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Abstract

Low-degree polynomials have emerged as a powerful paradigm for providing evidence of statistical-
computational gaps across a variety of high-dimensional statistical models [Wei25]. For detection prob-
lems — where the goal is to test a planted distribution P’ against a null distribution P with independent
components — the standard approach is to bound the advantage using an L?(P)-orthonormal family of
polynomials. However, this method breaks down for estimation tasks or more complex testing problems
where P has some planted structure, so that no simple LQ(P)—orthogonal polynomial family is available.
To address this challenge, several technical workarounds have been proposed [SW22; SW25], though their
implementation can be delicate.

In this work, we propose a more direct proof strategy. Focusing on random graph models, we construct
a basis of polynomials that is almost orthonormal under P, in precisely those regimes where statistical-
computational gaps arise. This almost orthonormal basis not only yields a direct route to establishing low-
degree lower bounds, but also allows us to explicitly identify the polynomials that optimize the low-degree
criterion. This, in turn, provides insights into the design of optimal polynomial-time algorithms. We
illustrate the effectiveness of our approach by recovering known low-degree lower bounds, and establishing
new ones for problems such as hidden subcliques, stochastic block models, and seriation models.

1 Introduction

In high-dimensional statistics, a central objective is to design computationally efficient estimation — or
test — procedures that achieve the best possible statistical performance. However, in many fundamen-
tal problems — such as sparse PCA, planted clique, or clustering — the best known polynomial-time
algorithms fail to attain the performance that is provably achievable by the optimal estimators. This
gap between the information-theoretic optimum and the best polynomial-time performance, known as a
statistical-computational gap, has been conjectured to occur broadly. From this perspective, the perfor-
mance of an efficient algorithm should be compared not to the information-theoretic optimum, but to the
best achievable by any polynomial-time method, leading naturally to the problem of proving lower bounds for
polynomial-time algorithms. Since statistical problems involve random instances, classical worst-case com-
plexity classes (P, NP, etc.) are not well suited for characterizing hardness. Instead, computational lower
bounds are typically established within specific models of computation, such as the sum-of-squares (SoS)
hierarchy [Hop+17; Bar+19], the overlap gap property [Gam21], the statistical query framework [Kea98;
Bre+21], and the low-degree polynomial model [Hop18; KWB19; SW22], sometimes in combination with
reductions between statistical problems [BB20; BR13; BBH18].

Among these, low-degree polynomial (LD) lower bounds have recently emerged as a powerful tool for
establishing state-of-the-art computational lower bounds in a variety of detection problems — including
community detection [HS17], spiked tensor models [HS17; KWB19], sparse PCA [Din+24] among oth-
ers — and estimation problems — including submatrix estimation [SW22], stochastic block models and
graphons [LG24; SW25], dense cycle recovery [MWZ23], and planted coloring [Kot+23] — see [Wei25] for a
recent survey. In the LD framework, we restrict our attention to estimators — or test statistics — that are
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multivariate polynomials of degree at most D in the observations. The central conjecture in the LD litera-
ture is that, for many problems, degree-O(logn) polynomials are as powerful as any polynomial-time algo-
rithm. Consequently, proving failure for all degree-O(logn) polynomials provides strong evidence [KWB19]
of polynomial-time hardness. The LD framework connects to several other computational models, includ-
ing statistical queries [Bre421], free energy landscapes from statistical physics [Ban+22], and approximate
message passing [MW25].

In this work, we consider testing and estimation problems on random graph models with latent struc-

ture. We observe an undirected graph with n nodes, encoded in the adjacency matrix Y* = (Yig)lgkjgn €

R™"=1/2  where Y5 equals 1 when there is an edge between ¢ and j, and 0 otherwise. We consider a
latent structure model, where for some ¢ € (0,1), some symmetric matrix © € R™"=1/2 and some unob-
served latent assignment z € [n]|™, the Y;*s are sampled independently conditionally on z, with conditional
distribution

i
P[V5;=1]z] =q+ 6., ; P[Y;=0[z] =1-¢—0.., . (1)

It is more standard to consider the matrix ©* defined by ©7; = ¢ + ©;; for i # j, but the parametrization
with © will be more convenient for our purpose. We consider two different sampling schemes for this latent
assignment vector z:

Condition 1 (Independent sampling). Fori=1,...,n, the z;’s are sampled uniformly on [n].

Condition 2 (Permutation sampling). The vector z = (z;)1=1,...n is distributed as the uniform permuta-
tion over [n].

Under Permutation Sampling, E[Y™*|z] is distributed as a random permutation of ©* whereas, under
Independent-Sampling, E[Y *|z] corresponds to some sampling with replacement of ©*. Importantly, the
distribution of Y* is permutation-invariant in both cases. This model encompasses three classical random
graph models that depend on some parameter A € [0,1 — ¢] and some integer k € [n].

