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Abstract

The use of artificial intelligence in crystalline material discovery is gaining sig-
nificant attention from both the machine learning and chemistry communities. In
this work, we present NeuralCrystal, a foundation model specifically designed to
push the boundaries of material discovery by combining cutting-edge geometric
modeling and large-scale pretraining techniques. The model ensures rotational
and translational equivariance by using a vector frame basis, while projecting the
coordinate system into the Fourier domain to capture the periodic symmetries
and long-range interactions characteristic of crystalline materials. For geometric
pretraining, we adopt an equivariant denoising approach by constructing dual views
of crystalline structures from the Cambridge Structural Database. NeuralCrystal
was rigorously tested on eight MatBench property prediction tasks, outperforming
six, and demonstrating its strong potential to significantly accelerate the discovery
of new materials. The codes are available at this GitHub repo.

1 Introduction

A foundation model is essential for crystalline material discovery. It enables a unified framework
capable of generalizing across multiple tasks, eliminating the need to develop task-specific models
and improving data efficiency. In material discovery, tasks such as predicting material energy and
forces [3, 16, 32], material structure prediction [2, 29, 31], material generation [19, 28], and material
optimization [17, 21, 43, 44] often share underlying principles. A foundation model can capture
these commonalities, significantly improving efficiency and performance by learning a generalized
geometric representation of crystalline materials. This shared knowledge allows the model to excel in
multiple tasks without the need for task-specific tuning, accelerating the material discovery process.

The most critical part of such a foundation model lies in the geometric representation of crystalline
materials. The mainstream geometric representation research line has been focusing on exploring
geometric modeling on small molecules and proteins, treating them as a set of point clouds in the
3D Euclidean space [23, 36, 42]. Such representation function needs to be equivariant to rotation
and translation, i.e., SE(3)-equivariance. However, when modeling crystalline materials, one crucial
property that crystal representations must satisfy is periodicity invariance, a feature that has been
relatively under-explored in the research community.

Specifically, crystalline structures exhibit long-range order and periodicity in their atomic or molecular
arrangements, which should be effectively captured to fully represent their intrinsic geometric
properties. This periodic arrangement is represented by a lattice, which is an array of points showing

'We leave the detailed discussion of SE(3)-equivariance to these works [4, 23, 36, 42], and in this work, we
will be mainly focusing on the modeling of periodicity symmetry.
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Figure 1: Illustration of NeuralCrystal. (a) Depicts the data structure for crystalline material (left) and data
augmentation (right). (b) Illustrates the GeoSSL-PFM algorithm.

the potential positions of atoms or molecules. The periodicity of the crystal structure is defined by the
repeating pattern of the lattice and the specific arrangement of atoms or molecules within the lattice.
In essence, the lattice describes the overall periodic pattern of the crystal structure, while periodicity
refers to the regular, repeating arrangement of atoms or molecules within that lattice pattern. The
crystal is the physical manifestation of this periodic lattice arrangement of atoms or molecules. We
illustrate this in Figure 1.

Existing works have mainly relied on data augmentation techniques to capture the periodic structures
in crystals [23, 39]. The core idea involves augmenting a central unit cell by shifting it along the
three lattice axes. Message passing [13] is then applied between atom pairs, with at least one atom
positioned in the central cell. We illustrate this in Figure 1. However, relying on data augmentation to
address periodic symmetry is still an approximation, and more efficient and more accurate methods
are needed to handle this complexity effectively.

Meanwhile, there is a rich amount of high-quality material datasets with wet lab verifications, such as
the Cambridge Structural Database (CSD) [14]. The supervised labels (e.g., energies, and band gaps)
are lacking on these datasets, yet the rich structure information is useful to help train a foundation
model. This can be achieved using the technique called unsupervised pretraining or self-supervised
learning [30, 33]. Existing pretraining methods are either supervised on materials [3, 34, 40] or
unsupervised but focused on general molecules rather than crystalline materials [9, 24-26]. As aresult,
a tailored approach is needed to unlock the full potential of structural data for material discovery.

