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Abstract

We study the classical binary classification problem for hypothesis spaces of Deep Neural
Networks (DNNs) with ReLU activation under Tsybakov’s low-noise condition with exponent
q ¡ 0, as well as its limit case q � 8, which we refer to as the hard margin condition.
We demonstrate that DNN solutions to the empirical risk minimization (ERM) problem
with square loss surrogate and ℓp penalty on the weights p0   p   8q can achieve excess
risk bounds of order O pn�αq for arbitrarily large α ¡ 1 under the hard-margin condition,
provided that the Bayes regression function η satisfies a distribution-adapted smoothness
condition relative to the marginal data distribution ρX . Additionally, we establish minimax
lower bounds, showing that these rates cannot be improved upon. Our proof relies on a
novel decomposition of the excess risk for general ERM-based classifiers, which may be of
independent interest.

1 Introduction

In this article, we study the problem of classifying high-dimensional data points with binary labels. It is well-
known that, in the absence of structural assumptions about the data or the underlying model, convergence
rates for classification tasks typically decay as Opn�c{dq for some constant c ¡ 0, which becomes arbitrarily
slow as the dimensionality d increases. This phenomenon is often referred to as the curse of dimensionality
(CoD). However, it has been observed that many models used in practice — particularly Deep Neural
Networks in recent years — are capable of efficiently solving extremely high-dimensional classification tasks,
achieving convergence rates that appear to defy the CoD (Goodfellow et al., 2016; Krizhevsky et al., 2012).

This gap between theoretical results and practical observations can often be bridged by introducing suitable
regularity assumptions on the problem. In the context of supervised binary classification, such assumptions
frequently take the form of margin conditions. First introduced in the seminal work of (Mammen & Tsybakov,
1999), margin conditions characterize the behavior of the data distribution near the decision boundary — the
region where classification is most challenging. Over the years, these conditions have enabled the derivation
of CoD-free rates of convergence for classifiers based on various hypothesis spaces (Tsybakov, 2004; Audibert
& Tsybakov, 2007). Remarkably, margin conditions can not only eliminate the curse of dimensionality,
but can also lead to “fast” rates of convergence — faster than the standard Opn�1{2q — and, under their
strongest form, even “super-fast” rates, exceeding Opn�1q.
Notable examples of hypothesis spaces for which these super-fast (sometimes even exponential) rates of
convergence have been observed include local polynomial estimators (Audibert & Tsybakov, 2007), support
vector machines (Steinwart & Scovel, 2005; Steinwart & Christmann, 2008; Cabannes & Vigogna, 2022) or
Reproducing Kernel Hilbert Spaces (RKHS) (Koltchinskii & Beznosova, 2005; Smale & Zhou, 2007; Vigogna
et al., 2022). More recently, it has even been shown that for data coming from an infinite-dimensional Hilbert
space, the Delaigle-Hall condition (Delaigle & Hall, 2012), which can be thought of as an infinite-dimensional
analogue of the classical margin conditions, can lead to super-fast rates of convergence for RKHS classifiers
(Wakayama & Imaizumi, 2021).

Perhaps surprisingly however, for hypothesis spaces of Deep Neural Networks (DNNs), no such “super-fast"
rates of convergence have been shown to hold, even under the strongest margin and regularity assumptions.
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This fact seemingly contradicts the observation that DNNs outperform all other traditional methods by far
when it comes to high-dimensional classification. This naturally raises the question: are Neural Networks
truly inferior to traditional classification methods in the hard-margin regime? In this work, we answer
negatively to this question by showing that “super-fast" rates of convergence for DNN classifiers can also
hold under the hard-margin condition. Before presenting our setup and results in greater detail, we briefly
review related literature in the following section.

1.1 Related works

When considering a binary classification problem on r0, 1sd with labels t1,�1u, there are different possible
objects which can be used to characterize the regularity of the problem:

• the Bayes regression function η : x P r0, 1sd ÞÑ ErY | X � xs which, up to an affine transformation,
represents the conditional probability of tY � 1u given tX � xu,

• the Bayes classifier c induced by the Bayes regression function: c : x ÞÑ signpηpxqq. It is the optimal
classifier in the sense that it minimizes the expected 0-1 loss over all admissible classifiers, and is
therefore what we are implicitly trying to learn.

• the decision region Ω :� c�1pt1uq and the induced decision boundary BΩ.

The margin condition which we refer to in this work, and originally introduced in (Mammen & Tsybakov,
1999), assumes that for all t ¡ 0, Pp|ηpXq| ¥ tq À tq, where q ¡ 0 is a constant called the margin exponent
(note that depending on the source, this is also referred to as a low-noise condition). In (Kim et al., 2018),
it has been shown that such a margin condition coupled with additional assumptions on respectively the
regression function η, the decision boundary BΩ, or the probability for data points to be near the decision
boundary BΩ, leads to minimax optimal fast rates of convergence for sparse DNN classifiers obtained by
hinge-loss empirical risk minimization. For instance, if η is assumed to be Hölder continuous, they prove the
excess risk bound:

Epf̂DNN q À
�

log3 n

n


 βpq�1q
βpq�2q�d

,

where β is the Hölder exponent of η. As we can see, when the margin exponent q Ñ8, their result leads to
the “fast rate" of O

�
n�1�.

In a similar vein, by assuming different kinds of regularity on these objects, and leveraging recent advances
on the approximation rates and complexity measures of DNNs hypothesis spaces, various minimax optimal
rates of convergence of this kind have been obtained for DNNs under different settings. A non-exhaustive list
of such works includes (Feng et al., 2021; Meyer, 2022; Petersen & Voigtlaender, 2021; Bos & Schmidt-Hieber,
2022; Hu et al., 2022; Ko et al., 2023). As it has been mentioned earlier, while these results for DNNs clearly
highlight their ability to generalize with CoD-free rates of convergence, none of them obtain a rate faster
than O

�
n�1�, even under the most idealized regularity assumptions, unlike the more traditional methods.

To the best of the authors’ knowledge, it has only been shown in (Hu et al., 2021) that the hard-margin
condition (which can informally be seen as the limit q � 8 of Tsybakov’s low-noise condition), can lead to
exponential rates of convergence for the excess risk for Neural Networks: they prove the result for shallow
networks in the Neural Tangent Kernel (NTK) regime (Jacot et al., 2018), which are trained to minimize the
Empirical Risk with square loss surrogate. (Nitanda & Suzuki, 2020) similarly show how, in the NTK regime,
the hard-margin condition leads to an exponential convergence of the averaged stochastic gradient descent
(SGD) algorithm with respect to the number of epochs. However, these results are not fully satisfactory,
as it is known that the NTK regime does not accurately represent the expressive power of deeper Networks
(Bietti & Bach, 2021). This work is thus, to the best of our knowledge, the first to prove super-fast rates of
convergence for conventional DNNs hypothesis spaces under the hard-margin condition.
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1.2 Our Contributions

We study the binary classification problem over a hypothesis space of parametric functions. The classifiers
are learned in a standard supervised learning fashion, by minimizing an Empirical Risk with the square loss
as a surrogate and an ℓp penalty on the network’s weight, where 0   p   8. For a real-valued, measurable
function f , denote the excess risk Epfq of the classifier induced by f as

Epfq :� PpX,Y q�ρ psign fpXq � Y q � PpX,Y q�ρ pc�pXq � Y q ,

where c� is the Bayes classifier, induced by the Bayes regression function η. Our main contributions can be
stated as follows:

• In Theorem 2, we provide a novel error decomposition for the excess risk of classifiers induced by
general classes of parametric functions under both “weak" pq ¡ 0q and “hard" pq � 8q margin
conditions. The proof is elementary and relies on an inequality we learned from (Vigogna et al.,
2022).

• As a direct application of Theorem 2, we show in Theorem 4 that when the hypothesis space
consists of DNNs with ReLU activation, and the regression function η satisfies a distribution-adapted
smoothness condition relative to the marginal data distribution ρX , the excess risk Epf̂NN q converges
at a rate of O pn�αq. Specifically, α Ñ 1 as s Ñ 8 under the weak-margin condition, and α Ñ
8 as s Ñ 8 under the hard-margin condition. Here, s ¡ 0 quantifies how efficiently η can be
approximated by the DNN space and can be informally interpreted as a smoothness parameter.

• Lastly, we apply Theorem 2 again to a simplified version of the teacher-student setting, which we
recast as a binary classification problem in which the training labels are given by fuzzy predictions of
a “teacher" neural network: we show that if the teacher network is realizable by the student network,
then the excess risk Epf̂DNN q converges at a rate O

�
e�βn

�
for some constant β ¡ 0.

In all of our results, the excess risk bounds hold in the almost-sure sense and are non-asymptotic: they hold
for any integer n ¥ n0 for some constant n0 whose expression we give explicitly in terms of the problem’s
parameters.

1.3 Notations

Function Spaces:

Let d ¥ 1 be an integer. For a closed subset X � Rd, a Borel measurable Y � R, and an integer k ¥ 0 we
will denote by

• MpX ,Yq the space of Borel measurable functions from X to Y,

• CkpX ,Yq the space of Y-valued, k times continuously differentiable functions on X ,

• LppX ,Y, µq the space of Borel measurable Y-valued functions on X whose absolute p-th power is
µ-integrable, where µ is a measure on X and p P r1,8s. Whenever µ is the Lebesgue measure, we
will omit it from notation and simply write LppX ,Yq.

For any of these function spaces, we might drop the domain X and/or the co-domain Y from notation if
context already makes it clear.

Norms:

For any positive integers d, u, v, real 0   p   8, x � px1, . . . , xdqT P Rd, A � pai,jq P Ru�v and f P MpX ,Rq,
we will denote by

3



Under review as submission to TMLR

• respectively |x|p :� p|x1|p � . . .� |xd|pq1{p, |x|0 :� |x1|0� . . . |xd|0 (with the convention 00 :� 0) and
|x|8 :� max1¤i¤d |xi|, the ℓp, ℓ0 and ℓ8 (quasi-)norm of x.

• |A|p :�
�°

i,j |ai,j |p
	1{p

the ℓp,p norm of A,

• respectively }f}CkpX q and }f}Lppµq the CkpX ,Rq norm and LppX ,R, µq norm of f , which are defined
in the standard way.

Other Symbols:

We will also denote by

• N :� t1, 2, . . .u the set of all natural numbers, and N0 :� t0u Y N,

• 1A the indicator function of a set A, which equals 1 on A and 0 everywhere else,

• signpxq :� 1p0,8qpxq�1p�8,0qpxq the sign of a real number x. We will also denote by sign f :� sign �f
the composition of a real-valued function f with sign,

• ErZs the expectation of a random variable Z. If Z � fpX,Y q, we may write EX rZs or EY rZs to
indicate with respect to which variables the expectation is taken, or equivalently EµrZs to indicate
with respect to which distribution the expectation is taken,

• For two sequences of real numbers pAnqn¥1 and pBnqn¥1, we will write An À Bn if An ¤ CBn for
some absolute constant C ¡ 0, and An � OpBnq if there exists n0 P N such that |An| À |Bn| for all
n ¥ n0.

2 Problem Setting

Let d ¥ 2 be an integer. We are given a sample of n observations pxi, yiq P X � Y where X � r0, 1sd is the
d-dimensional unit cube and Y � t�1, 1u is the set of possible labels. Each sample is assumed to be i.i.d.
data points generated from a distribution ρ on the probability space pΩ,A ,Pq. We will call any measurable
map c : X Ñ Y a classifier, and for any such function c we define its misclassification risk by

Rpcq :� PpX,Y q�ρpcpXq � Y q (1)

For any function f : X Ñ R, we thus see that sign f is always a classifier, and we will call sign f the classifier
induced by f . It is well known that the misclassification risk is minimized by the Bayes classifier c� :� sign η
(Devroye et al., 2013), where

ηpxq :� EpX,Y q�ρrY | X � xs
is the so-called Bayes regression function.

