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ABSTRACT

This paper focuses on decentralized composite optimization over networks with-
out a central coordinator. We propose a novel decentralized symmetric ADMM
algorithm that incorporates multiple communication rounds within each iteration,
derived from a new constraint formulation that enables information exchange be-
yond immediate neighbors. While increasing per-iteration communication, our
approach significantly reduces the total number of iterations and overall com-
munication cost. We further design optimal communication rules that minimize
the number of rounds and variables transmitted per iteration. The proposed al-
gorithms are shown to achieve linear convergence under standard and relatively
weak assumptions (e.g., metric subregularity). Extensive experiments on regression
and classification tasks validate the theoretical results and demonstrate superior
performance compared to existing decentralized optimization methods.

1 INTRODUCTION

The increasing size and complexity of modern machine learning models, combined with the explosive
growth of data from sources such as mobile devices, sensors, and edge computing platforms, has
driven the demand for scalable and privacy-preserving optimization techniques. Among these,
decentralized optimization has emerged as a powerful approach, particularly when centralized
computation is impractical due to concerns of scalability, robustness, data privacy, communicational
infeasibility and network connectivity.

Unlike centralized distributed optimization, which still depends on a central server to coordinate
updates, decentralized optimization involves multiple agents collaboratively solving a global problem
by performing local computations and exchanging information only with their neighbors. These
agents operate over a connected network—typically modeled as a graph—without the need for a
central coordinator. This architecture makes decentralized optimization especially attractive for
applications in multiple fields like sensor networks and large-scale machine learning.

In decentralized optimization, a central challenge lies in reducing the time cost of both local compu-
tation and inter-node communication. While existing algorithms differ in their local update strategies,
most follow a common structural pattern: each iteration is followed by a single round of communi-
cation. This convention has seldom been challenged, primarily due to the concern that introducing
multiple communication rounds per iteration would increase the overall communicational cost. Prior
attempts to incorporate fixed multiple communication rounds, such as those gradient-based methods
in (Jakoveti¢ et al., 2014; Berahas et al., 2019; Ye et al., 2023; Li et al., 2018), achieve this by multi-
consensus—repeatedly mixing local variables through communication. However, these methods have
not demonstrated practical reductions in the total number of communication rounds. As a result, the
potential for achieving a net communication reduction through non-adaptive multi-communication
algorithms remains largely unexplored.
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Although multi-consensus schemes involve more frequent averaging steps, they do not neces-
sarily reduce the overall communication cost. A potential reason is that these repeated consen-
sus/communication steps primarily accelerate agreement among local variables, but offer limited
improvement to the quality of each iteration. This observation motivates the need for a more
principled and dedicated framework for multi-round communication, rather than simply applying
multi-consensus in iteration.

In this paper, we explore incorporating multiple communication rounds within a single iteration in an
approach orthogonal to existing multi-consensus schemes inspired by this observation. Rather than
directly applying multiple mixing steps, we develop our algorithms by introducing linear constraints
tailored for ADMM, which naturally embed multi-round communication into each iteration. To further
enhance performance, we adopt a Symmetric ADMM (He et al., 2016) framework to accelerate
convergence. Although this design increases the per-iteration communication cost, it enables a
significantly faster convergence, leading to a substantial reduction in the total number of iterations,
computations, and overall communication required for convergence.

Our contributions are summarized as follows:

* We propose DS-ADMM, a novel Symmetric ADMM-based decentralized composite opti-
mization framework that incorporates multiple communication rounds into each iteration,
leading to more efficient decentralized training.

* We derive optimal communication rules in the proposed algorithms which successfully
minimize the communication rounds and the amount of information transmitted per iteration.

* We provide rigorous theoretical guarantees for the proposed method, including convergence
and convergence rate analysis under standard and strong convexity assumptions.

* We conduct extensive numerical experiments that validate our theoretical results and demon-
strate the superior performance of our method compared to state-of-the-art algorithms in
decentralized composite optimization by reducing both computational and communicational
cost.

To the best of our knowledge, such a symmetric-ADMM construction with a fixed multi-round
schedule and the associated theory has not been explored in prior decentralized optimization literature,
and it successfully reduces the overall communication cost. Our results open a promising direction
for decentralized optimization by revealing a new trade-off between the number of per-iteration
communication rounds and overall convergence speed.

