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Abstract

Stochastic gradient-based optimization methods, such as L-SVRG and its accelerated vari-
ant L-Katyusha (Kovalev et al. [2020)), are widely used to train machine learning models.
Theoretical and empirical performance of L-SVRG and L-Katyusha can be improved by
sampling the observations from a non-uniform distribution |Qian et al,| (2021). However,
to design a desired sampling distribution, |Qian et al. (2021)) rely on prior knowledge of
smoothness constants that can be computationally intractable to obtain in practice when
the dimension of the model parameter is high. We propose an adaptive sampling strategy
for L-SVRG and L-Katyusha that learns the sampling distribution with little computa-
tional overhead, while allowing it to change with iterates, and at the same time does not
require any prior knowledge on the problem parameters. We prove convergence guarantees
for L-SVRG and L-Katyusha for convex objectives when the sampling distribution changes
with iterates. These results show that even without prior information, the proposed adap-
tive sampling strategy matches, and in some cases even surpasses, the performance of the
sampling scheme in [Qian et al|(2021)). Extensive simulations support our theory and the
practical utility of the proposed sampling scheme on real data.

1 Introduction

We aim to minimize the following finite-sum problem:
min F(z) = 1 zn:f(x) (1)
zERY o n P ! ’

where each f; is convex, differentiable, and L;-smooth — see Assumptions The minimization problem
equation [l is ubiquitous in machine learning applications, where f;(x) typically represents the loss func-
tion on the i-th data point of a model parametrized by z. Due to computational concerns, one typically
solves equation [1| via a first-order method (Bottou et al., [2018]|), however, when the sample size, n, is large,
even computing the full gradient VF(x) can be computationally expensive. As a result, stochastic first-order
methods, such as stochastic gradient descent (SGD) (Robbins & Monro, 1951)), are the modern tools of choice
for minimizing equation

Since SGD iterates cannot converge to the minimizer without decreasing the learning rate due to nonvanishing
variance, a number of variance reduced methods, such as SAG (Schmidt et al., |2017), SAGA (Defazio et al.,
2014), SVRG (Johnson & Zhang, |2013), and Katyusha (Allen-Zhul [2017), have been proposed, and such
methods can converge to the optimum of equation [Teven with a constant learning rate. In this paper, we focus
on L-SVRG and L-Katyusha (Kovalev et all |2020)), which improve on SVRG and Katyusha by removing
the outer loop in these algorithms and replacing it with a biased coin-flip. This change simplifies parameter
selection, leads to a better practical performance, and allows for a more clear theoretical analysis.

Stochastic first-order methods use a computationally cheap estimate of the full gradient VF'(z) when min-
imizing equation [1} For example, at the beginning of the round ¢, SGD randomly draws i; € [n] according
to a sampling distribution p’ over [n], and forms an unbiased estimate V f;, (z) of VF(z). Typically, the
sampling distribution p’ is the uniform distribution, p* = (1/n,---,1/n), for all . However, using a non-
uniform sampling distribution can lead to faster convergence (Zhao & Zhang}, 2015; Needell et al., |2016; |Qian
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let al., 2019; [Hanzely & Richtarik, [2019; Qian et al., |2021). For example, when the sampling distribution
is pf¥ = (!, | pl) T, with p!¥ = L;/(3°;_, L;) = L;/(nL), then the convergence rate of L-SVRG and
L-Katyusha can be shown to depend on the average smoothness L := (1/n) >, L;, rather than on the maz-
imum smoothness Lyax ‘= maxi<i<, L; (Kovalev et all 2020). Sampling from a non-uniform distribution is

commonly referred to as importance sampling (IS).

While sampling observations from p’® can improve the speed of convergence, p/® depends on the smoothness
constants {Li}ie[n}. In general, these constants are not known in advance and need to be estimated, for
example, by computing sup,cga Amax(V2fi(z)), i € [n], where Ap.x(-) denotes the largest eigenvalue of
a matrix. When the dimension d is large, it is computationally prohibitive to estimate the smoothness
constants, except in some special cases, such as linear and logistic regression. In this paper, we develop a
method for designing a sequence of sampling distributions that leads to the convergence rate of L-SVRG
and L-Katyusha that depends on L, instead of Lyay, without prior knowledge of {Li}icn)-

Rather than designing a fized sampling distribution, where pt = p for all ¢, we design a dynamic sampling
distribution that can change with iterations of an optimization algorithm, that is, we generate a sequence of
sampling distributions. We follow a recent line of work that formulates the design of the sampling distribution
as an online learning problem (Salehi et al., |2017; Borsos et al., 2019; Namkoong et al., 2017; [Hanchi &
[Stephens| [2020} |Zhao et al., 2021). Using the gradient information obtained in each round, we update the
sampling distribution with minimal computational overhead. This sampling distribution is subsequently
used to adaptively sample the observations used to compute the stochastic gradient. When the sequence
of designed distributions is used for importance sampling, we prove convergence guarantees for L-SVRG,
under both strongly convex and weakly convex settings, and for L-Katyusha under strongly convex setting.
These convergence guarantees show that it is possible to design a sampling distribution that not only does
as well as p’®, but can improve over it without using prior information. We focus on the comparison with
p’® as it the most widely used fixed sampling distribution (Qian et al.l 2021 and it leads to the best-known
convergence rates with fixed sampling distribution (Zhao & Zhang, |2015}; Needell et al., [2016)).

Our paper makes the following contributions. We develop an adaptive sampling algorithm for L-SVRG
and L-Katyusha that does not require prior information, such as smoothness constants, resulting in the
first practical sampling strategy for L-SVRG and L-Katyusha. We prove convergence guarantees for L-
SVRG, under both strong and weak convexity, and L-Katyusha, under strong convexity, with a sequence of
sampling distributions that change with iterations. These theoretical results tell us when the sequence of
sampling distributions performs as well as p/®, and, surprisingly, in what case it does better. Our numerical
experiments support these findings. While both the control variate technique in SVRG and adaptive sampling
are trying to minimize the variance of stochastic gradients, they are actually reducing the variance from
different aspects. We also illustrate this difference in a simulation. Extensive simulations are designed to
provide empirical support to various aspects of our theory, while real data experiments show the practical
benefits of adaptive sampling. Given the low computational cost and superior empirical performance, we
believe that our adaptive sampling should be considered as the default alternative to the uniform sampling
used in L-SVRG and L-Katyusha.

