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Abstract

We introduce frequency propagation, a learning algorithm for nonlinear physical
networks. In a resistive electrical circuit with variable resistors, an activation cur-
rent is applied at a set of input nodes at one frequency, and an error current is
applied at a set of output nodes at another frequency. The voltage response of
the circuit to these boundary currents is the superposition of an ‘activation signal’
and an ‘error signal’ whose coefficients can be read in different frequencies of the
frequency domain. Each conductance is updated proportionally to the product of
the two coefficients. The learning rule is local and proved to perform gradient
descent on a loss function. We argue that frequency propagation is an instance of
a multi-mechanism learning strategy for physical networks, be it resistive, elastic,
or flow networks. Multi-mechanism learning strategies incorporate at least two
physical quantities, potentially governed by independent physical mechanisms, to
act as activation and error signals in the training process. Locally available infor-
mation about these two signals is then used to update the trainable parameters to
perform gradient descent. We demonstrate how earlier work implementing learn-
ing via chemical signaling in flow networks ([1]]) also falls under the rubric of
multi-mechanism learning.

Frequency propagation: Multi-mechanism learning in nonlinear physical
networks

I. INTRODUCTION

Advancements in artificial neural networks (ANN) ([2]]) have inspired a search for adaptive phys-
ical networks that can be optimized to achieve desired functionality ([} [3H9]]). Similar to ANNS,
adaptive physical networks modify their learning degrees of freedom to approximate a desired input-
to-output function ; but unlike ANNSs, they achieve this using physical laws. In a physical network,
the input is typically an externally applied boundary condition, and the output is the network’s re-
sponse to this input, or a statistic of this response. For instance, in a resistive network, an input
signal can be fed in the form of applied currents or voltages, and the output may be the vector of
voltages across a subset of nodes of the network. The learning degrees of freedom of the network
are, for example, the conductances of the resistors (assuming variable resistors). Ideally, these learn-
ing parameters must be updated using only locally available information. Otherwise, the network
would require additional channels to transmit the gradient information. Moreover, these parameter
updates should preferably follow the direction of gradient descent in the loss function landscape, as
is the case for ANNS.

Existing learning algorithms for adaptive physical networks include equilibrium propagation (|3}
10]) and coupled learning ([S]). These algorithms are based on the idea of contrastive learning
([11]]) and proceed as follows. In a first phase, an input is presented to the network, either in the
form of boundary currents or voltages, and the network is allowed to settle to equilibrium (the ‘free
state’), where a supervisor checks the output of the system. Then the supervisor nudges the output
towards the desired output. This perturbation causes the system to settle to a new (‘perturbed’)
equilibrium state, which is a slightly more accurate approximation of the function that one wants to
learn. The supervisor then compares the perturbed state with the free state to make changes in the
learning degrees of freedom in such a way that the network spontaneously produces an output that
is slightly closer to the desired output. In the limit of infinitesimal nudging, this procedure performs
gradient descent on the squared prediction error ([[12]).

The above procedure is not entirely ‘physical’ in nature, as it requires storing the free state to com-
pare it with the perturbed state. For example, in the experimental work of [7]], the authors use two
copies of the same network to compute the two states. Alternatively, [13|] use a single network,
but the authors make use of additional SRAM to store the two states before performing the weight
updates. Another idea proposed by [3] is to use a capacitor (sample-and-hold amplifier) at each
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FIG. 1. A graphical summary of Frequency Propagation.

node/unit/neuron to store the free state values, but this idea has not been verified experimentally. In
this work, we propose an alternative multi-mechanism learning approach to overcome this hurdle.
Our approach incorporates two physical quantities, each driven by their own respective mechanisms:
one quantity acting as an activation signal and the other acting as an error signal. This concept
is motivated by biological systems implementing functionality via multiple biophysical routes or
mechanisms. Such functionality can be chemical, electrical or even mechanical in nature with po-
tential interactions between such mechanisms. For instance, in the brain, activity can propagate
from one cell to another via electrical and chemical synapses, as opposed to just one mechanism,
if you will ([14]]). Given this modularity in functionality in biology, it would be remiss not to ex-
plore such richness in how adaptive physical networks learn. Alternatively, as we shall soon see, the
modularity is not necessarily in terms of mechanical versus chemical versus electrical signals, but
distinguishable signals.

