OPT2025: 17th Annual Workshop on Optimization for Machine Learning

Designing Algorithms for Entropic Optimal Transport
from an Optimisation Perspective

Vishwak Srinivasan VISHWAKS @MIT.EDU
Department of EECS, MIT

Qijia Jiang QJANG @UCDAVIS.EDU
Department of Statistics, UC Davis

Abstract

In this work, we study and develop a collection of methods for the entropy-regularised optimal
transport (eOT) problem through the lens of optimisation. These methods are proposed as optimi-
sation methods for the semi-dual of the eOT problem [8], and gives rise to two broad classes of
methods for solving this problem: either based on solving a non-convex constrained problem over
a structured subset of couplings, or by working directly with the semi-dual. This is inspired by
recent optimisation interpretations of the Sinkhorn algorithm — the de-facto method for solving the
eOT problem. By adopting this new viewpoint, we obtain non-asymptotic rates of convergence for
the methods studied in this work (old and new) and particularly under minimal assumptions on the
problem structure.

1. Introduction

Given two probability distributions . and v over X', )) C R respectively, the optimal transport (OT)
problem concerns finding an optimal map that transforms samples from one to another. Recent
advances in computing resources has renewed interest in the OT problem, both in the design of
approximate methods for this problem suited for large-scale settings [23], and in the development of
a theoretical understanding of its properties [26, 29]. The “optimality” in the OT problem is defined
in terms of a cost function ¢ : X x Y — R, and the optimal value of the problem results in a notion
of discrepancy between p and v that complements information-theoretic discrepancy measures like
the total variation distance or the Kullback-Leibler (KL) divergence. Formally, let II(x,v) be the
set of all joint distributions whose marginals are 1 and v. The Kantorovich formulation of the OT
problem is given by the following program:

inf )// c(z,y)dmr(z,y) =: OT(u,v;c) . (1)

mell(p,v

In modern machine learning and statistics however, methods based on solving the exact OT problem
have not seen widespread use owing to both computational and statistical reasons resulting primarily
from the high-dimensional nature of the domains involved i.e., of X and ). These bottlenecks can
surprisingly be alleviated by adding an entropy regularisation to the OT problem, referred to as the
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entropic optimal transport (eOT) problem. More precisely, for a regularisation parameter € > 0,

inf // c(z,y)dr(z,y) + - dgL(7||p @ v) =: OT:(u, v;¢) . )
eIl (p,v)

In Eq. (2), dgy(7||p ® v) is the KL divergence between 7 and the product distribution p ® v. A
popular algorithm for solving this problem is the Sinkhorn algorithm [27], and this was recently
popularised by Cuturi [7] by demonstrating it as a viable solution for solving the eOT problem over
large datasets, and by extension for solving the OT problem approximately.

Of relevance to this paper is a more recent interpretation of the Sinkhorn algorithm as an infinite-
dimensional optimisation procedure. This has proven instrumental in obtaining assumption-free
guarantees for the Sinkhorn algorithm and has led to a growing body of literature since its inception
[2, 9, 14, 18, 24]. In this work, we draw inspiration from this refreshing viewpoint, and propose a
collection of new methods for the eOT problem that have provable guarantees. We do so by con-
sidering the semi-dual formulation of the eOT problem, which is a concave unconstrained program
(see Section 2 for more details). We find that a gradient ascent procedure for maximising the semi-
dual [12] and the Sinkhorn algorithm are special cases of an abstract class of methods that can be
seen as iteratively minimising the discrepancy between v and the )-marginal of a joint distribution
of a certain form (®-match). We extend prior primal interpretations of the Sinkhorn algorithm
[2, 24] for these class of methods, which along with relative smoothness properties contribute to
clean, non-asymptotic guarantees that scale as 1/N to obtain the eOT coupling for a subclass of
®-match methods that are related to the maximum mean discrepancy [13].

We complement this primal interpretation by adopting principles from finite-dimensional optimi-
sation to propose new methods based on growth conditions of the semi-dual objective, thereby
extending the ®-match class of methods for the eOT problem. These lead to methods that prov-
ably optimise the semi-dual (and consequently solving the eOT problem) and converge at a rate that
scales % under minimal assumptions. We find that one of these methods can be accelerated and
converge at a faster rate that scales as ﬁ, analogous to FISTA for ISTA [3].

2. Background

The eOT problem defined in Eq. (2) is a (strictly) convex minimisation problem, and under certain
regularity conditions, this problem admits a unique solution 7* € II(u, v) [15, 22] of the form

aw*(a.9) = exp ()~ 07@) = ) dutopanty) ®

where ¥* and ¢* are called Schrodinger potentials. The eOT problem has a dual formulation with
zero duality gap, and is unconstrained:

OT.(1,v;¢) = ¢ - sup { [ owavt) - [ wie)dut
—tog [[ exw (o) - vie) - ) @)} . @

Any solution of the dual problem above corresponds to a pair of Schrédinger potentials and vice
versa [21, Thm. 3.2]. Note that OT.(u,v;¢) = € - OT1(u,v; /<), and hence without loss of
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generality, we focus on OT(p, v; ¢/¢) in the rest of this work. We denote the objective in the dual
form of OT (p, v; ¢/<) by D(1), ¢) and use 7* to denote the (primal) solution of OT' (1, v; ¢/e).

The semi-dual problem Originally discussed in [12], this problem is motivated for the use of
stochastic algorithms to solve the eOT problem in the setting where X and ) are discrete spaces,
and later work [7] examines this in more detail while predominantly focusing on the discrete setting.

In the notation of Léger [14], define the operation ¢ +— ¢ for ¢ € L(v) as

¢t (x) := logEy . [exp (qﬁ(y) — @)} By partially maximising over 1 in Eq. (4) (without
loss of generality), we obtain the semi-dual problem for eOT, whose objective J satisfies for any
¢ € L' (v) that J(¢) := D(¢+, ¢) = E,[¢] — E,[¢"]. To translate a dual potential ¢ € L(v) to a

joint distribution over X x ), define the joint distribution (¢, ¢™) with density w.r.t. g ® v as

n(6.6%)e0) = exp (900) — 07() - 2 ) avlyauta) ®)

This is a valid probability density function over X x ) as evidenced by the fact that its X'-marginal
is always p. Recall that this joint distribution with ¢ < ¢* in Eq. (5) corresponds to the unique
solution of the eOT problem in Eq. (3) by virtue of (¢*)* = 1*. The collection of all such 7 in
Eq. (5) formed by ¢ € L!(v) is referred to as Q.