We will denote by R� :� Rpc�q the optimal risk. As c� depends on the unknown distribution ρ, it is a
priori not possible to achieve the optimal risk R�, hence we instead aim to learn a classifier pcn from the
observations px1, y1q, . . . , pxn, ynq, such that the excess risk Rppcnq �R� converges to zero as fast as possible
when n goes to infinity.

2.1 Empirical Risk Minimization

The misclassification risk (1) being a function of ρ, it can’t be explicitly computed and hence minimized.
We instead minimize the following Empirical Risk with square surrogate loss:

pRℓpfq :� 1
n

ņ

i�1
pfpxiq � yiq2 (2)

Our choice of the square loss ℓpfpxq, yq :� pfpxq � yq2 as a surrogate is motivated by at least three reasons :
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• Empirical evidence suggests that square loss may perform just as well if not better than cross-entropy
for classification tasks (Hui & Belkin, 2020). Our result thus provides some theoretical backing for
this observation.

• (Hu et al., 2021) prove rates of convergence under the hard-margin condition for Neural Networks
classifiers in the NTK regime learned with square loss. Our work shows that their results extend
outside of the NTK regime, as they correctly conjectured.

• Most convergence rate results for kernel-based classifiers under margin conditions also consider the
square loss as a surrogate (Steinwart & Scovel, 2005; Steinwart & Christmann, 2008). We thus have
an analogous setting for DNNs and can meaningfully compare the two approaches.

To match what is often done in practice, we also introduce a penalty function P : H Ñ R¥0 and a regular-
ization parameter λ ¥ 0. This leads to the following λ-Regularized Empirical Risk Minimization (λ-ERM)
problem : pfλ :� argmin

fPH

! pRℓpfq � λPpfq
)
. (3)

As stated earlier, we will set the hypothesis space H as a parametric family of functions, and the penalty P
as the ℓp norm. We aim to give fast rates of convergence for the excess risk of sign pfλ, the classifier induced
by pfλ.

2.2 Hypothesis Spaces of Parametric Functions

2.2.1 Parametric Function Families

We start by defining the parametric families of functions we will be considering in this paper, and the
associated terminology. Given integers L, a0, a1, . . . , aL P N, we call parameter vector and denote by

θ :� ppW1, B1q, . . . , pWL, BLqq
a tuple of matrix-vector pairs, where Wl P Ral�al�1 and Bl P Ral are respectively referred to as weight
matrices and bias vectors.

We call a � pa0, a1, . . . , aLq P NL�1 an architecture vector, and given any such a, we define the sets of all
respectively bounded and unbounded parametrizations as:

Pa,R :�
L¡

l�1

�r�R,Rsal�al�1 � r�R,Rsal
�
, Pa,8 :�

L¡
l�1

�
Ral�al�1 � Ral

�
(4)

where R ¡ 0 is a fixed parameter bound. We then call a realization mapping any fixed map

F : Pa,8 Ñ CpX ,Rq (5)

and from then we define
HF,a,R :� tFpθq | θ P Pa,Ru

as the hypothesis space of functions induced by F , parametrized by a and with parameters bounded by R.

A quantity of interest, after having defined HF,a,R as we did, is the sparsity of HF,a,R. That is, the number
of non-zero parameters needed to describe an arbitrary element of HF,a,R. We will denote that quantity —
which implicitly depends on F — P paq, and remark that we always have P paq ¤ °L

l�1 alpal�1 � 1q. We also
remark that any tuple θ P Pa,8 can naturally be identified, up to permutation, with a vector rθ P RP paq,
hence the name parameter vector.

This rather general and seemingly arbitrary representation for parametric families of function is motivated by
hypothesis spaces of Deep Neural Networks, to which it is particularly adapted. However, this representation
can be used to represent essentially any kind of parametric family of real-valued functions one might use for
binary classification in practice, such as:
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• Linear classifiers, induced by maps of the form x ÞÑWTx�B. In this case, the architecture vector
is simply given by a � pd, 1q with corresponding parametrization Pa,8 � Rd � R. The associated
realization mapping is defined for all θ � pW,Bq P Pa,8 by

Fpθq � �
f : x ÞÑWTx�B

�
.

• Logistic regression, induced by maps of the form x ÞÑ 2p1 � exppWTx � Bqq�1 � 1. For this, the
architecture vector and parametrization are again given by a � pd, 1q and Pa,8 � Rd � R. The
associated realization mapping is then defined for all θ � pW,Bq P Pa,8 by

Fpθq � �
f : x ÞÑ 2p1� exppWTx�Bqq�1 � 1

�
.

• Kernel classifiers, induced by maps of the form x ÞÑ °n
i�1 αiKpxi, �q where K is a Mercer kernel

defined on X �X and x1, . . . , xn P X are the training data points. The architecture and associated
parametrization in this case are respectively a � pn, 1q and Pa,8 � Rn�R. The associated realization
mapping is then defined for all θ � pα,Bq P Pa,8 by

Fpθq �
�
f : x ÞÑ

ņ

i�1
αiKpxi, �q

�
.

Note that for this hypothesis space, the bias parameter is not used. Hence we have an effective
number P paq � n of parameters.

In all of the remaining text, we will slightly abuse notation and identify any f P HF,a,R, which is defined on
all of Rd, with its restriction to the unit cube X .

2.2.2 Clipping the function outputs

To study the generalization error of our hypothesis space HF,a,R, it is necessary to ensure that the functions
within have uniformly bounded supremum norm, as the complexity may grow unboundedly otherwise. A
simple way to guarantee this is the following: given a clipping constant D ¡ 0, we compose all the functions
in HF,a,R with clipD : RÑ R defined by

clipDpxq �

$'&'%
D if x ¥ D

x if �D ¤ x ¤ D

�D if x ¤ �D
(6)

Although the clipping operator ensures boundedness of outputs, one may worry about it negatively affecting
the approximation power of the hypothesis space. The following lemma guarantees that as long as the
clipping constant D is chosen larger than }η}L8pX q, the approximation error does not increase.
Lemma 1. Let f� P L8pX ,Rq and D ¥ }f�}L8pX ,Rq. For any f P L8pX ,Rq, we have

} clipD �f � f�}L8pX ,Rq ¤ }f � f�}L8pX ,Rq

where clipD is as defined in (6).

Proof. By the assumption on D, we have f�pxq � clipD �f�pxq for almost all x P X . Hence, by 1-Lipschitz
continuity of clipD,

| clipD �fpxq � f�pxq| � | clipD �fpxq � clipD �f�pxq| ¤ |fpxq � f�pxq|
holds for almost all x, and the conclusion follows by definition of the essential supremum.

Likewise, it is immediate to see that for any D ¡ 0, f and clipD �f induce the same classifier. Since the
composition with clipD does not affect the number of free parameters, and }η}L8pX q ¤ 1, we will fix D � 1
and assume in the following that all functions we consider have been composed with clipD, without making
it explicit in the notation, which is justified thanks to Lemma 1 above.
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2.2.3 ℓp Regularization

Lastly, we fix 0   p   8 and regularize the objective (2) with an ℓp penalty term.

We thus define the regularized empirical risk as

pRℓ,λpθq :� 1
n

ņ

i�1
pfpxi; θq � yiq2 � λ|θ|pp (7)

where, for a parameter vector θ � ppWl, BlqqLl�1 P Pa,8,

|θ|pp :�
Ļ

l�1
|Wl|pp � |Bl|pp.

This penalty is very popular in practical applications. For p � 2, in which case it is often referred to as
weight decay, it is known to help training and improve generalization (Krogh & Hertz, 1991). Similarly,
p � 1 is a popular choice as it tends to promote sparse solutions, which are less expensive to store and
more efficient to compute with (Candes et al., 2008). Although not as common, taking 0   p   1 also has
its merits, as it can be used as a differentiable approximation of the ℓ0 penalty, which induces very sparse
models but is not compatible with standard gradient-based optimization algorithms (Louizos et al., 2017).

For fixed R ¡ 0 and λ ¥ 0, the λ-ERM problem (3) thus consists in finding pθλ satisfying

pθλ P argmin
θPPa,R

pRℓ,λpθq. (8)

Note that the objective (8) is, for most hypothesis spaces, highly non-convex. This implies that the set
of minimizers is generally not reduced to a singleton. Therefore, we will only consider the minimum norm
solutions throughout this paper, i.e. we only consider

pθλ P argmin
#
|θ|8, for θ P argmin

θPPa,R

pRℓ,λpθq
+
. (9)

2.3 Technical Assumptions

In this section, we present the technical assumptions under which we establish our main results.

(A1) The Bayes regression function η : x ÞÑ ErY | X � xs satisfies Tsybakov’s low-noise condition: there
exists a noise exponent q ¡ 0 and a positive constant C ¡ 0 such that

P p|ηpXq| ¤ δq ¤ Cδq for all δ ¡ 0.

At times, we will also refer to Assumption (A1) as the “weak-margin" condition, using the two terms
interchangeably and without particular preference. The so-called hard-margin condition, can be thought of
as a “limit" of the low-noise condition when q � 8:

(A2) The Bayes regression function η : x ÞÑ ErY | X � xs satisfies the hard-margin condition: there exists
δ ¡ 0 such that

P p|ηpXq| ¡ δq � 1.

Assumption (A2) was originally introduced in (Mammen & Tsybakov, 1999) as a characterization of classi-
fication problems for which the two classes are in some sense “separable", and has been repeatedly shown in
the literature to lead to faster rates of convergence for various hypothesis classes.

Consider the regularized population risk Rℓ,λ, which is given for all λ ¥ 0 and θ P Pa,R by

Rℓ,λpθq :� Epx,yq�ρ

�pfpx; θq � yq2�� λ|θ|pp, (10)
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η
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(a) Weak Margin Condition

η
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2δ

(b) Hard Margin Condition

Figure 1: Visualization of margin conditions through histograms of values taken by η.

which for convenience, we also denote Rℓ whenever λ � 0. We will assume that Rℓ,λ satisfies the two
following assumptions:

(A3) For any R, λ ¥ 0, the set argminθPPa,R
Rℓ,λ has finitely many elements.

Assumption (A3) ensures that all the global minimizers of Rℓ,λ are isolated and can not “cluster" arbitrarily
close to each other. Note that Rℓ,λ being a continuous function of θ defined over a compact set, its argmin
is necessarily not empty.

We now briefly introduce some necessary terminology.
Definition 1 (Analytic functions). A real-valued function f defined on an open set U � Rk is said to be real
analytic on U if for all u P U , there exists an open ball B containing u and real coefficients pcαqαPNk

0
such

that fpxq � °
αPNk

0
cαpx � uqα for all x P B. An Rℓ-valued function f � pf1, . . . , fℓqT is said to be analytic

if each of its components is analytic.
Definition 2 (Semialgebraic sets and functions). A set S � Rk is said to be semialgebraic (Bochnak et al.,
1998) if it can be written in the form

S �
s¤

i�1

t£
j�1

 
x P Rk : pijpxq � 0, qijpxq ¡ 0

(
,

where s, t P N and pij , qij are polynomial functions for all 1 ¤ i ¤ s, 1 ¤ j ¤ t.
We call a function f : Rk Ñ R semialgebraic if its graph tpx, fpxqq : x P Rku is semialgebraic.
Definition 3 (Subanalytic sets and functions). A set S � Rk is said to be subanalytic (Shiota, 1997) if each
point of Rk has a neighborhood U such that S XU is a finite union of sets of the form Imf1zImf2, where f1
and f2 are analytic Rk valued proper maps defined on analytic manifolds.
We call a function f : Rk Ñ R subanalytic if its graph tpx, fpxqq : x P Rku is subanalytic.

The concept of semialgebraic function is relatively straightforward: it refers to functions whose graph can
be described using finite unions and intersections of polynomial equalities and inequalities. Subanalyticity
extends this concept in some sense by allowing not just polynomial, but analytic equalities and inequalities,
allowing for a much richer range of function graphs (Shiota, 1997; Bochnak et al., 1998).

