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Abstract

We study the classical binary classification problem for hypothesis spaces of Deep Neural
Networks (DNNs) with ReLU activation under Tsybakov’s low-noise condition with exponent
q > 0, as well as its limit case ¢ = o0, which we refer to as the hard margin condition.
We demonstrate that DNN solutions to the empirical risk minimization (ERM) problem
with square loss surrogate and ¢, penalty on the weights (0 < p < c0) can achieve excess
risk bounds of order O (n~%) for arbitrarily large o > 1 under the hard-margin condition,
provided that the Bayes regression function 7 satisfies a distribution-adapted smoothness
condition relative to the marginal data distribution px. Additionally, we establish minimax
lower bounds, showing that these rates cannot be improved upon. Our proof relies on a
novel decomposition of the excess risk for general ERM-based classifiers, which may be of
independent interest.

1 Introduction

In this article, we study the problem of classifying high-dimensional data points with binary labels. It is well-
known that, in the absence of structural assumptions about the data or the underlying model, convergence
rates for classification tasks typically decay as O(n’c/ 4) for some constant ¢ > 0, which becomes arbitrarily
slow as the dimensionality d increases. This phenomenon is often referred to as the curse of dimensionality
(CoD). However, it has been observed that many models used in practice — particularly Deep Neural
Networks in recent years — are capable of efficiently solving extremely high-dimensional classification tasks,
achieving convergence rates that appear to defy the CoD (Goodfellow et al., 2016; Krizhevsky et al., 2012).

This gap between theoretical results and practical observations can often be bridged by introducing suitable
regularity assumptions on the problem. In the context of supervised binary classification, such assumptions
frequently take the form of margin conditions. First introduced in the seminal work of (Mammen & Tsybakov,
1999), margin conditions characterize the behavior of the data distribution near the decision boundary — the
region where classification is most challenging. Over the years, these conditions have enabled the derivation
of CoD-free rates of convergence for classifiers based on various hypothesis spaces (Tsybakov, 2004; Audibert
& Tsybakov, 2007). Remarkably, margin conditions can not only eliminate the curse of dimensionality,
but can also lead to “fast” rates of convergence — faster than the standard O(n=%?) — and, under their
strongest form, even “super-fast” rates, exceeding O(n1).

Notable examples of hypothesis spaces for which these super-fast (sometimes even exponential) rates of
convergence have been observed include local polynomial estimators (Audibert & Tsybakov, 2007), support
vector machines (Steinwart & Scovel, 2005; Steinwart & Christmann, 2008; Cabannes & Vigogna, 2022) or
Reproducing Kernel Hilbert Spaces (RKHS) (Koltchinskii & Beznosova, 2005; Smale & Zhou, 2007; Vigogna
et al., 2022). More recently, it has even been shown that for data coming from an infinite-dimensional Hilbert
space, the Delaigle-Hall condition (Delaigle & Hall, 2012), which can be thought of as an infinite-dimensional
analogue of the classical margin conditions, can lead to super-fast rates of convergence for RKHS classifiers
(Wakayama & Imaizumi, 2021).

Perhaps surprisingly however, for hypothesis spaces of Deep Neural Networks (DNNs), no such “super-fast"
rates of convergence have been shown to hold, even under the strongest margin and regularity assumptions.
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This fact seemingly contradicts the observation that DNNs outperform all other traditional methods by far
when it comes to high-dimensional classification. This naturally raises the question: are Neural Networks
truly inferior to traditional classification methods in the hard-margin regime? In this work, we answer
negatively to this question by showing that “super-fast' rates of convergence for DNN classifiers can also
hold under the hard-margin condition. Before presenting our setup and results in greater detail, we briefly
review related literature in the following section.

1.1 Related works

When considering a binary classification problem on [0,1]¢ with labels {1, —1}, there are different possible
objects which can be used to characterize the regularity of the problem:

« the Bayes regression function 7 : x € [0,1]¢ + E[Y" | X = x] which, up to an affine transformation,
represents the conditional probability of {Y = 1} given {X = x},

« the Bayes classifier ¢ induced by the Bayes regression function: ¢ : x — sign(n(z)). It is the optimal
classifier in the sense that it minimizes the expected 0-1 loss over all admissible classifiers, and is
therefore what we are implicitly trying to learn.

o the decision region  := ¢ 1({1}) and the induced decision boundary 0f2.

The margin condition which we refer to in this work, and originally introduced in (Mammen & Tsybakov,
1999), assumes that for all ¢ > 0, P(|n(X)| = t) < t9, where ¢ > 0 is a constant called the margin exponent
(note that depending on the source, this is also referred to as a low-noise condition). In (Kim et al., 2018),
it has been shown that such a margin condition coupled with additional assumptions on respectively the
regression function 7, the decision boundary 0f2, or the probability for data points to be near the decision
boundary 02, leads to minimax optimal fast rates of convergence for sparse DNN classifiers obtained by
hinge-loss empirical risk minimization. For instance, if 7 is assumed to be Holder continuous, they prove the
excess risk bound:
Bla+1)
log3 n> Bg+2)+d

n

E(fonn) < (

where 3 is the Holder exponent of 7. As we can see, when the margin exponent ¢ — o0, their result leads to
the “fast rate" of O (n‘l).

In a similar vein, by assuming different kinds of regularity on these objects, and leveraging recent advances
on the approximation rates and complexity measures of DNNs hypothesis spaces, various minimax optimal
rates of convergence of this kind have been obtained for DNNs under different settings. A non-exhaustive list
of such works includes (Feng et al., 2021; Meyer, 2022; Petersen & Voigtlaender, 2021; Bos & Schmidt-Hieber,
2022; Hu et al., 2022; Ko et al., 2023). As it has been mentioned earlier, while these results for DNNs clearly
highlight their ability to generalize with CoD-free rates of convergence, none of them obtain a rate faster
than O (n’l), even under the most idealized regularity assumptions, unlike the more traditional methods.

To the best of the authors’ knowledge, it has only been shown in (Hu et al., 2021) that the hard-margin
condition (which can informally be seen as the limit ¢ = o0 of Tsybakov’s low-noise condition), can lead to
exponential rates of convergence for the excess risk for Neural Networks: they prove the result for shallow
networks in the Neural Tangent Kernel (NTK) regime (Jacot et al., 2018), which are trained to minimize the
Empirical Risk with square loss surrogate. (Nitanda & Suzuki, 2020) similarly show how, in the NTK regime,
the hard-margin condition leads to an exponential convergence of the averaged stochastic gradient descent
(SGD) algorithm with respect to the number of epochs. However, these results are not fully satisfactory,
as it is known that the NTK regime does not accurately represent the expressive power of deeper Networks
(Bietti & Bach, 2021). This work is thus, to the best of our knowledge, the first to prove super-fast rates of
convergence for conventional DNNs hypothesis spaces under the hard-margin condition.
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1.2 Our Contributions

We study the binary classification problem over a hypothesis space of parametric functions. The classifiers
are learned in a standard supervised learning fashion, by minimizing an Empirical Risk with the square loss
as a surrogate and an ¢, penalty on the network’s weight, where 0 < p < c0. For a real-valued, measurable
function f, denote the excess risk £(f) of the classifier induced by f as

E(f) == Prx y)np (sign f(X) #Y) = Px,y)~p (" (X) #Y),

where ¢* is the Bayes classifier, induced by the Bayes regression function 7. Our main contributions can be
stated as follows:

e In Theorem 2, we provide a novel error decomposition for the excess risk of classifiers induced by
general classes of parametric functions under both “weak" (¢ > 0) and “hard" (¢ = o) margin
conditions. The proof is elementary and relies on an inequality we learned from (Vigogna et al.,
2022).

o As a direct application of Theorem 2, we show in Theorem 4 that when the hypothesis space
consists of DNNs with ReLLU activation, and the regression function 7 satisfies a distribution-adapted
smoothness condition relative to the marginal data distribution px, the excess risk &( fN N) converges
at a rate of O (n~%). Specifically, « — 1 as s — o under the weak-margin condition, and o —
o as s — oo under the hard-margin condition. Here, s > 0 quantifies how efficiently 7 can be
approximated by the DNN space and can be informally interpreted as a smoothness parameter.

e Lastly, we apply Theorem 2 again to a simplified version of the teacher-student setting, which we
recast as a binary classification problem in which the training labels are given by fuzzy predictions of
a “teacher"' neural network: we show that if the teacher network is realizable by the student network,
then the excess risk 5(fDNN) converges at a rate O (6_5") for some constant 8 > 0.

In all of our results, the excess risk bounds hold in the almost-sure sense and are non-asymptotic: they hold
for any integer n > ng for some constant ny whose expression we give explicitly in terms of the problem’s
parameters.

1.3 Notations

Function Spaces:

Let d > 1 be an integer. For a closed subset X € R, a Borel measurable )) € R, and an integer k > 0 we
will denote by

o M(X,Y) the space of Borel measurable functions from X to Y,
« CF(X,)) the space of Y-valued, k times continuously differentiable functions on X,

o LP(X,), ) the space of Borel measurable Y-valued functions on X whose absolute p-th power is
p-integrable, where p is a measure on X’ and p € [1,00]. Whenever 4 is the Lebesgue measure, we
will omit it from notation and simply write LP(X,)).

For any of these function spaces, we might drop the domain X and/or the co-domain ) from notation if
context already makes it clear.

Norms:

For any positive integers d, u, v, real 0 < p < 00, ¥ = (71,...,74)T € R4, A = (a; ;) € R**? and f € M(X,R),
we will denote by
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e respectively |z], := (|z1]P + ... + |24|P)""", |z]o := |21]°+. .. |24|® (with the convention 0° := 0) and
|| := maxi<i<a |2:], the £y, £y and £, (quasi-)norm of .

1/p
o |Alp:= (Zi’j |ai,j|p) the £, , norm of A,

o respectively | f|crx) and |[f]|lLe(,) the CF(X,R) norm and LP(X,R, 1) norm of f, which are defined
in the standard way.

Other Symbols:

We will also denote by

e N:={1,2,...} the set of all natural numbers, and Ng := {0} U N,
e 14 the indicator function of a set A, which equals 1 on A and 0 everywhere else,

o sign(x) := 1(g,)(z) =1 (=0 (7) the sign of a real number x. We will also denote by sign f := signof
the composition of a real-valued function f with sign,

o E[Z] the expectation of a random variable Z. If Z = f(X,Y), we may write Ex[Z] or Ey[Z] to
indicate with respect to which variables the expectation is taken, or equivalently E,[Z] to indicate
with respect to which distribution the expectation is taken,

o For two sequences of real numbers (A, )p>1 and (By)ns1, we will write A, < B, if 4, < CB,, for
some absolute constant C' > 0, and A,, = O(B,,) if there exists ng € N such that |4, | < |B,| for all
n = ng.