We henceforth assume that 1 and v have densities w.r.t. the Lebesgue measure. The first variation
d.J of the semi-dual .J can be succinctly expressed in terms of the marginal 7(¢, ¢ )y [14, Lem. 1]:
for any ¢ € L'(v), 6J(¢)(y) = v(y) — (¢, )y(y). Now we note two important properties of
the semi-dual J: the Bregman divergence induced by .J is non-positive, or in other words that .J is
a concave functional (which was informally stated in prior work, see [14, Pg. 5] for instance), and
is bounded “quadratically” from below, yielding the regularity condition that the semi-dual J does
not grow arbitrarily quickly (which is a new finding in this work, specifically without assumptions
on u and v). These are summarised in the following lemma.

Lemmal Let ¢, € L'(v). Then, — =100 < 1G) _ 7(9) — (6.7(6), 3 — 6) 2y < O

3. From semi-dual gradient ascent to a new class of methods for eOT

Lemma 1 implies that one could ostensibly use a gradient ascent-like procedure to find a maximiser
of the semi-dual J and consequently solve the eOT problem to within a desired tolerance. More
precisely, from an initialisation ¢* € L!(v), we can obtain a sequence of iterates {¢"},>1 based
on the recursion

¢n+1 _ MSGA((Z)n; 7]) . an +n- 5J(¢n) . (SGA)

The update MSCA was previously considered by [12] for discrete spaces X and ), where ¢ can
be represented as a finite-dimensional vector. In this setting, Lemma 1 implies a standard notion
of smoothness for the semi-dual J [20, Chap. 2] by the monotonicity of finite-dimensional norms.
This consequently results in an assumption-free non-asymptotic convergence guarantee for SGA
with n < 2. When generalising to continuous spaces, a temporary setback towards establishing
such rates of convergence for this update is that ||| Lo (3) < [|¢[|2(y) is not generally true, and we
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rectify this by instead adopting an alternate perspective on SGA as minimising the “discrepancy”
between the V-marginal of m(¢, ¢*) and v. From the form of 6.J(¢), we have

MEEA(Gim) = ¢+ (v = m(6,67)y) - (©)
Note that a fixed point ¢* of this update satisfies m(¢*, (¢*)")y = v. This also corresponds to a
maximiser of J since 7(¢*, (¢*)")y = v which is equivalent to §.J(¢*) = 0. More generally, we

can define a class of updates described below formed by composition (¢, ¢™)y and v with a map
®: LY(Y) — L®(Y) called M®™MaN defined as

MR () = ¢ — - (log B(7(¢, ¢7)y) —log &(v)) - (@-match)

From this, we see that (1) when ®(f) : f — e, this recovers SGA; and (2) when ®(f) : f — f,
this recovers the dual version of the Sinkhorn algorithm [2] with a general step size n (also called
n-Sinkhorn in [24]). In the following subsection, we provide an interpretations of ®-match over
the space of distributions 7 € P(X x ))) as opposed to dual potentials ¢ € L'(v) as we do here.

d-match as a local greedy method For amap F : L}(X x )) — L®(X x Y):
rooty ,(m; F,n) := argmin {(F(7),T — ) r2(y) + n~t - dg(7||7) - Ay = ©h o (7

When F is the first variation of a functional that measures the discrepancy between the )-marginal
of 7 and v, rooty ,(m; F,n) can be viewed as minimising a local first-order approximation of this
functional, thereby approximately matching the ))-marginal and enforcing the X'-marginal to be u.

In the following lemma, we show that the sequence of joint distributions obtained by updating
¢ using ®-match can be viewed as iteratively solving the problem Eq. (7) for F <+ Vg where
Vo (m)(x,y) = log ®(7y)(y) — log ®(v)(y). By the structure of the joint distribution induced by
the potential (Eq. (5)), these are guaranteed to lie in Q.

Theorem 1 Let ¢° € L'(v) and let {¢"},>1 be the sequence of potentials obtained as ¢" ' =
ME-maleh(gn. ) forn € [0, 1]. Then, the sequence of distributions {m™ },>0 where T = m(¢", (¢"™)T)
ﬂ_n—i—l

satisfy for every n > 0, = rooty ,(7"; Va, 1) |.

When ® : f— f, Vs islog 7%’ in this case, which corresponds to the first variation of the functional
p — dk1(pyl|v), and the equivalence in Theorem 1 for the Sinkhorn method was originally derived
in [2] and generalised to an arbitrary step size ) € (0, 1) in [24]. In the case where ® : f +— e/, the
map Vg here is my — v, which is the first variation of another notion of discrepancy between 7y and
v given by a Maximum Mean Discrepancy (abbrev. MMD) [13]. Specifically, this coincides with
the first variation of

1
pr »Ckld(Py; V) = §MMDk1d(P)}7 V)2

for the identity kernel kiq defined as kiq(y,y’) = 1iff y = 3. More generally, the first variation
of £ = Li(&p) = %MMDk(ﬁ,p)2 is given by my (&) — my(p) [19, Lem. 1] where my(p)(y) =
[ k(y,y')dp(y’), and notably for characteristic kernels (such as the identity and Gaussian kernels),
the map is my, one-to-one. This motivates the consideration of the kernel SGA update M*-SGA for
iteratively minimising L (-; v) for any characteristic kernel k, defined as

M*SEA () = ¢+ - {mp(v) — m(m (6,6 7)y) } - (k-SGA)
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3.1. Rates of convergence for ©:-SGA

Due to the generality of the abstraction ®-match, we can also view k-SGA as an instance of ®-
match with the choice ®5(f) : f +— ™) where we overload my(f) := k. y') - fy)dy'.
As a consequence, Theorem | shows that the sequence of iterates {¢"},>1 formed by k-SGA
results in a sequence of distributions {7 (¢™, (¢™)")},>1 formed by iteratively applying rooty ,
with F < Vg,. Crucially, when k is a bounded kernel, the functional L(.;v) is convex and
relatively smooth w.r.t. the entropy functional [2], and this leads to the following non-asymptotic
guarantee for k-SGA for such kernels.

Theorem 2 Let ¢ € L(v), and let {¢"}n>1 be the sequence of potentials obtained as ¢" ' =
M#A-SGA (gb"; min {i, 1}) for a bounded, positive-definite kernel k. Define the sequence of dis-

2¢y,
tributions {7"},>1 where 1™ = w(¢™, (¢")1). Then, for any N > 1
max{2c, 1
Li(r);v) < {N’“} - g (7] 70). ®)

When the kernel  is characteristic, Theorem 2 shows that 7y, approaches v and consequently estab-
lishes a rate of convergence to the optimal coupling 77* since 7" € Q by construction. As a result,
this also gives first known assumption-free non-asymptotic convergence guarantee for SGA which
matches the 1/~ rate in the discrete setting. This highlights the benefit of considering an alternate
(primal) viewpoint to analyse a method that is motivated by direct (dual) concave optimisation.