We introduce frequency propagation (Freq-prop), a physical learning algorithm falling under the
umbrella concept of multi-mechanism learning. In Freq-prop, the activation and error signals are
both sent through a single channel, but are encoded in different frequencies of the frequency domain
; we can thus obtain the respective responses of the system through frequency (Fourier) decompo-
sition. This algorithm, which we show to perform gradient descent, can be used to train adaptive
non-linear networks such as resistor networks, elastic networks and flow networks. Freq-prop thus
has the potential to be an all-encompassing approach. See Fig. 1 for a graphical summary of Freq-
prop. In the next section we present this idea of frequency propagation in the context of resistor
networks, and in section [[I]f we show that frequency propagation is an example of multi mecha-
nism learning and can be generalized to train various physical systems like flow and mechanical
networks.

II. NONLINEAR RESISTIVE NETWORKS

A resistive network is an electrical circuit of nodes interconnected by resistive devices, which in-
cludes linear resistors and diodes. Let N be the number of nodes in the network, and denote v; the
electric potential of node j. A subset of the nodes are input nodes, where we can set input currents:
we denote x; the input current at input node j. For each pair of nodes j and %, we denote ¢, the
conductance of the resistor between these nodes (provided that the corresponding branch contains
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a linear resistor). We further denote § = {6}, : linear branch (j, k)} the vector of conductances,
and x = (x1,9,...,xy) the vector of input currents, where by convention z; = 0if node j is
not an input node. Finally, we denote v = (v1, va, ..., vy ) the configuration of the nodes’ electric
potentials, and v(6, x) the equilibrium value of v as a function of the branch conductances (#) and
the input currents (z).

The following result, known since the work of Millar ([[15]), provides a characterization of the
equilibrium state — see also ([3]]) for a proof of this result with notations closer to ours.

Theorem 1 There exists a real-valued function E (6, x,v) such that

v(f,z) = argmin E(0, z,v). (1)
Furthermore, E(0,x,v) is of the form
E(ay z, U) = Einput (xa U) + Enonlinear(v) (2)
1
+ > 50 (v; —vk), 3)

linear branch (j,k)

where Einpus(x,v) is a function of © and v, and Eyonlinear (V) is a function of v only.

E(0,z,v) is the ‘energy function’ of the system, also called the co-content ([13])), and the equilib-
rium state v(6, x) is a minimizer of the energy function. The energy function contains an energy
term Eiy,put (2, v) associated to boundary input currents x. It also contains energy terms of the form
Ok (v; — vk)2 representing the power dissipated in branch (j, k). The term Eyonlinear(v) contains
all nonlinearities of the system. In a linear resistance network (i.e. when Eyonlinear(v) = 0), it
is well known that the equilibrium configuration of node electric potentials minimizes the power
dissipation ; Theorem [I] generalizes this result to nonlinear networks. Below we explain how the
different terms of F(6, x, v) are constructed.

Constructing the energy function. Each branch is characterised by its current-voltage character-

istic ¢ = i;5(v; — vk ), where ijk() is a real-valued function that returns i, the current flowing
from j to k in response to the voltage v; — vi. The energy term corresponding to branch (j, k),
called the co-content of the branch ([13])), is by definition

Eji(v; — vg) :/0 ’ A?jk(v’)dv’. 4)

In general, the characteristic function 7]- «(+) is arbitrary, i.e. nonlinear. However, some branches are
linear, meaning that their current-voltage characteristic is of the form i, = ;5 (v; — vi), where
6 is the branch conductance [[16]]. For such linear branches, the energy term is

1
Ej(vj —vg) = i (v; —vi)?, (5)

which is the power dissipated in branch (j, k).
We gather all the energy terms of nonlinear branches under a unique term:
Enonlinear(v) == Z Ejk (Uj - Uk)7 (6)
nonlinear branch (7,k)
where we recall that v = (v1,v2,...,VN).

As for the energy term FEi,pu¢(x, v), we present two ways to impose boundary conditions to the
network to feed it with input signals z, either in the form of boundary currents or boundary electric

potentials. Recall that we write © = (1,2, ...,2x) the vector of input signals, where z; = 0 if
node j is not an input node. In the case of boundary currents, the corresponding energy term is
t
Bt (pv) = Yz, (7)

j€{input nodes}

whereas in the case of boundary electric potentials, the energy term is
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0 if Vj = Xy,
B (z,0) = 4 Vj € {input nodes}, ®)
400 otherwise,

i.e. the electric potential v; is clamped to x; for every input node j (so that the energy remains
finite).

