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Abstract

This paper investigates ML systems serving a group of users, with multiple mod-
els/services, each aimed at specializing to a sub-group of users. We consider
settings where upon deploying a set of services, users choose the one minimiz-
ing their personal losses and the learner iteratively learns by interacting with
diverse users. Prior research shows that the outcomes of learning dynamics, which
comprise both the services’ adjustments and users’ service selections, hinge signifi-
cantly on the initial conditions. However, finding good initial conditions faces two
main challenges: (i) Bandit feedback: Typically, data on user preferences are not
available before deploying services and observing user behavior; (ii) Suboptimal
local solutions: The total loss landscape (i.e., the sum of loss functions across all
users and services) is not convex and gradient-based algorithms can get stuck in
poor local minima.

We address these challenges with a randomized algorithm to adaptively select a
minimal set of users for data collection in order to initialize a set of services. Under
mild assumptions on the loss functions, we prove that our initialization leads to
a total loss within a factor of the globally optimal total loss with complete user
preference data, and this factor scales logarithmically in the number of services.
This result is a generalization of the well-known k-means++ guarantee to a broad
problem class, which is also of independent interest. The theory is complemented
by experiments on real as well as semi-synthetic datasets.

1 Introduction

We consider a setting where a provider wants to design k services for n users with diverse preferences.
Each service uses a model parameterized by a vector θ ∈ Rd to predict users’ preferences, and users
pick a service that yields the smallest loss for them. The loss incurred by user i when choosing
a service parameterized by θ is denoted by Li(θ, ϕi), where ϕi ∈ Rd parameterizes the user’s
preference. We want to design k services by minimizing the sum of all losses; i.e., an optimization
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problem of the form:

minimize
θ1,...,θk∈Rd

n∑
i=1

min{Li(θ1, ϕi), . . .Li(θk, ϕi)}. (1)

This problem formulation is broad and includes the classical k-means clustering problem [28] (where
Li are Euclidean distances and the inner ‘min’ selects the closest among k centroids), mixed-linear
regression [42], generalized principal component analysis (GPCA) or subspace clustering [1], in
addition to our new, motivating problem of designing k services for n users. Even if the losses Li are
convex in θ, this objective is generally not convex (even in the special case of the k-means problem).

Our goal is to find a local minimum of this optimization problem with an approximation ratio (a
worst-case guarantee on the achieved total loss with respect to the global optimum) under suitable
yet broad assumptions on Li. Further, an important limitation in many practical settings is that the
provider/designer has only bandit feedback (zeroth-order oracle access) to the loss functions (i.e., the
designer doesn’t know the function Li(·, ϕi), but can only evaluate its value for some θ corresponding
to the service chosen by the user among the ones deployed), which further complicates solution
methods, compared to the classical cases of clustering and facility location problems [10] which
typically assume full information.

In this paper, we seek a novel and effective initialization scheme that vastly extends the celebrated
k-means++ algorithm and its analysis [5]. This scheme should retain the simplicity and ease of
implementation of the original algorithm, yet be able to (1) handle general loss families (assumptions
on Li are discussed in Section 2), (2) provide a tight, instance-dependent approximation ratio (details
in Section 3), and (3) handle realistic information limitations such as access only to (noisy) bandit
feedback, in a sample-efficient manner. Next, we describe in more detail the important use case of
initialization of services for diverse users in multi-service ML systems (yet as noted above, our main
result has other applications as well, and can be of independent interest).

Motivation. In a variety of contexts such as federated learning [27], crowd-sourcing [36] and online
recommendation systems [35], data about user preferences is acquired through iterative interactions.
This data is then used to improve the model and serve the individual needs of users. Given that users’
preferences are typically heterogeneous, recent works demonstrate that using multiple specialized
models can be more effective than the one-size-fits-all approach of employing a single large shared
model, e.g., for clustered federated learning [30, 34, 17], meta learning [25, 7], fine-tuning for specific
groups of users or tasks [9, 37], and in the context of fair classifiers [39]. Here we tackle the crucial
yet under-explored phase of initializing services in ML systems that learn interactively from diverse
users. The initialization process is crucial as it sets the stage for how effectively these systems can
adapt and specialize with future user interactions. Once initialized, the services interact with users,
who, in turn, choose among services based on their loss. These “learning dynamics” typically lead
to the specialization of services to groups of users [18, 12], and [12] shows experimentally that the
overall social welfare achieved by the services depends on the initialization of the learning dynamics.
We note that in the context of problem (1), the learning dynamics in [12] can be seen as updates of an
alternating minimization algorithm, iteratively updating users’ choices (the inner minimization) and
services’ parameters (update to each θj). Our goal is to initialize a set of services to minimize the sum
of losses for all users (or equivalently, maximize total welfare), tackling the following challenges:
• Bandit loss feedback: In practice, offering a service often precedes data collection. Specifically,

in contexts like online recommendations, it is usually not feasible to gather user preference
data (knowledge about ϕi and evaluations of Li(·, ϕi) at various different parameter values in
problem (1)) without first deploying the services parameterized by {θ1, . . . , θk} and observing user
interactions. This means that data collection is inherently conditional on the existence of services,
challenging the conventional “data-first, model-second” paradigm.

• Suboptimal local solutions: Since users select the service with the lowest loss
(min{Li(θ1, ϕi), . . .Li(θk, ϕi)} in problem (1)), minimizing over the parameters {θ1, . . . , θk}
leads to a nonconvex problem in general, as mentioned earlier. Gradient-based learning dynamics
can get stuck in local minima where the total loss can be significantly worse than the globally
minimum loss. Thus, the outcomes of learning dynamics are heavily affected by initialization of
service parameters.

Contributions. The following summarizes the contributions of this paper.
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• We design a computationally and statistically efficient algorithm for initialization of services prior
to learning dynamics. The algorithm works by adaptively selecting a small number of users to
collect data from (via queries of their loss function) in order to initialize the set of services.

• We establish an approximation ratio for the designed algorithm: the expected total loss achieved
by the algorithm right after initialization is within a factor of the globally optimal total loss in the
presence of complete user preference data, and this factor scales logarithmically in the number of
services. Furthermore this bound is tight, and recovers the known k-means++ approximation ratio
as a special case (cf. Section 3).

• When users belong to a set of demographic groups, it is desirable that the services do not result
in unfavorable outcomes towards certain demographics (e.g., based on gender or racial groups).
One fair objective is to minimize the maximum average loss of users across different groups. We
provide an approximation ratio for this fair objective that scales logarithmically in the number of
services (cf. Section 3).

• In the context of linear prediction models, we study the problem of generalizing to users the
provider has not interacted with before (cf. Section 4).

• We empirically demonstrate the strengths of our initialization scheme via experiments on a pre-
diction task using 2021 US Census data, and online movie recommendation task using the Movie-
lens10M dataset (cf. Section 5).

1.1 Related Work

Multiple Model Specialization. In distributed learning, where data sources are users’ personal
devices, utilizing multiple specialized models, where users are grouped into clusters representing
interests, can yield improved predictions and outcomes. For instance, in recommendation systems
these clusters could represent users interested in different movie genres, or different combination of
features (see Appendix B for a concrete example on Netflix recommendation clusters). This approach
has been adopted recently in clustered federated learning [34, 30, 17] and online interactive learning
[32], facility location problems [6], where users choose models/services and for which they provide
updates.

Clustering. Multiple model specialization leads to clustering the users into groups and centering
a specialized model on each group. We provide a brief review of the k-means clustering problem
and establish the connection to specialization. The k-means clustering problem is one of the most
commonly encountered unsupervised learning problems. Given a set of known n points in Euclidean
space, the goal is to partition them into k clusters (each characterized by a center), such that the
sum of square of distances to their closest center is minimized. Dasgupta [11] and Aloise et al. [3]
showed that the k-means problem is NP-Hard. The most popular heuristic for k-means is Lloyd’s
algorithm [28], which proceeds by randomly initializing k centers and then uses iterative updates
to find a locally optimal k-means clustering, which can be arbitrarily bad compared to the globally
optimal clustering. The performance of the k-means algorithm relies crucially on the initialization.
Arthur and Vassilvitskii [5] and Ostrovsky et al. [33] proposed an elegant polynomial time algorithm
for initializing centers, known as k-means++. Arthur and Vassilvitskii [5] proved that the expected
cost of the initial clustering obtained by k-means++ is at most 8(2 + log k) times the cost of optimal
k-means clustering. Our work generalizes the analysis of Arthur and Vassilvitskii [5] to the setting
where user’s preferences are represented as unknown points and the loss functions are unknown with
only bandit access, not necessarily identical, and general as long they satisfy Assumptions 2.1 and
2.2, with important examples given in Appendix C.

For a detailed discussion on more related works please see Appendix A.

Notation and Terminology. For a symmetric matrix A and any vector x ∈ Rd, we denote its
Mahalanobis norm by ∥x∥A =

√
x⊤Ax. The generalized eigenvalues for a pair of symmetric

matrices A and B are denoted by λ(A,B), defined as the solutions of λ for the generalized eigenvalue
problems Av = λBv [16, 14]. Specifically we use λmin(A,B) to denote minimum generalized
eigenvalue for the matrix pair A,B. The loss for a user i given service θ ∈ Rd is denoted by Li(θ, ϕi)
where ϕi parameterizes the user’s preference. For a set of users A (e.g., A = [n] denotes a set
of n users) and a set of services Θ = {θ1, . . . , θk} ⊂ Rd, the total loss is defined as L(Θ,A) =∑

i∈A minj∈[k] Li(θj , ϕi).
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2 Problem Setup

We make the following assumptions about the functional form of Li, and state several examples of
function classes satisfying these properties. Note that the designer/provider doesn’t need to know the
functional form of Li, and knowledge about Li is obtained through bandit feedback via observing
the scalar values Li(θ, ϕi) for different θ, where θ parameterizes the services.
Assumption 2.1 (Unique Minimizer). The loss function satisfies the following equivalence:
Li(θ, ϕi) = 0 ⇐⇒ θ = ϕi.