4. Adapting to smoothness of the semi-dual J

As mentioned previously, the fundamental obstacle to establishing guarantees for SGA is the mis-
match between the inner product in the Bregman divergence (which is in L?()))) and the squared
growth (which is in L>°(})) from Lemma 1. We find that the semi-dual also satisfies a different
notion of smoothness, but non-uniformly depending on the “size” of the domain considered.

Lemma 2 Let ¢, ¢ € L?(v) be such that ||¢||po(y), |9l Loy < B for a given B > 0. Assume
that the cost c(-,-) > 0. Then,

_ _ A(B) - |6 = oll72, c(x,y/
J@)-I6)-0(6).5-0) 2 = A(B) = By oo ()]
The domain Sp = {¢ : [|¢||L~(y) < B} considered in the lemma above is of particular inter-
est when the cost function c is uniformly bounded; a result from [10] states that the Schrodinger
potentials belong in such Sp where B depends on the bound on c.

Here, we leverage the smoothness properties in Lemmas 1 and 2 to propose two new methods apart
from SGA (and more generally ®-match) - sign-SGA and proj-SGA.

n+l/2 _ Msign—SGA n. — T . n L o n
¢ 1 1 (¢ 717) ¢" 41 6J(6™)| 1 (v - sign(6J (¢ ))} (sign-SGA)
¢n+ = ¢n+ /2 (¢n+ /Z(QanC) - ¢n(yan0)) -1
) 2
"+ = MROSEA (4 1)) = argmin || — <<z5 +n- 5J(¢)> (proj-SGA)
$€Sp v L2(v)
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Both of these methods result from maximising the “quadratic” lower bounds on the semi-dual
at each iteration, akin to how gradient descent for smooth functions can be seen as minimis-
ing its quadratic upper bound. These are provably ascent methods: from a suitable ¢ (either in
LY(v) N L>=(Y) for sign-SGA, or from Sp for proj-SGA), we have J(M(¢;n)) > J(¢) for

M € {Msign-SGA MEEJ'SGA} for sufficiently small n > 0. More precisely, we can also give the
following non-asymptotic convergence guarantees, as stated in the theorems below.

Theorem 3 (Informal) Let ¢° € L' (v) N L°°(Y), yanc € V. Consider the sequence of potentials
{¢" }n>1 generated according to sign-SGA with n = 1. Then, there exists C > 0 depending on
¢07 Yanc Such that for all N > 1,

C
J(N) = J(¢*) > ——— .
(6) = T 2~
Theorem 4 (Informal) Suppose c(-, -) is a non-negative cost function such that \(B) < oo (Lemma 2)
and ¢° € Sp. Consider the sequence of potentials {¢" },>1 generated according to proj-SGA with

n = M(B)~L. Then, there exists C > 0 depending on ¢° such that for all N > 1,

C - \(B)

J(¢N) _felg; J(¢) > TN

Note that the growth condition in Lemma 2 that proj-SGA is conceptually based on is given in
terms of L?(v) which is a Hilbert space. This inspires us to adopt the structure of FISTA [3] to
design an accelerated version of proj-SGA, which would lead to a rate of convergence that scales
as 1/N2. This method is based on minor adjustments to handle the non-uniform growth condition in

Lemma 2, and is presented below. For initial values ¢! = 50 € Sp,andt; = 1:

—-n i- n _ 1 + 1 + 4t%
¢" = MG ABB) ) ¢t =
(proj-SGA++)

Gt = G 4 (tn — 1) " _an—l).

7fn+1

Theorem 5 (Informal) Consider the setting of Theorem 4, and let {¢" }n>2, {an}nzl be gener-
ated according to proj-SGA++. Then, there exists C' > 0 depending on ¢° such that for all N > 1,

—N . C-)\(3B)
J(¢ )_(;Iel‘lggj((m > _m-

When B is sufficiently large (for e.g., as suggested in [10] for bounded costs), then the minimiser of
J over Sp would coincide with ¢* as noted previously, which implies that minges,, J(¢) = J(¢*).
The more detailed versions of Theorems 3 to 5 are given in the Appendix with their proofs. We
conclude this discussion by drawing a comparison to how the rates for SGA, sign-SGA, and proj-
SGA have been established. Specifically, the techniques used to prove Theorems 3 to 5 are based
use more standard optimization arguments (generalized to co-dimensional space), and are funda-
mentally different from Theorem 2. This highlights the benefits of considering alternate viewpoints
for establishing provable guarantees.
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NOTATION

We present some notation for the convenience of the reader. For a set Z, the set of probability
measures over Z is denoted by P(Z). Given a distribution 7 € P(X x )), mx and 7wy are the
X -marginal and )-marginal respectively i.e., for A C X', B C ),

rx(A) = /A | drten); o (B) = /X ().

Given two distributions . € P(X),v € P(Y), we say that 1 € P(X x ) is a coupling of i and v
if Ty = pand my = v. For p € P(Z), we use dp to represent its density. For convenience, if p has
a density w.r.t. the Lebesgue measure, we use p to also denote its density depending on the setting.

Let p,p) € P(Z) be probability measures such that p is absolutely continuous w.r.t. p’. The KL
divergence between p, p' is denoted by dkr,(pllp’) := [z dp log 42 gy - For a functional 7 : P(Z) —

R, we call §.F(p) its first variation at p € P(Z2), and this is the function (up to additive constants)
that satisfies [26, Def. 7.12]

/6]-" ):}lig%)f(pﬂ%-g)—f(p)

V x such that/dx(z) =0.

For a measurable function f : Z — R, its LP-norm w.r.t. p is denoted by || f|| z»(,), Which is defined

as ([ |f(2)[Pdp(2)) " When p is replaced with Z as || f|| z»(z), then this is understood to be the
LP-norm of f w.r.t. the Lebesgue measure of Z. For another measurable function g : Z2 — R,
the L?(p) inner product is defined as (f, g) Dz = [z f dp(z). As a special case, when the
subscript in the norm and inner product are omitted as in H H and (-, ), then these correspond to the
L?(Z)-norm and inner product respectively. Following the notation in Rudin [25, Chap. 3], we use
LP to also denote the space of measurable functions whose LP norm is finite.