As it turns out, most choices of loss functions, hypothesis spaces, and regularizations will lead to subanalytic,
if not semialgebraic, population and empirical risk. For DNN hypothesis spaces, (Zeng et al., 2019) give
sufficient conditions on the choice of loss, activation function and regularization to ensure subanalyticity of
the resulting risk. Those conditions are verified for most practically used models, including ReLU, sigmoid,
tanh networks with ℓp regularization and square, logistic or cross-entropy loss (Zeng et al., 2019, Appendix
B).

The last notion we introduce is that of a limiting subdifferential:
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Definition 4 (limiting subdifferential). Given a function f : Rk Ñ R and x P Rk, we call Fréchet subdif-
ferential of f at x and denote B̂fpxq the set of all vectors v P Rk which satisfy the following:

lim
y�x

inf
yÑx

fpyq � fpxq � vT py � xq
|y � x|2 ¥ 0.

The limiting subdifferential of f at x P Rk, which we denote Bfpxq is then defined as (Rockafellar & Wets,
1998):

Bfpxq :�
!
v P Rk : DpxiqiPN Ñ x, fpxiq Ñ fpxq, vi P B̂fpxiq Ñ v

)
.

The limiting subdifferential Bf generalizes the concept of subdifferential to functions with even less regularity.
Just like the former, it necessarily contains zero at any extremum of f , and coincides with its gradient ∇f
whenever f is differentiable (Rockafellar & Wets, 1998).

We can now introduce the following assumption:

(A4) For any λ ¥ 0, the regularized population risk Rℓ,λ : RP paq Ñ R is subanalytic, and for any
θ P RP paq, BRℓ,λpθq is not empty.
Furthermore, for any R ¡ 0, the restriction Rℓ,λ : r�R,RsP paq Ñ R is Lipschitz continuous, and we
will denote by LipRpRℓ,λq � LippRℓ,λq its Lipschitz constant.

In light of the preceding discussion, we observe that Assumption (A4) is very mild. Both subanalyticity and
(limiting) subdifferentiability are satisfied in most practical setups, and local Lipschitz-ness is also guaranteed
as long as, e.g., the parametric hypothesis space consists of compositions of locally Lipschitz mappings, which
is often the case as well.

The need for Assumption (A4) is motivated by the following theorem, due to (Bolte et al., 2007):
Theorem 1 (Adapted from Corollary 16 in (Bolte et al., 2007)). If f : Rk Ñ R is a lower semi-continuous,
globally subanalytic function, and fpx0q � 0, then there exist c, ρ ¡ 0 and 0   κ   1 such that for all
x P tx P Rk : 0   |fpxq|   ρu, we have

c|fpxq|κ ¤ |x�|2, for all x� P Bfpxq. (11)

Functions satisfying the conclusion of Theorem 1 are said to satisfy the Kurdyka-Lojasiewicz (KL) prop-
erty, named after pioneering works of Lojasiewicz (Lojasiewicz, 1963) and Kurdyka (Kurdyka, 1998). This
property is fundamental in non-convex optimization, as it is a key ingredient when proving convergence
guarantees for first-order methods in general settings (Li & Pong, 2018). This property has also been used
in recent works to obtain convergence rates for first-order optimization in Deep Learning (Xu et al., 2024;
Zeng et al., 2019).

As a consequence of assumptions (A3) and (A4), we have the following proposition, whose proof we provide
in the last section:
Proposition 1. Assume that (A3) and (A4) hold. Fix R ¡ 0. There exist constants K,Λ, ρ ¡ 0, and r ¡ 1,
which do not depend on R, such that for all 0 ¤ λ ¤ Λ, 0   t   ρ{p2 LipRpRℓ,λqq, and θλ P argminθPPa,R

Rℓ,λ

inf
θPPa,R:distpθ,argmin Rℓ,λq¥t

Rℓ,λpθq �Rℓ,λpθλq ¥ Ktr, (12)

where distpa,Aq denotes the ℓ8 distance between a vector a P Rk and a set A � Rk.

A condition similar to the conclusion of Lemma 1 is often assumed to hold in the empirical process theory
literature, where it is referred to as a well-separation assumption and is used to prove consistency of M-
estimators (Van der Vaart, 2000; Sen, 2018). In that context, the Ktr lower bound in equation (12) is
replaced by ψptq, for an unknown function ψ which is merely assumed to be positive for small t ¡ 0. Our
Proposition 1 shows that this assumption does in fact hold for the majority of cases, and explicitly quantifies
this lower bound, which in turn will allow us to carry out our error analysis.

9
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Denote respectively by pRℓ,n and Rℓ the unregularized (λ � 0) versions of pRℓ,λ and Rℓ,λ defined in (7) and
(10), where the dependence on n is made explicit in the notation. Denote by

argmin* pRℓ,n :�
#

argmin |θ|8 : θ P argmin
θPPa,8

pRℓ,n

+
(13)

the minimum-norm minimizers of pRℓ,n, taken as a function defined on the unrestricted parameter space
Pa,8 (4). We will assume the following:

(A5) The sets argminθPPa,8
Rℓ and argminθPPa,8

pRℓ,n are (almost surely) not empty, and there exists a
constant R0 ¡ 0 such that almost surely over all possible i.i.d. draws pxi, yiqi¥1 with distribution ρ,
we have

sup
n¥1

!
|θ|8 : θ P argmin* pRℓ,n

)
¤ R0. (14)

Besides the requirement that minimizers exist, which is standard and often implicitly assumed when studying
empirical risk minimization, Assumption (A5) states that the minimum-norm solutions of the unregularized
ERM problem (9) almost surely do not run off to infinity as the sample size n increases. Although it is
intuitively expected that minimum-norm solutions do not diverge, in practice such an event could have a
small, positive probability. Assumption (A5) thus requires ρ to give zero measure to “pathological" datasets
where such a thing happens.

Under Assumption (A5) we can uniformly bound the norms of λ-ERM solutions, as well as that of approx-
imation error minimizers:
Lemma 2. Assume that (A5) holds with upper bound R0 ¡ 0. The following is true:

i. Almost surely for all n ¥ 1, λ ¡ 0 the sets argminθPPa,8
pRℓ,λ are not empty, and we have the

inequality
sup

λ¥0,n¥1

!
|θ|8 : θ P argmin* pRℓ,λ

)
¤ R0P paq1{p,

where P paq denotes the number of parameters in the architecture Pa,8 and argmin* pRℓ,λ is defined
as in (13).

ii. There exists θ� P Pa,8 such that

|θ�|8 ¤ R0 and θ� P argmin
θPPa,8

}Fpθq � η}L2pρXq.

Lemma 2, whose proof we defer to the last section, guarantees that if the parameter bound R is chosen equal
to R0P paq or greater, the hypothesis space HF,a,R will both contain global solutions for the λ-ERM problem
(9), and global minimizers of the L2pρXq approximation error.

3 Main results

3.1 A general upper bound for the excess risk of Parametric Classifiers

Before stating our main results, we introduce a few useful definitions. The first being that of an ε-covering :
Definition 5 (ε-cover). Let ε ¡ 0 and G � L8pX ,Rq be a family of functions. Any finite collection of
functions g1, . . . , gN P L8pX ,Rq with the property that for any g in G there is an index j � jpgq such that

}g � gj}L8 ¤ ε

is called an ε-covering (or cover) of G with respect to } � }L8 .

10
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For a given ε, we can think of the cardinality of an ε-cover as a measure of complexity for the family G. This
motivates the definition of a covering number :

Definition 6 (ε-covering number). Let ε ¡ 0 and G � L8pX ,Rq. We denote by CovpG, } � }L8 , εq the size
of the smallest ε-cover of G with respect to } � }L8 , with the convention CovpG, } � }L8 , εq :� 8 when no finite
cover exists. CovpG, } � }L8 , εq will be called an ε-covering number of G with respect to } � }L8 .

For G � HF,a,R, we will abbreviate and denote

CovpHF,a,R, } � }L8 , εq �: Cov8pH, εq.

The above two quantities, whose definitions are adapted from (Györfi et al., 2002), are ubiquitous in the
learning theory literature, as they give a lot of information on the statistical properties of our estimators.

Another related measure of complexity for parametric hypothesis spaces is the Lipschitz constant of the
realization map (5):

Definition 7. Given a parametrization Pa,R, recall the definition of the realization mapping F : Pa,R Ñ
CpX ,Rq (5). We will denote by

LipRpFq :� sup
θ,θ1PPa,R

θ�θ1

}Fpθq � Fpθ1q}L8pX q

|θ � θ1|8

its Lipschitz constant.

Intuitively, the Lipschitz constant of the realization map estimates the complexity of the induced hypothesis
space in the sense that it controls how different two realizations can be given that their parametrizations are
close. For this reason, the problem of estimating a Neural Network’s Lipschitz constant has garnered a lot
of interest over recent years (Fazlyab et al., 2019; Virmaux & Scaman, 2018).

We are now ready to state our main result, which gives an upper bound on the excess risk of parametric
classifiers under our setting.

Theorem 2. Assume that Assumptions (A3), (A4) and (A5) hold. Fix an architecture a with parameter
bound R � R0P paq1{p, where R0 ¡ 0 satisfies (14), and denote

εapprox :� inf
fPHF,a,R

}f � η}L2pρXq

the approximation error of HF,a,R. We have the following excess risk bounds:

• If the low-noise condition (A1) holds, then for all δ ¡ εapprox and 0   ν   δ, any minimum-norm
solution pθλ of the λ-ERM problem (9) with 0 ¤ λ   pδ � εapproxq2pP paq2pRpq�1 satisfies for all
n ¥ 1 :

Rpsign fp�; pθλqq �R� ¤ εapprox �
b
λP paq2p

R
p � Cδq

� pδ � νq�2
�
εapprox �

b
λP paq2pR

p

2

(15)

� 4 Cov8
�

H, Kνr

24 Lip2RpFq1�r



exp

� �nK2ν2r

288 Lip2RpFq2r




• If the hard-margin condition (A2) holds with margin δ ¡ 0, and εapprox   δ, then for all 0   ν   δ,
any minimum-norm solution pθλ of the λ-ERM problem (9) with 0 ¤ λ   pδ�εapproxq2pP paq2pRpq�1

11
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satisfies for all n ¥ 1:

Rpsign fp�; pθλqq �R� ¤ εapprox �
b
λP paq2p

R
p

� pδ � νq�2
�
εapprox �

b
λP paq2p

R
p

2

(16)

� 4 Cov8
�

H, Kνr

24 Lip2RpFq1�r



exp

� �nK2ν2r

288 Lip2RpFq2r




The bounds in Theorem 2 differ significantly from those typically encountered in the literature for similar
problems. While the appearance of the approximation error term is standard, the remaining terms are
not. Specifically, the bounds include three terms that capture the interplay between the noise condition,
the approximation error, and the regularization parameter, as well as a final exponential term that can be
interpreted as the statistical error in classical learning theory.

At first glance, it is not immediately evident that Theorem 2 offers improved rates of convergence for ERM-
based binary classification. Although the non-exponential terms in (15) and (16) can often be effectively
controlled when the regression function η belongs to an appropriate function space, the exponential term
presents a challenge. In some cases, this term may fail to vanish as the architecture size a grows with the
sample size n. In the next section, however, we demonstrate that for DNN hypothesis spaces, Theorem 2
can indeed yield fast rates of convergence.

3.2 Super Fast Rates of Convergence for Deep ReLU Networks with Distribution-Adapted
Smoothness

We now focus our attention on the case where the hypothesis space HF,a,R consists of Fully Connected Neural
Networks (FCNNs) with ReLU activation. That is, we let σ : x ÞÑ maxt0, xu be the ReLU activation function,
and for a given architecture a � pa0, . . . , aLq P NL�1, and parameter vector θ � ppW1, B1q, . . . , pWL, BLqq P
Pa,8, we define the affine maps

Tℓ : Raℓ�1 Ñ Raℓ , x ÞÑWℓx�Bℓ, p1 ¤ ℓ ¤ Lq.

