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Abstract
Capacity-constrained shared infrastructure systems require demand management mechanisms that
balance efficiency and fairness. Karma mechanisms address this challenge using an artificial, non-
tradable currency that enables decentralized allocation through repeated bidding, but computing
equilibrium strategies in such settings is difficult due to unknown population dynamics, stochastic
demand, and computation time in practice. Here, we study suitable regimes to prove convergence
towards stochastic Nash equilibria when following a multi-agent reinforcement learning approach.
Computational case studies demonstrate empirically that learned policies closely approximate
equilibrium behavior, and further assess impact of learning algorithm and policy initialization on
convergence speed. The work highlights the practical potential of the approach for real-world
decision support in repeated access-allocation settings.

1. Introduction

Many shared infrastructure systems, such as transportation networks, communication bandwidth,
and urban services, operate as capacity-constrained common resources [2]. Unregulated access
to these resources often leads to over-consumption, inefficiencies, reduced utility, and negative
societal externalities [23]. Demand management mechanisms can mitigate these effects by aligning
individual incentives with system-wide objectives [37]. Common approaches include rationing,
prioritization, queuing, reservation, and pricing, with pricing remaining the most widely used policy
instrument [17, 41]. However, monetary pricing mechanisms often face limited public acceptance
because they tie access rights to financial resources and may exacerbate inequality in societies with
uneven wealth distributions [38].

To address these limitations, recent research has explored alternative demand management
schemes that avoid direct monetary pricing, including tradable credits [35] and artificial curren-
cies [19]. A prominent example is the class of Karma mechanisms [37]. Karma uses a non-tradable
artificial currency that accounts for past consumption behavior and allocates scarce resources accord-
ing to users’ needs rather than financial means. Consuming resources decreases an agent’s Karma
balance, while abstaining increases it, encouraging balanced long-term participation [36]. Originally
introduced for peer-to-peer file sharing [45], Karma mechanisms have since been studied across
multiple domains [37].

A key challenge in Karma economies is strategic user behavior in repeated allocation settings.
Game-theoretic analyses model Karma as a dynamic population game in which agents repeatedly bid
for scarce resources based on urgency, current balance, and temporal preferences [13]. Prior work
established the existence of a Stationary Nash Equilibrium (SNE) that characterizes optimal bidding
behavior [14]. Behavioral experiments further show that human participants outperform random
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Figure 1: Karma Game. Randomly matched pairs from a multi-agent population, that differ by their
urgency, repeatedly contest in a first-price auction for a resource, bidding within a capped
Karma budget. The higher bidder wins and pays its bid. Agents learn optimal, stochastic
bidding policies, leading to a stable population-level Karma distribution (Stationary Nash
Equilibrium).

allocation but systematically deviate from equilibrium strategies [16]. These findings suggest that
practical Karma deployments may require algorithmic decision support to guide users in repeated
bidding environments.

Computing equilibrium policies in dynamic population games is generally intractable in realistic
environments due to high-dimensional fixed-point problems [40]. In practice, equilibrium strategies
depend on unknown population distributions and transition dynamics, making analytical solutions
difficult. Recent work by Berriaud et al. [4] provides initial evidence that optimal bidding in repeated
Karma auctions is learnable, but assumes adaptive pacing strategies and substantial knowledge of the
population structure. Multi-agent reinforcement learning (MARL) offers a natural alternative for
learning bidding strategies directly from repeated interactions under decentralized information [3, 9].
Recent studies have demonstrated the effectiveness of MARL in auctions, congestion games, and
mechanism design settings [47]. These properties make MARL particularly suitable for Karma
economies, where agents repeatedly adapt bids under stochastic demand and strategic competition.

In this work, we investigate MARL as a computational framework for learning bidding strategies
in Karma economies and enabling algorithmic decision support for human users. We study conditions
under which independent regularized Q-learning [42] converges toward SNE in finite-state Karma
games, showing that MARL agents can efficiently learn stable bidding policies in dynamic population
settings. Unlike mean-field game-theoretic approaches, our method operates under decentralized
information and learns directly from local interaction. Finally, computational case studies analyze
how learning algorithms and policy initialization affect convergence speed in Karma economies.

2. Proof: Independent Regularized Q-Learning Convergence in Finite-State Karma
Games

In this section, we present the main result of this paper: the convergence of independent regularized
Q-learning in finite-state Karma games. Our results show that independent MARL is a feasible
approach for practical Karma economies supported by automated bidding agents.

The proof builds on standard terminology for Karma economies (Appendix B) and proceeds
as follows. Section 2.1 introduces the finite-state Karma game and the independent Q-learning
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update. Sections 2.2 and F.1 present the main equilibrium-learning results (Theorems 1 and 6;
see Appendix D). These theorems show that independent regularized Q-learning converges to the
regularized SNE in terms of Q-values, bidding policies, and empirical population distributions. The
results further demonstrate that decentralized MARL recovers equilibrium bidding strategies without
requiring explicit knowledge of the population distribution or transition kernel.

Section F.2 discusses a finite-population interpretation of the SNEs. Additional economic
properties and extensions are deferred to Appendix C. Appendix D summarizes the assumptions and
stability conditions under which IQRL is provably well behaved.

2.1. Independent Regularized Q-Learning in Karma Games

Finite-State Karma Game denotes a Karma economy, where urgency and Karma balance are
discrete and bounded by an interval, with a constant amount of Karma in circulation (Appendix C.1).
Each agent’s local state is the pair s = (u, k) where u ∈ U denotes urgency and k ∈ K denotes
Karma. The limitation of Karma makes the learning problem tabular: agents learn one value for
each urgency–karma–bid triple. Let U = {u1, . . . , um}, 0 < u1 < · · · < um, be a finite
ordered set of urgency levels, and let K = {0, . . . ,K} be the finite Karma state space. Urgency
evolves independently of current urgency according to a fixed distribution µ(u′) over U , implying
Pr(ut+1 = u′ | ut) = µ(u′). Karma evolves according to a bounded transition k → k′ (e.g. PBS,
see Equation 1, or PBP see Equation 2, where [x]K = min{K,max{0, x}} denotes the bounded
Karma balance between 0 and K, and σ denotes a population-level Karma surplus account that is
used for equal redistribution of payments across all agents). Without loss of generality, we assume
PBS payment ruleW in the following. At state s = (u, k), the feasible action space A(s) depends
only on the Karma balance k, as it equals the set of possible bids B(k) = {0, . . . , k}. The action
a ∈ A in the Karma game is the agent’s bid b ∈ B. The stationary policy is denoted by π(b | s).
The population state is a distribution d(s) over urgency-karma pairs. The induced population bid
distribution is ν(b) (see Equation 3). The corresponding probability of winning with bid b is w(b)
(see Equation 4). If an agent loses the resource while having urgency u, it incurs cost u. Hence the
expected one-period reward is r(u, b) (see Equation 5).

k′ =

{
[k − b+ σ]K if selected
[k + σ]K otherwise

(1) k′ =

{
[k − b]K if selected
[k + b′]K otherwise

(2)

νd,π(b) =
∑
u∈U

K∑
k=b

d((u, k))π(b | (u, k)) (3) wd,π(b) =
∑
b′<b

νd,π(b
′) +

1

2
νd,π(b) (4)

r(u, b) = −u× (1− w(b)) (5)

Independent Regularized Q-Learning. Each agent i maintains a local table Qit(s, b), observes
only its own state (urgency, karma balance) and action (bid, realized reward, next state), and samples
bids only from its own local policy πit(· | s). For an exploration temperature γ > 0, let us define the
soft value V Q

γ (s):
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V Q
γ (s) = γ log

∑
b∈A(s)

exp

(
Q(s, b)

γ

)
, (6)

and the softmax policy induced by a Q-table as Γγ(Q)(b | s):

Γγ(Q)(b | s) = exp (Q(s, b)/γ)∑
b̃∈A(s) exp

(
Q(s, b̃)/γ

) . (7)

After observing (sit, b
i
t, r

i
t, s

i
t+1), agent i updates the visited entry by

Qit+1(s
i
t, b

i
t)← Qit(s

i
t, b

i
t) + ηt

[
rit + αV

Qi
t

γ (sit+1)−Qit(sit, bit)
]
, (8)

while all unvisited entries remain unchanged. The policy is updated by

πit+1(· | s)← πit(· | s) + βt
[
Γγ(Q

i
t)(· | s)− πit(· | s)

]
. (9)

ηt denotes the Q-learning rate, and βt denotes the policy learning rate, where ηt > βt is assumed.

2.2. Convergence Result for Regularized SNE

Theorem 1 (Independent MARL Convergence to Regularized SNE) Consider the diminishing-
step-size version of independent regularized Q-learning in a finite-state Karma game with bounded
rewards, sufficient feasible-action visits, two-timescale learning, the mean-field approximation, and
a stable regularized response map Φγ (Appendix D). Then the independent regularized Q-learning
process (IQLR) converges a.s. in the mean-field limit to the unique entropy-regularized stationary
Nash equilibrium (SNE) (d⋆γ , π

⋆
γ) induced by Φγ .