(HS) Hidden subclique Set ©;; = A1{i < k}1{j < k}. When two nodes belong to the hidden subclique
(that is z; < k), then the connection probability equals A + ¢q. Under Independent-Sampling, each
node belongs to the hidden subclique with probability k/n, whereas, under Permutation Sampling,
the size of the hidden subclique is exactly k. We refer to the former model as (HS-T) , and to the latter
as (HS-P) .

(SBM) Stochastic Block Models. Assume that n/k is an integer. Then, we set ©;; = A1{[1] = [£]},
where [z] stands for the upper integer part. Under Independent-Sampling (SBM-I) , Y* is sampled
as a SBM with K = n/k groups with random size. Under Permutation Sampling (SBM-P), Y* is
sampled as a SBM with K = n/k groups of size exactly k.

(TS) Toeplitz Seriation. For simplicity assume that % is even. We have ©;; = A1|,_j|<x/2, where the
label z € [n]™ is either sampled uniformly at random in [n]™ (TS-I) , or is sampled uniformly in the
set of permutations (TS-P) .

Our contributions.

1. We present a novel approach for proving low-degree lower bounds for testing and estimation in random
graph models with planted structure. Our method relies on constructing a new basis of low-degree
polynomials invariant under vertex relabelling, which is almost orthonormal when the planted structure
(i.e. ©) is small. Typically, this property holds as long as the signal is weak enough to prevent non-
trivial recovery using degree-log(n) polynomials. The technique offers a simpler systematic framework
for proving low-degree bounds, particularly effective when the latent vector z is not i.i.d., thereby
opening the door to addressing previously unsolved and challenging settings. An additional advantage
of this framework is that it allows us to explicitly identify the polynomials that optimize the low-degree
criterion, providing insights for the design of optimal polynomial-time algorithms — see open problem
#6 in [Wei25].



2. We establish two new low-degree lower bounds for testing and estimation in the general model (1),
covering the three models (HS), (SBM), and (TS). These bounds yield new results for testing between
different planted structures in these three models, as well as new results for estimation in the (TS-I),
(TS-P), (HS-P) and (SBM-P) models. We also recover several known results for (HS-I) and (SBM-I),
up to logarithmic factors. Note that in this paper, we throughout assume that |©| is of smaller order
than ¢ up to a polynomial in D, which is not necessary, but which simplifies significantly our analysis
as we want to have a generic analysis for all models.

A glimpse at our technique for deriving LD bounds. We now give a brief overview of our approach
for deriving LD bounds; full details appear in Section 3. To simplify the forthcoming analysis, from now on,
we work with the centered adjacency matrix Y defined by

Yij=Yi—q , forany 1 <i<j<n. (2)

Let P denote the distribution under the null hypothesis Hy in the testing setting, or the distribution of the
data in the estimation setting. Proving LD lower bounds amounts to establishing an upper bound of the
form (see Section 2 for further details)

E[zf(Y)]

sup <Efa]* (1+0(1)) , 3)

f:deg(f)<D E [f(Y)2]

dPr,

where z is the likelihood ratio x = —p*(Y') in testing P against Py, , or the target quantity in estimation.
The supremum ranges over all polynomial functions f of degree at most D, and I[E[ar:}2 = 1 in testing

problems. The value E [x}z corresponds to the supremum for D = 0, i.e. when restricting to trivial constant
polynomials.
In a simple detection setting with © = 0 under Hy, the supremum in (3) can be evaluated explicitly. In-

deed, the monomials {(;SS(Y) =[lujesYis 1 S € SSD}7 indexed by S<p = {S C {(4,j) : 1 <i < j<n}:|S| <D},
form an L?(PP)-orthonormal basis for degree-D polynomials. Defining 25 := E [x¢g(Y)], we obtain
2
Elef (V) (Ssesen @sis)

Sup ——————2— = sup
raes()<p BIFOY)?] (as)ses.,  Lsese, 9%

= l[(@s)sesnll® (4)

so the problem reduces to comparing ||(Zs)ses.,||2 with E [2]>. This is the classical approach first derived
in [Hop+17; HS17; KWB19]. However, the convenient simplification fails for estimation problems or more
complex testing settings with © # 0 under Hy, where no simple explicit L?(P)-orthonormal basis for low-
degree polynomials is available. Two strategies have been proposed to address this issue:

1. The approach of [SW22] applies an affine transformation to Y, and then uses a partial Jensen inequality,
integrating over the latent variable inside the square, i.e., schematically

E[f(Y))] 2 E [ [f())] = IMTal? (5)

yielding an upper triangular matrix M that can be simply inverted. The supremum (3) is then bounded
above by ||M~'2||?, which can be evaluated thanks to the explicit inversion of M. This method has
been successfully applied to certain estimation problems in stochastic block models, graphons [LG24],
and dense cycle recovery [MWZ23]. However, the integration over z within the square can cause
cancellations between symmetric terms, significantly shrinking the L?-norm and leading to suboptimal
bounds, see e.g. [EGV25b].

