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Abstract

Annealing processors, which efficiently solve a quadratic unconstrained binary
optimization (QUBO), are a potential breakthrough in improving the accuracy
of score-based Bayesian network structure learning. However, currently, the bit
capacity of an annealing processor is very limited. To utilize the power of an-
nealing processors, it is necessary to encode score-based learning problems into
QUBO within the upper bound of bits. In this paper, we propose a novel approach
with direct encoding of candidate parent sets in the form of Cartesian products.
Experimental results on benchmark networks with 27 to 70 variables show that
our approach requires lesser bits than the bit capacity of the second-generation
Fujitsu digital annealer, a fully coupled annealing processor developed by with
semiconductor technology. Moreover, we demonstrate that the digital annealer
with our conversion method consistently outperforms the state-of-the-art heuristic
algorithms on the benchmark networks.

1 Introduction

A Bayesian network is a probabilistic graphical model that represents the structure of a joint probabil-
ity distribution among random variables in a directed acyclic graph (DAG) [Pearl, |1988]]. One class
of associated computational problems is learning the structure of a Bayesian network from data. We
focus on score-based Bayesian network structure learning for finding the DAG with a maximal score
that depends on the data [Cooper and Herskovits|, |1992, |(Cowell, 2001].

The Bayesian network learning problem is NP-hard [Chickering et al., 2004]; therefore, the standard
methodology is using heuristic approaches. Many algorithms have been proposed to improve the
accuracy and to reduce the running time. A search over the space of orderings [Teyssier and Koller,
2005} [Scanagatta et al.,|2015]] is one of the most successful heuristic approaches.

Annealing processors may contribute to finding a high-scoring network structure in a realistic
timeframe. An annealing processor is expected to be an alternative hardware to von Neumann
computers for quadratic unconstrained binary optimization (QUBO) problems. In particular, it is
reported that complementary metal oxide semiconductor (CMOS) annealing processors already
outperform conventional computers on the speed of solving max-cut problems [[Gyoten et al.| 2018].

We note that the bit capacity of an annealing processor is currently limited. Therefore, we need an
efficient conversion method of Bayesian network structure learning into QUBO within the limited
bits. Additionally, it is also important to show the lower bounds of penalty coefficients because the
precision for the biases and variable couplers is limited.
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Annealing processors are classified into the nearest neighbor type and the fully connected type
[Yamamotol 2020]. While the coupling nodes of a nearest neighbor annealing processor is limited to
only between adjacent nodes, the coupling exists between arbitrary nodes of a fully coupled annealing
processor. Though the scalability of nearest neighbor annealing processors is high, it is necessary to
consider the additional bits for minor embedding [Choil 2008, 2010].

O’Gorman et al.|[2014|proposed a method to convert score-based Bayesian network structure learning
into QUBO that requires O(n?) bits for n random variables and a maximum parent set size m = 2.
They also demonstrated the sufficient lower bounds of penalty coefficients. However, when m > 3,
the number of necessary auxiliary variables for a quadratization [Boros and Gruber, 2014] is at most
O(n(n —1)%). This is a significant disadvantage for the current limited bit capacity of annealing
processors.

In this study, we propose an efficient conversion method based on the advanced identification of
candidate parent sets and their representation in the form of Cartesian products. We also provide a
greedy algorithm to decompose the candidate parent sets into the form of Cartesian products and
prove the sufficient lower bounds of penalty coefficients.

Experimental results on benchmark networks with 27 to 70 variables show that our conversion method
reduces the required bits significantly in comparison to the previous work [[O’Gorman et al., 2014].
Our approach allows us to utilize the power of the second generation Fujitsu digital annealer, a fully
coupled CMOS annealing processor [Aramon et al.|[2019]. We demonstrate that the digital annealer
consistently outperforms the ordering space search algorithms on the benchmark networks.