We then define for all θ P Pa,8 the realization mapping as

FNN pθq :�
�
x ÞÑ TL � σ � TL�1 � � � � � σ � T1

�
, (17)

where σ is understood component-wise when applied to vectors.

For notational convenience, we will denote by N N pa,W,L,Rq the hypothesis space HFNN ,a,R induced by
FNN . As the width and depth of a Neural Network architecture play a crucial role in bounding its complexity,
it is advisable to make them clearly visible in the notation.

3.2.1 Upper bounds

We begin by stating our estimates on FCNN complexity measures:
Lemma 3 (Theorem 2.6 in (Berner et al., 2020)). For any architecture vector a with depth L P N and width
W P N, and any parameter bound R ¡ 0, we have the upper bound on LipRpFNN q:

sup
θ,θ1PPa,R

θ�θ1

}FNN pθq � FNN pθ1q}L8pX q

|θ � θ1|8 ¤ 2L2RL�1WL.

The above inequality, which is tight, shows that the Lipschitz constant of FNN grows exponentially with
depth. As one could expect, the covering number behaves similarly:

12
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Lemma 4. Let ε ¡ 0. For any DNN architecture a with depth L P N and width W P N, and any parameter
bound R ¡ 0, we have the upper bound

Cov8pN N , εq ¤
�

1� 2RLipRpFNN q
ε


P paq

Proof of Lemma 4. Let θ,θ1 P Pa,R. Because of the inequality

}fp�; θq � fp�; θ1q}L8pX q ¤ LipRpFNN q|θ � θ1|8,

we get that Cov8pN N , εq is bounded by the number of ℓ8 balls of radius ε{LipRpFNN q needed to cover
the hypercube r�R,RsP paq. It is straightforward to check that the collection of such balls centered at the
points

�R1⃗� εk⃗, where k⃗ � rk1, k2, . . . kP paqsT , and ki P
"

0, 1, . . . ,
R

2RLipRpFNN q
ε

V*
,

where 1⃗ is the vector whose entries are all ones, covers r�R,RsP paq and has r2RLipRpFNN q{εsP paq elements.
The proof is thus complete.

In light of the above estimates, we see that the only way for Theorem 2 to yield any useful results is for the
approximation error to decay faster than its complexity increases with respect to the network’s size. A rich
literature on DNN approximation theory has shown that for target functions in suitable smoothness spaces,
such as Sobolev, Hölder, Besov or Korobov spaces, fast rates of approximation were possible for ReLU DNNs
(Yarotsky, 2017; Suzuki, 2018; Petersen & Voigtlaender, 2018; Mao & Zhou, 2022). In particular, we have the
following result due to (Lu et al., 2021), which provides exact approximation bounds of s times continuously
differentiable functions by Deep ReLU FCNNs:
Theorem 3 (Theorem 1.1 from (Lu et al., 2021)). Let s P N and h P CspX q. For any W0, L0 P N there
exists a neural network fp�; θq P N N pa,W,L,Rq with width W paq � C1pW0 � 2q log2p8W0q and depth
Lpaq � C2pL0 � 2q log2p4L0q � 2d such that

}fp�; θq � h}L8pX q ¤ C3}h}CspX qW
�2s{d
0 L

�2s{d
0 ,

where C1 � 17sd�13dd, C2 � 18s2 and C3 � 85ps� 1qd8s.

We now introduce the following Assumption (A6), which generalizes Theorem 3 to the L2pρXq norm and
incorporates the interaction between the regression function η and the marginal data distribution:

(A6) Let η be the Bayes regression function. There exist a natural number L0 P N, and a smoothness
parameter s ¡ 0, such that for anyW0 P N¥2, one can find a neural network fp�; θq P N N pa,W,L,8q
with width W paq � C1W0 log2pW0q and depth Lpaq � C2L0 log2pL0q � 2d such that

}fp�; θq � η}L2pρXq ¤ C3W
�2s{d
0 ,

where C1 � dsd, C3 � p3sqd8sdCη for some Cη ¡ 0 depending on η only, and the positive quantity
C2 � C2psq is such that C2psq{sÑ 0 as sÑ8.

Assumption (A6), which we refer to as distribution-adapted smoothness, extends Theorem 3 by shifting
the error metric to the L2pρXq norm. While it shares some similarities with Theorem 3, the assumption
places additional constraints on the depth parameter L, requiring it to grow at a slightly slower rate with
respect to the smoothness parameter s, specifically at opsq. This slower growth requirement is motivated by
prior results showing that, under a uniform measure, achieving L2 approximation error rates of pWLq�2s{d

for non-linear C2 functions requires a depth proportional to s{d (Safran & Shamir, 2017; Voigtlaender &
Petersen, 2019). Assumption (A6) accounts for this by considering not only the regularity of η but also
the interaction between η and the marginal data distribution ρX . This interaction allows for slightly faster
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approximation rates when ρX is “adapted” to η. In Section 6.4, we give examples of discrete marginal
distributions ρX for which Assumption (A6) holds with C2psq � 0 for all s ¡ 0.

This approximation error bound directly quantifies the width and depth required to achieve a given error
level, leading to the following excess risk bounds for deep FCNN classifiers:
Theorem 4. Assume that Assumptions (A3), (A4), (A5) and (A6) hold, and let α ¡ 0 be a desired order
of convergence. For any n P N, there exists a FCNN architecture an with width Wn, depth Ln and parameter
bound Rn satisfying $'&'%

Wn � Õpnαd{2rsq
Ln � C2L0 log2 L0 � 2d
Rn � R0

�
LnpW 2

n �Wnq
�1{p � Õpnαd{psq,

where C2 and L0 are given in (A6), R0 is given in (A5), and Õ hides polylogarithmic factors, such that
the following holds:

• If the low-noise condition (A1) holds with noise exponent q ¡ 0, and α   �
1� C2B1�B2

s

��1, then
any minimum-norm solution pθλ of the λ-ERM problem (9) with λ � Õ

�
n�

2αps�dq
rs

	
, satisfies the

excess risk bound:
R
�

sign fp�; pθλq
	
�R� À max

!
n�

α
r , n�

αq
2r

)
, (18)

where q ¡ 0 is the noise exponent in Assumption (A1), r ¡ 1 is the “separation exponent" in (12),
B1 � rdL0 log2pL0qp2� pq{p, and B2 � 2rd

�
dp2� pq � 1

�{p.
• If the hard-margin condition (A2) holds with margin δ ¡ 0, α   s

C2B1�B2
, and n ¡ pδ{2q�α{r, then

any minimum-norm solution pθλ of the λ-ERM problem (9) with λ � Õ
�
n�

2αps�dq
rs

	
satisfies the

excess risk bound:
R
�

sign fp�; pθλq
	
�R� À n�

α
r , (19)

where r ¡ 1 is the “separation exponent" in (12), B1 � rdL0 log2pL0qp2� pq{p, and B2 � 2rd
�
dp2�

pq � 1
�{p.

As the smoothness parameter s increases to infinity, we get, in the limit αÑ �
1� C2B1�B2

s

��1, a convergence
rate of O

�
n�

mint1,q{2u
r

	
under the low-noise condition (A1). Since r ¡ 1, the bound we get is thus slightly

worse than the minimax optimal “fast-rate" of O
�
n�1� which typically holds under Assumption (A1) when

q Ñ8 (Kim et al., 2018; Audibert & Tsybakov, 2007).

On the other hand, under the hard-margin Assumption (A2), the exponent α{r grows unbounded as the
approximation speed s goes to 8. Theorem 4 thus shows how deep FCNNs can leverage the hard-margin
condition (A2) together with higher regularity to achieve potentially arbitrarily fast rates of convergence
for the excess risk. A result which, to the best of our knowledge, is the first of its kind for this hypothesis
space.

3.2.2 Lower bounds

A natural question which arises from Theorem 4, is whether the obtained rates of convergence can be
improved further, in the minimax sense. Although we’ve seen that the rates obtained under the low-noise
condition (A1) are slightly suboptimal, one may still wonder whether those obtained under Assumption
(A2) can be improved further. The following Theorem gives a negative answer to this question.
Theorem 5. Let s ¡ 0 be fixed, and C2 � C2psq, B1, B2 ¡ 0 and r ¡ 1 all be as in Theorem 4. For
q, δ ¡ 0, denote respectively by Pp1q

s,q and Pp2q
s,δ the sets of probability distributions on X � t�1, 1u such that

both Assumption (A6) and Assumption (A1) with exponent q (respectively Assumption (A2) with margin
δ) hold. We have the following lower bounds:
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• There exists a constant κ1 ¡ 0 such that for any n P N, and any classifier
ĉn : pX � t�1, 1uqn Ñ MpX , t�1, 1uq, we have

sup
PPPp1q

s,q

tEPbn rRPpĉnq �R�su ¥
#
κ1n

� 2q�2
rpd�q�2q if 0   q ¤ 1,

κ1n
� s

rps�C2B1�B2q if q ¡ 1.
(20)

• There exists a constant κ2 ¡ 0 such that for any n P N, and any classifier
ĉn : pX � t�1, 1uqn Ñ MpX , t�1, 1uq, we have

sup
PPPp2q

s,δ

tEPbn rRPpĉnq �R�su ¥ κ2n
� s

rpC2B1�B2q . (21)

We make some remarks regarding Theorem 5. First, we can see that for Assumption (A1) in the regime
0   q ¤ 1, the upper bound of O

�
n
� qs

2rps�C2B1�B2q

	
provided by Theorem 4 is quite loose, as C2B1�B2 ¥ 4d2.

However, for both the q ¡ 1 regime and the case where Assumption (A2) holds, we recover exactly the same
rates as in Theorem 4. We still need to highlight however that, formally, the best rates in Theorem 4 can
not be exactly attained, but can be approached arbitrarily close, hence the minimum norm DNN classifiers
can not be said to be minimax optimal in a strict sense, but we can call them essentially minimax optimal,
in the sense that they can achieve rates arbitrarily close to the optimal one.

3.3 A case of exponential convergence rate: well-specified teacher-student learning

The takeaway message from Theorem 4 is that whenever the regression function η lies in a suitable space,
such that it can be approximated by FCNNs whose size grows slowly, the margin conditions (A1) and (A2)
will lead to fast rates for the excess risk. Taking this idea a step further, we look in this subsection at what
happens when the regression function η is exactly representable by our hypothesis space of FCNNs. Our
starting point is the following Lemma:
Lemma 5. Let R� ¡ 0, L� P N be fixed, and a� P NL�1 be an arbitrary FCNN architecture. For any
parametrization θ� P Pa�,R� , there exists a distribution ρθ� on X � Y such that

EpX,Y q�ρθ�
rY | X � xs � fpx; θ�q, for ρX-a.e. x P X ,

where fp�; θ�q : X Ñ r�1, 1s is the function realized by θ�.

Proof. Let X � ρX and U � Uniformpr�1, 1sq be two independent random variables on the same probability
space, and define:

Y :� 1rU ¤ fpX; θ�qs � 1rU ¡ fpX; θ�qs �
#

1, if U ¤ fpX; θ�q,
�1, if U ¡ fpX; θ�q.

Now let ρθ� be the joint distribution of pX,Y q: we then have that for ρX -almost every x P X ,

ErY | X � xs � Er1rU ¤ fpx; θ�qs � 1rU ¡ fpx; θ�qss
� PrU ¤ fpx; θ�qs � PrU ¡ fpx; θ�qs
� 1

2 p1� fpx; θ�qq � 1
2 p1� fpx; θ�qq

� fpx; θ�q.