2. The more powerful method of [SW25] bypasses the construction of an L?(P)-orthonormal basis by
instead building one in the extended space L?(P"'), where PV is the distribution of W = (Y, z). The
task then reduces to finding a minimal norm solution u of an overcomplete system Mwu = . This
approach has yielded tight bounds in a variety of problems [SW25; Chi+25], but its applicability
can be limited in complex settings, as it requires identifying special solutions of a large overcomplete
system.



We propose a simpler and more direct method for evaluating the supremum (3). While constructing an
explicit L2(P)-orthonormal basis seems infeasible beyond basic detection problems, we relax the requirement
to almost orthonormality. Our method is based on two key ideas:

1. Restrict attention to polynomials f invariant under permutations of the vertex labels, i.e., f(Y5) = f(Y)
for any permutation o of [n], where [Y;]i; = Y,y 0(j). Indeed, the supremum in (3) is achieved for
f invariant by permutations. Such symmetry property has been exploited in previous works [Sem24;
KMW24; MW25] where the authors leverage some invariance by permutations or by orthogonal trans-
formations.

2. Construct a basis of invariant low-degree polynomials that is almost L?(P)-orthonormal in the weak
signal regime, in the sense that

Ell D asos(Y)| | = ll(as)sescp P (1 +0(1)) | (6)

SeS<p

typically when |©], = A is small.

To achieve the key property (6), we start from the basis {¢g : S € S<p}, adjust it to ensure E [¢pg(Y)¢ps (V)] =

0 for many (but not all) distinct .S, S’, and then average over permutations of the labels to enforce invariance.
A central result is that the resulting basis is almost orthonormal for weak signals. Compared with [SW22],
our method avoids the potentially suboptimal Jensen step (5). Compared with [SW25], computations are
simpler, which may facilitate its application to more intricate problems. For example, problems where the
latent vector z is a permutation can be treated more directly, whereas earlier analyses were considerably more
involved [EGV25a]. Another important advantage of our direct approach is that it allows us to identify the
dominant polynomials in (3), thereby yielding optimal algorithms for the underlying testing or estimation
task.

1.1 Related literature

Low-Degree Polynomials in Hypothesis Testing and Estimation. Historically, the low-degree method
originated from the study of the sum-of-squares (SoS) semidefinite programming hierarchy [Bar+19]. The
idea of capturing polynomial-time complexity via low-degree polynomials emerged in a sequence of works [Hop+17;
HS17; Hopl8; KWB19] on detection problems, namely hypothesis testing under a simple null distribution
(typically with independent entries). The core strategy is to expand the likelihood ratio in a basis orthonor-
mal under the null distribution, and then solve the resulting optimization problem explicitly. This approach
has been successfully applied to a broad range of models, including community detection [HS17], spiked
tensor models [HS17; KWB19], sparse PCA [Din+24], and planted subgraph problems [EH25], among many
others.

In contrast, the literature on complex testing problems is relatively sparse. Two notable exceptions
are [Rus+22] and [Kot+23], which study testing between two different “planted” distributions, each with
a distinct type of hidden structure — for example, testing between stochastic block models with different
number of communities, or between g-colorable and (g + ¢)-colorable random graphs. Their proofs adapt
techniques from [SW22] originally developed for estimation.

Theory for estimation (or “recovery”) has been primarily developed in [SW22] and [SW25]. The frame-
work of [SW22] has been successfully applied to submatrix estimation [SW22], stochastic block models
and graphons [LG24], and Gaussian mixture models [EGV24]. It has also been extended to more complex
latent variable models by exploiting conditional independence [EGV25b] and weighted dependency graph
theory [EGV25al, yielding lower bounds for challenging settings such as sparse clustering, biclustering, and
multiple feature matching. The more recent work [SW25] develops a technically further involved but sharper
theory, providing exact constants for thresholds and establishing lower bounds for polynomials of degree D
as large as fractional powers of n. This approach has been applied to planted submatrix, planted subclique,



spiked Wigner, and stochastic block models [SW25; Chi+25]. When there is no detection-recovery gap —
i.e., when recovery is as easy as detection — recovery lower bounds can be directly derived from detection
bounds. For problems exhibiting a gap, more sophisticated detection-to-recovery reductions have recently
been proposed [Li25; Din+25].

