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Abstract

We study the problem of convergence to a station-
ary point in zero-sum games. We propose com-
petitive gradient optimization (CGO), a gradient-
based method that incorporates the interactions
between two players in zero-sum games for its
iterative updates. We provide a continuous-time
analysis of CGO and its convergence properties
while showing that in the continuous limit, previ-
ous methods degenerate to their gradient descent
ascent (GDA) variants. We further provide a rate
of convergence to stationary points in the discrete-
time setting. We propose a generalized class of
a-coherent functions and show that for strictly a-
coherent functions, CGO ensures convergence to
a saddle point. Moreover, we propose optimistic
CGO (0CGO), an optimistic variant, for which
we show a convergence rate of O(1) to saddle
points for a-coherent functions.

1. Introduction
We study the zero-sum simultaneous two-player optimiza-

tion problem of the following form,

min f(z,y), r;leajgtf(x,y) (1)

reX

where = and y are players’ moves with X C R™, )Y C R"
and f is a scalar value map from X x ) — R. Such an
optimization problem, also known as minimax optimization
problems, has numerous applications in machine learning
and decision theory, some examples including competitive
Markov decision processes (Filar and Vrieze, 1996), e.g.,
game of StarCraft, Go, soccer, and car racing (Vinyals et al.,
2019; Silver et al., 2016; Prajapat et al., 2021), adversarial
and robust learning (Sinha et al., 2017; Namkoong and
Duchi, 2016; Madry et al., 2017), generative adversarial
networks (GAN) (Goodfellow et al., 2014; Radford et al.,
2015; Arjovsky et al., 2017), and risk assessment (Artzner
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et al., 1999).

Gradient descent ascent (GDA) is the standard first-order ap-
proach to the minimax optimization problem in Eq. (1) and
is known to converge for strictly-coherent functions (Mer-
tikopoulos et al., 2019) which subsumes the strictly convex-
concave function class (Facchinei and Pang, 2003). Yet,
GDA cycles or diverges on simple functions with in-
teractive terms between the players, e.g., a function like
f(x,y) =y " x (Mertikopoulos et al., 2019) which are not
strictly-coherent. To tackle this issue, Schéfer and Anand-
kumar (2019) propose competitive gradient descent (CGD)
which includes the bilinear approximation of the function as
opposed to only the linear approximation used in GDA to
formulate the local update. In this approach, despite being
bilinear, the game approximation per player is linear. With
this update, CGD is able to utilize the interaction terms to
guarantee convergence in some non-convex non-concave
problems rather than be impeded by them. Schéifer and
Anandkumar (2019) further asks the question whether a
local optimality result analogous to (Lee et al., 2016) for
the minimization problem can be obtained for minimax op-
timization. Letcher (2020) answers this to the negative by
constructing an example with a local-Nash equilibrium to
which no ’reasonable’ algorithm can converge. Yet, the con-
structed function is one with discontinuous V, f the con-
tinuity of which is a key assumption in CGD. Diakonikolas
et al. (2021) proposes a generalized version of the extra-
gradient method that solves the problem in Eq. (1) for the
weak-MVI condition which extends the MVI condition in
(Mertikopoulos et al., 2019). This is achieved by decou-
pling the learning rates in the two steps of the extragradient
method.

Daskalakis et al. (2018) extend the online learning algo-
rithm optimistic mirror descent ascent (OMDA ) (Rakhlin
and Sridharan, 2013) to two player games and shows
convergence of the method for all bilinear games of the
form f(x,y) = y' Az (thereby for y'x). Mertikopou-
los et al. (2019) use the extragradient version of OMDA
to show convergence for all coherent saddle points which
includes the saddle points in bilinear-games of the form
f(z,y) = y" Az. However, we show, CGD and OMDA (as
defined in (Mertikopoulos et al., 2019)) reduce to GDA and
mirror descent ascent (MDA ) respectively in the continuous-
time limit (gradient-flow). The continuous-time regime has
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given insights into the behavior of single-player optimiza-
tion algorithms (Wilson et al.; Lee et al., 2016) and has been
used to study games in (Mazumdar et al., 2020).

In light of this, we propose competitive gradient optimiza-
tion (CGO), an optimization method that incorporates play-
ers’ interaction in order to come up with gradient updates.
CGO considers a local linear approximation of the game
and introduces the interaction terms in the linear model.
The algorithm solves the problem in Eq. (1) for a class of
a-coherent functions. This class is strictly larger than the
coherent class in Mertikopoulos et al. (2019) and contains
examples that are not in the weak-M VI class in Diakonikolas
et al. (2021). At an iteration point (x, y), the CGO update
is as follows,

argminda 'V, f + =62V2, foy+ 6y V,f

SzEX n
1
+—dx ' oz
2n
T A T2 T 2)
argmaxdy V,f+ —oy V. féx+dz V,f
Syey n
LT
7%521 oy.

where the first term in the update is a local linear approxi-
mation of the game. The second term is the interaction term
between players which is scaled with « to represent the
importance of incorporating the interaction in the update.
This scaling is analogous to scaling in Newton methods
with varying learning rates. This approximation results in a
local bilinear approximation of the game. Finally, 7 is the
learning rate appearing in the penalty term. It is important
noting that fixing the other player, the optimization for each
player is a linear approximation of the game. Since the
game approximation for each player is linear in its action,
we consider this update yet a linear update. The solution to
the CGO update is the following,

5] B I aVa f17 [ Vaf
M BECE R RS ] {—vyf]

3)

where g, is the gradient-based update at point (z,y). CGO
is a generalization of its predecessors, in the sense that,
setting a = 0 recovers GDA, and setting o = 7 recovers
CGD. CGO gives greater flexibility for the updates in the
hyper-parameters and gives rise to a distinct algorithm in
continuous-time. In large-scale practical and deep learning
settings, this update can be efficiently and directly computed
using an optimized implementation of conjugate gradient
and Hessian vector products.

Further, we introduce generalized versions of the Stam-
pacchia and Minty variational inequality (Facchinei and
Pang, 2003) and extend the definition of coherent sad-

dle points (Mertikopoulos et al., 2019) to a-coherent sad-
dle points and show the convergence of CGO under a-
coherence (which contains the bilinear function class and
thus explains the success of CGD). Finally, we propose
optimistic CGO which converges to the saddle points for
a-coherent saddle point problems which are not strictly
a-coherent.

Our main contributions are as follows:

* We propose CGO that utilizes bilinear approximation
of the game in Eq. (1) and accordingly weights the
interaction terms between agents in the updates.

¢ In order to study whether CGO provides a fundamen-
tally new component, we study CGO’s and its prede-
cessors’ behaviors in continuous-time. We observe that
in the limit of the learning rate approaching zero, i.e.,
continuous-time regime, the CGD and OMDA reduce
to their GDA and MDA counterparts and CGO gives
rise to a distinct update in the continuous-time.

» Using the Lyapunov analysis in the continuous time
regime, we show that while CGD and GDA converge
for strictly convex-concave functions, CGO allows for
a deviation below zero in eigenvalues of the pure Hes-
sian block of the minimizer and above zero for that of
the maximizer. A deviation from the convex-concave
condition proportional to the lowest eigenvalue of
the cross-terms of the Hessian is allowed.

e We extend the definition of coherence function
class (Mertikopoulos et al., 2019) to a-coherent func-
tions for which we show the optimistic variant of CGO,
optimistic CGO (oCGO) converges to saddle points
with a rate of O (1) while CGO converges to the
saddle points which satisfy the strict a-coherence con-
dition. We provide functions that are not coherent and
explain the success of CGD in bilinear functions by
setting o = 7).

2. Related works

Largely the algorithms proposed to solve the minimax op-
timization problem can be divided into two groups: those
containing simultaneous update which solve a simultaneous
game locally at each iteration and those containing sequen-
tial updates. While our work focuses on the simultaneous
updates, sequential updates are relevant due to their close
proximity and the fact that they often give rise to relevant
solutions. We discuss the work done in the aforementioned
categories below.

Sequential updates. A sequential version GDA in an
alternating form is alternating gradient descent ascent
(AGDA) is often time shown to be more stable than its
simultaneous counter-part (Gidel et al., 2019; Bailey et al.,
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2020). Yang et al. (2020) introduces the 2-sided Polyak-
Lojasiewicz (PL)-inequality. The PL-inequality was first
introduced by Polyak (1963) as a sufficient condition for
gradient descent to achieve a linear convergence rate, Yang
et al. (2020) shows that the same can be extended to achieve
convergence of AGDA to saddle points, which are the only
stationary points for the said functions. Yet, AGDA also cy-
cles in several problems including bi-linear functions show-
ing the persisting difficulty of cycling behavior for any GDA
algorithm. To solve this problem, 2-time scale gradient de-
scent ascent has been proposed (Heusel et al., 2017; Good-
fellow et al., 2014; Metz et al., 2016; Prasad et al., 2015)
which uses different learning rates for the descent and as-
cent. Heusel et al. (2017) proves its convergence to local
Nash-equilibrium (saddle points). Jin et al. (2020) discusses
the limit points of 2-time scale GDA by defining local min-
imax points, analogues of the local Nash-equilibrium in
the sequential game setting and shows that for vanishing
learning rate for the descent, 2-time scale GDA provably
converges to local mini-max points. Another line of work
concerns itself with finding stationary points of the func-
tion F'(x) = max, f(z,y), (Lin et al., 2020; Rafique et al.,
2018; Nouiehed et al., 2019; Jin et al., 2019). The 2-time
scale approaches mainly rely on the convergence of one
player per update step of the other player, which makes
these updates generally slow to converge.

Simultaneous updates. Simultaneous update methods
preserve the simultaneous nature of the game at each step,
such methods include OMDA (Daskalakis et al., 2018),
its extra-gradient version (Mertikopoulos et al., 2019),
ConOpt (Mescheder et al., 2017), CGD (Schifer and Anand-
kumar, 2019), LOLA (Foerster et al., 2017), predictive up-
date (Yadav et al., 2017) and symplectic gradient adjust-
ment (Balduzzi et al., 2018). Of the above, (Daskalakis
et al., 2018; Mertikopoulos et al., 2019; Foerster et al., 2017)
are inspired from no-regret strategies formulated in (Rakhlin
and Sridharan, 2013; Jadbabaie et al., 2015) based on fol-
low the leader (Shalev-Shwartz and Singer, 2006; Grnarova
et al., 2017) for online learning. (Schifer and Anandkumar,
2019) uses the cross-term of the Hessian, while (Mescheder
et al., 2017) uses the pure terms to come up with a second or-
der update. (Balduzzi et al., 2018) proposes an update based
on the asymmetric part of the game Hessian obtained from
its Helmholtz decomposition. Some of these algorithms
converge to stationary points that need not correspond to
saddle points, Daskalakis and Panageas (2018) shows that
GDA, as well as optimistic GDA, may converge to station-
ary points which are not saddle points. ConOpt is shown
to converge to stationary points which are not local Nash
equilibrium in the experiments (Schifer and Anandkumar,
2019).

3. Preliminaries

In this section, we describe the simultaneous minimax op-
timization problem and notations to express the properties
of functions we use in the analysis. We discuss the class
of a-coherent functions which extends the definition of co-
herence in (Mertikopoulos et al., 2019) and for different
versions of which CGO and oCGO converge to the saddle
point.

Throughout the paper we often denote the concatenation of
the arguments x and y to be z := (z,y).