Putting all the energy terms together, and denoting Ei,put (2, v) the energy term of input signals

(either ER7e" (2, v) or Ei\;ollflatge (z,v) depending on the case), we get the energy function of Eq.
B).

III. MULTI-MECHANISM LEARNING VIA FREQUENCY
PROPAGATION

Learning in a resistive network consists in adjusting the branch conductances () so that the network
exhibits a desired behavior, i.e. a desired input-output function 2 — v(6,x). In machine learning,
this problem is formalized by introducing a cost function C. Given an input-output pair (x,y),
the quantity C'(v(6, x), y) measures the discrepancy between the ‘model prediction” v(6, ) and the
desired output y. The learning objective is to find the parameters 6 that minimize the expected cost
E(z,y) [C(v(0,2),y)] over input-output pairs (x,y) coming from the data distribution for the task
that the system must solve.

In deep learning, the main tool for this optimization problem is stochastic gradient descent
(SGD) ([I7])): at each step we pick at random an example (z, y) from the training set and update the
parameters as

L
Al = —n—
where 7 is a step size, and
L0, 2,y) = C(v(0,2),y) (10)

is the per-example loss function.

We now present frequency propagation (Freq-prop), a learning algorithm for physical networks
whose update rule performs SGD. Freq-prop proceeds by modifying the energy of the network
to push or pull away the network’s output values from the desired outputs. In the case of a
resistive network (Section , we inject sinusoidal currents at the output nodes of the network,
i(t) = vysin(wt) %(v,y), where t denotes time, w is a frequency, and ~y is a small positive
constant[18]. This amounts to augment the energy function of the system by a time-dependent
sinusoidal energy term vy sin(wt) C'(v, y). Due to this perturbation, the system’s response v(¢) min-
imizing the energy at time ¢ is

v(t) = argmin [E(6,z,v) + v sin(wt) C(v,y)]. (11)

v

The response v(t) is periodic of period T = 27/w, and for small perturbations (i.e. v < 1), it
is approximately sinusoidal. Next, we assume that we can recover the first two vectors of Fourier
coefficients of v(t), i.e. the vectors a and b such that

I 2 (7T ,
a= T/o v(t)dt, b= T/o v(t) sin(wt)dt. (12)

Finally, denoting @ = (a1,as,...,an) and b = (b1, bs,...,bn), we update each parameter 6,
according to the learning rule

Aejk = —Oé(bj — bk) . (aj — ak), (13)

where « is a positive constant.

Theorem 2 For every parameter 01, we have

L
(6, z,y) + O(v%) (14)

0
AHJA; = —« ’yaTk
J

when v — Q.
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Namely, the learning rule (T3) approximates one step of gradient descent with respect to the loss,
with learning rate ovy. Note that this learning rule is local: it requires solely locally available
information for each parameter 0y,

[Proof of Theorem Let 0, x and y be fixed. For every 5 € R, we denote
v? = argmin [E(0,z,v) + BC(v,y)]. (15)

With this notation, note that the response v(t) of Eq. (TT)) rewrites v(t) = v, sin(@!) | et us write the
second-order Taylor expansion of v? around 6 =0:

o’ 2 927
vl =vl+ 82 Zovl Lo, (16)
op 2 0B
8=0 B=0
0 I P %P PR
where v) = v(6, ) by definition (I}, and 7 7 lse0 and 53 0 denote the derivative and second-
derivative of v? at B = 0. Taking 8 = ~ sin(wt) in the above formula, we get
sin(w . 0 f
v(t) = vy wt) - 00 + 7 sin(wt) Y (17
op
B=0
2 920°
+ Lsint)2 225 403, (18)
2 0p? 0

uniformly in ¢. Therefore, the first two vectors of Fourier coefficients a and b of the periodic function
v(t), with time period T' = 27 /w are

1 T 0 ’72 821}5 3
a_f/o v(t)dt = vl + - 7 +0(v), (19)
B=0
T B
b 2 / o(t)sin(wtydt =y 2|+ 0099, (20)
T /o op 5o

Next, we know from the equilibrium propagation formula (Theorem 2.1 in ([10])) that the gradient
of the loss L is equal to

oL d OF
— (0 =—|  —(0,x,0). 21
R A @1
Therefore,
oL E o O0)
i — . . 22
Multiplying both sides by +, and using (20), we get
oL 0’E 0 3

Finally, given the form of the energy function (2)), and using b = O(v) and v{ = a + O(?) from
Eq. (19), we get for every parameter 6,