The ideas of leveraging symmetries in the data generating distribution and constructing a nearly orthog-
onal basis first appeared in [MW25] for the rank one matrix estimation problem, where the basis is derived
from Hermite polynomials. This strategy was further developed in [KMW24] for tensor models such as the
spiked tensor model, introducing the tensor cumulant basis of rotationally invariant polynomials, which is
nearly orthogonal under the tensor-Wigner distribution. Beyond the difference between the statistical mod-
els, [KMW24; MW25] only establish the near orthogonality! of their basis in specific regimes or asymptotics:
the tensor Wigner distribution being a “pure noise” model, [KMW24] need to rely on a Jensen-type argument
reminiscent of [SW22] to consider estimation problems. [MW25] also considered a specific asymptotic regime
for their rank one matrix estimation problem. In both [MW25; KMW24], the spectrum of the associated
Gram matrix is bounded away from zero and infinity, but does not approach 1 as the problem size grows —
a key distinction from our setting. In comparison to those two works, we prove that our basis construction
is a versatile and simple tool to establish near optimal LD lower and upper bounds. We further elaborate
on the connection between our basis construction and [KMW24], [MW25] in Section 3.

Finally, beyond predicting computational thresholds for polynomial-time algorithms, low-degree polyno-
mials can also provide insight into time complexity in the hard regime. The low-degree conjecture [Hop18§]
posits that degree-D polynomials can serve as a proxy for algorithms with runtime approximately n”. Ex-
tensions of this framework address optimization problems [GJW24] and refutation tasks [Kot+23]. For a
comprehensive overview of the low-degree method, its connections to other hardness frameworks, and a
broader set of references, we refer to the recent survey [Wei25].

Hidden subclique. The planted clique problem, corresponding to ¢ = 1/2 and p := A+ q¢q = 1, is
a canonical example of a problem exhibiting an information—computation gap. While the existence of a
hidden clique can be detected as soon as k > 2logy(n) by exhaustively scanning all possible cliques, all
known polynomial-time tests fail when k = o(y/n). Low-degree hardness for detection in this regime was
proven in [Hopl8], adapting arguments from [Bar+19], and the corresponding hardness of estimation was
established in [SW22].

For the planted subclique problem (i.e., p < 1), [SW22] showed low-degree hardness for recovery when

% (1 v %) < log(n)~2 . (7)

This result was refined in [SW25], which proved low-degree hardness of recovery for

Ak
—_— <2

q(1 —q)n

(8)
By analogy with the planted submatrix problem, when k > y/n, recovery is conjectured to be possible above

this precise threshold using Approximate Message Passing[DM15].
For detection, [DMW25] showed low-degree failure roughly when p = o(,/qk?/n) for k > /n, and when

p = 0(q"°%2(®) for k = o(\/n). Finally, [EH25] studied the more general case where the hidden subclique is
replaced by an arbitrary hidden subgraph. They found contrasting behaviors depending on the subgraph
density: an statistical-computational gap appears only for dense subgraphs, specifically when the subgraph
density exceeds the logarithm of its number of nodes.

Stochastic Block Model. The Stochastic Block Model with connection probabilities p, ¢ scaling as 1/n
has attracted significant attention since the seminal paper of [Dec+11], which — using tools from statistical
physics — conjectured computational hardness of recovery below the Kesten—Stigum (KS) threshold

Ak
VAE +ng

1Here, near orthogonality means that the eigenvalues of the corresponding Gram matrix are bounded away from 0 and from
o0, whereas almost-orthogonality ensures that its eigenvalues are asymptotically close to 1.

<1. 9)




Non-trivial recovery above this threshold was established in [Mas14; BLM15; AS15; Chi+25]. Low-degree
hardness of detection below the KS threshold (9) was proven in [HS17]; see also [Ban+21; Kun24].

For recovery, [SW25; Chi+25; Din+25] proved low-degree hardness below the KS level (9) when &k > /n
and the polynomial degree D is a fractional power of n. This result was extended to the denser regime with
1/n < p,g < 1 and k> /n in [LG24; Chi+25]. For p, ¢ of constant order, the same conclusion holds at
the modified KS threshold e

VAR —p —q) +ng(1—q) <!

When k < \/n, [LG24] established computational hardness for A = O(/qlog(n)~?), although this bound is
believed to be suboptimal [Chi+25].

