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ABSTRACT

Advanced representation learning techniques require reliable and general evalu-
ation methods. Recently, several algorithms based on the common idea of geo-
metric and topological analysis of a manifold approximated from the learned data
representations have been proposed. In this work, we introduce Delaunay Com-
ponent Analysis (DCA) – an evaluation algorithm which approximates the data
manifold using a more suitable neighbourhood graph called Delaunay graph. This
provides a reliable manifold estimation even for challenging geometric arrange-
ments of representations such as clusters with varying shape and density as well
as outliers, which is where existing methods often fail. Furthermore, we exploit
the nature of Delaunay graphs and introduce a framework for assessing the quality
of individual novel data representations. We experimentally validate the proposed
DCA method on representations obtained from neural networks trained with con-
trastive objective, supervised and generative models, and demonstrate various use
cases of our extended single point evaluation framework.

1 INTRODUCTION

Figure 1: Example of an approximated
Delaunay graph GD = GD(R ∪ E)
(solid edges) obtained from the Voronoi
cells (dashed gray lines) of the consid-
ered R and E points as well as the dis-
tilled Delaunay graph GDD containing
three connected components (solid dark
colored and gray edges) used in the final
evaluation of R and E. See Section 3
for furher details.

Quality evaluation of learned data representations is gain-
ing attention in the machine learning community due to
the booming development of representation learning tech-
niques. One common approach is to assess representa-
tion quality based on their performance on a pre-designed
downstream task (Bevilacqua et al., 2021; Li et al., 2020).
Typically, a classification problem is used to evaluate ei-
ther the ability of a model to recover labels of raw in-
puts, or the transferability of their representations to other
domains, as done in state-of-the-art unsupervised repre-
sentation learning methods (Chen et al., 2020b; Ermolov
et al., 2021). However, in many scenarios such straight-
forward downstream classification task cannot be defined,
for instance, because it does not represent the nature of
the application or due to the scarcity of labeled data as of-
ten occurs in robotics (Chamzas et al., 2021; Lippi et al.,
2020). In these scenarios, representations are commonly
evaluated on hand-crafted downstream tasks, e.g., spe-
cific robotics tasks. However, these are time consuming
to design, and potentially also bias evaluation procedures
and consequentially hinder generalization of representa-
tions across different tasks.

Recently, more general evaluation methods such as Ge-
ometry Score (GS) (Khrulkov & Oseledets, 2018), Im-
proved Precision and Recall (IPR) (Kynkäänniemi et al.,
2019) and Geometric Component Analysis (GeomCA) (Poklukar et al., 2021) have been proposed.
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These methods analyze global geometric and topological properties of representation spaces instead
of relying on specific pre-designed downstream tasks. These works assume that a set of evaluation
representations E is of high quality if it closely mimics the structure of the true data manifold cap-
tured by a reference set of representationsR. This reasoning implies thatR andE must have similar
geometric and topological properties, such as connected components, their number and size, which
are extracted from various approximations of the data manifolds corresponding to R and E. For ex-
ample, GS and GeomCA estimate the manifolds using simplicial complexes and proximity graphs,
respectively, while IPR leverages a k-nearest neighbour (kNN) based approximation. However, as
we discuss in Section 2, neither of these approaches provides a reliable manifold estimate in com-
plex arrangements of R and E, for instance, when points form clusters of varying shape and density
as well as in the presence of outliers. Moreover, the informativeness of the scores introduced by
these methods is limited.

In this work, we address the impediments of evaluation of learned representations arising from poor
manifold approximations by relying on a more natural estimate using Delaunay graphs. As seen in
Figure 1, edges (solid lines) in a Delaunay graph connect spacial neighbours and thus vary in length.
In this way, they naturally capture local changes in the density of the representation space and thus
more reliably detect outliers, all without depending on hyperparameters. We propose an evaluation
framework called Delaunay Component Analysis (DCA) which builds the Delaunay graph on the
union R ∪ E, extracts its connected components, and applies existing geometric evaluation scores
to analyze them. We experimentally validate DCA on a variety of setups by evaluating contrastive
representations (Section 4.1), generative models (Section 4.2) and supervised models (Section 4.3).

Furthermore, we exploit the natural neighbourhood structure of Delaunay graphs to evaluate a single
query representation. This is crucial in applications with continuous stream of data, for example, in
interactions of an intelligent agent with the environment or in the assessment of the visual quality of
individual images generated by a generative model as also explored by Kynkäänniemi et al. (2019).
In these cases, existing representation spaces need to be updated either by embedding novel query
points or distinguishing them from previously seen ones. In Delaunay graphs, this translates to
analyzing newly added edges to the given query point. We demonstrate various possible analyses in
Section 4 using aforementioned experimental setups.