Proof We first prove that, for fixed (d, π), the regularized Bellman equation has a unique solution.
Let Q1, Q2 be two bounded Q-functions. For every state s, the soft value map is non-expansive in
the sup norm

∣∣∣V Q1
γ (s)− V Q2

γ (s)
∣∣∣ ≤ ∥Q1 −Q2∥∞. Indeed, for any functions x and y on the finite

set A(s), ∣∣∣∣∣γ log∑
b

exp(xb/γ)− γ log
∑
b

exp(yb/γ)

∣∣∣∣∣ ≤ max
b
|xb − yb|. (10)

Therefore, for the Bellman operator T γd,π we show it is a contraction [8] (since α < 1):∥∥∥T γd,πQ1 − T γd,πQ2

∥∥∥
∞
≤ αmax

s,b

∑
s′∈S

Pd,π(s
′ | s, b)

∣∣V Q1
γ (s′)− V Q2

γ (s′)
∣∣

≤ α∥Q1 −Q2∥∞.
(11)

By the Banach fixed-point theorem [22], the Bellman operator has a unique fixed point Qγd,π.
Next consider the fast Q-learning recursion. Because the state-action space is finite, rewards are

bounded, and every feasible state-action pair is visited infinitely often, the asynchronous stochastic
approximation theorem for tabular Q-learning[21, 43, 46] applies for fixed (d, π). On the fast
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timescale, the policy and population variables are quasi-static because βt/ηt → 0. Thus the Q-update
tracks the moving fixed point: ∥∥∥Qit −Qγdt,πt∥∥∥∞ → 0 a.s. (12)

This is the standard two-timescale stochastic approximation argument [5, 24]: the fast recursion sees
(dt, πt) as frozen, while the slow recursion sees Qit as equilibrated.

We now analyze the slow variables. Let zt = (dt, πt) be the mean-field of the Karma game
(population state, comprising Karma distribution dt and policy πt). After replacing Qit by its
fast-timescale limit Qγdt,πt , the limiting mean update of the population state is

zt+1 = zt + βt [Φγ(zt)− zt +Mt+1 + ξt] , (13)

where Φγ(zt) is a regularized mean-field response map (soft Bellman population update map, see
Appendix C.5), Mt+1 is a martingale-difference noise term [25, 26, 49] and ξt → 0 a.s. is the
tracking error from the fast recursion and the finite-population approximation. The associated
ordinary differential equation is ż = (dγz , π

γ
z )− z = Φγ(z)− z. Since Φγ is a contraction (Lemma 5,

see Appendix D, E), it has a unique fixed point z⋆γ = (d⋆γ , π
⋆
γ). Moreover, this fixed point is globally

asymptotically stable for the ODE. To see this, let e = z − z⋆γ . Since Φγ(z
⋆
γ) = z⋆γ , the upper Dini

derivative [10, 18] of the sup-norm distance satisfies:

D+∥z − z⋆γ∥ ≤ ∥Φγ(z)− Φγ(z
⋆
γ)∥ − ∥z − z⋆γ∥

≤ −(1− cγ)∥z − z⋆γ∥.
(14)

Therefore all ODE trajectories converge to z⋆γ . The stochastic approximation recursion tracks this
globally stable ODE, and hence zt → z⋆γ a.s. Combining this with the fast-timescale tracking
result gives Qit → Qγd⋆γ ,π⋆

γ
a.s. ∀ i.

It remains to verify that the fixed point is a regularized SNE. Since z⋆γ is a fixed point of Φγ ,

π⋆γ = Γγ(Q
γ
d⋆γ ,π

⋆
γ
), (15)

and
d⋆γ = d⋆γPd⋆γ ,π⋆

γ
. (16)

Equation 15 states that, at every state, the representative agent plays the entropy-regularized best
response to the stationary population state. Equation 16 states that the population distribution is
stationary under the induced Markov chain. These are precisely the regularized SNE conditions
(Appendix C.4).

3. Computational Case Study

To illustrate the proposed learning framework, we study a repeated Karma allocation setting in which
agents compete pairwise for access to a scarce resource. Each agent observes only its local state,
consisting of urgency and current Karma balance, and learns a decentralized bidding strategy without
knowledge of population dynamics. Urgency u ∈ {1, 2, 3} is sampled uniformly and determines
the cost of not receiving priority access. Agents discount future rewards with factor α = 0.80. The
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population consists of N = 100 agents initialized with k = 3 Karma units, bounded by K = 10,
and evenly distributed initial policies. The mechanism preserves total Karma, which is redistributed
only through agent interactions. All experiments run for 1,000,000 iterations across 15 random seeds
following RL evaluation best practices [34].

0 250k 500k 750k 1000k

1.00

0.98

0.96

0.94

0.92

Population
Mean Reward

IRQL
IQL
Stationary Nash
Equilibrium (SNE)

0 250k 500k 750k 1000k

0.04

0.06

0.08

0.10

0.12

0.14

Policy Change
(Softmax)

0 250k 500k 750k 1000k
0.04

0.06

0.08

0.10

Policy Disagreement
(Softmax)

0 250k 500k 750k 1000k

0.050

0.075

0.100

0.125

0.150

0.175

0.200

Policy Disagreement
(Best-Response)

0 2 4 6 8 10
Karma

0

2

4

6

8

10

Bi
d

Urgency 1

0 2 4 6 8 10
Karma

0

2

4

6

8

10

Bi
d

Urgency 2

0 2 4 6 8 10
Karma

0

2

4

6

8

10

Bi
d

Urgency 3

0 2 4 6 8 10
Karma

Distribution

Figure 2: Independent and Regularized Q-Learning in Karma Games.
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Figure 3: MARL Benchmark in Karma Games.

Figure 2 provides an overview of the learning process of IRQL and IQL. Despite their different
exploration approaches, both algorithm’s convergence trajectories resemble. After around 100k
simulation iterations, both algorithms have almost achieved equilibrium-level rewards (top left),
clear softmax and best-response policies (bottom), stable Karma distributions (bottom right). Going
forward, policy change is decaying and agent policies homogenize (become more similar) (Ap-
pendix C.6). Figure 3 benchmarks five MARL algorithms that represent complementary learning
paradigms. Independent Q-Learning (IQL) [42] and the derived Independent Regularized Q-Learning
(IRQL) serve as the primary baseline due to its theoretical convergence properties in finite-state
Karma games, while these do not count amongst the fastest. Independent Actor–Critic with entropy
regularization (IAC) [28] provides a policy-gradient counterpart consistent with the regularized
equilibrium formulation studied in the theoretical analysis, decays fastest in policy change, over-
all achieves lowest variance, but fails to homogenize policies amongst agents. In addition, we
include IPPO [7], and MAPPO [48] as widely used centralized-training respectively as decentralized-
execution baselines. IPPO converges continuously, fast, and with lower variance, while MAPPO
experiences reactivation of exploration at 250k.
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Appendix A. Appendix: Going Beyond - Contributions of This Work

Contributions The paper develops a MARL framework to learn bidding strategies in Karma
economies from decentralized interaction. It proves convergence of independent regularized Q-
learning to an entropy-regularized stationary Nash equilibrium in finite-state Karma games. Doing
so, it bridges theory and practice by showing that equilibrium strategies can be approximated without
explicit knowledge of population dynamics. It demonstrates that decentralized agents can learn
stable policies using only local information, without access to global state distributions. Furthermore,
the provided empirical evidence implies that learned policies closely match equilibrium behavior
in simulated resource allocation scenarios, which highlights the feasibility of using MARL as
decision-support for repeated allocation mechanisms with strategic agents.

Limitations The theoretical results are restricted to finite-state Karma games with bounded Karma
and discrete urgency levels, limiting generalizability. The analysis relies on the assumptions of
ergodicity, mean-field approximation, infinite visitation, and two-timescale learning. Convergence
further depends on stability and uniqueness of the regularized equilibrium, which may not hold in
more complex environments. The external validity to real-world deployments and human acceptance
remains uncertain.

Practical Applications Karma economies could be applied to any, repeated real-world resource
allocation context that is fairness-sensitive, complicated ethically, requires social acceptance, where
monetary mechanisms are undesirable (e.g., organ transplant lists), or any form of coordination
is required. The framework could support both human and agentic smart grid management in
power electricity networks, congestion pricing in transportation networks, bandwidth allocation in
communication networks with scarce capacity, medical services in social networks, urban services
such as parking, energy usage, or shared mobility systems. It provides decision-support tools that
guide users’ bidding strategies in repeated allocation settings, and offers a practical alternative when
computing equilibria analytically is infeasible in dynamic environments.
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Appendix B. Appendix: Preliminaries on Karma Games

Dynamic Resource Allocation Mechanisms with Karma. We consider a population N of N
agents, where each agent is endowed with a non-negative integer counter balance k ∈ N, called
Karma, which is private to the agent, similar to as introduced in [14, 36]. Furthermore, each agent
has an urgency u that determines the cost for not accessing a resource of interest, and a temporal
preference α that determines how much the agent prioritizes present vs. future consumption. At
discrete global time instants, two random agents from N compete for a scarce, indivisible resource
in a repeated setting. During such a resource competition, each competing agent submits a sealed
non-negative integer bid b which is bounded by its Karma balance. The resource allocation rule V
and the payment ruleW determine the outcome of the interaction. V : N2 → k ∈ N determines
which agent is selected to receive the contended resource (e.g., highest bid with fair coin toss as tie
breaker). W : N2 → Z2 determines the non-negative Karma payments of the two competing agents
(e.g., pay-bid-to-peer (PBP), and pay-bid-to-society (PBS)).