(10)

Teeplitz seriation Optimal statistical rates for various loss functions have been derived in [FMR19; CM23;
BCV24]. However, the best known polynomial-time algorithms achieve significantly slower rates [CM23;
BCV24]. For this reason, statistical-computational gaps have been conjectured, e.g., in [CM23; BCV24]. In
particular, [BCV24] and [EGV25a] proved a low-degree lower bound for a Gaussian version of the (TS-I) and
(TS-P) models, showing that low-degree polynomials fail when k—\/’\ﬁ V A <1 up to poly-logarithmic factors.

1.2 Organization of the manuscript

In Section 2, we introduce the two statistical problems studied in this paper, namely the problem of estimating
an entry of ©, and a specific composite-composite testing problem, where we want to test a small alteration of
our structure. We introduce our invariant basis for LD polynomials in Section 3, and we establish its almost
orthonormality for all our models, when the signal is weak enough. In Section 4, we then rely on these
almost orthornormal polynomials to establish LD lower bounds for the estimation and testing problems.
Additional definitions, important for the proof, are introduced in Section 5. While the proof of the almost
orthonormality property in the general case is technical — as we simultaneously handle different models
— it becomes much simpler when instantiated to a specific model, like the hidden subclique model (HS-I).
To provide insights, we convey in Section 6 the core ideas by detailing the proof for the specific hidden
subclique model (HS-I). Finally, we present in Section 7 general conditions under which our basis is almost
orthonormal, these conditions being satisfied for all models under consideration in this work.

2 Setting

Recall the six statistical models (HS-I), (SBM-I), (TS-I), (HS-P), (SBM-P), (TS-P) described in the intro-
duction. Henceforth, we write P and [E for the probability and expectation of Y.

In this manuscript, we tackle two statistical tasks: estimation and complex testing. In estimation,
the goal is to recover the E[Y|z] = (O.,.,)1<i<j<n. In complex testing, the goal is to test some structural
properties on the matrix (6,.;)1<i<j<n — this is in sharp contrast with signal detection problems [KWB19]
which test the nullity of ©.

2.1 Estimation

As is standard for LD lower bounds in estimation problems [SW22], we focus on estimating the functional
z=1{0,, ., #0} . (11)

Note that ©, ., = E[Y72]z] € {0, A} for the all six models (HS-I), (SBM-I), (TS-I), (HS-P), (SBM-P), and
(TS-P) so that proving a LD lower bound for estimating x readily allows, by linearity, to establish a LD
lower bound for estimating the matrix (©.,.,) in Frobenius norm. We recall that

inf  E[(f—x)?%| =E[2?] — Cort%, , 12
et [(f —2)?] 7] I p (12)



where

E |z ses., asY?s
Corr<p = sup El/z] = sup [ St ] (13)

Fideg(N)<D VE[f?]  (as)ses 2
o P[]

is the minimum low-degree correlation criterion introduced in [SW22]. As explained in the introduction
— see (3), proving that Corr ,, is no larger than E[z?] for D of the order of log(n) is a strong indication of
the computational hardness of the estimation problem. Our aim is therefore to characterize the regimes of
(k,n, \) such that CorrZ ;, < E[z?](1 + o(1)).

2.2 Complex Testing

Fix € € (0,1). For all our six models, we define an alteration

1 Alteration of (HS). First sample (©.,.,) from (HS-I) (resp. (HS-P)). For all i such that z; < k,
we set the i-th row and i-th column of (©.,.;) to zero with probability e. In plain words, under the
alteration of (HS-I), the size of the hidden subclique is distributed as Bin(n, k(1 — €)/n) instead of
Bin(n, k/n), whereas under the alteration of (HS-P), its size is distributed as Bin(k, (1 — €)) instead
of being equal to k.

2 Alteration of (SBM). First sample (0.,.,) from (SBM-I) (resp. (SBM-P)) and sample uniformly
a group [ € [n/k]. Then, for all i such that z € [(I — 1)n/k; (I — 1)n/k + 1], we set the i-th row and
i-th column of (©.,,) to zero with probability e. In this alteration, we decrease the size of one of the
K = n/k groups of the SBM and we create a new group of size en/k (in expectation) whose probability
of connection is always equal to q.

3 Alteration of (TS). First sample (0.,;,) from (TS-I) (resp. (TS-P)) and sample uniformly a position
[ € [n]. Then, for all i such that z; € [I — k/2;1 + k/2], we set the i-th row and i-th column of (©2,2,)
to zero with probability e. In the alteration of (T'S-P), this amounts to erase some of the entries of the
Teeplitz matrix.

We have defined these alterations as illustrative and unified examples of complex testing problems. We could
adapt the methodology to other structural tests (e.g. number of groups in the SBM), as the main difficulty in
establishing the LD lower bounds is to introduce a candidate basis and establish its almost orthonormality.