2 Background

2.1 Score-based Bayesian Network Structure Learning

The goal of score-based Bayesian network structure learning is to find a DAG with maximal score.
Given to random variables X = (X;)_; and a complete data set of NV instances D = {D1,--- , Dy},
we optimize the parent set II; of each random variable,

HT» aH:z: argmin E —1OgS(l)(H1|D), (1)
I, I, CX i=1
GEDAG

where G = (V,€),V ={1,--- ,n},E={(,9) | j,i € {1,--- ,n}, X; €I;},and S, : II; = Ris
a local score function corresponding to X;. The Bayesian Dirichlet equivalent uniform (BDeu) score
[Buntinel, |1991] is one of the commonly used scores,

Bi

Vi
O (1. | D) = I(aiy) D(Nijk + aijik) 5
SBDeu( 1 | ) - H F(Nl,_] + ai,j) kl;[l F(ai,j,k) ) ( )

Jj=1

where N = Zle Nij Nij =300 Nijk,Qij = > pey @i jk, B; is the number of joint states of
I1;, 7y; is the number of states of X;, N; ;1 is the number of cases of the parent set 11; in its j-th state
and X; in its k-th state, o ;1 = ﬁ is the hyperparameter of the Dirichlet function, and 0 < oo € R
is called equivalent sample size [Heckerman et al.,|1995a].

2.2 Hamiltonian

The Hamiltonian, which is the objective function of an annealing processor, is a quadratic pseudo-
Boolean function,

H(O’) = Z h;o; + Z Ji_’jJiO'j, 3)
i€EVAP (i,5)€€ap
where o0 = (ai)g‘\lp‘ € BIVarl | the biases h; € R for all i € Vap, the couplers Ji; € R for all

(i,7) € Eap, and the graph Gap = (Vap, Eap). Higher degree problems are reformed into quadratic
ones using auxiliary variables. This reformulation is called quadratization.
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Definition 1. If a quadratic polynomial function g(v, h) is a quadratization of a pseudo-Boolean
function f(v), then f(v) = mingcps g(v, h) forall v € B,

Anthony et al.||2016/ proved that every pseudo-Boolean function of I variables and of degree K has
a quadratization involving at most O(I ') auxiliary variables. In particular, at most O(22) when
K = I. It is well known that every pseudo-Boolean function can be uniquely represented as a
multilinear polynomial in its variables [Boros and Hamme} 2002].

2.3 Basic Conversion of Score-based Bayesian Network Structure Learning

Using n(n — 1) bits to encode the paths into d = ((d;;)1<j<n ji)y € BV (d;; = 1if
X is the parent of X;, d;; = 0 otherwise) and ( ) bits to encode the topological orders into
r = (rij)i<icj<n € B() (ri,; = 0if the order of X is higher than X, r; ; = 1 otherwise), it is
possible to represent eq. (1) on the Hamiltonian,

Htotal d T‘ ZHS(C())I‘Q + Hcycle(d T') 4)

The states of d. ; are mapped one-to-one to the states of II;. Let II; = 7@ (d.;)forall1 <i<n.
The local score of the Hamiltonian is

H{o(d5) = —log SV (nV(d.;) | D) +10g SV (4| D), ©)

score

for all 1 < ¢ < n. The score function has a quadratization involving at most O(nQnT_l) auxiliary
variables. |O’Gorman et al.|[2014|added the maximum parent set size constraint to the Hamiltonian.
In this case, the number of auxiliary variables is at most O(n(n — 1) % ). The cycle constraint of the
Hamiltonian consists of the topological order constraint and the consistency constraint,

Heyae(d,r) = Z S1R(7i 4,7 ks Tik) + Z da(dijrij + dji(1 —rijz)), (6)
1<i<j<k<n 1<i<j<n

where R(r1,r2,73) = rira(l —r3) + (1 — r1)(1 — ro)rg for all 71, re, 73 € B. When the penalty
coefficients 0 < 41, d2 € R are sufficiently large, the DAG constraint is satisfied indirectly through
the relationship of the paths d and the topological order ». If it holds that

- 5
max{0, max  max (H{)(dV")) = HE) (d. )} < 61 < —= (7
1<] 4 <nd, i ~EB"1 " 2
iy dye =1
then there is no cycle on the paths of the ground state, where d\™ ") = ((d;, Z)§j<]z<2L ti)iets
d;{;’i*) =0if (5,7) = (§*,4%), dgjl A = d; ; otherwise. The computational cost to obtain the left

side of eq. (7) is at most (9( m+1) In particular, at most O(n?2"~2) whenm =n — 1.