Definition 3.1 (First order stationary point). A point z* =
(x*,y*) € X x Y is a stationary point of the optimization
Eq. (1) if it satisfies the following,

Vaf(@",y") =0,V f(z",y") =0 )

We say a function f is L Lipschitz continuous if for any two
points 21 := (x1,y1) € X xYand 25 =: (x3,y2) € XX,
it satisfies

|f(21) = f(z2)| < Ll|z1 — 222

where | - | denote the absolute value and || - |2 denote the
corresponding 2-norm in the product space X x ). Similarly,
for a given function f, we say it has L’-Lipschitz continuous
gradient if for any two points z1 := (z1,y1) € X x Y and
29 =: (xa,y2) € X X ), it satisfies

IVf(z1) = V(22)ll2 < L'|l21 — 22|z

And finally, we say a function has (Lgz, Lyy, Lay)-
Lipschitz continuous Hessian, if similarly, for any two
points z1 := (21,y1) € X x Y and z3 := (z2,y2) € X XY
the followings hold,

V2. f(21) = Vigf(22)ll2 < Laallzr — 22l2
||V324yf(zl) - viyf(z2)”2 S Lyy||zl - 22”2
V2, f(z1) = Vi, f(z2)]l2 < Layllz1 — 222

where all the norms are 2-norms with respect to their corre-
sponding suitable definition of native spaces. We present the
notation for the minimum and maximum value of matrices
derived from the Hessian of f. The extrema are evaluated
over the complete domain of f.

Table 1. Eigenvalue notations for matrices derived from 2"
derivates to simplify notation

Matrix Min Eigenvalue ~Max Eigenvalue
Vief Az Ava
Vil Ay Ay
VIVt Azy Azy
Vel Vi, f Ay Ay
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max(Apa, —Aygy), A2 =

Further we define \; =
max(Agz, Ayy).  We also have Mgy, Ayz > 0 since
V2, V2. [, V2, [V3, [ are positive semi-definite.

Definition 3.2 (Bregman Divergence). The Bregman diver-
gence with a strongly convex and differentiable potential
function h is defined as

Bp(z,y) = h(z) — h(y) — (x —y, Vh(y))

Saddle point (SP). We define the solutions of the follow-
ing problems to be min-max and max — min saddle points
respectively,

min max f(z,y) )

e min-max saddle point:
reX yey

e max-min saddle point: max min f(z,y) (6)

TEX yey
We now introduce modified forms of the Stampacchia and
Minty variational inequalities and present the definition of
a-coherent saddle point problems.

Definition 3.3 (o-Variational inequalities). «-coherence
generalizes the definition of coherent saddle points in (Mer-
tikopoulos et al., 2019) which sets o = 0. The definition
of a-coherence hinges on the following two variational in-
equalities (g, as in Eq. (2)),

o a-MVTI: go(x,y)" (2 —2*) > 0forall z : (x,y) €
X xY

e a-SVI: go(z*,y*) " (z—2*) > 0forall z : (z,y) €
X xY

Definition 3.4 (a-coherence). We say that min-max SP
problem is a-coherent if,

e Every solution of a-SV I is also a min-max SP
* There exists a min-max SP, p that satisfies a-MV' I

* Every min-max SP, (x*, y*) satisfies a-MV I locally,
i.e., for all (x,y) sufficiently close to (z*,y*)

The a-coherent max-min SP problem is defined similarly.

In the above, if a-M V' I holds as a strict inequality whenever
X is not a solution thereof, SP problem will be called strictly
a-coherent; by contrast, if a-M V' I holds as an equality for
all (z,y) € X x ), we will say that the SP problem is null
a-coherent. Note that in the unconstrained setting a-SVI is
satisfied iff g, = 0 which occurs iff go = 0

4. Motivation

In this section, we present the main motivations of our ap-
proach. The first is the popularity of the damped Newton

method (Algorithm 9.5, (Boyd and Vandenberghe, 2004))
which scales the second-order term in the Taylor-series ex-
pansion of the function to come up with the local update.
The second is the observation that both CGD and OMDA
reduce to GDA and MDA in the continuous-time limit
which calls for a new algorithm that is distinct from GDA
and MDA in continuous-time. The third is the observation
that several functions give rise to (SP) problems which are
strictly a-coherent, Vo > 0 but not strictly-coherent as
defined in (Mertikopoulos et al., 2019) which coincides with
a-coherence when we set o = 0

4.1. Adjustable learning rate Newton method

The celebrated Newton method in one player optimization
gives rise to an update which is the solution to the following
local optimization problem. For a function f : ¥ — R,z €
X, X C R™, we have,

: T Lo 102
nin Vf'éx+ §5m Vi fox 7
which does not have the notion of learning rate. However,
prior work provides strong learning and regret guarantees,
even in adversarial cases, for the adjusted Newton method
where the Newton term is replaced with its weighted version
2627 V?2, fox (Hazan et al., 2007). This scaling allows for
different learning updates that adjust how much the update
weighs the second term. This is a similar approach taken in
CGO update.

4.2. Continuous-time version of CGD and

OMDA
In this section, we analyze the continuous-time versions
of CGD, OMDA, and CGO. We show that while, in
continuous-time, CGD and OMDA reduce to their GDA
and MDA counterparts, CGO gives rise to a distinct up-
date.

CGD. Following the discussion in the introduction, CGD
can be obtained by setting o = 7 in the CGO update rule.
Doing so in Eq. (2), we obtain

-1

Sw=-n(I+n0°Ve, fVerf)  (Vof +0V2,fVyf)
®)

-1

Sy =—n(I+0*Ve, fVa,f) (=Vyf + 1V fVaf).
)

For the continuous-time analysis, the learning rate 7 corre-

sponds to the time discretization At with scaling factor £,

i.e., n = BAt. The ratios of the changes in x := dx and y :=

0y to 1 then become the time derivative of  and y in the
limit 7 — 0. Ergo, for CGD update we obtain,

&= —BV.f (10)
Y= ﬁvyf (11)
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Where © = i—f, Yy = % are the time derivatives of x and
y. This is the same as the update rule for GDA and the

interaction information is lost in continuous-time.

OMDA. To present the updates for OMDA we first define
the proximal map,

P.(p) =arg_min {(p.z = =) +Bu(z',2)}  (12)

Where B, is the Bregman Divergence with the potential
function h. The OMDA update rule is then given by,

Znp s =Ps,(=0gn) = VA" (Vh(zn) = 1gn)
=2, = NV(Vh™) " gn + 0(ngn) (13)
Zn1 =Ps, (-19,41) = VAT (VA(20) = 09,41)
=20 = V(VA ) g1 +o0(ng,y1)  (14)

where g,,, g, 41 are the vector (V. f(z,y), =V, f(z,y))
evaluated at z,, 2, 1 respectively. We now analyze the
updates of OMDA in continuous-time. In the limit n —
0 we have 22 = —3(V(Vh)~'(2)) "V f(z) which is the
same as the update rule of MDA and the effect of half time
stepping vanishes in continuous-time. It is interesting to
note that Diakonikolas et al. (2021) use different learning
rates in the two steps of (13) and avoid this issue, which
allows them to show convergence of the augmented OMDA
for a larger class of weak-MVI functions.

CGO. Taking the continuous-time limit  — 0 of the
CGO updates Eq. (2) we obtain,

b= —B(I+a®V2, fV2, )" (Vof +aV2,fV,f)

§=—B(I+a’V2, V2 ) (=Vyf +aV2,fV.f),
(15)

which is a distinct update from GDA and the interaction
information is preserved in continuous-time. We simulate
the continuous-time setting by using a very small learning
rate and observe that while CGD cycles around the origin
(Figure (7a)), CGO is able to take a somewhat direct path to
the saddle point solution (Figure (1b)). This is an encourag-
ing experiment, validating our hypothesis on the importance
of CGO update.

4.3. Families of functions which give rise to a-coherent
SpP

The following examples establish a few families of a-

coherent functions. First we present the important re-

sult that all bi-linear games f = z' Ay, are strictly a-

coherent.

Example 4.1. All functions of the form f(xz,y) =
x T Ay, A € R™*", give rise to strictly a-coherent min-
max SP problems Yo > 0 and are null coherent for o = 0.

o X '
g Y

— a=2,1=0.04
a=3,1=0.06
a=4,n=0.08

X start X start

G B J
xT T

(a) CGD (b) CGO

Figure 1. Modeling of the continuous-time regime for f(z,y) =
zy: CGD cycles while CGO takes a direct path. The exact analysis
of the resulting ODE’s is provided in Appendix E.1

Proof Sketch. The origin is the only saddle point of the
above function, we evaluate SVI and a-SVI at the origin,

i) We have (go, z), go = (Ay, —ATz). Hence, (go,2) =
2 Ay —yTATe =0, V(r,y) € X xY

ii) Also we have

{9y 2) = @Amin (I + oz2AAT)71AAT)||:17||2 (16)
+ @min (T + a?ATA) T AT Ay)ly|* > 0

Where the final inequality follows from the fact that
min(Amin(ATA), Amin(AAT)) >0, VA € R™*", See
Appendix A for a detailed proof. O

We present another family of functions parameterized by a
scalar k. For k& > 0 the functions exhibit a min-max saddle
point at the origin (a max-min saddle point is at (co, —o0)),
while for £ < 0 the function has a max-min saddle point
at the origin (a min-max saddle point is at (—oo, c0)). For
both cases, origin satisfies the a-variational inequalities for
a > —k, strictly for a > k.

Example 4.2. The family of functions fi(x,y) = %(sz —

y?) + xy with k > 0 gives rise to an a-coherent min-max

SP problem for o« = —k and a strictly a-coherent min-max
SP problem Yo > —k. For k < 0, it gives rise to an «-
coherent max-min SP problem for o« = —k and a strictly

«a-coherent max-min SP problem VYo > —k

Proof Sketch. We evaluate the variational inequalities at the
origin. For gg we have

(90,2) = w(kx +y) —y(—ky +2) = ka® + ky* > 0
a7
For g, we have:
k+a
1+ a?

(Gar 2) = (2 4+19%) >0, Ya>—-k (18)

O
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Finally we present a-coherent functions that do not sat-
isfy the weak-MVI condition and establish that the class is
strictly larger than the coherent class.

Example 4.3. Consider the family of functions fi,(z,y) =
22y+kzy. Fork = 0 it gives rise to a min-max SP problem
such that the region where the a-MVI is not satisfied, shrinks
as « increases. For k = 1, it gives rise to a min-max SP
problem which is a-coherent for large . Furthermore, both
the above mentioned problems do not satisfy the weak-MVI
condition in Diakonikolas et al. (2021 ).

Proof Sketch. Since the Nash Equilibrium is at the origin
for both the problems we evaluate the a-VIs at the origin
and obtain the conditions for a-coherence as,

o 22y + 2a(z + 222%y?) > 0 or y + 2a(?
since x can be non-zero.

2z4+1)2z+1) +y*2x+1)2) >0

+4y%) >0

e 2%y + a(z

The first condition is satisfied for all but sufficiently small
(z,y), furthermore it is clear from the expression that the
region where it is not satisfied reduces as « increases, this is
also shown in Figure (6a). The second condition is satisfied
for large ov(~ 10) for the restricted domain z > —$. We
numerically verify this through plots in Appendix C

We numerically verify that the weak-M VI condition is not
satisfied for both the above examples and demonstrate it
through heat maps in the Appendix C. [

5. Convergence results of CGO and the oCGO
algorithm

In this section we present the convergence results of our
CGO algorithm. We first consider the convergence to sta-
tionary points and present the conditions and rate for the
continuous-time and discrete-time regimes. Then, we state
the convergence results of the CGO algorithm to strictly
a-coherent saddle points. Then, we introduce the oCGO
updates and present its rate of convergence to a-coherent
saddle points. Finally we showcase the working of CGO
and oCGO by simulating them on a few benchmark func-
tions from the families presented in Subsection 4.3.