L
Vg 0 2,y) = (a5 — a) - (b — bx) + O(7%). (24)
08,1,
Therefore the learning rule
Aij = —a(bj — bk) . (aj — ak) (25)
satisfies
oL 3
Abjr = —ay7,—(0,z,y) + O(7°). (26)
00,

Hence the result.
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Remark 1. For simplicity, we have omitted the time of relaxation to equilibrium in our analysis.
However, a practical circuit has an effective capacitance C.g and therefore will equilibrate in time
Trelax ~ ReftCeott, Where Reg is the effective resistance of the circuit. Our learning algorithm will
work as long as the circuit equilibrates much faster than the timescale of oscillation (Tyejax < 1/w).
Our analysis thus requires that Cegr be small enough for the assumption Tye1ax < 1/w to hold. If this
is not the case, there will be a tradeoff between how fast one can train the network with Freq-Prop vs
how accurate the approximation is for gradient. We leave the study of the regime where Ceg is non
negligible for future work. We note however that the effective capacitance of the circuit is expected
to grow linearly with the size of the network (the total amount of wire), so that inference time
grows linearly with the size of the network, too. We also note that the same is true for deep neural
networks: in a feedforward network, both inference (the forward pass) and training (the backward
pass of backpropagation) grow linearly with the size of the network.

Remark 2. While our nudging method (T1) is inspired by the one of equilibrium propagation
([34 12]), it is also possible to apply the nudging variant of coupled learning ([S]]) which might be
easier to implement in practice ([7]). To do this, we denote v} the ‘free’ equilibrium value of the
output nodes of the network (where the prediction is read), without nudging. Then, at time ¢, we
clamp the output nodes to v§ (t) = v} + v sin(wt)(y — v5). This nudging method can be achieved
via AC voltage sources at output nodes. We note however that Theorem [2| does not hold with this
alternative nudging method.

Remark 3. Measuring b, for every node j as per Eq. (I2) requires that we use the same reference
time ¢ = 0 for all nodes, i.e. it requires global synchronization of the measurements for all nodes.
However, in practice, there may be a time delay ¢; between nudging and measurement, leading to a
measured response v;(t) = a;+b; sin(w(t+1;))+O(y?) at node j. Without any information about
t;, we can only obtain the absolute value of the coefficient b;, not its sign. We propose a solution to
this issue in Appendix [A]

IV. DISCUSSION

We have introduced frequency propagation (Freq-prop), a physical learning algorithm that falls in
the category of Multi-mechanism Learning (MmL). In MmL, separate and “distinguishable” acti-
vation and error signals both contribute to a local learning rule, such that trainable parameters (e.g.
conductances of variable resistors) perform gradient descent on a loss function. In Freq-prop, the
activation and error signals are implemented using different frequencies of a single physical quantity
(e.g. voltages or currents) and are thus distinguishable. We note however that the ‘distinguishabil-
ity’ of the signals does not mean that they are mathematically ‘independent’: in Freq-prop, the error
signal depends on the activation signal via the Hessian of the network. Other potential MmL algo-
rithms may involve independent physical mechanisms, such as an electrical activation signal and a
chemical error signal or vice versa. Multi-mechanism learning algorithms, such as Freq-prop, may
have implications towards designing fast and low-power, or high-efficiency, hardware for Al, as they
are rooted in physical principles. For the time being, inroads are being made by using backpropaga-
tion to train controllable physical systems in a hybrid in silico-in situ approach ([[19]). As we work
towards a fully in situ approach, Freq-prop is a natural candidate. And while the in sifu realization
of a nonlinear resistor network is an obvious starting point, there are potential limitations, particu-
larly in terms of timescales. Consider the time of relaxation to equilibrium (7,e1ax), the time scale of
the sinusoidal nudging signal (I' = 27 /w), and the time scale of learning (Ticarning). Our learning
methodology requires that Tyelax <K T' < Ticarning. More specifically,

1. Once input is applied, the network reaches equilibrium in time Tyejax.-

2. Based on the network’s output, a sinusoidal nudging signal of frequency w is applied at the
output nodes. The time scale of evolution of this sinusoidal nudging wave is T' = 27 /w.
Assuming that Tye1ax << 1, the network is at equilibrium at every instant ¢.

3. We observe the network’s response v(t) for a time 7,5 > T to extract the coefficients a
and b of Eq. (I12). Updating the conductances of the resistors takes a time Ticarning ~ Tobs
using the values of a and b to determine the magnitude and sign of these updates.