1.1 RELATED WORK

Decentralized Optimization. Decentralized optimization has gained significant attention in large-
scale machine learning, particularly in scenarios where data is distributed across multiple agents or
devices without a central coordinator. A common strategy in these methods is the use of stochastic
or deterministic mixing matrices to perform local averaging of variables across neighboring nodes,
facilitating global consensus through communication. Early methods such as Decentralized Gradient
Descent (DGD) (Nedic & Ozdaglar, 2009; Jakoveti¢ et al., 2012; Yuan et al., 2016) directly extend
classical gradient-based algorithms to networked environments, laying the groundwork for later
developments. However, DGD suffers from slow convergence and sensitivity to step size. To address
these shortcomings, a line of gradient-tracking based algorithms has been developed, including
EXTRA and PG-EXTRA (Shi et al., 2015a;b), NIDS (Li et al., 2019), SONATA (Sun et al., 2022),
and (Qu & Li, 2018), which incorporate correction terms to estimate the average gradient across
the network. Several of these algorithms, including (Shi et al., 2015b; Li et al., 2019; Sun et al.,
2022) are designed for decentralized composite optimization problems with smooth-nonsmooth
structure by embedding proximal gradient steps. And the unifying analysis in (Xu et al., 2021)
shows that a broad family of methods—including (Shi et al., 2015b; Li et al., 2019; Qu & Li,
2018)—can be understood through a single theoretical framework and established linear convergence
under strong convexity assumptions. In addition to improving per-iteration convergence rates, many
recent methods incorporate acceleration techniques such as Nesterov acceleration, leading to further
improvements in both computation and communication complexity including (Jakoveti¢ et al., 2014;
Liet al., 2018; Qu & Li, 2020; Ye et al., 2023). In parallel, a different family of methods focuses on
dual-based formulations. These include (Uribe et al., 2020; Scaman et al., 2017; Lan et al., 2017)



Published as a conference paper at ICLR 2026

and decentralized adaptations of the Alternating Direction Method of Multipliers (ADMM) (Wei &
Ozdaglar, 2013; Shi et al., 2014; Chang et al., 2015; Aybat et al., 2018) which reformulate the problem
with consensus constraints and alternate between primal and dual updates. A notable development in
this line is (Wang et al., 2018), which construct constraints based on mixing matrix into an ADMM
framework for decentralized composite optimization.

ADMM and Symmetric ADMM. The Alternating Direction Method of Multipliers (ADMM) is
a powerful algorithmic framework for solving linearly constrained convex optimization problems
with separable objective structures, and it does so without requiring smoothness assumptions. This
characteristic makes ADMM particularly well-suited for composite optimization tasks involving non-
smooth loss functions and regularizers. We refer readers to (Eckstein & Yao, 2015; Boyd et al., 2011;
Glowinski, 2014) for comprehensive overviews of the classical ADMM framework, and to (Deng &
Yin, 2016; He & Yuan, 2015; Han et al., 2018; Yuan et al., 2020) for detailed convergence analyses
of ADMM and its various extensions. To improve convergence speed and numerical performance,
Symmetric ADMM (S-ADMM) and its generalizations have been proposed in recent years (He
et al., 2016; Bai et al., 2018). These methods modify the standard ADMM iteration by introducing
a symmetric primal-dual update structure, typically involving an additional intermediate update of
the dual variable. This symmetric design allows for more balanced update dynamics between the
primal and dual variables and often leads to improved practical performance. Convergence analyses
for S-ADMM and its extensions have been established in works such as (Bai et al., 2019; Gu et al.,
2015).

Multi-Communication in Decentralized Optimization. Incorporating multiple communication
rounds per iteration has been explored in decentralized optimization for different purposes, using
either fixed or adaptive strategies. Early work by (Berahas et al., 2019) showed that fixed multi-
communication inherits DGD’s convergence issues and incur high communication costs, while
adaptive strategies—where communication rounds increase periodically—can achieve exact conver-
gence, albeit requiring tuning or prior knowledge. Later methods (Jakovetié et al., 2014; Ye et al.,
2023; Li et al., 2018) adopted fixed multi-communication to attain optimal theoretical communication
complexity. However, empirical results in (Ye et al., 2023) indicate that fixed multi-round schemes
are unable to reduce total communication. This limitation motivates algorithmic designs that embed
multi-communication within the problem structure, rather than treating it as an external enhancement.

2 PRELIMINARIES

2.1 PROBLEM SETUP

We consider a network of n agents collaboratively solving the decentralized composite optimization

problem

min F(z) ; [fi(@) + gi(2)]. (1)
where f; is a convex local loss function and g; is a convex local regularizer, both privately held by
agent ¢. In settings involving a global regularizer g, we distribute it across the agents as g; = p;g
with nonnegative weights satisfying >_" ; p; = 1. This formulation captures a broad range of
decentralized machine learning problems. Typical examples of loss functions include least squares,
quantile loss, Huber loss, and hinge loss, while common regularizers include the ¢;-norm, ¢5-norm,

and elastic net. Moreover, we denote the proximal operator of function f as

1
Prox, s (y) = arg min (f(x) + 2*||$ - y||2) 2
zER™ n

Many commonly used loss and regularization functions admit closed-form proximal operators, which
we leverage in the algorithmic development that follows.

2.2 GRAPH TOPOLOGY

We model the communication pattern among agents using an undirected and connected graph
G = (V,E), where V = {1,1,...,n} denotes the set of agents and an edge (i, j) € E represents
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a direct bidirectional communication link between agents ¢ and j. The graph structure is encoded
by a mixing matrix W € R"*", where W;; € [0, 1] specifies the communication weight assigned to
agent j by agent 7. Throughout the paper, we impose the following standard assumptions on WV:

Assumption 1. The mixing matrix W satisfies: (1) W is symmetric; (2) W is doubly stochastic, i.e.,
W1 = 1, where 1 denotes the all-ones vector; (3) W;; > 0 for i # j if and and only if (i,j) € E,
and Wi; > Qforallt € V.