3 Candidate Parent Set Decomposition

Parent set identification is a major technique to narrow the search space of structure optimization,
based on the relationship between parent sets and local scores under the DAG constraints [[de Campos
and Ji, 2011} |Correia et al.,|2020]. The collection of candidate parent sets of a random variable X; is
W CX\{X;} | W W = SOW'|D) < SO(W |D)}. To reduce the required bits of the
score component of the Hamiltonian, we propose an efficient conversion method with the parent set
identification. We directly encode the candidate parent sets instead of using the paths d.

Moreover, we decompose the candidate parent sets (Wh,i);;i:o of each random variable into the form
of Cartesian products as follows:

1. Decompose (Wh,i)z"zo into (W}, ; N Zi)z"zo, (Wi N (X\ Zi)hi 0
2. Remove duplicates in the elements of (W}, ; N Zi)h":o, (WhiN(X\ Z; ))h 0>



A2,i A1,i A2,i
105 3. Store (Wh N Z; )h 0’ (Wh i (X \ Z; ))h2 0 in (Uhvi)h:b’ (thi)hiO’
106  where Z; C UQLOW}LJ, W()ﬂ' = UO,Z’ = ‘/O,i = ¢, \;, /\171‘, )\271‘ e NU {O} forall 1 < ¢ < n. There
107 is a clear relationship,

Woyi,-- Wi o S{UUV (U, V) € {Uoi,-- ,Unp it X {Vosis s Vagiitt, (8
108 forall 1 < i < n. Here, given that the Hamiltonian is a quadratic pseudo-Boolean function, we can
109 represent the score against Uj, ; U Vs ; by allocating Uy, ;, Vi, ; to two bits on the Hamiltonian There-

110 fore, it is possible to encode the candidate parent sets into the Hamiltonian using (Up, ; ) neos (Va, Z)/\2 .
111 The number of required bits of the score component of the Hamiltonian is Z i1 (A + A2).

112 Example 1. An example of the candidate parent sets in the form of Cartesian products as follows:
X ={X1,X2, X3, X4}, Zi ={X1, X2}, \i=5, \Mii=2, Mg =1

Whidnio = (6, {X1} A X1, Xo}, { X3, Xa}, { X1, X5, Xu}, { X1, Xo, X3, Xu}),

Wh,i N Zi)iig = (6 X1} {X0, Xa}, 6, { X0}, { X0, Xa}),

Wi N (XN Zi))hig = (¢, 6,6, { X3, Xa}, { X5, Xa}, {X3, Xa}),

Umzl b= (o AX XL X2)), (Via)nh = (¢, { X3, Xa ).

(

(

(

(

113 We optimize Z; C Uh' oWh,i to minimize A1; + A2;. However, it is often infeasible to search all

114 elements of the power set P(U heoWh.,i). Therefore, we heuristically search Z; adding elements one
by one, as algorlthml 1| The computational cost is at most O(A3) forall 1 < i < n.

Algorithm 1 Greedy Candidate Parent Set Decomposition

1: Input: (W}, ;))_, Output: Z Initialize: \ < \;, Z' < ¢, Z + ¢.

2: ford =1to |Uy_, Wy,;| — 1 do

3 for XinUpi Wi, \ Z do

4: if )\1,1‘ + )\271‘ <AforZ;, =7ZU {X} then )\ + )\1@ + /\271', 7'+ ZU {X}
5 if Z # 7' then Z < Z’ else break

115
116 Example 2. An example of the bit reduction flow of algorithm I]is as follows:

Zz = ¢7A1,i = 07A2,i =5: (¢) X <¢7 {X1}7 {XlaX2}7 {X37X4}7 {X17X35X4}7 {X17X27X37X4})a
Zi ={X1}, A= 1,20, = 31 (0, {X1}) x (¢, {Xo}, { X5, Xu}, { X2, X5, Xa}),
Zi ={X1, Xo}, Ai = 2,00, = 11 (¢, {Xa }, { X1, Xo}) X (&, { X5, Xu}).