Dynamic Population Game. Dynamic Population Games (DPGs) are a class of discrete-time,
finite-state-and-action, stationary mean-field game, which enables the application of equilibrium
analysis tool-set from (static) population games on a subset of dynamic mean-field games [15]. Let
G be a DPG, comprising a large population N of agents with types τ ∈ T = {1, · · · , Nτ}, and
states s ∈ S = {1, · · · , Ns}. The distribution of types is the exogenous parameter g ∈ ∆(T ). The
state distribution of type τ is given by dτ ∈ Dτ = gτ∆(S), and the joint type-state distribution
is the concatenation of state distributions d = (d1, · · · , dNτ ) ∈ D = Πτ∈T Dτ . At discrete time
steps, agents participate in an interaction in which each agent of type-state [τ, s] plays one of a
finite number of actions a ∈ Aτ [s]. Type τ agents pick their action according to the stationary
homogeneous policy πτ : S → ∆(Aτ [s]), which maps the state to a probability distribution over
the actions. The probability to play action a when in state s is denoted by πτ [a|s] ∈ [0, 1]. The
set of policies of type τ is denoted by Πτ , and the concatenation of the policies is denoted by
π = (π1, · · · , πNτ ) ∈ Π = Πτ∈T Πτ . The pair (d, π) ∈ D × Π is referred to as the mean-field (in
mean-field games) or social state (in population games). The discrete time state dynamics of type
τ agents are governed by the state transition function pτ [s+|s, a](d, π), which is the probability
of the state to transition from s to s+ after playing a, as a function of the mean-field (d, π). The
agent receives an immediate payoff for playing a when in state s, which is also a function of (d, π)
given by reward rτ [s, a](d, π). A DPG G is therefore specified by the pair of state transition p and
immediate payoff functions r. The Karma resource allocation mechanism, for a sufficiently large N
can be considered a DPG [15, 40], where types τ refer to temporal preferences α and states s refer to
the tuple of urgency u and Karma k, and actions a correspond to the bids b.

Stationary Nash Equilibrium of Karma Economies. A natural solution concept for DPGs is the
SNE (Stationary Nash Equilibrium) [1], which is the stationary mean-field equilibrium [20] in which
microscopically, each agent follows an optimal policy, and macroscopically, the state distribution is
stationary. This solution concept can help to calculate the payoff-optimal behavior that agents will
follow in such DPGs (Karma economies), and therefore to predict agent behavior [36]. It is shown
that there exists (at least) one SNE for every DPG G (under some assumptions) [15]. Therefore,
a user equilibrium is guaranteed to exist in Karma Economies (DPGs that model Karma resource
allocation mechanisms) [36].
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The SNE of a DPG G is a mean-field (d∗, π∗) ∈ D × Π which satisfies, for all [τ, s] ∈ T × S,
following two conditions. Equation 17 implies that the agents have no incentive to unilaterally deviate
from the optimal policy π∗. Equation 18 implies that the type-state distribution d∗ is stationary under
the stochastic process characterized by Pτ (d∗, π∗). Bτ [s](d, π) denotes the state-dependent best
response correspondence, and Pτ [s+|s](d, π) denotes the state transition matrix; more details can
be found in [15].

π∗τ [·|s] ∈ Bτ [s](d∗, π∗), (17)

d∗τ [s] =
∑
s−∈S

d∗τ [s
−]Pτ [s|s−](d∗, π∗), (18)
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Appendix C. Appendix: Discussion of Finite-State Karma Game Terminology

C.1. Finite-State Karma Game

We prove convergence of independent regularized Q-learning for finite-state-space Karma games
(Karma balances are capped at a finite level, and urgency takes values in a finite set). The bounds for
Karma balances should not be considered a restriction, but rather be understood as desired property,
as capped Karma balances are shown to be important to avoid hoarding behavior and guarantee
liquidity in Karma economies [36]. This ensures that the induced learning dynamics define a finite,
irreducible, ergodic, and aperiodic Markov process with entropy-regularized best responses, allowing
convergence guarantees toward a regularized SNE, as we show in this work. Here, regularization
refers to entropy-regularized best responses, implemented through softmax policies (instead of best-
response policy), that encourages continuous exploration of agents, and which ensures continuity and
uniqueness of the equilibrium mapping [28, 31, 33]. Ergodicity follows from the finiteness of the
state space together with strictly positive softmax exploration and the independent urgency process,
which ensure that the induced Markov chain over (u, k) is irreducible and aperiodic and therefore
admits a unique stationary distribution [29].

C.2. Economic Properties (Karma)

Property 1 (Independent Urgency Process) Urgency is drawn independently of current urgency
from a full-support distribution µ: Pr(ut+1 = u′ | ut) = µ(u′).

Role in the proof. This separates current urgency from the continuation urgency process, which
is what gives the Q-function increasing differences in urgency and bid.

Implications in practice. Urgency is considered something that cannot be planned or anticipated
as [13]. Therefore, it is reasonable to assume that urgency originates from a random process, where
current urgency is independent of previous urgency [14].

Property 2 (Agent Homogeneity) All agents share the same discount factor α ∈ (0, 1), urgency
distribution µ, reward function, transition dynamics, and feasible action sets.

Role in the proof. Homogeneity lets us analyze a representative learner facing the population
bid distribution, rather than tracking separate value functions for different agent types.

Implications in practice. Assuming a population-level distribution for the urgency process, and
assuming it to be homogeneous across all agents, is like risk modeling in the context of insurance or
finance [19], rather a tool than a restriction.

Without loss of generality. The proof can be easily extended to heterogeneous discount factors α,
or heterogeneous urgency-processes gτ by integrating them in the state s = (u, k, α, gτ ). For clarity,
in the proof we restrict the formulations to s = (u, k).

Property 3 (Bidding Monotonicity in Karma) For fixed urgency u, a greater Karma balance can
only lead to a greater or equal bid k2 > k1 ⇒ π(· | u, k2) ≥FOSD π(· | u, k1).

Property 4 (Bidding Monotonicity in Urgency) For fixed Karma k, a greater urgency can only
lead to a greater or equal bid u2 > u1 ⇒ π(· | u2, k) ≥FOSD π(· | u1, k).

Property 5 (Value Function Concavity in Karma) For every urgency level u, the value function
is discrete concave in Karma: V (u, k + 1)− V (u, k) ≥ V (u, k + 2)− V (u, k + 1).

Role in the proof. Concavity formalizes diminishing marginal value of additional Karma and is
the key condition behind increasing differences in Karma and bid.
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C.3. Independent Regularized Q-Learning (IRQL)

The original IQL [42] uses a hard Bellman target,

V Q
γ (s) = V Q(s) = max

b∈A(s)
Qt(st+1, b), (19)

while for IRQLs the Boltzmann/softmax is only the behavior policy used for exploration

V Q
γ (s) = γ log

∑
b∈A(s)

exp

(
Q(s, b)

γ

)
. (20)

This makes the induced softmax policy part of the optimality criterion rather than merely an
exploration rule. Thus, fixed-temperature IQL does not converge, even in principle, to the entropy-
regularized best response used in the proof. IRQL changes the Bellman target itself by replacing
the hard maximum with the soft value, which enables a smooth, single-valued best-response map,
persistent full-support exploration, and a plausible stochastic-approximation proof.

The independent regularized Q-learning (IRQL) algorithm is a soft Bellman analogue of indepen-
dent Q-learning (IQL) [42]. As in IQL, this is an independent MARL rule: each agent updates only
from its own local transition (sit, b

i
t, r

i
t, s

i+
t ) and treats all other agents as part of the environment,

without exchanging Q-values, experiences, policies, gradients, or population statistics. The key
difference lies in the Bellman recursion. IQL learns standard Q-values using a hard maximum
over next actions, while a softmax (Boltzmann) distribution is used only as a behavior policy for
exploration. In contrast, IRQL replaces the hard maximum in the Bellman target by the soft value V Q

γ ,
so that the induced softmax policy is no longer merely exploratory, but defines the optimality criterion
itself (Appendix C.3). This modification corresponds to entropy regularization as the agent does not
optimize expected return alone, but instead maximizes a trade-off between value and policy entropy.
Equivalently, the soft value V Q

γ can be written as the expected Q-value under the induced policy
plus a temperature-weighted Shannon entropy term. As a result, IRQL favors stochastic policies
that keep multiple actions active rather than collapsing immediately to a deterministic maximizer.
The limiting policy is therefore an entropy-regularized best response, which approaches the standard
greedy optimum of IQL as the temperature γ ↓ 0.

C.4. Regularized Stationary Nash Equilibrium

In the SNE definition, regularization changes only the microscopic optimality condition, not the
stationarity condition. The ordinary SNE condition requires

π⋆(· | s) ∈ BRs(d
⋆, π⋆), (21)

meaning that the policy places probability only on exact best-response bids. The entropy-regularized
SNE replaces this by

π⋆γ(· | s) ∈ BRγ,s(d
⋆
γ , π

⋆
γ), (22)

where the regularized best response solves

max
π(·|s)∈∆(A(s))

 ∑
b∈A(s)

π(b | s)Q(s, b) + γH(π(· | s))

 , (23)
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where H(πi(· | s)) is the Shannon entropy over feasible bids. The optimizer is the softmax policy.
The population stationarity condition remains

d⋆γ = d⋆γPd⋆γ ,π⋆
γ
. (24)

Thus, regularization means that equilibrium agents are not perfectly greedy; they are entropy-
regularized or logit-rational best responders. This smooths the best-response map, avoids discontinu-
ities from ties, keeps all feasible bids visited, and enables convergence analysis.

C.5. Regularized Mean-Field Response Map

Φγ represents the regularized mean-field response map or soft Bellman population update map. It
maps the current social state z = (d, π) to the population-policy pair (Equation 28) obtained by
three operations: (i) solve the regularized Bellman equation at (d, π) (Equation 25); (ii) compute the
induced soft best-response policy (Equation 26); (iii) update the population distribution under that
policy (Equation 27).

Qγz = T γd,πQ
γ
z (25) πγz = Γγ(Q

γ
z ) (26)

dγz (s
′) =

∑
s∈S

d(s)Pd,πγ
z
(s′ | s) (27) Φγ(z) = (dγz , π

γ
z ) (28)

Consecutively, the slow ODE ż = Φγ(z)− z has a simple interpretation: the social state moves
toward the state obtained by applying one regularized best-response and population-update step. A
fixed point of this map is exactly a regularized SNE.