From Lemma 5, it follows that any function realized by a DNN can serve as the Bayes regression function
ηpxq � ErY | X � xs of a carefully constructed classification problem. Specifically, given a target DNN
fp�; θ�q with fixed architecture and parameters, we can construct a data distribution ρθ� on X �Y such that
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the associated Bayes regression function η is exactly equal to fp�; θ�q. This observation can be thought of as
a formalization of the knowledge distillation framework, which consists in training Neural Networks of small
size to solve problems at which bigger Neural Networks are very successful with comparable performance.
This approach, also known as the teacher-student setting, is typically implemented by training a smaller
(“student") network to predict a smoothed-out version of the outputs of a larger (“teacher") network, and
has shown to be very successful in practice (Hinton et al., 2015; Xu et al., 2023).

Previous work has characterized the expressivity of deep ReLU fully-connected neural networks (FCNNs).
Given an architecture a with input dimension d, width W , and depth L, the number of linear regions it
can induce ranges from Op1q to O

�
W dL

�
(Montufar et al., 2014; Serra et al., 2018). This exponential gap

suggests that a large network with width W and depth L can, in many cases, be represented by a much
smaller network with width W 1 !W and depth L1 ! L. Such observations help explain the practical success
of knowledge distillation and lend support to the lottery ticket hypothesis, which posits that large networks
contain small subnetworks capable of comparable generalization performance (Frankle & Carbin, 2019).

Building on this understanding, we now examine the learning rates achievable in our idealized “teacher-
student" setting, where the “teacher" network is realizable by the “student" network. In this scenario, the
excess risk decays at an exponential rate, as formalized in the following theorem:
Theorem 6. Let fp�; θ�q P N N pa�,W�, L�, R�q be a “teacher" neural network, and let ρθ� be a distribution
on X �Y such that the conclusion of Lemma 5 holds. Suppose that the following conditions are satisfied for
ρθ� :

1. Assumptions (A3), (A4), and (A5) hold.

2. For some W0  W�, L0   L�, a0 P NL0�1, and R0 ¡ 0, we have fp�; θ�q P N N pa0,W0, L0, R0q.
3. The hard-margin condition (A2) holds with margin δ ¡ 0.

Then, for any minimum-norm solution pθλ of the λ-regularized ERM problem (9) over the hypothesis space
N N pa0,W0, L0, R0q, with i.i.d. data

�pxi, yiq
�

1¤i¤n
sampled from ρθ� , and with 0 ¤ λ ¤ expp�2nβ1q

P pa0qR
p
0

, the
excess risk satisfies, for all n ¥ 1:

R
�

sign fp�; pθλq
��R� ¤ β2 expp�nβ1q � 4

δ2 expp�2nβ1q,
where

β1 � K2p2�L0δq2r

288 Lip2R0pFNN q2r
, β2 � 1� 4 Cov8

�
N N ,

Kp2�L0δqr
24 Lip2R0pFNN q1�r



,

are constants which do not depend on n.

Proof. We have that the Bayes regression function η is given by fp�; θ�q P N N pa0,W0, L0, R0q. By
applying Theorem 2 for the hypothesis space N N pa0,W0, L0, R0q, we thus get that εapprox � 0, and
R0,W0, L0, P pa0q,Lip2R0pFNN q are all independent of n. Applying Theorem 2 with ν � δ{2 thus im-
mediately yields the desired result.

4 Numerical Experiments

In this section, we illustrate Theorem 4 through simple numerical experiments, considering both the weak
margin and strong margin cases. To achieve this, we generate data points from two toy distributions and
empirically verify that the margin assumptions (A1) and (A2) are satisfied. This verification is performed
by plotting the histogram of the outputs of a DNN trained on each distribution using the square loss.
For each case, we train a DNN with the square loss for 5000 epochs, using an increasing number of training
samples n, and plot the evolution of the test error as n grows. Consistent with Theorem 4, we observe a
convergence rate slower than Opn�1q under the weak margin condition (A1), and faster than Opn�1q under
the hard margin condition (A2).
In all the numerical experiments presented below, the DNN under consideration is a fully connected ReLU
network with architecture a � p2, 64, 32, 1q.
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4.1 Convergence rate under Weak Margin condition

(a) A toy dataset where the weak margin condition holds. (b) Histogram of predicted labels for a DNN trained on
this dataset.

Figure 2: A toy dataset which satisfies the weak margin condition. By plotting the histogram of a DNN
trained to predict each class label, we confirm empirically that the condition is satisfied.

Figure 3: Evolution of the testing error for a DNN trained on n datapoints. The linear fit suggest an error
decay rate of Opn�0.77q.
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4.2 Convergence rate under Strong Margin condition

(a) A toy dataset where the weak margin condition holds. (b) Histogram of predicted labels for a DNN trained on
this dataset.

Figure 4: A toy dataset which satisfies the hard margin condition. By plotting the histogram of a DNN
trained to predict each class label, we confirm empirically that the condition is satisfied.

Figure 5: Evolution of the testing error for a DNN trained on n datapoints. The linear fit suggest an error
decay rate of Opn�1.62q.

5 Conclusion and discussion

We have established in this work a general upper bound on the excess risk of ERM classifiers induced by
parametric function classes under Mammen-Tsybakov margin conditions. As a consequence, we have deduced
“super-fast" rates of convergence for ERM classifiers induced by deep ReLU networks under some suitable
regularity conditions on the regression function η and the marginal data distribution ρX . We briefly discuss
in this section some possible extensions of our results, together with related open questions.
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Possible extensions:

We believe that Theorem 2 and its consequence Theorem 4 could be generalized to the following setups by
a direct adaptation of our arguments:

• General Lipschitz activation functions. While this work focuses on ReLU activations for sim-
plicity, our arguments rely only on two key properties of ReLU: its Lipschitz continuity and its
approximation capabilities. Since many other popular activation functions achieve similar approxi-
mation rates (Ohn & Kim, 2019; Zhang et al., 2023), we expect that the results in Theorem 4 can
be extended to any such Lipschitz activation function.

• Multi-class classification. Similarly, we believe that if we define an appropriate notion of Bayes
regression function and margin conditions in the multiclass setting, such as what was done in (Vi-
gogna et al., 2022), the results should extend naturally.

Open questions and future work:

We now highlight some questions that we believe are worth investigating further:

• More efficient approximation. One of the main limitations of our work is the reliance on As-
sumption (A6), which is more restrictive than usual smoothness assumptions on η. Investigating
the existence of hypothesis spaces whose approximation power and complexity scale such that stan-
dard regularity assumptions on η alone are enough to derive these “super-fast" excess risk bounds
would be insightful. We believe that potential candidates could be DNNs using super-expressive
activation functions (Yarotsky, 2021; Zhang et al., 2022), or other expressive and parameter-efficient
architectures, such as Kolmogorov-Arnold networks (Liu et al., 2025).

• Sparse architectures. Another aspect not thoroughly explored in this work is the role of sparsity.
For sparse architectures, both the number of parameters and the overall complexity may considerably
decrease. It would thus be interesting to determine whether better excess risk bounds can be achieved
for sparse hypothesis spaces. A natural candidate would be families of deep Convolutional Neural
Networks, which, despite their sparsity, possess approximation capabilities comparable to FCNNs
(Petersen & Voigtlaender, 2020; Zhou, 2020).

• Other loss functions. Our theoretical analysis crucially relies on the properties of the square loss
surrogate, and so our results do not extend to popular loss functions used in practice, such as hinge
loss and cross-entropy. Establishing similar results for more general losses — perhaps under different
types of margin conditions — would be an interesting avenue of future research.

6 Proofs

6.1 Proof of Proposition 1

To prove Proposition 1, we will need the following growth estimate for functions satisfying the KL property,
due to (van Ngai & Théra, 2009):
Theorem 7 (Adapted from Corollary 2.(ii) in (van Ngai & Théra, 2009)). Let f : Rk Ñ r0,�8q be a lower
semi-continuous function, and fpx0q � 0. If there exist c, γ, ε ¡ 0 such that γ|x�|2rfpxqsγ�1 ¥ c for all
x P tx : |x� x0|2   εuztx : fpxq � 0u and x� P B̂fpxq, then

dist2px, tx : fpxq � 0uq ¤ 1
c
rfpxqsγ , for all x P tx : |x� x0|2   ε{2u,

where dist2pa,Aq denotes the ℓ2 distance between a vector a P Rk and a set A � Rk.

We now proceed with the proof:
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Proof of Proposition 1. Fix R ¡ 0, λ ¥ 0, and let θλ P argminPa,R
Rℓ,λ, which by Assumption (A3) is

isolated. By Assumption (A4), we can apply Theorem 1 to the continuous function ψλ : θ ÞÑ Rℓ,λpθq �
Rℓ,λpθλq to deduce the existence of c, ρ ¡ 0 and 0   κ   1 such that

|θ�|2ψλpθq�κ ¥ c, for all θ P Pa,Rztθλu s.t. |θ � θλ|8 ¤ ρ

LipRpRℓ,λq . (22)

By applying Theorem 7, we can thus deduce

ψλpθq1�κ ¥ p1� κqcdist
�

θ, argmin
θPPa,R

ψλ

�
, @θ P Pa,R s.t. |θ � θλ|8 ¤ ρ

2 LipRpRℓ,λq ,

where distpa,Aq denotes the ℓ8 distance between a vector a P Rk and a set A � Rk.

θλ being isolated, we have, by shrinking ρ if necessary, that dist
�

θ, argminθPPa,R
ψλ

	
� |θ � θλ|8 for all θ

in a ρ{p2 LipRpRℓ,λqq ball centered on θλ. Taking r1 :� 1{p1 � κq and K 1 � pp1 � κqcq1{p1�κq, we have thus
shown that for all such θ:

Rℓ,λpθq �Rℓ,λpθλq ¥ K 1tr
1

(23)

Notice that the constants c and κ given by Theorem 1 do not depend on R, hence K 1 and r1 do not depend
on R either. However, these constants might depend on λ, hence we let Λ ¡ 0 be an arbitrary universal
constant, and define

κ� :� inf
0¤λ¤Λ

tκ P p0, 1q : κ satisfies (22) for some c ¡ 0u,

c� :� suptc ¡ 0 : c satisfies (22) for κ � κ�u.
Note that pκ�, c�q P p0, 1q � p0,8q, and do not depend on λ. We thus define r � 1{p1 � κ�q, K �
pp1 � κ�qc�q1{p1�κ�q, and find that equation (23) holds for these values of K and r, which completes the
proof.

6.2 Proof of Lemma 2

Proof of Lemma 2. Proof of (i.): Denote by 0 P Pa,8 the parametrization whose entries are all zeros, and
b :� pRℓ,λp0q. Clearly, pRℓ,λpfp�; θqq ¡ b for all |θ|pp ¡ b{λ, hence pRℓ,λ is minimized somewhere in tθ : |θ|pp ¤
b{λu and the minimum is attained by compactness and continuity.

Now let 0 ¤ λ ¤ λ1 and θ,θ1 respectively in argmin* pRℓ,λ and argmin* pRℓ,λ1 . By optimality we have

pRℓpθq � λ|θ|pp ¤ pRℓpθ1q � λ|θ1|pp
� pRℓpθ1q � λ1|θ1|pp � pλ� λ1q|θ1|pp
¤ pRℓpθq � λ1|θ|pp � pλ� λ1q|θ1|pp

Hence we have shown
0 ¤ pλ� λ1q �|θ1|pp � |θ|pp

�
(24)

which implies that |θ1|p ¤ |θ|p whenever λ ¤ λ1. Finally, by basic properties of ℓp norms, we have

sup
λ¥0,n¥1

!
|θ|8 : θ P argmin* pRℓ,λ

)
¤ sup

λ¥0,n¥1

!
|θ|p : θ P argmin* pRℓ,λ

)
¤ sup

n¥1

!
|θ|p : θ P argmin* pRℓ,n

)
¤ sup

n¥1

!
P paq1{p|θ|8 : θ P argmin* pRℓ,n

)
� R�P paq1{p
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Proof of (ii.): First note that for any f P L2pρXq, we have

Rℓpfq :� Epx,yq�ρ

�pfpxq � yq2�
� Epx,yq�ρ

�pfpxq � ηpxqq2�� Epx,yq�ρ

�pηpxq � yq2�� 2Epx,yq�ρ rpfpxq � yqpηpxq � yqs
� }f � η}2

L2pρXq � C � 2Epx,yq�ρE rpfpxq � ηpxqqpηpxq � yq | xs
� }f � η}2

L2pρXq � C � 2Epx,yq�ρ rpfpxq � ηpxqqpηpxq � Ery | xsqs
� }f � η}2

L2pρXq � C � 0

Where C � Epx,yq�ρ

�pηpxq � yq2� ¥ 0 is a constant which does not depend on f . This shows that minimizing
Rℓ is equivalent to minimizing the L2pρXq distance to η. It is thus enough to show that there exists
θ P argminθPPa,8

Rℓ with |θ|8 ¤ R� to conclude.