Related work. Our paper contributes to the literature on non-uniform sampling in first-order stochastic
optimization methods. Zhao & Zhang| (2015)) and Needell et al.| (2016) studied non-uniform sampling in
SGD, Richtarik & Takéc| (2016)) in stochastic coordinate descent, and Qian et al.| (2021) in L-SVRG and
L-Katyusha. Prior work focused on sampling from a fixed design, while we allow the sampling distribution to
change with iterates. This is an important difference as the best sampling distribution changes with iterations
and a fixed sampling distribution is a poor substitute to the best sequence. The sampling distribution can be
designed adaptively using an online learning framework (Namkoong et al.l |2017} |Salehi et al.l [2017; Borsos|
let al., 2018; 2019; Hanchi & Stephens), |2020; |Zhao et al., 2021). We call this process adaptive sampling, and
its goal is to minimize the cumulative sampling variance, which appears in the convergence rates of L-SVRG
and L-Katyusha (see Section [3). More specifically, Namkoong et al| (2017)); [Salehi et al.| (2017) designed
the sampling distribution by solving a multi-armed bandit problem with the EXP3 algorithm.
took an online convex optimization approach and made updates to the sampling distribution
by follow-the-regularized-leader algorithm. Borsos et al| (2019)) considered the class of distributions that
is a linear combination of a set of given distributions and used an online Newton method to update the
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weights. |[Hanchi & Stephens| (2020)); |Zhao et al.| (2021]) investigated non-stationary approaches to learning
sampling distributions. [Zhao et al.| (2021)) is the only work that compared their sampling distribution to
a dynamic comparator that can change with iterations without requiring stepsize decay. While our theory
quantifies the effect of any sampling distribution on the convergence rate of L-SVRG and L-Katyusha, we use
AdaOSMD |Zhao et al.|(2021)), which leads to the best upper bound and yields the best empirical performance.

Notation. For a positive integer n, let [n] := {1,--- ,n}. We use || - || to denote the ls-norm in the
Euclidean space. Let P,,—1 = {z € R": Y 1" 2, =1,2; > 0,j € [n]} be the (n — 1)-dimensional simplex.
For a symmetric matrix A € R?¥4, we use Apax(A) to denote its largest eigenvalue. For a vector z € R?, we
use x; or z[j] to denote its j-th entry. For two sequences {a,} and {b,}, a, = O(by,) if there exists C > 0
such that |a,,/b,| < C for all n large enough; a,, = O(b,,) if a,, = O(b,,) and b,, = O(a,,) simultaneously.

Organization of the paper. In Section 2] we introduce the algorithm for designing the sampling distribu-
tion. In Section [3] we give the convergence analysis. Extensive simulations that demonstrate various aspects
of our theory are given in Section [d} Section [f] illustrates an application to real world data. Finally, we
conclude the paper with Section [0}

2 AS-LSVRG and AS-LKatyusha

We introduce our modifications of L-SVRG and L-Katyusha that use adaptive sampling, namely, Adaptive
Sampling L-SVRG (AS-LSVRG, Algorithm [1)) and Adaptive Sampling L-Katyusha (AS-LKatyusha, Algo-
rithm. The key change here is that instead of using a fixed sampling distribution p? = p, t > 0, we allow
the sampling distribution to change with iterations and adaptively learn it.

Step 8| of Algorithm and Step [L0| of Algorithm [2{use AdaOSMD (Zhao et al.| |2021)) to update the sampling
distribution, which is described in Algorithm[3] AdaOSMD uses Online Stochastic Mirror Descent (OSMD) to
minimize the sampling loss sequence {I7 (-) }s>1, where I (q) = (1/n2) Y1, at/qi, at = |V f;(2!) =V f;(w)]|?,
and q € P,_;. More specifically, at the t-th iterate, using the sampling distribution p! AdaOSMD samples
the loss function 4, and gets the feedback af, = ||V f;, (2') — V f;, (w")[|*>. AdaOSMD then uses p* and a, to
construct an unbiased estimate of the sampling loss and its gradient as defined in equation [ and equation [f]
These estimates are used in Line [10] of Algorithm [3] to update the sampling distribution. To automatically
choose the best learning rate, AdaOSMD uses a set of expert learning rates and combines them using
exponentially weighted averaging. Note that the total number of iterations T is assumed to be known and
used as an input to AdaOSMD. When the number of iterations 7" is not known in advance, Zhao et al.| (2021)
proposed a doubling trick, which could also be used here.

While AdaOSMD allows for choosing a mini-batch of samples in each iteration, here we focus on choosing
only one sample in each iteration. We choose ® to be the unnormalized negative entropy, that is, ®(z) =
O (x) = 2%21 T lOg Ty, — Zf;{zl Ty, © = (21,...,227)" € [0,00)M, with 0log0 defined as 0. This way,
Line [I0] of Algorithm [4] can be efficiently solved by Algorithm [l The set of expert learning rates is given as

P {261 - a® Jlogn

e:1,2,...,E}, (2)

nd3al V 2T
where
E = |*] % log, (1 + 4log(n/a) liigl/a) (T — 1)) + 1. (3)
The learning rate in AdaOSMD is set as v = 24/ 75;, where a' = max;e[,) ||V f;(z")|. For all experiments

in the paper, we set a = 0.4.

3 Convergence analysis

We provide convergence rates for AS-LSVRG (Algorithm and AS-LKatyusha (Algorithm 7 for any
sampling distribution sequence {p’};>o. We start by imposing assumptions on the optimization problem in
equation [I]
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Algorithm 1 AS-LSVRG
1: Input: learning rates {n}:>1, p € (0,1].
2: Initialize: 2° = w%; p® = (1/n,--- ,1/n)".
3: fort=0,1,--- ,T—1do
4:  Sample i, from [n] with p* = (p},--- ,pt)T.
5: gt = n;i-’ (Vfit (iCt) — Vfit (wt)) + VF(wt)
6: ot = th - ntgt.
st xt  with probability p,
w?  with probability 1 — p.
8 Update p! to p**! by AdaOSMD (Algorithm [3).
9: end for

Algorithm 2 AS-LKatyusha

1: Input: learning rates {n};>1, p € (0,1], 61,02 € [0,1],0 <k <1, L > 0.
2: Initialize: v° = w° = 2Y.

3: fort=0,1,--- ,T—1do

4: 2t =012 + Owt + (1 — 01 — o).

5. Sample i; from [n] with pt = (p!,--- ,p%)".

6: g'= ngt (Vfi (2") = fi,(w")) + F(w').

T A = (ke + 2T RgY)

8 vl =gt 40, (2tH - 2t).

vt with probability p,

w?  with probability 1 — p.

10:  Update p* to p**! by AdaOSMD (Algorithm [3).
11: end for

9: thrl =

Assumption 1 (Convexity). For each i € [n], the function f;(-) is convex and first-order continuously
differentiable:

fi) > fily) + (Vfily),x —y)  for all z,y € R

Assumption 2 (Smoothness). For each i € [n], the function f; is L;-smooth, that is,
IV fi(x) = VI < Lillw =yl for all z,y € R%.
Furthermore, the function F is Lg-smooth, that is,

|VE(zx) = VF(y)|| < Lelx -yl for all z,y € R%.

Recall that L = (1/n) 71, Ly and L.y = max)<ij<pn L;. By the convexity of || - || and Jensen’s inequality,
we have that Lry < L. Finally, for some results, we will assume that F' is strongly convex.

Assumption 3 (Strong Convexity). The function F(-) is p-strongly convez, that is,
]
F(z) > F(y) + (VF(y),z = y) + S v = o]

for all z,y € R, where u > 0.