Henceforth, we write Py, and Ep, for the probability and expectation in the altered model. For each of
the models, we consider the testing problem

Hy:Y ~P against H;:Y ~Pg, . (14)
In the low-degree framework [Hop18; KWB19; Wei25], the difficulty of the testing problem is characterized
by

EH Z OstS
Adv<p = sup Emlfl = sup i [ SCSen } . (15)

Fideg(H<D VE[f?]  (as)ses 2
V e s

As explained in (3), Adv<p < 1+ o(1) for D of the order of log(n) is a strong indication of the hardness of
testing P against Py, .

In order to control both Adv<p and Corr<p, we introduce in the next section a basis of invariant
polynomials. After having established its almost orthonormality under P, tight bounds for Adv<p and
Corr<p will easily follow.

3 Almost orthonormal invariant polynomials

In this section, we construct a specific basis of node-permutation invariant polynomials. As the construction
for the testing problem is slightly simpler than for the estimation problem, we start with a dedicated basis
for bounding Adv<p.



3.1 Basis for the complex testing problem

First, we exploit the permutation invariance of the distribution P to reduce the space of polynomials. A
function f : R™ ™ — R is said to be invariant by permutations, if, for any matrix Y, and any bijection
o [n] = [n], we have f(Y) = f(Y5) where Yo = (Y, (3),0(j))-

Lemma 3.1. Fiz any any degree D > 0. If both P and Pp, are permutation invariant, then the minimum
low-degree advantage Adv<p is achieved by a permutation invariant polynomial.

This reduction was already done in [Sem24; KMW24; MW25]. To introduce our basis of invariant
polynomials, we consider simple undirected graphs G = (V, F) where V' = {vy,...v,} is the set of nodes and
where F is the set of edges. We write #CCgq for its number of connected components G.

Definition 1 (Collection G<p). Let G<p be any mazimum collection of graphs G = (V, E) such that (i) G
does not contain any isolated node, (i) |E| < D, and (i) no graphs in G<p are isomorphic.

In fact, G<p corresponds to the collection of equivalence classes (with respect to isomorphism) of all
graphs with at most D edges, and without isolated nodes. Henceforth, we refer to G<p as the collection of
templates. Consider a template G = (V, E) € G<p. We define IIy as the set of injective mappings from
V — [n]. An element 7 € IIy corresponds to a labeling of the generic nodes in V' by elements in [n]. For
m € Iy, we define the polynomials

PG,W(Y) = H Yﬂ(u)ﬁﬂ.(v); and PG = Z ngﬂ- . (16)

(u,v)EE melly

For short, we sometimes write Pg for Ps(Y), when there is no ambiguity. For the invariant polynomials
Pg, we say that G is the template (graph) that indexes the polynomial. The idea of indexing the invariant
polynomials by templates is borrowed from [KMW24; MW25], although their basis are different to account
for normal distributions.

Let us denote P2, the subspace of permutation invariant polynomials f with degree at most D. The next

lemma states that, as expected, any permutation invariant polynomial can be expressed using polynomials
P¢ indexed by G € G<p.

Lemma 3.2. Assume that D < n. Forany f in 772%, there exist unique numerical values ay and (ag)ceg
such that f(Y) = ap + > geg., acPa(Y).

Correction of the monomials. The family (Pg)ceg.,, is orthogonal under the distribution with null
signal — namely © = 0. However, it is far from being the case when © # 0, and we have to adjust the basis.
The main ingredient is to tweak the polynomials Pg . involved in Pg. Consider a template G € G<p

with ¢ connected components (G1, Ga,...,G.). Then, we define
Pg:= Y Pgn; with Pgr:=]][Pe~—EPs.xl - (17)
welly =1

Note that E[Pg, »| does not depend on the choice of w. This correction centers the polynomial associated
with each connected component of the template graph.

Remark. This correction, already implemented in [MW25], is instrumental to achieve near and almost
orthogonality properties — see the comment on their difference in the literature review, subsection 1.1. To
see that, let us consider the hidden subclique (HS-I) model. Given GV, G@) | write 7MW [GM] | 7P [GP)] for
the graphs GV, G® with labeled nodes 7 (VM) 7 (V). In the model (HS-1), Py xy and Pge) o)
are independent as long as T [GMV] and 7 [GP)] do not intersect. Then, by definition of Pg ., one can
check that E[FG(I)J‘—(I)?G@),T‘.@)] = 0 as soon as one connected component of ©V[GM)] does not intersect
72 [G(2)} or vice versa. As a consequence, the correlation between ch and FG@) will be quite small.