Appendix A. More details about the eOT problem

The eOT problem is also directly related to the static Schrodinger bridge problem [15, Def. 2.2]
denoted by SB(, v; w'®f) for the reference measure 7' whose density is d7"® oc exp (—¢/=) d(u®
v) and marginals y and v. Then, direct calculation gives

mell(p,v)

OT.(rrie)=e{ il diw(en™) ~log et} 1 Zues = // exp( )>du( Jdv(y) .

SB(p,v;mref)
(€))
The above problem is a (strictly) convex minimisation problem since II(u, v) is convex, and 7 —
dgy, (|| 7®") is strictly convex, and the optimal value of the problem is

OT.(p,vic) =€ - </¢ )du(y /zp )du(z )

While the solution 7* is unique, the Schrodinger potentials are unique only up to constants, that is,
if ¢* and ¢* are Schrodinger potentials, then ¢o* + 8 and ¢* + ( are also Schrodinger potentials for
any constant 5 € R.

10
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A.l. Related work

Traditional analyses view the Sinkhorn algorithm as either alternating projection on the two marginals
1, v or block maximization on the two dual potentials v, ¢. These render a linear convergence with
a contraction rate of the form 1 — e~"“!°*/<. An important limitation of this analysis is that the rate
becomes exponentially slower with growing ||c||~ or decreasing . Recently, several analyses have
focused on the Sinkhorn algorithm in the setting where X and ) are discrete spaces [1, 11, 16].
More relevant to us is where X and ) are continuous spaces where many probabilistic approaches
have been taken for analyzing the Sinkhorn algorithm. Most recently, Chiarini et al. [4] leverage
the stability of optimal plans with respect to the marginals to obtain exponential convergence with
unbounded cost for all € > 0, albeit under various sets of conditions on the marginals. This relaxes
the assumptions made in Chizat et al. [5] for semi-concave bounded costs while still maintaining a
contraction rate that only deteriorates polynomially in €. We refer the reader to Chiarini et al. [4,
Sec. 1.5] for a more comprehensive literature review for analyses of the Sinkhorn algorithm. In
summary, the most recent analyses place assumptions on the growth of the cost, decay of the tails
of u, v and/or log-concavity, to obtain exponential convergence guarantees.

In contrast, the advantage of taking the optimisation route i.e., viewing the Sinkhorn algorithm as
performing infinite-dimensional mirror descent [2, 14, 24] is that it provides a guarantee under min-
imal assumptions. From non-asymptotic guarantee standpoint, these aforementioned works furnish
a discrete-time iteration complexity that scales as 1/Ne. If the costs are additionally assumed to
be bounded, then Aubin-Frankowski et al. [2] recover a contractive rate reminiscent of the classi-
cal Hilbert analysis. In this work, we achieve the similar rates while significantly expanding the
scope of algorithm design and shed more light on the eOT problem, unifying both the primal and
dual perspectives. [17] gives another mirror descent interpretation of Sinkhorn but the change of
variable results in a non-convex objective which is hard to prove convergence for. There has also
been interest in designing alternative algorithms for the eOT problem, among them [6] that designs
Wasserstein gradient flow dynamics over the submanifold of TI(, ) which borrow tools from SDEs
and PDE:s in its analysis.

Appendix B. The origins of ®-match and its interpretations

Related to Eq. (6), the Sinkhorn algorithm corresponds to an update map MSNKhO™M (24 T em 2]
that is defined as, which corresponds to ®-match with & : f — f.

MSinkhorn((b) = — <logﬂ-(¢’¢+)y> . (Sinkhorn)

1%

Note that ®-match takes a density function (L'())) and returns a function that is not necessarily a
density (L>°())).

B.1. Interpretations of ®-match

The interpretations of ®-match that we discuss here are motivated by recent work in understand-
ing the Sinkhorn algorithm (Sinkhorn) [2, 24]. In essence, these prior works view the Sinkhorn

11
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algorithm as minimising dkr,(7y, v) over Q that is formally defined as

Q= {7r :3 ¢ € LY(v) such that w(x, y) = exp ((b(y) — ¢t (x) — c(a;,y)) ,u(x)y(y)} . (10)
While 7* belongs to Q, this constrained set is not a convex subset of P(X x )) owing to the
factorisation structure. We specifically show that ®-match can be interpreted in the following two
ways: (1) as an alternating projection scheme and (2) as a local greedy method analogous to gradient
descent / mirror descent (as discussed in Section 3). While ®-match is derived from the semi-dual,
these interpretations do not involve the semi-dual and solely operate in P(X x ))).

P-match as iterative projections on P(X’ x ))) Consider the following projection operations.

P
projecty, ,,(m; ®) := argmin {dKL(TFHT{') Py X Ty - @(571/33) } , (11a)
projecty (7', 7;7) := argmin {n-dxL(@|7") + (1 —n) - dxn(7||7) : Tx = p} - (11b)

For a given m € P(X x V), projecty,, can be seen as correcting the )-marginal of 7 towards v,
and the nature of this correction depends on ®. On the other hand, projecty , finds a “midpoint”
(which depends on the stepsize i € [0, 1]) while ensuring that the X’-marginal is p. In the following
lemma, we show that if 7 € Q (corresponding to some ¢ € L!(v)), then applying the projections
Egs. (11a) and (11b) successively is equivalent to updating ¢ using ®-match.

Lemma3 Let ¢° € L'(v) and let {¢"},>1 be the sequence of potentials obtained as ¢""' =
ME-mateh (. forn € [0, 1). Then, the sequence of distributions {"™},,>0 where m = m(¢", (¢™)1)
satisfy for every n > 0

n+1

vt = prOJ'ect;(7u(7r"+1/2

,":m)  where a2 — projecty, , (7"; ®) .
This is related to Eq. (7) by the following lemma.
Lemmad4 Letm € P(X x Y) be such that mx = p. Then forn € [0, 1],

projecty ,(projecty , (m; ®), m;n) = rootx . (m; Vs, n) -

Theorem 1 is a direct corollary of Lemma 3 and Lemma 4. The proofs of Lemmas 3 and 4 is given
in Appendix B.3 respectively.

Recall from earlier that ®-match with ® : f +— f and n = 1 coincides with Sinkhorn. In this
setting, Lemma 3 recovers the classical iterative Bregman projection interpretation of the Sinkhorn
method [23, Remark 4.8].