This assumption implies that unless all users have identical preference parameters, there doesn’t exist
a single service parameter θ that simultaneously minimizes every user’s loss. Thus providing multiple
services (multiple θ’s) where the users choose the one best for them is strictly better than one service
for all users.
Assumption 2.2 (Approximate Triangle Inequalities). For a pair of users i, j there exists a finite
constant cij > 0 such that for all θ ∈ Rd the following hold:

(i) cijLi(θ, ϕi) ≤ Lj(θ, ϕj) + Lj(ϕi, ϕj).
(ii) cijLi(ϕj , ϕi) ≤ Lj(θ, ϕj) + Li(θ, ϕi).

Here cij (equal to cji) captures the alignment between the preference parameters and loss geometries
of two users. Lower values of cij indicate less similarity. Item (i) implies that the loss for user i on
any service θ ∈ Rd is no worse than (up to a constant factor) the sum of (a) loss of another user j on
using the same service, and (b) the loss of user j if they were to use user i’s preference parameter.
The latter term (b) can be seen as measuring the similarity between the users’ preferences.

For condition (ii) to hold for all θ ∈ Rd, it must also hold for the service that minimizes the sum of
losses of both users using the same service. Suppose that users i and j were to exchange preference
parameters. Then their loss would be no worse than (up to a constant factor) their minimum total
loss, i.e.,

cijLi(ϕj , ϕi) ≤ min
θ∈Rd

(Lj(θ, ϕj) + Li(θ, ϕi)) .

Some examples of loss functions and the corresponding constants that satisfy these assumptions
include the following (see Appendix C for additional examples and derivations):
• Squared error loss for linear predictors (cf. Section 4).
• The Huber loss on the prediction error:

Li(θ, ϕi) =

{
1
2∥θ − ϕi∥2, if ∥θ − ϕi∥ ≤ δ

δ(∥θ − ϕi∥ − 1
2δ), otherwise.

This loss is used typically in robust estimation tasks. Here ∥ · ∥ could be any norm, and we show
cij = 1/3.

• The normalized cosine distance: Li(θ, ϕi) = 1 − θ⊤ϕi where ∥θ∥2 = ∥ϕi∥2 = 1, with cij = 1
2 .

This is commonly used as a similarity measure in natural language processing applications, for
example finding similarity between two documents.

• The Mahalanobis distance: Li(θ, ϕi) = ∥θ − ϕi∥Σi . Different users can have differ-
ent Σi capturing their diverse loss variation, as long as Σi is full rank. Here cij =
min{λmin(Σi,Σj), λmin(Σj ,Σi)}.

• Any distance metric: This naturally follows from triangle inequality, hence cij = 1.
• Any arbitrary function Li(θ, ϕi) that is Li-Lipschitz and µi-strongly convex in θ with cij =
min(µi, µj)/max(Li, Lj).

Objective. Suppose the users have access to k services parameterized by Θ = {θ1, . . . , θk} ⊂ Rd.
Then, each user i selects service θl that minimizes their loss, i.e. Li(Θ, ϕi) = minl∈[k] Li(θl, ϕi).

As discussed earlier, our goal is to design Θ, such that the sum of losses across users and services is
minimized. We define the objective as follows:

L(Θ, [n]) =
∑

i∈[n] minj∈[k] Li(θj , ϕi) =
∑

i∈[n] Li(Θ, ϕi). (2)

Definition 2.3. Define the unknown optimal set of k services that minimizes the objective to be

ΘOPT := argmin|Θ|=k L(Θ, [n]).
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Algorithm 1 AcQUIre- Adaptively Querying Users for Initialization

1: Input: Set of users [n], number of services k.
2: Choose a user i uniformly randomly from [n].
3: Query user i’s preference ϕi, set the first service Θ1 = ϕi.
4: for t ∈ {2, . . . , k} do
5: User behavior: Collect user losses on existing services Θt−1 : {Li(Θt−1, ϕi)}i∈[n].
6: User Selection: Sample l from [n] with probability P (l = i) ∝ Li(Θt−1, ϕi).
7: New service: Query user l’s preference ϕl.
8: Θt = Θt−1 ∪ ϕl.
9: end for

10: Return Θk

Specifically, ΘOPT defines a “clustering”, meaning a partitioning of the n users into k clusters. The
cluster Bm is the set of all users that prefer the service θm among all the services in the optimal
set ΘOPT. In other words, Bm is defined as the set of all points such that Bm = {i ∈ [n] | θm =
argminθl∈ΘOPT

Li(θl, ϕi)}. If multiple services are equally preferred by a subpopulation, the ties
are broken arbitrarily. The resulting set of clusters is denoted by C(ΘOPT) = {B1, . . . ,Bk}.

The are several statistical and computational challenges to this problem.
Challenge 1. Since preferences {ϕi}i∈[n] and loss functions {Li}i∈[n] are unknown and the provider
only has zeroth order or bandit feedback access, estimating the objective function L(Θ, [n]) usually
needs a lot of data collected uniformly across the users. This large amount of data is needed before
services can be deployed, yet as stated earlier, we are in the situation where we have no data until we
deploy services and observe user interactions. Our limited access to user information (via limited
queries) makes our setting challenging.
Challenge 2. The loss function is non-convex and iterative minimization approaches from a random
initialization are susceptible to getting stuck in arbitrarily poor local optima. This means computing
the optimal clustering first and then finding the best service for each cluster is NP-Hard.
Challenge 3. We do not assume any data separability conditions, for example user preference
parameters are drawn from k well separated distributions. Thus we are unable to exploit underlying
structure to reduce sample complexity.

Despite the challenges, in Section 3, we propose an algorithm that is both statistically and computa-
tionally efficient, and admits an approximation ratio with respect to the globally optimal value, i.e.,
L(ΘOPT, [n]).

3 Algorithm & Main Results

In this section, we present our initialization algorithm with guarantees, Algorithm 1, and describe
how the steps of the algorithm arise naturally in the interactive systems under consideration. Since
collecting data uniformly across all the n users can be prohibitively expensive, our goal is to get data
from a minimal number of users.

Each iteration of the loop in the algorithm adds a service sequentially and the loop terminates when
there are k services, where k is a predetermined parameter for the algorithm. We focus on the loop
(lines 4-8) in Algorithm 1.

Suppose at time t − 1, the set Θt−1 is the set of current t − 1 services. Then, at time step t the
following steps take place.
• User behavior (line 5). Given the list of services Θt−1 users are assumed to choose the best

service that minimizes user loss. Users report their losses with respect to the service they choose
from the set of existing services {Li(Θt−1, ϕi)}i∈[n]. In practice, this step requires deploying the
services and collecting signals of engagement and utility to determine the loss associated with each
user, under the behavioral assumption that users are rational agents that choose the best available
service. The provider thus needs to measure each user’s loss only in their single chosen service.

• User selection (line 6) A new user l is selected with probability proportional to Li(Θt−1, ϕl).
This ensures that users that are currently poorly served by existing services are more likely to be
selected.
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• New Service (line 7-8). Given a selected user l, the algorithm queries the preference ϕl of the user
and centers the new service at that preference θt = ϕl. In practice, this step requires acquiring data
about the user in order to learn their preference parameter (this is needed for only k total users
throughout the algorithm). For example, data may be acquired by incentivizing the selected users,
via offering discount coupons or free premium subscriptions [21].

With each iteration the loss of each user is non-increasing; the previous services remained fixed and a
user would switch to a new service only if it improves quality or equivalently decreases loss. Since at
each iteration, a new service is added, the process terminates after k steps. Since it is costly to offer
and maintain too many different services, we typically have k ≪ n.

We now discuss the theoretical properties of the set of services we get at the termination of Algo-
rithm 1.
Theorem 3.1. Consider n users with unknown preferences {ϕ1, . . . , ϕn} ⊂ Rd, and associated
loss functions Li(·, ·) satisfying Assumptions 2.1 and 2.2, with bandit access. Let ΘOPT ⊂ Rd

be the set of k services minimizing the total loss and C(ΘOPT) the resulting partitioning of users
(Definition 2.3). If Algorithm 1 is used to obtain k services Θk, then the following bound holds:

EΘk
[L(Θk, [n])] ≤ KOPT(2 + log k) · L(ΘOPT, [n]),

where the expectation is taken over the randomization of the algorithm and KOPT is equal to

maxB∈C(ΘOPT)
4

min
j∈B

∑
i∈B

cij

(
maxj∈B

∑
i∈B

1
cij

)
. (3)

A detailed proof is presented in Appendix D; we summarize the main ideas here. The intuition is that
a chosen user’s preference parameter is typically a good representative for other users in its cluster.
Thus adding a service parameterized by the chosen user’s preferences generally reduces the losses of
users in this cluster. Subsequently we are less likely to pick another user from the same cluster. The
log k factor is due to clusters from which users were never picked.