5.1. Convergence analysis in continuous-time

We present our first result for convergence of CGO in
continuous-time. We present the proof sketch and refer
the readers to Appendix D for the complete proof. To high-
light the difference in convergence rate and condition of
CGO from GDA we also derive the conditions for con-
vergence of GDA using a Lyapunov-style analysis. By
carefully choosing the parameter o we show that we can
accommodate arbitrary deviation from the strictly convex-
concave condition which is required for the convergence of

continuous-time GDA.

Theorem 5.1. Continuous-time CGO runs on a twice dif-
ferentiable function f with parameters «, 8 on functions
satisfying A > 0 where

A= Bmin(2\es — 200y + e (19)
1+ 2>\zy
A
- — 9 YT
=2y — 200y, + 071 +§)\ﬂ)

converges exponentially to a stationary point with rate \.
— —2
Where ¢ = B(a — 202X\ — 2a3)\y").

Proof Sketch. We choose ||gol|? to be our Lyapnuov func-
tion where,

go ‘= (vm(f(xa y)v _vyf(xv y))
Evaluating the time derivative of ||g||%, we obtain

dllgoll?
dt

=2g4 do

o T o T v:L’CEf VJL’ f :E
=20 V0 [V f + 2V f T Vay [

+ 20"V [V f + 2V f  Vay f 1@
(20)

By plugging in CGO updates and manipulating we show

that
dllgo]l®
dt  —
where ) is as stated in the theorem. The detailed proof is in
Appendix E.

~Allgoll?

To compare, we also derive the conditions for GDA Eq. (10)
in continuous-time in Appendix D. We obtain

dllgo|®
dt

S 7”90"2 min()‘min(Qﬂvmm);
= —26]lgo||* min(Azz, —Ayy)

/\min(*zﬂvyy))

(21)
For convergence, we require min(\zz, —Ayy) > 0 which is
the convex-concave condition. O

This theorem implies that in the presence of interaction,

oy Ay
1+a2 Ay 1+(x2)\
allows to break free from the the convex-concave condition by
appropriately setting .

particularly, when and

are positive, it

We set a such that A, < E%')\ o > —%;)\ym,)\zy ~
52,)\ > f%;)\iyy < 5 ,K > 1 which implies

A, A2 < == and we obtain A > =i

> o This shows
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that continuous-time CGO allows arbitrary deviation of
Azzs /\T,y (from the convex-concave condition i.e. A\, >
0, Ayy < 0),if A\yz, Ayy are proportional to the square of
the deviation of the pure terms.

5.2. Convergence analysis in discrete-time

Convergence to stationary points. We derive the condi-
tions required for CGO to converge to a stationary point and
show that large singular values of the interaction terms help
in convergence. By tuning the hyperparameters we are able
to control the influence of this interactive term and obtain
faster convergence.

Theorem 5.2. CGO with parameters o and 1) when initial-
ized in the neighborhood of a first-order stationary point z*
on a Lipschitz-continuous and thrice differentiable function
f that has Lipschitz-continuous gradients and Hessian and
1> X > 0 where

. 10n 4+ 8a——2 Azy
A= 200 — 22— A\ —),
min((2Ass — 2 o)
(22)
101 4 8ar——2 Ayz
—N(2Ayy +2—— Ay ) + C@))

converges exponentially to z* with rate 7(\) = 1—\. Where
¢ is a polynomial function of n, ., A1, Aa.

Similar to the continuous-time setting, the terms
1+ Ayy
n allows us to tune c and obtain convergence for functions
not satisfying the convex-concave condition. CGD restricts
the flexibility of ¢ by choosing @ = 1 and CGO utilizes
this extra degree of freedom granted by « to allow con-
vergence for a larger class of functions. The proof of the
above theorem is provided in Appendix G, for completeness
we also provide the analysis of discrete time GDA in the
Appendix F.

ZrY
1+a?Xrgy,’

are non-negative and appropriately choosing o and

Convergence to strictly a-coherent saddle points. Now
we discuss the convergence properties of CGO for the class
of strictly a-coherent functions. The detailed proof can be
found in Appendix H.

Theorem 5.3. Suppose that a Lipschitz-continuous function
f has Lipschitz-continuous gradients and Hessian and gives
rise to a strictly a-coherent SP. If CGO is run with perfect
gradient and competitive Hessian oracles and parameter
o and parameter sequence {1, } such that > 7" n? < oo
and > n, = 00, then the sequence of CGD iterates {zy},
converges to a solution of SP.

Convergence to a-coherent saddle points. For conver-
gence to the saddle points for a-coherent functions which

are not strictly c-coherent, we propose the optimistic CGO
algorithm.

Optimistic CGO The update rule is given by:

(a)
Zn_t,_% = Pzn (_nga,n) = Zn — NY9a,n (23)
(b)
Zn+1 = Pzn,(_ng(x,n+%) = Zn — 779@,n+% (24)

where g, , is as in (2) and 7 is the learning rate. Where a
and b hold for the unconstrained setting .

Theorem 5.4. Suppose that a L-Lipschitz-continuous func-
tion f that has L'-Lipschitz-continuous gradients and L,
Lipschitz-continuous Hessian gives rise to an a-coherent SP.
If oCGO is run with parameter o and parameter sequence
{nn} such that,

LAH4L2 12 -1

e 0<a?< STy
zy

c 0<ny
\/e2L%L2, +L"?—2a* L2112, —a?L*—a®L3L2 Vi
a2 L2 Lgy+L/2 k)

then the sequence of iterates z,, converges to z* where z* :=
(z*,y*) € X x Y is a saddle point. Moreover, the 0CGO
converges with the rate of %L, i.e., for the average of the
gradients, we have,

1 — 1

- E ”904,16”2 =0 ()

n n
k=1

The detailed proof of the above theorem is provided in
Appendix H.2.

5.3. Simulation of CGO and oCGO on families from
Section 4

We now evaluate the performance' of CGO and 0oCGO on
families discussed in examples (4.1) and (4.2). We first con-
sider a function f(z,y) = 2" Ay, A ¢ R¥*® x c R* y ¢
R5 . We sample all the entries of A independently from
a standard Gaussian, A = (a;;), a;; ~ N(0,1). We con-
sider the plot of the L? norm of x vs. that of 1y, since
the only saddle point is the origin, the desired solution is
llz|l2, l|ly|l2 — 0. We plot the iterates of CGO and oCGO
for different o, and observe that oCGO converges to the
saddle point for o > 0 (at a very slow rate for o = 0) while
CGO does so for a > 0. The results at o« = 0 are that of
GDA and optimistic GDA. We see similar results for the
case where A is the scalar 1, i.e. f(z,y) = zy. This is in
accordance with the analysis in example (4.1).

We then proceed to perform experiments on the family from
example (4.2) for k = 2, —2. For both values of k we see
that oCGO converges to the origin for & > —k and CGO

"The code for the experiments is available at Link to code


https://github.com/AbhijeetiitmVyas/CompetitiveGradientOptim

Competitive Gradient Optimization

| fie K | ‘
a,7=05002 a,7=05002

a,7=00.1 a,7=00.1
a,1=050.1 a,7=050.1

— =101 B — a=l00

X start X start
T T T T B

3 B B T
£ x

(a) CGO (b) optimistic CGO

-

= v =
|

a,1=1,05

,

llll, Iz,
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Figure 2. CGO and optimistic CGO on bilinear functions
f(a,y) = zy, (x,y) € R?: (ab) and f(z,y) = «" Ay,z €
R*,y € R5 : (c,d) for 100 iterations.

converges for « > —Fk, following the analysis in example
(4.2). For k = 2 the origin is a min-max saddle point,
while for £ = —2 it is a max-min saddle point. Finally we
perform experiments on c-coherent functions from example
(4.3) that do not satisfy the weak-MVI assumption.

6. Conclusion

We propose the CGO algorithm which allows us to con-
trol the effect of the cross derivative term in CGD. This
increases the size of the class of functions for which the
algorithm converges. In the realm of continuous-time we
observe that CGD reduces to GDA, CGO on the other hand
gives rise to a distinct update which allows for a margin of
deviation from the strictly convex-concave convergence con-
dition of GDA . Furthermore, we generalize the definition of
coherent saddle point problems defined in (Mertikopoulos
et al., 2019) to a-coherent saddle points for which we prove
convergence of Optimistic CGO and of CGO in the strict
version of a-coherence, we show order O(%) rate of the
average gradients for CGO. Finally we present a short ex-
periment study on some a-coherent functions. Future work
would involve using CGO in various machine learning tasks
such as GANSs, competitive reinforcement learning (RL) and
adversarial machine learning.

(c) CGO (d) oCGO

Figure 3. CGO and optimistic CGO on functions from the family
f(z,y) = 5> —y?)—zy. k=2:(ab)and k = —2: (c.d) for
100 iterations.

r T

(d) oCGO (e) oCGO

Figure 4. CGO and optimistic CGO on the function f(z,y) =
x?y + xy from multiple initializations for 500 iterations with
increasing o.
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Figure 5. CGO and optimistic CGO on the function f(z,y) =
z%y from multiple initializations for 500 iterations with increasing
«. The shrinking yellow region is where a-M VI is not satisfied.
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In this section we present proofs for statements pertaining to example (4.1) and (4.2).

A. Proof of example (4.1)
For clarity we restate the statement of the example (4.1). All functions of the form z " Ay are strictly a-coherent Vo > 0
and are null coherent for o = 0.

Proof of example (4.1). In order to show the above mentioned statement, we first note that the origin is the only saddle point
of this function. We now evaluate (go, 2), where go = (Ay, —AT z). Hence, V (z,y) € X x ). we have,
(go,2) =" Ay —yT ATz =0.
ergo, the function :ETAy is null-coherent.
Similarly, we evaluate the a-SVI. We observe for the function 2 T Ay,
Go = (I + ®AAT) YAy + aAATz), (I + o?ATA) Y (—ATz + aAT Ay))
Hence for (g,, z) we have,
(g 2) =2 (I + a?AAT) LAy + 0AA 2) +y T (T + a?ATA) "1 (—ATz + aAT Ay) (25)
We further observe that, following the statement of Lemma (E.1), we have
(I+a?AAT)TA=A(T+a?ATA)L,
and therefore, incorporating it in to the Eq. (25), we have,
e (I +a?AAT) 1Ay =2 TAT + AT A) Ly =y T (I + a?ATA) 1A 2.
Thus, for {g., z) we have,
(ga,2) =2 (I + a?AAT) YaAATz +y (I + a*ATA)1aAT Ay
>0 min (I + 2 AAT) TAAT) | AZ|? 4+ admin (I + 02 AT A) T AT Ay)||Ay|?