B.2. More details about MMD and .£-SGA

Let k : Z x Z — R be a positive-definite kernel, and let H, be its RKHS. We refer the reader
to Steinwart and Christmann [28, Chap. 4] for a more detailed exposition about kernels and their
RKHS. For ¢ € P(Z), the mean function w.r.t. kernel & is defined as

my(§)(y) = /yk‘(y,y’) -dé(y) -

12
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The MMD (for a kernel k) [13] is defined as

MMDy(€, p) = sup [Be [f] = Bo[f1] = me(€) — (o) I3,
112, <1

k-SGA as kernelised SGA  Since the map my, is additive, i.e., my(f1 + f2) = mp(f1) + mi(f2)
for suitable functions f; and fo, we have

me(6.(6))(y) = /y k(y.y') - 6.(6) ()Y

= [ Hs)- 0 = 76,60y
— i (0)(y) — (6,61 )y)(0)
Then, k-SGA can be equivalently written as
MFSCA(6: 1) = ¢ + - mi(57(8))

and can be viewed as performing kernel smoothing §.J before using it for the update.

B.3. Proofs of Lemma 3 and Lemma 4
Proof [Proof of Lemma 3] Consider some n > 0. By the decomposition of KL divergence,
dir (7]|7") = Eymry [dxr(may ([9) [Ty ([9))] + dxw (my[[73) -

For convenience, we denote projecty, , (7"; ®) as 7" +'/2 By definition of projecty, , (7"; @), we

have

w2 (y) = % () ;)(52)(?@3)9 T 2 (@ly) = Ty (ly) -

d(v
Above, Z = Eymﬂgz} [‘1’(7(7?;))(8)}' Therefore,

7I_nJr1/2 T _ l (e . (I)(V)(y)
(z,9) (z,9) D))

Z
Since 7" = 7(¢", (¢™)1), this shows that 7"/ factorises as

7T”+1/2(:1:, y) = exp (—1/1"+1/2($) + ¢n+1/2(y) - C(ty)> p(z)v(y)

where ¢"/2(y) = ¢"(y) + (log ®(v)(y) —log ®(n%)(y)) and " +/*(x) = ¢"(z) +log Z . From
[24, Corr. B.1], we have that projectX,M(ﬂ”Jrl/Q, 7";m) satisfies
n+1/2

o 2" 7 (yla)
77rn;77)y\?((y‘x): I* C(w;}‘x

C(z) = /_y APyl 7 (yla) Ty

7I_n+1/2

projecty ,(

13
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The factorisations of 7™ and 7™ *"/? results in project X, u(ﬂ"“/ 2 ™, n) factorising as

profect, (1,1 ) o) = exp 60) = 00) — 22 ) o)
and specifically,
Sy) =n-¢""(y) + (1-n) ¢"(v)
= ¢"(y) + 1 (log ®(v)(y) — log ®(y)(y)) - (12)

Since projectxyu(wn“/g, " n)x = W, this implies

() = og [ exp ()~ S22 ) vy = 67(a).

Hence, comparing Eq. (12) with ®-match we have projecty , (7", 7" ) = m(¢"1; (¢" 1))
which completes the proof. |

Proof [Proof of Lemma 4] For convenience, we use the shorthand notation 7 = projecty7y(7r; D).
As in the proof of Lemma 3, Eq. (11a) ensures that

_ _ 1 20 _ @(v)(y)
o) = oo geiitys 2= By [0
= log ®(my)(y) — log ®(v)(y) = log me.v) _ log Z .

(x,y)
The objective in Eq. (7) with F <— Vg can be simplified as

<v¢<w>,fr—w>+3 dyer, (7| )

/ Va(m)(z, y)(7(z,y) — 7(z, y))dady

o ff ()

:// (log @(m%)(y) — log @(v)(y)) - T(x, y)dady + log Z

R/ Eiiﬁi)d .

(logZ+// log ®(my)(y) — log ®(v)(y ))-w(x,y)dxdy)
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The objective in projecty , (7, 7;7) can be expanded as

w7l + (L= ) = [ [ 7o) log[( = @ii;)ll dady

thus establishing the equivalence in the statement as projecty , also minimises over the set {7 :
Tx = pu} and ¢(m) is a constant. [ |

B.4. Deriving non-asymptotic rates for k--SGA

To prove Theorem 2, we use the following key lemma from [2] which characterises the growth of
Ly(+; v) relative to the entropy functional H : £ — [ y d€log d¢. This, along with the convexity of
L (+;v), is instrumental in establishing a rate of convergence for k-SGA.

Proposition 1 ([2, Prop. 14]) Let k : Y xiy — R be a bounded, positive definite kernel where
¢ := supyey k(y,y) < oc. Then for any £,§ € P(Y),
0 < (0Lk(&v) — 0L (&v),dE — dE) < 2¢p - (GH(E) — dH(€),dE — dE) .
Consequently,
0 < Li(&v) — L&) — (0Lk(&v), dE — dE) < 2 - dkr(€]|€) -
Proof [Proof of Theorem 2] The proof is be obtained in the manner of the proof of Aubin-Frankowski
et al. [2, Thm. 4] while catering to the squared MMD L. We give the details here for completeness.
For an arbitrary n > 0, we have the following identity for any 7 such that Ty = p that
- Vo, (7"), 7 — ") + d (7| 7")

n- Ve, (™), 7" — 7 + dgr, (27" 7"™) + din (7] 77 . (13)

This is obtained by the three-point identity [2, Lem. 3] with
C(—{?TE’P(XX))):T(X:/L} Q<—77~<Vq>k(7r") -—7Tn>, D(b(’)%dKL(”)

By the definition of Vg, (7") = my (7)) — my(v) = 6£k(7ry, v), we have

(Va, (Wn)ﬂrn / / Ly (T v)(y) - (7T”+1(:E,y) —1"(z,y)) dedy
= (0Ly (Y v), 71'53“ —7y)
From Proposition 1, we know that that in this case
L(m "+1, v) < Lp(myh;v) + 0Ly (7 V),W?,‘H —7y) + 2¢, - dKL(TFTH_lHWy)

= Li(mh;v) + Va(r"), 7" — ") + 2¢ - dier (w5 || 75)

(a)
< Li(n%;v) + (Va(n"), 7" —7") + 2¢;, - dier, (x| 7") (14)

() 1 1
< Lu(niv) + <2ck - n) i (1) - 1 (1)

(©)
< Ly(my;v) - (15)

15
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Step (a) is a consequence of the KL decomposition, step (b) applies Eq. (13) for 7 < 7", and step
(c) uses the fact that = min {ﬁ, 1} < ﬁ and the non-negativity of the KL divergence. We

also have by Proposition 1 that

Lip(Ty;v) — [,k(ﬂ'gl;; v)> <5Lk(7rgl;; V), Ty — 7TSI;>
= Vo (n"), 7 —7").