We further define additional notations that will be used to state the convergence results. The sampling
variance of a sampling distribution p’ at the ¢-th iteration is

Vi (p!) == V! (p) — |[VF(a') — VF(uh)|]?,

€
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Algorithm 3 AdaOSMD

1: Input: Meta-algorithm learning rate ~; expert learning rates £ = {n < n2 < --- < ng}; a € (0,1];

A=P,_1N][a/n,c0)”. Number of iterations T

2: Qutput: pt fort=1,...,7T.
3: Set 0! = (1+1/E)/(e(e+ 1)), e € [E].
4: for t = 1,2,...,T—1 do
5. Compute pt = 27 | Gepe
6:  Sample i; from [n] by pt. Let af = ||V f;, (z") — V f;, (w")||*.
7. fore=1,2,...,F do
8: Compute the sampling loss estimate
A 1 at
S (t.t) it
lt (pe’p ) - ﬁ ’ pgtpz’it' (4)
9: Compute the sampling loss gradient estimate Vif (p; pt) € R™: all entries are zero except for the
i¢-th entry, which is
VIS (ptip)] =y (5)
t pe’ p i - n2 pi (png)2 .
10: Solve pt+t = argmin, e 4 7. (p, VI (p%; p)) + Do (p || PL) using Algorithm [4| with the learning rate

Ne-
11: end for

12:  Update the weights of each expert
0t exp { —i5 (b p) }
S Ot exp {—0F (Pl |

et—i-l _

13: end for

e € [E].

Algorithm 4 Solver for Step [10] of Algorithm

Input: p*, iy, al , A= P,_1 N[a/n,00)". Learning rate ¢;.
Output: p”l.

Let ﬁzfﬂ = pt exp {Cial,/ ((p},)?)} and pi™ = p! for i ;é it

Sort {pt'*'1 ™, in a non-decreasing order D (11) < pitl n(2) S S D

Let v; = ij('l) (1-=La) for i € [n].

Let u; = 237", pf:(rjl) for i € [n].
Find the smallest 4 such that v; > u;, denoted as it.

~t+41
m(n)*

Let pit! = a/n if (i) < it and pit" = (1 — ((iX — 1)/n)a)pi ™) / (Z? it ﬁ?(j)) otherwise.




Under review as submission to TMLR

where 2t and w? are the optimization variable and control-variate, respectively, used in Algorithm [1| and
Algorithm [2] and
1 1 2
Vi) =D o |V fi(z") = V fi(w")|| (6)
i=1 1

is the effective sampling variance. The optimization heterogeneity is defined as
1 n
ol = PN AFACI (7)
i=1

and the smoothness heterogeneity as Liay/L. Let pt = arg mingep | V! (p!) be the oracle optimal dynamic
sampling distribution at the ¢-th iteration, which has the closed form as
: [Vfi(z") = V fi(w)]

P S vEE - vhwa )

Let z* € argmin cps F(z).

3.1 Convergence analysis of AS-LSVRG

We start by providing a convergence rate of AS-LSVRG (Algorithm [1}) under strong convexity. Let
L1 G1 . 2
D=3 VAl = Vi) 9)
i=1 "

Roughly speaking, D! measures the weighted distance between control-variates w? and the minimizer x*,
where the weights are the inverse of Lipschitz constants.

Theorem 1. Suppose Assumptions hold. Let n; =n for all t, where n < 1/(6L + L), and let

aq ::max{l—nu,l—g}.

Then

27 27 T
E HmT o x*H2 + 477,0LDT] < oleIE [on . x*H2 + ‘”IpLDo} + nzzalT—tE [Vet (pt) _ Vet <pIS)} )
t=0

See proof in Appendix[A-1] From the convergence rate in Theoremﬂ we see that a good sampling distribution
sequence should minimize the cumulative sampling variance >°,_, o] 'E[V/ (p*)]. This justifies usage of
AdaOSMD to design a sequence of sampling distributions, as its purpose is to minimizes the cumulative
sampling variance (Zhao et al., [2021). When

2 i RV (p) ~VE(p™)] = 0(aF). (10)

the iteration complexity to achieve e-accuracy is O(1/(log(1/a1))log(1/€)). When p = 1/n,n=1/(6L+Lp),
and both L/p and n are large, this bound is O((n+ L/ ) log(1/¢€)), which recovers the complexity of L-SVRG
when sampling from p’® (Qian et al.l [2021).

When equation [I0] holds, we can further compare the iteration complexity of AS-LSVRG with the iteration
complexity of SGD with importance sampling from p’®, which is O((02/(u%€) + L/p)log(1/€)), where o2
is defined in equation |z| (Needell et al. [2016]), and the iteration complexity of L-SVRG, which is O((n +
Lpax/p)log(1/€)) (Kovalev et all [2020). First, we observe that the iteration complexities of AS-LSVRG
and L-SVRG do not depend on o2, while the iteration complexity of SGD does. This shows that control-

variate improves upon optimization heterogeneity. Second, we observe that both iteration complexities of
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AS-LSVRG and SGD depend on L, while the iteration complexity of L-SVRG depends on Lyay. This shows
that adaptive sampling improves upon smoothness heterogeneity. Based on these two observations, we have
the following important takeaway:

While the control-variate and adaptive sampling are both reducing the wvariance of stochastic gradient,
the control-variate is improving upon optimization heterogeneity and adaptive sampling is improving upon
smoothness heterogeneity.

Another important observation is that when p’ = p%, we have V! (p!) < V! (p’®). Therefore, the per-
formance of the oracle optimal dynamic sampling distribution is at least as good as the fixed sampling
distribution p’®. The gains from using a dynamic sampling distribution can be significant, as we show in
experiments in Section 4| and Section While the closed form of pl in equation [8| requires knowledge of
Vfi(zt) — Vfi(w'), which is not available in practice, we can minimize the cumulative sampling variance
Zthl V! (p!) sequentially using AdaOSMD, which results in the approximation p*, without the need for
prior information. We discuss in Section below when this adaptive sampling strategy can perform better
than p’®

The following result provides the convergence rate when F(z) is weakly convex.

Theorem 2. Suppose Assumptions and@ hold. Let n; = n for all t, where n < 1/(6Lp), and let 27 =
(1/T) [, a*. Then

E [F(&") - F(z%)] <

e 2o = 2P () e} SR () -V 67

See proof 1n Appendix [A2] In the weakly convex case, the cumulative sampling variance is defined as
Zt oE[VE(p")] and a good Samphng distribution sequence should minimize it. When n = 1/(6LF), p =

1/n, and Zt LE[VE(PY) =V (p"™)] = O(T(Lr + n)), the iteration complexity to reach e-accuracy is
O((Lr +mn)(1/e)), Wthh recovers the rate of L-SVRG when sampling from p’® |Qian et al.| (2021]).