A similar proof approach was used by Arthur and Vassilvitskii [5] in the context of the k-means
problem, by sequentially placing centers on known points sampled with probability proportional
to the point’s squared distance to its closest existing center. A key novelty of our analysis is to
capture the alignment of diverse loss geometries across users in a large class of functions, specifically
understanding how user similarities cij affect the approximation ratio.1

Key characteristics of KOPT: The following are essential characteristics of the term KOPT.

(i) All terms in KOPT depend on the local clusters in the unknown optimal clustering C(ΘOPT).
(ii) The constant minj∈B

1
|B|
∑

i∈B cij captures the user whose loss geometry is least similar to
the average loss geometry of the cluster they belong to (recall Assumption 2.2.i).

(iii) The constant maxj∈B
1
|B|
∑

i
1
cij

captures the user whose preference is least similar to the
optimal service parameter of the cluster they belong to (recall Assumption 2.2.ii).

(iv) Even within a cluster all terms are averages, so a few poorly aligned pairs of users don’t
hurt the bound if the cluster sizes are large.

Fair objective. While minimizing the total loss is beneficial from the provider’s point of view in
keeping users satisfied on average, it is undesirable in human-centric applications if the provided
services result in unfavorable or harmful outcomes towards some demographic groups.

Suppose the n users come from m different demographic groups (m is typically small, say racial
groups, gender). We denote the groups as A = {A1, . . . ,Am} ⊂ [n]. The fairness objective is
defined as the maximum average loss suffered by any group:

Φ(Θ,A) = max
i∈[m]

L(Θ,Ai)/|Ai|. (4)

[15] defined this objective in the context of fair k-means where the points and group identities are
known and gave a non-constructive proof that if a c−approximate solution for k-means exists, it is

1In addition, as stated earlier, we tackle the lack of prior information on ϕi and the function form of Li—this
challenge is particular to our setting and does not arise in related standard problems of clustering (k-means,
k-mediods) or resource allocation (facility location problems).
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m · c-approximate for fair k-means. For the fairness objective, we slightly modify our algorithm, by
simply reweighting the probability to select an user by the inverse of the size of their demographic
group to result in Fair AcQUIre (Algorithm 2 in Appendix E).
Theorem 3.2. Consider n users with unknown preferences {ϕ1, . . . , ϕn} ⊂ Rd, and associated
loss functions Li(·, ·) satisfying Assumptions 2.1 and 2.2 with bandit access. Suppose these users
belong to m demographic groups A = {A1, . . . ,Am} ⊂ [n]. Let Θfair ⊂ Rd be the set of k services
minimizing the fairness objective Φ given in (4). If Algorithm 2 is used to obtain k services Θk, then
the following bound holds:

EΘk
[Φ(Θk,A)] ≤ mKfair(2 + log k) · Φ(Θfair,A),

where the expectation is taken over the randomization of the algorithm and Kfair is defined in (10).

4 Generalization in Linear Predictors

In practical settings, a provider would want to design services that not only keep the subscribed users
satisfied but also attract new users to subscribe by generalizing the services to users it has never
interacted with before. Now instead of considering n users, suppose that each i ∈ [N ] represents
a subpopulation with its own (sub-Gaussian) distribution of features, and the provider can interact
with finite samples ni from these distributions. A question that arises is whether we can deal with
this finite-sample-from-subpopulations scenario, and how does the number of samples affect the
algorithm’s output to unseen users. In this section, we answer this question for the special case of
linear predictors (i.e., regression loss).

In this section we restrict ourselves to the special case of linear prediction tasks, where the goal is to
accurately predict the score of a user as a linear function of their features. The score for a user in
the ith subpopulation with zero-mean random feature x ∈ Rd is generated as y = ϕ⊤

i x where both
the true linear regressor ϕi ∈ Rd and the feature covariance Ex[xx

⊤] = Σi are unknown. Suppose a
service uses a linear regressor θ ∈ Rd, to predict the score for this user as θ⊤x ∈ R. The loss for
this subpopulation for this service is defined as the expected squared error between the predicted and
actual scores, i.e., Li(θ, ϕi) = E(x,y)[(θ

⊤x− y)2] = ∥θ − ϕi∥2Σi
.

Assumption 4.1. For subpopulation i, features are independent draws from a zero-mean sub-Gaussian
distribution. For a random feature x ∈ Rd and for any u ∈ Rd, such that ∥u∥Σi = 1, u⊤x ∈ R is
sub-Gaussian with variance proxy σ2

i .2

Assumption 4.2. We assume that the decision to choose between different services happens at a
subpopulation level and not an individual level.

To illustrate Assumption 4, consider the example of a provider that offers personalized services
to schools (subpopulations) such as online library resources wherein the service provider queries
students about the experience. Each school typically has a considerable number of students, but only
a subset of them may actively respond to such queries. Once a school selects the service, it is made
available to all students, and the provider could implement a system where students are encouraged
to fill out a feedback form after using their service.

Suppose only ni users from subpopulation i are subscribed to the services. Thus, upon choosing a
service parameterized by θ ∈ Rd the provider observes an empirical loss, which is given by

L̂i(θ, ϕi) =
1
ni

∑
j∈[ni]

(θ⊤xj
i − yji )

2,

where {(xj
i , y

j
i )}j∈[ni] are private unknown features and scores of the users. We stress that the service

gets to see the value of the user loss function at the deployed θ (bandit feedback), but not the features
of each subpopulation.
Assumption 4.3. The number of users from each subpopulation is greater than the dimension of the
linear predictor, i.e. ni ≥ d for all i ∈ [N ].

In this setting, given a set of services parameterized by Θt−1 = {θ1, . . . , θt−1} the Steps 5-6 of
Algorithm 1 proceed with these finite sample averages L̂i(Θt−1, ϕi) = minj∈[t−1] L̂i(θj , ϕi). In

2A random variable x is sub-Gaussian with variance proxy σ2 if E[exp(λx)] ≤ exp(σ
2λ2

2
) ∀λ ∈ R.

7



5 10 15 20 25 30 35 40 45 50
Number of Services (k)

50

75

100

125

150

175

200

225

Av
er

ag
e 

Lo
ss

AcQUIre
Fair AcQUIre
Random
Balanced Random
Greedy
Balanced Greedy
Epsilon Greedy
Balanced Epsilon Greedy

(a) Avg. loss (all Census groups)

5 10 15 20 25 30 35 40 45 50
Number of Services (k)

50

75

100

125

150

175

200

225

W
or

st
 D

em
og

ra
ph

ic 
Lo

ss

AcQUIre
Fair AcQUIre
Random
Balanced Random
Greedy
Balanced Greedy
Epsilon Greedy
Balanced Epsilon Greedy

(b) Avg. loss (worst demographic)

5 10 15 20 25
Number of Services (k)

0

1

2

3

4

Av
er

ag
e 

Ex
ce

ss
 E

rro
r

AcQUIRE
Random
Greedy
Epsilon Greedy

(c) Avg. excess error (ML10M task)
Figure 1: Fig. 1a and1b show the performance of various user selection strategies on the travel time
prediction task on the Census data. Notably, our findings reveal that the greedy and epsilon-greedy
baselines exhibit strong performance for k < 10. However, as the value of k grows, these strategies
prove myopic, with random sampling surpassing their effectiveness. AcQUIre and Fair AcQUIre
consistently emerge as the two best baselines for both tasks. Fig. 1c presents the average excess error
for the movie recommendation task. Remarkably, the greedy algorithm demonstrates efficacy when k
is small. Epsilon-greedy, employing an explore-vs-exploit approach, successfully overcomes myopic
tendencies. Nevertheless, AcQUIre continues to be the best baseline for data collection.

Step 7, multiple ways can be adopted by the provider to estimate ϕi. Users can be given incentives to
provide a batch of feature score pairs, or gradient free methods can be used to estimate the optimal
solution to the regression problem. The generalization guarantee of Algorithm 1 to the total expected
loss is stated below.
Theorem 4.4. Suppose users belong to N subpopulations satisfying Assumptions 4.1, 4.2, and 4.3.
Let {ni}i∈[N ] denote the number of samples per subpopulation. Let Θk be the output of Algorithm 1
using finite sample estimates L̂i(·, ϕi) and ΘOPT be the optimal solution of the expected loss. Then,

for any ϵ ∈ (0, 1), if ni = Ω(
σ4
i

√
N log (2/δ)

ϵ2 ) for all i ∈ [N ], the following inequality holds with
probability at least 1− δ:

EΘk
[L(Θk, [N ])] ≤ 1+ϵ

1−ϵKOPT(2 + log k)L(ΘOPT, [N ]), where KOPT is as defined in (3) and

cij =
1
2 min

{
λmin(Σ̂i, Σ̂j),

1

λmin(Σ̂i,Σ̂j)

}
, with Σ̂i =

1
ni

∑
l∈[ni]

xl
i(x

l
i)

⊤, Σ̂j =
1
nj

∑
l∈[nj ]

xl
j(x

l
j)

⊤.

The proof is presented in Appendix F; we provide a brief overview here. We apply the Chernoff
bound to the difference between the empirical loss and expected loss. Note that (i) even if the same
set of services are provided, the loss minimizing service for the empirical loss may be different from
the expected loss for any subpopulation, and (ii) the optimal set of services for the total empirical
loss and the total expected loss are different. Handling these carefully, and utilizing Theorem 3.1
concludes the proof.
Remark 4.5. Note that Σ̂i is the empirical feature covariance of subpopulation i. The term cij captures
the alignment between two subpopulation’s loss geometry, and here is equal to half of the minimum
generalized eigenvalue of the empirical feature covariances of the the respective subpopulations. This
quantity is the largest constant satisfying Assumption 2.2 (cf. Appendix F).