An example of such a matrix based on the Metropolis—Hastings weights (Hastings, 1970) is provided
in Appendix A. Under Assumption 1, the graph and its mixing matrix enjoy several well-known
properties that follow from the Perron—-Frobenius theorem:

Proposition 1. The following properties hold: (1) The eigenvalues of W satisfy 1 = A (W) >
A(W) > - > X\y(W) > —1, and the spectral gap p = 1 — max{|Aa(W)|, |\, (W)|} is strictly
positive; (2) The null space of I, — W is given by null(I,, — W) = span{1}, which characterizes
the consensus subspace.

3 METHOD

This section presents the design of our communication-efficient decentralized algorithm. We begin
by reformulating the consensus constraint to enable multiple rounds of communication within each
iteration. We then explain how proximal linearization facilitates decentralized updates, describe
our communication scheme that minimizes per-iteration transmission, and finally introduce the full
decentralized form of the proposed algorithm.

3.1 SYMMETRIC CONSENSUS CONSTRAINTS

A key requirement for applying symmetric ADMM (He et al., 2016) in decentralized optimization
is to enforce agreement among agents’ local variables. Unlike distributed ADMM (Boyd et al.,
2011), where a central coordinator explicitly enforces consistency, the decentralized setting lacks a
global authority and therefore requires a different mechanism for encoding consensus within linear
constraints. Our approach is motivated by the spectral properties of the mixing matrix W, in particular
the structure of the null space of I, — W. Let W = W ® Iy, and letu = (u{ ,...,u,} )" € R™
denote the stacked vector of local variables. Using the fact that 17 is symmetric, doubly stochastic,
and has a positive spectral gap, one can show:

Proposition 2 (Symmetric consensus constraint). The consensus condition u; = ug = - -+ = Uy, i
equivalent to the existence of an auxiliary stacked variable v = (v{ ,... v, )T € R™ satisfying

u=Wvandv = Wu.

This pair of constraints in the above Proposition 2 embeds consensus into a linear, fully decentral-
ized structure. Let f(u) = Y., fi(u;) and g(v) = >, g;(v;). Using the above constraints,
problem equation 1 is equivalently reformulated as

miﬂ{{l fu)+ g(v) s.t. Au — Bv =0, 3)
u,vER™?

where A = (W, I,4)" and B = (I,4, W)T Note that the reformulated problem equation 3 is
invariant under the exchange u <> v and (A, B) <> (B, A). This invariance makes the associated
symmetric ADMM iteration balanced and self-adjoint: the two primal blocks enter the augmented
Lagrangian in exactly the same way and therefore admit identical ADMM updates. We refer to this
formulation as the symmetric consensus constraint to highlight this structural novelty.

Remark 1. The ADMM variant proposed in (Wang et al., 2018) uses a related but asymmetric
constraint formulation with A = ((Ind — W)1/2, Ind)T and B = (0, I,,q)". This design enables
a single communication round per iteration by absorbing part of the dual update. However, the

inherent asymmetry prevents the use of symmetric ADMM, which requires a balanced primal-dual
structure.

3.2 GRAPH-AWARE PROXIMAL LINEARIZATION

Let A = (A1, \2) denote the Lagrange multipliers associated with the two equality constraints
in equation 3, let 8 > 0 be the augmented Lagrangian penalty parameter, and let r, s > 0 be the
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symmetric dual update steps. The generalized symmetric ADMM (see, e.g., He et al., 2016; Bai et al.,
2018; Deng & Yin, 2016) applied to the reformulated problem equation 3 takes the form

1) _ - t B B2y L )12

WD = arg min ()~ (A0, 4wy + 2 4w B2 4 T — a3,

A3 — 0 rﬁ(Au(H'l) _ Bv(t)),

“

1

oD = arg min g(v) + (A\+2), Bo) + éHAu(tH) — Bu|* + Z[lv —v® 3,
vERN 2 2

AEHD — \(+3) sB(Au(t'H) _ Bv““)).

To efficiently linearize the subproblems and remove the quadratic coupling introduced by the terms
| Au — Bv®||? and || Au(*t1) — Bu||?, we introduce a graph-aware positive definite proximal matrix

Q = ﬁ((1+7—)Ind_,W/T,W/>, 7> 0.

This choice ensures that the augmented Lagrangian becomes separable across agents, enabling fully
decentralized updates of both primal variables. Then, by expanding the symmetric ADMM updates
in equation 4, the updates can be rewritten in the following decomposable form:

u™Y = argmin f(u) — <W)\§t) + /\g) + B(?Wv(t) + (14 71)u® — WTWU(t)> , u>

ueRnd
.
+8(1+ 3 ) Il
)\gt%) _ /\gt) _ rﬁ(WU(H—l) _ ,U(t))’ )\(2t+%) _ /\ét) _ rﬁ(u(t—&-l) _ Wv(t)),

) = argmin g(v) — <5(2Wu(t+1) + (14 7)® — WT/V\V/U(U) — )\gt+%) - W)\EH%), v>

veER™

+8(1+ 2ol

/\gt+1) _ /\gtJr%) _ Sﬁ(Wu(t—H) _ v(t—!—l))) )\gtﬂ) _ )\éHé) _ Sﬁ(u(t-‘rl) _ Wv(t“)).
(5

This graph-aware linearization eliminates quadratic coupling, restores decomposability, and yields
update rules that are fully decentralized and structurally balanced across the two primal blocks. For a
detailed derivation of the general update form, we refer the reader to Appendix B.