To that end, observe that by the strong law of large numbers, we have for any θ P r�R�, R�sP paq thatpRℓ,npθq Ñ Rℓpθq almost surely as nÑ8. Furthermore, because the realization mapping F is Lipschitz, its
composition with the mapping ℓ : pf, x, yq ÞÑ pfpxq � yq2 is uniformly Lipschitz over px, yq P X � t�1,�1u,
and we can denote by LR ¡ 0 its Lipschitz constant. Finally, for any convergent subsequence pθnqn¥1 �
r�R�, R�sP paq satisfying θn P argminθPPa,8

pRℓ,n for all n ¥ 1 (which is guaranteed to exist by Assumption
(A5)) and with limit θ�, we have

| pRℓ,npθnq �Rℓpθ�q| ¤ LR|θn � θ�|8 � |Rℓpθnq �Rℓpθ�q|.

Thus for any θ P Pa,8, we can take the limit nÑ8 to find

pRℓ,npθnq ¤ pRℓ,npθq ùñ Rℓpθ�q ¤ Rℓpθq,

which implies that θ� P argminθPPa,8
Rℓ, as desired.

6.3 Upper bounds

6.3.1 Preliminary Results

We start by collecting a number of useful lemmas which will be needed to prove the main results. Throughout
the following, recall the definition of the misclassification risk Rpsign fq (1) for a real-valued function f :

Rpsign fq :� PpX,Y q�ρpsign fpXq � Y q

Our first lemma is a bound on the difference of the misclassification risks of classifiers induced by measurable
functions f, g P L8pX q :
Lemma 6. For any two f, g P L8pX q, we have

|Rpsign fq �Rpsign gq| ¤ Px�ρX

�}f � g}L8pX q ¥ |fpxq|�
Proof of Lemma 6. We have

|Rpsign fq �Rpsign gq| � |E r1 tsign fpXq � Y u � 1 tsign gpXq � Y us |
¤ E r|1 tsign fpXq � Y u � 1 tsign gpXq � Y u |s
¤ E r1 tsign fpXq � sign gpXqus � P psign fpXq � sign gpXqq

But now observe that for any x P X , sign fpxq � sign gpxq ùñ |fpxq � gpxq| ¥ |fpxq|. Hence the inclusion
of events

tsign fpXq � sign gpXqu �  }f � g}L8pρXq ¥ |fpXq|( ,
which implies the claimed inequality.
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We next have an upper bound on the excess misclassification risk of a classifier sign f in terms of the L2pρXq
distance between f and the regression function η.
Lemma 7. For any f P L2pρXq, we have the inequality

Rpsign fq �Rpsign ηq ¤ }f � η}L2pρXq

Proof. Note that we have

ηpXq � ErY | Xs � PpY � 1 | Xq � PpY � �1 | Xq,
hence by the law of total expectation :

Rpsign fq �Rpsign ηq � EX rEY r1 tsign fpXq � Y u � 1 tsign ηpXq � Y u | Xss
� EX rp1 tsign fpXq � 1u � 1 tsign ηpXq � 1uq � PpY � 1 | Xq
� p1 tsign fpXq � �1u � 1 tsign ηpXq � �1uq � PpY � �1 | Xqs
¤ EX r|ηpXq|1 tsign fpXq � sign ηpXqus
¤ EX r|ηpXq � fpXq|1 tsign fpXq � sign ηpXqus
¤ }f � η}L2pρXq

The following result states that, whenever η satisfies either the low-noise Assumption (A1) or the hard
margin condition (A2), any sufficiently good L2pρXq approximation of η will satisfy the same assumption
with high probability.
Lemma 8. Let f P L2pρXq be such that }f � η}L2pρXq ¤ ε for some ε ¡ 0. The following is true :

• If η satisfies the low-noise Assumption (A1), we have for all δ ¡ ε and 0   ν   δ :

Pp|fpXq| ¤ νq ¤ ε2

pδ � νq2 � Cδq

• If η satisfies the hard-margin Assumption (A2) with margin δ ¡ 0 and ε   δ, we have for all ν   δ
:

Pp|fpXq| ¤ νq ¤ ε2

pδ � νq2

Proof. • Assume that Assumption (A1) holds. Observe that for any δ ¡ 0

Pp|fpXq| ¤ νq � Pp|fpXq| ¤ ν; |ηpXq| ¡ δq � Pp|fpXq| ¤ ν; |ηpXq| ¤ δq
¤ Pp|fpXq| ¤ ν; |ηpXq| ¡ δq � Cδq

Now note that on the event |ηpXq| ¡ δ, we have by triangle inequality

|fpXq � ηpXq| � |fpXq| ¥ |ηpXq| ¡ δ ùñ |fpXq � ηpXq| ¥ δ � |fpXq|
Finally, Chebyshev’s inequality yields

Pp|fpXq| ¤ ν; |ηpXq| ¡ δq ¤ Pp|fpXq � ηpXq| ¥ δ � νq

¤
}f � η}2

L2pρXq

pδ � νq2

¤ ε2

pδ � νq2 ,

this yields the claimed inequality.
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• If we now assume that η satisfies the hard-margin condition (A2), we proceed similarly as in the
previous case, with the only difference being that the term Pp|fpXq| ¤ ν; |ηpXq| ¤ δq is now equal
to zero. The rest of the argument carries through.

The following lemma quantifies the approximation error of minimizers θλ of the regularized population risk
Rℓ,λ over HF,a,R in terms of the approximation error of the parametric function class HF,a,R.
Lemma 9. Let a P NL�1 be an architecture, and R ¡ 0 a parameter bound such that

inf
fPHF,a,R

}f � η}L2pρXq ¤ ε

for some constant ε ¥ 0. Then, for any λ ¥ 0, we have that any minimizer θλ of the regularized population
risk Rℓ,λ over HF,a,R satisfies

}fp�; θλq � η}L2pρXq ¤ ε�
a
λP paqRp,

where P paq denotes the number of parameters in the architecture a.

Proof. First note that for any g P L2pρXq, we have

Rℓpgq :� Epx,yq�ρ

�pgpxq � yq2�
� Epx,yq�ρ

�pgpxq � ηpxqq2�� Epx,yq�ρ

�pηpxq � yq2�� 2Epx,yq�ρ rpgpxq � yqpηpxq � yqs
� }g � η}2

L2pρXq � C � 2Epx,yq�ρE rpgpxq � ηpxqqpηpxq � yq | xs
� }g � η}2

L2pρXq � C � 2Epx,yq�ρ rpgpxq � ηpxqqpηpxq � Ery | xsqs
� }g � η}2

L2pρXq � C � 0

Where C � Epx,yq�ρ

�pηpxq � yq2� ¥ 0 is a constant which does not depend on g. This shows that minimizing
Rℓ is equivalent to minimizing the L2pρXq distance to η, and in particular for two square-integrable functions
f, g P L2pρXq, we have the identity

Rℓpfq �Rℓpgq � }f � η}2
L2pρXq � }g � η}2

L2pρXq. (25)

Now denote by θ� any minimizer of }fp�; θq � η}2
L2pρXq over Pa,R. For any positive λ, we have

Rℓpfp�; θλqq � Rℓ,λpfp�; θλqq � λ|θλ|pp
¤ Rℓ,λpfp�; θλqq
¤ Rℓ,λpfp�; θ�qq
� Rℓpfp�; θ�qq � λ|θ�|pp
¤ Rℓpfp�; θ�qq � λP paqRp

Where P paq is the number of parameters in the architecture a. From the identity (25) above, we deduce
that }fp�; θλq � η}2

L2pρXq differs from }fp�; θ�q � η}2
L2pρXq by at most λP paqRp. We thus find that

}fp�; θλq � η}2
L2pρXq ¤ }fp�; θ�q � η}2

L2pρXq � λP paqRp

¤ }fp�; θ�q � η}2
L8pρXq � λP paqRp

¤ ε2 � λP paqRp,

and we conclude the proof by using the subadditivity of x ÞÑ ?
x.
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The last result we will need is a large deviation type estimate on the probability that a minimizer pθλ of the
empirical risk pRℓ,λ is far away from the argmin of Rℓ,λ. Such estimate can be readily obtained by applying
covering number based concentration bounds, which are a standard tool in Learning Theory literature (Györfi
et al., 2002).

Lemma 10. For any λ ¥ 0, let pθλ P Pa,R be a minimum-norm solution of the λ-ERM problem (9), and
denote by Rℓ,λ the regularized population risk (10). If Assumptions (A3) and (A4) hold, then for all t ¡ 0,
we have the estimate

Ppdistppθλ, argmin Rℓ,λq ¥ tq ¤ 4 Cov8
�

H, Ktr

24 LipRpFq



exp
��nK2t2r

288




Proof. Observe the inclusion of events

distppθλ, argmin Rℓ,λq ¥ t ùñ Rℓ,λpfp�, pθλqq ¥ inf
θPPa,R:distpθ,argmin Rℓ,λq¥t

Rℓ,λpfp�,θqq

ùñ Rℓ,λpfp�, pθλqq �Rℓ,λpfp�,θλqq ¥ Ktr

ùñ Rℓ,λpfp�, pθλqq � pRℓ,λpfp�, pθλqq
� pRℓ,λpfp�,θλqq �Rℓ,λpfp�,θλqq ¥ Ktr

ùñ pRℓ,λpfp�,θλqq �Rℓ,λpfp�,θλqq ¥ Ktr{2
OR Rℓ,λpfp�, pθλqq � pRℓ,λpfp�, pθλqq ¥ Ktr{2

Where we used Proposition 1 in the second line. Now set ε :� Ktr{2 and let

tfp�; θεq : θε P Θεu

be a minimal size ε{p12 LippFqq-cover of HF,a,R. By observing that the map

φ : Pa,R Ñ R, θ ÞÑ pfpx; θq � yq2

is 4 LipRpFq-Lipschitz continuous uniformly over px, yq P X � t�1, 1u, we get that for any θ P Pa,R, and
θε P Θε such that |θ � θε|8 ¤ ε{p12 LipRpFqq:

| pRℓ,λpfp�,θqq �Rℓ,λpfp�,θqq| �
����� 1n

ņ

i�1
pfpxi; θq � yiq2 � E

�pfpx; θq � yq2������
¤

����� 1n
ņ

i�1
pfpxi; θεq � yiq2 � 1

n

ņ

i�1
pfpxi; θq � yiq2

�����
� ��E �pfpx; θεq � yq2�� E

�pfpx; θq � yq2���
�
����� 1n

ņ

i�1
pfpxi; θεq � yiq2 � E

�pfpx; θεq � yq2������
¤ 4 LipRpFq|θ � θε|8 �

����� 1n
ņ

i�1
pfpxi; θεq � yiq2 � E

�pfpx; θεq � yq2������
¤ 2ε

3 �
����� 1n

ņ

i�1
pfpxi; θεq � yiq2 � E

�pfpx; θεq � yq2������
After taking the supremum over θ P Pa,R in the above inequality, and observing that the Zi :� pfpxi; θεq �
yiq2 are i.i.d. and taking value in r0, 4s almost surely, we apply the union bound together with Hoeffding’s
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inequality to find:

P
�

distppθλ, argmin Rℓ,λq ¥ t
	
¤ P

� pRℓ,λpfp�,θλqq �Rℓ,λpfp�,θλqq ¥ Ktr{2
	

� P
�

Rℓ,λpfp�, pθλqq � pRℓ,λpfp�, pθλqq ¥ Ktr{2
	

¤ 2P
�

sup
θPPa,R

|Rℓ,λpfp�,θqq � pRℓ,λpfp�,θqq| ¥ Ktr{2
�

� 2P
�

sup
θPPa,R

|Rℓ,λpfp�,θqq � pRℓ,λpfp�,θqq| ¥ ε

�

¤ 2P
�

sup
θεPΘε

|Rℓ,λpfp�,θεqq � pRℓ,λpfp�,θεqq| ¥ ε{3



¤ 4 Cov8
�

H, ε

12 LipRpFq



exp
��nε2

72



.