Substituting the above and Eq. (14) in Eq. (13) with = min {ﬁ, 1}, we obtain

1
max{2cy, 1}

1

e n+1
max{2cg, 1}£ )-

Li(75 ) k(Ty;v) < din(7l|7") — din (7|

Summing both sides from n = 0 ton = N — 1 yields
N
S > {Le(7iv) — Li(my; v)} < du(7|7°) — dw (7| )
max{2¢c, 1} — Y -

We know that ﬁk(w’;’l; v) < Ly(ry;v) from Eq. (15). Noting that 7* satisfies 73 = p and

7T§, = v, we substitute T < 7* above and this leads to

max{2c, 1}

N dKL(W*HWO) .

Li(n3;v) <

Appendix C. More details about the steepest ascent methods in Section 4

C.1. Signed semi-dual gradient ascent

Here we consider the update in sign-SGA. Note that for any ¢ € L' (v)NL>())), MSI9"SCA (. ) ¢
LY(v) N L>=(Y) due to the form of §.J(¢). This is because for any ¢ € L(v), 16T (D)1 yy =
|7 (¢, ¢ )y — |11 () < 2, and the sign function being bounded pointwise. Also, for a sufficiently
small 7 > 0, the growth property implied by Lemma 1 asserts that J(MS9"SCA (4. 1)) > ()
since one can show

' 2
J(MS9SCA (1)) > J(4) + 7 - ||5J(¢)H%1(y) - % : \|5J(¢)||%l(y) :

This ascent property in conjunction with the concavity of .J enables us to give a non-asymptotic
convergence rate for sign-SGA with an “anchoring” step, which does not change the function value
due to the following fact.

Fact 1 (Shift-invariance) The semi-dual is invariant to additive perturbations of its argument.

Formally, for any C € Rand ¢ € L*(v), J(¢ + C - 1) = J(¢) where 1 : & + 1. This is due to the
factthat (p+C -1)T = ¢t +C - 1.

16
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Let yanc € Y be an anchor point, and ¢° € L (v) N L>°(Y) be such that ¢°(y.nc) = 0. Define the
set

Ty =10 € LX) NL®(V) t ¢(Yanc) = 0, J(¢) > J(¢°)} .

Theorem 6 (Formal version of Theorem 3) Let {¢"},,>1 be the sequence of potentials generated
according to the following recursion for n > 0:

¢n+1/2 _ Msign-SGA(¢n; 77)
¢n+1 = ¢n+l/2 - (¢n+1/2 (yanc) - ¢n(yanc)) -1

with ¢°, yanc as defined above. Then, for all N > 1, ¢V € 740 ... and for (Z* = argmax {J(¢) :
¢ € Tyo ...} we have

sYanc
~ 2 .di To ;Loo y 2
H) 0@ > - 2T, SN

,0ES

The first step applies Sign-SGA, and the second step recenters the iterate to satisfy ¢! (yanc) =
¢"(Yanc)- The recentering does not affect the value of the semi-dual as noted previously in Fact 1,
and if ¢* € L*°()) is a Schrddinger potential, then ¢* — ¢*(yanc) - 1 is also a maximiser of J,
which lies in 740, . This shift-invariance also explains the use of the anchoring step: without
anchoring, the superlevel set of J is unbounded. We can hence infer that the sequence {.J(¢") }n>1
converges to the maximum of the semi-dual J.

C.1.1. PROOF OF THEOREM 6
Proof From Lemma 1, we have for any ¢, ¢ € L!(v) N L°°(Y) that

b 2
J(@) — T(6) — (67(6),6 — ¢) > _||¢’2¢||oo |

For any n > 0, substituting ¢ < ¢" and ¢ < ¢" 172 = MSIINSCA (47 1) we get

n+1/2 _ nj2
J(¢n+1/2) > J(d)n) + <5J(¢n)7¢n+1/2 o ¢n> N ||<;5 ¢ ||oo

2
a 1
@ 16" + 16 @) ) - 18Ty = 5 - 16 @3 )

18I )

5 :
Step (a) above is due to the fact that (sign(0.J(¢™)),0J(¢™)) = ||0J(¢™)]|1. By the shift invariance
of the semi-dual, J(¢"+1) = J(¢"*"/?), which implies

ny||2
1876 )

— J(") + (16)

J(@"h) = J (") +

2
Hence ¢" ™' € Tjo,, a8 ¢" " (yanc) = ¢™ (yanc). Next, by concavity of .J that
J(&) < J(@") + (6T(¢"),0" — &") . (17

17

where diam(S; L®(Y)) := sup [[¢—o| o (y) -



OPTIMISATION FOR ENTROPIC OPTIMAL TRANSPORT

Define the Lyapunov function F,, := n(";l) (J(¢™) — J(¢*)). We have

(n+2)(n+1) -

Bur — By = SO (gnity _pi6m) 4 (n+1) - (J(6") — 13)
?<n+ﬂ>-{”+2-nauwwﬁ+—®Jwﬂx¢"—$ﬂ}
R

(©

> —diam(nqyanc; Lm(y))Q .
Above, step (a) applies Eqs. (16) and (17), and step (b) applies the Holder-Young inequality. Fi-
nally, step (c) uses the fact that ¢", ¢* € Tyo shown previously. Summing the above inequality
fromn =0ton =N — 1, we get

sYanc

Ex — Ey > —N - diam(Tgo . _; L7()))?

N ~ 2 - diam(Tg0 . ; L>(Y))?
= J(@N) — J(¢") = — N1 -

C.2. Projected semi-dual gradient ascent

Here we consider proj-SGA and its accelerated variant proj-SGA++. As mentioned briefly previ-
ously, when the cost function is bounded in a certain manner, it is possible to show that the semi-dual
satisfies a different notion of smoothness, but non-uniformly depending on the “size” of the domain
considered. While Lemma 1 is a general statement, regularity condition Lemma 2 is parameterised
by a “size” parameter B, and hence it is useful to understand what a reasonable choice of B is for
the purposes of solving the eOT problem. If B is too small, then it is likely that the Schrodinger
potential ¢* would not satisfy ||¢* ||z (y) < B. Interestingly however, the Schrédinger potentials
¢* and ¢* = (¢*)T inherit properties from the cost function c(+, -), which allow us to determine a
reasonable choice of B based on the cost function. This is formalised in the following proposition.

