, even though they
may have already gotten the correct answer.

Qwen’s PRM report Zhang et al. (2025b) improves the performance of the CoT by using the PRM to
choose the result with the highest score (prm@n) in place of traditional majority voting (major@n).
Furthermore, they propose the Reward Guide Search (RGS) strategy. For each reasoning step of the
COT, they sample multiple times and select the highest-score step by PRM. This approach mitigates
the challenge in answer selection, but severely loses the diversity of generated results, and for complex
problems, it is very easy to fall into the wrong local optimal solution and fail to search for the correct
answer.

Therefore, we propose the SIER framework, which effectively accomplishes both of the above goals,
increasing both the ability to brainstorm and the accuracy of the selection.
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D THE DETAILS OF PRELIMINARY

D.1 FAST NON-DOMINATED SORTING ALGORITHM

The pseudo-code of the Fast non-dominated sorting algorithm is shown in Alg. 1:

Algorithm 1: Fast Non-Dominated Sort
Input: A set of solutions S = {x1,x2, . . . ,xN}
Output: Non-dominated fronts F = {F1, F2, . . . , Fk}

1 for p = 1 to N do
2 Sp ← ∅; np ← 0 ; // Solutions dominated by p and domination count
3 for q = 1 to N do
4 if xp dominates xq then
5 Sp ← Sp ∪ {q}
6 else if xq dominates xp then
7 np ← np + 1
8 end
9 end

10 if np = 0 then
11 rankp ← 1; F1 ← F1 ∪ {p}
12 end
13 end
14 i← 1;
15 while Fi ̸= ∅ do
16 Q← ∅;
17 foreach p ∈ Fi do
18 foreach q ∈ Sp do
19 nq ← nq − 1;
20 if nq = 0 then
21 rankq ← i+ 1; Q← Q ∪ {q}
22 end
23 end
24 end
25 i← i+ 1; Fi ← Q;
26 end
27 Return F ;

E THE DETAILS OF METHODOLOGY

E.1 AGENT-BASED SWARM INTELLIGENCE

Traditional swarm intelligence involves populations of individuals exploring solution spaces through
fitness feedback and interaction. In the Agent-based Swarm Intelligence (ASI) framework, individuals
are Large Language Model (LLM)-based agents. The generator G (an LLM) produces solutions, and
the evaluator E (a Process Reward Model, PRM) assesses both overall solution quality and step-level
reasoning. Agents leverage interaction information and evaluator feedback to effectively explore
reasoning paths and navigate the solution space.

The core components of ASI include the generator G, evaluator E, and answer label extractor T ,
mathematically represented as:

xg, cg = G(q, p,Mg, t, s) (3)
em, ep = E(q, xg,Mr,m) (4)
xlabel = T (xg) (5)

Where q denotes the query, p is the generated prefix, Mg is the generative model, t is the temperature
parameter, s represents stop words, xg is the generated text (solution), and cg is the token cost. Mr
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is the process reward model, m is the metric method, em is the overall metric reward, ep is a list of
step-level quality scores for steps in xg, T is the answer label extractor, and xlabel is the extracted
answer label (e.g., from "\\boxed").

In the ASI framework, an individual Ii and the population P are defined as:

Ii = ⟨xgi , cgi , emi
, epi
⟩ (6)

P = {I1, I2, . . . , IN} (7)

Where P is a population of N individuals. Each individual Ii contains the complete solution xgi ,
token cost cgi , solution quality score emi

, and step-level scores epi
.

Based on ASI, SIER generates candidate reasoning steps at the step level. It employs kernel density
estimation to construct density landscapes and combines step-level evaluation with non-dominated
sorting to select reasoning steps, guiding the population toward high-quality, diverse solutions.

E.2 SIER FRAMEWORK

E.2.1 DENSITY CALCUALATION

Constructing the density landscape, i.e., calculating the current density value of each token using
kernel density estimation, is the core of the SIER framework. The pseudocode is shown in Alg. 2.

Algorithm 2: Density Calculation
Input: History population P , population size N , current step index ic, bandwidth h, stop words s
Output: Token density dictionary D

1 H ← {} ; // Initialize token history map H: τ 7→ {step IDs}
2 foreach I ∈ P do
3 T ← ExtractTokens(I.xg) ; // Extract token sequence T from xg

4 i← 0 ; // Initialize step counter
5 foreach token τ ∈ T do
6 Add i to H[τ ] ; // Update step idx for token τ
7 if s ∈ τ then
8 i← i+ 1 ; // Increment step if stop word s in token
9 end

10 end
11 end
12 D ← {} ; // Initialize density map D: τ 7→ density
13 foreach (τ, S) ∈ H do
14 if S = ∅ then
15 continue;
16 end
17 ρτ ←

∑
s′∈S Kh(ic−s′)

N ; // Calculate density using step indices s′ ∈ S
18 D[τ ]← ρτ ;
19 end
20 return D;
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E.2.2 POPULATION EVOLUTION PHASE

In the population evolution phase, the pseudocode of the Density-assisted Search is shown in Alg. 3.