2 STATE-OF-THE-ART METHODS AND THEIR LIMITATIONS

We review the state-of-the-art methods for evaluation of learned data representations, namely
GS (Khrulkov & Oseledets, 2018), IPR (Kynkäänniemi et al., 2019) and GeomCA (Poklukar et al.,
2021), which compare topological and geometrical properties of an evaluation set E with a refer-
ence set R representing the true underlying data manifold. We discuss differences in their manifold
approximations, visualized in Figure 2, as well as informativeness of their scores.

Figure 2: Visualization of manifold approximations obtained by GS (a), IPR (b), GeomCA without
sparsification (c), GeomCA with sparsification (d) and our proposed DCA (e).

The pioneering method in this area, GS, constructs witness simplicial complexes on randomly sam-
pled subsets of R and E (panel (a)), and compares their connected components using tools of com-
putational topology (Zomorodian & Carlsson, 2004). The result is an average over several iterations
summarized either in the form of histograms, which are cumbersome for quantitative comparison, or
as a single un-normalized score, which is in many cases not sufficiently informative. Moreover, GS
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depends on four hyperparameters, which can be dif�cult to understand and tuned by practitioners
unfamiliar with computational topology.

In contrast, IPR obtains manifold approximations by enlarging each point inR (or E) with a hy-
persphere of radius equal to the distance to itskNN in that set (panel (b)). It de�nes two scores:
precisionP I which counts the number ofE points contained on the approximatedR manifold, and
vice versa forrecall R I . While the method depends only on one hyperparameterk, it is highly
affected by outliers which induce overly large spheres and dense areas of the space which yield too
conservative coverage as visualized in panel (b). Moreover, it is the only method expectingR and
E to be of equal size, thus, often requiring subsampling of one of them. Both GS and IPR have been
primarily developed to assess generative adversarial networks (GANs) (Goodfellow et al., 2014).

The most recent and generally applicable method, GeomCA, extends GS and IPR in two ways:i) it
provides functionality to analyze individual connected components of the approximated manifold,
hence enabling one toexamine local areasof representation spaces where inconsistencies arise, and
ii) characterizes the captured geometry in four global scores:precisionPG andrecall R G , which are
similar to IPR, as well asnetwork consistencycG and network qualityqG , which are also the basis
of the GeomCA local evaluation scores (see Section 3 for recap). GeomCA estimates the manifolds
using"-proximity graphs where the hyperparameter" de�nes the maximum distance between two
points connected by an edge and is estimated from distances among points inR. However, in
practice, representations often form clusters of different shape and density which makes it impossible
to select a single value of" that adequately captures such variations (see examples in panel (c)).

Moreover, GeomCA reduces the number of points by performing geometric sparsi�cation that ex-
tracts a subset of points from each ofR andE being pairwise at least distance� apart, where� is
estimated from". While the authors argue that this step does not affect their scores as it preserves
the topology, we show that it nevertheless can bias the manifold estimation ofR andE. An example
is illustrated in the bottom component of panels (c) and (d), where the sparsi�cation removes a large
portion of the denseE subset and arti�cially increases the precision. We demonstrate the occurrence
of this scenario in the evaluation of a GAN model in Section 4.2.

Our DCA framework utilizes Delaunay graphs (panel (e)) to address the discussed limitations in
manifold approximations of the existing methods, and employs evaluation scores introduced by Pok-
lukar et al. (2021) to maximize its informativeness. Moreover, it extends the existing methods by
additionally providing a general framework for quality evaluation of single query representations.

3 METHOD

We proposeDelaunay Component Analysis (DCA)algorithm for evaluation of data representations
consisting of three parts:i) manifold approximationwhich approximates the Delaunay graph on
the given sets of representations,ii) component distillationwhich distills the graph into connected
components, and lastlyiii) component evaluationwhich outputs the evaluation scores summarizing
the geometry of the data. We provide an outline of our DCA framework in Algorithm 1 found
in Appendix A. Moreover, by exploiting the nature of Delaunay graphs, DCA can be ef�ciently
implemented (Section 3.2) and extended for evaluation of individual representations (Section 3.1).

Phase 1: Manifold approximation As mentioned in Section 1, the unique property of Delaunay
graphs is the de�nition of neighbouring points that are connected by an edge. For example, in an
"-graph, two points are adjacent if they are at most" distance apart. In akNN graph, a point is
connected to all points that are closer than thek-th smallest distance of that point to any other. In
contrast, in a Delaunay graph (Figure 1), a point is adjacent to any point that is its spatial neighbour,
regardless of the actual distance between them or the number of its other spatial neighbours. We
refer to such spatial neighbours asnaturalneighbours of a point and rigorously de�ne them through
Voronoi cells (depicted as dashed lines in Figure 1) in the following.