2 Problem Setting

Let d > 2 be an integer. We are given a sample of n observations (z;,1;) € X x ) where X = [0,1]¢ is the
d-dimensional unit cube and Y = {—1,1} is the set of possible labels. Each sample is assumed to be i.i.d.
data points generated from a distribution p on the probability space (€2, .27, P). We will call any measurable
map c¢: X — ) a classifier, and for any such function ¢ we define its misclassification risk by

R(c) :=P(x,y)~p(c(X) #Y) (1)

For any function f : X — R, we thus see that sign f is always a classifier, and we will call sign f the classifier
induced by f. It is well known that the misclassification risk is minimized by the Bayes classifier ¢* := signn
(Devroye et al., 2013), where

n(z) = Exy)~,lY | X = 2]
is the so-called Bayes regression function.

We will denote by R* := R(c*) the optimal risk. As ¢* depends on the unknown distribution p, it is a
priori not possible to achieve the optimal risk R, hence we instead aim to learn a classifier ¢, from the
observations (z1,¥1), - - ., (Tn,Yn), such that the excess risk R(¢,) — R4 converges to zero as fast as possible
when n goes to infinity.

2.1 Empirical Risk Minimization

The misclassification risk (1) being a function of p, it can’t be explicitly computed and hence minimized.
We instead minimize the following Empirical Risk with square surrogate loss:

Ref)i= % 3 (F) = pi)? @

Our choice of the square loss £(f(x),y) := (f(z) —y)? as a surrogate is motivated by at least three reasons :
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o Empirical evidence suggests that square loss may perform just as well if not better than cross-entropy
for classification tasks (Hui & Belkin, 2020). Our result thus provides some theoretical backing for
this observation.

o (Hu et al., 2021) prove rates of convergence under the hard-margin condition for Neural Networks
classifiers in the NTK regime learned with square loss. Our work shows that their results extend
outside of the NTK regime, as they correctly conjectured.

e Most convergence rate results for kernel-based classifiers under margin conditions also consider the
square loss as a surrogate (Steinwart & Scovel, 2005; Steinwart & Christmann, 2008). We thus have
an analogous setting for DNNs and can meaningfully compare the two approaches.

To match what is often done in practice, we also introduce a penalty function P : H — R>g and a regular-
ization parameter A > 0. This leads to the following A-Regularized Empirical Risk Minimization (»-ERM)
problem :

fii=argmin {Ro(f) + XP(f)}. (3)

feH

As stated earlier, we will set the hypothesis space H as a parametric family of functions, and the penalty P
as the £, norm. We aim to give fast rates of convergence for the excess risk of sign fy, the classifier induced

by fx.
2.2 Hypothesis Spaces of Parametric Functions

2.2.1 Parametric Function Families

We start by defining the parametric families of functions we will be considering in this paper, and the
associated terminology. Given integers L, ag,a1,...,ar € N, we call parameter vector and denote by

0 := (W1,By),...,(Wg,Br))

a tuple of matrix-vector pairs, where W; € R**%-1 and B; € R* are respectively referred to as weight
matrices and bias vectors.

We call a = (ag,ai,...,ar) € NET1 an architecture vector, and given any such a, we define the sets of all
respectively bounded and unbounded parametrizations as:

X =
X =

PaR:Z

)

([-R, R“*“t x [=R,R]"), Pa. :=
1 l

(RUx -1 x R (4)

l 1

where R > 0 is a fixed parameter bound. We then call a realization mapping any fixed map
F : Pa,n — C(X,R) (5)

and from then we define

Hrar={F(0) |6 € Par}
as the hypothesis space of functions induced by F, parametrized by a and with parameters bounded by R.

A quantity of interest, after having defined Hr » r as we did, is the sparsity of Hr a r. That is, the number
of non-zero parameters needed to describe an arbitrary element of Hr » r. We will denote that quantity —
which implicitly depends on F — P(a), and remark that we always have P(a) < 21L=1 ai(a;—1 +1). We also
remark that any tuple 8 € P, . can naturally be identified, up to permutation, with a vector 0 € R (@)
hence the name parameter vector.

This rather general and seemingly arbitrary representation for parametric families of function is motivated by
hypothesis spaces of Deep Neural Networks, to which it is particularly adapted. However, this representation
can be used to represent essentially any kind of parametric family of real-valued functions one might use for
binary classification in practice, such as:
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« Linear classifiers, induced by maps of the form z — W7z + B. In this case, the architecture vector
is simply given by a = (d, 1) with corresponding parametrization P, . = R? x R. The associated
realization mapping is defined for all @ = (W, B) € Pa . by

FO)=(f:x—> W'z +B).

o Logistic regression, induced by maps of the form x ~ 2(1 + exp(W”x + B))~! — 1. For this, the
architecture vector and parametrization are again given by a = (d,1) and Pax = R? x R. The
associated realization mapping is then defined for all @ = (W, B) € Pa o by

FO)=(f:z—20+exp(W z+B))™' —1).

o Kernel classifiers, induced by maps of the form = — > | a; K(x;, ) where K is a Mercer kernel
defined on X x X and z1,...,z, € X are the training data points. The architecture and associated
parametrization in this case are respectively a = (n,1) and Pa . = R"xR. The associated realization
mapping is then defined for all 8 = («, B) € Pa . by

f@z(ﬁxHZmeﬁ>
i=1

Note that for this hypothesis space, the bias parameter is not used. Hence we have an effective
number P(a) = n of parameters.

In all of the remaining text, we will slightly abuse notation and identify any f € Hr a r, which is defined on
all of R?, with its restriction to the unit cube X.

2.2.2 Clipping the function outputs

To study the generalization error of our hypothesis space " r a g, it is necessary to ensure that the functions
within have uniformly bounded supremum norm, as the complexity may grow unboundedly otherwise. A
simple way to guarantee this is the following: given a clipping constant D > 0, we compose all the functions
in Hr a,r with clipp : R — R defined by

D ife>D
clipp(z) =<z if —-D<x<D (6)
-D ifx<-D

Although the clipping operator ensures boundedness of outputs, one may worry about it negatively affecting
the approximation power of the hypothesis space. The following lemma guarantees that as long as the
clipping constant D is chosen larger than || 7= (), the approximation error does not increase.

Lemma 1. Let f* € L*(X,R) and D = | f*|p»xr). For any f € L*(X,R), we have
Iclipp of = f*[ ) < |If = ¥ e 2 )
where clipy is as defined in (6).

Proof. By the assumption on D, we have f*(z) = clipp, of*(z) for almost all z € X. Hence, by 1-Lipschitz
continuity of clipp,

|clipp of(z) — f*(x)| = |clipp of (x) — clipp of * (z)| < [ f(z) — f*(x)

holds for almost all z, and the conclusion follows by definition of the essential supremum. O

Likewise, it is immediate to see that for any D > 0, f and clipp of induce the same classifier. Since the
composition with clip, does not affect the number of free parameters, and [|n],»x) < 1, we will fix D =1
and assume in the following that all functions we consider have been composed with clip, without making
it explicit in the notation, which is justified thanks to Lemma 1 above.
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2.2.3 /, Regularization

Lastly, we fix 0 < p < 00 and regularize the objective (2) with an ¢, penalty term.

We thus define the regularized empirical risk as

1 2
Rea(0 EZ (z:;0) —yi)” + AlO]D (7)

where, for a parameter vector 8 = (W, B)))E | € Pa.,

L
07 = > [Wil2 + [By 2.
=1

This penalty is very popular in practical applications. For p = 2, in which case it is often referred to as
weight decay, it is known to help training and improve generalization (Krogh & Hertz, 1991). Similarly,
p = 1 is a popular choice as it tends to promote sparse solutions, which are less expensive to store and
more efficient to compute with (Candes et al., 2008). Although not as common, taking 0 < p < 1 also has
its merits, as it can be used as a differentiable approximation of the ¢y penalty, which induces very sparse
models but is not compatible with standard gradient-based optimization algorithms (Louizos et al., 2017).

For fixed R > 0 and A > 0, the A-ERM problem (3) thus consists in finding 0)\ satisfying

é,\ € argmin 7’3\,@,)\(0). (8)
GE'Pa,R

Note that the objective (8) is, for most hypothesis spaces, highly non-convex. This implies that the set
of minimizers is generally not reduced to a singleton. Therefore, we will only consider the minimum norm
solutions throughout this paper, i.e. we only consider

6, € argmin {|0|x, for 0 € argminﬁg)\(@)} . (9)
0Py r

2.3 Technical Assumptions

In this section, we present the technical assumptions under which we establish our main results.
(A1) The Bayes regression function 7 : x — E[Y | X = z] satisfies Tsybakov’s low-noise condition: there
exists a noise exponent ¢ > 0 and a positive constant C' > 0 such that
P(|n(X)| <9d) < Cé? forall § > 0.
At times, we will also refer to Assumption (A1) as the “weak-margin' condition, using the two terms

interchangeably and without particular preference. The so-called hard-margin condition, can be thought of
as a “limit" of the low-noise condition when g = o

(A2) The Bayes regression function n : z — E[Y | X = z] satisfies the hard-margin condition: there exists
6 > 0 such that
P(In(X)[ > ) = 1.

Assumption (A2) was originally introduced in (Mammen & Tsybakov, 1999) as a characterization of classi-
fication problems for which the two classes are in some sense “separable’, and has been repeatedly shown in
the literature to lead to faster rates of convergence for various hypothesis classes.

Consider the regularized population risk ¢, which is given for all A > 0 and 0 € P, r by

RZ,A(O) = ]E(z,y)~p [(.f(xv 0) - y)Q] + >\|9|£: (10)
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Figure 1: Visualization of margin conditions through histograms of values taken by 7.

which for convenience, we also denote R, whenever A = 0. We will assume that R, satisfies the two
following assumptions:

(A3) For any R, A > 0, the set argming.p_, Re x has finitely many elements.

Assumption (A3) ensures that all the global minimizers of Ry, y are isolated and can not “cluster” arbitrarily
close to each other. Note that R, being a continuous function of @ defined over a compact set, its argmin
is necessarily not empty.

We now briefly introduce some necessary terminology.

Definition 1 (Analytic functions). A real-valued function f defined on an open set U € R¥ is said to be real
analytic on U if for all uw € U, there exists an open ball B containing v and real coefficients (ca)aeng such

that f(z) = ZaeNg co(z —u)® for all z € B. An Rf-valued function f = (f1,..., fo)T is said to be analytic
if each of its components is analytic.

Definition 2 (Semialgebraic sets and functions). A set S € R¥ is said to be semialgebraic (Bochnak et al.,
1998) if it can be written in the form

s
§= U ﬂ {z e R" : pij(2) = 0,q55(z) > 0},
i=1j=1

where s,t € N and p;j, ¢i; are polynomial functions for all1 <i¢<s,1<j <t

We call a function f : R*¥ — R semialgebraic if its graph {(z, f(z)) : x € R*} is semialgebraic.