Our contributions. To this end, we propose NeuralCrystal, a geometric foundation model tailored
for material discovery. Our approach presents two key innovations. (1) We first introduce Fourier-
FrameNet, an SE(3)-equivariant and periodicity symmetric geometric representation for crystalline
materials. This transformer-based model effectively captures long-range interactions by project-
ing pairwise atomic distances into the Fourier domain. (2) We then propose a novel geometric
self-supervised pretraining method, GeoSSL-PFM, which embraces coordinate flow matching. The
main idea is to add small perturbations to the geometric structures of crystalline materials, and
then train a flow-matching model to maximize the mutual information between the original and
perturbed geometries. To verify the effectiveness of NeuralCrystal, we empirically test NeuralCrystal
on eight material property prediction tasks from MatBench, and the quantitative results show that
NeuralCrystal reaches state-of-the-art performance on six of them. This reveals the potential of
NeuralCrystal for achieving more versatile tasks in the future.

2 FourierFrameNet with SE(3)-Equivariance and Periodicity Symmetry

FourierFrameNet leverages vector frame for intra unitcell modeling (Section 2.1) and captures the
periodicity at the inter unitcell level through the Fourier domain (Section 2.2).
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Figure 2: Illustration of periodic graph using FourierFrameNet Transformer.

2.1 Intra-cell Model: FrameNet

Vector frame basis construction. As summarized in recent works [23], utilizing the vector frame
basis is an efficient and effective way for geometric modeling on molecules. Specifically in a
molecular system like unit cell in the crystal structure, we extract all the atom pairs (, ) within
cutoff threshold c. For each atom ¢, we find the mass center of all its neighborhood atoms within the
cutoff ¢, i.e., x, = mean(x;), V||x; — x;|| < c. Then the atom-level vector frame is built as follows:
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where X is the cross-product, and F2_, € R3*! are the three bases in the vector frame. Notice that

to guarantee the model is equivariant to translation, we also remove the mass center for each unit cell.

Notice that such a frame construction Equation (1) is constructed in each unit cell, i.e., intra-cell level.
If we expand this to the inter-cell, then there will be a numerical issue, since ¢ can be very close to ;.

SE(3)-Equivariant Architecture. Then based on such an atom-level vector frame, we can build an
SE(3)-equivariant geometric model. More concretely, we have two node-level representations on
scalars and vectors, and they can be used to predict type-0 and type-1 quantities, respectively.

Assume the latent dimension is d, and the scalar representation is initialized as h{ = one-hot(x) €
R*4 and the vector representation is initialized with O-value, as hy = 0'*3*<, We also adopt
the radial basis function [6] multiplied by the cosine cutoff function to represent the atom pairwise
distance, h%st € R1*4_ The radial basis function is defined as:

Fr)ROF = [ (rms0)? matrme)® ) @

where s, s1, ... are offset hyperparameters. Here we take S = 50 values uniformly sampled between
0 and threshold c. The cosine cutoff function is defined as:

cuoft ) 0.5 [1 + cos (%)} r<c
Fryer = {0 o 3

Based on this, the distance representation is initialized as h¥st = f(r)RBF . f(p)euoff ¢ RS With
these input representations, we follow the message-passing framework [13] to update the information
between node scalar representation h° and node vector representation h”. For the [-th layer, we have:

hi{ = hj_; + MultiHeadAttn(h;_1, h{_1,h™), h{ = h{_; + MultiHeadAttn(h;_, h}_, h"™™), (4)

where MLP is the multiple-layer perception, and MultiHeadAttn(-, -) is the multi-head attention
module [37] which captures different aspects or types of relationships between atoms in the Euclidean
space simultaneously. Below, we detail the multi-head attention architecture.



Details of Multi-Head Attention. We introduce the following multi-head attention mechanics to
enable the message passing between scalar- and vector-level node representations.

For both the scalar and vector node representations, we have three matrices: query, key, and value
matrix, respectively. For notation, we have W5, W¢ € Rxda Wi, Wg e Réxdr We WY €
R4%4v where dq, di, and dy delegate the projection dimension for each matrix. Here we consider

dg = di = d. This gives us the attention score for each atom pair within cutoff ¢ between scalar
and vector representations as:
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where FO(F;, F;) is the frame orientation between each pair of atom-level vector frames, defined as:
FO(F;, F;) = MLP(F;, F;) € R, ©)

and the proj » h" is defined as the projection from a vector representation h" to the local frame F
followed with an MLP layer:

projr h’ = MLP(F - h¥) € R"*%. (7)

Utilizing the scores defined in Equation (5) enables us to define the attention head for node scalar and
vector as:

Attn(h®) = softmax; (a;; " )h; Wy + softmax; () *) projz, hj Wy
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We repeat Equation (8) for M number of heads, we have the multi-head attention as:
MultiHeadAttn(h®) = [Attn(h*)o @ Attn(h*), & ...]W5, ©)
MultiHeadAttin(h") = [Atin(h")o ® Attn(h")1 & ...]W5.
Thus, we can obtain the representation for the next layer as:
h’ = h* + MultiHeadAttn(h*), h” = h" + MultiHeadAttn(h"). (10)

Summary. The node representations in the last layer (h7 and h}) capture the intra-information
of each unit cell. In the next step, we will pass them to the inter-cell model to better capture the
information of the periodic crystal structure.