3.2 Convergence analysis of AS-LKatyusha

We prove a convergence rate for AS-LKatyusha (Algorithm [2)) under strong convexity. Let

2

t L(1 28 t *

Z' = (2_;:]) Hz —T ’ ,

V= 91—1 (F(v') — F(2%)), (11)
t.__ 92(1 "’91) t *

w —T(F(w)—F(a: )),

and U! := Z! + YVt + W' We then have the following theorem. See proof in Appendix

Theorem 3. Suppose Assumptions hold. Let n; = n for all t, where n = (14 62)01) 0, and k = p/L
with L= L. Let 6 =1/2, 6, <1/2, and

L o ﬁ . po1
az._max{1+nﬁ, 2,1 1+91}.
Then
1 T-1
B[07] <o + of [V (p!) -V, (b))
4L91 P

Here, the cumulative sampling variance is defined as ZT ! 2T IR [V (pt)], and it can be used as the min-

imization objective to design a sequence of sampling distributions. When p = 1/n, 61 = min{y/2xn/3,1/2},
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and th:ol as "TIE[VE(p?) — VI (p¥)] = O(e), then the iteration complexity to reach e-accuracy is

O((n + y/nL/u)log(1/€)), which recovers the rate of L-Katyusha when sampling from p’® |Qian et al.
(2021). Additionally, when compared with the rate of L-Katyusha [Kovalev et al.| (2020), we see that the
dependency on L.y is improved to L, which is consistent with our conclusion in Section that adaptive
sampling is responsible for improving smoothness heterogeneity.

3.3 Benefits of adaptive sampling

We analyze when adaptive sampling will improve over sampling from p’®. We first emphasize that sampling
from p’® requires knowledge of Lipschitz constants {Li}icin) that, in general, are expensive to compute. On
the other hand, the additional computational cost of adaptive sampling is usually comparable to the cost of
computing a stochastic gradient.

In addition to computational benefits, there are certain settings where adaptive sampling may result in
improved convergence, despite not using prior information. A key quantity to understand is

AV (prT) =" aTE V! (p"5) - VI ()]

where a € {1, s, 1}, depending on what algorithm is used and what Assumptions are made. The larger
AV (p*7T) is, the more beneficial adaptive sampling is. In the following, we discuss when AV (p7) is large.
Despite the fact that pl7 is not available in practice, AV (pl?) can be used to understand when adaptive
sampling methods that approximate p% will be superior to using p’* for importance sampling.

In many machine learning applications, f;(z) has the form f;(x) = I(z,&;), where &; is the i-th data point.
Let 27 € R? be such that Vi(zF, &) = 0. Then ||V f;(2)|| = |[VI(x,&) — Vi(xr, &)||. This way, we see that
the variability of norms of gradients of different data points has two sources: the first source is the difference
between &;’s, the second source is the difference between x7’s. We name the first source as the context-shift
and the second source as the concept-shift.

When f;(x) is twice continuously differentiable, we have

L; = sup Amax (Vsz(x)) = SUP Amax (Vle(xvgz)) .
zER? z€R?

Thus, when we use p’® to sample, we ignore the concept-shift and only leverage the context-shift with the
sampling distribution. As a result, p/® is most useful when the context-shift dominates. On the other hand,
adaptive sampling takes both the concept-shift and context-shift into consideration. When the major source
of gradient norm differences is the concept-shift, adaptive sampling can perform better than sampling from
p!®. This is illustrated in Section

4 Synthetic data experiment

We use synthetic data to illustrate our theory and compare several different stochastic optimization algo-
rithms. We use L-SVRG, Optimal-LSVRG, and IS-LSVRG to denote L-SVRG + uniform sampling, L-SVRG
+ oracle optimal sampling, and L-SVRG + sampling from p’®, respectively. SGD, Optimal-SGD, IS-SGD,
L-Katyusha, Optimal-LKatyusha, and IS-LKatyusha are defined similarly. Besides, AS-LSVRG and AS-
LKatyusha are referring to Algorithm [T] and Algorithm

We set p = 1/n for all algorithms. The algorithm parameters of L-Katyusha with all sampling strategies
are set as in Theorem (3, where L = L for Optimal-LKatyusha and IS-LKatyusha, L = Lyax for L-SVRG.
We let L = 0.4L.x + 0.6L for AS-LKatyusha. For the parameters of AdaOSMD, we set them as stated in
Section [2f when we choose a mini-batch of samples in each iterate, we set them as in Zhao et al.| (2021]).

Data generation: We generate data from a linear regression model: b; = (6* a;) + (;, where a; ey

N(0,s; - X) with X = diag(%ﬁ_l7 e ,25%_1) and s; & eN O ¢, S N(0,0?), and the entries of 6*
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Figure 1: Comparison of four methods: SGD, Optimal-SGD, L-SVRG, and Optimal-LSVRG. Columns
correspond to different ¢ values, while rows correspond to different v values. The learning rate the same for
all algorithms, and is 0.1 when v = 0, is 0.05 when v = 0.5, and is 0.005 when v = 1.0.

are generated i.i.d. from N (10.0,3.0%). Welet fi(x) == I(x; a;, b;), where (x5 a;, b;) = (1/2)(b;—(z, a;))? is the
square error loss. In this setting, the variance o2 controls the optimization heterogeneity in equation with
larger o2 corresponding to larger optimization heterogeneity, while v controls the smoothness heterogeneity,
with larger v corresponding to larger smoothness heterogeneity. Under this model, the variability of the
norms of gradients is caused mainly by the differences between b;’s, which corresponds to the context-shift.
Therefore, we expect that sampling according to p’® would perform similarly to oracle optimal sampling.
We set n = 100, d = 10, and report the results averaged across 10 independent runs.

4.1 SGD v.s. L-SVRG

We compare SGD and Optimal-SGD with L-SVRG and Optimal-LSVRG. From the results in Figure [T} we
have three main observations. First, with large optimization heterogeneity (rightmost column), Optimal-
LSVRG converges faster and can achieve a smaller optimal value compared to Optimal-SGD. This observation
is consistent with our conclusion in Section that the control variate is responsible for improving opti-
mization heterogeneity. Second, Optimal-LSVRG always improves the performance over L-SVRG, with the
largest improvement observed when the smoothness heterogeneity is large (bottom row). This observation
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Figure 2: Comparison of four methods: L-SVRG, Optimal-LSVRG, IS-LSVRG, AS-LSVRG. Columns cor-
respond to different o values, and rows correspond to different v values. The learning rate is the same for
all algorithms, and is 0.1 when v = 0, is 0.05 when v = 0.5, and is 0.005 when v = 1.0.

illustrates our conclusion that importance sampling can improve smoothness heterogeneity. Finally, we ob-
serve that L-SVRG is more vulnerable to the smoothness heterogeneity compared to SGD, which can also be
seen from the condition on the step size: we need 1 < 1/(6Lpyax) for L-SVRG (Theorem 5 of
(2020)) and we only need 1 < 1/Lyax for SGD (Theorem 2.1 of Needell et al.| (2016)) to ensure convergence.