5 Experiments

We empirically demonstrate3 the benefits of our algorithm on a commute time prediction task based
on 2021 US Census data4 and a semi-synthetic movie recommendation task on the MovieLens10M
dataset. In each task the multi-service provider has initially no access to data. Our goal is to evaluate
the effectiveness of the iterative data collection and service initialization procedure in comparison
to established baselines. Below we first describe both the tasks and then discuss the baselines we
consider for our evaluation.

Census Data. We consider the task of predicting daily work commute times, based on 2021 US
census data from FOLKTABLES [13]. We illustrate a potential use case: the provider is a transport
authority offering services in the form of personalized podcasts. If the duration of a service is similar
to the commute time of a user, that user will be able to consume the media while travelling to work.
Hence an accurate prediction of the commute time may be useful in providing services tailored to the
users.

3All our code is available at https://anonymous.4open.science/r/
MultiServiceInitialization-A422

4https://www.census.gov/programs-surveys/acs/data.html.
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The dataset has N = 7025 subpopulations defined by area zip codes. We use k linear predictors (as
services) with user features (education, income, transportation mode, age etc). Refer to Appendix G
for details on data pre-processing. The features and commute times are unknown a priori to the
provider. At time step t ≤ k, suppose that the provider offers a set of services parameterized by
Θt−1. The provider observes the losses (squared prediction error of their commute times as discussed
in Section 4) across different subpopulations {L̂i(Θt−1, ϕi)}i∈[N ]. Then the provider selects a
subpopulation l ∈ [N ], to get the user feature and commute time data and then estimates ϕl via
least squares regression. This selection can be done via our proposed method or one of the baseline
strategies discussed later. The provider then centers its next service on ϕl and updates the list of
offered services Θt = Θt−1 ∪ ϕl. Note that in this process the provider only observes features and
commute times of users in the k selected subpopulations and k ≪ N . In Figure 2 we compare
runtimes, and observe that even with 1 billion users, AcQUIre takes 300 sec, whereas the greedy and
epsilon greedy methods take > 105 sec even for 10 million users. With 5000 services, AcQUIre takes
< 900 secs, whereas the runtimes for greedy and epsilon greedy are in the range of 105 secs.

Figure 2: Runtimes for AcQUIre and baselines as number of users (N ) and services (K) vary.

Movie Recommendations. We conduct a semi synthetic experiment based on the widely used
Movielens10M data set [19] containing 10000054 ratings across 10681 movies by 71567 viewers.
We hold out the top m = 200 movies and pre-process the data set to divide viewers into N = 1000
user subpopulations based on similarity of their ratings on the remaining movies (cf. Appendix G).
Our goal is to evaluate the generalization performance of the baselines to viewers that the provider
has never interacted with before. Thus during the service initialization phase, only half of the users in
each of the N subpopulations interact with the provider (train set), and we evaluate the performance
of the algorithm by the loss incurred by the initialized services on data of the other half of the users
that no prior interaction with the provider (test set). For subpopulation i ∈ [N ], the solution to the
following optimization problem denotes the user and item embedding:

(Ui, ϕi) = argmin(U,ϕ)∈Rni×d×Rd×m ∥(Uϕ− ri)Ωtrain
i

∥22, (5)

where ri is the true user ratings and Ωtrain
i is the list of movies rated by the users in subpopulation i.

Since ri is a sparse matrix we consider the prediction error only on the movies they rated, i.e. Ωtrain
i .

User loss / dissatisfaction for a recommendation model, parameterized by θ ∈ Rd×m, is captured by
the excess error, namely

Li(θ, ϕi) = ∥(Uiθ − ri)Ωtrain
i

∥22 − ∥(Uiϕi − ri)Ωtrain
i

∥22. (6)

This value typically indicates how unhappy users are with the suggested movies with respect to
their preferred movies. The provider initially doesn’t know the user ratings. At time step t ≤ k,
suppose the provider offers a set of recommendation models Θt−1. Users choose the service with
the best recommendations and the provider observes the losses across different subpopulations
{Li(Θt−1, ϕi)}i∈[N ]. Then the provider selects a subpopulation l ∈ [N ] to estimate ϕl via (5). This
selection can be done via our proposed method or one of the baseline strategies discussed below. The
provider then centers its next model on ϕl and updates the list of offered models Θt = Θt−1 ∪ ϕl. In
this process the provider only observes movie ratings of the users in the k selected subpopulations.
Once the services are initialized we evaluate the performance on the movies rated in the test set
denoted by {Ωtest

1 , . . . ,Ωtest
N }.

Baselines. Both our tasks iterate through the steps of observing User Behavior, User Selection
to gather data, designing New Service to update set of offered services. Through our experiments
we wish to empirically evaluate different User Selection strategies with respect to AcQUIre (line
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6 in Algorithm 1). The different user selection strategies result in the following baselines: (i)
Random: P (l = i) = 1/n, (ii) Greedy: l = argmaxi∈[n] Li(Θt−1, ϕi), (iii) Epsilon Greedy:
l = argmaxi∈[n](Li(Θt−1, ϕi) + ϵi) where ϵ1, . . . , ϵn denotes zero mean i.i.d. noise. Given that the
Census Dataset comprises various racial demographic groups of varying sizes (with the smallest group
being ten times smaller than the largest group), and considering our interest in the fairness objective
(4), we explore incorporating these size imbalances into our algorithms. Consequently, we introduce
three additional baselines, wherein the selection criteria are scaled by the corresponding group sizes:
(iv) Balanced Random, (v) Balanced Greedy, and (vi) Balanced Epsilon Greedy. We benchmark them
against Fair AcQUIre (Algorithm 2) which has guarantees as as stated in Theorem 3.2.

Evaluation: Each algorithm is run for 500 initialization seeds, the averages are reported in Figure 1.

Runtimes: We compare the runtimes of AcQUIre with the baselines, and study the affect of the
number of users (N) and number of services (K) in Figure 2. We find the runtimes of AcQUIre to
be of the similar order of magnitude of random initialization, meanwhile performing much better
than random, and the much slower greedy and epislon greedy initialization schemes.

Impact of Initialization: Once a set of services are initialized, with more user interactions, the
provider updates the services on new data to improve the quality (indicated by the reduction in
total loss). To evaluate the importance of initialization, we conducted experiments using two
different optimization algorithms: (i) Generalized k-means: The services are iteratively updated by
training each service on the current group of subpopulations selecting it. After updating the service
parameters, the subpopulations reselect their best service. This process repeats until convergence.
(ii) Multiplicative weights update [12]: Similar to k-means, but each subpopulation can have users
choosing different services simultaneously. Both generalized k-means and the multiplicative weights
update guarantee that the total loss reduces over time [12].

In our experiments, we initialize a set of services using AcQUIre and other baseline methods, then
let both optimization algorithms run until convergence. We plot the total loss versus the number of
iterations (Figure 3). Our results demonstrate that AcQUIre leads to: (1) faster convergence, and (2)
lower final loss (initializing with AcQUIre converges to lower losses; other initialization schemes
are prone to being stuck in suboptimal local minima). These findings highlight the significance
of a robust initialization strategy. By starting with a better initial configuration, the optimization
algorithms can more effectively reach higher quality solutions.

Figure 3: We study the importance of initialization in both the convergence rate and quality of
converged solution of optimization algorithms. We find AcQUIre converges both faster and to a lower
total loss across optimization methods (kmeans and multiplicative weights) as well as datasets.

6 Conclusion

We study the problem of initializing services for a provider catering to a user base with diverse
preferences. We address the challenges of unknown user preferences, only bandit (zeroth-order)
feedback from the losses, and the non-convexity of the optimization problem, by proposing an
algorithm that designs services by adaptively querying data from a small set of users. We also
consider the fairness aspect of such design in human centric applications. Our proposed algorithm
has theoretical guarantees on both the average and fair loss objectives. There are open questions
relating to quantifying the robustness of the proposed initialization algorithm to noisy observations,
perturbations, or outliers in the finite sample case when the feature distribution is heavy-tailed, which
is a direction for future work.
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A More Discussion on Related Works

Retention. User retention in machine learning systems is closely related to the decision dynamics
between the provider and users studied in the single service setting by Hashimoto et al. [20], Zhang
et al. [41] and multiple services setting by Dean et al. [12], Ginart et al. [18]. In settings with multiple
sub-populations of users of different types, the question of retention has been explored in parallel
with the issue of fairness. These works typically focus on the stability of the dynamics at equilibrium.
However, the final outcome is heavily influenced by the initial data the provider has and the initial
configuration (partitioning) of the users across the offered services. Our work addresses the impact of
initialization on the final outcome with theoretical guarantees.

Mixture of Experts. This model specialization is also explored in the mixture of experts literature
(see, e.g., [31]), which uses multiple ‘expert’ models to enhance accuracy and robustness, assigning
inputs to the most suitable expert based on their features through a gating mechanism.

Clustering. [29] improved the analysis of [5] to show an approximation ratio 5(2 + log k) and
showed a family of instances with 5 log k approximation ratio, thus showing k-means++ is tight.
Recent works in clustering [24, 2, 26] provide a constant approximation ratio, and although they
are polynomial time algorithms, these methods are data inefficient and rely on knowing the points a
priori.