Definition 3 (Subanalytic sets and functions). A set S € R* is said to be subanalytic (Shiota, 1997) if each
point of R* has a neighborhood U such that S n U is a finite union of sets of the form Imfi\Imfy, where f,
and fo are analytic R* valued proper maps defined on analytic manifolds.

We call a function f : R* — R subanalytic if its graph {(z, f(x)) : x € R¥} is subanalytic.

The concept of semialgebraic function is relatively straightforward: it refers to functions whose graph can
be described using finite unions and intersections of polynomial equalities and inequalities. Subanalyticity
extends this concept in some sense by allowing not just polynomial, but analytic equalities and inequalities,
allowing for a much richer range of function graphs (Shiota, 1997; Bochnak et al., 1998).

As it turns out, most choices of loss functions, hypothesis spaces, and regularizations will lead to subanalytic,
if not semialgebraic, population and empirical risk. For DNN hypothesis spaces, (Zeng et al., 2019) give
sufficient conditions on the choice of loss, activation function and regularization to ensure subanalyticity of
the resulting risk. Those conditions are verified for most practically used models, including ReLU, sigmoid,
tanh networks with £, regularization and square, logistic or cross-entropy loss (Zeng et al., 2019, Appendix
B).

The last notion we introduce is that of a limiting subdifferential:
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Definition 4 (limiting Subdifffzrential). Given a function f : R¥ — R and x € R*, we call Fréchet subdif-
ferential of f at x and denote 0f(x) the set of all vectors v € RF which satisfy the following:

o 1 T = F@) =" )
S Ty —als

= 0.

The limiting subdifferential of f at x € R*, which we denote 0f(x) is then defined as (Rockafellar €& Wets,
1998):

of(x) = {v e R* : 3(zy)ien — ., fl;) — f(z), v € 9]"(3:1) — v}.

The limiting subdifferential ¢ f generalizes the concept of subdifferential to functions with even less regularity.
Just like the former, it necessarily contains zero at any extremum of f, and coincides with its gradient V f
whenever f is differentiable (Rockafellar & Wets, 1998).

We can now introduce the following assumption:

(A4) For any A > 0, the regularized population risk R,y : RF (@) _ R is subanalytic, and for any
0 e RP(®) 9R, () is not empty.
Furthermore, for any R > 0, the restriction Ry ) : [~ R, R]”® — R is Lipschitz continuous, and we
will denote by Lipg(Re,x) = Lip(Re,») its Lipschitz constant.

In light of the preceding discussion, we observe that Assumption (A4) is very mild. Both subanalyticity and
(limiting) subdifferentiability are satisfied in most practical setups, and local Lipschitz-ness is also guaranteed
as long as, e.g., the parametric hypothesis space consists of compositions of locally Lipschitz mappings, which
is often the case as well.

The need for Assumption (A4) is motivated by the following theorem, due to (Bolte et al., 2007):

Theorem 1 (Adapted from Corollary 16 in (Bolte et al., 2007)). If f : R¥ — R is a lower semi-continuous,
globally subanalytic function, and f(xo) = 0, then there exist ¢,p > 0 and 0 < k < 1 such that for all
re{reR":0<|f(z)| < p}, we have

clf(@)|" < |z*|2, for all z* € Of (z). (11)

Functions satisfying the conclusion of Theorem 1 are said to satisfy the Kurdyka-Lojasiewicz (KL) prop-
erty, named after pioneering works of Lojasiewicz (Lojasiewicz, 1963) and Kurdyka (Kurdyka, 1998). This
property is fundamental in non-convex optimization, as it is a key ingredient when proving convergence
guarantees for first-order methods in general settings (Li & Pong, 2018). This property has also been used
in recent works to obtain convergence rates for first-order optimization in Deep Learning (Xu et al., 2024;
Zeng et al., 2019).

As a consequence of assumptions (A3) and (A4), we have the following proposition, whose proof we provide
in the last section:

Proposition 1. Assume that (A3) and (A4) hold. Fiz R > 0. There exist constants K, A, p > 0, andr > 1,
which do not depend on R, such that for all0 < A < A, 0 <t < p/(2Lipr(Re,»)), and O € argmingep, , Re x

inf 'R,g’,\(g) — Rg,)\(0>\) = Ktr, (12)

0€Pg,, r:dist(0,argmin Ry )=t
where dist(a, A) denotes the £.. distance between a vector a € RF and a set A < R*.

A condition similar to the conclusion of Lemma 1 is often assumed to hold in the empirical process theory
literature, where it is referred to as a well-separation assumption and is used to prove consistency of M-
estimators (Van der Vaart, 2000; Sen, 2018). In that context, the Kt" lower bound in equation (12) is
replaced by ¥(t), for an unknown function ¥ which is merely assumed to be positive for small ¢ > 0. Our
Proposition 1 shows that this assumption does in fact hold for the majority of cases, and explicitly quantifies
this lower bound, which in turn will allow us to carry out our error analysis.
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Denote respectively by 7’@4’“ and R, the unregularized (A = 0) versions of 7%@7 » and Ry, defined in (7) and
(10), where the dependence on n is made explicit in the notation. Denote by

argmin™® 7/?\,(’” = {argmin |6| : 6 € argmin ﬁg’n} (13)
0cPa.

the minimum-norm minimizers of ﬁgm, taken as a function defined on the unrestricted parameter space
Pa.o (4). We will assume the following:

(A5) The sets argming.p, R, and argmingep_ 7%@_,,, are (almost surely) not empty, and there exists a
constant Ry > 0 such that almost surely over all possible i.i.d. draws (z;,y;);>1 with distribution p,
we have

sup {|0|7V : 6 € argmin™ 7%@,”} < Rp. (14)

n=l1

Besides the requirement that minimizers exist, which is standard and often implicitly assumed when studying
empirical risk minimization, Assumption (A5) states that the minimum-norm solutions of the unregularized
ERM problem (9) almost surely do not run off to infinity as the sample size n increases. Although it is
intuitively expected that minimum-norm solutions do not diverge, in practice such an event could have a
small, positive probability. Assumption (A5) thus requires p to give zero measure to “pathological" datasets
where such a thing happens.

Under Assumption (A5) we can uniformly bound the norms of A-ERM solutions, as well as that of approx-
imation error minimizers:

Lemma 2. Assume that (A5) holds with upper bound Ry > 0. The following is true:

1. Almost surely for all n = 1,\ > 0 the sets argmineepmnﬁgv\ are not empty, and we have the
inequality
sup {|0|gc : 6 € argmin* 7%[’)\} < RoP(a)'/?,

A=0,n=1

where P(a) denotes the number of parameters in the architecture Pa o and argmin® 7/?\%»\ is defined
as in (13).

it. There exists 0% € Py o such that

|0*|.c < Ro and 0* € argmin |F(0) — 1|12, )-
0cPa,x

Lemma 2, whose proof we defer to the last section, guarantees that if the parameter bound R is chosen equal
to RoP(a) or greater, the hypothesis space Hr o r will both contain global solutions for the A-ERM problem
(9), and global minimizers of the L?(px) approximation error.

3 Main results

3.1 A general upper bound for the excess risk of Parametric Classifiers

Before stating our main results, we introduce a few useful definitions. The first being that of an e-covering :

Definition 5 (e-cover). Let e > 0 and G € L*(X,R) be a family of functions. Any finite collection of
functions g1, ...,gn € L™ (X,R) with the property that for any g in G there is an index j = j(g) such that

lg —gjllr= <e

is called an e-covering (or cover) of G with respect to || - ||p.

10
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For a given ¢, we can think of the cardinality of an e-cover as a measure of complexity for the family G. This
motivates the definition of a covering number :

Definition 6 (e-covering number). Let € > 0 and G € L*(X,R). We denote by Cov(G, || - |r=,¢€) the size
of the smallest e-cover of G with respect to || - ||, with the convention Cov(G, |- |L»,€) := c© when no finite
cover exists. Cov(G, | - |L=,e) will be called an e-covering number of G with respect to || - || L.

For G = Hra r, we will abbreviate and denote

Cov(Hranr, | o=, €) = Covy(H,e).

The above two quantities, whose definitions are adapted from (Gyorfi et al., 2002), are ubiquitous in the
learning theory literature, as they give a lot of information on the statistical properties of our estimators.

Another related measure of complexity for parametric hypothesis spaces is the Lipschitz constant of the
realization map (5):

Definition 7. Given a parametrization Pa r, recall the definition of the realization mapping F : Pa,r —
C(X,R) (5). We will denote by

F(O) — F(0)| =
Lion(F) e sy O~ F @l

H,OIEPB,R |0 - 0/|79
026’

its Lipschitz constant.

Intuitively, the Lipschitz constant of the realization map estimates the complexity of the induced hypothesis
space in the sense that it controls how different two realizations can be given that their parametrizations are
close. For this reason, the problem of estimating a Neural Network’s Lipschitz constant has garnered a lot
of interest over recent years (Fazlyab et al., 2019; Virmaux & Scaman, 2018).

We are now ready to state our main result, which gives an upper bound on the excess risk of parametric
classifiers under our setting.

Theorem 2. Assume that Assumptions (A3), (A4) and (A5) hold. Fixz an architecture a with parameter
bound R = RyP(a)'/?, where Ry > 0 satisfies (14), and denote

Capproni= ,_inE 1S = 1llz2pn)

feEHF a

the approxzimation error of Hr a,r. We have the following excess risk bounds:

o If the low-noise condition (A1) holds, then for all 6 > €4pproy and 0 < v < §, any minimum-norm
solution 6y of the \-ERM problem (9) with 0 < X\ < (8§ — €approx)*(P(a)2PRP) ™1 satisfies for all

n=1:
R(sign f(-;01)) — R* < capprox + A/ AP(a)2" R 4+ €67

+(@0-v)? (aappm + q/)\P(aﬂpRp)z (15)

L4C 2y Kv" —nK2%r
OV, O ——— ex T ————
“ A\ 24 Lipy o (F)7 ) P \ 288 Lipy s (F)2

o If the hard-margin condition (A2) holds with margin § > 0, and € 4pprox < 9, then for all0 <v < 4,
any minimum-norm solution 0 of the \-ERM problem (9) with 0 < X < (8 — € approx)*(P(a)2P RP)~!

11
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satisfies for all n > 1:

R(sign f(:0))) — R* < appros + A/ AP(a)2" R
2
+(0—-v)2 (ammm + q/)\P(a)QpRp> (16)

Ky _nKQVZT
A _ onKvT
+ 4 Covy <H 24 Lisz(F)”’“> o (288 Lip,p(F )%)

The bounds in Theorem 2 differ significantly from those typically encountered in the literature for similar
problems. While the appearance of the approximation error term is standard, the remaining terms are
not. Specifically, the bounds include three terms that capture the interplay between the noise condition,
the approximation error, and the regularization parameter, as well as a final exponential term that can be
interpreted as the statistical error in classical learning theory.