4.2 Non-uniform sampling for L-SVRG and L-Katyusha

We compare L-SVRG and L-Katyusha with different sampling strategies. Figure[2]shows results for L-SVRG.
We observe that the performances of Optimal-LSVRG and IS-LSVRG are similar, since the context-shift
dominates the variability of the norms of the gradients. Furthermore, we see that adaptive sampling improves
the performance of L-SVRG compared to uniform sampling. The improvement is most significant when the
smoothness heterogeneity is large (bottom row).

Figure [3] shows results for L-Katyusha. We set the learning rate as in Theorem The oracle optimal
sampling distribution results in considerable improvement over sampling from p’® after adding acceleration.
In addition, we note that adaptive sampling efficiently improves over uniform sampling.

10
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Figure 3: Comparison of four methods: L-Katyusha, Optimal-LKatyusha, IS-LKatyusha, AS-LKatyusha.
Columns correspond to different o values, and rows correspond to different v values. The learning rates are
set based on Theorem [3]

4.3 Importance sampling v.s. adaptive sampling

We provide an example where adaptive sampling can perform better than sampling from p’®. We generate
data from a linear regression model b; = (6*,a;) + (;, where (; S N(0,0.5%) and, for each a; € R%, we
choose uniformly at random one dimension, denoted as supp(i) € [d], and set it to a nonzero value, while

the remaining dimensions are set to zero. The nonzero value a;[supp(i)] is generated from N (1.0,0.1%). The

entries of 6* are generated i.i.d. from eN(©+%),

n = 300 and d = 30.

Therefore, v controls the variance of entries of 6*. We let

In this setting, we have L; = ||a;||> = |a;[supp(i)]|?> ~ 1.0, and thus sampling from p!* will perform similarly

to uniform sampling. On the other hand, we have

IV fi(2)]| = [(z = 0%) [supp(é)] - as[supp(i)] + Gl -

Thus, the variability of the norms of the gradient is mainly determined by the variance of entries of 8*. For
each ¢ € [n], we can understand f; as a separate univariate quadratic function with the minimizer 0* [supp(i)],
and the variance of entries of 8* can be understood as the concept-shift. In this case, we expect that sampling
from p’® will not perform as well as oracle optimal sampling or adaptive sampling.

11
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We implement Optimal-LSVRG, IS-LSVRG, and AS-LSVRG with the stochastic gradient obtained from a
mini-batch of size 5, rather than choosing only one random sample, to allow adaptive sampling to explore
more efﬁcientlyﬂ The learning rate is set as 0.3. Figure |4] presents the results. We see that as v increases,
the gap between oracle optimal sampling and sampling from p’® increases as well, due to the concept-shift.
In addition, we see that adaptive sampling also performs better than sampling from p’®, despite the fact
that it does not use prior knowledge, since adaptive sampling can asymptotically approximate oracle optimal
sampling.

—— Optimal-LSVRG — IS-LSVRG —— AS-LSVRG
-0.5
1 10.0
-1.0 7.5
—_ 0
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S—-1.5
o -1 2.5
-2.0 0.0
-2
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t t t
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Figure 4: Optimal-LSVRG v.s. IS-LSVRG v.s. AS-LSVRG. Columns correspond to different v values.

5 Real data experiment

We use the w8a dataset from LibSVM classification tasks Zeng et al.| (2008); |(Chang & Lin| (2011). On a
real dataset, obtaining the theoretically optimal sampling distribution is infeasible, while constructing p’®
requires access to Lipschitz constants of each loss function. Therefore, here we only show the performance
of L-SVRG and AS-LSVRG on the following logistic regression problem:

n

1
in —— ilogpi + (1 —y;)log(l —pi)),
min —— ;Zl(y ogpi + (1 — i) log(1 — pi))

where p;(z) = p; = (1 + exp—aT2)71, y; € {0,1} is the response variable, and z; is the d-dimensional
feature vector. The learning rates for both L-SVRG and AS-SVRG are initially tuned over the grid
{1072,10715,...,10%}. The initial search showed us that the optimal learning rate should be in the in-
terval (0,1). Therefore, we tune the learning rates over a grid of 20 evenly spaced points on [0.05,1]. The
two algorithms are then used to train the model for 1000 iterations, repeated 10 times, and the best learning
rate is chosen by picking the one that corresponds to the lowest loss at the 1000-th iteration.

Figure [5| corresponds to the average log cross entropy loss over 10 runs against the number of iterations. The
shaded region corresponds to the standard deviation of the loss. When the batch size is 1, AS-LSVRG and
L-SVRG have similar convergence behaviour, but the standard deviation is reduced for AS-LSVRG. When
the batch size is 5, AS-LSVRG significantly outperforms L-SVRG.

We illustrate the performance of L-Katyusha and AS-LKatyusha by solving the following /s-regularized

optimization problem
n

. Hoa2
- E ilogpi + (1 —y;)log(l —pi)) + S|zl
ﬁi@ n i:1(y o8P +( b log p:) 2”33”

1AdaOSMD relies on the feedback obtained by exploration to update sampling distribution. A larger batch size will allow
adaptive sampling to explore more efficiently (in other words, to ’see’ more samples in each iteration). Compared with the fixed
sampling distribution, where a larger batch size is only reducing the variance of a stochastic gradient, a larger batch size will
also help adaptive sampling to make faster updates of the sampling distribution. Therefore, the adaptive sampling strategy is
generally more sensitive to batch size than sampling with a fixed distribution.

12
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Figure 5: LSVRG v.s. AS-LSVRG. Columns correspond to different batch sizes.
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Figure 6: L-Katyusha v.s. AS-LKatyusha. Columns correspond to different batch sizes. The learning rates
are set according to Theorem 3.2 from (Qian et al, 2021) and Theorem [3]in this paper.

where p; = p;(z) has the form as before and y = 10~7 to ensure that the problem is strongly convex. Figure@
shows results over 10 runs. AS-LKatyusha significantly outperforms its uniform sampling counterpart. While
some of the improvement in performance could be attributed to our superior dependence on the Lipschitz
constant, the losses we obtain enjoy slightly reduced variances.

6 Conclusion and future directions

We studied the convergence behaviour of L-SVRG and L-Katyusha when non-uniform sampling with a
dynamic sampling distribution is used. Compared to previous research, we do not restrict ourselves to a fixed
sampling distribution, but allow it to change with iterations. This flexibility enables us to design the sampling
distribution adaptively using the feedback from sampled observations. We do not need prior information that
can be computationally expensive to obtain in practice to design a well-performing sampling distribution.
Therefore, our algorithm is practically useful. We derive upper bounds on the convergence rate for any
sampling distribution sequence for both L-SVRG and L-Katyusha under commonly used assumptions. Our
theoretical results justify the usage of online learning to design the sequence of sampling distributions. More
interestingly, our theory also explains when adaptive sampling with no prior knowledge can perform better

13
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than a fixed sampling distribution designed using prior knowledge. Extensive experiments on both synthetic
and real data demonstrate our theoretical findings and illustrate the practical value of the methodology.