17 4 Efficient Conversion of Score-based Bayesian Network Structure Learning

118 We make (Uh,i)i\l,;gv (Vhl);\f‘:?0 correspond to (Ph,z‘);\;é), ((];”)22270 one-to-one, where py, ;, qn ;s € B
19 forall0 < h < )X ;,0< h < A2,i, 1 <4 < n. To identify the parent sets, we use the one-to-one
120 correspondence constraint that S0 pp; = S 020 gu; = 1 forall 1 < i < n. The Hamiltonian
121 consists of the score component, the one-to-one correspondence constraint, and the cycle constraint,
n
Ht*otal(paq?r) = Z(Hs*c(ozc( Dp.i,q ) +Hc>)kr(1lc)( ,ulI-,i)) +'I:I::kyclc(pvq77‘)3 (9)
i=1

122 where p = ((ph,i)});;z))?:lv q = ((qn, 1)22 o). Under the one-to-one correspondence constraint,

123 we can represent the paths among random variables indirectly using p, g without additional auxiliary

124 variables,
i= D Phit YL i (10)

1<h<Ay; 1<h<Az;
XjeU}L,i X;€Vh,i
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Figure 1: An example of bit allocation for our conversion method. n =4, A\ 1 =3, 21 =1, \1 2 =
LXo=0,A3=1Xx3=1XA4=02X4=0U1={23},U1 ={3},Us1 = {2}, Vi1 =
{4}, U2 = {3},U1 3 = {1}, V1,3 = {4}. Circle : p, q. Square : r. Red lines include in the score
component of the Hamiltonian, a green line in the one-to-one correspondence constraint, and blue
lines in the cycle constraint.

forall 1 < j,i < n. Figure[I]is an example of bit allocation using our conversion method. The
number of bits required in our conversion method is Z?Zl (M + A2i) + (72’) Note that we do not
directly encode py i, go,; on the Hamiltonian.

Score Component. The local score component of the Hamiltonian is

A1,i Az,i A1i Azgi
H 3 (p.irq 281thhz+zszhz%z+zZthh'zphz%'i, (1n
h=1h'=1

forall 1 < ¢ < n. We can get these coefﬁ01ents by solving simultaneous equations under the
one-to-one correspondence constraint, sy 5,; = —log S (Uy,; | D) + log S (¢ | D), s9.n.i =
—1og S (Vi,i | D) +1og SO (¢ | D), thnr i = —1og SO (Upi U Vi i | D) +1og SO (Ui | D) +
log 8% (Vy,i | D) —log S¥ (¢ | D).

One-to-One Correspondence Constraint. We penalize the connection among bits to select each

element from (U}, 1)h 0 Vi, 1)216,
Hy D (p.yirq.i) = Z &1,iPh,iPh i + Z §2,iqn,iqn’ i 12)
1<h<h/<Aq; 1<h<h/ <Az

for all 1 < ¢ < n, where the penalty coefficient 0 < & ;,&2,; € R. If & ;, & ; is sufficient large,
SN i = Y002 gy = 1is induced indirectly.
Cycle Constraint. Compared to eq. (6), the cycle constraint of the Hamiltonian is
H:ycle(pvqar) = Z 5IR(Ti,j7Tj,kvrik Z 52 Tz,] + d;i(l - Ti,j))a (13)
1<i<j<k<n 1<i<j<n

where the penalty coefficients 0 < 7,05 € R. By setting 47, 5 appropriately, we can prevent the
cycle from occurring.
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S Sufficient Lower Bounds of Penalty Coefficients

We demonstrate the sufficient lower bounds of penalty coefficients. The basic idea is that we find the
range of penalty coefficients so that the change in return value of the Hamiltonian is negative when
the input state changes to the state we desire to induce.

. . P
One-to-One Correspondence Constraint. We consider to decrease the value of >, )" pp, ;» by

one until it reaches 1. In the case of pp» 3= = 1, 221 11 Ph,i+ > 1, it holds that H . . (p,q,r) —

« . Az . h AL\,
Hio 0", @,7) > e + 51pe e + o020 the e Qi » where p71) = ((pf)' 7))y

and p(h ) — 0 if (h,i) = (h*,i%), pghl ) = ph.; otherwise. Considering the case where p and g
are swapped in the above, if &1 i, &2, satlsfy that

A2i

ogrilgf\i NTOLhE T h/z_: min{0,tnni})) < &1, (14)
At

onax (—sapi— };1 min{0, t n.i})) < Ea., (15)

for all 1 < ¢ < n, then the grand state does not violate the one-to-one correspondence constraint.
The computational cost to obtain the left side of eq. (14) and eq. (13)) is at most O(A1 ;A2 ;) for all
1<i<n.