At first glance, it is not immediately evident that Theorem 2 offers improved rates of convergence for ERM-
based binary classification. Although the non-exponential terms in (15) and (16) can often be effectively
controlled when the regression function 7 belongs to an appropriate function space, the exponential term
presents a challenge. In some cases, this term may fail to vanish as the architecture size a grows with the
sample size n. In the next section, however, we demonstrate that for DNN hypothesis spaces, Theorem 2
can indeed yield fast rates of convergence.

3.2 Super Fast Rates of Convergence for Deep ReLU Networks with Distribution-Adapted
Smoothness

We now focus our attention on the case where the hypothesis space H z o g consists of Fully Connected Neural
Networks (FCNNs) with ReLLU activation. That is, we let o :  — max{0, z} be the ReLU activation function,
and for a given architecture a = (ao, ...,ar) € Ne+1 and parameter vector 8 = ((Wy, By),...,(Wy,BL)) €
Pa,, we define the affine maps

T, :R¥" ' 5 RY™ zw— Wyx+ By, (1<¢<1L).

We then define for all 8 € P, , the realization mapping as
Fnn(0) = [Z‘HTLOUOTL_lo---OO'OTl], (17)

where o is understood component-wise when applied to vectors.

For notational convenience, we will denote by NN (a, W, L, R) the hypothesis space Hry v a,r induced by
Fnn- As the width and depth of a Neural Network architecture play a crucial role in bounding its complexity,
it is advisable to make them clearly visible in the notation.

3.2.1 Upper bounds

We begin by stating our estimates on FCNN complexity measures:

Lemma 3 (Theorem 2.6 in (Berner et al., 2020)). For any architecture vector a with depth L € N and width
W e N, and any parameter bound R > 0, we have the upper bound on Lipp(Fnn):

|FNn(0) = Fnn(0)| ey
sup

G,GIEPa,R |0 - 9/|w
0+6’

< 2I2RE-TWE,

The above inequality, which is tight, shows that the Lipschitz constant of Fny grows exponentially with
depth. As one could expect, the covering number behaves similarly:

12
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Lemma 4. Let ¢ > 0. For any DNN architecture a with depth L € N and width W € N, and any parameter
bound R > 0, we have the upper bound

i P(a)
Cov 1 (NN 2) < <1+.2B“AP§CFNNJ>

Proof of Lemma 4. Let 0,0’ € Py r. Because of the inequality
1f(;0) = f(-;0") L= (x) < Lipr(Fnn)|0 — 6],

we get that Covy, (NN, ¢) is bounded by the number of £, balls of radius ¢/ Lipg(Fyn) needed to cover
the hypercube [—R, R]¥ (@) Tt is straightforward to check that the collection of such balls centered at the
points
- - _, 2R Li
—RI + ¢k, where K = [k1, ks, ... kp(a)|T, and k; € {0, 1,... {WH :

where T is the vector whose entries are all ones, covers [—R, R]”® and has [2R Lipz(Fnn)/e]7® elements.
The proof is thus complete. O

In light of the above estimates, we see that the only way for Theorem 2 to yield any useful results is for the
approximation error to decay faster than its complexity increases with respect to the network’s size. A rich
literature on DNN approximation theory has shown that for target functions in suitable smoothness spaces,
such as Sobolev, Hélder, Besov or Korobov spaces, fast rates of approximation were possible for ReLU DNNs
(Yarotsky, 2017; Suzuki, 2018; Petersen & Voigtlaender, 2018; Mao & Zhou, 2022). In particular, we have the
following result due to (Lu et al., 2021), which provides exact approximation bounds of s times continuously
differentiable functions by Deep ReLLU FCNNs:

Theorem 3 (Theorem 1.1 from (Lu et al., 2021)). Let s € N and h € C*(X). For any Wy, Lo € N there
exists a neural network f(-;0) € NN(a,W, L, R) with width W(a) = C1(Wy + 2)logs(8Wy) and depth
L(a) = Cy(Lo + 2)logy(4Lg) + 2d such that

1£(:0) = bl e a0y < Cillhllee ey Wi /L5 2,

where Cy = 17597134d, Cy = 1852 and C3 = 85(s + 1)48°.

We now introduce the following Assumption (A6), which generalizes Theorem 3 to the L?(px) norm and
incorporates the interaction between the regression function 7 and the marginal data distribution:

(A6) Let n be the Bayes regression function. There exist a natural number Lo € N, and a smoothness
parameter s > 0, such that for any Wy € N9, one can find a neural network f(-;0) € NN (a, W, L, )
with width W(a) = C1Wylog, (W) and depth L(a) = CoLglogy(Lo) + 2d such that

1£(50) = nll12(px) < CaWy >,

where C} = ds?, Cy = (?)S)dSSdCQ7 for some C), > 0 depending on 7 only, and the positive quantity
Cy = C(s) is such that Cs(s)/s — 0 as s — .

Assumption (A6), which we refer to as distribution-adapted smoothness, extends Theorem 3 by shifting
the error metric to the L?(px) norm. While it shares some similarities with Theorem 3, the assumption
places additional constraints on the depth parameter L, requiring it to grow at a slightly slower rate with
respect to the smoothness parameter s, specifically at o(s). This slower growth requirement is motivated by
prior results showing that, under a uniform measure, achieving L? approximation error rates of (WL)’25/ d
for non-linear C? functions requires a depth proportional to s/d (Safran & Shamir, 2017; Voigtlaender &
Petersen, 2019). Assumption (A6) accounts for this by considering not only the regularity of n but also
the interaction between 1 and the marginal data distribution px. This interaction allows for slightly faster

13
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approximation rates when px is “adapted” to n. In Section 6.4, we give examples of discrete marginal
distributions px for which Assumption (A6) holds with Cy(s) = 0 for all s > 0.

This approximation error bound directly quantifies the width and depth required to achieve a given error
level, leading to the following excess risk bounds for deep FCNN classifiers:

Theorem 4. Assume that Assumptions (A3), (A4), (A5) and (A6) hold, and let a > 0 be a desired order
of convergence. For anyn € N, there exists a FCNN architecture a,, with width Wy, depth L, and parameter
bound R, satisfying

W, = (/}(nad/Qrs)

Ln = CQLO IOgQ L(] +2d

Ry = Ro[Ln(W2 + W,)]"" = O(nodlrs),

where Cy and Ly are given in (A6), Ry is given in (A5), and O hides polylogarithmic factors, such that
the following holds:

o If the low-noise condition (A1) holds with noise exponent q¢ > 0, and o < (1 + M)il, then
_ 2a(s+d)

any minimum-norm solution §>\ of the \-ERM problem (9) with A\ = @) (n s ), satisfies the
excess risk bound:

R (signf(-;OA)\)) —R* < max {n*%,n*¥} , (18)

where ¢ > 0 is the noise exponent in Assumption (A1), r > 1 is the “separation exponent” in (12),
By =rdLglogy(Lo)(2 + p)/p, and By = 2rd[d(2 + p) — 1] /p.

o If the hard-margin condition (A2) holds with margin 6 >0, a < mg*5-, andn > (6/2)=°/", then

_ 2a(s+d)

any minimum-norm solution (’9\,\ of the A-ERM problem (9) with A\ = @) (n 7) satisfies the
excess risk bound: R
R (sign f(:00)) = R* <0 ¥, (19)

where v > 1 is the “separation exponent” in (12), By = rdLology(Lo)(2 + p)/p, and By = 2rd[d(2 +
p)—1]/p.

. . . .. -1
As the smoothness parameter s increases to infinity, we get, in the limit o — (1 + %) , & convergence
min{1,q/2} . - . : ;
rate of O (n’ e ) under the low-noise condition (A1). Since r > 1, the bound we get is thus slightly

worse than the minimax optimal “fast-rate" of O (n=') which typically holds under Assumption (A1) when
q — o (Kim et al., 2018; Audibert & Tsybakov, 2007).

On the other hand, under the hard-margin Assumption (A2), the exponent a/r grows unbounded as the
approximation speed s goes to 00. Theorem 4 thus shows how deep FCNNs can leverage the hard-margin
condition (A2) together with higher regularity to achieve potentially arbitrarily fast rates of convergence
for the excess risk. A result which, to the best of our knowledge, is the first of its kind for this hypothesis
space.

3.2.2 Lower bounds

A natural question which arises from Theorem 4, is whether the obtained rates of convergence can be
improved further, in the minimax sense. Although we’ve seen that the rates obtained under the low-noise
condition (A1) are slightly suboptimal, one may still wonder whether those obtained under Assumption
(A2) can be improved further. The following Theorem gives a negative answer to this question.

Theorem 5. Let s > 0 be fized, and Cy = Cy(s),B1,By > 0 and r > 1 all be as in Theorem 4. For

q,0 > 0, denote respectively by 733(71,1) and 73;25) the sets of probability distributions on X x {—1,1} such that
both Assumption (A6) and Assumption (A1) with exponent q (respectively Assumption (A2) with margin
d) hold. We have the following lower bounds:

14
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o There exists a constant k1 > 0 such that for any n € N, and any classifier
e (X x {=1,1})" > M(X,{-1,1}), we have

2q+2
" r(d+q—2) ) <
sup {Eren [Re(e) ~R¥Jy > 40 "0 H0<ash (20)
replh) Kin GBS if g > 1.
o There exists a constant ko > 0 such that for any n € N, and any classifier
& (X x {=1,1})" > M(X, {-1,1}), we have
sup {Epen [Rp(én) — R*]} = kon ™ WC2B1+52) (21)

(2)
PeP "5

We make some remarks regarding Theorem 5. First, we can see that for Assumption (A1) in the regime
0 < g < 1, the upper bound of O (ni A0, B +B2>> provided by Theorem 4 is quite loose, as Cy By +By > 4d?.
However, for both the ¢ > 1 regime and the case where Assumption (A2) holds, we recover exactly the same
rates as in Theorem 4. We still need to highlight however that, formally, the best rates in Theorem 4 can
not be exactly attained, but can be approached arbitrarily close, hence the minimum norm DNN classifiers
can not be said to be minimax optimal in a strict sense, but we can call them essentially minimax optimal,
in the sense that they can achieve rates arbitrarily close to the optimal one.