Finally, after substituting ε � Ktr{2, we find

P
�

distppθλ, argmin Rℓ,λq ¥ t
	
¤ 4 Cov8

�
H, Ktr

24 LipRpFq



exp
��nK2t2r

288



,

as desired.

6.3.2 Proof of Theorem 2

We prove Theorem 2 under the low-noise Assumption (A1) only, as the case (A2) can be shown using the
exact same argument.

To begin, we decompose the excess risk in two parts :

Rpsign fp�; pθλqq �R� :� Rpsign fp�; pθλqq �Rpsign ηq
� Rpsign fp�; pθλqq �Rpsign fp�; θλqq
�Rpsign fp�; θλqq �Rpsign ηq

Where pθλ P Pa,R and θλ P Pa,2R are respectively minimum-norm minimizers of the empirical and population
risk (9), such that

|pθλ � θλ|8 � distppθλ, argmin
Pa,R

Rℓ,λq.

Note that by Assumption (A5) and closedness of argminPa,R
Rℓ,λ, the above is always possible as long as

the parameter bound R has been chosen larger than R0 �P paq1{p, but the ℓ8 norm of θλ can only be bounded
by 2R instead of R.

Combining Lemma 7 and Lemma 9, we immediately get the bound on the first summand :

Rpsign fp�; θλqq �Rpsign ηq ¤ }fp�; θλq � η}L2pρXq ¤ εapprox �
b
λP paq2p

R
p
. (26)

It only remains to bound the second summand. To that end, we apply Lemma 6, which yields :

Rpsign fp�; pθλqq �Rpsign fp�; θλqq ¤ P
!
}fp�; pθλq � fp�; θλq}L8pρXq ¥ |fpX; θλq|

)
.

25



Under review as submission to TMLR

Now note that thanks to inequality (26), we can apply the “high-probability margin" property from Lemma
8 to get for all δ ¡ εapprox, λ   pδ � εapproxq2pP paq2pRpq�1, and 0   ν   δ:

P
!
}fp�; pθλq � fp�; θλq}L8pρXq ¥ |fpX; θλq|

)
� P

!
}fp�; pθλq � fp�; θλq}L8pρXq ¥ |fpX; θλq|; |fpX; θλq| ¡ ν

)
� P

!
}fp�; pθλq � fp�; θλq}L8pρXq ¥ |fpX; θλq|; |fpX; θλq| ¤ ν

)
¤ P

!
}fp�; pθλq � fp�; θλq}L8pρXq ¥ ν

)
� pδ � νq�2

�
εapprox �

a
λP paq2pRp

	2
� Cδq

We are now left with estimating the probability that }fp�; pθλq � fp�; θλq}L8 ¥ ν. By Lipschitzness of F , we
have

P
!
}fp�; pθλq � fp�; θλq}L8pρXq ¥ ν

)
¤ P

�
|pθλ � θλ|8 ¥ ν{Lip2RpFq

	
� P

�
distppθλ, argmin Rℓ,λq ¥ ν{Lip2RpFq

	
¤ 4 Cov8

�
H, Kνr

24 Lip2RpFq1�r



exp

� �nK2ν2r

288 Lip2RpFq2r



,

where the exponential inequality follows from Lemma 10. Combining all of these inequalities, we have thus
shown that for all δ ¡ εapprox, λ   pδ � εapproxq2pP paq2pRpq�1, and 0   ν   δ:

Rpsign fp�; pθλqq �R� ¤ εapprox �
b
λP paq2p

R
p � Cδq

� pδ � νq�2
�
εapprox �

b
λP paq2p

R
p

2

� 4 Cov8
�

N N ,
Kνr

24 Lip2RpFq1�r



exp

� �nK2ν2r

288 Lip2RpFq2r



which concludes the proof of Theorem 2 under Assumption (A1). As was mentioned in the beginning, the
proof under (A2) can be done with the exact same argument, the only difference being that the Cδq term
will disappear when applying Lemma 8.

6.3.3 Proof of Theorem 4

Start by fixing α ¡ 0, and recall the approximation error bound given by Assumption (A6), according to
which

inf
fPN N pa,W,L,Rq

}f � η}L2pρXq ¤ C3W
�2s{d
0 ,

for some architecture a such that W paq � C1W0 log2pW0q, Lpaq � C2L0 log2pL0q � 2d, where W0 P N¥2 is
arbitrary, C1 � dp3sqdd, C3 � Cηs

d8s, and L0 and C2 � C2psq are fixed.

By letting W0 � nαd{2s � C
d{2s
3 , we deduce that there is a Neural Network architecture an with respective

depth and width

Ln � C2L0 log2pL0q � 2d, Wn � C1W0 log2pW0q � Õ
�
nαd{2s

	
,

where Õ hides logarithmic factors, such that

inf
fPN N pan,Wn,Ln,Rq

}f � η}L2pρXq ¤ n�α

Furthermore, the number of parameters in an is bounded as

P panq �
Lņ

l�1
aplqn apl�1q

n � aplqn ¤ LnpW 2
n �Wnq � Õ

�
nαd{s

	
.
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Similarly, recall the Lipschitz constant bound given by Lemma 3:

sup
θ,θ1PPan,R

θ�θ1

}Fσpθq � Fσpθ1q}CpX q

|θ � θ1|8 ¤ 2L2
nR

Ln�1WLn
n ,

and note that with R � Rn � R0P panq1{p, we have

Rn � Õ
�
nαd{ps

	
Putting these together we get

sup
θ,θ1PPan,Rn

θ�θ1

}Fσpθq � Fσpθ1q}CpX q

|θ � θ1|8 ¤ 2L2
nÕ

��
nαd{ps

	Ln�1 �
nαd{2s

	Ln



¤ Õ
�
n

αd
s �rLn�1

p �Ln
2 s

	
� Õ

�
n

αd
ps �rLnp1�p{2q�1s

	
� Õ

�
n

αd
ps �

��
C2psqL0 log2 L0�2d

�
p1�p{2q�1

�

,

where all the logarithmic factors and terms which do not depend on n are hidden in the Õ.

After noting that Lip2RpFNN q ¤ 2L�1 LipRpFNN q, we are left with bounding the quantity

Cov8
�

N N ,
Kp21�Lnνqr

24 LipRn
pFNN q1�r



,

which by Lemma 4, we know is bounded by�
1� 48Rn LipRn

pFNN q2�r

Kp21�Lnνqr

P panq

¤
�49Rn LipRn

pFNN q2�r

Kp21�Lnνqr

P panq

.

Using the bounds on Rn and LipRn
pFNN q above, we thus find that

49Rn LipRn
pFNN q2�r

K � 2rp1�Lnq
¤ Õ

�
n

αd
ps � n

p2�rqαd
ps �

��
C2L0 log2 L0�2d

�
p1�p{2q�1

�

.

The above quantity being polynomial in n, we thus find that the covering number grows as the exponential
of P panq, up to a multiplicative logarithmic factor:

log
�
Cov8

�
N N ,

Kp21�Lνqr
24 LipRn

pFNN q1�r


�
� O

�
P panq logpnβ � ν�rq

	
,

where
β � αd

ps

�
1� p2� rq � ��C2psqL0 log2 L0 � 2d

�p1� p{2q � 1
� 	

To conclude the proof for the case (A1), we let εapprox � n�
α
r , δ � 2n� α

2r and ν � n�
α
2r : observe that by

picking λ such that
0 ¤ λ ¤ ε2

approxpP panq2pRp
nq�1 � O

�
n�

2αps�dq
rs

	
,

we have λ   pδ � εapproxq2pP panq2pRp
nq�1 and

εapprox �
b
λP panq2p

R
p ¤ 2εapprox.
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We are thus allowed to apply Theorem 2 with these values of λ, which yields the excess risk bound:

R
�

sign fp�; pθλq
	
�R� ¤ 2n�α

r � 2Cn�
αq
2r � 4n�α

r

� 4 exp
�
�A1n

1�A2 � n
αd
s logpγnpα�2βq{2q

	
,

where
A1 � K222rp1�Lnq

288 , A2 � α

�
1� rd

ps
�
��
C2psqL0 log2pL0q � 2d

� � p2� pq � 2
	


,

and γ ¡ 0 is a quantity which does not depend on n. Hence we see that the exponential term converges to
zero as nÑ8 if 1�A2 ¡ 0 and 1�A2 ¡ αd{s, or equivalently if 1�A2 ¡ αd{s, which is equivalent to the
following inequality for α:

α  
�

1� rd

ps
�
��
C2psqL0 log2pL0q � 2d

� � p2� pq � 2
	
�1

.

This concludes the proof under Assumption (A1). The proof under Assumption (A2) with margin δ ¡ 0 is
very similar: we now pick εapprox � n�

α
r , ν � δ{2, and

0 ¤ λ ¤ ε2
approxpP panq2pRp

nq�1 � O
�
n�

2αps�dq
rs

	
,

such that Theorem 2 can be applied, to yield for all n ¥ Ppδ{2q�r{α
T
:

R
�

sign fp�; pθλq
	
�R� ¤ 2n�α

r � 16n�α
r � 4 exp

�
�A1n

1�A2 � nαd{s logpγnβpδ{2q�rq
	
,

where
A1 � K2pδ2�Lnq2r

288 , A2 � α
rd

sp
prC2psqL0 log2 L0 � 2ds � p2� pq � 2q .

Hence, we see as before that in this case the term 4 exp
��A1n

1�A2 � nαd{s logpγnβpδ{2q�rq� vanishes ex-
ponentially fast as nÑ 8 if 1� A2 ¡ αd{s, which equivalently means that α needs to satisfy the following
inequality

α   sp

rd prC2psqL0 log2 L0 � 2ds � p2� pq � 2q .

6.4 Lower bounds

6.4.1 Preliminary Results

We begin by giving a sufficient condition on the marginal distribution ρX for Assumption (A6) to hold. We
first formally define discrete distributions on the cube X � r0, 1sd.
Definition 8 (Discrete Distribution). For any x P X , let δx denote the Dirac probability measure at x,
which satisfies δxpAq � 1Apxq for any measurable A � X . We say that the marginal data distribution ρX

is discrete if there exist a sequence x1, x2, . . . � X of pairwise distinct points, and a sequence λ1, λ2, . . . of
non-negative real numbers, such that

°
i¥1 λi � 1 and

ρX :�
¸
i¥1

λiδxi
.