2.2 Inter-cell Model: FourierFrameNet

In addition to ensuring euqivariance within the
intra-cell of crystalline materials, another cru-
cial aspect of their modeling is periodicity in-
variance at the inter-cell level. This requires the
representation to remain consistent as the lattice
repeats in 3D Euclidean space. To achieve this,
we devise FourierFrameNet, a model designed
to more effectively capture the periodicity inher- Figure 3: Tllustration of periodic graph using Fourier
ent in crystal structures. Transform in FourierFrameNet.
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Fractional coordinates are scalarization to a global vector frame. Due to the essence of scalariza-
tion, the functions merely built on fractional coordinates are invariant. The lattice is L = [l1, 2, 3],
where I[; € E'*3, Then the mapping between cartesian coordinates x and fractional coordinates c is
x=c-L.

The normalization enables periodic modeling of the periodic structures in crystal. For fractional
coordinates, each coefficient on three axes is normalized to be between 0 and 100%.

All the interactions can be captured by using directed fully connected nodes. This is a directional
(not undirectional) graph. &;; = (z; — ¢;)%L € E3. Then, we adopt the positional encoding as
follows:

hij(@ij, f) = sin(2m f&;;), hij(Zij, ) = cos(2m f &), (1D
where f € {1,2,..., F'} is the frequency. As illustrated in Figure 3, after we project the fractional

coordinates into the Fourier realm, the periodicity can be captured simultaneously. This also enables
capturing long-range interaction.

Multi-head Attention. We adopt a similar idea to the multi-head attention used in intra-crystal
modeling (Equation (10)). Yet, we would like to add another channel describing the periodic
information, i.e., MLP(h™er) between scalars and vectors. The general pipeline is illustrated
in Figure 2.

Properties of FourierFrameNet. Last but not least, we want to summarize the main attributes of
FourierFrameNet. (1) For intra-cell level representation, the FrameNet is SE(3)-equivariant. For
the inter-cell level representation, the FourierFrameNet is periodic invariant. (2) FourierFrameNet
is agnostic to the shifting of periodic boundaries, because the atom pairwise coordinates transform
equivariantly. (3) FourierFrameNet is able to handle the long-range interaction after the projection to
the Fourier realm.

3 GeoSSL-PFM: Geometric Pretraining

The key idea of geometric pretraining is to learn from the crystal structure itself on a large dataset
with high quality. Since only the structural information is utilized for each crystal, and no supervised
signals (e.g., crystal properties) are considered, this is typically called unsupervised pretraining or
self-supervised pretraining.

We would like to follow the self-supervised learning paradigm for single-modal pretraining. The
high-level idea is to fully explore the inherent structures in the molecules. One classical work along
this line is GeoSSL [25]. The high-level idea is that the pretraining task is to maximize the mutual
information (MI) between two views, and for pure geometric data like molecule conformation, we
can treat the geometry provided by the dataset as the first view g1, and the perturbed geometry (e.g.,
adding a small noise) as the second view gs. This is illustrated in Figure 1. Then we want to learn the
most informative geometry between the two views, where such dependence between two variables
can be measured by the mutual information:

Ml(g1,g2). 12)

Then following existing paradigm [25], we transform this MI maximization problem MI(g1, g2) as
the summation of two conditional log-likelihoods, i.e.,

Lm = Eg,[g2]g1] + Eg, [g1]g2]- (13)

GeoSSL-InfoNCE, EBM-NCE, RR, and DDM. To estimate Equation (13), we have multiple
solutions to solving this density estimation problem, including but not limited to InfoNCE [30], EBM-
NCE [26], Representation Reconstruction (RR) [26], and Distance Denoising Matching (DDM) [25].
Experiments on small molecules reveal that DDM outperforms other pretraining methods in such
geometric data settings. Additionally, a more recent work systematically studies the effect of different
conditional generative models on crystals, including denoising diffusion and flow matching [27], and
the brief conclusion is that flow matching leads to more robust performance. Thus, to this end, we
propose a novel pretraining paradigm with flow matching to solve Equation (13).