Finally, could something like Freq-prop occur in the brain? Earlier work analyzing local field po-
tentials recorded simultaneously from different regions in the cortex suggested that feedforward
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signaling is carried by gamma-band (30-80 Hz) activity, whereas feedback signaling is mediated
by alpha-(5-15Hz) or beta- (14-18 Hz) band activity, though local field potentials are not actively
relayed between regions ([20]). More recent work in the visual cortex argues that feedforward and
feedback signaling rely on separate “channels” since correlations in neuronal population activity
patterns, which are actively relayed between regions, are distinct during feedforward- and feedback-
dominated periods ([21]). Freq-prop is also related in spirit to the idea of frequency multiplexing
in biological neural networks ([22H24]), which uses the simultaneous encoding of two or more sig-
nals. While Freq-prop here uses only two separate signals — an activation signal and an error signal
— one can envision multiple activation and error signals being encoded to accommodate vector in-
puts and outputs and to accommodate multiple, competing cost functions. With multiple activation
and error signals one can also envision coupling learning via chemical signaling (Appendix [D) with
Freq-prop, for example, to begin to capture the full computational creativity of the brain.
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Appendix A: Choice of the nudging signal

We have seen in section [[I] that, using a sinusoidal nudging signal ~ sin(wt) C (v, y), the measured
response at node j will be of the form v;(t) = a;j + b; sin(w(t +t;)) + O(¥3), where ¢, is the time
delay between nudging and measurement. Unfortunately, it is not possible to recover the sign of b;
without any knowledge of ¢;. This problem can be overcome by using a different nudging signal.

In general, if we nudge the system by an energy term +f(t) C(v,y), where f(t) is an arbitrary
function such that sup, | f(¢)| < oo, then the system’s response at node j will be of the form v; (t) =
aj + b f(t +t;) + O(¥?). Our goal is to choose a f so that we can obtain for every node j the
values of a; and b; by measuring only v;(¢), without knowing ;.

Clearly, this is not possible for all functions f. For example, if f(-) is a constant, then v;(-) is also
a constant, and we cannot recover the values of a; and b; from v;(-) alone. As seen above, another
example for which this is not possible is f(t) = sin(wt). This is because a time delay t; = 7/w
will change the sign of the signal, sin(w(t + t;)) = —sin(wt) ; therefore the sign of b; cannot be
recovered without any knowledge of ¢;.

An example of a nudging signal for which we can infer the values of a; and b; (up to O(y?)) is
f(t) = |sin(w(t))]- To do this, we observe the response at node j

vj(t) = a; + b;|sin(w(t +t;))| + O(+?) (A1)

for a duration 7, greater than the time period of the signal ' = 27 /w. The coefficients a; and
b; can be obtained by identifying the times where the signal’s derivative is zero or is discontinuous.
Specifically, denoting 04 v;(t) and J_v,(t) the left and right derivatives of the signal at time ¢, we
have

aj; = Uj (tl) + O("}/z) where 8+1)(t1) 7& 0_v(t1), (AZ)
bj =y (tg) — Uy (tl) + O(’yz) where 8v(t2) =0. (A3)

More generally, we will show that, in principle, it is possible to recover the coefficients a; and b; if
and only if the function f has the property that there is no 7 such that f(¢) = sup f+inf f— f(¢t+7)
for every t. In other words, no amount of time delay converts the signal’s ‘upright’ form to its
‘inverted” form or vice versa.

Let f(t) denote the nudging signal. Assuming that f is bounded, recall that, for every j, the mea-
sured response v;(t) at node j is of the form v;(t) = a; + b; f(t +t;) + O(y?), where a; and b;
are the numbers that we wish to recover (up to O(?)) to implement the parameter update, and ¢; is
an unknown time delay. Our goal is to obtain for every node j the values of a; and b; by measuring
only v;(t), without any knowledge of ¢;.
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We now establish a necessary and sufficient condition on the nudging signal f(¢) so that one can,
at least in principle, uniquely obtain the values of a; and b; for every node j. We are concerned
with quantities that depend only on a single node and hence we will drop the node index with the
understanding that all of the analysis applies to any arbitrary node.