Renormalisation of the polynomials. It remains to normalize the polynomials Pg. For this purpose, we
need to compute the order of magnitude of E {ﬁé} = an,ﬂ@) E [ﬁG,ﬂu)ﬁGm(z)]. Thanks to the previous

correction, most terms E [ﬁG7W<1)ﬁGJ<2)] are small, and the dominant term is achieved for 7D and 73

such that 7 [G] = 7 [G]. There are [y |[Aut(G)| such couples (7(1), 7(2), where Aut(G) stands here
for the automorphism group of G. All these |IIy ||Aut(G)| terms are identical. Also, it turns out that such

terms E [ﬁéjﬂ} are of the order of E [Pcz:,n]~ If the matrix © had been equal to zero, we would readily get

E[PZ .| = G'F! where G := ¢(1 — ¢). This approximation turns out to be sufficient for our purpose. In light
of the above discussion, for any G € G<p, we define the variance proxy for Pg by

n!
V(@) = — = [Aut(@)[7", with g=q(1-q) . (18)
(n—[V])!
Finally, we define the normalized polynomial
P
Vg=—9_ . (19)
V(&)

Since (1,(¥a)aeg.,,) span the same space as (1, (Pg)aeg.,,), we deduce from Lemmas 3.1 and 3.2, the
following result.

Lemma 3.3. If both P and Pp, are permutation invariant, then we have

Em, |ap + 2 geg., ac¥a
Adv<p = sup i [ er } . (20)

(ag,(ac)ceg ) 2
<D \/]E |:[a@ + ZGE(JSD QG\I/G} :|

Our main result result is given in the next theorem. It states that, for all our six models, the basis
(1,(¥Yg)Geg- ) is almost orthonormal as long as A is not too large.

Theorem 3.4. There exist positive numerical constants co and c, such that the following holds for all D > 2
and all sixz models (HS-1), (SBM-1), (TS-1), (HS-P), (SBM-P), and (TS-P). If we assume that

() () () so-

then, for any vector a = (ag, (ac)ceg.p) in RI9<p+1 we have

(I=cD a3 <E|[{apg+ Y ac¥q| | <(1+eD7?)als . (22)
GeG<p

In fact, this theorem is a straightforward consequence of the more general results (Theorems 7.1 and 7.2
and Proposition 7.4) stated in Section 7. Note that under the assumptions of the theorem, we readily get
the following upper bound for the advantage

—1

Advip < (1-cD7?) 7 |1+ Y Egp[¥e]?| . (23)

GeG<p

So, we only need to bound the first moment of the basis elements under the alternative hypothesis to control
the advantage, and establish a LD lower bound. This is done in the next section.

To the best of our knowledge, this is the first time that for general structured distributions, and under mild
conditions on the parameters (k, A, q), such an almost orthonormal basis is constructed, although [MW25]
established a similar result in a BBP-type asymptotic, for the rank one matrix estimation problem.

The conditions on Theorem 3.4 are indeed rather mild, except the last one:



e The first condition % < D7 does not exclude interesting regimes. Indeed, when k is of the order of
n, no significant statistical-computational gaps arise in our models.

e As further discussed in the next section, when the condition A\k/\/ng < D~ is not fulfilled (up to a
polynomial in D), in most interesting regimes, it is possible to reconstruct the signal matrix (©.,.;)
with a LD polynomial estimator, so that the problem is computationally solvable.

e The last condition A < ¢D~ is more restrictive and is in fact not intrinsic — it entails that we
only deal with the regimes where the two probabilities ¢ and p = ¢ + A are of same order. Relaxing
this condition to A = o(,/q) is technical but doable at least for the classical instances of the hidden
subclique model (HS-T) and stochastic block model (SBM-I). However, this is beyond the scope of this
paper, as our aim is to establish simple yet versatile results. In the regime where A > /g, then the
normalization V(G) defined in (18) ceased to be a good approximation of the second moment E[Pg ]
and one has to resort to a different normalization —see the subsequent work [CGV25a].

3.2 Basis for the estimation problem

We now turn to the basis for the estimation of z = 1{0, ., # 0}. If the distribution PP is invariant under
permutation, then the distribution of (z,Y’) is invariant under permutation of the node {3,...,n}, as the
two first nodes play a specific role. As a consequence, we have to slightly adapt the definition of the ¥s's.

Consider a template G = (V, E) with V' = {v1, va, ..., v, }, without isolated nodes (except possibly v1, v2),
with |[V] > 2 and at least one edge. Let Hg}’z) be the set of injective mappings 7 from V' — [n] such that
m(v1) = 1,m(vy) = 2. We then define the polynomial

PSP = 3 Pon.

(1,2)
melly,

For short, we sometimes write Pc(;l’Q) for Pél’Q) (Y') when there is no ambiguity.