Algorithm 3: Density-Assisted Search
Input: Query q, generative model Mg , process reward model Mr, generator G, evaluator E,

metric m, quality threshold θ, maximum iterations Imax, maximum steps imax, initial
population Pinit, temperature t, stop word s, end flag fend, small batch size bs, sample
size k, population size N , KDE bandwidth h

Output: Historical population Phist

1 p0 ← ∅; P ← {p0}; Phist ← Pinit ; // Initialize paths and population
2 for i = 1, 2, . . . , Imax do
3 is ← 0 ; // Initialize reasoning step counter
4 while is < imax do
5 Pnew ← ∅ ; // Store new active paths
6 foreach u ∈ P do
7 if fend ∈ u[|u|] then
8 continue ; // Skip completed reasoning path

9 {(n1, c1, em,1, ep,1), . . . , (n|u|, c|u|, em,|u|, ep,|u|)} ← u;
10 xpre ←

⊕|u|
l=1 nl;

11 N ← ∅; C ← ∅; Em ← ∅; Ep ← ∅; fskip ← 0;
12 for j = 1 to k do
13 (ncandj , ccandj )← G(q, xpre,Mg, t, S) ; // Generate candidate

node
14 N ← N ∪ {ncandj

}; C ← C ∪ {ccandj
};

15 (ecandm
, ecandp

)← E(q, xpre ⊕ ncandj
,Mr);

16 Em ← Em ∪ {em}; Ep ← Ep ∪ {ep};
17 if j ≤ bs and em ≥ θ then
18 u← u ∪ {(nj , cj , em, ep)}; fskip ← 1; break

19 if fskip = 1 then
20 continue ; // Skip if suitable node found

21 D ← Alg. (2) (Phist, N, is, h, s)
22 B ← {(−D[Nl], Em[l]) | l = 1, 2, . . . , |N |};
23 F ← Alg. (1) (B) ; // Non-dominated sort
24 foreach l ∈ F1 do
25 pnew ← p ∪ {(N [l], C[l], Em[l], Er[l])}; Pnew ← Pnew ∪ {pnew};

26 P ← Pnew; is ← is + 1;
27 foreach u ∈ P do
28 {(n1, c1, em,1, ep,1), . . . , (n|u|, c|u|, em,|u|, ep,|u|)} ← u;
29 xmerged ←

⊕|u|
i=1 ni; csum ←

∑|p|
i=1 ci; emtotal

← ep,|u| eptotal
←

⊕|u|
i=1 ep,i;

30 I ← Eq. equation 6 (xmerged, csum, em,avg, er,avg); Phist ← Phist ∪ {I};

31 return Phist ; // Return the final population
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E.2.3 POPULATION CLUSTERING PHASE

The pseudocode of the Clustering is shown in Alg. 4.

Algorithm 4: Tag-based Clustering Selection Algorithm
Input: Current population Ω, target selection count k
Output: Selected population Ω∗

1 C ← Cluster individuals in Ω based on solution tags similarity;
2 Ω∗ ← ∅ ; // Initialize selection result set
3 S ← ∅ ; // Store clusters sorted by maximum fitness
4 foreach cluster γ ∈ C do
5 α← Find individual with highest fitness in cluster γ;
6 ϕ← Get fitness value of α;
7 S ← S ∪ {(γ, α, ϕ)};
8 end
9 Sort S in descending order based on ϕ;

10 λ← 0 ; // Number of selected individuals
11 foreach (γ, α, ϕ) ∈ S do
12 Ω∗ ← Ω∗ ∪ {α};
13 λ← λ+ 1;
14 if λ ≥ k then
15 break ; // Target selection count reached
16 end
17 end
18 if λ < k then
19 Ω† ← Ω \ Ω∗ ; // Unselected individuals
20 Sort Ω† in descending order based on fitness;
21 while λ < k and Ω† ̸= ∅ do
22 β ← Remove individual with highest fitness from Ω†;
23 Ω∗ ← Ω∗ ∪ {β};
24 λ← λ+ 1;
25 end
26 end
27 return Ω∗;
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F THE DETAILS OF THE EXPERIMENT SETUP

F.1 PROMPT

For all the algorithms mentioned in the experiments, we used the same prompt, which follows Qwen’s
official recommendations. The prompt is displayed as follows:

System Prompt: Please reason step by step, and put your final answer within \\boxed{}.
User Prompt: [Insert the question]

We differed from the traditional MAS approach in that we ditched the role-play method altogether
and didn’t use any fancy prompts. This enhances the robustness of the algorithm on different base
models.

F.2 MORE DETAILS OF REASON STEP BY STEP

Reasoning one step at a time and pausing at each reasoning step, by sampling multiple times and
selecting high-quality and varied steps, is at the heart of the SIER framework. Specifically, we divide
the inference steps by the stop word "\n\n", i.e., each time the generation of the model stops at
"\n\n" as a single reasoning step, and splices this step with the previous result as a prefix for the
next reasoning step generation.