Finally, observing that min (i (AT A), Mnin (AAT)) > 0 for any A, and following the statement in the Lemma (E.3) we
also have,

i (I + 2AAT)TTAAT) | Az]|? + admin (I + 2 AT A)TTAT Ay)||Ay|? > 0, Ya >0,

and hence (g,,z) >0, Va > 0. Ergo, the function x " Ay is strictly a coherent. O

B. Proof of example (4.2)
_k

Now, we restate the statement of the example (4.2). The family ofunctions fj(z,y) = 5 (2 — y*) + zy for k > 0 gives rise
to

* min-max a-coherent SP problem when o = —k,

e min-makx strictly a-coherent SP problem when o > —k.
and for k£ < 0 the family gives rise to,

* max — min a-coherent SP problem when o = —k,

* max — min strictly a-coherent SP problem when o > —k.
Proof of example (4.2). We first note that the origin is the only saddle point of the above family. Further, the origin is a
min-max saddle point when £ > 0 and a max — min saddle point when & < 0.
For this family we evaluate (g, z),

(gar2) =2((1+ a®) (ke —y — a(—z — ky))) + y((1+ ®) " (z + ky — a(kz — y)))
=1+ )7 ka? — zy + az? + akzy + zy + ky® — akzy + ay?)

11
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Simplifying this expression for o > —k we obtain,

k+a
(9o, 2) = 1+a2(m2 +94%) >0, Va > —k
Ergo, the above mentioned function class is strictly a-coherent when o > —k. Furthermore, when o = —k we have
(ga, z) = 0, ergo the class is null a-coherent for @ = —k.

C. Proof of example (4.3)

Beyond the explanation in the main text we provide numerically generated heat-maps for the weak-MVI condition for the
counter-examples provided in example (4.3) and the a-coherence region for f(z,y) = 2%y + 2y, v > —%

p:a. ‘ )
i - 1 - I

m== z= -1

z=

Region where a-MVT is not satisfied
« a=0
< Nash Equillibrium

Region where a-MVT is not satisfied
+« a=0
> Nash Equillibrium

Region where a-MVT s not satisfied
+ a=0
> Nash Equillibrium

T

(a) CGO

T

(b) CGO

x

(c) CGO

1
3

+ Region where weak-MV1 is not satisfied
. Nash Equillibrium

z=—

+ Region where weak-MV1 s not satisfied
< Nash Equillibrium

Zz T

(d) CGO (e) CGO

Figure 6. (a),(b) and (c) : where a-MVI condition is not satisfied for the function f(x,y) = 2%y + xy for increasing a. (d) and (e) :
weak-MV1 condition for f(z,y) = z°y and f(z,y) = #’y + zy;2 > —5

A detailed simulation of the a-MVI condition for f(z,y) = 2%y + xy; z > —% is available here.

D. Continuous time GDA

In this section, we state the update rule for GDA and derive sufficient convergence conditions using Lyapunov analysis. The
update rule of GDA is computed through the following optimization problem,

min 6z ' V,f + 5yTVyf + iéxT(Sx
SzeR™ 2n
| (26)
T T LT
5?6%1{?(” 0y Vyf +dx Vuf 2n(5y dy.

Which gives the following closed form update,

12
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Ax Vaf }
= — 27)
{Ay} ! [_vyf (
where 7) is the learning rate. Taking the limit 7 — 0 and scaling the flow of time with S we get the continuous time dynamics
as follows,

@ Vi f
J - _ 28
where gy = vv“’ f f} is the concatenation of the gradients. Furthermore, for the second order curvature of this dynamics,
—Vy
i.e., the gradient of gg, we have,
. V2. f  Vif } m
= 25 2 . 29
90 |:_v12/xf - %yf g (29)

For the Lyapunov analysis, we now choose ||go||? as our Lyapunov function and evaluate its time-derivative, i.e.,

: d||90H2 T T T % f % T
2 - 220 — = — zz Yy

= 25 TV2, [V f + 2V, f V2 fi+ 20T V2 [V, [+ 2V, f V2, fi

Using the update rule of GDA, i.e., Eq. (28), we substitute & and ¥ in the above equation and have,

Igol|2 = =28V, fTV2, fVof + 28V, f V2 fV,f
— 2BV f TV [V [+ 28V, [TV fVaf
=28V, f V2 fVuf — (=28V, f V2 [V, f) (30)

For the right hand side, we know,
28V f Ve [V f + (=26 [TV V) 2 Amin 2BV 20 DIV F1I7 + Amin(=28V 5, NIV, f?
Therefore, following the Eq. (30), we have,

~119011% = Anin 2BV 2 NIV F 1 + Amin (=28V 5, NIV, 11

Resulting in the following Lyapunov key inequality,

90112 < —llgoll* min{Ain(26V 2, ), Amin (—26V5,f)}

Since, for convex-concave functions, min{ Amin(26V2,.f), Amin (—26V3, )} is always non-negative, which guarantees
convergence of this dynamical system.

E. Continuous time CGO

In this section, we first derive the continuous-time update rule of CGO and then show convergence by choosing the norm
squared of the gradient of f as the Lyapunov function. Taking the CGO update rule,

Az] I av2, f17 [ Vaf
N R A ~V,f

13
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and taking the limit  — 0, treating 7 as time, and scaling time with 3, we get,

& I aVQUf}l[fo}
== 1 31
M Y [—aviwf 1] v GD
We further simplify Eq. (31) by re-arranging the matrix inverse,
@+aVe fy| _ [-BVaf
vl = e ¢y

The above form will be useful in showing convergence. By solving for variable z, y, we get the explicit form,
. -1
i=—B(I+a’V3,fVi.f)  (Ve+aVi,fV,)
. -1
y=—-BI+a’V,, V2, f) (aV,fVe—V,) (33)

We use this construction to prove Theorem (5.1).

Proof of Theorem (5.1). We choose ||go||? as our Lyapunov function and evaluate its time derivative to observe,

“z — dllgoll?
2 —
190l T
= 295 Jo
vi.f V2 f] m
=92 Vaz T -V T Tx T X
IR W i
=20 V2, Vo + 2V f V2 [+ 25TV, [V f+2V, [TV, fi (34)

Ignoring the factor 2, we expand the terms containing Vﬁy f in Eq. (34) by replacing & and 3 using Eq. (33) as follows,

§TV2, IV f + Ve f TV, fi = =B (Vo +aV2,1V,) | (I+a2V2, [V, )7 V2,1V, f
~ Vo f TV, f8(1+ V2, V2, 1) (aV2, [V, - V,)
= BV fT (I+aV2 fV2, ) V2, Y, f
—afBV, [TV f (I +a?V2, V2, 1) V2V, f
+ BV TV (I +0?V2, V2 )V, f
—aBVLf TV, f (I +a2V2, V2, f) 7 V2, [V, f (35)
Using the equality proven in Lemma (E.1) we have,
BTV IV f A Vo f TV fi = —aBVafT (I+a?V2 fV2,f)7 V2, fV2, (V. f
—afV,fT (I +0®V2, V2, f) V2, V2 [V, f
Using the expanded terms in RHS of Eq. (35) back into Eq. (34), we obtain a unified expression,
lgoll? = 22 TV2, IVuf —208Vaf T (I+a?V2, fV2,[) 7 V2, V2, [V, f
+25TV2 fV,f =208V, f T (I+ V2, fV2 f) 7 V2, V2 fV,f

We now observe that aViyfy' + AV, f = —% and avszj: + BV, f =9, yielding in,

. —1
lgoll* = _QﬂvxfTv?cvaxf - QOLﬁvach (I + O‘2v§yfv§a:f) v?:yfviyfvxf

— 20y V2, fV2. [V (36)
428V, f V2 [V, f =208V, f T (I +a?V2, fV2,f) " V2, fV2, [V, f
+2ai ' V2, V2V, f 37

14
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Substituting V. f and V, f in lines (36) and (37) with their equivalences in Eq. (32), we get,

. -1
”90”2 = _QBvxfTv?wfvxf - QQBfoT (I + a2v§yfv3xf) v?:yfviyfvxf

- 2ayTV5foixf<—“aﬂm> (38)

428V, f V2, [V, f =208V, f T (I+a>V2, V2, f) " V2, fV2, [V, f

+2ai "V, V5 fy_aﬁw (39)
Taking transpose of the final terms in lines (38) and (39), we obtain,

lgoll2 = ~28V. V2, fVaf — 208V, f T (I+a2V2, V2, f) " V2, [V2, [V, fT

+5 (0 + @92, 1) VEIVE,fi

+ 28V, f V2, [V, f =208V, T (I+a?V2, V2, f) " V2, fV2, [V, fT

42 (ay — a®V2,f3) V2, fV2, fi (40)

B

We utilize the Peter-Paul inequality to further expand V2_ f and Viy f terms in Eq. (40). In particular, we derive the

following inequalities,
20TV, Ve £ < 18TV I + V2, ol

and
20 V2, [V, [ < |1ET V2P + V2, fll.

Using these inequalities in Eq. (40), we have,
Igoll* < =28V f TV, fVof =208V, fT (14 a?V2, fV2,f) " V2, V2, V. f

1. .
GITViaf (ol +20°V2, ) V2, £+ 28V, TV}, £V f

-1 1, .
=208V, [T (I+ 0’V fV2,f) Vo fV2, [V f+ Baﬁvﬁy fal =20°V2 f) V2, [

_|_

(67

B

«

5¢TVivaixfa's

+ 59 VoSV i+

Considering that V2, f and Vf/y f are symmetric matrices, we have,
lgol|2 < —28Vaf V2, fVof — 208V, fT (I+ OéQViyfvizf)fl Ve IV Ve f
1 _
+ VAV + 5 (o 20780) IV, £
-1
+ 28V, [TV, Yy f —=2aBY, f T (I+ Ve, fV2, ) Ve [V, fVyf

| 1 |
BTV V00 5 (0= 2020, ) V5, Fi (41)

a
B

Setting Ay = max(A., —\yy) We obtain,

+

Igol? < =28V, f V2, fVaf — 208V, (I + QQV?cyfo,mf)_l V2 V2 Ve f
. 1 — .
+GETVEVEfi 4 5 (ot 20°8) V2, £
+ 28V, f V2 IV, f =208V, f T (I +a2V2, V2, f) " V2, fV2, [V, f

a . o1 — .
+ EyTv;iyfv;yfy +3 (a+207N) V2, fil|” (42)
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Using the update rule in Eq. (33), we compute,
V2, f3]|° = 82 (Vaf +aV2, 1V, ) (T+a>V2, V2, 1) V2, V2 f (Vof +aV2, [V, f)
V2,097 = 82 (=90 + aV3fVaf) (L4 0?V3, 192, ) V3 d V2, [ (<90 +aV5,fVaf).

by adding up the two equalities above, we obtain,
112 .12 -2
V2, fa||” + || V2, £l = B2Vaf T (I4+a?V2, V2 f) V2,V fVaf
+ BV, T (I + 0V, V2, ) VR VR Y, f
-2
+aBV.f' (I+ TR VA AV B VAl VAN vy AV
+afV, fTVE f (I +a2V2, fV2, ) V2 V2 Y, f
— BV, fTV2, f (T+a2V2, fV2, ) 2 V2, V2, [V, f
(%)
-2
(1)
-2
+ 0202V, f TV, f (422, [V, ) 2 V2, 1V fV2, V. f
(#41)
+ 282V, [TV f (I +a2V2, fV2 [) V2, V2 (V2 fV, f 43)
(i)

We further analyze the last four terms of the Eq. (43). In particular, we utilize the statement of Lemma (E.1) and for the
term (7) in the above equality, we have,

Vo f T (I+0V2 fV2,f) V2, FV2, fV2 fV, f
= APV f TV, (I +0°V2 V3. f) Vi V2, IV, f
correspondingly, for the term (i), we have,
a2V, f T2 (I+ V2, fV2 f) 2 V2 fV2, V. f
= af?Vyf T (I+02V2, fV2, f) V2, V2 fV2,fV. f

for the term (47), we have,
)
BV IV (L +a2VE V) Ve Ve, [V Ve f
-2
=BV f T (I +a?V3, [V f) Ve VeV [V [V f
correspondingly, for the term (iv), we have,
-2
2BV, IV (T + 0V [V, ) Ve IV Ve [V f
-2
= BV T (I + 0PV V2, ) Vo Ve YV Ve, Y f
Putting these equalities together in Eq. (43), we have,

V2, f|* + V2, 59
= VoS T (I + a2V, fV2, ) (V2, IV, f + V2 fV2, V2, [V2,f) Vo f
+ B2V, T (I +a?V2, V2 1) T (V2 V2, f + a?V2, V2 1V2, V2 )V, f
= Vo f T (I +a2V2, fV2, ) V2, V2, [V, f
+ B2V, T (1 + V2, fV2, f) 7 V2 V2 Y, f (44)
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Plugging this into Eq. (42) we obtain,

9ol < — 28V, f TV, fVof + B(202A — )V, f (I+ OzZV?CyJ‘mefY1 Ve, IV, fVaf
« . a .
+ BxTVizfvixfx - EyTvzyfvzyfy
+ 28V, f TV Y, f

+ (202X — )V, f T (I+a®V2, V2, ) V2, V2 [V, f (43)

We now do the following set of computations,

P T2V, i 4§ V2, V2, 5 Y (—aV2, i — BV f) TV, FV2, f(—aV2, fi — BV, f)
+ (aV2, fi+ BV, f) V2 V2, f(aVe, fi+ BV, f)
(b) .