GeoSSL-PFM. The novel objective is called Position Flow Matching (PFM). Following the optimal
transport Gaussian path [22], the objective function in Equation (13) can be further turned as:

Leen = Eillgr — g2 — va(ge, t)||> + Eellga — g1 — ve(ge, t)]%. (14)



Notice that in GeoSSL-PFM Equation (14), the velocity function outputs a velocity function in
the R? space, which should be SE(3)-equivariant. This contrasts with DDM, where the distance
prediction only needs to be SE(3)-invariant.

4 Experiments

Pretraining dataset. Cambridge Structure Database (CSD) is the world’s largest database of small-
molecule organic and metal-organic crystal structure data [14], and is managed by Cambridge
Crystallographic Data Center (CCDC). We utilized CSD 2023.3 for development, and adopt CSD
Python API 3.1.0 to transform the crystal structures into CIF files. There are in total 1,304,168 crystal
structures, and we only keep structures satisfying the following conditions: (1) Crystals with valid
structures. (2) Crystals with one single component. (3) Crystals with ordered structures. (4) Crystals
that are not polymers. Finally, this gives us 456,822 crystal structures, and we have 420,855 after
step 2. We acknowledge that certain synthetic data techniques can be helpful to train foundation
models [12, 35], and we would like to leave this for future exploration.

MatBench [10] is a test suite for benchmarking 13 machine learning model performances for
predicting different material properties. The dataset size for these tasks varies from 312 to 132k. The
MatBench dataset has been pre-processed to clean up the task-irrelevant and unphysical-computed
data. For benchmarking, we take 8 regression tasks with crystal structure data. These tasks are [8, 11,
18] Formation energy per Perovskite cell (Per. E¥,m), Refractive index (Dielectric), Shear modulus
(log10G), Bulk modulus(logyo K), exfoliation energy (Fexfo), frequency at last phonon PhDOS peak
(Phonons), band gap (Band Gap), and formation energy (FEiom). Detailed explanations are as follows:

* Perovskites: predicting formation energy from the crystal structure.

* Dielectric: predicting refractive index from the crystal structure.

* log10G: predicting DFT log10 VRH-average shear modulus from crystal structure.
* log1oK: predicting DFT logl0 VRH-average bulk modulus from crystal structure.
* Fexfo: predicting exfoliation energies from the crystal structure.

* Phonons: predicting vibration properties from the crystal structure.

* Band Gap: predicting DFT PBE band gap from the crystal structure.

* Fform: predicting DFT formation energy from the crystal structure.

The unit for each task is listed in Table 2.

Results. The dataset size for each task is listed above. For benchmarking, we take 60%-20%-20% as
training-validation-testing for all tasks. As observed in Table 1, GeoSSL-PFM reaches the optimal
results on six out of eight MatBench tasks, while being very competitive on the remaining two tasks.

Table 1: Results on the 8 tasks from MatBench. The backbone model is FourierFrameNet. The data split and
task unit are in Section 4, and the metric is the mean absolute error (MAE). The optimal results are bolded.

Per. Eorm | Dielectric |  logi10G | 10g10K | FEextoJ Phonons| BandGapl|  Efom |

Model

18,928 4,764 10,987 10,987 636 1,265 106,113 132,752
Random Init 0.035 0.287 0.082 0.060 67.635 46.693 0.214 0.035
GeoSSL-RR 0.036 0.291 0.083 0.061 70.367 63.267 0.227 0.036
GeoSSL-EBM-NCE 0.035 0.297 0.085 0.061 67914 49.221 0.240 0.036
GeoSSL-InfoNCE 0.035 0.301 0.083 0.062 63.516 44.940 0.237 0.040
GeoSSL-DDM 0.033 0.284 0.079 0.061 61.651 45.920 0.228 0.036
GeoSSL-PFM 0.033 0.304 0.077 0.059 56.098 38.181 0.222 0.034

Table 2: Unit, dataset size, and naming specifications for MatBench.