3.3 OPTIMAL DOUBLE-COMMUNICATION STRUCTURE

We now describe how to implement the decomposable symmetric ADMM updates in equation 5 in a
fully decentralized manner. There are four blocks of variables u, A1, A2, v € R™. We write
o= o)A = A A ) T e = (A A T

(0T
U—(ul,...,u »vn

with u;, vi, A1, Ao; € R4 stored locally at agent ¢, and communication is restricted to exchanging

weighted neighbor-averaged values determined by the mixing matrix W. For convenience, for any
stacked variable z = (2] , ...,z )T we use the notation 3" = YN, Wijzj(-t).

A key structural feature of the symmetric ADMM updates is that the quadratic term WTW in equa-
tion 5 requires 2-hop neighbor information. Consequently, one full iteration necessarily involves
two distinct rounds of communication, and the communication pattern must therefore be scheduled
with care. Our design follows two ordered principles: (1) achieve the minimal number of rounds by
restricting communication to exactly two rounds per iteration; (2) within each round, minimize
the amount of transmitted data.

1
The first principle is enforced because )\gt+ 2) requires aggregated u(**1), and )\étH) requires aggre-
gated v(**t1) fixing the two communication rounds between these updates. Following this structure,
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we organize each iteration into two update groups—Group 1 and Group 2—separated by two com-
munication rounds. To satisfy the second principle, we transmit carefully chosen dual-variable
combinations rather than raw primal variables, reducing the communication in each round to only
two d-dimensional vectors and achieving the minimal cost compatible with the symmetric ADMM
structure. The overall communication—computation workflow is described as follows:

Group 1 update and Communication 1. At iteration ¢, agent ¢ begins with its current local vari-
1 -
Et), vgt)7 )\g, )\étz 2)) and the cached mixed values ﬁz@ and bgt)

In Group 1, agent ¢ first updates )\g, then computes ugtﬂ)
1
finally forms the intermediate dual iterate )\(;j_ 2

ables (u from the previous iteration.

via the proximal operator of f;, and

At this point, the first communication round occurs. Instead of transmitting all primal variables, each

1 1
agent constructs the auxiliary message al(.”l) = )\gjz) + %()\;tj?) - /\gtz), and broadcasts the

pair (u§t+1), aEtH)) to its neighbors. The received messages are aggregated to provide all mixed

information needed for the Group 2 updates.

(t41) o ~(t+1)

Group 2 update and Communication 2. Using ; and a; '/, agent i performs the Group 2
1
update: it updates Aﬁ‘j 2 ), computes vgtﬂ) via the proximal operator of g;, and then forms )\ﬁ:—rl).
1
In the second communication round, each agent constructs bgtﬂ) = 2)\&“) — )\gtj 2 ), and broadcasts

(vgtﬂ), bz(-tﬂ)) to its neighbors, and received messages become inputs for the next Group 1 update.
Each iteration of DS-ADMM therefore consists of two local update groups and two neighbor-
communication rounds. Information from one group is not used directly in its own update but enables
the update of the other group, creating a feedback structure. This interleaving induces a coupled
communication-update mechanism where each block drives progress in the other.

Furthermore, this structure makes symmetric ADMM not just suitable but essential: it accelerates
convergence without increasing communication, and leads to a clean, symmetric algorithm. To
our knowledge, this tightly coupled update-communication framework is novel in the decentralized
optimization literature.

3.4 ALGORITHM

The resulting procedure is summarized in Algorithm 1 and illustrated in Figure 1, which we refer
to as Double-Communication Symmetric ADMM (DS-ADMM). The step-size parameters are set as
0<r<lands=1.

/
t+1)--- Group 2 -- t+1
:"’—‘ AHren GreupE ey
SRR, : LD : L ) — ; cees
9\ : t+1 H1)L
)‘;) r=° Group 1 "))‘é+2) _>)‘é )

Figure 1: Illustration of one iteration of the proposed two-group symmetric decentralized ADMM
scheme. Solid arrows denote inter-group communication, i.e., information exchanges that require
communication across groups, while dashed arrows indicate intra-group communication performed
locally within each group.
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Algorithm 1 Double-Communication Symmetric ADMM (DS-ADMM)

_1
1 Initialize: u(*) = v{* = Ag?g = )\;f) =0foralli € {1,...,n}, mixing matrix W € R"*",

step sizes r > 0, augmented Lagrangian parameter 8 > 0 and proximal term parameter 7 > 0.
2: repeat
3:  [Group 1 update]

M) =28 =Bl - o)
t+1 ~(t t 7(t t
W =Prox_ s (GRG0 4 (4 el + ks 0 AL
1
AP =) Bl 1)
4:  [Communication 1 ] Transmit aEtH) = )\étj%) + %(Agjé) - )\gz) and uEtH).
5.  [Group 2 update]
1
D A0 st o)
1 ~(t+1 t+3) | < (t+1
z(tJr ) = Proxﬂ(zl«pr)gi (%%(ugpr ) + (1 + T)Ui(t)) - (2+1T)5 (Ag,i 2) + az(tJr ))
D =20 = path — o)

1,4 -

v,

i i
6: [Communication 2] Transmit vEtH)

7: until convergence criterion is satisfied

and b = 22D \[F2),

4 CONVERGENCE ANALYSIS

In this section, we analyze the convergence properties of the proposed decentralized algorithm. As it
is a direct application of symmetric ADMM with proximal terms, several convergence results follow
from existing literature. We further establish linear convergence under specific conditions that are
mild yet broadly applicable to machine learning problems.