= (V2 fy+ BV f) VafI?
+ @V, fi + BV, )TV, f12

(c) . .

< 202 V2, fi (V2 FI? + 202 V2, £ |2 V2, £ 112
+28%|| Vo V2 [P+ 282V f V2, fIIP

(d) —2 . —2 .

S 2ﬁ2012>\32x ||Viyfy‘|2 + 2/620‘2>‘yy ||V§xfll,‘”2
+ 280000 Vaf Vol + 2820, Vo [TV, f

(e) —2 . .

< 28205, (IIV2, fill> + V2, f]?)
+ 282000 Vaf Vo + 2820, Vo TV, f

) _ -

< 262020 Vo T (T +a2V2, fV2, f) ' V2, [V2, [V, f
+ 282005V f T (I +a®V2, fV2, 1) V2, V2, [V, f
26 N0 Vaf Vo f +28%0y Vo f TV, f

Where for (a) we use Eq. (32) to substitute Az and Ay, in (b) we re-write the terms as norms, in (c) we use the inequality
lla + b||* < 2[al|? + 2/|b]|%, in (d) we bound the terms using the maximum eigenvalues, in (&) we set Ay = max(Azz, Ayy)
and finally for (f) we use Eq. (44).

Using the above inequality in Eq. (45), we have,

. —2 —2

||90||2 < _vzf—r@Bancmf — 2B0A g I)sz + vyfT@ﬂvzyf + 250‘)‘99 I)Vyf
- ﬁ(()é - 20[2)\71 - 20‘3)‘722)vyf—r (I + azvzvaiyf)_l Vszviyfvyf
— Bla— 202X, — 2080 )V, T (T +a?V2, fV2, 1) V2, V2, V. f

By rearranging the above inequality, we get,

looll? < =V f T ((28V2.f = 280X 1) + Bla — 20°% = 20°%5") (I +02V2, [V, f) 7' V2, V2, 1) Vo f
= VT (—(2BV2,f +280X,,"1) + Bla — 20°A1 — 20°%7) (I +02V2, V2, )T V2, FV2,£) O, f
< ~llgoll? min{Amin(26V2, f = 28a%,."1) + Bla = 207X = 20°X,°) (I + a2V, V2, f) 7' V2, fV2,f),
Amin(—(28V2, f + 2ﬁaTyy21) + B(a — 2a%\; — 20%%2") (I+a?V,fV2,f) - Ve IV, )}
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which is the key Lyapunov inequality. Thus, under the conditions expressed in the statement of the main Theorem, i.e., A, as
defined in the following is positive,

A= min{Amin((28V2, f — 2800, T) + Bla — 20°X — 20°%;7) (T + V2, fV2, 1) V2, V2. f),  (46)
Amin(—(28V2, [ +2Baxy, " T) + Bl — 20°M\ — 20°%57) (T + V2, V2, f) ' V2 V2. @)
I

the quantity ||go||* converges to zero exponentially fast with the rate at least \. O

Now, we simplify the above expression of the rate using Lemmas (E.2) and (E.3) to address the 1°¢ and 2" terms respectively
in lines (46) and (47),

Aoy

Amin > Bmin{2\gg — 2000 + Ao — 20231 — 2043722)@,

A
— — — 2 yo
—2Ayy — 2a)y, + Bla— 20° 0 — 203 )o )ﬁ}

To better understand the above results, we set some relations between the quantities in the above expression. If we set o
1 1 K 1.y o 1 Ty < 1 :
such that A\yy < 555 Aee = — 555 Ayaes Awy ~ 275 Ay = — 555 Ayy < 555 K > 1. We have A1, A1 < ¢ and we obtain

)\min Z ﬁ
This shows that as long as the interaction terms Ay, Az, are of the order of the square of the deviation of the pure terms

Azzs Ayy (from the convex-concave condition i.e. Az > 0, Ay, < 0), we can guarantee convergence for CGO

Statements and proofs of the Lemmas used in the above derivation are provided below,
Lemma E.1. The following equality holds,
2 22 2 -1 _ 22 2 \—1g2

Proof. To prove this equality statement, we write,

Vool + 02V V2 (Ve = I+ 0V, V2, Ve, f
and at the same time,
V2,f +02V2, V2, V2, [ = V2, f(I + 02V, V2, )
therefore, we have,
(I+ Vo, V2, Vel =V f(I+a°V2, V2, ])

Multiplying both sides with the inverse of (I + a*V_, fV?, f) from the left, and the inverse of (I + o*V2, fV2_ f) from
the right results in,

Viaf I+ V2, V5 )7 = I+ a®Vi, V2, )T Vi f

which is the statement of the Lemma. O
Lemma E.2. The following inequality holds, Ain(A + B) > Amin(A) + Amin(B), VA, B € ST.

Proof. We know,
|AZ|*Amin(A+B) > 2" (A+ B)x =2 Az + 2" Bz, Va

the following also holds,

" Az + 2" Bz > || Az]|P Amin(A) + [|Az]|* X nin(B), Vz

Choosing z not equal to zero we complete the proof. O
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Ap

Lemma E.3. Let B € 8%, if (I+B) is invertible, \pin,((I + B)"1B) > T where Ny = A\pin(B)

Proof. We can write the following,

(I+B)'B=I+B)'B=I—-(I+B)™!

From the statement of Lemma (E.2) we can write,
/\min((I + B)_lB) > /\min(I) + )‘min(_(l + B)_l)
Hence we have,

L_ N
1+X" 14X

Amin(I+B)™'B) > 1+ (-

which is the statement of the Lemma. O

E.1. Sample continuous time analysis
For the function f(x,y) = xy. The continuous time equations for GDA/CGD are,

&= —Py (48)
y=pu (49)
The solution to the above ODE is,
x = c1cos(Bt) — cosin(ft) (50)
y = c1sin(fBt) + cacos(Bt) (1)

For the aforementioned x and y we have,

2?4y =ci+c3
which is the equation of a circle indicating that the iterates circle around the nash equillibrium.

for CGO we have,

: B
j= -t (-s+ay) (53)
1+ a2
The solution is,
—apft Bt —apft /Bt
e € .
z(t):cla2+1cos(a2+1)—c2a2+15m(a2+1) (54)
—apft Bt —apt /Bt
e . e
yt) = e gyt ) Y e s ) (55)

Thus x and y satisfy,

19



Competitive Gradient Optimization

2., .2 o oy €
¥ +y° = (cf +Cz)m
Indicating that the distance of the iterates from center falls exponentially.

The figure below illustrates the trajectories of the 2 algorithms.

a=1(CGO)
T —— a=2(CGO)
— a=3(CGO)

X start

-1 0 i

(a) Exact Trajectories

Figure 7. The exact trajectories of GDA and CGO in continuous time
with time scale 8 = 1,¢ € [0, 27| and starting point 2,y = 1,1

F. Discrete time GDA
In this section, we present the analysis of the discrete time GDA algorithm for completeness. We first present the optimization
problem and then derive GDA convergence conditions and convergence rate.

To come up with the update rule, we solve the below optimization problem,

1
: T T LT
6;1&%17"(51} Vof +dy Vyf+2n5x ox

1 (56)
T T I
61;16% 0y Vyf +dx Vuf 2n6y oy.
Which gives,
Az Vaof
- _ 57
&)= o

We now write the Taylor expansion of V, f, V,, f around the (z,y),

Vof(Az +x, Ay +y) = Vo f(z,y) + Vo, fAz + V2, Ay + Ro(Az, Ay)
Vyf(Az+z, Ay +y) =V, f(z,y) + Vo, fAy + Vo, Az + Ry (Az, Ay)

where the remainder terms R, and R, are defined as,

Ro(Az,Ay) = [ (V2 f(tAz + z,tAy +y) — V2, f) Az + (Viyf(tAJ: +a,tAy +y) — Viyf) Ay)dt  (58)

(Vi f(tAz + 2, tAy +y) = Vo, f) Ay + (Vo f(tAz + 2, tAy + y) — Vo, f) Az) dt

vy

R, (Az, Ay) =

o _ o _
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Using this equality, we obtain,

IVaf (Az + 2, Ay + )| + [ Vyf (Az + 2, Ay +9)|* = IVaf (@, 9)|* = [ Vy £z, 9)]1?
=202 V3, [V f(2,y) + 2V, f(2,y) ' Vo, fAy + Az V3, V2, fAx
+ 20y V2 IV f(@,y) + 2V, f(2,y) T Vo, fAz + Ay VL, V2 fAy+
+ Ay VLV Ay + AxTVE VL fAT + 282 V2 VR FAy + 20y "V V2 fAT
+ 2V, f(z,y) ' Re(Az, Ay) + 2827V, fRo(Az, Ay) + 20y V2, fRo(Az, Ay) + |Ro(Az, Ay)|?
+2V, f(z,y) Ry(Az, Ay) + 28y V2 R, (Az, Ay) + 2827 V3, fRy(Az, Ay) + | Ry (Az, Ay)|®

Substituting Az = —nV, f (z,y) and Ay = nV, f (z,y) we obtain,

IVaf (Az+ 2, Ay + )|I° + 1|V, f (Az + 2, Ay + y)I|° = IVaf (@ 9) 12 = |V, f ()]
= =V f (2, y) Vo, Ve f (@, y) + 20V f(2,9) "V}, VY, f(2,y)
+ 207V, f (2,9) " Vi, [V Ve (@) = 207V f (2,y) " Vi V2V, f (2.y)
+ 2V f (2, y) V2,V f(2,y) =2V f(2,9) " Vi fVaf (2,y)
(4) (i1)
PV f (2,y) " V2 V2 IV f () + 1P Ve f(2,y) V2, V2, Ve f(z,y)
PV f (,y) | V2 V2PV f (2y) + Vo f (2,9) " V2, V2 Vo f (2,)
+ 2V, f(2,y) " Ra(Az, Ay) + 282 V2, R (Az, Ay) + 28y V2 fRo(Az, Ay) + |Ra(Az, Ay)|?
+2V, f(2,y) "Ry (Az, Ay) + 28y T V2[R, (Az, Ay) + 20827 V2, fR, (A, Ay) + | R, (Az, Ay)|?