Facility Location Problem. Our algorithm has some resemblances with the facility location problem
where there are n users, and a provider can set up at most k facilities at one of m candidate locations
(also known as the k-medoids objective [4]). One key difference is the provider can choose from
m predecided locations, compared to our setting where the optimization space is infinite. However
our algorithm initializes only at k of the n user preferences, hence it can be viewed as the candidate
locations simply being the user preferences and thus m = n. A typical greedy algorithm for the
k-medoids objective proceeds by evaluating the marginal decrement in total loss for all possible
candidates and selects the candidate with maximal loss reduction. Thus (i) the algorithm would need
to know all {ϕ1, . . . , ϕn} apriori, and (ii) deploy n services to obtain all n2 function evaluations
Lj(ϕi, ϕj), ∀i, j ∈ [n]. This is infeasible in applications like online recommendation systems where
n is very large and typically a provider has the capacity to deploy only k ≪ n services. Hence a
k-medoids like objective will not be reasonable in our setup with incomplete information.

[6] studied the case where the provider had prior access to only N < n users’ utility functions before
deploying services and the goal was to minimize the worst case total (over all n users) loss. However
their results assume they can solve a computationally hard mixed integer program optimally.

Preference Learning. Given a fixed set of items or services, [38] focus on learning preference
distributions of users. [8] extend this to the setting where the user losses are given by an identical
metric, and they learn both preferences and the metric efficiently. Our setting focuses on the design
of services rather than learning preferences over a fixed set of services, and we also allow each user
to have a different loss function and loss geometry.

B Motivating Example

We conceptualize ‘services’ broadly, encompassing both sets of independent learners—such as
various service providers collaborating on initialization—and single learners with multiple models,
like companies with diverse platforms or multi-model servers in federated learning settings. This
initialization process is further relevant for social planners aiming to facilitate the coordination of
service initialization.

Netflix Example. All details are borrowed from the actual working of Netflix (refer https:
//recoai.net/netflix-recommendation-system-how-it-works/ for a detailed description
and more references). The Netflix homepage displays several rows of suggestions. Each row is a
collection of movies and the rows are arranged from top to bottom in decreasing order of likelihood
that the user will pick movies to watch. The user has a complete choice of which row to select a movie
to watch from. The different rows are generated by different underlying recommendation models
parametrized by θ1, . . . , θK . Our model abstracts these rows out as services. Netflix maintains
K = 1300 such different recommendation models. Users’ decision of watching a movie from the
available rows of recommendations on the Netflix homepage informs the provider (Netflix) which of
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the rows (parameterized recommendation model) the user prefers most. This let’s them finetune their
recommendation models.

C Mappings satisfying Assumptions 2.1 and 2.2

In this appendix, we provide more details on examples that satisfy Assumptions 2.1 and 2.2. For the
squared error loss for linear predictors, we refer the reader to Lemma F.1 for a derivation of cij .
The remainder of the example classes are detailed below.

C.1 Huber Loss

Recall that the Huber loss is defined by

Li(θ, ϕi) =

{
1
2∥θ − ϕi∥2 if ∥θ − ϕi∥ ≤ δ,

δ(∥θ − ϕi∥ − 1
2δ) otherwise.

Note that the Huber loss varies quadratically when the error ∥θ − ϕi∥ ≤ δ and linearly otherwise.
We will refer to these as quadratic and linear regime of the Huber loss subsequently.

We divide the derivation into 2 subcases.

Case 1. ∥θ − ϕi∥ ≤ 2δ. Within Case 1, there are several subcases to consider. We analyze each one
separately.

• At least one of the terms on the right is linear: Under the condition of Case 1, Li(θ, ϕi) ≤
3
2δ

2. Note that the Huber loss is monotonicly increasing in the prediction error. The
function value in the linear in ∥θ − ϕi∥ is at least 1

2δ
2. Thus, if one of the terms in

Lj(θ, ϕj) + Lj(ϕi, ϕj) were in the linear regime, the Lj(θ, ϕj) + Lj(ϕi, ϕj) ≥ 1
2δ

2 and
1
3Li(θ, ϕi) ≤ Lj(θ, ϕj) + Lj(ϕi, ϕj).

• Both terms on the right are quadratic: In this sub-case, it needs to be shown when both
terms of Lj(θ, ϕj) + Lj(ϕi, ϕj) are in the quadratic regime the bound still holds.
By the triangle inequality on norms, we have that

∥θ − ϕi∥ ≤ ∥θ − ϕj∥+ ∥ϕi − ϕj∥.

Using the power mean inequality, namely

a ≤ b+ c =⇒ a2 ≤ 2(b2 + c2),

on the triangle inequality, we deduce the following implication:

∥θ − ϕi∥ ≤ ∥θ − ϕj∥+ ∥ϕi − ϕj∥ =⇒ 1

2
∥θ − ϕi∥2 ≤ ∥θ − ϕj∥2 + ∥ϕi − ϕj∥2.

If the Li(θ, ϕi) is quadratic, we have that 1
2Li(θ, ϕi) ≤ Lj(θ, ϕj) + Lj(ϕi, ϕj). Now, let

Li(θ, ϕi) be linear. Then, we deduce that

Lj(θ, ϕj) + Lj(ϕi, ϕj) =
1

2
(∥θ − ϕj∥2 + ∥ϕi − ϕj∥2) ≥

1

4
∥θ − ϕi∥2.

Since the equation 1
4x

2 − 1
3x+ 1

6 = 0 has no real roots, the expression is always positive.
Hence, by substituting x = ∥θ−ϕi∥

δ , we have that

1

4
∥θ − ϕi∥2 ≥ 1

3
δ(∥θ − ϕi∥ −

1

2
δ) =

1

3
Li(θ, ϕi).

Therefore, we deduce that

1

3
Li(θ, ϕi) ≤ Lj(θ, ϕj) + Lj(ϕi, ϕj).
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Case 2. ∥θ − ϕi∥ > 2δ. First, observe that

1

3
Li(θ, ϕi) =

1

3
δ(∥θ − ϕi∥ −

1

2
δ)

=
1

3
δ∥θ − ϕi∥+

1

6
δ∥θ − ϕi∥ −

1

6
δ∥θ − ϕi∥ −

1

6
δ2

≤ 1

3
δ∥θ − ϕi∥+

1

6
δ∥θ − ϕi∥ −

1

3
δ2 − 1

6
δ2

≤ 1

2
δ∥θ − ϕi∥ −

1

2
δ2,

where the second to last inequality follows from the fact that ∥θ−ϕi∥ > 2δ. By the triangle inequality
on norms, we have that

∥θ − ϕi∥ ≤ ∥θ − ϕj∥+ ∥ϕi − ϕj∥.

In turn, this implies either ∥θ−ϕj∥ or ∥ϕi−ϕj∥ is greater than 1
2∥θ−ϕi∥. Without loss of generality,

assume ∥θ − ϕj∥ ≥ 1
2∥θ − ϕi∥ ≥ δ. Thus

Lj(θ, ϕj) = δ(∥θ − ϕj∥ −
1

2
δ) ≥ 1

2
δ∥θ − ϕi∥ −

1

2
δ2 ≥ 1

3
Li(θ, ϕi).

Since Lj(ϕi, ϕj) ≥ 0, we have that

1

3
Li(θ, ϕi) ≤ Lj(θ, ϕj) + Lj(ϕi, ϕj).

C.2 The normalized cosine distance

Recall that the normalized cosine distance is given by

Li(θ, ϕi) = 1− θ⊤ϕi where ∥θ∥2 = ∥ϕi∥2 = 1.

Therefore, we have that

1− θ⊤ϕi =
1

2
(∥θ∥22 + ∥ϕi∥22 − 2θ⊤ϕi) =

1

2
∥θ − ϕ∥22.

Assumption 2.2 is satisfied with cij = 1
2 by using triangle inequality followed by power mean

inequality.

C.3 Mahalanobis distance

Consider the Mahalanobis distance which is defined by

Li(θ, ϕi) = ∥θ − ϕi∥Σi
,

where Σi is full rank and cij = min{λmin(Σi,Σj),
1

λmin(Σi,Σj)
}. The derivation is similar to proof

of Lemma F.1.

D Proof of Theorem 3.1

We note that the parameters of the services initialized by Algorithm 1 are a subset of the users’
unknown preferences. This allows us to define the notion of covering.

Definition D.1. Let Θ ⊂ {ϕ1, . . . , ϕn} be a set of services. A cluster B ∈ C(ΘOPT) is said to be
covered by Θ if there exists i ∈ B such that ϕi ∈ Θ. If no such i ∈ B exists, then the cluster B is said
to be uncovered.

The proof idea from here on is to show that there exists an approximation ratio KOPT for the covered
clusters, and is shown in Lemma D.2 and D.3.
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Lemma D.2. Let B ∈ C(ΘOPT) be an arbitrary cluster in C(ΘOPT), and let θ ∈ Rd be a service
centered on the preference of a user j chosen uniformly at random from [n]. The expected loss of
users in B, conditioned on j ∈ B, satisfies

Eθ[L({θ = ϕj},B) | j ∈ B] ≤

(
max
j∈B

2

|B|
∑
i

1

cij

)
L(ΘOPT,B).

Proof. Since we choose a user from B, the conditional probability that we choose some fixed ϕj

as the parameter for the service is precisely P (θ = ϕj | θ ∈ B) = 1
|B| . Let J (B) denote the best

service covering all the points in B, and then compute

Eθ[L({θ = ϕj},B) | j ∈ B] =
∑
j∈B

P (θ = ϕj)L(θ,B) =
∑
j∈B

1

|B|
∑
i∈B

Li(ϕj , ϕi).