To facilitate the analysis, we define the block matrix:

Q
H= Q+5BB'B — 4B |, (6)
! I

r 1
B Esy)
which is positive definite. We also define the concatenated variable = (u,v T, AT)T € R4,

4.1 GENERAL SUBLINEAR CONVERGENCE

Theorems 3.3 and 4.2 of (Gu et al., 2015) imply that the proposed algorithm enjoys a general sublinear
convergence rate O(1/t) without requiring strong assumptions on the objective functions.

Theorem 1. Let {0Y)} be the sequence generated by DS-ADMM. Then {0} converges to a solution
point 0°°, and the following non-ergodic sublinear rate holds:

1 147
p(t) _ pt+1))12 < . ( g1 _ p(0) )2 (1) _ 4© 2), 7
H < s 1o I+ lo® - o @, ™
Remark 2. This sublinear convergence result is independent of the underlying communication

graph and mixing matrix. Thus, the algorithm is inherently robust to different network topologies in
decentralized environments.

4.2 LINEAR CONVERGENCE UNDER METRIC SUBREGULARITY

Although various results on linear convergence of ADMM and its variants exist (e.g., (Deng & Yin,
2016; Han et al., 2018; Yuan et al., 2020; Bai et al., 2019; Gu et al., 2015)), none directly apply to
our algorithm. Nevertheless, we adapt ideas from these works to establish linear convergence under a
standard regularity condition known as metric subregularity.

Definition 1 (Metric Subregularity). A set-valued map ¥ : R™ = RY is said to be metrically
subregular at (Z,y) € gph(V) with modulus k > 0 if there exists € > 0 such that:

dist(z, U™1(9)) < & - dist(7, ¥(x)), V€ B (Z). ®)
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We consider the KKT mapping:

Of (u) — AT
Txkr(0) := | dg(v) +BTX |, 9)
Au — Bv

and solution set Q* := {0 | 0 € Txkr(0)}.

Under the above framework, we are now in position to state the following linear convergence theorem
which established a Q-linear rate of distance to the solution set, and a R-linear rate of suboptimality.
The proof is deferred to Appendix C.

Theorem 2. Suppose Tkt is metrically subregular at (0, 0) with modulus ¢ for any 0 € Q*. Then
the sequence {Q(t)} generated by DS-ADMM converges Q-linearly to 2%, i.e., there exist integer
T > 0 and constant € > 0 such that for all t > T':

distZ (04D %) < b -dist% (01, "), (10)
1+e
where
1) . 1—r
€= g >0 o=min{2p 1. an
and

2B 41
O B(r+1)

Also the suboptimality converges R-linearly, which means there exists [ > 0:

5—max{67"2+622, 128% + 4+ (16)2, 3(75)2} ¢ +Q24+7-7)3. (12

1

@)+ g(0) = F@*) +9™) <, a= 1/~

13)

The linear convergence rate clearly depends on the algorithmic parameters 7, r, 3, and the structure
of the mixing matrix W. In particular, a larger value of p, which reflects better network connectivity,
leads to a faster convergence rate.

4.3 SUFFICIENT CONDITIONS FOR METRIC SUBREGULARITY

First we state the important definition of PLQ functions:

Definition 2. A function f : R™ — R U {+oo} is piecewise linear-quadratic (PLQ) if it is quadratic
on a finite union of polyhedral regions:

f(z) = %mTQx—l—ch—l—r. (14)

Many loss and regularization terms used in machine learning are PLQ, including the ¢; and /5 norm,
hinge loss, squared loss, and elastic net.

The following proposition gives a characterization of the metric subregularity of TxkT. Each case is
justified by different results from the literature: Theorem 46 and Theorem 60 of (Yuan et al., 2020)
support the first condition, Robinson’s continuity property (Robinson, 1981) establishes the second,
and Lemma 4 of (Latafat et al., 2019) together with Theorem 60 of (Yuan et al., 2020) imply the third.

Proposition 3. The KKT mapping Tixr is metrically subregular at (9,0) for any 6 € ©* under any
of the following conditions: (i) each f; is smooth and strongly convex, and each g; is PLQ; (ii) all f;
and g; are PLQ; (iii) all f; and g; are smooth and strongly convex.

Therefore, DS-ADMM achieves linear convergence across a wide range of practical decentralized
optimization problems, including Lasso, logistic regression, SVM classification and other models
frequently encountered in machine learning.
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5 NUMERICAL EXPERIMENTS

We evaluate the proposed DS-ADMM algorithm on two representative decentralized composite
optimization tasks: Lasso regression and ¢s-regularized SVM classification. All experiments use
n = 30 agents connected via a random graph with edge probability p = 0.5. The Metropolis—Hastings
mixing matrix is constructed following Appendix A, and data are evenly partitioned among agents.
The global regularizer is split uniformly as ¢;(z) = % g(x). Comparisons are made against four
representative methods: Decentralized Proximal ADMM (Wang et al., 2018), PG-EXTRA (Shi et al.,
2015b), NIDS (Li et al., 2019) and ProxMudag (Ye et al., 2023). All experiments are conducted on a
machine equipped with an Intel Core i7-1260P CPU and 16GB RAM.