Let F' denote the set of all real-valued, bounded functions, and let f be an element of F. Let
Cy : R® — F be the function that maps the parameters (a, b, o) to the function v(-) = a+bf(-+to).
We define the following equivalence relation on F': two functions g, h € F' are equivalent if they
differ by a time translation, i.e., g ~ h if and only if there exists a ¢y € R such that g(t) = h(t + o)
forall t € R. Let F' = F/ ~ be the quotient of F' under this equivalence relation and let [g] be
the equivalence class that contains the function g. The map Cy can be lifted to yield C Fi R — F
such that C¢(a,b) = [a + bf]. In order to be able to uniquely extract a and b from any equivalence

class of the form [a + bf], the function C + has to be injective. This can be re-expressed as a direct
condition on the nudging signal f.

Proposition 3 The following statements are equivalent:

P1: The function éf : R? — F defined by C}(a, b) = [a + bf] is injective.
P2: There exists no 7 € R such that for all t € R,
f(t)=sup f+inf f — f(t + 7).

where sup f = sup, f(t) and inf f = inf; f(t) denote the supremum and infimum values of the
nudging signal f respectively.

We establish this by proving that the negation of the two statements are equivalent, i.e., the following
statements are equivalent:

N1: There exists two distinct pairs of real numbers (a1, b1) and (a2, b2) such that [a; + by f] =

laz + by f].
N2: There exists a 7 € R such that forall t € R,

f(t)=sup f+inf f — f(t + 7).

Suppose that N2 is true: thereisa 7 € R such that forall¢ € R, f(¢) = sup f+inf f— f(t+7). This
means that f and sup f + inf f — f are related by a time translation, i.e. [f] = [sup f + inf f — f].
Therefore, N1 is true, with (a1,b1) = (0,1) and (a2, b2) = (sup f + inf f, —1).

Conversely, suppose that N1 is true: there exists two distinct pairs of real numbers (a1, b;) and
(ag, b2) and a 7 € R such that

vVt € R, ap + b1f<t) = ag + bgf(t + 7’). (A4)

The numbers b; and by cannot be both zero, otherwise the above equation implies that a; = as, a
contradiction. If b1 = 0 and bs # 0, the above equation implies that f is a constant, in which case
N2 is clearly true. Otherwise b, # 0 and we can re-write the above equality as

vt € R, f@)=a+bf(t+7) (AS)
with a = (a2 — a1)/by and b = by /b;. Now there are two possibilities: either b > 0 or b < 0.

First, let us suppose that b > 0. The above equality imposes the following conditions on the mini-
mum and maximum values of the function f:

sup f = a + bsup f, (A6)
inf f =a+ binf f. (A7)
Subtracting from (A6) and reorganizing the terms we get (1 —b)(sup f —inf f) = 0. Ifb =1,

then @ = 0, contradicting our assumption that (aq,b;) and (a2, be) are distinct pairs. Therefore
sup f = inf f, f is constant and N2 is true.

Second, let us suppose that b < 0. As before we have
sup f = a+ binf f, (A8)
inf f =a+ bsup f, (A9)
and again (1 + b)(sup f — inf f) = 0. Either f is a constant, or b = —1, impliying in turn that

a = sup f + inf f. Therefore, coming back to (A3), we have f(t) = sup f + inf f — f(¢ + 7) for
all £ € R, which is the statement of N2.
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Appendix B: General Applicability of Frequency Propagation

Freq-prop applies to arbitrary physical networks: not only resistive networks, but also flow net-
works, capacitive networks and inductive networks, among others. In these networks, the notion
of current-voltage characteristics will be replaced by current-pressure characteristics, current-flux
characteristics, and charge-voltage characteristics, respectively. The mathematical framework for
nonlinear elements (Section [lI)) also applies to these networks, where the energy functions mini-
mized at equilibrium are the co-content, the inductive energy and the capacitive co-energy, respec-
tively ([15} 25]).

To emphasize the generality of Freq-prop, we present it here in the context of central force spring
networks (or ‘elastic networks’) ([S]]), as well as Hopfield networks (the Ising model).

a. Central force spring networks. We consider an elastic network of N nodes interconnected
by springs. The elastic energy stored in the spring connecting node i to node j is E;;(r;;) =

1kij (rij — Eij)2, where k;; is the spring constant, ¢; is the spring’s length at rest, and r;; is the

distance between nodes ¢ and j. Nonlinear springs are also allowed and their energy terms are
gathered in a unique term Eyonlinear (7). Thus, the total elastic energy stored in the network, which
is minimized, is given by

1
E(aa T) = 5 Z kij (Tij - Eij)Q + Enonlincar(r)y (Bl)
]

where § = {k;;,¢;;} is the set of adjustable parameters, and » = {r;;} plays the role of state
variable.