Lemma 11. Assume that ρX � °
i¥1 λiδxi is a discrete distribution, and fix s ¡ 0. If the coefficients pλiqi¥1

are such that ¸
i¥n�1

λi ¤ Cρn
�4s{d for all n ¥ 1,

where Cρ is a positive universal constant, then Assumption (A6) is satisfied with smoothness parameter s
and constant C2psq � 0.
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Proof of Lemma 11. We will prove the lemma by constructing a sequence pΨnqn¥1 of DNN with 2 hidden
layers and width Opnq which, for every n P N, interpolate the Bayes regression function η at every x P
tx1, . . . , xnu.
To that end, fix n P N: since x1, . . . , xn are pairwise distinct, the set Rdz Yi�j pxi � xjqK is not empty, and
we can find a direction v P Rd such that v �x1, . . . , v �xn are pairwise distinct. Now let b � 2 max1¤i¤n |v �xi|,
and note that the map NNn : x ÞÑ ReLUpv � x� bq maps each xi to v � xi � b.

Given the n real numbers v �x1�b   . . .   v �xn�b (reindexing as necessary), one can construct a continuous
piecewise linear map PLn : R Ñ R with breakpoints pv � x1 � b, ηpx1qq, . . . , pv � xn � b, ηpxnqq. Such a map
PLn can easily be realized by a shallow ReLU network of width n (see e.g. (Arora et al., 2018) for an explicit
construction). Each Ψn � PLn �NNn is thus realized by a DNN with 2 hidden layers and width equal to
maxpd, nq. Furthermore we have |Ψnpxq| ¤ }ηpxq}L8pX q for all x P r0, 1sd, and by construction, we have

}Ψn � η}2
L2pρXq �

¸
i¥n�1

λi

�
Ψnpxiq � ηpxiq

�2 ¤ 4}η}2
L8pX q

¸
i¥n�1

λi.

Lastly, note that for any depth L ¥ 2, the identity mapping Id : x P Rd ÞÑ x can be realized by the following
parameter vector

θ �
���

Id

�Id



, 0


, pI2d, 0q, . . . , pI2d, 0q, ppId � Idq, 0q



,

where Id is the d � d identity matrix, and the tuple pI2d, 0q is repeated L � 2 times. Note that it is
easy to modify the above architecture so that it yields a representation of the identity mapping with same
depth and arbitrary width W ¥ 2d. Hence, by “padding" the width and depth of Ψn as necessary, we see
that Assumption (A6) is indeed satisfied with smoothness parameter s and constant C2psq � 0 whenever°

i¥n�1 λi ¤ Cρn
�4s{d, as claimed.

The main tool we will need to obtain our minimax lower bounds is Assouad’s lemma. Before stating the
lemma, we define the probability hypercube, following notation from (Audibert, 2004).
Definition 9 (Probability Hypercube). Let m P N, w P p0, 1s, b P p0, 1s, and b1 P p0, 1s. A pm,w, b, b1q-
hypercube of probability distributions is a family

tPσ⃗ | σ⃗ � pσ1, . . . , σmq P t�1, 1umu

of 2m probability distributions on X � t�1, 1u having the same first marginal:

Pσ⃗pdXq � Pp�1,...,�1qpdXq �: µ for all σ⃗ P t�1, 1um,

and such that there exists a partition X0, . . . ,Xm of the unit cube X satisfying

• for any j P t1, . . . ,mu, we have µpXjq � w

• for any j P t0, . . . ,mu, and any x P Xj, we have

Eσ⃗rY | X � xs � σj ξpxq,

where σ0 :� 1 and ξ : X Ñ r0, 1s is such that for any j P t1, . . . ,mu,$&%wb �
c
w2 �

�
EX�µ

�a
1� ξ2pXq1Xj

�	2
,

wb1 � EX�µ

�
ξpXq1Xj

�
.

We are now ready to state Assouad’s lemma, in a version adapted to the setting in which the label set is
given by Y � t�1, 1u:

29



Under review as submission to TMLR

Lemma 12 (Adapted from Lemma 5.1 in (Audibert, 2004)). If a set P of probability distributions contains
a pm,w, b, b1q-hypercube, then for any measurable estimator

ĉ : pX � t�1, 1uqN Ñ MpX , t�1, 1uq,

we have

sup
PPP

!
EPbN rRPpĉqs �R�

P

)
¥ 1� b

?
Nw

2 mw b1,

where RPpfq � PtfpXq � Y u and R�
P is the Bayes optimal risk under P.

Although the original result in (Audibert, 2004) only proves an analogous version of Lemma 12 for the case
Y � t0, 1u, one can readily check that Lemma 12 is a direct consequence of applying the transformation
t ÞÑ pt� 1q{2 to the labels.

6.4.2 Proof of Theorem 5

We now prove the minimax lower bound. Note that our argument mostly follows the approach taken in
(Audibert & Tsybakov, 2007), with suitable adjustments made as needed. We first prove the result for the low
noise condition (A1). The lower bound for the hard margin condition (A2) follows from a straightforward
modification of the argument, which we explain at the end.

For an integer h ¥ 1, we partition the unit cube X � r0, 1sd as follows: define the regular grid Gh as

Gh :�
"�

2k1 � 1
2h , . . . ,

2kd � 1
2h



: ki P t0, . . . , h� 1u, i � 1, . . . , d

*
,

and for x P X let nhpxq P Gh be the minimum-norm element of Gh closest to x in Euclidean norm, so
that nh : X Ñ Gh is a well-defined (single-valued) function. We then define X 1

1, . . .X 1
hd as the canonical

partition of X induced by nh. That is, x, y P X belong to the same subset Xi if and only if nhpxq � nhpyq.
Now fix an integer m ¥ 1, and for 1 ¤ i ¤ m, define Xi :� X 1

i, and let X0 :� r0, 1sdz Y1¤i¤m Xi, so that
X0, . . . ,Xm is a partition of X as well.

Let u : R� Ñ R� be the continuous piecewise linear function defined by upxq � 1 for x P r0, 1{4s, upxq �
�4x � 2 for x P r1{4, 1{2s, and upxq � 0 for x P r1{2,8q, and define ϕ : X Ñ R� by ϕpxq � up|x|2q, where
| � |2 denotes the ℓ2 (Euclidean) norm.

We now define the hypercube H � tPσ⃗ | σ⃗ P t�1, 1umu of probability distributions on X � t�1, 1u. For all
σ⃗, we set the marginal distribution Pσ⃗pdXq �: µ on X as a discrete distribution (as per Definition 8) defined
in the following way: denote z1, . . . , zhd the centers of the grid Gh, and for 1 ¤ i ¤ m, fix rX piq :� pxpiqj qj¥1
as a dense countable subset of Bpzi, 1{4hq, the Euclidean ball with center zi and radius 1{4h. Likewise, letrX p0q :� pxp0qj qj¥1 be a dense countable subset of X0. Finally, let 0   w ¤ m�1, and define the marginal
probability µ for all x P X by

µptxuq :�

$'&'%
Csw2�js if x � x

piq
j for some pi, jq P t1, . . . ,mu � N,

Csp1�mwq2�js if x � x
p0q
j for some j P N,

0 otherwise,

where Cs :�
�°

j¥1 2�js
	�1

is a normalization constant. Observe that µ does not depend on σ⃗.

We now define for each σ⃗ P t�1, 1um the regression function ησ⃗ : x ÞÑ EpX,Y q�Pσ⃗
rY | X � xs, which will fully

determine Pσ⃗. For all x P Xj , 1 ¤ j ¤ m, we set ησ⃗pxq :� σjφpxq, where φpxq :� h�1ϕphrx � nhpxqsq, and
for x P X0, we let ησ⃗pxq � 1. Note that by Lemma 11, we have that Assumption (A6) is satisfied.
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We now check the margin assumption (A1): fix z1 � p1{2h, . . . , 1{2hq P X1. For any σ⃗ P t�1, 1um we have

Pσ⃗p|ησ⃗pXq| ¤ tq � mPσ⃗pϕphrX � z1sq ¤ thq
� m

¸
xPBpz1,1{4hq

1tϕphrX�z1sq¤thupxqµptxuq

� Csmw
¸
j¥1

2�js
1tϕphrX�z1sq¤thupxp1qj q

� Csmw
¸
j¥1

2�js
1tϕ�1pr0,thsqupxp1qj {h� z1q

� mw1tth¥1u.

We thus see that the low noise condition (A1) holds as long as mw ¤ Ch�q.

We are now ready to prove the lower bound. By applying Lemma 12, we have for any classifier ĉn

sup
PPH

!
EPbn rRPpĉnqs �R�

P

)
¥ 1� b

?
nw

2 mw b1, (27)

where b � b1 � h�1. Denote by α� :� s{ps�C2B1�B2q the optimal rate, and remember that q ¡ 0 denotes
the noise exponent in Assumption (A1). By taking

h �
#P
n2{pd�q�2qT if q ¤ 1,Q
nα�{pq�1q

U
if q ¡ 1,

m � hd, w � h�d�q,

and replacing in (27), we obtain the claimed lower bounds in equation (20), which proves the first case of
Theorem 5.

We now address the case where we require the probability hypercube H to satisfy the stronger Assumption
(A2). In that case, we can simply modify the previous construction as follows: define the grid Gh, partition
pXiq1¤i¤m, functions u, ϕ, and marginal probability distribution µ in the exact same way as before, but
now let φpxq � δϕphrx � nhpxqsq for all x P X . It is straightforward to check that with these choices, all
distributions in this probability hypercube satisfy Assumptions (A2) and (A6). Furthermore, H as defined
is a pm,w, b, b1q-hypercube with b � b1 � δ. We then set$&%h �

P
m1{dT , m �

Q
n1�α�

U
, w � 1

δ2n if 0   α� ¤ 1,

h � 1, m � 1, w � y2
n

n if α� ¡ 1,

where α� � s{pC2B1 �B2q is the optimal rate, and yn P p0, 1{δq is such that δ2y3
n � δy2

n � 2n1�α� � 0. By
plugging these values into (27), we find that the lower bound (21) holds. The proof is thus complete.
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A Margin conditions for real-life datasets

The goal of this section is to empirically evaluate the validity of margin conditions on two widely-used
benchmark classification datasets: Fashion MNIST and CIFAR-10. Since both datasets contain more than
two classes, we fall back to the binary classification setting by restricting our analysis to two arbitrarily
selected classes from each dataset. Following a similar approach to (Kim et al., 2018), we investigate the
margin conditions in two ways: first, we generate interpolated images between the two classes and visually
examine whether such interpolated samples, which are inherently harder to classify, could realistically appear
in the original datasets. Second, we train a deep Convolutional Neural Network (CNN) with ReLU activation
and squared loss until convergence, and analyze the histogram of its outputs for all images in the test set.
For both cases, the resulting histograms strongly suggest that the weak margin condition (A1) hold.
The CNN used to obtain the numerical results consists of two convolutional layers with 32 and 64 filters of
size 3� 3, each followed by ReLU activation and 2� 2 max pooling. The output of the second convolutional
layer goes through a fully connected ReLU network with architecture a � p64� 8� 8, 128, 1q.

A.1 Fashion MNIST: “T-Shirt" vs “Pullover"

Figure 6: Interpolation of randomly selected images respectively in the “T-shirt" and “Pullover" class.
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Figure 7: Histogram of predicted labels for images in the testing dataset: the histogram matches the function
t ÞÑ C|t|q.

Despite the classes “T-Shirt" and “Pullover" exhibiting a relatively high level of visual similarity, the obtained
histogram for the CNN approximation η̂ of the Bayes regression function strongly suggests that the low-noise
condition (A1) holds with a seemingly large exponent q.

A.2 CIFAR-10: “Automobile" vs “Truck"

Figure 8: Interpolation of randomly selected images respectively in the “Automobile" and “Truck" class.
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Figure 9: Histogram of predicted labels for images in the testing dataset: the decay as tÑ 0 is much slower
than for the Fashion MNIST dataset.

As for the Fashion MNIST dataset, the two selected classes have a relatively high amount of visual similarity.
In this case, the histogram of labels predicted by CNN approximation η̂ of the Bayes regression function
suggests that the low-noise condition (A1) holds, but for noticeably lower values of the exponent q and
multiplicative constant C.
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