All adaptive parameters of baseline methods are tuned for best performance. For DS-ADMM, we use
fixed step sizes (r,s) = (0.99, 1) and proximal coefficient 7 = 0.01. Suboptimality is measured as
F(a®) — F(u*), where u* is a high-accuracy centralized solution.

Lasso Regression. Using the a9a dataset from the LIBSVM repository (Chang & Lin, 2011) with
1 A
fi(z) = %HAM - bi||2, gi(r) = ﬁ”xnlv A= %

SVM Classification. Using ala, each agent solves

1
file) = S max(0,1 - bjal ), gi(e) = Sl
m s n
Note that ProxMudag is excluded in the SVM classification task as its formulation requires globally
coupled nonsmooth terms. Across both tasks, DS-ADMM consistently converges faster and requires
significantly fewer communication rounds. Additional results and parameter sensitivity analysis are
reported in Appendix D.

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 50 700 800 900 1000
iterati

0 600
Iteration Communication Rounds

Lasso: iterations Lasso: communication rounds

. . . 5 L L L .
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
Iteration Communication Rounds

SVM: iterations SVM: communication rounds

Figure 2: Comparison of DS-ADMM with baseline methods on Lasso and SVM.

6 CONCLUSION

We proposed DS-ADMM, a fully decentralized algorithm for composite optimization based on the
symmetric ADMM framework. The method integrates a novel communication structure that structures
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double communication per iteration without increasing overhead, while maintaining a symmetric
update pattern across variable blocks. Theoretical analysis established both sublinear convergence
under standard conditions, with linear rates guaranteed by metric subregularity of the KKT mapping.
Our algorithm accommodates general nonsmooth regularization and is broadly applicable to various
machine learning tasks. Extensive numerical experiments demonstrate that DS-ADMM outperforms
existing decentralized methods in both iteration and communication efficiency.
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Appendix

A MIXING MATRIX BASED ON METROPOLIS-HASTINGS WEIGHT

A desired mixing matrix can be constructed using Metropolis-Hastings weights, where d; = || is
the degree of node ::

1+max1{di,dj}’ lf( j) GE
W, = 0. i (i) ¢ B and j #4
- S W it
lENi

B GLOBAL FORM OF UPDATE

According to the update rule of Symmetric ADMM and our linear constraint formulation, a global
t-th iteration can be written in the below equation:

1
ul™ = arg min f(u) — (A", Au) + éllAu = BuW | + Sflu— w3,
u€Rnd 2 2

A+3) =\ _ rB(AuttY) — By®)

15)
1
v = arg mﬁénd g(v) + <)\(t+%),Bv> + gHAU(tH) — Bu|? + §||v _ v(t)IIQQ,
veER™
A+HD) N\ (E+3) sﬁ(Au(t'H) _ Bv(t+1))_
Then we decompose the Lagrange multiplier A\, which yields the below equation:

1 T ¢ B B =

w1 = arg min f(u) = (N, Wa) = (057 u) + GIWu— 0@ 4 Zlu— W00

1
+ 5l - w3,
)\(t+ ) )\(t) 6(Wu(t+1) fv(t)), )\(t+ ) )\(t) rﬂ(u(tﬂ) va(t)),

o) = arg min g(0) + (A, o) 4+ (A, Wy 4 D o2

vER™

B — 1
+ G = W2 4 o = oD,

)\(t+1) )\(t+ ) B(Wu(t-&-l) _ v(t-&-l))? )\étJrl) _ )\éﬂré) _ Sﬂ(u(t-&-l) _ W,U(t-&-l)).

(16)
And it can be transformed into the following version ready for decentralized update:
) = arg min flu) — <W/\§t) + /\§t> +8EWVD + (1 +7)u® — WTWu®), )
+B(L+ )llul?
1 1 —
)\gt+2) _ )\gt) . rﬂ(Wu(t'H) . ,U(t))7 )\ét+2) _ )\gt) . rﬂ(u(t-i-l) _ Wv(t)), -

oY) = arg min g(v) = (BEWuTHD 4 (1 4+ 7)0® — W TWe®) — (/\§t+%)+
IS

WAL, 0) + B+ D)ol

)\gtﬂ) _ )\§t+%) B sB(Wu(tH) D), /\(t+1) )\(“r ) — sB(uttD — Wv(tﬂ))_

Rearranging the terms and using the facts that Wo® — WTWu® = 1 W()\ — /\(lt )) and
Wut+) — WTwoe® = ——W(/\(tJr /\gt)) in the above equation, we get:
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. __ 1 — 1
wtth) = = arg min f(u)— <W)\Y') + )\(Qt) + B(Wv(t) +(1+ T)u(t)) + EW()\gt) — )\gt ;)), u)

ueRn"d
+ 81+ )HUH2
)\gwé) _ /\gt) B rﬁ(Wu(t—i-l) —o®), )\éH%) _ /\gf) — rButth — Wv(t))