The terms () and (¢) in the RHS cancel out. Using the Cauchy-Schwarz inequality we obtain,

2V, f(z,y) T Ra(Az, Ay) < 2||Vo f(z,y)|||Ra(Az, Ay)|
2V, f(2,y) "Ry (Az, Ay) < 2|V, f(z,y)][|Ry(Az, Ay)|| (59)

Using the upper bounds on 2V, f (x, y) T R (Ax, Ay) and 2V, f (z,y) T R, (Az, Ay) derived in Eq. (59) we obtain,

IVaf (Az+ 2, Ay + ) 1> + IV f (Az + 2, Ay + )| = | Vaf (@, )1 = IV, f (2, 9)]?
= =2V f(2,y) Vo, Ve f (2, y) + 20V f(z,9) Vi, YV, f(2,)
+ 2V, f (2,y) | V2, V2 VoS (2.y) — 20°Vaf (2,y) V2, V2, FV, f (2,y)
+ 207V f (2,y) " V2, V2 PV f (2,9) + 20V f (2,y) V2, F V2, Vo f(2,y)
+ PV f (2,y) T V2 V2 IV f (@) + Vo f (2.y) | V2, V2, Vo f (,y)
+2|Vaf (2,9) [ Re(Az, Ay) || + 2V f (z,) [ [Ry(Az, Ay)]|
+ 4Ry (Az, Ay)|* + 4[|R, (Az, Ay)|?

Rearranging we obtain,

21



Competitive Gradient Optimization

IVaf (Az+ 2, Ay +y)|° + |V f (Az + 2, Ay + y)||° = IVaf (@912 = | Vy f ()]
=Vof(@,9)" (PV3f? =29V f +0° Ve, Voo f) Vaf(2,y)
+Vyf(@y) PV, 2+ 20V, f+0*Vo Ve, f) Vyf(z,y)
+20°Vof (@,y) " (V3 Ve f = Vi Ve, ) Vyf (2,y)
+ ARy (Az, Ay)|? + 4Ry (A, Ay) 1> + 2/ Vo f (,y) [[|Re(Az, Ay)|
+2V, f (2,9) [ |Ry (A, Ay)]|

To conclude, we need to bound the R terms. Using the Lipschitz-continuity of the Hessian and Eq. (58), we can bound the
remainder terms as,

IRs(Az, Ay)|l, [Ry(Az, Ay)|| < Loy (| Az + | Ay])? (60)

Using Eq. (57), we get,
1Azl + 1Ay = n*(IVa f (2, )7 + IV f (2, 9)I1)

Hence we have,

Lay(| 8] + Ay [)* < 2Lay (| A2]* + [ Ayl*) < 20 Loy (Vo f (@, 9) I + [V f (2, 9)11%)

Thus,

IVaf (Az+z, Ay + )|° + |V f (Az + 2, Ay + y)|I° = IVof (2, 9) 2 = | Vy f(z,)]
< Vot (oy) (PV2 L7 = 20V, f + 207V, £V, f
47 Ly (192 f (@9l + [V (@,9) ) Ve f (2, )
+ V@, y)T (1P VE, F2 4+ 202, f + 2PV, V2,
42 Ly (Ve (2, )| + 1V f(@,9)])) T f (2, 9)
+ 2V f (0.9) " (V2,f VoS = Vauf Vi f) Vol (2,9)

(4)
+ 802 Ly (| Vo f (2, 9)|1> + | Vy f (2, 9) 1)

We further use the following inequality,
T 1+ L+, @1 + T T/ AT
a Ab:§a Ab+§b A agz(a (AA" +1Da+b' (A A4+ 1)b)

(where in (a) we use the Peter-Paul inequality on both the terms) to bound the term (¢) in the above inequality. We
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obtain,
IVof (Az+ 2, Ay + )|I° + |V f (Az + 2, Ay + ) |> — [ Vaf (@, 9) 1> — |V, f (2, 9)]?
= Vot (o,9) (0PV2, 12 = 20V2, f +20°2, 192, f)
+ 1(80* Ly + 40* Ly (| V2 f (@, )| + [V £ (2, 9)I1) ) Vi (2, 9)
+ Yy (@ y) T (0292, 12 4+ 2092, ] + 202V, [V, f)
+ I(80*Lay + 40* Loy (| Vo f (2, )| + ||vyf<:c,y>u>>)vyf<z,y)
+ Vo f(@,y) " (V2,FVef = Vo fVa, (V2 Ve f = Vo V2, A1) Vaf(2,y)
+ 02V f(,y) T (V2 fV2, = V2, V2, 0T (V2 V2, f = V2 V2, 0) Vyf(z,y)
+ 02 /2(|Vaf (@, pI? + | Vy f (@, 9)]1)
This gives,
IVaf (Az+ 2, Ay + y)|I” + IV f (Az + 2, Ay + 9)|* < (1 = Anin) (Ve f (2, 9) 12 + IV f(2,9)]%)
Where,

. 1

M2V f =0V 2 = 23, 1V, — I(8Lay + ALy (V1 + IV, 1) + 3)

(V2,2 F = V2,1V, N (V2,3 F = V2,192, }

Hence for 1 > \,,,;» > 0 we have exponentially fast convergence. For sufficiently small n, we have convergence for all
strongly convex-concave functions with rate 1 — \,,,;,, where,

Amin = n(miﬂ{)\mm@vi.rf% Amin(*2vzyf)})

G. Discrete time CGO

In this section, we restate the update rule for the CGO algorithm and then derive its convergence rate and a condition for
convergence. Recall the update rule for CGO,

Ax _ 1 aViyf - vxf
Ayl T T —av2,f I ~V,f

The following form of the above equation will be useful in the proof,

Ax = -V .f — aViyfAy
Ay:nVyf+aV2wax (61)

Finally, writing the updates explicitly,

Az =—n(I+a?V2, fV2. ) (Vof +aV2,fV,f)
Ay =n(T+a>V2,fV2, 1) (Vyf —aV2, fV.f), (62)
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Proof of Theorem (5.2). Using the Taylor expansion of (V, f, V,, f), around the point (x,y) we obtain,

Vaof (A + 2, Ay +y) = Vo f(2,y) + Vi, fAz + V3, fAY + Ry (Az, Ay)
Vyf(Az+x,Ay+y) =V, f(z,y) + ViyfAy + Viwax + Ry (Az, Ay)

where the remainder terms R, and R, are defined as,
Rao(Az, Ay) = [ (V2 f(tAz +x,tAy +y) — Vo, f) Az + (V2 f(tAz + z,tAy +y) — V3, f) Ay)dt  (63)

Ry(Az, Ay)

o —__ o —

(Vi f(tAz 4+, tAy +y) = Vo, f) Ay + (Vi f(tAz + z, tAy + y) — Vi, f) Az) dt  (64)

Using these equalities, we obtain the value of the difference between norm of the vector (V. f, V,, f) at points (z,y) and
updated ones, (Az + zx, Ay + yx).

Ve f (Az+ 2, Ay + y)|I> + IV f (Az + 2, Ay +9)||° = | Vaf (@, 9)|1 = IV f (2, 9)]?
=20z V2, fV,f(z,y) + 2V, fz,y) V2, fAy + Az V2 V2 fAz+2AzTV2 V2 fAy
+20y Vo fVy f(x,y) + 2V, f(2,y) Vo, fAz + Ay TV fVE fAy+ 208y VYV fAR
+ Ay VL VI Ay + AxTVE VY fAx

+ 2V, f(2,y) " Ra(Az, Ay) + 282 V2, fR.(Az, Ay) + 28y V2, fR.(Az, Ay) + |Ra(Az, Ay)||?
+2V, f(z,y) Ry (Az, Ay) + 28y V2, fRy(Az, Ay) + 2827 V2, R, (Az, Ay) + |Ry(Az, Ay)|?

(65)
We now observe using Eq. (61) that,
A «f(z,
ATV, IV, f Ay = Ay T3, ATV ) (66)
ALV, V2, fAr = Ar 2, AU Vel (20) (67)
@

Adding up Eq. (66) and Eq. (67) we obtain,
ATV VS A+ Ay TV [V, Ay = =2 (Ay V5 Ve f (2y) + AaT V2,1V, (@)

Substituting this into Eq. (65) yields,

IVaf (Az +z, Ay +y)|° + |Vy f (Az + 2, Ay +y)|I> — Vo (2,9 — | Vo f(,9)])?
=2A2"V2, [V, fla,y) + (2 - ﬁ)fo(w, y) VI Ay + Az TV VI fAT + 2827V VR fAY
+2Ay V2V, f(zy) + (2 - Q)Vyf(x,y)TVf,mfo+AyTVf,yfo,yfAy+2AyTV§yfV§foar

(
+ 2V, f(x, y) «(Az, Ay) + QAxTViszx(Ax, Ay) + 2AyTV§IfRI(Ax, Ay) + [|Re(Az, Ay)|?
+ 2V, f(z,y) Ry (Az, Ay) + 28y " V2, fRy(Az, Ay) + 282 V2, R, (Az, Ay) + |Ry(Az, Ay)|?
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We use the update rule of CGO, Eq. (62) to substitute Az and Ay and observe that V2, f(I + V3, fV2 )~ = (I +
f A W) 1V2 . f as stated in Lemma (E.1) to obtain the following equality,

AzTV2 Yy f(x,y) + Vaf(z,y) V2, fAY
-1
= —naVuf(z,y)" (I+a?V3, [V, f) Vi, [V fVaf(z,y)
-1
—naVy f(z,y)" (I+a°V,, [V, ) Vi IV, [V, f(,y).
Yielding,
IVof (Az+z, Ay +y)|I° + |V, f (Az + 2, Ay + )|I° = [Vaf (@, 9l = |V, f (@, 9)]?
—1
= 200"V, [V (0,y) =002 = DVef(@,y)T (I+0°V2, V5 f) " V2, IV Vaf(.y)
+202T V2, V2 fAY + 20y V2, fV2 fAz + Avafm V2 AT+ Ay V2 V2 FAY
—1
+2V, f(2,y) Ra(Az, Ay) + 2AwTVifom(Ax, Ay) + 28y Vi, fR.(Az, Ay) + |[R.(Az, Ay)||?
+ 2V, f(z,y) Ry (Ax, Ay) + 28y V2 fRy(Az, Ay) + 2082 V2, R, (Az, Ay) + |Ry(Az, Ay) >
We now substitute Az and Ay using Eq. (61) yielding,

Vo f (Az + 2, Ay + ) |* + [Vy f (Az + 2, Ay +y)|* — [ Vaf (@, 9)]? = [Vyfla,y)]?
= =20V f(z,y) V2, fVaf(z,y) + 20V, f(x, y)TV2 Y, f(z,y)
—na(2 = Vo fla,y)T (1+a*V2 Ve f) " V2, IVefVaf(@.y)
T
2
+ Ax'V2 fV2 fAz + ; (a+n)Az+a’V2 fAy | V2,fV2, fAy
N————
(1)
.
2
+ Ay VI fAY + p (a+n)Ay—a®Ve, fAx | V2 V2, fAx
(i)
-1
—na(2= D)V, fla,y)T (1+a*V, V2, 0) " Vi V2,1V, f.y)
+ 2V f(2,y) Ra(Az, Ay) + 2827 V2, fRo(Az, Ay) +2Ay T V2 fR.(Ax, Ay) + | Ra(Az, Ay)|?
(i)
+2V, f(z,y) "Ry (Az, Ay) + 20y V2 R, (Az, Ay) 42027 V2[R (Az, Ay) + | Ry (Az, Ay)||*  (68)
(iv)