C.6. Empirical Convergence Assessment: Reward, Policy Change & Policy Disagreement

The empirical convergence plots use checkpoint-level diagnostics computed from the saved per-agent
policy tensors. Let tc denote checkpoint c, let πic(b | u, k) be the policy of agent i at that checkpoint,
and let M =

∑K
k=0(k+1) be the number of feasible Karma–bid entries per urgency level. All policy

diagnostics exclude infeasible bids b > k. The checkpoint reward is the interval-average population
reward since the previous checkpoint,

Rc =
1

N |Ic|
∑
t∈Ic

N∑
i=1

rit, Ic = {tc−1 + 1, . . . , tc}. (29)

This is the quantity stored as mean reward; the corresponding std reward is the standard
deviation across agents of their interval-average rewards.

Policy change measures temporal stability of the learned bidding tables. For c ≥ 1, it is the
normalized entrywise ℓ1 distance, implemented as a mean absolute difference over feasible policy
probabilities:

Cc(π) =
1

N |U|M

N∑
i=1

∑
u∈U

K∑
k=0

k∑
b=0

∣∣πic(b | u, k)− πic−1(b | u, k)
∣∣ , (30)
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with C0(π) = 0 by convention. Thus, policy change is not a KL divergence or a distance between
logits; it is the average absolute probability movement between two consecutive policy checkpoints.

Policy disagreement measures cross-agent heterogeneity at a fixed checkpoint. Let the population-
average policy be

πpopc (b | u, k) = 1

N

N∑
j=1

πjc(b | u, k). (31)

The disagreement diagnostic is

Dc(π) =
1

N |U|M

N∑
i=1

∑
u∈U

K∑
k=0

k∑
b=0

∣∣πic(b | u, k)− πpopc (b | u, k)
∣∣ . (32)

Lower Dc therefore means greater policy agreement across agents.
The same definitions are applied to both the stochastic policy and its greedy best-response

projection. For each checkpoint, the plotted best-response policy is

G(πic)(b | u, k) = 1{b = b⋆i,c(u, k)}, b⋆i,c(u, k) ∈ arg max
a∈{0,...,k}

πic(a | u, k), (33)

with ties resolved by the smallest maximizing bid in the implementation. Substituting G(π) into
Cc and Dc gives the best-response policy-change and best-response disagreement panels, while
using π directly gives the softmax-policy panels. For multi-seed summaries, runs are aligned at
common checkpoints. The main convergence panels report the cross-seed mean diagnostic with
one-standard-deviation bands; the population-size variability analysis reports cross-seed standard
deviations of the same checkpoint diagnostics. The first two aligned checkpoint values are omitted
when enough checkpoints are available so that initialization transients do not dominate the scale.

These diagnostics are empirical convergence indicators rather than separate equilibrium condi-
tions. A reward plateau indicates that realized welfare has stabilized, Cc(π) close to zero indicates
that the learned policy tables are no longer moving substantially, and Dc(π) close to zero indicates
that homogeneous agents have learned essentially the same state-dependent bidding rule. These
convergence trends were observed consistently for best-response and probabilistic best-response
policies. Under the uniqueness and stability regime used in the convergence argument, such temporal
stability and cross-agent agreement are the finite-population signatures expected as the learned policy
profile approaches a stationary, no-profitable-deviation equilibrium policy.
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Appendix D. Appendix: Necessary Conditions

We use the following assumptions.

Assumption 1 (Finite State and Bounded Rewards) The state space S and all feasible bid sets
A(s) are finite. Rewards are uniformly bounded, and the discount factor satisfies α ∈ (0, 1).

Role in the proof. Finiteness makes the Bellman equation tabular and compactness arguments
available, while bounded rewards imply bounded Q-values and bounded stochastic-approximation
noise.

Assumption 2 (Softmax Exploration and Sufficient Visits) For every feasible state-action pair
(s, b) with b ∈ B(k), the policy is not containing deprecated feasible bids πt(b | s) > 0, and the
induced learning process visits each feasible state-action pair infinitely often.

Role in the proof. Positive exploration prevents unobserved feasible bids, while sufficient visits
are the standard sampling condition needed for tabular Q-learning convergence.

Implications in practice. We need to select a maximum Karma amount that is not too far of
from the average Karma per agent in the population, to keep the Karma distribution sufficiently
high across the state-space. Throughout our computational experiments, we could show, even in
cases where the space was not sufficiently visited, the best-response-policy still emerged quite fast,
just the probability distribution over the action space took more time to concentrate around the
best-response-policy on the right tail of the Karma balances.

Assumption 3 (Two-Timescale Learning) The Q-learning and policy-learning step-sizes ηt and
βt satisfy the Robbins–Monro conditions [39]:∑

t

ηt =
∑
t

βt =∞,
∑
t

η2t <∞,
∑
t

β2t <∞, (34)

and the policy update is slower than the Q-update: βt
ηt
→ 0.

Role in the proof. This lets the Q-values equilibrate on the fast timescale while the policy changes
slowly enough to be analyzed by a limiting ordinary differential equation.

Implications in practice. It is reasonable to assume a two-timescale learning, as the frequency
with which agents change their actions (e.g. in the form of software updates or recalculations) lags
behind the perception for the need of an update (through updated value perceptions).

Assumption 4 (Mean-Field Limit) The population is large enough that the effect of a single agent
on the empirical population distribution is negligible. Equivalently, the representative learner faces
the deterministic population state dt generated by the population policy, while the finite-population
sampling error is a martingale noise term [25] whose magnitude vanishes as N →∞.

Role in the proof. As discussed in the finite-population interpretation (Section F.2), this assump-
tion is an integral, approximate infinite-population corollary for the proof.

Implications in practice. It is reasonable to assume a sufficiently large yet finite population,
and as our computational experiments show, N = 100 is already producing stable, contractual
convergence dynamics (Section 3).

Assumption 5 (Ergodicity) For every full-support policy π, the finite Markov chain over S induced
by Pd,π is irreducible and aperiodic. It therefore admits a unique stationary distribution.
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This assumption is standard in the literature on Markov chain ergodicity and reinforcement learning [6,
32, 44].

Assumption 6 (Unique Regularized Equilibrium) The entropy-regularized bounded Karma game
has a unique stationary equilibrium (d⋆, π⋆).

Role in the proof. Uniqueness turns convergence to the set of regularized fixed points into
convergence to the single equilibrium (d⋆, π⋆). Existence and uniqueness of stationary equilibria in
finite dynamic population games such as the SNE follows under standard continuity and compactness
conditions; see, for example, [1, 15].
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Appendix E. Appendix: Regularized Response Map Stability

This appendix defines conditions and identifies regimes, under which the regularized mean-field
response map Φγ is a contraction. It follows when the Karma game is uniformly mixing, the
dependence on the population state is weak enough, and the entropy temperature is large enough to
smooth the best-response map.

Notation. Let z = (d, π) denote the social state and define the norm

∥z − z′∥ = ∥d− d′∥1 +max
s∈S
∥π(· | s)− π′(· | s)∥1. (35)

Let
Amax = max

s∈S
|A(s)|. (36)

Assume rewards are bounded by Rmax <∞:

|rd,π(s, b)| ≤ Rmax ∀(d, π), s, b. (37)

For fixed z = (d, π), write Qγz for the fixed point of the regularized Bellman operator, and write

πγz = Γγ(Q
γ
z ). (38)

Let Kd,ϱ be the policy-averaged transition kernel induced by population distribution d and (generic)
policy (argument) ϱ:

Kd,ϱ(s
′ | s) =

∑
b∈A(s)

ϱ(b | s)Pd,ϱ(s′ | s, b). (39)

Then the population component of the response map is

dγz = dKd,πγ
z
. (40)

Assumption 7 (Primitive Lipschitz Conditions) There exist constants Lr, LP , Ld, Lϱ <∞ such
that, for all z = (d, π) and z′ = (d′, π′),

max
s,b
|rd,π(s, b)− rd′,π′(s, b)| ≤ Lr∥z − z′∥, (41)

max
s,b
∥Pd,π(· | s, b)− Pd′,π′(· | s, b)∥1 ≤ LP ∥z − z′∥, (42)

and, for all policies ϱ, ϱ′,

max
s
∥Kd,ϱ(· | s)−Kd′,ϱ′(· | s)∥1 ≤ Ld∥d− d′∥1 + Lϱmax

s
∥ϱ(· | s)− ϱ′(· | s)∥1. (43)

Lemma 2 (Primitive Lipschitz Conditions for the Implemented Pairwise Karma Game) For the
implemented pairwise Karma game with bounded Karma K, finite urgency set U , bounded losing
cost closs, and either settlement ruleW , Assumption 7 holds with finite constants. One may take
Rmax = umaxcloss, Lr = umaxcloss, LP = 1, Ld = 1, and Lϱ = 2 under the norm above.
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Proof Let z = (d, ϱ) and define the opponent state-action mixture

mz(s̃, b̃) = d(s̃)ϱ(b̃ | s̃), b̃ ∈ A(s̃). (44)

For two social states z = (d, ϱ) and z′ = (d′, ϱ′),

∥mz −mz′∥1 ≤
∑
s̃

|d(s̃)− d′(s̃)|+
∑
s̃

d′(s̃)∥ϱ(· | s̃)− ϱ′(· | s̃)∥1

≤ ∥d− d′∥1 +max
s̃
∥ϱ(· | s̃)− ϱ′(· | s̃)∥1 ≤ ∥z − z′∥.