Cycle Constraint. We consider four patterns of (7« j«,d}. ;.,d}. ;.) violating the consistency
constraint. It is assumed that X ;- € Upx =, X~ ¢ Upre o C Upr ey Dprir = 1,ppon i = 0.
In the case of (0,1,0), it holds that H,,(p,q,7) — H (p,q,r) > 65 — (n — 2)6%,
where r(77) = (r; (1-’ ))1<Z<J<n, and r(l] AR ri; if (4,5) = (&%, 7). rz(z]]) =i
otherwise. Slmllarly, it is possible to consider the case of (1,0,1). In the case of (0,1,1),

. H* A2,i
it holds that H, ,(p,q,T) — Htotal(p(h hTAT) g, T) > 05 + S1peic + Donoy the bt Qhyic —

A P * *k ek h*’h**"* A i **"*
S1,h** i* — Zhil the* hi* Qh,ix» Where p(h AT = ((pgu ’ ))hl O)z 1> and p;zz "= 0
£ (hoi) = (h*,d), p " ") = Lif (hyi) = (B™,i%), pi',"™ ") = ph; otherwise. Sim-

ilarly, it is possible to consider the case of (1,1,1). These results suggest the relationship of
07,65 to induce the consistency constraint. Here, based on theorem [I] we consider a strategy
to repeat picking up one element from r and switching its value until Hyans(7) = 0. It is as-
sumed that Hiyans (1) > Hirans(r 7). In the case of (1, 1,0), it holds that H, (p,q,T) —
« *opww ok o % Ao.i Ao
H a7 q,r0707)) > 85481 e i+ 20 i his Qhyis —S1,hee im — oy the= hi= Qhie -
Similarly, it is possible to consider the case of (0,0, 1). In the case of (1,0, 0) or (0,0, 0), it holds
that H . (p.q,7) — H,..(p,q, r(77)) > §%. These results suggest the lower bound of §} to
induce the topological order constraint. Considering the case where p and g are swapped in the
above, if 47, 05 satisfy that

*

1rgaxn max{n ;,m2,;} < 7 < n7—22’ (16)

71, = mMax max max max (781 hi—thh'i+ S1hi+th h”.i)7
’ 1<j<n0<h<Ai,; 0<h'<Ai1; O<h”<A2; T T T T
XjEUh,1 ngU}L/,iCUh,i
; = max max max max (—Sopi—th hi+ Soni+th ni
12,i 15520 0hres  0<h! Exa.s OSh”S)\Lq‘( 2,h,i h' ki 2,h’ i h'\h ,1)7
Xj€Vh,i Xj¢Vyr iCVhi
for n > 3, then the grand state does not violate the cycle constraint under the one-to-one cor-
respondence constraint. The computational cost to obtain the left side of eq. (I6) is at most
O(im1 nALiA2,i (AL + Az,i))-
Theorem 1. If it holds that Hy,ans(r) = Zl§i<j<k:§n R(rij,rjk,rik) > 0, then there exists
at least one index pair 1 < i* < j* < n which satisfy Hiyans(T) > Htrans('r(l J )), where
R(Tlv T2, 7“3) = 7“17“2(1 - 7"3) + (1 - 7"1)(1 - 7“2)7"3f0r allri,r9,7r3 € B, r = (Tz,j)1§i<j§n S B(Z),
7)) = (rgjj 7 ))1<z<j<7u and r(l I =1 - ri g if (i,7) = (4%, 5%), r; (Z J7) 15,5 otherwise.
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Table 1: The benchmark networks from Bayesian network repository.

n n Z;LZI Ai '

Name m o s MG 2 B0 =) 00T N Z 1000 N = 10000
insurance 27 3 52 984 353 883 4036

water 32 5 66 10083 165 216 735

alarm 37 4 46 509 1829 2272 9081

barley 48 4 84 114005 181 310 1552
hailfinder 56 4 66 2656 144 692 4277

hepar2 70 6 123 1453 4837 665 4782

" The average for 10 simulated datasets.