Proposition 2 ([10, Lem. 2.7]) Consider the dual eOT problem defined in Eq. (4). There exists
Schridinger potentials ¢*, * such that

N 3llell oo (exy . llell oo (aexy
0™ || oo () < %; 19" oo (x) < % -

The intriguing aspect of this proposition is the lack of a dependence on the regularisation parameter
€ > 0. This proposition also suggests that solving the semi-dual problem for eOT over the space
of functions ¢ € L*(v) such that [|¢||f(y) < ?’HC”LO‘#
potential.

is sufficient to recover a Schrodinger

While proj-SGA may appear fortuitous, this is actually a natural recommendation based on Lemma 2.
This is because it can be obtained as the solution to a truncated local quadratic approximation of the

18
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semi-dual given below (truncated due to the restriction to Sp), which is inspired by ISTA [3]:

MR () = argmax J(¢) + (6.7(6), 6 — ¢) — 2177 e = ollia) -

PESE

From Lemma 2, when the cost ¢(-,-) is non-negative and the step size satisfies n < \(B)™1,

J(MEOSCA(g: 1)) > J(¢) for any ¢ € Sps as

A(B -SG
) M 0:1) — 612,

1 -SGA
%H pro] (¢;m) — ¢||%2(V)

TOMESSOA (6:)) > 7(9) + (6.7(6), MBS () — ) —
> J(9) + (8.(6), MEFS(6:m) — 0) —
> J(9).

The final step uses the optimality of Mgr;j'SGA(@ n). Analogous to sign-SGA, the concavity of .J
results in the following non-asymptotic convergence guarantee for proj-SGA.

Theorem 7 (Formal version of Theorem 4) Suppose c(-,-) is a non-negative cost function such
that \(B) < oo. Let {¢" }n>1 be the sequence of potentials generated according to the following
recursion for n > 0:

¢t = METSCA (@ AN (B) T |

where \(B) is defined in Lemma 2. Then, for all N > 1, ¢V € Sp and for gg* = argmax J(¢)
$ESE

~ A(lg)' H¢0 ¢*”L2
N * (v)
J(@7) = J(¢") = — SN

Theorem 8 (Formal version of Theorem 5) Suppose c(-,-) is a non-negative cost function such
that \(B) < co. Consider the sequences {¢"}p>2, {@" }n>1 generated according to proj-SGA++.
Then, for any N > 1,

N 2ABB)- 8= R,
J(@ ) —J(@") = - (N 1) ;9 Eaggerg:x(](gb).

From Proposition 2, we know that the maximum value of the semi-dual J over Sp for B =

3“”“’# is J(¢*) for the Schrodinger potential ¢*. This implies that the sequences of semi-
dual values generated by proj-SGA and proj-SGA++ with the appropriate step sizes converge
to J(¢*) at a + and ﬁ rate respectively. A crude bound on A\(B) in this setting is given by
AMB) <exp(B-(e71 +2)).

We would like to mention that this is not the only accelerated method for the eOT problem. One can
take advantage of the structure of X’ and ), particularly when they are discrete spaces to directly
accelerate MSCA instead of Mgr;]'SGA analogous to accelerating gradient descent to minimise a
convex, smooth function in finite dimension. In that special case, the semi-dual is concave and also
smooth in the canonical sense as implied by Lemma 1 due to the monotonicity of norms, and this

19
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leads to a rate that scales as ﬁ Alternatively, one could possibly also design accelerated algorithms
for minimising p — Ly (py;v) subject to the constraint p € Q in contrast to proj-SGA++ which is
based on the semi-dual. The constraint ensures that the solution has the form of the optimal coupling
m*. However, designing an accelerated method for this problem in the flavour of accelerated MD
for constrained optimisation can prove challenging, due to the non-convexity of the set Q and the
need for linear combination of past iterates when considering momentum.

C.2.1. PROOF OF THEOREMS 7 AND 8

Before we give the proof, we lay out some preliminaries and intermediate results that will come in
handy to prove Theorem 8§ later.

The truncated quadratic approximation to .J centered at ¢ € L?(v) that proj-SGA is based on:

~ _ <W

_ 1 _ _
Ty (@:0) = 7(0) + {1 ,¢¢>L2( = gyl i) ~ 1@

Above, Is, is the convex indicator for Sp which evaluates to 0 if ¢ € Sp and oo otherwise. Note
that

2
o5 (@10) = J(¢) + s, ().

L2(v)

n ||87@)|° _1.H_<
2 H vz 20 p\o

proj-SGA
M Sp

.W>

As a result, we have the alternate characterisation of as

Mg‘;)]'SGA(¢’ 77) = argmax 5;7,53 (6’ d)) :
$ESB

We use Js, to denote the composite function J + Is,. Also recall that S = {¢ € L*(v) :
19l ) < B}

Lemma 5 Let ¢ € Sg. Then, for n < \(max{B, B})~!

= j-SGA T j-SGA
T (M5, (65m) = Jys (M5, (5m)5 6) -
Lemma 6 Let ¢ € Sg. Forany ¢ € Lz(y) and n < Mmax{B, B})~!, we have that

— i-SG. -SG
T 55 (MY ()~ T s, () > ||M‘”°’ A )= l320,)+

(MRISCA (), ) 12 -

1
N n
Proof [Proof of Theorem 7] For ¢° € Sp, each step according to prgj—SGé ensures that ¢ € Sp
foralln > 1. Forn < ﬁB), we have from Lemma 6 applied to ¢ < ¢* and ¢ < ¢" for an
arbitrary n > 0 that

_ _ o~ 1 -
Too(6) = Tsy(6) 2 5o -6 ="y + - (6" =07 6" =8}

M\Hg»\H

~ 1 ~
n+1 * (|2 n * |2
H¢ = ¢ 120 — ol 16" — &*[|72(,)

20
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Summing both sides fromn =0ton = N — 1 for N > 1 we get

N-1 N 1 N 1 N
D (Tsp (@) = Tsp(07) > 5= - Io™ = " 1720y — 5= - 116” — &* 11720, -
= 2n 2n

Additionally from Lemma 5, we have for the choice of 7,

Ty (") > Jpsp (8" 07) > Jys, (075 07) = T, (07) -

Hence,

o~ 1 ~
N%hﬁM%J&wwz—%%W—Wﬁwy

Since ¢" € S foralln > 0, Js, (¢") = J(o"). =

C.2.2. PROOF OF THEOREM &

Prior to stating the proof for Theorem 8, we first make the following observations about the sequence
{¢"}n>0 and {ty, },>1 generated by proj-SGA++. These are:

* forevery n > 0, an € Sp, and

ta=l c(0,1).

» foreveryn > 1, tn+1
n

A key step towards the proof of Theorem 8 is the following lemma, analogous to [3, Lem. 4.1].