(45)

For a focal state s = (u, k) and bid b, the probability of losing the pairwise auction is

ℓz(b) =
∑
s̃,b̃

mz(s̃, b̃)

[
1{b̃ > b}+ 1

2
1{b̃ = b}

]
. (46)

The implemented reward is rz((u, k), b) = −uclossℓz(b), hence

|rz(s, b)− rz′(s, b)| ≤ umaxcloss∥mz −mz′∥1 ≤ umaxcloss∥z − z′∥. (47)

This proves the reward bound and the reward Lipschitz bound.
For the transition kernel, fix the focal state-action pair (s, b) and the opponent pair (s̃, b̃). The

implemented auction resolution, tie-breaking, clipping at the Karma cap, and the chosen settlement
rule induce a probability kernel

H(k+ | s, b, s̃, b̃) (48)

over the focal next Karma balance. This kernel is independent of the social state z. Since next
urgency is sampled from the fixed distribution µ, the mean-field transition kernel can be written as

Pz((u
+, k+) | s, b) = µ(u+)

∑
s̃,b̃

mz(s̃, b̃)H(k+ | s, b, s̃, b̃). (49)

Therefore,
∥Pz(· | s, b)− Pz′(· | s, b)∥1 ≤

∑
s̃,b̃

|mz(s̃, b̃)−mz′(s̃, b̃)|

= ∥mz −mz′∥1 ≤ ∥z − z′∥.
(50)

Thus LP = 1 is sufficient.
Finally, the policy-averaged kernel satisfies

Kd,ϱ(· | s) =
∑
b∈A(s)

ϱ(b | s)Pd,ϱ(· | s, b). (51)

For any s,

∥Kd,ϱ(· | s)−Kd′,ϱ′(· | s)∥1 ≤ ∥ϱ(· | s)− ϱ′(· | s)∥1 +max
s,b
∥Pd,ϱ(· | s, b)− Pd′,ϱ′(· | s, b)∥1

≤ ∥d− d′∥1 + 2max
s
∥ϱ(· | s)− ϱ′(· | s)∥1.

(52)
This gives Ld = 1 and Lϱ = 2.
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Assumption 8 (Uniform Mixing) There exists κ < 1 such that every kernel Kd,ϱ induced by a
full-support policy has Dobrushin coefficient [11, 12, 30] at most κ:

sup
d1 ̸=d2

∥d1Kd,ϱ − d2Kvarrho∥1
∥d1 − d2∥1

≤ κ. (53)

Assumption 9 (Small Coupling or Sufficient Regularization) Let

Bγ =
Rmax + γ logAmax

1− α
. (54)

Define

LγQ =
Lr + αBγLP

1− α
, LγΓ =

Amax

γ
, Lγπ = LγΓL

γ
Q. (55)

The primitive constants satisfy

cγ = κ+ Ld + (1 + Lϱ)L
γ
π < 1. (56)

Lemma 3 (Lipschitz Continuity of the Regularized Q-Fixed Point) Under Assumption 7,

∥Qγz −Q
γ
z′∥∞ ≤ L

γ
Q∥z − z

′∥. (57)

Proof For any fixed Q, the soft value satisfies

|V Q
γ (s)| ≤ ∥Q∥∞ + γ logAmax. (58)

Since rewards are bounded, the fixed point satisfies

∥Qγz∥∞ ≤
Rmax + αγ logAmax

1− α
, (59)

and hence
∥V Qγ

z
γ ∥∞ ≤ Bγ . (60)

Using the contraction of the regularized Bellman operator in Q,

∥Qγz −Q
γ
z′∥∞ ≤

1

1− α
∥T γz Q

γ
z′ − T

γ
z′Q

γ
z′∥∞

≤ 1

1− α
(
Lr∥z − z′∥+ αBγLP ∥z − z′∥

)
.

(61)

This proves the claim.

Lemma 4 (Lipschitz Continuity of the Soft Best Response) Under Assumption 7,

max
s
∥πγz (· | s)− π

γ
z′(· | s)∥1 ≤ L

γ
π∥z − z′∥. (62)
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Proof On each finite feasible action set, the softmax map is Lipschitz:

∥Γγ(Q)(· | s)− Γγ(Q
′)(· | s)∥1 ≤

Amax

γ
∥Q−Q′∥∞. (63)

Combining this bound with Lemma 3 gives

max
s
∥πγz (· | s)− π

γ
z′(· | s)∥1 ≤ L

γ
ΓL

γ
Q∥z − z

′∥. (64)

Lemma 5 (Stability of Regularized Best-Response Map) Under Assumptions 7–9, the regular-
ized mean-field response map Φγ is a contraction:

∥Φγ(z)− Φγ(z
′)∥ ≤ cγ∥z − z′∥, cγ < 1. (65)

Proof The policy component of Φγ satisfies, by Lemma 4,

∥πγz − π
γ
z′∥ ≤ L

γ
π∥z − z′∥. (66)

For the population component,

∥dγz − d
γ
z′∥1 = ∥dKd,πγ

z
− d′Kd′,πγ

z′
∥1

≤ ∥dKd,πγ
z
− d′Kd,πγ

z
∥1 + ∥d′Kd,πγ

z
− d′Kd′,πγ

z′
∥1.

(67)

The first term is bounded by uniform mixing:

∥dKd,πγ
z
− d′Kd,πγ

z
∥1 ≤ κ∥d− d′∥1. (68)

The second term is bounded by the Lipschitz continuity of the transition kernel:

∥d′Kd,πγ
z
− d′Kd′,πγ

z′
∥1 ≤ Ld∥d− d′∥1 + Lϱ∥πγz − π

γ
z′∥. (69)

Therefore,
∥dγz − d

γ
z′∥1 ≤ (κ+ Ld)∥d− d′∥1 + LϱL

γ
π∥z − z′∥. (70)

Adding the policy and population components gives

∥Φγ(z)− Φγ(z
′)∥ = ∥dγz − d

γ
z′∥1 + ∥π

γ
z − π

γ
z′∥1

≤ [κ+ Ld + (1 + Lϱ)L
γ
π] ∥z − z′∥

= cγ∥z − z′∥.
(71)

By Assumption 9, cγ < 1. Thus Φγ is a contraction.

Interpretation. The condition cγ < 1 has a direct economic meaning. The term κ measures how
quickly the Karma state distribution mixes under a fixed policy. The terms Ld and Lϱ measure
how strongly the transition kernel reacts to changes in the population distribution and policy. The
term Lγπ measures how sharply the regularized best response reacts to changes in Q-values. Larger
entropy temperature γ makes the softmax response smoother, while weaker population coupling
makes the mean-field interaction less destabilizing. The contraction proof therefore applies to Karma
games with sufficiently strong mixing, sufficiently weak strategic coupling, and sufficiently smooth
regularized best responses.
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Appendix F. Appendix: Further Extending Proofs

F.1. Zero-Temperature Limits Towards Unregularized SNE

Theorem 6 (Zero-Temperature Limit of Regularized SNE.) If γn ↓ 0 and every limit point of
(d⋆γn , π

⋆
γn) coincides with the same equilibrium, then the limiting equilibrium is an ordinary stationary

Nash equilibrium of the unregularized finite-state Karma game.

Proof Finally, let us discuss a decline in exploration temperature γn ↓ 0. For every Q-function Q
and every state s, the soft value satisfies

max
b∈A(s)

Q(s, b) ≤ V Q
γn(s) ≤ max

b∈A(s)
Q(s, b) + γn log |A(s)|. (72)

Thus the regularized Bellman equation converges to the ordinary Bellman optimality equation.
Furthermore, if b is not a maximizer of Q(s, ·) and the gap is

∆Q(s, b) = max
b̃∈A(s)

Q(s, b̃)−Q(s, b) > 0, (73)

then the softmax probability of b satisfies

Γγn(Q)(b | s) ≤ exp

(
−
∆Q(s, b)

γn

)
. (74)

Therefore, as γn ↓ 0, all probability mass is placed on greedy best responses BRs. Any limit point
(d̄, π̄) of (d⋆γn , π

⋆
γn) therefore satisfies

π̄(· | s) ∈ BRs(d̄, π̄) ∀s ∈ S, (75)

and
d̄ = d̄Pd̄,π̄. (76)

Hence (d̄, π̄) is an ordinary SNE of the unregularized finite-state Karma game.

F.2. Finite-Population Interpretation

The theorems are stated in the mean-field limit because the SNE of the Karma dynamic population
game is a population equilibrium concept. For a finite population of N agents, the same argument
gives an approximate equilibrium. If payoffs and transitions are Lipschitz continuous [27] in the
empirical population distribution, and if the empirical distribution differs from its mean-field limit by
δN , then a unilateral deviator can change the population state by at most order 1/N .

Let Ji be the expected discounted return of agent i under a policy profile:

Ji(πi, π−i; d0) = Eπi,π−i

[ ∞∑
t=0

αtri(st, bt)

∣∣∣∣∣ d0
]
. (77)

Consequently, for some constant C <∞ independent of N , the approximate Nash statement can
be bounded:

sup
π′
i

[
Ji(π

′
i, π

⋆
−i; d0)− Ji(π⋆i , π⋆−i; d0)

]
≤ C

(
δN +

1

N
+ γ logAmax

)
, (78)

where Amax = maxs |A(s)|, and Ji denotes the expected discounted return under a policy profile.
Thus, for large N and small γ, the learned independent policy profile is an approximate Nash
equilibrium of the finite-agent game, and finite-population approximation of the mean-field SNE.
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Appendix G. Appendix: Further Computational Experiments

Figure 4 assesses how different initial policy configurations affect convergence speed toward equi-
librium bidding strategies (for Urgency 2). Specifically, we compare four structured initializations:
a bid-nothing policy, in which agents initially refrain from bidding; a bid-all-you-have policy, in
which agents initially bid their full Karma balance and do not economize; random-even policy, which
starts with evenly distributed probabilities across the action space; and a random-monotone policy,
which samples admissible monotone bidding strategies consistent with the structural assumptions of
the model. The results highlight that a stable best-response policy emerges (for all initializations)
around 50,000 iterations, but not yet a fully ”crystallized” softmax policy, where random-even and
bid-nothing achieve high rewards the fastest.
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Figure 4: Policy Emergence for Different Policy Initializations.