Now we use Peter-Paul inequality, and bound the terms (z) and (74) respectively as follows,

2
Aot A,z 592 Ay < 89T ACTV2, 12 4 © w2, AP

2(a+mn) a+77

AyTV2, V2 fAe < 85T Ay TV fIP 4 V2, fAz|? (69)

and terms (#4¢) and (7v) as,

202" V2 fRy(Az, Ay) < ||Ry(Az, Ay)||* + || V3, fAy|?
20y V2 fRe(Az, Ay) < [|Ra(Az, Ay)|* +||V2, fAz|? (70)
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Using the bounds obtained in Egs. (69) and (70) we get,

IVaf (Az + 2, Ay +9)|* + [V, f (Az + 2, Ay +9)|* = [ Vo f (2,9)]° = 1V, f (@, 9)])*
< -2V f(2,y) Vi fVaf(z,y)
—na(2 = DV fla,y)T (I+a?V2 (Ve f) " V2 IV IV f(x.y)

10n + 8« o+ 202V?2

AzTV2 V2 fAz+ Ay V2 f V2, fAy
Y 877 77 Yy
+ 2V f(x,y) "V, [V f(z,y)
-1
—na(2 = DV, flay)T (1 +a*V, V2, f) " VeIV, IV, f(x.y)
n 10n + 8

202V?
atn 2Vl ) o2 raa
8n Y

+2Vof(2,y) Re(Az, Ay) + 28y V2, fRo(Az, Ay) +2||Ro(Az, Ay)|?
(4)

+ 2V, f(z, y)TRy(Ax, Ay) + 2AmTViyfRy(Ax7 Ay) +2|| Ry (Az, Ay)%.
@)

Ay'V2 Ve Ay + Az TV f <

We use the Peter-Paul inequality to bound the term (i) as,

1
20y ' Vi, R (Az, Ay) < 4| Ry (Az, Ay)|* + 1\|Vf,mfﬁxll2

and the term (1) as,

1
282" V3, [Ry(Az, Ay) < 4[|Ry(Az, Ay)[|* + 1IVa, FAyll?

Substituting the above obtained bounds and noting that V. f and V, f are symmetric matrices we obtain,

IVof (Az+ 2, Ay + y)|I° + Vo f (Az + 2, Ay + ) |> — [ Vaf (@, 9)|1> = |V, f (@, 9)]?
< =V, fz,y) V2, fVaf(2,y)
—na(2= Vel (ey) T (1+0*V2 1V, ) V2 [V Ve f (@)

10n+8 +3 202 )\
i T o a8n77+ xw>

ALV, FV2, At ( 192, £ Ay
+ 2V f(z,y) V2, fV, f2,y)
—na(2 = D)V, f(a.y)" (I +a?Ve IV, f) " Vi, fV2, 1V, f(z.y)

2
10n + 8« a+3n 2077y
L Ay'V2 VI FAY + < & V2, fAz|?

+2V, f(2,y) ' Ra(Az, Ay) + 6| R, (Az, Ay)|?
+2V, f(z,y) ' Ry(Az, Ay) + 6| Ry (Az, Ay)|?
Using Eq. (61) to substitute Az and Ay we compute,
2 T
IViafAz|” =0 (Vaf(2,y) + V2, fVy f(2,y))
—2
(I+ V3, IV f) VeVl (Vef(@,y) + V2, fVyf(2,y))
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And,

V2, fAy|* = 0% (Vo f (@) + V2, fVaf (7))
(14 V2,192, ) V2 V2 f (=Y f(2,y) + V2, Ve f(2,9))

By adding up the two, we obtain,

V2, x| + | V2, fAy| = PVaf(a,y) T (14 V2, FV2 ) (V2 fV2f + V2, fV2.f) Vo f(2,y)

F PV f(2,y) T (L 4+ V2 V2, ) (V2 V2, f+ V2 V2, F) Vo f(x,y)

)
(
= PV, f(a,y) T (I+ V2, fV2, ) V2, V2, IV, f(x,y)
PV f,y) T (14 a®V2, fV2, ) V2, V2,1V, f(e,y)

Setting A\; = max(Aze, —Ayy) and using Eq. (71) to substitute [|[V2, fAy|? 4 [|[VZ, fAz||?, we have,

IV f (Az +z, Ay +y)||* + |Vy f (Az + 2, Ay + y)||> — Vo (@, 9)|* = Vo f(2,9)]?
10 8
< Vo f (@) VR IV f(r.y) + oY ATV PV fAG

(@)

11n + 16a%)\; 15 -1

10n + 8
L 10y +8a

+ 29V, f(2,y) T2, [V, f(z,y) Ay'V, V5, fAy

(@)

(1177+16042)\1 15
o A

+2V, f(z,y)"

)" Re(Az, Ay) + 6| Ry (Az, Ay)|?
+ QVyf(l‘, y)T

R
Ry(Az, Ay) + 6] Ry (Az, Ay)|*
Substituting Az and Ay from Eq. (61) we bound the sum of terms (¢) and (i7) as follows,

Az"V2 V2 fAz+ AyTV2 fVZ fAy

= (—aVZ, fAy = V. f(z,y) V2, V2, f(—aVi, fAy — V. f(z,y))
+ (V2 fAz + Yy f(z,y) Vo, Ve, f(aVi, fAz + 0V, f(z,y))

= V3. f (V2 fAy +nVaf(z,y)|”
+IV2, f (Vi fAz + 0V f(z,)]?

<207 V3, fAYIP VA FII? + 202V, fA |21V, £I1?
+ 207 V2, Ve f (2, 9) 1P + 20° V3, f YV f (2, 9) |12

=202 V2, fAy[hs” + 207 V2, fAzX,,”

+ 20| V2, Ve f () |IP + 207V, fVy f ()|
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Setting A, = max(Azz, Ayy) and using Eq. (71) to substitute [|[V2, fAy[|> + [|[VZ, fAz|?,

AxTV2 VI fAz+ Ay}, [V fAY
< 2073 (IV2, fAY | + V2, f Ax]?)
+ 2072 |V2, Vo f (2, )12 + 202 V2, £V f (2, 9)|2
< 20220 Vo f(2,y)T (I +a2V2, V2, 1) V2, fV2, Vo f(2.y)
+ 202020V, f(2,y) T (I+a?V2, V2, 1) V2, fV2 1V, f(2,y)
+ 20 Vo f (2,9) Vo f(2,y)
+ 20,V () Yy ()

Substituting the above bound in Eq. (72) we obtain,
IVof (Az+2, Ay +)|* + [V, f (Az + 2, Ay + y)II* = Vo f (@) = IV, f ()]
10 + 8ar——
< —nVaf(a,y)" <2V§xf - QWAMZ) Vaf(z,y)

10n + 8av——2
+ 0V flz,y)" (Wf,yf + 2777&/;/ > Vyf(z,y)

119+ 16a2X\; 15 —
+ (n(n+8a1 — g 2107+ 8a)a217)\22>

(Vo (@, y)T (I+a>V2, V2, ) V2, V2 1V, f(z,y)
V(@ y)T ([ +a2V2 V2, 1) V2 V2 V. f(2,y))
+ 2V, f(z, ) Ra(Az, Ay) + 6| Ry (Az, Ay)||
+2V, f(z,y) " Ry(Ax, Ay) + 6| R, (Az, Ay)|*. (73)

To conclude, we need to bound the R-terms. Using the Lipschitz-continuity of the Hessian, and equations Eq. (63) and
Eq. (64) we can bound,
IRa(Az, Ay)|l, Ry (Az, Ay)|| < Ly (| Az + [[Ay]])? (74)

Using Eq. (61) we get,

(IAz|? + [|Ayl1?) =n*(IVaf (z, 9)I* + Vo f (@, 9)]%)
+ 2a(Vo fx,y) Vi, fAz + Y, f(z,y) V3, fAy)
+ (| Vi fAZ]® + V2, FAyl?)

From Eq. (71) we have,

QA(| V2, fAz|* + ||V2, fAy|") =n2Vo fla,y) T (I+ V2, fV2, )7 a®V2, V2, 1V, f(z,y)
PV ()T (L +a®V2, V2, f) T a?V2, V2, Y, f(z,y)
<P*(IVaf (@, 9)I? + (IVy flzy)]?) (75)

And observe,
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Vo f(2,y) Vo, fAz+V, f(z,y) Vi, fAy

—

c

<

-~

(Ve (@,9), Vo f (2, IV, f Az, V2, FAy)|
d
< LIVt @ )l + 19, £ 9)|) (76)

—
=

Where in (c) we use the Cauchy-Schwarz inequality and in (d) we use the bound derived in Eq. (75). We then substitute Ax
and Ay using Eq. (62) to obtain,

Lay(|Az]| + | Ay|))? < 2Ly (|Az]* + || Ayl?)
< 2Ly (P IV f (2, 9)|* + IV f (2, 9)II7)
+ 20 (Vo f (2,y) Vi, fAz + YV, f(z,y) V2, fAy)
o
+a® (V2 Az|? + (| V2, fAy[*))
(@)

(e)
< 8 Ly (IIVa f (2, )17 + Vg f (2, 9)]1%) (77

Where in (e¢) we have used Eq. (76) to bound term (¢) and Eq. (75) to bound (i¢). Combining Eq. (74) and Eq. (77) we
obtain,

IR (A, Ay) |, IRy (Az, Ay)l| < 85 Loy (| Vo f (. 9)I* + [V f (2. 9)11%) (78)

Also we have,

2V, f(z,y) Ru(Az, Ay) + 2V, f(2,y) ' Ry(Az, Ay)
(a)
< 2([IVaf(z, )Rz (Az, Ay)[| + I Vy f(z, y) IRy (Az, Ay)||)
()
< 16Layn*(|Vaf (@ )| + IVy f (@, 0) DI Ve f (@, 9) 12 + Vo f (2, 9)]1%) (79)

Where we use Cauchy-Schwarz inequality in (a) and Eq. (74) in (b). Finally we use the bounds in Eq. (78) and Eq. (79) to
12

bound tlitzerms containing R, (Az, Ay) and R, (Az, Ay) in Eq. (73) and further set k = n(% —La)+2(10n+

8a)any” to obtain,

IVef (Ax + 2, Ay +y)|I* + |V, f (Ax + 2, Ay + y)II* = IVo f (@, 9)II* = IV, f(z,9)]°
10n + 8a— _
<=V f(z,y) (n <2viwf - 217+a)\m2) +k (I + a2vz2ryfvz2ﬂf) 1 Viyfvzz/wf

= 160" Lay (IVaf (@, 9)| + IVy f (2, 1))

10n + 8
Y, fay) <2V§yf Lol t8a

= 160" Lay (IVaf (2, 9)ll + IV f (2, 9)I])

—2 -1
Ayy ) +k(I+ Ve, Ve, f) Vo fVe,f
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Rearranging we obtain,
[(Vaf(z+z,y+9), Vyf(@+z,y+y)| < Q= Anin) [(Vaf(z,9), Vy f(z,9) ]l
Thus for 1 > \,,;, > 0 where,
Am“l:nﬁn{Ammxn<2v3%f—21mtj8“Aﬂf> k(I +a2V2, V2, ) V2, V2. f
—160°L (Vo f(z, )| + Vo f (2, 9)])
= 3840  L2(| Vo f (2, )1 + IV f (2, 9) %)),
Amm@w(?v;f+2HM+8a&wﬁ-+kU+«fv;fv;fy*v;fv;f

—160*L (Vo f (2, )| + Vo f (2, 9)])
— 384y L2(| Vo f @ 9)|P + [V (o )]12) }

we have exponential convergence with rate (1 — Ay ).