We plan to extend the adaptive sampling strategy to a broader class of stochastic optimization algorithms.
For example, stochastic coordinate descent (Zhu et al., |2016) and stochastic non-convex optimization algo-
rithms (Fang et all [2018). In addition, exploring adaptive sampling with second-order methods, such as
stochastic Quasi-Newton method (Byrd et al., 2016)), could be a fruitful future direction.
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A Proof of Main Theorems

A.1 Proof of Theorem [1I

We use the proof technique from Theorem 5 of [Kovalev et al. (2020). The key step is to decompose the
variance of the stochastic gradient. Let F; = o(xo,wo,z1, w1, -+ , L, w) be the o-algebra generated by
Zo, Wo, T1, W1, "+ , Ty, wt, and let B[] .= E[ - | F%] be the conditional expectation given F;.

Note that E.[¢g'] = VF(z"). By Assumption |3 we have
B (||t = o*[*] = B | [}2* — ng* — 2|
= Jlo* — a*||* = 20 (VF(a"),2" — a*) + 37Ee [|o"]]

< [lot = o*[* — 20 (Fat) = F@*) = Eliat = %)) + R, [|lo']]]

= (1—np)|j=" - x*”2 —2n (F(z") — F(z")) + n°E [HgtHQ] . (12)
Furthermore, we have
B [llg'°] = [llg" ~ i [o } + HEt gl

=V (p) - [[VF(' W)[* + | VEEY
=V (PIS)*HVF = VE@)|[* +[|VEEH|* + VE (p) -V (p7°)

L& .
*E;f IV fi(at) = Vfi(wh)||* = |[VF(z!) = VF(w)||

+ VPO + V! () - VE (07F)
<o L IVAE) VRO [TEEO ) -V @) 9

By Assumption 1] and Assumption I 2| that F(-) is convex and Lp-smooth, we have
V)| = V@) = VF@E)| < 2L (F(a') — F(a*). (14)
With D* in equation [9] we have

L1 : 12
- ;f IV fila") =V fuw")]

<2 IVAE) - VA + Y VA - 9
< %Z%( L) (fi(a") = fi(z*) = (Vfi(z*), 2" — 2*)) + 2LD"
=4L (F(a") — F(z*)) + 2LD". 15)

Combining equation [[3}equation [I5 we have
B, |lo]°] < 4L (F(a') = F(@*)) + 2Lp (F(a') = F(a")) +2LD" + V! (p') = V! (p'5).  (16)
Combining equation [16] and equation we have
E [th“ - x*HQ]
< (L —np) |2t —2*||* = 2n(1 - 20L — nLp) (F (') — F(z*))
+ 2P LD+ {VE (p') = VI (p7°) ).
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Using Lemma[4] for any 3 > 0, we have
B [l = o*|*] + BB, [D7+]

< (1—nu) ||2* — 2*||* = (20(1 — 2L — L) — 26p) (F(a') — F(z*))
+ (20°L+ B(1 - p)) D' +n* {V! (p') — VI (p™%)}.
With 8 = 4n?L/p, we have

E, [[lz+ — || +%E D]

< (1 —np) |2t = 2*||* = 2n(1 — 6nL — nLp) (F(a*) — F(z*))
AL P\ 2 f1/t (it t (IS
+T<1—§)D +n* {VE(p') = Ve (p°) }-
Since < 1/(6L + L), we further have
4’ L 4n*L
By ([l =]+ =2 [P < (0 ot = U (1= 5) D (W (0) -V (019))

Recalling that
o P
oy = max{l—n,u,l — E},

we have
-
E; [th+1 _ CC*H2 + 477IJLDt+1] <a (Hx T H + UpLDt) +772 {Vet (pt) _ Vet (pIS)}.

Taking the full expectation on both sides and recursively repeating the above relationship from ¢t =7 — 1 to
t =0, we have

N
B o o) + L0

< a K [Hle — ||2 4n? LDT 1] 2E [VT 1( ) VT 1( 15)]
< ofE[Ja -+ P+ 4 L D°) + QZalT B[V (p') ~ V2 (05)] .

A.2 Proof of Theorem

We use the technique from Theorem 17 of |Qian et al.|(2021). The key difference here is the decomposition
of the variance of the stochastic gradient. Let

6 L(1 —
H t *H2 neL( p)th. (17)
277t 5p
Let F;: = o(xg,wo, x1, w1, - , &, wt) be the o-algebra generated by xg, wo, 1, w1, - , T, wt, and let B[] :=

E[ - | F¢] be the conditional expectation given F;.

Note that E.[¢g'] = VF(z"). We have

F(z*) 2 F(a') + (VF(z'), 2" — ")
= F(z") + E; [(¢*, 2% — z")]
= F(a) + B, [{g, 2% — 2] + E, [(gF, 2+ — 2]
=F(2") +E; [(¢", 2" — "™ + B [(¢" = VF(2"), 2" —2")] + E, [(VF(2"), 2"t —2")].  (18)
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By Assumption [I] and [2] we have

L
F(It-&-l) _ F(a:t) _ <VF(xt)7xt+1 _ xt> < 7F th-s-l _ $t||2.
Thus,
L
F(t) + (VF(t), 2t — ) > Plat) = 2 |l ).
Combined with equation [I8 we have

F(a*) >, [F(a)] - %Et [”$t+1 - xt”ﬂ

+E; [(g" — VF(a'), 2 — o)) + B, [(g', 2" — a'*1)] .

Since (a,b) < 55 L lla||? + Z||b]|? for all a,b € R? and 8 > 0 by Young’s inequality, we have

E. [(g' ~ VF('), o' — )] < OR, [[lg" ~ VEG)|] + *Et It =2 F]. >0
Equivalently,
B [lg' - VF@).at* - 2] 2 -8 lg’ - VFE)|F] - B [Jo - o], s>0

By Lemma [3] we then have

E: [(g" — VE(z!), 2! — a")]

_ g (Vi (p!) = VI (p'9)} — %Et [th+1 _ xt||2} .

Combine equation [[9}equation [20] and noting that

* 71 * 1\ __ 1 12 1 *[12 1 *||2
e G B e I SR Gy FOe i
we have
L
Pa) 2 By [Pa")] - B [l o] - 22 Z 7 IV fitw!) = v
- D ) -V (01} - [uw ]
+ %Et [ %Et [l — ] - % |2 — 2|
B, [Pa)] + (2177 el 2;) B [l = 2] + 5B ot =] = o -
_ E n 1
2L (F(a) — F) = S0 Y 1 VA - VA6 = 5 (V2 (o) - v (079}
i=1 """
Therefore
5L (F(a') = Plat) + 5 (V! (0) = V2 (0°)} + o [l =
2B P = Fe) + (5 =5 g ) Bl =]
1 * L *
4Bt -] - %anwz ~ViiE)|*

=1
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Then by definition of D! in equation |§| and Lemma |4} for any a > 0, we have

(0L +ap) (F) — FG) + 5 (V2 () V2 (61%)) + g [ [+ a1 -
> E, [F(z'T)] — F(a*) + % (717 —Lp — ;) E, [th - xtHHQ}

] -

Letﬂzﬁnanda:%:&w Since n < Wehave%—LF—l:é—LFSO. Then

6L7 B

L (P6) — P) 4 (V) - VE75)) - | L=
> B0L () - P) 4 2 (V1) -V 079)) - o L=
t+1 * 1 t+1 6nL(1 - p) t+1
Z]Et[F(x+)—F(x)]+%Et[‘|a:+ =[] + 7&[1)*].