Proof. Tt does not lose the generality by considering the case of (r1,2,72,3,71,3) = (1,1, 0). Here, it
holds that R(r1,2,72,3,71,3) — R(1 —712,723,713) + R(r1,2,72,3,713) — R(r12,1 —723,713) +
R(ry,2,723,71,3) — R(r1,2,72.3,1 — 71 3) = 3. Additionally, it holds that R(ry 2,72,,71,;) — R(1—
71,2, 72,0, T1,3) HR(r2,3, 73,0, 72,) —R(1=r2,3, 73,3, 72,i) +R(r1 3, 73,0, 71,6 ) —R(1=713,73,,71,6) =
0 for all 3 < 4. Therefore, it holds that Hyyans(7) — Hirans (1) + Hipans (1) — Hipans (1)) +
Hions(r) — Htrans(r(1’3)) = 3. From this result, it holds that Hiyans(T) — Htrans(r(i*’j*)) > 0 for
at least one index pair (¢*, %) € {(1,2), (2,3), (1,3)}. O

6 Experimental Results

To validate the performance of our approach, we use 10 simulated datasets for each instance size
N =100, 1000, 10000 and each benchmark network. The benchmark networks are discrete networks
from Bayesian network repository[ﬂ The score function is the BDeu score with o = 1. It is often
infeasible to identify exact candidate parent sets by searching the power set P(X'\ { X;}) in a realistic
timeframe. We use the candidate parent sets from algorithm [2] Note that the candidate parent sets
depend on the heuristic search algorithms, but we do not focus on their performance in this study.
Table 1| displays the information of benchmark networks. The code to replicate each experiment in
this paper is availableﬂ

Algorithm 2 Greedy Candidate Parent Set Identification

1: Input: D, i, m Output: £ Initialize: £ < {¢}, L' + {¢}, L < ¢
2: ford =1tomdo
3: for Win £’ do
for X in X\ {X;}\ W do
if S;(W'| D)< S;(WU{X}|D)foral W Cc WU{X},W' € L then
LN+ L'u{WU{X}}.
if £ £ ¢then L« LUL" L «+ L, L" <+ ¢ else break
: for Win £ do
if there exist W/ C W that satisfies S;(W | D) < S;(W’ | D) then £ + L\ {W}.

W Uk

6.1 Number of Required Bits for Score Component

In comparison to the existing method [[O’Gorman et al.; 2014, we reduce the number of required bits
for the score component by encoding the candidate parent sets directly. While >_" | \; candidate
parent sets is encoded in our approach, n(n — 1) paths plus at most O(n(n — 1) ) auxiliary variables
for m > 2 in the existing method. The left side of table 2] shows the reduction rate of the number of
required bits for the score component. Moreover, we reduce the number of required bits for the score
component to Y ., (A1,; + A2;) by decomposing the candidate parent sets in the form of Cartesian

"https://www.bnlearn.com/bnrepository/
?See supplemental material.
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Table 2: The reduction rate of the number of required bits for score component.

Y Ailn(n—1)% " DI OSRE D URI VD DD
N =100 N =1000 N =10000 N =100 N =1000 N = 10000

insurance  0.09873 0.24677 1.12742 0.61367 0.47285 0.32476
water 0.00097 0.00126 0.00429 0.72680 0.70588 0.44014
alarm 0.03814 0.04738 0.18938 0.45332 0.35537 0.21617
barley 0.00171 0.00292 0.01464 0.76717 0.75538 0.54149

hailfinder  0.00085 0.00409 0.02525 0.82773 0.60178 0.33365
hepar2 0.00021 0.00003 0.00021 0.49694 0.63346 0.31284

* The average ratio for 10 simulated datasets.

Name

Table 3: The number of required bits for fully coupled and nearest neighbor annealing processors.

Name S+ A+ (5) " S A+ )i+ A+ 1)+ (5)
N =100 N =1000 N =10000 N =100 N =1000 N = 10000

insurance 566 767 1661 3375 9023 85482

water 613 648 820 1434 1720 5881

alarm 1489 1472 2628 36761 27985 169004

barley 1247 1362 1968 6758 3446 24796
hailfinder 1659 1957 2967 2212 7084 80578

hepar2 4777 2836 3910 449916 9164 136939

" The average ratio for 10 simulated datasets.

products. The right side of table 2] shows that algorithm [I|reduces the number of required bits for the
score component although there is some variation among the networks.