Therefore, to implement our algorithm, it is required that the base model has the ability of text
completion or prefix continuation, and the ability to set stop words. Fortunately, all open-source
models and most of the closed-source models support the above abilities.
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G SUPPLEMENTARY EXPERIMENTS

G.1 PARAMETER ANALYSIS

Our algorithm uses a threshold-based mechanism to control the quality of the solution. Specifically,
the maximum number of iterations in the evolutionary phase is set to 1. This means that the task has
been solved, and we will skip the evolutionary phase if the highest quality of the initial population
exceeds the quality threshold θ. In addition, in the population evolution phase, for the sampling of
each inference step, we do not resample if the highest quality amount threshold of the candidate
obtained from small batch sampling has exceeded the θ. Thus, θ is the core parameter of SIER. In
this section, we will further differentiate the value of the quality threshold θ. In our experiments, the
default value of θ is set to 0.99. We also tested values of 0.5, 0.6, 0.7, 0.8, and 0.9 to analyze their
impact on performance. The results are shown in Fig. 5.

As observed in Figure 5, the quality threshold θ significantly impacts SIER’s performance. Across
most datasets, the model performs best when θ is set to higher values (0.9-0.99). This indicates that
maintaining high-quality standards during candidate step selection is crucial for obtaining accurate
solutions. Particularly on challenging datasets like AIME-2024, AIME-2025, and LiveMathBench,
the setting of θ = 0.99 notably outperforms lower thresholds.

Interestingly, we observe that when θ varies within the range of 0.5 to 0.8, the performance curves
remain relatively stable on certain datasets. This stability can be attributed to lower thresholds
reducing the likelihood of triggering the evolutionary phase of the algorithm. When θ is set too low,
the probability that initial sampled steps have quality above the threshold increases substantially,
significantly decreasing the probability of the resampling mechanism being triggered. This means
that the evolutionary mechanism driving SIER’s performance advantages is activated much less
frequently. Consequently, the impact on overall results remains minimal within this parameter range.
This finding validates the effectiveness of our algorithm’s quality-diversity balance mechanism.
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Figure 5: Impact of Different Quality Threshold θ on SIER’s Performance (Log Scale).

G.2 TREE SEARCH STRATEGY - REASONING VIA PLANNING

Reasoning via Planning (RAP) is a new reasoning framework for Large Language Models (LLMs)
that aims to overcome the shortcomings of LLMs in generating task execution plans, and complex
mathematical, logical, and common-sense reasoning.RAP does this by reorienting LLMs as world
models and reasoning agents and combining them with planning algorithms based on Monte Carlo
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Tree Search for reasoning in a wide space of strategic exploration in a wide range of reasoning spaces.
During the reasoning process, LLM as an agent gradually builds a reasoning tree guided by LLM (as
a world model) and task-specific rewards, and obtains highly rewarding reasoning paths by striking
an appropriate balance between exploration and exploitation. We refer to the experimental setup in
this paper and obtain the experimental results shown in Fig. 6.
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Figure 6: Performance comparison of SIER and RAP.

According to the experimental results, the SIER method proposed in this paper outperforms the RAP
method on most datasets, especially on the GSM8K and LiveMathBench datasets. Specifically, the
RAP method is inferior to SIER in terms of search efficiency and performance, probably due to the
lack of reasonable sampling and pruning strategies. Moreover, RAP adjusts the values of the tree
nodes through iterative optimization, and the model may concentrate on certain subtrees prematurely,
i.e., it is easier to fall into local optima, which leads to difficulties in finding the global optima on
complex problems. In contrast, the SIER method employs a more efficient search strategy and is able
to explore the solution space better, resulting in higher performance.
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H FURTHER DISCUSSION

We first consider an idealized scenario with a perfect evaluator providing accurate fitness scores
reflecting true solution quality. The primary algorithmic challenge then becomes optimizing the
search for high-fitness solutions. Effective algorithms can better identify global or near-global optima,
making enhanced search efficiency crucial, especially for complex problems.

In practice, however, evaluators often function as black boxes. Influenced by training data and
specific architectures (e.g., Process Reward Models (PRMs) or Outcome Reward Models (ORMs)),
their assessments offer imperfect guidance. Fitness scores might not accurately represent solution
potential, and reliance on them risks premature convergence. Different evaluator types present distinct
challenges: PRMs, focused on process correctness, might undervalue high-potential solutions with
unconventional steps, while ORMs, assessing only final outcomes, lack process insight, potentially
rewarding flawed reasoning or penalizing sound but imperfect processes. Both limitations hinder
reasoning capability development. These inherent constraints (PRM oversight, ORM detail limits)
can trap algorithms in local optima reflecting evaluator biases, diminishing diversity, and impairing
global exploration. Consequently, maintaining diversity while balancing exploitation/exploration
is critical. Future algorithms must integrate diversity preservation mechanisms alongside fitness
optimization to mitigate these challenges.

In summary, future research on agent-based swarm intelligence should prioritize two pivotal directions:
enhancing the efficient search for high-quality, near-optimal solutions and devising robust strategies
for diversity maintenance that counteract black-box evaluator limitations (e.g., PRMs, ORMs) and
reduce local optima susceptibility. Progress in these complementary areas is essential for advancing
LLM performance in complex reasoning tasks.
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