De�nition 3.1 Given a setW � RN we de�ne the Voronoi cellCell(z) associated to a
point z 2 W as the set of points inRN for which z is the closest amongW : Cell(z) =�

x 2 RN
�
� kx � zk � k x � zi k8zi 2 W

	
. The Delaunay graphGD (W ) = ( V; E) built on the

set V = W is then de�ned by connecting points whose Voronoi cells intersect, i.e.,E =
f (zi ; zj ) 2 W � W j Cell(zi ) \ Cell(zj ) 6= ; ; zi 6= zj g.
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We consider a reference setR = f zi g
n R
i =1 � RN and evaluation setE = f zi g

n E
i =1 � RN of data

representations withR 6= E, and approximate the Delaunay graphGD = GD (R [ E). By De�ni-
tion 3.1, edges inGD correspond to points on the boundary of Voronoi cells which are obtained using
Monte Carlo based sampling algorithm presented by Polianskii & Pokorny (2019) (see Appendix A
for further details). The process, visualized in Figure 3, is based on sampling rays originating from
eachz 2 R [ E and �nding their intersection with the boundary of its Voronoi cellCell(z). This
allows to reconstructGD via subgraph approximation, and can be additionally exploited for memory
optimizations which we present in Section 3.2. Due to the sampling, the number of found edges
directly depends on the numberT of rays sampled from eachz. However, as we show in ablation
studies in Appendix B.1 and B.2, our evaluation framework is stable with respect to the variations
in T. Next, we discuss the distillation ofGD into connected components.

Phase 2: Component distillationSince edges inGD are obtained among natural neighbours,GD
consists of a single connected component uniting regions of points formed in different densities or
shape. These can be distinguished by removing large edges (depicted with transparent edges in
Figure 1), or equivalently, by �nding clusters of points having similar natural neighbours (depicted
with opaque edges in Figure 1).

Figure 3: Delaunay graph ap-
proximation. In this exam-
ple, �ve rays (green arrows)
detect four Delaunay edges
(solid gray). The angular size
� ij of the bottom right bound-
ary is marked in red.

We distill GD into connected components by adapting the state-
of-the-art hierarchical clustering algorithm HDBSCAN (McInnes
et al., 2017) summarized in Appendix A. We apply the part of HDB-
SCAN that extracts connected componentsfGi g from the minimum
spanning tree1 MST(GD ). We emphasise that applying HDBSCAN
directly on MST(GD ) ef�ciently bypasses the calculation of a com-
plete pairwise distance matrix2 of size nR + nE which becomes
a computational burden for largeR andE sets. Such calculation
is an integral part of HDBSCAN performed to reduce the sensitiv-
ity of the method to noise or outliers which can be omitted in case
of Delaunay graphs due their natural neighbourhood structure (see
Appendix A for further details). In this way, our modi�cation of
HDBSCAN inherits only one of its original hyperparameters, the
minimum cluster sizemcs parameter, determining the minimum
number of points needed for a set of points to form a cluster. This
parameter is intuitive to tune and can be �exibly adjusted depending
on the nature of the application. In our ablation studies reported in
Appendix B.1 and B.2, we show that DCA is stable with respect to variations inmcs. At the end of
this phase, we obtain thedistilled Delaunay graphGDD =

F
i Gi of GD which we denote simply by

Gwhen no confusion arises. Lastly, we analyze the components ofGas summarized below.

Phase 3: Component evaluationWe analyze the connected componentsGi of G using local and
global evaluation scores introduced by Poklukar et al. (2021) which we recap below. Following
their notation, we denote byjGjV andjGjE the cardinalities of the vertex and edge sets of a graph
G = ( V; E), respectively, and byGQ = ( VjQ ; EjQ� Q ) � G its restriction to a setQ � V .

We start by introducing the two local scores:component consistency and quality. Intuitively, a
componentGi attains high consistency if it is equally represented by points fromR andE, i.e., if
jGR

i jV � jG E
i jV , whereGR

i ; GE
i denote the restrictions ofGi to R andE. Similarly, Gi obtains a

high quality score if points fromR andE are also well mixed which is measured in terms of edges
connectingR andE, i.e., the points are geometrically well aligned if the number ofhomogeneous
edges among points in each of the sets,jGR

i jE andjGE
i jE, is small compared to the number ofhet-

erogeneousedges connecting representations fromR andE. This is rigorously de�ned as follows:

De�nition 3.2 (Local Evaluation Scores, Poklukar et al. (2021))Consistencyc and qualityq of a
componentGi � G are de�ned as the ratios

c(Gi ) = 1 �
j jGR

i jV � jG E
i jV j

jGi jV
and q(Gi ) =

(
1 � ( jGR

i jE + jGE
i jE )

jGi jE
if jGi jE � 1;

0 otherwise;
(1)

1Minimum spanning tree of a graph is a tree minimizing the total edge length and connecting all vertices.
2The matrix represents mutual reachability distance calculated among each pair of points with respect to the

minimum samples parameter.
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respectively. Moreover,Gi is called consistent ifc(Gi ) > � c and of high-quality ifq(Gi ) > � q
for given thresholds� c; � q 2 [0; 1) � R. A consistent component of high-quality as determined
by � c; � q is called a fundamental component. The union of fundamental components is denoted by
F = F (G; � c; � q) and indexed by the subscriptf , i.e., we writeGf 2 F .

The thresholds� c; � q are designed to enable a �exible de�nition of fundamental components and
are assumed to be set depending on the application and available prior knowledge. By examining
the proportion ofR andE points contained inF , we obtain the �rst two global scores:precision
andrecall, respectively. Two more global scores,network consistencyandnetwork quality, used to
measure global imbalances and misalignment betweenR andE, can be simply derived by extending
De�nition 3.2 to the entire graphG. In summary, we consider the following global evaluation scores:

De�nition 3.3 (Global Evaluation Scores, Poklukar et al. (2021))We de�ne network consistency
c(G) and network qualityq(G) as in De�nition 3.2, as well as precisionP and recallR as

P =
jF E jV
jGE jV

and R =
jF R jV
jGR jV

; (2)

respectively, whereF R ; F E denote the restrictions ofF = F (G; � c; � q) to the setsR andE.

3.1 EXTENSION: QUERY POINT INSERTION AND EVALUATION

A practical evaluation framework should not only provide a functionality to analysesetsof represen-
tations but also to assess the quality ofindividualpoints with respect toR, which is desirable in any
application where data is being collected continuously. In case of Delaunay graphs, evaluating the
quality of a query pointq � RN nR is equivalent to studying its insertion into the distilled Delaunay
graphGDD (R). Formally, we consider theneighbourhoodN (q) of q in the distilled Delaunay graph
GDD (R [ f qg) de�ned as the subgraph ofGD (R [ f qg) induced by all vertices adjacent toq includ-
ing q and intersected withGDD (R). To �nd the edges ofN (q), it suf�ces to perform the sampling
process described in Phase 1 only within the Voronoi cellCell(q) of GD . In fact, this process can be
ef�ciently performed for a setQ of query points independently from each other and has equal com-
putational complexity as the construction ofGD (R) provided thatjRj andjQj are comparable. We
refer to this extension asquery (point) Delaunay Component Analysis, or in short,q-DCAalgorithm.

The obtained neighbourhood graphN (q) = ( VN (q) ; EN (q) ) can be analyzed in numerous ways
depending on the application. In this work, we experiment with the length and the number of the
inserted edges in three ways:i) by extracting the point inR closest toq, ii) by additionally extracting
the length of that edge, oriii) by examining the number of inserted edges to each fundamental
component as well as the length of the shortest one. We provide a summary of the three variants in
Algorithm 2 in Appendix A and experimentally validate them in Section 4.

3.2 DELAUNAY GRAPH REDUCTION VIA SPHERECOVERAGE

In high dimensions, the Delaunay graphGD can have a large number of edges. In this section, we
propose an optional procedure for removing the least signi�cant edges and thus reducing the overall
memory consumption.

During the construction ofGD , the probability of sampling an edge(zi ; zj ) 2 E(GD ) directly de-
pends on the angular size ofCell(zi ) \ Cell(zj ) viewed from one of the points3. It is visualized in
Figure 3 and formally de�ned as the solid angle� ij 2 (0; 1] at zi of a cone with vertexzi and base
Cell(zi ) \ Cell(zj ) normalized by the volume of the unit hypersphere. It is approximated by the
ratio of all rays sampled fromzi that provided the corresponding edge(zi ; zj ) using the algorithm
of Polianskii & Pokorny (2019). Intuitively, low� ij values correspond to edges that are unstable
(depicted with thinner lines in Figure 1) because they may disappear with small perturbations of
data. We therefore propose to remove the longest edges(zi ; zj ) connectingzi such that the sumP

j � ij of solid angles corresponding to the remaining ones is larger than a predetermined parame-
ter B 2 [0; 1). We refer toB assphere coverageand demonstrate its usefulness on the large scale
experiment in Section 4.2 and perform an ablation study in Appendix B.1.

3The authors of Rushdi et al. (2017) call this signi�cance.
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