Lemma 7 Let {an}nzl be obtained from proj-SGA++. Define v, = J(¢*) — J(¢") and u, =
by @ — (tp, — 1) -5’171 — &*. Then,

BB (thvn = Lo 1 V1) > Hun+1||%2(y) - HunH%Q(V) )

Proof [Proof of Theorem 8] Since A(3B) > A(B) and ¢17$1 € Sp, Lemma 6 with ¢ < ¢!, ¢ «
¢* gives

. A _ _ ~
7@) - 76" 2 208 g g2, 4 2EB) - @ - 6.6 - Fiag
A(3B —
L A e A

In the notation of Lemma 7,

A(3B)

A(3B)
2

—0 ~
—v1 > . Hu1||%2(,,) - a5 ||¢ - (b ||i2(1/) : (18)

Telescoping the identity from Lemma 7 forn = 1to N — 1 gives

@p) o= tvow) 2 lunlliag) = lulzag) 2 llurlzeg,) -
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Rearranging the terms, we have

A(3B)

A(3B)
2

70 ~
UNt?\] S . ”U1H%2(V) +t%7)1 S : H¢ - d)*H%Q(V) y

where the last step follows from Eq. (18). Since ¢ty > % we have

2:A3B) 16" — ¢* 24,
(N +1)2 '

vy <

Appendix D. Proofs of Lemmas 1 and 2

Lemmas 1 and 2 are corollaries of the following lemma; its proof is given in Appendix D.3.

Lemma8 Let ¢, ¢ € L' (v). Fort € [0,1], define ¢y := ¢+t - (¢ — @) and the conditional
distribution p.(.; x) whose density is

o) exp (sbt(y) — A8V ) 4 (y)
P\Y;T) = = S
t Jyexp (dr(y) — 22

N [N
N

—~

<

N

o,

Qd\

Then,

D.1. Proof of Lemma 1

Proof From Lemma 8 and the definition of the variance,

YV old— 4] < / (B(y) — 6W))? pr(ys 2)dy < 13 — B2y -

Yy
The final inequality is by Holder’s inequality. Substituting this in the result of Lemma 8, we get
- - 16— 17 oo
(@) = J(6) = (6J(9), 6= ¢) = ———— .
The upper bound is due to the non-negativity of the variance. |

D.2. Proof of Lemma 2

Proof From the convexity of Sp, note that ¢y = ¢+t - (¢ — ¢) € Sp. Since Sp C L'(v), we have
by Lemma 8 that

1
I@) = 10) = (670).5=8) = =5 | Bar [Vpufo— o] at

>3 [ ] @) - st nte) asan} at.
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By Fubini’s theorem, we can first compute [, p¢(y; «)pu(x)da and then integrate w.r.t. ).

| exp (30— 222 u(y)
/Xpt<y7x)ﬂ($)dx:/9(fyexp (ét(y’)—@) V(y/)dy/u(m)dm

_E.., [exp () - 422 -k, fep () - 4220 )] _1] ()

< E@y)~usr [exp (c(x’y,) - A8 | Gy - <z~5t(y’)>] - v(y)
< By [ow (20) ] vty

Step (a) uses Jensen’s inequality, and step (b) uses the fact that for v, 1/, ¢;(y) — ¢¢(y) < 2B for
v,y almost everywhere. Substituting this in the result of Lemma 8, we have

_ _ 1 ! _
10 = 1(6) = 010)5=0) = =3 [ { [30) o) - 2(E) v} at

A(B) - [16 - ]2,

2
[ ]
D.3. Proof of Lemma 8
Proof Recall that the first variation of the semi-dual .J is
. exp (<b(y) - C(i’y)) v(y)
I(8)(0) = w)=m(6.6)3() = | vipla)da= | (o)

Jyexp ((y) — <220 v(y)dy

N———

For a fixed x € X, consider the function
exp (¢(y) - @) v(y)
Jyexp ((y) — <220 v(y)dy

J2(9)(y) = v(y) —

and hence for any ¢, ¢ € Sp, we have

i@ - PPV ) e (9 ) vy
J2(9)(y) — Ju (@) (y) = Jyexp (5(9') - C(‘Tif,» v(y)dy [y exp (¢(y,) B @) Sy

Note that j,(¢) — jz(¢) = p1(;x) — po(.; ) = fol pt(.; x)dt. We have by direct calculation that

%Pt(% x) = pr(y; ) = {(¢(y) - ¢(y)) — / (o) — ¢(y’))pt(y’;fc)dy’} pe(y; x)dy .
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Consequently,

(al@) — G0(B).6 — B) = /y (1) — 3)) - (01 (03 2) — po(y: ) dy

- / / (6) — 3w -y ) drcy
//M )2 pe(y; ) dydt
/0 { /y (By) — oy >>-pt<y;x>dy}2dt

1
- /0 Vi) [ — @] dt . (19)

Taking the expectation w.r.t. ;v on both sides and by Fubini’s theorem, we have

1
(0J(¢) = 0J(9), ¢ — &) = — /O B [Vou(iw 6 — ¢]] dt . (20)
Define J; = J(¢;) — (6.J(¢), d;). By the chain rule,

i = (8J(B0), 8 — ) — (61(6), & — 8) = (6.1(dn) — 6.7(6), 6 — ) .

By the fundamental theorem of calculus,

J(@) = J(¢) = (0J(0), & — ¢) = J1 — Jo

1,:,
:/ Js ds
0

1
/0 (6.(Be) — 57(6), 3 — ¢) ds

1
_ /0 §.<5J($S)_5J(¢>,¢Bs—¢>> ds

- /01 % ' /1 Earp th(~;:r) [Qgs - qb]} dt ds
/1 /1 IN“ Vou(so) (¢ — (25]] dt ds
0 Jo

1 1
—_2/0 Eop [sz( )[¢—¢H dt.

Appendix E. Conclusion

In this work, we systemically synthesise a variety of viewpoints on algorithms for eOT — specifically
those surrounding the Sinkhorn algorithm. This synthesis, centered around infinite-dimensional op-
timisation, leads to a collection of novel methods based on the dual formulation of the eOT problem.
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We also see how the viewpoints contribute to provable guarantees for these methods, which notably
are not based on any strict assumptions on the marginals p, v. It would be interesting to see how
these guarantees can be improved; going past the bounded kernel condition in Theorem 2, and
bounded costs condition to establish a desirable form of smoothness for the semi-dual in Lemma 2.
While this not only encourages a new theoretical perspective for solving the eOT problem, we hope
that this work also spurs the development of new practical methods other than the Sinkhorn algo-
rithm and its derivatives for the eOT problem.
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