In this setting as in the case of resistive networks, we apply a nudging signal «y sin(wt) C(r,y) at
the output part of the network, we observe the response 7 (), and we assume that we can recover the

first two vectors of Fourier coefficients of 7(t), i.e. the vectors a and b such that a = + fOT r(t)dt

and b = 2 fOT r(t) sin.(wt).dt. Then, the learning rules for the spring constant k;; and the spring’s
length at rest /;; read, in this context,

Ak‘ij = — bij (aij — Zij), Afij = —« ki]‘ bij- (BZ)

Theorem 2] generalizes to this setting ; the above learning rules perform stochastic gradient descent
on the loss: A0 = —ay2%(0,2,y) + O(+%).

b. Continuous Hopfield networks. Freq-prop also applies to Hopfield networks (the Ising
model) ([[L1, 26]). In a Hopfield network of multiple units interconnected by synapses, the en-
ergy term between unit ¢ and unit j is F;; = w;;h;h;, where w;; is the synaptic weight, and h; is
the state of unit ¢. The total energy is

1
B(0,h) = > wijhih;, (B3)
i,j

where 0 = {w;; } is the set of adjustable parameters, and h = {h;} plays the role of state variable.
After applying a nudging signal + sin(wt) C(h,y) at a set of output units, we observe the response

u(t) (the state of the units at equilibrium), we compute the vectors a and b such that a = fOT u(t)dt
andb= 2 fOT u(t) sin(wt)dt. The learning rules for the weight w;; reads
Awij = —a(aibj + ajbi), (B4)

which performs stochastic gradient descent on the loss, up to O(~3).

Appendix C: Related Work

Frequency propagation builds on learning via chemical signaling ([[L]), which is another example
of multi-mechanism learning (MmL) in physical networks. Whereas MmL via frequency propa-
gation uses two different frequencies to play the role of the activation and error signals during
training, MmL via chemical signaling uses two different chemical concentrations for these signals.
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[1]] presents learning via chemical signaling in the setting of linear flow networks, which we extend
here to the nonlinear setting (Appendix D).

Freq-prop is also related to equilibrium propagation (EP) (|3 12]) and coupled learning ([3]).
To see the relationship with these algorithms, we consider the case of resistive networks (sec-
tion . Denote vj; = wv; — vy the voltage across branch (j, k). Further denote v’ =
argmin, [E(6,z,v)+ 8C(v,y)] for any 5 € R. Based on a result from [12], [3]] proved that
the learning rule

ARGy = S (05)% = (v5,)?) (1)

performs gradient descent with step size a3, up to O(3%). We note that the right-hand side of
(CT) is also equal to avf, (v?k - vfk> + O(3?), showing that the gradient information is con-

tained in the physical quantities v° and %Lﬁ . These quantities correspond to the activation
B=0
and error signals of Freq-prop, respectively. To avoid the use of finite differences to measure

% 4o Freq-prop makes use of a time-varying nudging signal 8(t) = ~ysin(wt). With this
=0

method, the activation and error signals are encoded in the frequencies 0 and w of the response
signal v(t) = v° 4~ sin(wt) %

+O(~3). The required information can thus be recovered via
B=0
frequency analysis.

The idea of using an oscillating nudging signal was also proposed by [11] and more recently (con-
currently to our work) in ‘holomorphic EP’ ([27]). Our work differs from these two other works in
several ways. First, our learning rule can be decomposed as ‘activation signal’ times ‘error signal’
(a x b), whereas the learning rule of [L1] takes the form Afj, = § [ sin(wt)v;x(t)?dt, and simi-
larly for holomorphic EP. Second, our learning rule is proved to approximate the gradient of the cost
function, up to O(%), unlike in [I1]. In [27], the authors exploit the Cauchy formula of complex
calculus to prove that their algorithm computes the exact gradient of the cost function, indepen-
dently of the strength of the nudging signal. To achieve this, the authors allow the nudging factor
to take complex values, i.e. 3 = ve!! € C, and the domain of definition of the energy function
v+ E(0,z,v) is extended to complex configurations v € C. However, it is not straightforward to
see how this mathematical formalism can be directly mapped to physical systems such as resistive
networks or spring networks, which is the motivation of our work.