Figure 5 demonstrates how population size affects learning dynamics and convergence behavior
by evaluating the framework for N ∈ {50, 100, 150, 200}. Since the mean-field limit (N →∞) is a
core assumption of the proof, and Karma allocation mechanisms rely on repeated interactions within
large populations, varying the number of agents changes the stability of aggregate bid distributions
and thus influences convergence toward stationary equilibrium policies. The major observation from
this analysis: slightly faster convergence for larger populations, and higher variance for smaller
populations.
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Figure 5: Cross-Seed Standard Deviation Analysis for Different Population Sizes.
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Appendix H. Appendix: Implemented MARL Algorithms

This appendix describes the tabular MARL algorithms used in the computational experiments. All
algorithms operate on the local Karma state si = (ui, ki) where ui is urgency and ki ∈ {0, . . . ,K} is
the current Karma balance. The feasible action set is the set of admissible bids A(ki) = {0, . . . , ki}.
After bids are submitted, agents are randomly paired in a two-agent auction, receive an immediate
reward ri, transition to a new state s+i = (u+i , k

+
i ), and update their local learning tables.

The implemented MARL algorithms span three standard families of decentralized learning
methods: value-based learners (IQL, IRQL), actor–critic policy-gradient learners (IAC, IPPO),
and centralized-critic actor–critic learners (MAPPO). They differ primarily in how policies are
represented, whether entropy regularization enters the Bellman recursion or only the policy update,
and whether cross-agent information is used during training. Table 1 summarizes their structural
differences.

Table 1: Comparison of Benchmarked MARL Algorithms.
Algorithm Learner

Type
Policy

Representation
Bellman
Target

Entropy
Role

Cross-Agent
Information

IQL Value-
Based

Softmax(Q)
Implicit

Hard
Max

Exploration
Only

None

IRQL Value-Based
Regularized

Explicit
Policy Table

Soft Value
Log-Sum-

Exp

Objective
Regularization

None

IAC Actor–Critic Softmax
Logits

Expected
Soft Value

Policy-Gradient
Regularization

None

IPPO Actor–Critic
Proximal

Parametric
Policy Net

PPO
Advantage

Entropy
Bonus

None

MAPPO Centralized-
Critic &

Actor–Critic

Parametric
Policy Net

Centralized
Advantage

Entropy
Bonus

Centralized
Critic Only

The computational experiments are practical, finite-time approximations, not literal instantiations
of the theorem, as the Robbins-Monro assumption uses diminishing step sizes, while here we use (if
not specified differently) constant, non-decaying learning rates.

H.1. [IQL] Independent Q-Learning

The implementation denoted IQL follows the independent Q-learning structure of Tan et al. [42].
Each agent i maintains its own table Qi(s, b) = Qi((u, k), b) and treats the other learning agents as
part of the environment. The bidding policy is not represented by an independently learned policy
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table. Instead, it is induced directly by the current Q-values through a Boltzmann distribution,

πi(b | s) = πi(b | u, k) =
exp(Qi((u, k), b)/TIQL)∑

b′∈A(k) exp(Qi((u, k), b
′)/TIQL)

, b ∈ A(k), (79)

where TIQL > 0 is the exploration temperature. At each step, the agent samples its bid from this
distribution. After observing (si, bi, ri, s

+
i ), only the visited table entry is updated:

Qi(si, bi)← Qi(si, bi) + ηIQL

[
ri + α max

b′∈A(k+i )
Qi(s

+
i , b

′)−Qi(si, bi)

]
. (80)

Here ηIQL > 0 is configured by marl iql q learning rate, and TIQL is configured by
marl iql temperature. For plotting and check-pointing, the implementation stores the policy
induced by the Boltzmann equation above, but this policy is a deterministic function of the Q-table
rather than a separate learner.

This algorithm assumes that the local state s = (u, k) is the agent’s only decision-relevant private
state, that the environment is finite because Karma and urgency are bounded, and that persistent
Boltzmann exploration visits feasible bids sufficiently often. The usual single-agent convergence
guarantees do not directly apply in the MARL setting because all agents learn simultaneously, making
the environment non-stationary from the perspective of each individual learner.

H.2. [IRQL] Independent Regularized Q-Learning

The implementation denoted IRQL is the entropy-regularized analogue of IQL. Each agent i again
maintains a private state-action table Qi(s, b) = Qi((u, k), b) and updates only from its own local
transition (si, bi, ri, s

+
i ). However, in contrast to IQL, IRQL keeps an explicit policy table πi(· | s)

and uses a soft Bellman continuation value in the Q-learning target. For a temperature TIRQL > 0,
define the soft value

V
TIRQL

i (s) = TIRQL log
∑

b′∈A(k)

exp

(
Qi(s, b

′)

TIRQL

)
, s = (u, k). (81)

The corresponding regularized best-response map is the softmax distribution

ΓTIRQL
(Qi)(b | s) =

exp(Qi(s, b)/TIRQL)∑
b′∈A(k) exp(Qi(s, b

′)/TIRQL)
, b ∈ A(k). (82)

At each step, the agent samples its bid from the current policy table πi(· | si). After observing
(si, bi, ri, s

+
i ), only the visited Q-entry is updated:

Qi(si, bi)← Qi(si, bi) + ηIRQL

[
ri + αV

TIRQL

i (s+i )−Qi(si, bi)
]
. (83)

The policy is then moved toward the softmax policy induced by the current Q-table:

πi(· | si)← πi(· | si) + βIRQL

[
ΓTIRQL

(Qi)(· | si)− πi(· | si)
]
. (84)

All probabilities are restricted to the feasible bid setA(ki) = {0, . . . , ki}, and infeasible bids receive
probability zero. In the implementation, ηIRQL is configured by marl irql q learning rate,
βIRQL by marl irql policy learning rate, and TIRQL by marl irql temperature.
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The distinction between IQL and IRQL is therefore not the use of a softmax formula alone. Both
algorithms use a softmax-type distribution over feasible bids at finite temperature. The difference
is the role of that distribution in the Bellman recursion. In IQL, the Boltzmann distribution is the
behavior policy used to sample bids, while the continuation value remains the hard optimality value

max
b′∈A(k+i )

Qi(s
+
i , b

′). (85)

Thus IQL learns ordinary, unregularized Q-values and the stored policy is a deterministic function of
the Q-table. At fixed TIQL > 0, this policy should be interpreted as a finite-temperature exploration
or perturbed best-response policy.

By contrast, IRQL replaces the hard maximum in the Q-target by the entropy-regularized value
V
TIRQL

i . The induced softmax is therefore not only an exploration device; it is the regularized
best-response map associated with the objective optimized by the soft Bellman update. Equivalently,
for πi = ΓTIRQL

(Qi),

V
TIRQL

i (s) =
∑

b∈A(k)

πi(b | s)Qi(s, b) + TIRQLH(πi(· | s)), (86)

where H(πi(· | s)) is the Shannon entropy over feasible bids. This entropy term is what makes the
limiting best response regularized. As TIRQL ↓ 0, the soft value approaches the hard maximum and
IRQL approaches the ordinary IQL Bellman target, up to the separate policy-learning timescale.

As with the other implemented independent MARL algorithms, IRQL treats the simultaneously
learning population as part of the environment and does not exchange Q-values, policies, gradients,
or population statistics across agents. The finite Karma cap and finite urgency set make the local
state-action space tabular. The regularized convergence interpretation relies on persistent exploration,
bounded rewards, and a policy-learning rate that is slower than the Q-learning rate, so that the
Q-values track the soft Bellman fixed point while the policy evolves toward the regularized best
response.

H.3. [IAC] Independent Actor–Critic with Entropy-Regularized Softmax Policy Gradient

The implementation denoted IAC is an independent actor–critic algorithm based on the tabular
softmax policy-gradient and entropy-regularized policy-gradient formulation of Mei et al. [28]. Each
agent maintains two tabular objects. The critic is a state-action table Qi(s, b) and the actor is a logit
table θi(s, b). The policy is obtained by applying the softmax transform to the feasible bid logits:

πi(b | s) =
exp(θi(s, b))∑

b′∈A(k) exp(θi(s, b
′))
, b ∈ A(k). (87)

This corresponds to the tabular softmax parametrization analyzed by Mei et al. [28].
The critic estimates the action-value function of the current policy. After observing (si, bi, ri, s

+
i ),

the implementation first computes a soft continuation value. Let γIAC ≥ 0 denote the entropy
temperature. For a state s = (u, k), define the soft action score

Q̃i(s, b) = Qi(s, b)− γIAC log πi(b | s), (88)
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and the corresponding soft state value

Ṽi(s) =
∑

b∈A(k)

πi(b | s)Q̃i(s, b). (89)

When γIAC = 0, these reduce to the ordinary expected Q-value under the current policy. The critic
update is

Qi(si, bi)← Qi(si, bi) + ηQi,t

[
ri + αṼi(s

+
i )−Qi(si, bi)

]
, (90)

where the critic step-size is visit-count dependent,

ηQi,t =
ηQIAC

ni(si, bi)
ρQIAC

. (91)

The parameters ηQIAC and ρQIAC are configured by marl iac critic learning rate and
marl iac critic learning decay.