Using Assumption 2.2.(ii) with θ = J (B), we have that

Eθ[L({θ = ϕj},B) | j ∈ B] ≤
∑
j∈B

∑
i∈B

1

|B|

(
1

cij
(Lj(J (B), ϕj) + Li(J (B), ϕi))

)
,

=
∑
j∈B

(
1

|B|
∑
i∈B

1

cij

)
Lj(J (B), ϕj) +

∑
i∈B

 1

|B|
∑
j∈B

1

cij

Li(J (B), ϕi).

Noting that cij = cji, by swapping the indices of the second term in the above summand, the second
term is identical to the first term. Therefore, we deduce that

Eθ[L({θ = ϕj},B) | j ∈ B] ≤ 2
∑
j∈B

((
1

|B|
∑
i∈B

1

cij

)
Lj(J (B), ϕj)

)
.

Now, using the fact that maxj∈B

(
1
|B|
∑

i∈B
1
cij

)
is a uniform upper bound for the multiplier in the

above expression, we bring it outside the summation as a constant. Therefore, we deduce that

Eθ[L({θ = ϕj},B) | j ∈ B] ≤

(
max
j∈B

2

|B|
∑
i

1

cij

)
L(J (B),B), (7)

where we have used the fact that L(J (B),B) =
∑

i∈B Li(J (B), ϕi). Since B ∈ C(ΘOPT), the
covering J (B) is the loss minimizing service among all services in ΘOPT for all points in B. Thus,
we have that

Eθ[L({θ = ϕj},B) | j ∈ B] ≤

(
max
j∈B

2

|B|
∑
i

1

cij

)
L(ΘOPT,B).

This concludes the proof.

Lemma D.3. Let B ∈ C(ΘOPT) be an arbitrary cluster in C(ΘOPT), and let Θt ⊂ Rd denote the
parameters for a set of preexisting t arbitrary services. Consider a new clustering Θt+1 = Θt ∪ θ
where θ = ϕj is a random service centered on user j ∈ [n] selected with probability P (θ = ϕj) ∝
Lj(Θt, ϕj). Then, the expected loss of B, conditioned on j ∈ B, satisfies

Eθ[L(Θt ∪ (θ = ϕj),B) | j ∈ B] ≤ 1

minj∈B
1
|B|
∑

i∈B cji

(
max
j∈B

2

|B|
∑
i

1

cij

)
L(ΘOPT,B).

Proof. Given that we are choosing a user from B, the conditional probability that we center the new
service on some fixed ϕj is precisely L(Θt, ϕj)/(

∑
i∈B L(Θt, ϕi)). After adding ϕj to the list of

services, a user i will have loss min{Li(Θt, ϕi),Li(ϕj , ϕi)}. Therefore we deduce that

Eθ[L(Θt ∪ (θ = ϕj),B) | j ∈ B] =
∑
j∈B

P (θ = ϕj | θ ∈ B)
∑
i∈B

Li(Θt ∪ θ, ϕi),

=
∑
j∈B

Lj(Θt, ϕj)∑
l∈B Ll(Θt, ϕl)

∑
i∈B

min{Li(Θt, ϕi),Li(ϕj , ϕi)}.
(8)
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By Assumption 2.2.(i), for any θ ∈ Rd we have that

cjiLj(θ, ϕj) ≤ Li(θ, ϕi) + Li(ϕj , ϕi).

We utilize the fact that given two functions f, g : Θ → R, if f(θ) ≤ g(θ) ∀θ ∈ Θ, then
minθ∈Θ f(θ) ≤ minθ∈Θ g(θ). Hence, the following implication holds:

cji min
θ∈Θ

Lj(θ, ϕj) ≤ min
θ∈Θ

Li(θ, ϕi) + Li(ϕj , ϕi) =⇒ cjiLj(Θt, ϕj) ≤ Li(Θt, ϕi) + Li(ϕj , ϕi).

Summing over all i ∈ B, we get that

Lj(Θt, ϕj) ≤
1∑

i∈B cji

(∑
i∈B

Li(Θt, ϕi) + Li(ϕj , ϕi)

)
Applying this to Lj(Θt, ϕj) on the right hand side of (8), we have that

Eθ[L(Θt ∪ (θ = ϕj),B) | j ∈ B] ≤
∑
j∈B

1∑
i∈B cji

(
1 +

∑
i∈B Li(ϕj , ϕi)∑
l∈B Ll(Θt, ϕl)

)∑
i∈B

min{Li(Θt, ϕi),Li(ϕj , ϕi)}.

Since min{a, b} ≤ a, we further deduce that

Eθ[L(Θt ∪ (θ = ϕj),B) | j ∈ B] ≤
∑
j∈B

1∑
i∈B cji

∑
i∈B

Li(ϕj , ϕi)

+
∑
j∈B

1∑
i∈B cji

∑
i∈B Li(ϕj , ϕi)∑
l∈B Ll(Θt, ϕl)

∑
i∈B

L(Θt, ϕi),

=
∑
j∈B

2∑
i∈B cij

∑
i∈B

Li(ϕj , ϕi).

Now, we use the upper bound 1
minj∈B

∑
i∈B cji

for the multiplier to get

Eθ[L(Θt ∪ (θ = ϕj),B) | j ∈ B] ≤ 2
1
|B| minj∈B

∑
i∈B cji

∑
j∈B

∑
i∈B

1

|B|
Li(ϕj , ϕi).

Note that
∑

j∈B
∑

i∈B
1
|B|Li(ϕj , ϕi) is essentially the loss on choosing users from B uniformly

randomly and centering the service on the chosen user. Plugging in the expression in (7) from the
proof of Lemma D.2, we have that

Eθ[L(Θt ∪ (θ = ϕj),B) | j ∈ B] ≤ 4

min
j∈B

1
|B|
∑
i∈B

cji

(
max
j∈B

1

|B|
∑
i∈B

1

cij

)
L(J (B),B). (9)

Since B ∈ C(ΘOPT), the covering J (B) is the loss minimizing service among all available services
in ΘOPT for all points in B. Therefore, we deduce that

Eθ[L(Θt ∪ (θ = ϕj),B) | j ∈ B] ≤ 4

min
j∈B

1
|B|
∑
i∈B

cji

(
max
j∈B

1

|B|
∑
i∈B

1

cij

)
L(ΘOPT,B),

which concludes the proof.

The following Lemma is an induction relating the losses on covered and uncovered clusters.
Lemma D.4. Let Θt ⊂ Rd denote the parameters of a set of t arbitrary services. Consider u > 0
uncovered clusters from C(ΘOPT), denoted by Ut, and let Ht denote the covered clusters. Suppose
we add v ≤ u random services to Θt, chosen with probability proportional to their current loss—i.e.,
L(Θt, ϕj)—and let Θt+v denote the the resulting set of services. The following estimate holds:

EΘt+v [L(Θt+v, [n])] ≤ (EΘt [L (Θt,Ht)] +KOPT · L (ΘOPT,Ut)) · (1 + Sv) +
u− v

u
· EΘt [L (Θt,Ut)],

where KOPT is as defined in (3) and Sv =
(
1 + 1

2 + . . .+ 1
v

)
is the harmonic series.
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Proof. Replacing the factor 8 in Lemma 3.3 from [5] by KOPT gives us the desired result.

With the preceding technical lemmas, we are now ready to prove the main theorem which we restate
for convenience.
Theorem 3.1. Consider n users with unknown preferences {ϕ1, . . . , ϕn} ⊂ Rd, and associated
loss functions Li(·, ·) satisfying Assumptions 2.1 and 2.2, with bandit access. Let ΘOPT ⊂ Rd

be the set of k services minimizing the total loss and C(ΘOPT) the resulting partitioning of users
(Definition 2.3). If Algorithm 1 is used to obtain k services Θk, then the following bound holds:

EΘk
[L(Θk, [n])] ≤ KOPT(2 + log k) · L(ΘOPT, [n]),

where the expectation is taken over the randomization of the algorithm and KOPT is equal to

maxB∈C(ΘOPT)
4

min
j∈B

∑
i∈B

cij

(
maxj∈B

∑
i∈B

1
cij

)
. (3)

Proof. Consider t = 1, and B ∈ C(ΘOPT), the cluster in which the first chosen user belongs.
Applying Lemma D.4 with v = u = k − 1 and the fact that B is the only covered cluster, we have
that

EΘk
[L(Θk, [n])] ≤ (EΘ1 [L (Θ1,B)] +KOPT · L (ΘOPT, [n]− B)) · (1 + Sk−1) .

Observe that

EΘ1
[L (Θ1,B)] ≤ KOPT · L (ΘOPT,B)],

by Lemma D.2. Moreover, we have that

L (ΘOPT, [n]− B) = L (ΘOPT, [n])− L (ΘOPT,B) .

Using these two expression and noting Sk−1 ≤ 1 + log k, we get the stated result.

E Fair Initialization

We assume the scenario when the user demographic identities are known a priori. Let γ : [n] → A
be a mapping, which maps a user i to its demographic group γ(i), and let |γ(i)| denote the size of the
demographic group user i belongs to.

We define the weighted total loss (where each users’ loss is divided by its group size) as:

G(Θ, [n]) =
∑
i∈[n]

Li(Θ, ϕi)

|γ(i)|
=
∑
i∈[m]

L(Θ,Ai)

|Ai|
.

Note that this can also be interpreted as the sum of average losses across different demographic
groups.