Another very recent work proposes an alternative approach to train physical systems by gradient
descent called agnostic equilibrium propagation ([8]). However, this method imposes constraints
on the nature of the parameters (6), which must minimize the system’s energy (F), just like the
state variables (v) do. This assumption does not allow us to view the conductances of resistors
as trainable parameters in a resistive network. The method also requires control knobs with the
ability to perform homeostatic control over the parameters. Our work can also be seen as a physical
implementation of implicit differentiation in physical networks. We refer to ([28]]) for a description
of implicit differentiation where the authors use a mathematical formalism close to ours.

Lastly, other physical learning algorithms that make explicit use of time are being developed. For
instance, recent work proposes a way to train physical systems with time reversible Hamiltonians
(l6]). In this method called Hamiltonian echo backpropagation (HEB), the error signal is a time-
reversed version — an “echo” — of the activation signal, with the cost function acting as a perturbation
on this signal. However, HEB requires a feasible way to time-reverse the activation signal.

Appendix D: Multi-Mechanism Learning via Chemical Signaling

In this appendix, we generalize the learning algorithm via chemical signaling ([1]) to nonlinear net-
works. Learning via chemical signaling is another example of multi-mechanism learning in physical
networks. It uses pressures and chemical concentrations to implement a local learning rule. This way
of using multiple independent “mechanisms” is the central idea behind multi-mechanism learning.

Consider a flow network, i.e. a network of nodes interconnected by tubes. A flow network is
formally equivalent to the resistive network of Section [[I} with v being the configuration of node
pressures, and 0, being the conductance of the branch between nodes j and k.
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Learning via chemical signaling proceeds as follows. In the first phase, given 6 and input signals x,
the configuration of node pressures stabilizes to its equilibrium value v(6, x) given by

v(0,z) = arg min E(0, z,v). (D1)

In the second phase, we inject chemical currents e = —f %—f(v(é‘, x),y) at output nodes, where
[ is a (positive or negative) constant. As a result, a chemical concentration u develops at each
node. Assuming that the configuration of node pressures v(f, ) is not affected by the chemical, the
chemical concentration u at equilibrium satisfies the relationship:

0’FE ocC

w(&,l‘,l)(&,l’))'u:75%(U(07I),y). (DZ)
Indeed, diffusion along a tube follows the same equation as that of flow along the same tube, up
to a constant factor (replacing node pressures and flow conductivity by chemical concentration and
diffusion constant, respectively). When there is no ambiguity from the context, we write v = v (6, x)
for simplicity. We note that, although v is not affected by the chemical, « depends on v. In particular
u also depends on # and x through v.

Next, denoting u = (u1, us, . .., uy ), we update each parameter 61 according to the learning rule
Al = —a(u; —ug) - (v; — vg), (D3)

where « is some constant. Note that this learning rule is local (just like the learning rule of Freq-
prop), requiring only information about nodes j and k for each conductance 6y.

Theorem 4 For every parameter 0y, it holds that
oL
—af—

Al =
Namely, the learning rule of Eq. (D3) performs one step of gradient descent with respect to the loss,
with step size a5. We note that learning via chemical signaling comes in two variants, either with

B > 0and a > 0, or with 5 < 0 and a < 0. The procedure performs one step of gradient descent
as long as the product a3 is positive.

[Proof of Theorem [4]] First, we write the first-order equilibrium condition for v(6, ), which is

%—f(@,x,v(@,x)) =0. (D5)

We differentiate this equation with respect to 6:

2
L (0,2, 0(0.2)) 20 60.2)+
Ov? il
52 p (D6)
m(97 Z, ’U(@7 l’)) = 0
Multiplying both sides on the left by u| we get
2
uT O 0,2,000,2) 00 (0,0)+ o
2
Ta—E(O z,v(0,2)) =0
avog T T
On the other hand, multiplying both sides of on the left by % (0,2)", we get
Ov +0%E
%(9, x) W(G, z,v(0,x))u
v +0C
_L0v oc D8
B (0.0)T 2= (0(6,2), ) (D8)
oL
= _57 (67 x, y)

00
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480

481

Comparing (D7) and we conclude that

O’FE oL
T _
9000 (97$7v(97x)) =p 00 (G,x,y).

Finally, using the form of the energy function (2), we have for each parameter 6, ;

u

(i — ) - (i — 03) = 2L (6,2, ).

00,5
Therefore the learning rule
A9jk = —a(ui — Uj) . (’Ui - ’Uj)
satisfies ar
Al = —af—(0
ik a589jk( 7xay)

Hence the result.
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