The actor update follows the softmax-gradient structure. For the current state s = (u, k), define
the soft advantage

Ãi(s, b) = Q̃i(s, b)− Ṽi(s). (92)

Using the tabular softmax gradient identity, the logit update is

θi(s, b)← θi(s, b) + ηθi,tπi(b | s)Ãi(s, b), b ∈ A(k). (93)

This is the actor-critic analogue of the entropy-regularized softmax policy-gradient update: the true
soft advantage is replaced by the critic estimate. The actor step size is

ηθi,t =
ηθIAC

mi(s)
ρθIAC

, (94)

where mi(s) is the number of actor updates performed in state s. The parameters ηθIAC and ρθIAC are
configured by marl iac actor learning rate and marl iac actor learning decay.

The entropy temperature is initialized by marl iac entropy temperature, multiplied af-
ter each update by marl iac entropy temperature decay, and lower bounded by marl iac min entropy temperature.
For γIAC > 0, the actor is optimized toward an entropy-regularized objective, which penalizes near-
deterministic policies and keeps action probabilities away from zero. For γIAC = 0, iac reduces to
an unregularized softmax actor-critic update.

The implementation makes several simplifying assumptions. First, each agent is an independent
learner and treats the changing policies of other agents as part of the environment. Second, the critic
is assumed to provide a useful local estimate of the policy-gradient advantage even though updates
are sampled from simultaneous multi-agent interaction rather than a stationary single-agent MDP.
Third, the feasible action set changes with Karma, so the softmax and all gradients are restricted to
bids b ≤ k and assign zero probability to infeasible bids. Fourth, the entropy-regularized convergence
results of Mei et al. [28] apply to tabular softmax policy-gradient with exact gradients in finite MDPs;
IAC should therefore be interpreted as a practical actor-critic approximation to that update, not as a
direct instantiation of the paper’s exact-gradient algorithm.
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H.4. [IPPO] Independent Proximal Policy Optimization

The implementation denoted IPPO [48] applies PPO independently to the agents, while using
shared neural-network parameters for compactness. The actor and critic both receive only the local
observation of the acting agent. The local observation is encoded as normalized urgency, normalized
Karma, and optionally a one-hot agent identifier. Thus the actor input for agent i is

xi =

(
ι(ui)

|U| − 1
,
ki
K
, ei

)
, (95)

where ι(ui) is the index of urgency ui and ei is included only when marl ippo use agent id
is true. The actor is a multilayer perceptron that produces logits over the full bid set {0, . . . ,K}.
Before the categorical distribution is formed, infeasible bids are masked by assigning them very
negative logits. The implemented policy is therefore

πθ(b | xi) =
exp(gθ(xi)b)∑ki
b′=0 exp(gθ(xi)b′)

, b ∈ {0, . . . , ki}, (96)

with zero probability assigned to b > ki. The critic is a separate multilayer perceptron Vϕ(xi) with
the same local input. The cached table policy is not the learned object itself, but a tabular snapshot
of πθ used for aggregation, plotting, and check-pointing.

At each environment step, the implementation samples all agents’ bids from the current actor
and stores the transition tuple. The stored tuple contains local observations, actions, rewards, next
local observations, old action log-probabilities, and a terminal indicator. Training is triggered when
marl ippo rollout length transitions have accumulated, or earlier if a terminal transition is
observed (in this case ζt = 0). For a rollout of length T , the implementation computes TD(λ) returns
by the backward recursion

Rλt,i = rt,i + α(1− ζt)
[
(1− λ)Vϕ(xt+1,i) + λRλt+1,i

]
, (97)

where λ is configured by marl ippo td lambda. The advantage estimate is

Ât,i = Rλt,i − Vϕ(xt,i). (98)

Advantages are normalized over the rollout when marl ippo normalize advantage is true.
Returns are optionally normalized when marl ippo normalize return is true.

The rollout is flattened across time and agents before PPO minibatches are formed. If marl ippo minibatch size
is positive and smaller than the resulting batch size, the flattened rollout is split into randomly shuf-
fled minibatches. Otherwise, the full flattened rollout is used as a single batch. For each sampled
transition, the probability ratio is

ρt,i(θ) = exp (log πθ(bt,i | xt,i)− log πθold(bt,i | xt,i)) . (99)

The actor minimizes the negative clipped surrogate with an entropy bonus:

LIPPOactor (θ) = −E
[
min

(
ρt,i(θ)Ât,i, clip(ρt,i(θ), 1− ϵ, 1 + ϵ)Ât,i

)]
− cHE [H(πθ(· | xt,i))] .

(100)
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Here ϵ is configured by marl ippo clip and cH is configured by marl ippo entropy coef.
The critic minimizes a mean-squared return loss:

LIPPOcritic (ϕ) = cV E
[(
Vϕ(xt,i)−Rλt,i

)2
]
, (101)

where cV is configured by marl ippo value loss coef. Actor and critic parameters are opti-
mized by the configured PyTorch optimizer, usually Adam, using separate learning rates. Gradients
are clipped to marl ippo max grad normwhen this value is positive. If marl ippo target kl
is positive, the implementation stops the PPO epoch loop early when the approximate KL estimate
exceeds that threshold.

This implementation is independent in the information used for value estimation. Each value
target for agent i is computed from that agent’s own observation, reward, next observation, and
current critic value. The only cross-agent coupling enters through the environment dynamics and
through the optional agent-id feature in the shared networks. No centralized state, opponent action,
opponent reward, or population statistic is passed to the IPPO critic.

H.5. [MAPPO] Multi-Agent Proximal Policy Optimization

The implementation denoted MAPPO reuses the decentralized actor architecture of IPPO and replaces
the critic with a centralized critic [48]. The actor still conditions only on the local feature vector
xi, so execution remains decentralized. The policy used for bidding is the same masked categorical
policy

πθ(b | xi) =
exp(gθ(xi)b)∑ki
b′=0 exp(gθ(xi)b′)

, b ∈ {0, . . . , ki}. (102)

The centralized critic receives the joint observation of all agents. For a population of N agents, the
joint feature vector is

y =

(
ι(u1)

|U| − 1
,
k1
K
, . . . ,

ι(uN )

|U| − 1
,
kN
K

)
. (103)

When marl mappo use agent id is true, the queried agent’s one-hot identifier is appended to
this joint feature vector. The critic therefore estimates an agent-specific centralized value Vψ(y, i)
rather than a purely local value Vϕ(xi).

The rollout buffer stores the same fields as IPPO. During training, the actor minibatch uses
local features and feasible-action masks, while the critic minibatch uses centralized features. The
implementation computes generalized advantage estimates using centralized values:

δt,i = rt,i + α(1− ζt)Vψ(yt+1, i)− Vψ(yt, i), (104)

ÂGAE
t,i = δt,i + αλ(1− ζt)ÂGAE

t+1,i. (105)

The return target is
RGAE
t,i = ÂGAE

t,i + Vψ(yt, i). (106)

The discount factor is configured by marl mappo gamma and λ is configured by marl mappo gae lambda.
Advantages and returns are normalized according to the corresponding MAPPO configuration flags.

The MAPPO actor update uses the same PPO clipped objective as IPPO, but the advantage comes
from the centralized critic. With

ρt,i(θ) = exp (log πθ(bt,i | xt,i)− log πθold(bt,i | xt,i)) , (107)
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the actor loss is

LMAPPO
actor (θ) = −E

[
min

(
ρt,i(θ)Â

GAE
t,i , clip(ρt,i(θ), 1− ϵ, 1 + ϵ)ÂGAE

t,i

)]
−cHE [H(πθ(· | xt,i))] .

(108)
The centralized critic loss is

LMAPPO
critic (ψ) = cV E

[(
Vψ(yt, i)−RGAE

t,i

)2]
. (109)

The implementation optimizes actor and critic parameters separately, clips gradients when configured,
and can stop PPO epochs early when the approximate KL divergence exceeds marl mappo target kl.
The MAPPO configuration also supports fallback to the corresponding IPPO configuration fields
when a MAPPO-specific field is absent.

This implementation follows the centralized-training and decentralized-execution pattern. During
training, the critic can use all agents’ urgency and Karma states to reduce variance and account for
strategic coupling. During execution, each agent’s bid is sampled from a policy that only sees its
own urgency, its own Karma, and optionally its own identifier. Thus MAPPO differs from IPPO only
in the information available to the critic and in the use of GAE returns rather than the TD(λ) return
recursion used by IPPO.

H.6. Computing Infrastructure & Runtimes

Hardware. All computational experiments were conducted on our institution’s compute nodes.
The hardware and system configuration used in our experiments are summarized in Table 2.

Table 2: Hardware and system configuration used for the experiments.

Component Specification

CPU AMD Ryzen Threadripper PRO 7995WX, 96 cores
GPU NVIDIA GeForce RTX 5090, 32 GB memory
GPU driver NVIDIA driver 590.48.01
Operating system Ubuntu 24.04.1 LTS
Job scheduler Slurm

Execution time. We report the runtime required to train each MARL algorithm for 1,000,000
iterations with 100 agents. The runtimes of the representative experiments are summarized in Table 3.

Table 3: Runtime for training each MARL algorithm for 1,000,000 iterations with 100 agents.

Algorithm Runtime

IQL ∼ 66 min
IRQL ∼ 66 min
IAC ∼ 80 min
IPPO ∼ 172 min
MAPPO ∼ 172 min
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H.7. Finetuning & Parameters

We tuned the hyperparameters of all MARL algorithms using grid search. The final values selected
for each method are reported in Table 4.
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Table 4: Computational Experiment Hyperparameter.