3.3 A case of exponential convergence rate: well-specified teacher-student learning

The takeaway message from Theorem 4 is that whenever the regression function 7 lies in a suitable space,
such that it can be approximated by FCNNs whose size grows slowly, the margin conditions (A1) and (A2)
will lead to fast rates for the excess risk. Taking this idea a step further, we look in this subsection at what
happens when the regression function 7 is exactly representable by our hypothesis space of FCNNs. Our
starting point is the following Lemma:

Lemma 5. Let R* > 0,L* € N be fized, and a* € NI+1 be an arbitrary FOCNN architecture. For any
parametrization 0% € Pyx g+, there exists a distribution pgx on X x Y such that

E(x,y)~pps Y | X = 2] = f(2;0%), for px-a.e. v€ X,

where f(:;0%) : X — [—1,1] s the function realized by 6*.

Proof. Let X ~ px and U ~ Uniform([—1, 1]) be two independent random variables on the same probability
space, and define:

1, ifU < f(X;0%)
Y =1|U < X70* —1[U > X70* _ ) ) ,
[ I ) [ it ) {—1, if U > f(X;0%).

Now let pgx be the joint distribution of (X,Y"): we then have that for px-almost every z € X,

E[Y | X = 2] =E[1[U < f(z;0%)] — 1[U > f(x;6%)]]

[
[U < f(z;0%)] - P[U > f(z;6%)]

O

From Lemma 5, it follows that any function realized by a DNN can serve as the Bayes regression function
n(x) = E[Y | X = z] of a carefully constructed classification problem. Specifically, given a target DNN
f(-;0%) with fixed architecture and parameters, we can construct a data distribution pgx on X x ) such that
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the associated Bayes regression function 7 is exactly equal to f(-;0*). This observation can be thought of as
a formalization of the knowledge distillation framework, which consists in training Neural Networks of small
size to solve problems at which bigger Neural Networks are very successful with comparable performance.
This approach, also known as the teacher-student setting, is typically implemented by training a smaller
(“student") network to predict a smoothed-out version of the outputs of a larger (“teacher") network, and
has shown to be very successful in practice (Hinton et al., 2015; Xu et al., 2023).

Previous work has characterized the expressivity of deep ReLU fully-connected neural networks (FCNNs).
Given an architecture a with input dimension d, width W, and depth L, the number of linear regions it
can induce ranges from O(1) to O(WdL) (Montufar et al., 2014; Serra et al., 2018). This exponential gap
suggests that a large network with width W and depth L can, in many cases, be represented by a much
smaller network with width W’ « W and depth L’ « L. Such observations help explain the practical success
of knowledge distillation and lend support to the lottery ticket hypothesis, which posits that large networks
contain small subnetworks capable of comparable generalization performance (Frankle & Carbin, 2019).

Building on this understanding, we now examine the learning rates achievable in our idealized “teacher-
student" setting, where the “teacher" network is realizable by the “student" network. In this scenario, the
excess risk decays at an exponential rate, as formalized in the following theorem:

Theorem 6. Let f(-;0%) e NN (a*, W* L* R*) be a “teacher” neural network, and let pg= be a distribution
on X x Y such that the conclusion of Lemma 5 holds. Suppose that the following conditions are satisfied for

Pox’
1. Assumptions (A3), (A4), and (A5) hold.
2. For some Wy < W*, Lo < L*, ag € NLot1 and Ry > 0, we have f(-;0%) € NN (ag, W, Lo, Ro).
3. The hard-margin condition (A2) holds with margin 6 > 0.
Then, for any minimum-norm solution 5,\ of the A-reqularized ERM problem (9) over the hypothesis space

NN (ag, Wo, Lo, Ro), with i.i.d. data ((xi,y:)) % the
0
excess risk satisfies, for allmn = 1:

R (sign f(03)) ~ R* < Brexp(—nfh) + 7 exp(—2nf),

K2(27L05)2r K(Q*Lo(j)T
= =1+4+4Cov,,
/81 288 LlszD (FNN)QT. ) ﬂ2 + OVX (NN, 24 Lip2RO (.FNN)IJFT) )

are constants which do not depend on n.

sampled from pgx, and with 0 < A <

1<isn

where

Proof. We have that the Bayes regression function 7 is given by f(:;0%*) € NN (ag, Wy, Lo, Ry). By
applying Theorem 2 for the hypothesis space NN (ag, Wy, Lo, Ry), we thus get that e,pprox = 0, and
Ro, Wy, Lo, P(ay), Lipag, (Fnn) are all independent of n. Applying Theorem 2 with v = §/2 thus im-
mediately yields the desired result. O

4 Numerical Experiments

In this section, we illustrate Theorem 4 through simple numerical experiments, considering both the weak
margin and strong margin cases. To achieve this, we generate data points from two toy distributions and
empirically verify that the margin assumptions (A1) and (A2) are satisfied. This verification is performed
by plotting the histogram of the outputs of a DNN trained on each distribution using the square loss.

For each case, we train a DNN with the square loss for 5000 epochs, using an increasing number of training
samples n, and plot the evolution of the test error as n grows. Consistent with Theorem 4, we observe a
convergence rate slower than O(n 1) under the weak margin condition (A1), and faster than O(n~!) under
the hard margin condition (A2).

In all the numerical experiments presented below, the DNN under consideration is a fully connected ReLLU
network with architecture a = (2, 64,32, 1).
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4.1 Convergence rate under Weak Margin condition

2D Binary Classification Dataset
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(a) A toy dataset where the weak margin condition holds. (b) Histogram of predicted labels for a DNN trained on
this dataset.

Figure 2: A toy dataset which satisfies the weak margin condition. By plotting the histogram of a DNN
trained to predict each class label, we confirm empirically that the condition is satisfied.

Validation Loss vs Dataset Size (Log-Log Scale)
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Figure 3: Evolution of the testing error for a DNN trained on n datapoints. The linear fit suggest an error
decay rate of O(n=077).
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4.2 Convergence rate under Strong Margin condition

2D Binary Classification Dataset
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(a) A toy dataset where the weak margin condition holds. (b) Histogram of predicted labels for a DNN trained on

this dataset.

Figure 4: A toy dataset which satisfies the hard margin condition. By plotting the histogram of a DNN
trained to predict each class label, we confirm empirically that the condition is satisfied.
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Figure 5: Evolution of the testing error for a DNN trained on n datapoints. The linear fit suggest an error

decay rate of O(n~1:62).

5 Conclusion and discussion

We have established in this work a general upper bound on the excess risk of ERM classifiers induced by
parametric function classes under Mammen-Tsybakov margin conditions. As a consequence, we have deduced
“super-fast" rates of convergence for ERM classifiers induced by deep ReLU networks under some suitable
regularity conditions on the regression function 1 and the marginal data distribution px. We briefly discuss

in this section some possible extensions of our results, together with related open questions.
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Possible extensions:

We believe that Theorem 2 and its consequence Theorem 4 could be generalized to the following setups by
a direct adaptation of our arguments:

e General Lipschitz activation functions. While this work focuses on ReLU activations for sim-
plicity, our arguments rely only on two key properties of ReLU: its Lipschitz continuity and its
approximation capabilities. Since many other popular activation functions achieve similar approxi-
mation rates (Ohn & Kim, 2019; Zhang et al., 2023), we expect that the results in Theorem 4 can
be extended to any such Lipschitz activation function.

e Multi-class classification. Similarly, we believe that if we define an appropriate notion of Bayes
regression function and margin conditions in the multiclass setting, such as what was done in (Vi-
gogna et al., 2022), the results should extend naturally.

Open questions and future work:

We now highlight some questions that we believe are worth investigating further:

e More efficient approximation. One of the main limitations of our work is the reliance on As-
sumption (A6), which is more restrictive than usual smoothness assumptions on 7. Investigating
the existence of hypothesis spaces whose approximation power and complexity scale such that stan-
dard regularity assumptions on 7 alone are enough to derive these “super-fast' excess risk bounds
would be insightful. We believe that potential candidates could be DNNs using super-expressive
activation functions (Yarotsky, 2021; Zhang et al., 2022), or other expressive and parameter-efficient
architectures, such as Kolmogorov-Arnold networks (Liu et al., 2025).

e Sparse architectures. Another aspect not thoroughly explored in this work is the role of sparsity.
For sparse architectures, both the number of parameters and the overall complexity may considerably
decrease. It would thus be interesting to determine whether better excess risk bounds can be achieved
for sparse hypothesis spaces. A natural candidate would be families of deep Convolutional Neural
Networks, which, despite their sparsity, possess approximation capabilities comparable to FCNNs
(Petersen & Voigtlaender, 2020; Zhou, 2020).

e Other loss functions. Our theoretical analysis crucially relies on the properties of the square loss
surrogate, and so our results do not extend to popular loss functions used in practice, such as hinge
loss and cross-entropy. Establishing similar results for more general losses — perhaps under different
types of margin conditions — would be an interesting avenue of future research.

6 Proofs

6.1 Proof of Proposition 1

To prove Proposition 1, we will need the following growth estimate for functions satisfying the KL property,
due to (van Ngai & Théra, 2009):
Theorem 7 (Adapted from Corollary 2.(ii) in (van Ngai & Théra, 2009)). Let f : R¥ — [0, +o0) be a lower

semi-continuous function, and f(xo) = 0. If there exist ¢,v,e > 0 such that ylx*2[f(@)] 7L = ¢ for all
rxe{x:|r—xol2 <ef\{z: f(x) =0} and x* € df(x), then

QR

dista(z, {z : f(x) =0}) < =[f(x)]?, forallxe {x:|x— x|z <e/2},

where disto(a, A) denotes the £y distance between a vector a € R¥ and a set A € RF.

We now proceed with the proof:
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Proof of Proposition 1. Fix R > 0, A > 0, and let 8y € argminp_ . Ry x, which by Assumption (A3) is
isolated. By Assumption (A4), we can apply Theorem 1 to the continuous function iy : @ — Ry A (6) —
Re.A(05) to deduce the existence of ¢,p > 0 and 0 < x < 1 such that

p

o* 0" =¢c, forall@eP, 0,} st. 10 -0y < ———. 22
6 (6) RO} st 1003, < ot (22)
By applying Theorem 7, we can thus deduce
0)'~" > (1 — k)cdist | 6,argmingy |, VO € Pagsit. 0 -6y, < b,
wk( ) ( ) ( GegPaﬁ ¢A> R | >\|3C ZLIPR(RZ,)\)

where dist(a, A) denotes the /.. distance between a vector a € RF and a set A < R*.

0, being isolated, we have, by shrinking p if necessary, that dist (0, argmingep, . ¢>\) = |0 — 0|, for all 6

in a p/(2LipR(Re.)) ball centered on @y. Taking 1’ := 1/(1 — x) and K’ = ((1 — x)c)/=") | we have thus
shown that for all such 6: ,
Rea(0) = Rea(6y) = K't" (23)

Notice that the constants ¢ and x given by Theorem 1 do not depend on R, hence K’ and r’ do not depend
on R either. However, these constants might depend on A, hence we let A > 0 be an arbitrary universal

constant, and define

k*:= inf {ke (0,1): x satisfies (22) for some ¢ > 0},
0<A<A
c* :=sup{c > 0 : ¢ satisfies (22) for k = *}.