From the definition of =, in equation [I7], we have
4

E; [F(a') — F(a*)] + B, [2F'] - 2 -

IN

(F(a) = Fa) + 20 V2 () = V2 (0'%))

Taking the full expectation on both sides and recursively repeating the above relationship from ¢t = T to
t =0, we have

Y E[F@') - F(a*) + 2 - 2] %ZE F(x*)] +§WZE[VJ (') - Vi (p")],
t=0 t=0 t=0
which implies that
1 T
5 2 El ")
T
<E[F@™) - Fz*) + 2T + % > E[F(z') - F(z*)]
. =1
< 2 (F) - F) +20+ 20 SB[V (o) - V! (09)]
t=0

By convexity of F(-) and since #7 = (1/7) Zle xt, we have

Finally, by Lemma [} we have

2 6nL(1—p)
B

:0_i 0_
== s

< 50 a0 ="+ le L o1 (1)~ £167) ~ () o - 2))
129L(1 —p)

<l =P+ 2

<o (F(w’) — F(z¥)).
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Thus, we have

E[F(@&") - F(z%)] < % (F(2°) — F(z))
w2 o e o B () - pa) S B [ (1) - V2 )

A.3 Proof of Theorem [3

We use the proof technique of Theorem 11 ion Kovalev et al. (2020). The key step is to decompose the
variance of the stochastic gradient. We let F; = o(xq, wo, vo, 20, - - , L, We, Vg, 2¢) be the o-algebra generated
by @, Wo, Vo, 20, - , Tty We, Vg, 2¢, and let Ey[-] := E[ - | F;] be the conditional expectation given F.

By Assumption [3] we have

F(z*) > F(z") + <VF(:L’t), T — xt> + B th — :1:*”2

2
= F(z") + % ||t — x*Hz + (VF(a'),a* — 2"y + (VF(a'), 2" — a'). (21)
Note that
xt = let + 92wt + (1 — 0 — 92)Ut.
Thus ) 00
1 1—-61 —
t_ -t Y2 ¢ 1 2t
z —91:10 91w 0 v
and 1—-46 0 0, — 6 0 1—6,—-46
t ot Y1 ¢ Y2 t_1_1_2t:£ t_ N TY2 ot
z xr = o x 91w 0, v o (x w)—|— 0, (a: v).

Since E;[g'] = VF(z'), combining the above relationships with equation we have

F(z*) > F(2') + g ||t — x*||2 + (VF(a),a* — 2")

+ Zj <VF(xt),xt — wt> + 17076 _0; — 0 <VF(xt),xt — vt>
1 1
= F(z") + % (VF(z"), 2" —w') + # (VF(z'),z" —v")
1 1
+E,; {2 |2 x*H2 + (¢, 2" zt>]
_ t @ ty .t ot 1 -0, -0, ty .t ot
= F( )—|—9 (VF(z"), 2" —w') + 7 (VF(z'),z" — ")
1 1
H

By Lemma [f] we have

o 2 L 2 1
<gt,$*_zt+1>_’_§”xt_m*|| > %Hzt_thH Logttl 1+7mzt'
Thus
* t 02 t t t 1—6,—0, t t t
F(x)>F(x)+E<VF(x),x —w>+T<VF(:E)7x —o')

1 L 2
+E, zt+1—1+wzt]+Et [<9t,zt+1—zt>+2n”zt—zt+1“ @)
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By Lemma [6] we have

Ly v )2 tot+1 AN 1 t+1 ¢ n t NIK
= - - ~(F —Fah)) - —T gt~ VF .
L = (g2 =) 2 o (PO = Fe) = g - )
Note that n = (H_%ﬁ. Thus m = 2%—201. Then, by equation we have
F(z*) > F(2t) + Z (VF(z'),a! —wt>+#<wﬂ( b2t — o)
1
[ 1 ) [1 2
t+1 t a t+1y N t
+E |2 | T E g (F(u'*h) — F(a')) 20 )|
t 02 t t t 1—0, -0, t t t
:F(a:)+9f<VF(a: ), —w>+97<VF(x ),zt —o')
1 1
[ 1 | 1
t+1 _ t 2 t+1 t
+ E; _Z 1+77/€Z_+Et _91 (F( ) F(f))
02 t (ot
- — - VF
276, (P) 2L0 ol
t 2 ty .t t 1—6, -0, t
SF($)+F<VF(:C),:E —w>+97<VF( at),zt —ot)
1 1
iE _Zt+17 1 Zt_ 1E [1 (F*Y) — F(a'))| - b2 ! (p')
“l 1+nk “1o, 206, ©
= F(z") + % (VF(z'), 2" —w') + 991 b2 (VF(z"),z" — ")
1 1
[ 1 i 1
t+1 _ t 2 t+1 t
+E, _z 1+nHZ_+Et B (F(u't) — F(a"))
02 t (IS 02 t (ot t (IS
- —V —— 1V -V
v (1) 2 (V) V()
= F(z") + Z (VF(x )xt—wt>+#<VF(xt),xt—vt>
1 1
t+1 - t+1y t

0 1 t N 02 t (ot t (IS
_29171;Li V5 = £itwh) 206, Ve (0) = Ve (P}
By Assumption [[] and 2] and Lemma [2] we have

w2 7 IV = S < 52 7280 (') = )~ (Ve = 21)
=2 (F(w') — F(z") = (VF(a"),w" — a")).
On the other hand, note that (VF(z!), 2! —v') > F(z') — F(v?). Thus, we further have

02

7 (VF(z )xt_wt>+w

01
1 1
+E, |2 - lzt} +E, {9 (F(o**h) = F(2"))

F(z*) > F(a") +

(VFE(z"),a" — ")

+nK 1
9 t t t t t 9 t t t
= () - ) (TP ) (V) -V (1)
— Pl + %1_92 (F@t) ~ Fh) - - jnﬁzt - Z% (F(w') — F(a"))
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+E, Zt+l + gi (F(Ut'H) _ F(xt))] _ ?2 {Vet (pt) . ch (pIS)}
L 1 2L91
_ 10—l L e O
= 0 F(v") 1+77/‘GZ 91F(w)
[ 1 0
E Zt+1 _F t+1\| _ _2 Vt t\ Vt 18
B2 L] - S V) -V (07))
_ *_1_91_92 A *\\ 1 t 02 ty *
= F(a*) = = (F(") - F(2") 1+WZ o (Fluw') = F(a"))
[ 1
E Zt+1 —(F t+1y F(x* I Va3 IS )
B2 (P - )| - o (V) -V (01)
Recalling the definition of V* in equation we have
0 0
t+1 t+1 0 t 4 t 2 ty * 2 t(t\ st (IS
E, [Z7F + V] < (1— 6, — 02)V" + 1+n — 2+ + 5 (F(w') — F(z ))+2Z91 {(Vip") -V (»")}.
Since