Hyperparameter IQL IRQL IAC MAPPO IPPO

Learning and exploration

Learning rate(s) Q:
0.04

Q:
0.04

policy:
0.02

actor:
0.05

critic:
0.5

actor:
1×10−4

critic:
5×10−4

actor:
3×10−4

critic:
1×10−3

Temperature 0.02 0.02 0.01 – –

Learning-rate decay – –

actor:
1×10−3

critic:
0.6

– –

Entropy-temperature decay – – 0.05 – –
Minimum entropy temperature – – 0.0 – –

Policy optimization

Rollout length – – – 512 128

Discount factor α – – – 0.8 0.8

TD/GAE parameter λ – – – 0.95 0.95

PPO clip parameter ϵ – – – 0.2 0.2

Entropy coefficient – – – 0.005 0.01

Value-loss coefficient – – – 1.0 1.0

Optimization epochs – – – 4 4

Minibatch size – – – 4096 0

Max gradient norm – – – 0.5 0.5

Target KL – – – 0.02 0.0

Normalize advantage – – – True True
Normalize return – – – False False

Network architecture

Use agent ID – – – True True
Actor hidden dimension – – – 64 64

Actor layers – – – 2 2

Critic hidden dimension – – – 256 64

Critic layers – – – 3 2

Optimizer – – – Adam Adam

Initialization

Initial policy fit steps – – – 0 0

Initial policy fit learning rate – – – 1×10−2 1×10−2

Note: – indicates that the hyperparameter is not used by the corresponding method or was not
applicable in the implementation. For IAC, the entropy-temperature decay is selected through our
hyperparameter grid search and implements rapid annealing, so that entropy regularization mainly
affects the initial updates.
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Appendix I. Appendix: List of Symbols

Table 5 summarizes the main mathematical notation used in the manuscript. Symbols with algorithm-
specific subscripts are local to the corresponding implemented MARL algorithm.

Table 5: List of symbols used in the manuscript.

Symbol Meaning

Karma Game & Dynamic Population Game

N Agent population.
N Number of agents in a finite population.
i, j Agent indices.
t Discrete time or learning iteration index.
τ Agent type in the dynamic population game; in Karma games, used for

temporal-preference types.
T Finite type space.
Nτ Number of types.
g ∈ ∆(T ) Exogenous distribution over types.
gτ Population mass of type τ .
s Local state. In the Karma game, s = (u, k).
s+, s′ Next state or successor state.
S Finite state space.
Ns Number of states.
u Urgency level.
u′ Next urgency realization.
U Finite urgency set.
µ Full-support urgency distribution.
k Karma balance.
ki Karma balance of agent i.
K Maximum Karma balance or Karma cap.
N Non-negative integer set used for Karma balances and bids.
α Discount factor or temporal preference, with α ∈ (0, 1).
a Generic action in the dynamic population game.
Aτ [s] Feasible action set for type τ in state s.
A(s) Feasible bid/action set in state s.
A(k) Feasible bid set at Karma balance k, equal to {0, . . . , k}.
B(k) Feasible bid set at Karma balance k, equal to {0, . . . , k}.
b, b̃, b′ Bid variables.
bi Bid submitted by agent i.
V Resource allocation rule.
W Payment rule.
dτ State distribution of type τ .
Dτ Feasible state-distribution set for type τ .

Continued on next page
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Symbol Meaning

d =
(d1, . . . , dNτ )

Joint type-state distribution; in the representative Karma game, popula-
tion state distribution.

D Set of feasible joint type-state distributions.
dt Population state distribution at time t.
d⋆ Stationary equilibrium population distribution.
d⋆γ Entropy-regularized stationary equilibrium population distribution at

temperature γ.
d̄ Limit-point population distribution as γ ↓ 0.
d0 Initial population distribution.
δN Finite-population deviation of the empirical distribution from its mean-

field limit.
πτ Stationary homogeneous policy of type τ .
Πτ Policy set for type τ .
π Policy or policy profile.
Π Set of policy profiles.
πit Policy of agent i at learning time t.
πi Policy of agent i.
π−i Policy profile of all agents except i.
π⋆ Stationary equilibrium policy.
π⋆γ Entropy-regularized stationary equilibrium policy at temperature γ.
π̄ Limit-point policy as γ ↓ 0.
νd,π(b) Population probability mass bidding exactly b under (d, π).
wd,π(b) Probability of winning with bid b against the population bid distribution

under (d, π).
pτ [s

+ |
s, a](d, π)

Type-specific transition probability in the dynamic population game.

Pτ [s
+ | s](d, π) Type-specific state transition matrix under policy.

Pd,π Transition kernel induced by population distribution d and policy π.
Pd,π(s

′ | s, b) Transition probability from s to s′ after bid b under (d, π).
rτ [s, a](d, π) Immediate payoff for type τ in state s taking action a.
ri(s, b) Reward of agent i in state s after bid b.
Ji(πi, π−i; d0) Expected discounted return of agent i from initial distribution d0.
Bτ [s](d, π) State-dependent best-response correspondence for type τ .
BRs Unregularized best-response set in state s.
BRγ,s Entropy-regularized best-response map in state s.
∆(·) Probability simplex over a finite set.
≥FOSD First-order stochastic dominance relation.

Regularized Q-Learning & Convergence Proof

Q,Qit Action-value function or Q-table; Qit is agent i’s Q-table at time t.
Qγd,π Fixed point of the regularized Bellman operator for frozen (d, π).
Qγz Fixed point of the regularized Bellman operator at social state z.

Continued on next page
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Symbol Meaning

V Q Hard optimality value induced by Q-values.
V Q
γ Entropy-regularized soft value induced by Q-values at temperature γ.
T γd,π Regularized Bellman operator under frozen (d, π).
Γγ(Q) Softmax policy induced by Q-table Q at temperature γ.
γ Entropy regularization or exploration temperature in the theoretical IRQL

analysis.
γn Sequence of entropy temperatures approaching zero.
H(π(· | s)) Shannon entropy of the feasible-bid distribution in state s.
ηt Q-learning step size.
βt Policy-learning step size.
z = (d, π) Social state, consisting of population distribution and policy.
zt Social state at time t.
z⋆γ Fixed point of the regularized response map.
e Deviation from the fixed point, e = z − z⋆γ .
Φγ Regularized mean-field response map.
dγz Population distribution component returned by Φγ(z).
πγz Policy component returned by Φγ(z).
Mt+1 Martingale-difference noise term.
ξt Tracking error from the fast recursion and finite-population approxima-

tion.
D+ Upper Dini derivative.
cγ Contraction constant of Φγ .
∆Q(s, b) Q-value gap between the best feasible bid and bid b in state s.
Amax Maximum feasible-action set size, maxs |A(s)|.
C Finite constant in the approximate Nash bound.

Response-Map Stability (Appendix)

∥ · ∥ Norm on social states used in the contraction proof.
∥ · ∥1 ℓ1 norm.
∥ · ∥∞ Supremum norm.
Rmax Uniform reward bound.
Kd,ϱ Policy-averaged transition kernel induced by distribution d and generic

policy ϱ.
ϱ Generic policy argument in Kd,ϱ.
ϱ′ Alternative generic policy argument.
κ Mixing/contraction coefficient for transition kernels.
Lr Lipschitz constant for rewards.
LP Lipschitz constant for transition probabilities.
Ld Lipschitz constant for kernel dependence on the population distribution.
Lϱ Lipschitz constant for kernel dependence on the policy argument.
Bγ Bound on the regularized value.
LγQ Lipschitz constant for the regularized Q fixed point.

Continued on next page
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Symbol Meaning

LγΓ Lipschitz constant for the softmax map.
Lγπ Lipschitz constant for the induced policy response.

Implemented MARL Algorithms

TIQL IQL Boltzmann exploration temperature.
ηIQL IQL Q-learning rate.
TIRQL IRQL entropy temperature.
ηIRQL IRQL Q-learning rate.
βIRQL IRQL policy-learning rate.
V
TIRQL

i Agent i’s IRQL soft value at temperature TIRQL.
ΓTIRQL

(Qi) IRQL softmax policy induced by Qi.
θi(s, b) IAC actor logit for agent i in state s and bid b.
Q̃i(s, b) IAC entropy-adjusted action score.
Ṽi(s) IAC entropy-adjusted state value.
Ãi(s, b) IAC entropy-adjusted advantage.
γIAC IAC entropy temperature.
ηQi,t IAC critic step size for agent i at time t.
ηQIAC IAC base critic learning rate.
ρQIAC IAC critic learning-rate decay exponent.
ni(si, bi) Number of critic updates or visits for agent i at state-action pair (si, bi).
ηθi,t IAC actor step size for agent i at time t.
ηθIAC IAC base actor learning rate.
ρθIAC IAC actor learning-rate decay exponent.
mi(s) Number of actor updates for agent i in state s.
xi Local neural-network observation for agent i.
ei Optional one-hot agent identifier.
ι(ui) Index of urgency level ui.
ℓθ(xi)b Actor-network logit for bid b at local observation xi.
πθ Neural actor policy parameterized by θ.
Vϕ(xi) IPPO critic value parameterized by ϕ for local observation xi.
ϕ IPPO critic parameters.
ζt Terminal/continuation indicator used in rollout-return recursions.
T Rollout length in PPO-style algorithms.
Rλt,i IPPO TD(λ) return for agent i at time t.
λ TD(λ) or GAE trace parameter.
Ât,i Estimated advantage for agent i at time t.
ρt,i(θ) PPO probability ratio for agent i at time t.
θold Previous actor parameters used to compute PPO importance ratios.
ϵ PPO clipping parameter.
cH Entropy-bonus coefficient.
cV Value-loss coefficient.

Continued on next page
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Symbol Meaning

LIPPOactor IPPO actor loss.
LIPPOcritic IPPO critic loss.
y MAPPO centralized joint observation vector.
Vψ(y, i) MAPPO centralized critic value for agent i at joint observation y.
ψ MAPPO centralized critic parameters.
δt,i MAPPO temporal-difference residual.
ÂGAE
t,i MAPPO generalized advantage estimate.

RGAE
t,i MAPPO GAE return target.
LMAPPO
actor MAPPO actor loss.
LMAPPO
critic MAPPO centralized critic loss.
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