1

oD = arg min g(v) — BV + (14 7)0) - WD) (e
veR”

1~ t+1
oW = A0+ 80+ D)ol

ALY = AR (WD — o HD) A = 3 (D D),
(18)

By our previous definition of a(*) = /\gtJr%) + %(Agﬁ 2) — A7) and p® = Al + (/\ﬁt) — Agti%)),
we get

uD = arg min f(u) — (Wa® + AP + BT0® + (14 7)u®),u) + B(1+ = 3)lul?

u€Rnd
)\(t+) )\(t) ﬁ(Wu(tJrl)iv(t))’ )\(t+) )\(t) Tﬁ(,u(tJrl)in(t))’
o) = arg min, g(v) = (BFu) + (14 7)0®) = A L W), 0) + 51+ Do)

)\(t+1) )\(t+ ) IB(Wu(t+1) _U(t+1)>7 )\(t+1) )\(t+ ) 5<u(t+1) _Wv(t+1))_

(19)
C PROOF OF THEOREM 2
The proof is based on the notations of global form equation 7. First, we denote vectors
u u —AT
Zz(v)’ 9:<U>’ FO)=| BTA (20)
A Au — Bv
G = D FO ) X0 Z ) _ g (Au(t"‘l) _ BWH)) 7 1)
—1) B a®
w>@m) 60 =[50 ), h(z) = f(2) + 9(w) (22)
oy ~
A®)
and matrices
Q I
S = Q+BB'B —rBT ,M< I ) (23)
B %I -8B (14nr)I
@ 1 T T @
i
H=| Q@fmoBb —ba=| @ ] 24)
— Eicayid B
It is easy to verify the following properties:
g+ = ) — pr(e® — gy, (25)
G=S+S8"-M"S, H=SM" (26)

The following lemma characterizes the eigenvalue property of H and G:
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Lemma 1.
)\max(H) S C7 )\min(G) Z 2(1 - T)P (27)
Proof.
Q 2
H= Q+(1—-r)BB"B+58B'B —5B' (28)
T 1
- r+lB B(rJrl)I

so it is easy to verify that

T
/\max(H) S /\maX(Q + (1 - T)ﬁBTB) + )\max(ﬁ (rﬂ_B}T) <T’ﬁ_B}T> ) (29)

while

Amax(Q+(1=1)BBT B) = Amax (BA+T)[=BW TW+(1—r)BI+W T W)) < (2+7—7)8, (30)

w5 () (TﬁBT)T> - eGP T 1) = Z A

Br+1)\ —1 —I r+1) Blr+1)°
3D
combining above, we get Apax(H) < (. Also, we have
Anin(G) = min{Anin(@), *} = miin{26p, ="} = . ()
O

This equivalent form of solution set 2* follows from (He et al., 2016) by the definition of subdiffer-
entials:
=N {5’ B(z) = h(Z) + (0 — 6, P(6)) = 0} (33)
OcR4nd

Then we give the following important lemma, whose proof follows directly from the proof of Theorem
2 and Theorem 3 in (Bai et al., 2018) and the above form of solution set:

Lemma 2.

HH(H) e 2 < He(t) _ o Z _ He(t) 0 Vo € O, (34)

2
G

Let us revise the KKT mapping

Of(u) — ATA
TKKT(Q) = 8g(v) + BT)]. (35)
Au — Bv

The following lemma bounds the distance through G-norm.

Lemma 3. The sequences {6} and {6)} satisfy

po -],

dist?(0, Txxr(0¢+Y)) < ;

S| >

Proof. By Proposition 2.1 in (He et al., 2016) and our notations, we derive the following inequality
characterizing the subproblems:

flu) — F@®) + <u —a®, —ATX® L Q@™ — u(t))> >0 (36)
g(v)—g(@® )+<v — 2@, —BTA®O —»BTA® X)) 4+ (Q + BB B)@" — v(t))> >0 (37)

It is obvious that

dist? (0, Tk (6)) = dist>(0, Ty () + dist?(0, T2(6)) + dist?(0, T5(6)) (38)
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where 71 (0) = 0f(u) — AT\, Ta(6) = dg(v) + BT\, T3() = Au — Bw.
From the above two inequalities, we have the following:

dist (0,71 (01))) < HAT(X“) — D) _Q@® — u(t))H
(39)

)

— HAT [r(w Xy _ gB® — 5@))] — Q@Y — W)

where the second equality uses the update rule

AEHD — \(E+3) B(AuHD — By(t+h)
— \(t+3) B(AuD — BytHD) 4 gB(v® — D) (40)
=\ — (r 4+ 1)(AF = XF) 4+ B0 — (1)

similarly, we have:
dist (0, To(04+1)Y) < HBT(X@ —AEDY _(Q + BBTB)(® — o) +rBT(RO — W)H
— HQ(g(t) _ U(t))H 7

(41)
and finally

dist (0, T5(91F1)) = H %()\“) —A®) — B(u® — W)H : (42)

Substituting equation 39 equation 41 equation 42 into equation 38 while using the definition of A,
B, @, we get

~ 2

dist?(0, Trr (00)) < AT [r(A® = X0) = BB — 5®)] - Q(@" — )|
N 2 |1 ~ —onll?