Note that (k*,c¢*) € (0,1) x (0,00), and do not depend on A. We thus define r = 1/(1 — k*), K =
(1 — k*)e*)Y/(=r%) " and find that equation (23) holds for these values of K and 7, which completes the
proof. O

6.2 Proof of Lemma 2

Proof of Lemma 2. Proof of (i.): Denote by 0 € P, the parametrization whose entries are all zeros, and

b:= 7’3\,4,)\(0). Clearly, 7’?\,@’)\(‘](('; 0)) > b for all |87 > b/, hence 7%4’)\ is minimized somewhere in {6 : [0]b <
b/A} and the minimum is attained by compactness and continuity.

Now let 0 < A < ) and 0, 6’ respectively in argmin* 7%@7 » and argmin* 7%@7 »- By optimality we have

~

Re(8) +N|O2 < R(0") + NO'[E

= Re(0") + N[5+ (A= X)|@'[2

< Re(0) + N[O+ (A = X)|6'[2

Hence we have shown

A=X)(lo']E—10) (24)

!

VA

0
which implies that 6’|, < |6|, whenever X . Finally, by basic properties of ¢, norms, we have

sup {|0|OC : @ € argmin* 7%4’)\} < sup {|0|p : 0 € argmin* ﬁw\}

A=0,n21 A20,n21

< sup {|0|p : 6 € argmin* ﬁg’n}

n=1

< sup {P(a)l/p|0|% : 0 € argmin™ ﬁg)n}

n=1

= R*P(a)'/?
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Proof of (ii.): First note that for any f € L?(px), we have

Ro(f) = Eyap [(f (@) —)?]
= By ep [(F) = ()] + Fa gy [012) = 9)%] + 2Bs 4y, [(F@) = 9) () — )]
= If = nllF2(py) + C + 2E a4y, E[(f(2) = n(2))(n(z) — y) | 2]
= If = 0lZ2(py) + C + 2B ()~ [(f(2) = n(2))(n(z) — E[y | 2])]
= If = nllF2(p) +C +0
Where C' = E(; )~ [(n(x) — y)?] = 0 s a constant which does not depend on f. This shows that minimizing

R is equivalent to minimizing the L?(py) distance to 7. It is thus enough to show that there exists
0 € argming.p Ry with [0],, < R* to conclude.

To that end, observe that by the strong law of large numbers, we have for any 8 € [—R*, R*]¥ (@) that
ﬁ@,n(e) — Ry(0) almost surely as n — co0. Furthermore, because the realization mapping F is Lipschitz, its
composition with the mapping ¢ : (f,z,y) — (f(z) — y)? is uniformly Lipschitz over (z,y) € X x {—1,+1},
and we can denote by Lr > 0 its Lipschitz constant. Finally, for any convergent subsequence (6,)n,>1 €
[-R*, R*]P®) satisfying 0, € argming,p_ . ﬁg,n for all n > 1 (which is guaranteed to exist by Assumption
(A5)) and with limit 8*, we have -

[Ren(8n) = Re(6%)] < LrlB — 0%|o + [Re(0,) — Re(6%)].
Thus for any 0 € P, ., we can take the limit n — oo to find
Ren(0n) < Ren(0) = Ru(0%) < Re(6),

which implies that 6* € argming.p_ Ry, as desired. 0

6.3 Upper bounds
6.3.1 Preliminary Results

We start by collecting a number of useful lemmas which will be needed to prove the main results. Throughout
the following, recall the definition of the misclassification risk R(sign f) (1) for a real-valued function f :

R(sign f) := Px,y)~p(sign f(X) #Y)

Our first lemma is a bound on the difference of the misclassification risks of classifiers induced by measurable
functions f,g € L™ (X) :

Lemma 6. For any two f,g € L*(X), we have
[R(sign f) — R(sign g)| < Po~py (If = glr=ay = |f(2)])
Proof of Lemma 6. We have

[R(sign f) — R(signg)| = |E[1 {sign f(X) # Y} — 1 {sign g(X) # Y}]|
<E[JL {sign /(X) = Y} — 1 {signg(X) # Y} ]
< E[1 {sign f(X) # sign g(X)}] = P (sign f(X) # signg(X))

But now observe that for any « € X, sign f(z) # signg(z) = |f(z) — g(z)| = |f(x)|. Hence the inclusion
of events

{sign f(X) # sign g(X)} < {[f — gl L= (o) = [F (X}

which implies the claimed inequality. O
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We next have an upper bound on the excess misclassification risk of a classifier sign f in terms of the L?(px)
distance between f and the regression function 7.

Lemma 7. For any f € L?(px), we have the inequality
R(sign f) — R(signn) < [|f = nllrz(px)
Proof. Note that we have
n(X)=EY [ X] =P =1]X)-P(Y =-1]X),
hence by the law of total expectation :
R(sign f) — R(signn) = Ex [Ey [1 {sign f(X) # Y} — 1 {signy(X) # ¥} | X]]
=Ex [(1 {sign f(X) # 1} — 1 {signn(X) # 1}) - P(Y =
+ (1 {sign f(X) # —1} — 1 {signn(X) # —1}) - P(Y
Ex[[n(X)|1 {sign f(X) # signn(X)}]

Ex[In(X) — f(X)|1 {sign f(X) # signn(X)}]
If = nlz2(ox)

1] X)
=—-1]X)]

YA\

NN

O

The following result states that, whenever 7 satisfies either the low-noise Assumption (A1) or the hard
margin condition (A2), any sufficiently good L?(px) approximation of  will satisfy the same assumption
with high probability.

Lemma 8. Let f € L*(px) be such that |f —n||2¢,) < € for some e > 0. The following is true :

o If n satisfies the low-noise Assumption (A1), we have for alld > ¢ and0 <v < 9§ :

2

P(f(X)| <v) < —

< G T O

o If n satisfies the hard-margin Assumption (A2) with margin 6 > 0 and € < §, we have for all v < §

PUSCOI <) < 5o

Proof. o Assume that Assumption (A1) holds. Observe that for any 6 > 0

P(f(X)] < v) = P(f(X)]
|

(X)) > 0) + P(|f(X)] < v In(X)] <)
< P(If(X) |

(X)) > 0) + C?
Now note that on the event |n(X)| > §, we have by triangle inequality

If(X) =n(X)| + |F(X)| = n(X)[ > 6 = [f(X) =n(X)[ =6 —[f(X)]
Finally, Chebyshev’s inequality yields

P(f(X] < v n(X)] > ) S P(|f(X) =n(X)| =6 —v)

||f—77|‘i2(px)
(-

this yields the claimed inequality.
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o If we now assume that 7 satisfies the hard-margin condition (A2), we proceed similarly as in the
previous case, with the only difference being that the term P(| f(X)| < v; |n(X)| < ) is now equal
to zero. The rest of the argument carries through.

O

The following lemma quantifies the approximation error of minimizers 6 of the regularized population risk
Rex over Hr o r in terms of the approximation error of the parametric function class Hr a,r.

Lemma 9. Let a € NEH! be an architecture, and R > 0 a parameter bound such that

> B <
feqlil;aﬁllf Nlr2ox) <¢

for some constant € = 0. Then, for any A = 0, we have that any minimizer 8y of the reqularized population
risk Rex over Hr a r satisfies

[£(-505) = nlr2(ox) < €+ AP(a)RP,

where P(a) denotes the number of parameters in the architecture a.

Proof. First note that for any g € L?(px ), we have

Ré(g) = E(x,y)~p [(9(33) - y)Q]
= E(oyyp [(9(2) = 0(2)?] + Egayynp [(0(2) = 1)*] + 2B (0 y)~p [(9(2) — 9) (n(z) — 1)]
=g =nlZ2(px) + C + 2B )~ E [(g(2) — n(z)) (n(

=g = nl72(px) + C + 2E(u y)~p [(g(2) = n(2))(n(z) — Ely | z])]
=g = nl72(py) +C+0

Where C =E, 4y~, [(n(x) — y)z] > 0 is a constant which does not depend on g. This shows that minimizing
Ry is equivalent to minimizing the L?(px) distance to 7, and in particular for two square-integrable functions
f,g9€ L?(px), we have the identity

Re(f) = Re(9) = If = nl72(0xy = 19 = nl72(p)- (25)

Now denote by 8* any minimizer of | f(-;0) — n||2L2(px) over Py r. For any positive A, we have

Re(f(502)) = Rea(f(550x)) — AlOA]D
S Rea(f(+561))
S Rea(f(50%))
= Re(f(60%)) + A|O*[D
S Re(f(0%)) + AP(a)RP

Where P(a) is the number of parameters in the architecture a. From the identity (25) above, we deduce
that | f(;05) — 77||2LQ(pX) differs from | f(-;0*) — 77||L2 (px) DY at most AP(a)RP. We thus find that

1£(:00) =72y S NF(50%) = nl72(,y) + AP(2)RP
<[F(50%) = nlZnny + AP(2) R
<&+ \P(a)R?,
and we conclude the proof by using the subadditivity of = — \/z. O
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The last result we will need is a large deviation type estimate on the probability that a minimizer 5,\ of the
empirical risk Ry is far away from the argmin of Ry x. Such estimate can be readily obtained by applying
covering number based concentration bounds, which are a standard tool in Learning Theory literature (Gyorfi
et al., 2002).