Column in MatBench  Perovskites Dielectric log gvrh log kvrh  jdft2d Phonons Band Gap  E Form

Task Name in Table 1 Per. Fiorm Dielectric log10G logioK  Eefo Phonons Band Gap FEorm
Size 18,928 4,764 10,987 10,987 636 1,265 106,113 132,752
Unit eV - logio GPa logio GPa  meV cm™ ! eV eV/atom

5 Conclusion

In this paper, we proposed NeuralCrystal, a geometric foundation model for material discovery. We
first introduce a key FourierFrameNet to handle the SE(3)-equivariance and periodicity invariance in
crystalline materials. We then propose GeoSSL-PFM, an SE(3)-equivariant flow matching framework



to denoise the small perturbation on the geometric data from CSD. Empirical results on eight property
prediction tasks verify the effectiveness of NeuralCrystal.
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A Preliminaries

Crystal structures with periodicity.

SE(3)-equivariance. We would like to first give a brief introduction on the SE(3)-equivariance, and
for more detailed discussions of SE(3)-equivariance, please check [4, 23, 36, 42].

Symmetry means the object remains invariant after certain transformations [38], and it is everywhere
on Earth, such as in animals, plants, and molecules. Formally, the set of all symmetric transformations
satisfies the axioms of a group. Therefore, the group theory and its representation theory are common
tools to depict such physical symmetry. Group is a set G equipped with a group product x satisfying:
(1)Je€ G, axe=exa,VacG; (2)axa'=a'xa=e; (3)ax(bxec)=axbxec.

(15)
Group representation is a mapping from the group G to the group of linear transformations of a
vector space X with dimension d (see [41] for more rigorous definition):

px () : G — R4 st. ple)=1 A px(a)px(b) =px(axb), Va,b e G. (16)

During modeling, the X space can be the input 3D Euclidean space, the equivariant vector space in
the intermediate layers, or the output force space. This enables the definition of equivariance as below.

Equivariance is the property for the geometric modeling function f : X — Y as:

fpx(@)a) = py (a)f(x), Va € G,a € X. (17)
For molecule geometric modeling, the property should be rotation-equivariant and translation-
equivariant (i.e., SE(3)-equivariant). More concretely, px (a) and py (a) are the SE(3) group rep-
resentations on the input (e.g., atom coordinates) and output space (e.g., force space), respectively.
SE(3)-equivariant modeling in Equation (17) is essentially saying that the designed deep learning
model f is modeling the whole transformation trajectory on the molecule conformations, and the
output is the transformed g accordingly. Further, we want to highlight that, in addition to the network
architecture or representation function, the input features can also be represented as an equivariant

feature mapping from the 3D mesh to R? [7], where d depends on input data, e.g., d =1 (for atom
type dimension) + 3 (for atom coordinate dimension) on small molecules. Such features are called
steerable features in [5, 7] when only considering the subgroup SO(3)-equivariance.

Invariance is a special type of equivariance, defined as:
flpx(a)z) = (=), Va € G,z € X, (18)
with py (a) as the identity Va € G. The group representation helps define the equivariance condition

for f to follow. Then, the question boils down to how to design such an equivariant f. In the
following, we will discuss geometric modelings from a novel and unified perspective using the frame.

Periodicity-invariance. Crystals exhibit long-range order and periodicity in their atomic or molecular
arrangement. This periodic arrangement is represented by a lattice, which is an array of points showing
the potential positions of atoms or molecules. The periodicity of the crystal structure is defined by the
repeating pattern of the lattice and the specific arrangement of atoms or molecules within the lattice.
In essence, the lattice describes the overall periodic pattern of the crystal structure, while periodicity
refers to the regular, repeating arrangement of atoms or molecules within that lattice pattern. The
crystal is the physical manifestation of this periodic lattice arrangement of atoms or molecules.

Suppose the lattice for a molecule is L. Then the periodic invariance is saying that the property is
invariant when we shift the unit cell along three axes, i.e., p(y|z) = p(y|z + L).

A.1 Preliminaries: DDPM

First, we assume the data distribution xy ~ g(x(), and we adopt a Markovnian noising process ¢
that gradually adds noise to the data x through 7. Each noising process added a Gaussian noise by

a given variance [3;:

q(x]wi—1) & N(xe; V1 = Brw—1, Bel). (19)
Following this, we can obtain an analytical form of ¢(x;|x() in a Gaussian distribution. Let us define
ar 21— By and & 2 [j_, au, then we have:

q(i|xo) = N (s Vauao, (1 — ag)I).