6.2 Selection of Annealing Processor

From the following discussion, the Fujitsu digital annealer is suitable for our approach from the
viewpoint of bit capacity.

Fully Connected Type. To the best of our knowledge, the bit capacity of the Fujitsu digital annealer
is the largest in fully coupled annealing processors. The second generation Fujitsu digital annealer
can deal with problems on a scale of 8192 bits [Matsubara et al., 2020]. The left side of table E] shows
that it is possible to encode all the logical conversion results for benchmark networks to the circuit of
the digital annealer within bit capacity.

Nearest Neighbor Type. The number of additional bits required for minor embedding depends on
the design of the hardware graphs. Oku et al.|2019|proposed a heuristic minor embedding algorithm
for the Hitachi CMOS annealing machine [Masanao et al.,2010]. Using this algorithm, the number
of required physical spins when embedding a fully connected graph is I? + I for I variables. The
conversion method proposed in this study has n local fully connected graphs on p, q. Therefore, the
number of required physical spins must be at least > | (A1; + A2;) (A1, + A2; + 1) + (3). From
the right side of table[3] it is currently infeasible to encode logical conversion results for at least some
networks to the circuit of CMOS annealing machine within its 102400 nodes [Sugie et al., 2021]]. As
far as we know, the bit capacity of the Hitachi CMOS annealing machine is the largest in nearest
neighbor annealing processors.

6.3 Score Maximization

We demonstrate the performance of Fujitsu digital annealer for score-based Bayesian network
structure learning using the conversion results of N = 10000 simulated datasets. The running time
for each simulated dataset is 6000 [s].



223
224
225
226
227
228
229
230

231
232

234
235

237
238
239
240
241

242
243
244
245
246
247

insurance water alarm

SA oBS ASOBS SA 0BS ASOBS SA 0BS ASOBS
Solver Solver Solver

barley hailfinder hepar2

099 099 T 099
|§MR T i .§m\ 098
EW EW 097

sa ons AsoBs sa ons AsoBs ons AsoBs
Solver Solver Solver

Normalized Soore

Figure 2: Results of score maximization by the baseline algorithms. For each simulated dataset and
each baseline algorithm, we normalized ", (log S (I1;| D) —log SV (¢ | D)) by dividing it by the
corresponding value of the Fujitsu digital annealer. In this experiment, we used the second-generation
Fujitsu digital annealer. SA : simulated annealing, OBS : ordering-based search, ASOBS : acyclic
selection ordering-based search.

Baselines. We compare the results obtained by the digital annealer with those of three heuristic
algorithms. One algorithm is the simulated annealing algorithm [Heckerman et al.l [1995b]] with a
QUBO same as the one encoded into the digital annealer. Other algorithms are the ordering space
search algorithms, i.e., ordering-based search and acyclic selection ordering-based search. For a fair
comparison, the running time of the simulated annealing algorithm for each simulated dataset is 6000
[s] and that of the ordering space search algorithms is 6000 [s] plus the running time of algorithm [I]
The computing environment is Microsoft Windows 10 Pro, 3.6 GHz Intel Core i9 processor, and 64
GB memory.

Result. Figure[2]shows that the digital annealer is better than all the baselines for all the simulated
datasets from all the benchmark networks.

7 Conclusion

We proposed a novel approach of converting a score-based Bayesian network structure learning
into QUBO. The essence of this approach lies in reducing the number of required bits through the
advanced identification of candidate parent sets and their representation as Cartesian products. The
Fujitsu digital annealer with our conversion method improved the BDeu score for 27 to 70 variables
benchmark networks over existing methods. The bit capacity limitation of annealing processor is
being relaxed rapidly ﬂ Though our approach is still a disadvantage for larger-scale networks, we
expect that our proposed algorithms will be effectively applied to larger-scale score-based Bayesian
network structure learning in the near future.

Potential Negative Societal Impacts. The development of annealing processor technology could
have an impact on various industry fields. However, the number of companies that have commer-
cialized the API usage of annealing processors is still small. Therefore, there is a concern that the
market of annealing processors will not work well and the disparities among stakeholders will be
widen. Researchers are required to properly evaluate the value of technology and communicate it to
the business side.

3Fujitsu announced that they achieved a megabit-class performance with digital annealer
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