Lemma 10. For any A = 0, let é\A € Pa,r be a minimum-norm solution of the A-ERM problem (9), and
denote by Ry x the reqularized population risk (10). If Assumptions (A3) and (A4) hold, then for allt >0,
we have the estimate

C A ) Kt K22
P(dist(0x,argmin Ry ») = t) < 4 Covy, (’H, 24LlpR(.7:)> exp (288)

Proof. Observe the inclusion of events

dist(é,\,argminRg,A) >t = Rea(f( A’\)) > 0cP,, :dist(eirggminR )>tR€”\(f("0))
= Rop(f(0)) = Rea(f(-,65) = Kt
— Roa(f(-02) = Rea(f(-,61))

+ Rea(f(-,03) = Rea(f(-,0)) = Kt
— Ria(f(,05) = Rea(f(-,0)) = Kt"/2
OR  Roa(f(- 1) — Ron(f(-65)) = Kt™/2

Where we used Proposition 1 in the second line. Now set € := Kt"/2 and let
{f(-6:):6- € O}
be a minimal size ¢/(12 Lip(F))-cover of Hr a r. By observing that the map
¢:Par >R, 0= (f(z;0)—y)?

is 4 Lip »(F)-Lipschitz continuous uniformly over (x,y) € X x {—1,1}, we get that for any 68 € P, g, and
0. € O, such that |0 — 0.|,. <¢e/(12Lipr(F)):

[Rex(f(-8)) — Ron(f( F2::0) —yi)? —E[(f(2:0) — y)?]

l .T“ — zn: CE“ 2
FB[(56:00 1] £ [(1(2:0) ~ 7]
(0 — )~ E[(£(:0.) — )]

3\'—'

—_

-2
2

3

n

| 200 ) ~E[(/(r:00) )’

V(e 00) — yi)? — E[(F(2:62) — )]

< 4Lipg(F)[0 — -] +

After taking the supremum over 8 € P, g in the above inequality, and observing that the Z; := (f(z;;0.) —
y;)? are i.i.d. and taking value in [0, 4] almost surely, we apply the union bound together with Hoeffding’s
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inequality to find:

P (dist(é\,\,argminR&,\) > t) <P (ﬁm(f(-, 0,)) — Rea(f(-,0)) = Kt’”/Z)

+P (R&A(f('a é/\)) - 7’ée,,\(f('y éA)) > Ktr/2)

< 2P (ees};p ReA(f(-,0) = Rea(f(-,0))] = Ktr/2>

= 2P ( sup |Rea(f(-,0)) — ﬁm(f(-,@))l = 5)

0cPa.r

<op (gsug Rea(F(162)) — Roa(f(0))] = 5/3)

& —n52
< 4Covy, , - .
OV (H 12L1pR(.7:)) eXp( 72 )

Finally, after substituting ¢ = Kt"/2, we find

. A . Ktr —nK?2t?r
P (dlst(t%\, argmin Rp ») = t) <4Cov,. (7—[, 24L1pR(]:)> exp (288) ,

as desired. O

6.3.2 Proof of Theorem 2

We prove Theorem 2 under the low-noise Assumption (A1) only, as the case (A2) can be shown using the
exact same argument.

To begin, we decompose the excess risk in two parts :
R(sign f(-; éA)) —R* := R(sign f(+; §>\)) — R(signn)

= R(sign f(-;0))) — R(sign f(-;6,))
+ R(sign f(-;6)) — R(signn)

Where 9,\ € Pa,r and 0 € P, or are respectively minimum-norm minimizers of the empirical and population
risk (9), such that

|§)\ — 0)\|% = dist(éA,arg‘minRg’)\).
Pa,R

Note that by Assumption (A5) and closedness of argminp_ . Ry, the above is always possible as long as

the parameter bound R has been chosen larger than Rj- P (a)l/ P but the .. norm of 8y can only be bounded
by 2R instead of R.

Combining Lemma 7 and Lemma 9, we immediately get the bound on the first summand :

R(sign f(:;0x)) — R(signn) < [ £(02) = nl12(px) < Eapprox + 1/ AP(2)2"R". (26)

It only remains to bound the second summand. To that end, we apply Lemma 6, which yields :
Risign f(01)) = R(sign £(:63)) < P{IF(503) = F(500) |12 on) = 1F(X: 0|}
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Now note that thanks to inequality (26), we can apply the “high-probability margin" property from Lemma
8 to get for all § > eapprox; A < (6 — Eapprox)*(P(a)2PRP)™! and 0 < v < 6:

PS80 = (00 Ipm(on) = PG O} = P{ISC03) = F(503) (o) = (X302 [F(X;03)] > v}
+ P {1300 = F(500) oo = (X300 1F(X;00)] < v}
<P{IF(:83) = 15001 px) > v}

2
+ (5 - V)72 (Eapprox + \/m) + o4

We are now left with estimating the probability that | f(-; é)\) — f(+;6x\)|L» = v. By Lipschitzness of F, we
have

P{If(:02) = (163 |Lo(px) = v} <P (12 = 62l > v/ Libyn(F))

=P (dist(é},argmin Ren) = V/LinR(]:)>

Kv" —nK2%r
<4Cov, (H, ot Jexp (oot ).
v (H 24 L1P2R(]'—)HT> P (288 LlpgR(f)2r>

where the exponential inequality follows from Lemma 10. Combining all of these inequalities, we have thus
shown that for all § > capprox, A < (6 — sappmx)z(P(a)?’Rp)*l, and 0 < v < 6:

R(sign f(-;0))) — R* < capprox + 1/ AP(a)2"R” + C5°
2
+ (6 —v)? <£approx +4/ /\P(a)2pRp>

Kuv" —nK2%r
4 o© , ; :
+ 1 Covy (N Mg Llpmm”r) P (288 Llpmm%)

which concludes the proof of Theorem 2 under Assumption (A1). As was mentioned in the beginning, the
proof under (A2) can be done with the exact same argument, the only difference being that the C'§? term
will disappear when applying Lemma 8.

6.3.3 Proof of Theorem 4

Start by fixing o > 0, and recall the approximation error bound given by Assumption (A6), according to
which

inf _ ) <C W—Qs/d
feNN}Ial’W’L)R) If =l (px) 3Wo )

for some architecture a such that W(a) = C1Wylogy(Wy), L(a) = CoLglogy(Lo) + 2d, where Wy € Nxy is
arbitrary, C; = d(3s)4d, C5 = C,,s8°, and Ly and Cy = Ca(s) are fixed.

By letting Wy = n®%2s x Cg/ 25, we deduce that there is a Neural Network architecture a,, with respective
depth and width

L, = CyLology(Lo) +2d, W, = C1Wylog,(Wy) = O (nad/2s> ’

where O hides logarithmic factors, such that

inf — 2 <n™®
FENN (an, Wi, L R) 7= lezos) <
Furthermore, the number of parameters in a,, is bounded as

L,
P(a,) =Y alPal™ +al) <L,(W?+W,) =0 (nad/s) '
i=1
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Similarly, recall the Lipschitz constant bound given by Lemma 3:

Fo(6) — Fo (0
O =@ len) _ypopn iy,

9,9/67337“3 |9 - 0/|(7J
026’

and note that with R = R,, = RoP(an)"/?, we have
R,=0 (nad/ps)

Putting these together we get

”]:0(0) - ]:U(OI)HC(X) 2 A ad/ps Ln—1 adf2s Ln
sup 0=01, <2L70 (n ) (n )

0,0'€Pa,, R,
0+£6'

_0 (nz—f{m(up/mfu)

=0 (nii'[(cz(swo log, Lo+2d)<1+p/2>1]>

)

where all the logarithmic factors and terms which do not depend on 7 are hidden in the O.
After noting that Lipyp(Fyy) < 287 Lipz(Fan), we are left with bounding the quantity

K(21_L” V)T
Cova, (N N5 Lipp, (fNN)W) ’

which by Lemma 4, we know is bounded by

P(a,) P(a,)

(1 48R, Lipg | (]:NN)2+T>

< 49R,, Lipp, (Fnn)*TT
K (21 Lny)r =

K(2=Lny)r

Using the bounds on R, and Lipg (Fyn) above, we thus find that

49R, Lipp (Fnn)*'" <0 (ns _n(“p%-[(czm log, Lo+2d)(1+p/2)71] .
K - 27"(17Ln)

The above quantity being polynomial in n, we thus find that the covering number grows as the exponential
of P(a,), up to a multiplicative logarithmic factor:

K(217LV)T
' 24 Lipg, (Fnn)

log [COVI (mv 1)] = 0(P(ay)logn® 7).

where
ad

B= p—s(l +(2+7) - [(Ca(s)Lology Lo +2d) (1 + p/2) — 1]>

To conclude the proof for the case (A1), we let eapprox = n~7,8=2n"2 and v = n”2: observe that by
picking A such that

0 A< 22 (Plan)2RY) ™ = O (n= 252

= Eapprox

we have A < (0 — €approx) > (P(a,)2PRE) ! and

Eapprox + 4/ /\P(an)2p R < 2€approx-
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We are thus allowed to apply Theorem 2 with these values of A\, which yields the excess risk bound:

o

R (sign f(,éﬂ) — Ry <207F 4200~ +4n~+

+ 4dexp (—AlnlfAz % log(’yn(a”ﬁw)) ,

where 2020 (1—1)

K 2 r{l—Ln

A= ——M—
288

and v > 0 is a quantity which does not depend on n. Hence we see that the exponential term converges to
zero asn — o if 1 — Ay > 0 and 1 — Ay > ad/s, or equivalently if 1 — A > ad/s, which is equivalent to the
following inequality for a:

, A=« (1 + g : ([CQ(S)LO logy(Lo) +2d] - (2 + p) — 2)) ,

d -1
a<:(1+;s-(Kb(@LobgﬂL@f+2ﬂ-(2+p)—2>> .

This concludes the proof under Assumption (A1). The proof under Assumption (A2) with margin § > 0 is

very similar: we now pick €approx =177, v = §/2, and

o< <e?

approx

(Plan)2’Ry) * = 0 (n 5%
such that Theorem 2 can be applied, to yield for all n > [(5 /2)_r/a]:

N <Signf(.; é/\)> TS 207 16077 + dexp (_A1n1_A2 + pod/s lOg(’Ynﬁ((S/?)—’")) )
where

B KZ (52—Ln)2r
288 ’

rd
Al A2 = Oég ([CQ(S)LO 10g2 LO + 2d] . (2 + p) - 2) .
Hence, we see as before that in this case the term 4exp (—A;n'=42 + ned/s log(yn”?(6/2)™")) vanishes ex-
ponentially fast as n — oo if 1 — Ay > ad/s, which equivalently means that « needs to satisfy the following

inequality
sp

@S d([Ca(s)Lology Lo + 2d] - (2 +p) —2)°

6.4 Lower bounds

6.4.1 Preliminary Results
We begin by giving a sufficient condition on the marginal distribution px for Assumption (A6) to hold. We
first formally define discrete distributions on the cube X = [0, 1]%.

Definition 8 (Discrete Distribution). For any x € X, let §, denote the Dirac probability measure at x,
which satisfies 0,(A) = 1a(x) for any measurable A € X. We say that the marginal data distribution px

is discrete if there exist a sequence x1,xs2,... S X of pairwise distinct points, and a sequence A1, As,... of
non-negative real numbers, such that 3o, \; =1 and
pxX = Z Ailz,; -
i=1

Lemma 11. Assume that px = >,;5, \ids, s a discrete distribution, and fiz s > 0. If the coefficients (A;)i=1
are such that
Z Ai € Cpn_4s/d foralln =1,
izn+1
where C,, is a positive universal constant, then Assumption (A6) is satisfied with smoothness parameter s
and constant Ca(s) = 0.
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Proof of Lemma 11. We will prove the lemma by constructing a sequence (¥,,),>1 of DNN with 2 hidden
layers and width O(n) which, for every n € N, interpolate the Bayes regression function n at every z €
{1‘1, e ,Jﬁn}.

To that end, fix n € N: since 1,...,x, are pairwise distinct, the set R%\ U;»; (z; — z;)* is not empty, and
we can find a direction v € R? such that v-zq,...,v -, are pairwise distinct. Now let b = 2 maxi<i<n |V Zil,
and note that the map NN, : x — ReLU(v -  + b) maps each z; to v - z; + b.