(20)
— Ty = \/5775(130 +evV1 — .
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Then using the Bayes theorem, the posterior g(x;_1|x+, o) can also be expressed as a Gaussian
distribution:

q(xi—1|xy, x0) = N(xp—1; U240, 20), Bi 1), 1)
where the mean and variance are:
VOt Vol — o - 1—ay_
i zo) = Yo e VO Go) g =—21 @
1-— (677 1-— Qg 1-— (677
By plugging in Equation (20), i.e., /aixo = Xt — €:4/1 — &, we can have
Voy—1(1 — Vo (l —ay—
Az, o) = G - at)mo+ o ,Oét 1)%&
1-— (677 1-— (677
1— )Xy — /1 — & o (1 —
_ o) —ayT—a) | al—an) o3

(1= an)/oy 1— Gy

1 (a: 1— oy )
= - € ).
\ Ot K \/I*O_ét K

Parameterization with neural networks. For sampling from the data distribution g(x(), we can
first sample from ¢(zr) and then follow the reverse steps q(@:—1|xt). As proved in [15], g(x1)
is nearly isotropic Gaussian with certain settings for 57 — 0 and 7' — oo. Thus, the question is
how to approximate q(x;_1|x;), and we can train neural networks to predict the mean and diagonal
covariance matrix:

po(Ti—1]xs) = N(xi—1; po(2e, 1), Lo (x4, 1). 24

Training objective. The objective is to maximize the log-likelihood of the estimated data distribution,
that is to maximize log pp(xo). With Jensen’s inequality or by introducing the following KL-
divergence:

log po(20) — Dxi(¢(2)[|pe(2|2)) = Lun, (25)
where z is a latent variable [20]. Thus, we can see that maximizing log py(x¢) is equivalent to
maximizing the variational lower-bound, L,y,. This is equivalent to minimize £(x¢) = — Ly, Where

T-1

L(mo) 2 Lo+ > Li+Lr,
=1

Ly = —logpe(xo|x1), (26)
Ly = DKL(Q(mt—l‘mtv$0)‘|p9(wt—1|wt)),
L7 = D (q(zr|xo)||p(zr).

Training objective with reparameterization. In practice, [15] found that instead of directly

parameterizing (¢, t), modeling the noise e is easier for optimization. This leads to the following
simplified objective function:

Limplified = B 1, 77,20 ~q(o),c~n(0,1) 1€ — €0 (e, £)]|]

_ _ 27
= Eiw1 1], wo~a(o),e~N (0.1 [ 166 — €0 (Vo + VI — aer, )[|?].

Inference. Accordingly, for sampling, we can use the following:
xy—1 = po(xs,t) + 20y, z~N(0,1),

1 1- 28
/,Lg(mt,t) = ﬁ(mt — \/T%Eg($t,t)>. ( )

A.2 Preliminaries: SDE
The forward process is to perturb data with SDEs. Suppose p(xy) is the data distribution and p(x)
is the prior distribution. Such a diffusion/forward process can be modeled as the solution to an It6

SDE:
de = f(x,t)dt + g(t)dw, (29)
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where w is the standard Wiener process, f (¢, t) is a drift coefficient of (¢), and g(t) is the diffusion
coefficient of x;.

The backward process starts with the prior distribution @7 ~ p(a7), and reverses the process to
obtain samples x( ~ p(xo). Existing work [1] illustrates that the reverse of a diffusion process is
also a diffusion process:

dz = [f(x,t) - g°(t)Vq log pe()] dt + g(t)dw, (30)
where w is the standard Wiener process when from T to 0, and dt is a negative timestep.

The denoising score matching [] proposes a family of density estimation methods, by training a
score model to match with the score, which is the gradient of data distribution, i.e., V log p(x). To
parameterize this paradigm into the time-dependent score model sy (:,t), we have the object to
minimize:

L =E[A)EayEq,|a, [||50 (2, t) — Vo, log p(z|z0) ], (31)
where A is a positive weighting function, and ¢ is uniformly sampled from [0, 7.
There are many variants of SDE models under this framework. For example, the denoising score
matching [] and denoising diffusion probabilistic model (DDPM) [].

VE SDE In denoising score matching, the forward process is:
2
dz = \/ 2t quo. (32)
d
This leads to exploding variance when ¢ — oo, so this is named variance exploding (VE) SDE.
VP SDE The DDPM forward process converges to the following SDE:

da = —%ﬁtwdt +/Brdw. (33)

This yields a process with a fixed variance when the initial distribution has a unit variance, so this is
called variance preserving (VP) SDE.
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