N HQ(“(t) _U<t>)H N HB(A@) _X0)_ B® —50)

< 32 HAT(W _ x<t>)HQ n % Hw ~ ;<t>H2

2
+362 AT BOO - 5“))H

(43)
2 2 2
+2 HB(W - W)H + HQ(N) - W)H +3 HQ(W - W)H
92 ~ 2 2
< (67 + 35) HW - WH + (1282 + 4 + (18)?) HM 0 H
2
+3(rB)>2 HW —g®
<5 Hg(t) _ g(t)HQ <9 Hg(t) _ §<t>H2 _
< =3 o
O
Then we are able to prove the first part of Theorem 2:
Proof. Because §* is a closed convex set, there exists a 8] € Q* satisfying
disty (00, Q) = He(t) -7 - (44)
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Then, by the metric subregularity of the KKT mapping and the global convergence result, there exists
T > 0, for any ¢t > T we have

o0 =50 >/ ais0. Tr 6104
[ . .
> %dlst(e(t“),ﬁ ) (45)
> idistH(WH) ).

So, we will have from the above inequality that

2
(1+ €) dist7 (0“1, 07) < Hﬁ““) =0+ edist?, (04D, Q)

2
(46)

< H9<t+1) —o| 4 H@(t) _ g
H

G

2
< Hew — 07| = aisth (0, 0)

and the main result is proved.

To prove the R-linear rate of suboptimality, first, from the same approach of proving Corollary 2.1 in
(Bai et al., 2019) we are able to prove the R-linear rate of ||9(t) — 0> || And a simple corollary from

Lemma 2 is that Hﬂ(t) —6®

and || Au**) — By(+1)|| also converges R-linearly.
Then we substitute ©>° and v*° into equation 36 and equation 37:
F®) + g(w™) > fF@®) + g(3®) - <u°° —a®, AT 4 Q@ — u<t))>

- <v°° —3®, —BTX® —+BT(A® — X®) 4 (Q + BB B)(7") — U<t>)>

47

and from the definition of solution set
f(u(t+1)) +g(’t}(t+1)) > f(uoo) +g(’UOC) + <)\OO7Au(t+1) - B’U(t+1)>. (48)
the above inequalities and the R-linear convergence of ||6(t) — HOCH, Hﬂ(t) — é(t)H,

|Autt — Bu(+D]| lead to the R-linear convergence of suboptimality, which finishes the
proof.

O

D ADDITIONAL EXPERIMENTAL DETAILS

D.1 PARAMETER SENSITIVITY ANALYSIS

We summarize the hyperparameters used in the DS-ADMM algorithm and clarify their respective
roles.

Proximal parameter 7. The proximal term ensures that the matrix () is positive definite, which is
required in order to establish linear convergence. Throughout our experiments, we set 7 = 0.01.

Augmented Lagrangian parameter 5. The parameter 5 has a major influence on the convergence
speed. One may either adopt the adaptive tuning strategy proposed in (Boyd et al., 2011) or evaluate
several candidate values and select the one that performs best empirically.

Dual update step sizes (r, s). The convergence region and admissible ranges for the symmetric
dual step sizes have been characterized in prior work (Bai et al., 2018). Following these theoretical
guidelines, we fix s = 1 and r = 0.99, which consistently yield stable and efficient performance.

17



Published as a conference paper at ICLR 2026

D.2 ADDITIONAL EXPERIMENTAL RESULTS

We report experimental results on a 30-agent sparsely connected random graph with edge probability
p = 0.2. As expected, all algorithms perform worse on this sparse topology, consistent with
theoretical predictions. Nevertheless, our proposed DS-ADMM retains the best overall performance.
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Figure 3: Lasso performance on the 30-agent sparse random graph (p = 0.2). Left: suboptimality vs.
iterations. Right: suboptimality vs. communication rounds.
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Figure 4: SVM performance on the 30-agent sparse random graph (p = 0.2). Left: suboptimality vs.
iterations. Right: suboptimality vs. communication rounds.

We further evaluate the Lasso problem on a 100-agent network under two connectivity levels, with
edge probabilities p = 0.5 and p = 0.2.
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Figure 5: Lasso performance on the 100-agent random graph (p = 0.5). Left: suboptimality vs.
iterations. Right: suboptimality vs. communication rounds.
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Figure 6: Lasso performance on the 100-agent random graph (p = 0.2). Left: suboptimality vs.
iterations. Right: suboptimality vs. communication rounds.

Then we test performance when the dataset is randomly partitioned among agents, using n = 30 and
n = 100 with graph edge probability p = 0.5.
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Figure 7: Lasso performance with random data partition on the 30-agent random graph (p = 0.5).
Left: suboptimality vs. iterations. Right: suboptimality vs. communication rounds.
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Figure 8: Lasso performance with random data partition on the 100-agent random graph (p = 0.5).
Left: suboptimality vs. iterations. Right: suboptimality vs. communication rounds.

Finally, we test the performance on a ring network with 50 agents.
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Figure 9: Lasso performance on the 50-agent ring topology. Left: suboptimality vs. iterations. Right:
suboptimality vs. communication rounds.

E LLM USAGE

We used a large language model (LLM) to help polish the writing and enhance readability. The
authors are solely responsible for the technical content, analysis, and conclusions.
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