Given the n real numbers v-z1 +b < ... < v-z, +b (reindexing as necessary), one can construct a continuous
piecewise linear map PL, : R — R with breakpoints (v - z1 + b,n(z1)),..., (v -z, + b,n(z,)). Such a map
PL,, can easily be realized by a shallow ReLU network of width n (see e.g. (Arora et al., 2018) for an explicit
construction). Each ¥,, = PL, o NN, is thus realized by a DNN with 2 hidden layers and width equal to
max(d, n). Furthermore we have |¥,(z)| < ||n(x)| = (x) for all z € [0,1]¢, and by construction, we have

190 =22y = D) Ai(Tnla) = n(@)® <4lnlZe, D) A

izn+l izn+1

Lastly, note that for any depth L > 2, the identity mapping Id : z € R? — x can be realized by the following

parameter vector
I
0= <<<_-(Ii-d> a0> ) (IQda 0)7 LR (IQda 0)7 ((Id - Id)70)> s

where I is the d x d identity matrix, and the tuple ([24,0) is repeated L — 2 times. Note that it is
easy to modify the above architecture so that it yields a representation of the identity mapping with same
depth and arbitrary width W > 2d. Hence, by “padding" the width and depth of ¥, as necessary, we see
that Assumption (A6) is indeed satisfied with smoothness parameter s and constant Cy(s) = 0 whenever
Disne1i Ni S C,n~4%/1 as claimed. O

The main tool we will need to obtain our minimax lower bounds is Assouad’s lemma. Before stating the
lemma, we define the probability hypercube, following notation from (Audibert, 2004).

Definition 9 (Probability Hypercube). Let m € N,w € (0,1],b € (0,1], and ¥ € (0,1]. A (m,w,b,V')-
hypercube of probability distributions is a family

{]P)ff | 0= (017 s agm) € {_17 1}m}
of 2™ probability distributions on X x {—1,1} having the same first marginal:
Po(dX) = Bar,..40)(dX) =t for all & € {~1,1}",

and such that there exists a partition Xy, ..., Xy, of the unit cube X satisfying

o foranyje{l,...,m}, we have u(X;) = w
o forany je{0,...,m}, and any x € X;, we have

Eo[Y | X = 2] = 0 €(2),

where g =1 and £ : X — [0,1] is such that for any j € {1,...,m},

b= fu? ~ (Bx o[V E001])

wb' = ]EX~;L[£(X)I]-XJ-]~

We are now ready to state Assouad’s lemma, in a version adapted to the setting in which the label set is
given by Y = {—1,1}:
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Lemma 12 (Adapted from Lemma 5.1 in (Audibert, 2004)). If a set P of probability distributions contains
a (m,w, b, b)-hypercube, then for any measurable estimator

C: (X X {—1, 1})N - M(X7 {_17 1})7

we have

wb,

R 1—bvNw
SUP{EIP’@N [Re(e)] — RE} = 5 m
PeP

where Rp(f) = P{f(X) # Y} and R} is the Bayes optimal risk under IP.

Although the original result in (Audibert, 2004) only proves an analogous version of Lemma 12 for the case
Y = {0,1}, one can readily check that Lemma 12 is a direct consequence of applying the transformation
t— (t+1)/2 to the labels.

6.4.2 Proof of Theorem 5

We now prove the minimax lower bound. Note that our argument mostly follows the approach taken in
(Audibert & Tsybakov, 2007), with suitable adjustments made as needed. We first prove the result for the low
noise condition (A1). The lower bound for the hard margin condition (A2) follows from a straightforward
modification of the argument, which we explain at the end.

For an integer h > 1, we partition the unit cube X = [0,1]? as follows: define the regular grid Gy, as

2kl 2kat1N .
= { (B 2 o= 1),

and for z € X let ny(x) € Gy, be the minimum-norm element of G} closest to z in Euclidean norm, so
that ny : X — G}, is a well-defined (single-valued) function. We then define X’q,... X"« as the canonical
partition of X induced by m,. That is, x,y € X belong to the same subset X; if and only if ny(z) = np(y).
Now fix an integer m > 1, and for 1 < i < m, define &; := X’;, and let Xy := [0, 1]%\ Ui<i<m Aj, so that
Xy, - .., X is a partition of X as well.

Let u : Rt — R™ be the continuous piecewise linear function defined by u(z) = 1 for x € [0,1/4], u(z) =
—4x + 2 for x € [1/4,1/2], and u(x) = 0 for x € [1/2,0), and define ¢ : X — R* by ¢(z) = u(|z|2), where
| - |2 denotes the ¢5 (Euclidean) norm.

We now define the hypercube H = {Pz | ¢ € {—1,1}™} of probability distributions on X x {—1,1}. For all
&, we set the marginal distribution Pz(dX) =: p on X as a discrete distribution (as per Definition 8) defined
in the following way: denote z1, ..., 2, the centers of the grid Gy, and for 1 < i < m, fix X = (scy))j;l
as a dense countable subset of B(z;,1/4h), the Euclidean ball with center z; and radius 1/4h. Likewise, let

X0 .= (1‘;0))]‘21 be a dense countable subset of Xp. Finally, let 0 < w < m ™!
probability p for all z € X by

, and define the marginal

Csw278 if x =x§i) for some (i,7) € {1,...,m} x N,
p({z}) == % Cs(1 —mw)279¢  ifz = x§-0) for some j € N,

0 otherwise,

L
where Cy := (2 =1 2_33) is a normalization constant. Observe that ;1 does not depend on &.
We now define for each & € {—1,1}"™ the regression function 7z :  + E(x y)~p,[Y | X = ], which will fully

determine Pz. For all x € X;, 1 < j < m, we set nz(z) := 0;0(z), where p(z) := h~1¢(h[z — np(z)]), and
for x € Xy, we let nz(x) = 1. Note that by Lemma 11, we have that Assumption (A6) is satisfied.
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We now check the margin assumption (A1): fix 2z = (1/2h,...,1/2h) € Xy. For any & € {—1,1}"™ we have
Pz (Ins(X)| <t) = mPz($(h[X — 21]) < th)
=m Z Ligh[x—z ) <eny (@) pu({z})
x€B(z1,1/4h)
= Cymw Z 2_js]l{¢(h[x,zl])gth}(.135-1))

j=1
= Cymw Z Zijs]lw—l([(),th])}($§1)/h +21)
j=1

= mw]l{thzl}.
We thus see that the low noise condition (A1) holds as long as mw < Ch™9.

We are now ready to prove the lower bound. By applying Lemma 12, we have for any classifier ¢,

1 -0/
1T oynw mwb',

. (27)

sup{Eﬂz@n [Rp(én)] — R;} >
PeH

where b = & = h=!. Denote by a* := s/(s+ CyB; + Bs) the optimal rate, and remember that ¢ > 0 denotes
the noise exponent in Assumption (A1). By taking

[n2/(d+q72)‘| if g <1
— ’ _pd _ 1 —d—q

h_{[na*/(Q—l)] ifg>1, m=h% w=h ’

and replacing in (27), we obtain the claimed lower bounds in equation (20), which proves the first case of
Theorem 5.

We now address the case where we require the probability hypercube H to satisfy the stronger Assumption
(A2). In that case, we can simply modify the previous construction as follows: define the grid G},, partition
(X;)1<i<m, functions u, ¢, and marginal probability distribution p in the exact same way as before, but
now let o(z) = dp(h[r — np(x)]) for all x € X. It is straightforward to check that with these choices, all
distributions in this probability hypercube satisfy Assumptions (A2) and (A6). Furthermore, H as defined
is a (m,w, b, b’)-hypercube with b = b = §. We then set

h=[ml/d], m=[n1_0‘*], w=ﬁ if0<a* <1,

<
S

h=1, m=1, w = if a* > 1,

3

where a* = 5/(CyB; + B,) is the optimal rate, and y, € (0,1/8) is such that 62y3 — §y2 + 2n!~** = 0. By
plugging these values into (27), we find that the lower bound (21) holds. The proof is thus complete.
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A Margin conditions for real-life datasets

The goal of this section is to empirically evaluate the validity of margin conditions on two widely-used
benchmark classification datasets: Fashion MNIST and CIFAR-10. Since both datasets contain more than
two classes, we fall back to the binary classification setting by restricting our analysis to two arbitrarily
selected classes from each dataset. Following a similar approach to (Kim et al., 2018), we investigate the
margin conditions in two ways: first, we generate interpolated images between the two classes and visually
examine whether such interpolated samples, which are inherently harder to classify, could realistically appear
in the original datasets. Second, we train a deep Convolutional Neural Network (CNN) with ReL.U activation
and squared loss until convergence, and analyze the histogram of its outputs for all images in the test set.
For both cases, the resulting histograms strongly suggest that the weak margin condition (A1) hold.

The CNN used to obtain the numerical results consists of two convolutional layers with 32 and 64 filters of
size 3 x 3, each followed by ReLU activation and 2 x 2 max pooling. The output of the second convolutional
layer goes through a fully connected ReLU network with architecture a = (64 x 8 x 8,128, 1).

A.1 Fashion MNIST: “T-Shirt" vs “Pullover"

e
TR AAAR
TEITTR LR

Figure 6: Interpolation of randomly selected images respectively in the “T-shirt" and “Pullover" class.
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Histogram of Predicted Labels (T-shirt/top vs Pullover)

B Predicted: T-shirt/top (-1)
I Predicted: Pullover (+1)
H --- Decision Boundary (0)
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Figure 7: Histogram of predicted labels for images in the testing dataset: the histogram matches the function
t— C|t|9.

Despite the classes “T-Shirt" and “Pullover" exhibiting a relatively high level of visual similarity, the obtained
histogram for the CNN approximation 7j of the Bayes regression function strongly suggests that the low-noise
condition (A1) holds with a seemingly large exponent q.

A.2 CIFAR-10: “Automobile'" vs “Truck"

Interpolation Between 'Automobile' and 'Truck’
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Figure 8: Interpolation of randomly selected images respectively in the “Automobile" and “Truck" class.
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Histogram of Predicted Labels (Automobile vs Truck)

Il Predicted: Automobile (-1)
I Predicted: Truck (+1)
--- Decision Boundary (0)

Frequency
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Predicted Label

Figure 9: Histogram of predicted labels for images in the testing dataset: the decay as t — 0 is much slower
than for the Fashion MNIST dataset.

As for the Fashion MNIST dataset, the two selected classes have a relatively high amount of visual similarity.
In this case, the histogram of labels predicted by CNN approximation # of the Bayes regression function
suggests that the low-noise condition (A1) holds, but for noticeably lower values of the exponent ¢ and
multiplicative constant C.
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