E, [F(w') — F(e)] = (1— p) (F(w) - F(a*)) + p (F(t') - F(z*))
= (1= p) (F(uw') ~ F(a*)) + 01V,
recalling the definition of W* in equation we have
E, [Zt+1 Lyt Wt+1]

1 0
- ozt 72
1+nk +91

<(1— 6 — )V + (F(w') = F(z*)) +

¢ () =V (p)]

+%%;“)mfmmpmw—puwy+amw+2glnﬁ@ﬁ—uﬂ#%}

t _ _ t _ pth t 02 t (.t _ 1t (IS
1+ “Z' 4 (1-6,(1-6))V +(1 1+01>W +2E01{Ve(p) Ve ()}

By the definition of ay in Theorem |3|and since 62 = 1/2, taking the full expectation on both sides, we have

E Ve (p') -V ()]

2L9

E[2M + VI W] < aoE [20 + V! + W' +

416,

Recursively repeating the above relationship from ¢t =T — 1 to t = 0, we have

E [‘I’T] S QQ]E [‘I]T—I:I + ge E [VST—I (pT—l) _ VeT_l (pIS)]
1

ag‘l’0+ - 2 —t— 1E [V ( t)_Vt (pIS)]

€

B Useful Lemmas

We state and prove technical lemmas that are used to prove the main theorems.

Lemma 1. Let F'(-) be defined in equation (] I Suppose Assumptzon. and Assumptzon@ hold. Then F(-) is
conver and L-smooth, where L = (1/n) > 1| L;.

Proof. Under Assumption l ) is a linear combination of convex functions and, thus, is convex. To prove
that it is L-smooth, we only need to note that

1 .
F < - i i < - Lz - =L - ) ; Rda
IVF(z) = VE(y)| Z IVfilz) =V i)l < ~ ; [z —yll = Ljz -yl T,y €

where the first inequality follows from the Jensen’s inequality and the second inequality follows from As-
sumption 2 0O

23



Under review as submission to TMLR

Lemma 2. Assume that f(-) is a differentiable convex function on R% and is L-smooth. Then, for all
z,y € RY, we have

0< f(9) ~ @)~ (Vf(@)y ) < &z I, (23)
fly) = f(@) = (Vf(z),y —z) > LLIIVf( )= VIl (24)
Proof. See Theorem 2.1.5 of [Nesterov| (2013)). O

Lemma 3. Suppose Assumption[l]l and Assumption[dhold. Let xt, wt, g* and p* be defined as in Algorithm|[1]
We have

Ec o' = VF@)|?] < 4L (F(a') = F(a")) + 4L (F(w') = F(@*)) + V¢ (p") = V¢ (p75)

Proof. Note that E [||x — E[x]||*] = E [||x]|?] — |[E[x]||? for any random vector x € R%. Thus we have
eIy - vrel] - |3

[

(Vfi(z") = fi(w")) = (VF(a") —= VF(w'))

ﬂp“

( fiz ) fZ(U)*))

] — ||VF (') - VF@w)|?

np“
=V (p') —[|[VF(a' 91°
< V! (p")
=V (p") + VI (') - VE(p'F), (25)

where V! (p') is defined in equation @ On the other hand, note that

V;(pw)zgziuwl( b = Vi)
<25 L st - Vi + 3o o) - v
i=1"" Li
2L [ 1 , . oot ey N L ' |2
< n{zi(zm (£ia") = fi@") = (Vhila"),a' =) + 3 - [[VFi(w") = Vi) }
<AL (P - F0) + 20D 1 VA - VAG 20

i=1

where the second inequality follows Assumption [I] Assumption [2] and Lemma [2] and the last inequality
follows from that VF(z*) = 0. Combining equation [25| and equation we have

E [|lo" - VF@)|"] <L (FG*) - P >>+%z*||wz S VL@ VE ) - V().

i=1

O

Lemma 4. Suppose Assumption and Assumption hold. Let Dt be defined as in equation @ We have

E, [D'*] <2p (F(2') — F(z*)) + (1 — p)D".
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Proof. By the update rule of w’, we have

“ 1
B3 £ IVA ) - V)

i=1

= S L) - V)| +piHsz — V()|
=1

< %Z%(QIM) (fz( ) fz( ) <vf1( ) a2t — >) +1Tp2i ||Vf1(wt) —Vfi(x*)Hz

:2p(F(1‘t)— Z*vaz vfz )H )

where the second inequality follows Assumption [I] Assumption [2] and equation [23] of Lemma [2] and the last

inequality follows from VF(x*) = 0.

Lemma 5. Suppose the conditions of Theorem[3 hold. Then

(g0t =) Lt a2 et = 2

;Zt
2n

1+nkK

7

where Zt is defined in equation .

Proof. Note that

where x = p1/L. Thus,

which implies that

<gt7zt+1 —1:*> :H<xt Lt g >+ g <Z Lt it —x*>

= (= [l = 2 )
2

L L1112 2 2

+ o (Il = 2" =l = =17 = ||=+ = 2*||%)
W > L 2 a2\ L
= Gl ol g (1 = P = ) 2 )~ o

I

Combining with the definition of Z¢, we then have the final result.

Lemma 6. Suppose that the conditions of Theorem[3 hold. Then

£ Hzt+1 _ th2 + <gt’zt+1 _ Zt> > i

21 2 gy (PO = Fa) — g7

2L(1 - 7791) H

25

g' — VF(a!

O

2
_ Zt+1|| .

I
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Proof. By the definition of v!*!, we have

% 01—+ (5t 2
7 (g 100 (41 = DI+ (g (=)
1 L 2
= o (e I =+ (0 a8
= (G o+ = 4 (T, ) 4 (5~ TP, — 2t
- % (éj Hth — mtﬂz + <VF(xt),vt+1 — xt> + g (77; — 1) Hth — J;tuz + <gt - VF(xt),UtH - xt>>
> g (PO = Pty + 5 (=) o = et o (o = TR, - a)).

where the last inequality follows Lemmaand Lemma By Young’s inequality, {(a,b) > — lall® _ Bllb)? with

2B 2
ﬁ_m7we haVe
%Hztﬂ _Zt||2+ <gt’zt+1 _Zt>
i 41y t E(1_> t+1_t2_L .
> (F(v ) = Fa') + 5 o L [|v || 220 o) ||g V(@)
é L_ 1 _ it
-5 (7 - 1) It =)
— (F('*) — F(a")) — ————— |lg" = VF(a")|*.
61 2L(1 — nby)
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