We introduce Algorithm 2 with a couple of changes from Algorithm 1.

• Instead of uniformly picking a user at random, we are picking a user i with probability
proportional to 1

|γ(i)| . This is equivalent to saying, the probability of the first user being in
some group Aj ∈ A is ∑

i∈Aj

1
|γ(i)|∑

j∈[m]

∑
i∈Aj

1
|γ(i)|

=
1

m
.

That is, the first user is equally likely to belong to one of the m groups.
• A user i at any time step t is selected with probability proportional to Li(Θt−1, ϕi)/|γ(i)|.

This implies that a user from some group Aj ∈ A is likely to be picked with probability
proportional to the average demographic loss—i.e.,∑

i∈Aj

Li(Θt−1, ϕi)/|γ(i)| =
L(Θt−1,Aj)

|Aj |
.
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Algorithm 2 Fair AcQUIre- Fair Adaptively Querying Users for Initialization

1: Input: Set of users [n], number of services k, Demographic groups A = {A1, . . . ,Am}, Map
users to demographic groups γ : [n] → A

2: Choose a user i uniformly randomly from [n] with probability ∝ 1
|γ(i)| .

3: Query user i’s preference ϕi, set the first service Θ1 = ϕi.
4: for t ∈ {2, . . . , k} do
5: User behavior: Collect user losses on existing services Θt−1 : {Li(Θt−1, ϕi)}i∈[n].
6: User Selection: Sample l from [n] with probability P (l = i) ∝ Li(Θt−1, ϕi)/|γ(i)|.
7: New service: Query user l’s preference ϕl.
8: Θt = Θt−1 ∪ ϕl.
9: end for

10: Return Θk

We first state the approximation ratio of Algorithm 2 on the objective G(Θ, [n]).
Lemma E.1. Consider n users with unknown preferences {ϕ1, . . . , ϕn} ⊂ Rd, and unknown
associated loss functions Li(·, ·) satisfying Assumptions 2.1 and 2.2. Let Θscaled ⊂ Rd be the set of
k services minimizing the total loss and C(Θscaled) the resulting partitioning of users. If Algorithm 2
is used to obtain k services Θk, then the following bound holds:

EΘk
[G(Θk, [n])] ≤ Kfair(2 + log k) · G(Θscaled, [n]),

where the expectation is taken over the randomization of the algorithm and Kfair is equal to

max
B∈C(Θscaled)

4

min
j∈B

∑
i∈B

cij
|γ(i)|

(
max
j∈B

∑
i∈B

1

cij |γ(i)|

)
. (10)

The proof is similar as Theorem 3.1, with the introduction of 1
|γ(i)| ’s when deriving Lemma D.2 and

D.3.
Theorem 3.2. Consider n users with unknown preferences {ϕ1, . . . , ϕn} ⊂ Rd, and associated
loss functions Li(·, ·) satisfying Assumptions 2.1 and 2.2 with bandit access. Suppose these users
belong to m demographic groups A = {A1, . . . ,Am} ⊂ [n]. Let Θfair ⊂ Rd be the set of k services
minimizing the fairness objective Φ given in (4). If Algorithm 2 is used to obtain k services Θk, then
the following bound holds:

EΘk
[Φ(Θk,A)] ≤ mKfair(2 + log k) · Φ(Θfair,A),

where the expectation is taken over the randomization of the algorithm and Kfair is defined in (10).

Proof. For any Θ ⊂ Rd, we have that

Φ(Θ,A) = max
i∈[m]

L(Θ,Ai)

|Ai|
≤
∑
i∈[m]

L(Θ,Ai)

|Ai|
= G(Θ, [n]).

For Θk—namely the output of Algorithm 1—the above expression implies that
EΘk

[Φ(Θk,A)] ≤ EΘk
[G(Θk, [n])].

We also have that

G(Θfair, [n]) =
∑
i∈[m]

L(Θfair,Ai)

|Ai|
≤
∑
i∈[m]

max
i∈[m]

L(Θfair,Ai)

|Ai|
= m · Φ(Θfair,A).

Let Θscaled be the minimizer of G(·, [n]) and Θfair be the minimizer of Φ(·,A). Then, we have that
G(Θscaled, [n]) ≤ G(Θfair, [n]) ≤ m · Φ(Θfair,A) ≤ m · EΘk

[Φ(Θk,A)] ≤ m · EΘk
[G(Θk, [n])].

Now using Lemma E.1 for the guarantee on Θk for G(·, [n]), we conclude the proof.

Remark E.2. If all cij’s are identically equal to some c > 0, Kfair =
4
c2 and the approximation ratio

of Algorithm 2 for the fair objective is 4m(2 + log k)/c2. Meanwhile, Algorithm 1 would have an
approximation ratio

4m ·
maxi∈[m] |Ai|
mini∈[m] |Ai|

· (2 + log k)

c2
.
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F Proof of Theorem 4.4

Let the empirical loss—which is a finite sample average regression loss—be denoted

L̂i(θ, ϕi) =
1

ni

∑
j∈[ni]

(θ⊤xj
i − yji )

2,

where {(xj
i , y

j
i )}j∈[ni] are private unknown features and scores of the users, respectively.

Lemma F.1. Under Assumptions 4.1 and 4.3, each subpopulation empirical loss L̂i satisfies Assump-
tion 2.1 and Assumption 2.2 with

cij =
1

2
λmin

(∑
l∈[ni]

xl
i(x

l
i)

⊤

ni
,

∑
l∈[nj ]

xl
j(x

l
j)

⊤

nj

)
.

Proof. Fix a subpopulation index i. We start by showing L̂i satisfies Assumption 2.1. We use the
following result: if p ≤ d random vectors in Rd are independently drawn from a distribution that
is absolutely continuous with respect to the Lebesgue measure, then they are almost surely linearly
independent. By Assumption 4.3, applying this result to our scenario, if we draw ni ≥ d features
independently from a sub-Gaussian distribution to form a feature matrix Xi ∈ Rni×d, then it is
almost surely full column rank.

Therefore, we compute ϕi = X†
iyi since X†

iXi = Ip when Xi is full column rank. The subpopulation
i’s empirical loss is compactly written as L̂i(θ, ϕi) = ∥θ − ϕi∥2Ai

, where Ai =
1
ni

∑
l∈[ni]

xl
i(x

l
i)

⊤.

Thus L̂i(θ, ϕi) satisfies Assumption 2.1.

We now show that L̂i satisfies Assumption 2.2 with cij =
1
2λmin(Ai,Aj). To this end, we find the

largest c ∈ R+ such that c(u⊤Aiu) ≤ u⊤Aju and c(u⊤Aju) ≤ u⊤Aiu for all u ∈ Rd.

Rearranging the inequality, this problem is the same as finding the largest c ∈ R+ such that
u⊤(Ai − cAj)u ≥ 0 and Aj − cAi)u ≥ 0 ∀ u ∈ Rd,

or equivalently,
Ai − cAj ⪰ 0 and Aj − cAi ⪰ 0.

Therefore, finding such a constant c is easily reformulated as the following optimization problem:
max{c |Ai − cAj ⪰ 0,Aj − cAi ⪰ 0} = λmin(Ai,Aj).

There are two key tools we use to finish the argument.

• For any u ∈ Rd, 1
2λmin(Ai,Aj)∥u∥2Ai

≤ ∥u∥2Aj
.

• For any norm triangle inequality gives us ∥θ − ϕi∥ ≤ ∥θ − ϕj∥+ ∥ϕi − ϕj∥. Then we use
power mean inequality, i.e. a ≤ b+ c =⇒ a2 ≤ 2(b2 + c2).

The following shows Assumption 2.2.(i) holds with cij =
1
2λmin(Ai,Aj):

1

2
λmin(Ai,Aj)L̂i(θ, ϕi) =

1

2
λmin(Ai,Aj)∥θ − ϕi∥2Ai

≤ 1

2
∥θ − ϕi∥2Aj

≤ ∥θ − ϕj∥2Aj
+ ∥ϕi − ϕj∥2Aj

= L̂j(θ, ϕj) + L̂j(ϕi, ϕj).

Analogously, the following shows Assumption 2.2.(ii) holds with cij =
1
2λmin(Ai,Aj):

1

2
λmin(Ai,Aj)L̂i(ϕj , ϕi) =

1

2
λmin(Ai,Aj)∥ϕj − ϕi∥2Ai

≤ λmin(Ai,Aj)
(
∥θ − ϕj∥2Ai

+ ∥θ − ϕi∥2Ai

)
≤ ∥θ − ϕj∥2Aj

+ ∥θ − ϕi∥2Ai

= Lj(θ, ϕj) + Li(θ, ϕi).

This concludes the proof.
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With the preceding technical lemma in place, we now are ready to prove Theorem 4.4.

Theorem 4.4. Suppose users belong to N subpopulations satisfying Assumptions 4.1, 4.2, and 4.3.
Let {ni}i∈[N ] denote the number of samples per subpopulation. Let Θk be the output of Algorithm 1
using finite sample estimates L̂i(·, ϕi) and ΘOPT be the optimal solution of the expected loss. Then,

for any ϵ ∈ (0, 1), if ni = Ω(
σ4
i

√
N log (2/δ)

ϵ2 ) for all i ∈ [N ], the following inequality holds with
probability at least 1− δ:

EΘk
[L(Θk, [N ])] ≤ 1+ϵ

1−ϵKOPT(2 + log k)L(ΘOPT, [N ]), where KOPT is as defined in (3) and

cij =
1
2 min

{
λmin(Σ̂i, Σ̂j),

1

λmin(Σ̂i,Σ̂j)

}
, with Σ̂i =

1
ni

∑
l∈[ni]

xl
i(x

l
i)

⊤, Σ̂j =
1
nj

∑
l∈[nj ]

xl
j(x

l
j)

⊤.