Now, we simplify the above expression using Lemmas (E.2) and (E.3) to obtain,

Azy

21077 + 8a

. 2 2

=384 L2(| Vo f (2. )1 + [V f (2. 9)1?),

10n 4+ 8av—-2 Aya

Yz _ 2
M)+ b 1O L (VeS| + (900

= 384y L2(|V o f (2, 9) |2 + |V F (2 9)I1%) |

—r](QM—i—Q

When initializing close to the stationary point, the Lipschitz-continuity of the gradient guarantees that the terms
UIVaf (@l +1Vyf (2 y)l) and |V f (2, y)|1? + |V, f (2, )||* are small and we have,

. 10n 4+ 8ar——2 Azy
min { 7(2A\za » )+ T+ aZhgy
10n + 8a~——2 Ay
gy + 2R ) R 042M}

which is the statement of our Theorem.

H. Convergence for a-coherent functions
H.1. CGO converges to a saddle point under strictly a-coherent functions

Proof of Theorem (5.3). We prove the convergence through contradiction. Let us assume that the algorithm does not
converge to a saddle point. Let z,, := (z,, y) denote the parameters at the n’th iterate of the algorithm. g, » = go(2n)
denote the vector g, evaluated at z,,. Let the set of saddle points be Z*, and let all the iterates of the algorithm lie in a
compact set C. Then from the assumption we have Z* NC = ¢. Now from the definition of strict coherence we have
(Gan,z — 2*) > a for some a > 0 and 2* € Z* and ,Vz € C. Such a z* is guaranteed by definition (3.4)(2"¢ point).

Recall the proximal map defined in Eq. (12),

2t = P,(y) = argmin{(y, z — 2') + D(2, 2)} = argmax{(y + Vh(z),z') — h(z")}. (80)
Z’eZ z'eZ
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Then for Bregmann Divergence Dj,(z,y) with K-strongly convex potential function ~ and 2-norm ||.|| we have, (Mer-
tikopoulos et al., 2019)(Proposition B.3),

K
D(p,z") < D(p,2) + (y,z = p) + 5 [ Ay]* (81)

2
To obtain the CGO update we substitute y = —1,gan: 2 = 2n, 27 = zp41,p = 2%, h = % in Eq. (81) we get,

M llgan?

D(Z*, Zn+1) = D(Z*vpzn(_nnga,n)) < D(Z*v Zn) - 77n<goz,na Zn — Z*> + D)

Note that the above substitution in Eq.(81) is equivalent to CGO only in the interior of the domain. At the boundary we
need an additional projection step since in Eq. (81) we only look within the domain for the minimum.

Since the saddle point is c-coherent we have (gq n, 2 — 2*) > a for some a > 0.

* * ,'7727,||gO¢JL||2 * ZZ:l ||77kH2 -
D(2", zn11) < D(2%, 2) — na + === < D(2%, ) — (0 — F&5—— K
2 23 =1 "k k=1
Since we have >, _, mi, = oo and >_,_, ||mk|* < oo, we obtain lim,,_, D,, = —oco, which is a contradiction since the
divergence is positive. Hence CGO converges to a saddle point. O

H.2. 0CGO converges to a saddle point under a-coherent functions

Proof of Theorem (5.4). Let P,(y) be as in Eq. (12) and 2z = P.(y1),25 = P.(y2). We then have for Bregmann
Divergence Dj,(z,y) with K-strongly convex potential function h, 2-norm ||.|| and a fixed point p (Mertikopoulos et al.,
2019)(Proposition B.4),

1 K
D(p,xz3) < D(p,z) + (y2,x1 —p) + ﬁHAyz -l - 5||A33Ir -z (82)

Let p* be a solution of the SP problem such that a-MVI holds Vz € X x ), the existence of such a p is guaranteed via the
definition of a-coherence Def. (3.4)(2"¢ point).

In order to obtain the oCGO update we substitute Y1 = ~7nga,n: Y2 = ~nganids T = 2n, = zn+%,m§r = Zny1,P =
2
p* and set h = % (for this h we have K = 1),

2
D(LL’ aszrl) < D((Ij 7Zn) - 77n<9a,n+%,zn+% -z > + 7n||ga,n+% - gaﬂl”Q - §||2n+% - anQ

From coherence condition we have,

2
n 1
D(p*v ZTL+1) S D(p*a Zn) + ?ana,n#»% - ga,nHQ - §||Zn+% - Zn||2 (83)

Using Eq. (61) we get,

2
[0
”ga,n—i-% - ga,n||2 < Hgo,n-i-% - gO,n”2 + nig(vay,n-&-%fAyn—&-% - Viﬂyy"fAyTL'P

n

+ ||V:ry,n+%fTAmn+% - vfyynfTAanz)
Where (Azy,, Ay,) = —NnGa,n. (Azpy 1, AYy 1) = —MnGangy and Voy o f, V1 f are the second order cross
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terms evaluated at 2y, z,, . 1 We can re-write the above as,

1
1Ay = Ar Ay — A

n

< 190,041 — 9o,nll®

2
(6%
+ n72|‘vxy,n+%fAyn+% - vxy,n+%fAy” + vxy,n—&-%fAyn - viymfAyn”Q
n

042

+ Hvacy,n-l-%fTAIn-‘r% - wa,n—&-%fTAxn + vmy,n—&-%fTAx” - vﬂiyﬂfTAanQ

U
< 190,41 — 9o,nll®

2
[0
+ nig(“vmy,n—&-%f”?HAyn-&-E - Ayn”2 + ||Ayn||2||va,n+%f - me,anQ)

n

2
[0
+ nig(“va,n+%f—r”2”Axn+% - A‘r’ﬂH2 + ||Amn“2||van+%f—r - vzy’nfTHQ)

Using the Lipschitz continuity of the Hessian terms, setting o[V, ., 1 f[|* = a®(|Vyy i1 f1]* = @®L3, < 1, and
rearranging we get,

%”Al‘n-i-% - A'rn7Ayn+% - AynH2 S 1 _ ||vzyi+;f|2a2 ||g0,n+% - gO,n”2
QQ 2 2
B Wy g 1Py 180 Ve = Vv 1)
a? 2 T T2
RO Va3 1) VA Wy I = Vw7
L? 5
Y] o L B
2 2
oy (I Aall? + 1200?20y — 2l

+
77%(1 - vay,n—&-%fH2a2)

Finally we have,

o L2+ L2, a2 (1A + [ Ayall?)
||go¢,n+l _ga,nH < 2 2 9
2 nn(l - ||v'ry,n+%f|| « )
L? + L3, 0 (e + 1) [lgon |
M (L= [IVay ny 1 flI70?)

l2nts — 2nll?

[E (84)
Substituting in Eq. (83) we get,

27112 2 2 2 2
D(p*?zn-l‘l) SD(p*azn)—i_Hzn i _ZTLH2< " : _7)
T2 2(1 - ||vxy,n+%f||2a2) 2

BL? + L0t )PL 1

20— [Voyor s /20?2 (85)

<D(p*,z) + ||zn+% — 2| X(

Hence if o satisfies the following,
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o'L3, L +a’L? -1 <0

or equivalently we have,

LA+ 4L2 L2 — L7 LA+ 4L2 L2 — L
~ <a< (86)

212,12 212,12

and also 7,, satisfying the following,

VJOPL2L3, + L2 — 201 2L L3, — 2L/ — o’ L3L2

zy

0<n, < 87
7 Q?L°L2, + L7 87)
‘We have,
BRIP4 L2t m IR
2(1 - Hvzy,nJr%f'PaQ) 2
and the divergence decreases at each step. By telescoping Eq. (85) we obtain,
n 2772 2 2 272
L=+ Ly« (o +mi)?L .
ey — 26l*(1 - ) <2D(a", 21). (88)
]; *z (1 - ||va:yk+% ||2CY2)
We also know Zpyl = 2k = —NMkGaks thus for « and 7, satisfying Eq. (86) and Eq. (87), we have,
. Z l2ir g — 2el* = lEn:vﬂlg Wl <2 D", =) (89)
"= e "= FEE Tne o

RLP+LZ o 2r? . .
k (1;? V”u (a—ﬁ;]gl) > ¢, V. If we assume without loss of generality that 7, converges to 7, then we have

from Eq. (89) that the average of [|ga,n | and [|2,, 1 — z,|| falls with order O(2) where n is the iteration count.
Taking limit of Zpy1 We have,

Where 1 — ~

my,k-*—%

Z* = lim Zpyl = P (—nga(z7)),

k— o0
this implies z* satisfies a-SVI and is hence a solution of the SP problem via definition of c-coherence Def. (3.4) (1°¢ point ).

Coherence condition Def. (3.4)(3"¢ point) implies that a-MVI holds locally around z*. Thus for, « and 7,, satisfying
Eq. (86) and Eq. (87) respectively, and sufficiently large n, we have,

2L/2+L2 O[2Oé+ 2L2 1 (a)
o 0 (O B 1D e
2(1 - ||V:ry,n+%f|| « ) 2

D(2", 2n11) SD(2", 2z) + 2" = 2n*(

Where the equality in (a) holds if and only if z* = z,,. Thus D(z*, z,) is non-increasing and z,, — z* which is a saddle
point. O
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I. Additional examples and simulations

We now present some more simulations of CGO and oCGO on the function x| Ay with multiple samples of the matrix
A = (aiz), ai; ~ N(0,1).

23 ’ 25 ’
20 20
20 20
e .
~ L5 N 1.
=15 = = =
> > > =
== 10 T N y
10 —— a,=0,0.1 — a,n=0,0.1
an=1,05 s an=1,05
— a,n=2,05 05 05 : a,n=2,05
05 @n=305 @n=3,05
X start 00 00/ start
00 05 10 15 20 25 3 00 05 g s 70 2 w0 05 0 5 20 25 00 05 0 s 70 s
[l [, llll, [,
(a) CGO (b) oCGO (c) CGO (d) oCGO
20
15
=
[ — an=0,1c2
10 / — =105
— [ / — an=205
- — a=3,05
X start
03 00 1.0 15 25
[l
(e) CGO
25
20 20
20
15 L5
=15 o o
= = =
_ 10 1.0
10 f
an=01e* | | L N\ ——ag=001 | )/ ——am=01eF | o a,7=0,0.1
a,n=1,05 P a,n=1,0.5
05 — a,n=2,05 o5 05 — a,n=2,05
— an=3,05 — an=3,05
X start X start
00 00
00 05 1.0 15 20 25 00 05 1.0 15 20 25 30 00 05 10 15 20 25
llzl, |2, 2],
(i) CGO (j) oCGO (k) CGO (1) oCGO
25
20 .
20
L5
= = =
B = =
10 o
— a,n=0,1e? —_— — a,7=0,0.1
— an=1,05 — — an=1,05
Lo — a,n=2,05 0s — 15 05 — a,n=2,05
— an=3,05 — a,=3,0. — an=3,05
X start X start X start
05 0 g 00 05 0 s 70 25 0 g 70 35 00 05 0 s 20 5
[l [, [l |1,

(m) CGO (n) oCGO (o) CGO (p) oCGO

Figure 8. CGO and oCGO on bilinear function family f(z,y) = x' Ay, z € R*, y € R® for 100 iterations. In each row, the 1°¢ and 2"¢
as well as the 3" and 4*" figures correspond to the same sample of A
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