Proof. Lemma F.1 gives us that the subpopulation i’s empirical loss for a regressor θ ∈ Rd can
be written as ∥θ − ϕi∥2Ai

. This is a random quantity since Ai is a sample average covariance of
randomly chosen features. We analyse this term next.

For a random feature x ∈ Rd in subpopulation i, given a fixed center θ ∈ Rd, the term (θ−ϕi)
⊤x

∥θ−ϕi∥Σi
is sub-

Gaussian with variance proxy σ2
i by Assumption 4.1. The square of a sub-Gaussian random variable,

(θ−ϕi)
⊤xx⊤(θ−ϕi)

∥θ−ϕi∥2
Σi

is sub-exponential5 with parameters ν2i = 32σ4
i , αi = 4σ2

i (see [22][Appendix

B]).

Since subpopulation i’s empirical loss is an average of ni samples, the empirical loss ∥θ− ϕi∥2Ai
is a

subexponential variable with parameters ν2
i

ni
∥θ−ϕi∥4Σi

, αi√
ni
∥θ−ϕi∥2Σi

. This is because the variance
of sample average scales as 1√

ni
, and the constant ∥θ − ϕi∥2Σi

scales the subexponential parameters
appropriately.

Now, given a set of k arbitrary services Θ = {θ1, . . . , θk} ⊂ Rd, let θγ(i) ∈ Θ be an arbitrary
service chosen by subpopulation i. The sum of empirical losses on based on such choices is also
subexponential with parameters ν2 =

∑
i∈[N ]

ν2
i

ni
∥θ − ϕi∥4Σi

and α = maxi∈[N ]
αi√
ni
∥θ − ϕi∥2Σi

.
Using Chernoff bound [40], we have that

P

|
∑
i∈[N ]

∥θγ(i) − ϕi∥2Ai
−
∑
i∈[N ]

∥θγ(i) − ϕi∥2Σi
|

 ≥ t] ≤ 2 exp

(
− t2

2ν2

)
where 0 ≤ t ≤ ν2

α
.

(11)

Note that the probability bound is is increasing in ν, we thus take an upper bound on ν2 to upper
bound this probability:

ν2 =
∑
i∈[N ]

ν2i
ni

∥θ − ϕi∥4Σi
= 32

∑
i∈[N ]

σ4
i

ni
∥θγ(i) − ϕi∥4Σi

≤ 32

∑
i∈[N ]

σ8
i

n2
i

 1
2
∑

i∈[N ]

∥θγ(i) − ϕi∥8Σi

 1
2

,

where the last inequality follows from Cauchy-Schwarz. Further, noticing that
∑

i∈n a
4
i ≤

(
∑

i∈n a
2
i )

2, and applying it for the last term twice, we deduce that

ν2 ≤ 32

∑
i∈[N ]

σ8
i

n2
i

 1
2
∑

i∈[n]

∥θγ(i) − ϕi∥2Σi

2

.

5A random variable x is subexponential with parameters (v2, α) if E[exp(λx)] ≤ exp( ν
2λ2

2
) ∀|λ| ≤ 1

α
.
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Choosing t = ϵ
∑

i∈[N ] ∥θγ(i) − ϕi∥2Σi
in (11), where 0 ≤ ϵ ≤ O(mini∈[N ]

σ2
i√
ni
), we have that

P

| ∑
i∈[N ]

∥θγ(i) − ϕi∥2Ai
−
∑
i∈[N ]

∥θγ(i) − ϕi∥2Σi
| ≥ ϵ

∑
i∈[N ]

∥θγ(i) − ϕi∥2Σi


≥ 2 exp

− ϵ2

64

∑
i∈[N ]

σ8
i

n2
i

−1/2
.

With high probability, at least 1− 2 exp

(
− ϵ2

64

(∑
i∈[N ]

σ8
i

n2
i

)−1/2
)

, for all Θ ⊂ Rd, we have that

(1− ϵ)
∑
i∈[N ]

∥θγ(i) − ϕi∥2Σi
≤
∑
i∈[N ]

∥θγ(i) − ϕi∥2Ai
≤ (1 + ϵ)

∑
i∈[N ]

∥θγ(i) − ϕi∥2Σi
.

The rest of the proof is deterministic, thus it is assumed everything follows with probability at

least 1 − 2 exp

(
− ϵ2

64

(∑
i∈[N ]

σ8
i

n2
i

)−1/2
)

. Define ΘN = Θ × · · · × Θ—i.e., Cartesian product

of the set Θ N -times. Given two functions f, g : ΘN → R, if f(θ) ≤ g(θ) for all θ ∈ ΘN , then
minθ∈ΘN f(θ) ≤ minθ∈ΘN g(θ). Therefore, we deduce that

(1− ϵ)
∑
i∈[N ]

min
j∈[k]

∥θj − ϕi∥2Σi
≤
∑
i∈[N ]

min
j∈[k]

∥θj − ϕi∥2Ai
≤ (1 + ϵ)

∑
i∈[N ]

min
j∈[k]

∥θj − ϕi∥2Σi
. (12)

Hence, given the same set of services Θ, the total empirical loss can be bounded with respect to the
total expected loss as follows:

(1− ϵ)L(Θ, [N ]) ≤ L̂(Θ, [N ]) ≤ (1 + ϵ)L(Θ, [N ]).

Recall ΘOPT denotes the optimal solution for the total expected loss and let Θ̂OPT denote the optimal
solution for the total empirical loss. Let Θk be the output of Algorithm 1 on finite samples per
subpopulations. Using the first inequality of (12), we have that

(1− ϵ)EΘk
[L(Θk, [N ])] ≤ EΘk

[L̂(Θk, [N ])]. (13)

Also, noting that Θ̂OPT is the minimizer for L̂(Θ, [N ]) and using the second inequality of (12), we
get that

L̂(Θ̂OPT, [N ]) ≤ L̂(ΘOPT,Φ) ≤ (1 + ϵ)L(ΘOPT,Φ). (14)

Now combining (13) and (14) with Theorem 3.1, we get the desired result—i.e.,

EΘk
[L(Θk, [N ])] ≤ 1 + ϵ

1− ϵ
KOPT(2 + log k) · L(ΘOPT, [N ]).

Setting δ = 1 − 2 exp

(
− ϵ2

64

(∑
i∈[N ]

σ8
i

n2
i

)−1/2
)

, we get that ni = Ω(
σ4
i

√
N log (2/δ)

ϵ2 ). This con-

cludes the proof.

G Experiment Details

Census Dataset. The categorical features (schooling, marital status, migration status, citizenship)
were first converted to one hot vectors and the continuous features (age, income) were scaled
appropriately for better conditioning. We performed singular value decomposition on the features and
retained the top ten components. The scores were taken as the log transform of the daily commute
time in minutes. To form subpopulations, we split users based on their Public Use Microdata Area
codes (zip code) and ensure each subpopulation belongs to one of the demographic groups considered.
The percentage improvements of our algorithm are plotted in Figure 4.
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Figure 4: Fair objective improvement for AcQUIre over the baseline across different demographics.
We observe that there is atleast 15% improvement across sex demographics for a wide range of
number of services. For racial demographics the improvement is 7-26%.
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Figure 5: Average losses across different demographic groups for Fair AcQUIre (left,middle).
Percentage improvement over baseline (right). We observe that Fair AcQUIre reduces disparity across
different groups compared to the baseline.

In Figure 5 we plot the average losses on the individual demographic groups. We benchmark against
the weighted random baseline and note that Fair AcQUIre improves not only the fair objective value
but the loss for every demographic group.

Movie Recommendation Dataset. We use Surprise (a Python toolkit [23]) to perform our experi-
ments. We split the total 10 million ratings into top (a) 200 movies, and (b) all other movies. We
use the inbuilt nonnegative matrix factorization function of Surprise on (b) to get user and item
embeddings. We cluster the users into 1000 subpopulations by running k-means on the obtained user
embeddings we get. We evaluate algorithms for this experiment on the held out set (a) of the top 200
movies.

Ablation: We use a 2 layer Neural Network with ReLU activations that takes as input the user
features and outputs their score. We still use the standard squared prediction error. However note
that in this modeling scenario, the loss no longer satisfies our assumptions in the parameters of the
neural network. Given a user’s features and true score, since there are no unique minimizers, we run
gradient descent to compute a local minimizer and then use this trained neural network as a service to
predict other user’s scores. We run AcQUIre and other baselines under this modeling and report our
results in Figure 6. We find that the performance of AcQUIre even when violating assumptions is
almost similar to using AcQUIre under modeling which satisfies assumptions.

Additionally, we would like to emphasize that the implementation of our algorithm itself does not
rely on these assumptions. It only requires the loss values to be observable. Therefore, one can model
very complex precision models and only supply the loss values of these models to our algorithm.
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Figure 6: We evaluate the performance of initialization methods when Assumptions 2.1 and 2.2 are
violated. "AcQUIre (NN)" refers to using AcQUIre with a Neural Network (NN) to predict scores.
This terminology is consistently applied to all other baselines as well. Notably, the performance of
AcQUIre doesn’t degrade when using Neural Network to predict the scores, thereby demonstrating
its robustness to violating the assumptions made in the paper.
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