Let GV = (VD W) and G?) = (V3 E®)) be two templates. We say GV and G are equivalent if
there exist a bijection o : V1) = V() such that a(vgl)) = v§2), a(vél)) = 1152) and o preserves the edges. In
other words, the graphs G!) and G are isomorphic with the additional constraint that the corresponding
bijection maps v( ) to v(2) and U M to v (2 - Then, we define G_ (1:2) 25 a maximum collection of non-equivalent
g(l :2)

templates with at most D edges and at least one edge. Consider a template G € with ¢ non-trivial

connected components (G1,Ga,...,G.). We define

.2 1 1,2 <
Pe? = > Per i with Py =] Pois — ElPo ]

(1,2)
welly,”

Recall that § = ¢(1 — ¢). Define the variance proxy

- 2)!
y02(q) = =D p 02 gy gl (24)
(n—[V])!
where Aut(l’z)(G) is the set of automorphisms of the graph G that let v; and v, fixed. Finally, we define

the polynomials
—5(1,2)
P
12 _

<= A

The following result is the counterpart of Lemma 3.3 for the estimation problem.

(25)

Lemma 3.5. As long as P is permutation invariant, we have

E [m(a@ + Zceg(;bz) OlG\IIE;l:Q)):|

Corr<p = sup
am(ac)ceggba)

E

2
[04(2) + Zcegu 2) Oéc\lf(l 2)] }

10



The following result is the analogue of Theorem 3.4 for the basis (1, (\118’2))Geg<1,2> ).
<D

Theorem 3.6. There exist positive numerical constants co and ¢, such that the following holds for any

D > 2 and all siz models (HS-I), (SBM-1), (TS-1), (HS-P), (SBM-P), and (TS-P). If we assume that

BECONORSS

then, for any o = (ayg, (ag) ), we have

Gegly

2

1=cD B <E|[ag+ Y ac®i? | | <@ +cD7?)al} . (27)
Gegly

Again, this theorem is a straightforward consequence of the more general theorem 7.3.

4 Main Low-degree Lower bounds

In this section, we deduce LD lower bounds from the almost orthornormality of the basis. We start with
estimation problems as those are more classical.

4.1 Estimation problem

Theorem 4.1. There exist positive numerical constants ¢ and cq such that the following holds for any D > 2.

Provided that L i \
() () (3) <o @)
n nq q

then, all siz models (HS-I), (HS-P), (SBM-I), (SBM-P), (TS-I), and (TS-P) satisfy
Corr<p < E[z](1+c¢D7!) . (29)

Note that E[z] = Corr<g. This entails that, when (28) holds with D of the order log(n), no polynomial
of degree of order log(n) can perform significantly better than the constant prediction E[z] of degree 0
polynomials.

To discuss our results, let us focus on D = log(n) and regimes in (g, k,n) such that k& < and

oz o ()
q > n/k?. Note that this forces k to belong to [v/n;nlog”®(n)]. Then, Theorem 4.1 states that recovery is
impossible by low-degree polynomials as soon as

Ak
< —¢o .
= log™“(n) (30)

For both hidden subclique ((HS-I) and (HS-P)) and stochastic blocks models ((SBM-I) and (SBM-P)), it is
known that recovery is possible in polynomial time above this threshold [SW22; LG24; SW25]. In particular,
we recover the impossibility results of [SW22; LG24; SW25] for (HS-I) and (SBM-I). In comparison to the
tight bounds of [SW25], our results are less tight as we lose poly-logarithmic factors. Besides, our LD lower
bounds are optimal when ¢ > n/k? whereas [SW25] deal with the case where k > \/n. As already alluded,
we believe that the condition ¢ > n/k?, which arises because we require A < ¢, is an artefact of the proof
and can be weakened to k > \/n using arguments that are more tailored to the models (HS-I) and (SBM-I).
To the best of our knowledge, the LD lower bounds for the permutations models (HS-P) and (SBM-P) are
novel.

For the Teeplitz seriation models ((TS-I) and (TS-P)), the Condition (30) matches that of [BCV24] for
polynomial-time reconstruction in the dense regime (g of the order of a constant). It is also similar to the
LD lower bound in the Gaussian setting of [BCV24] for (TS-I) and [EGV25a] for (TS-P) when k > y/n.

11



4.2 Complex testing problem

Recall the altered distributions Py, introduced in Section 2. Here, we deduce from Theorems 7.1 and 7.2
and in particular from (23) a bound for Adv<p.

Theorem 4.2. There exist positive numerical constants ¢ and co such that the following holds for any D > 2.

Provided that ) i \ NE
() (20 (2) () <0~
) \Vma) "\a) T\

then, all siz models (HS-I), (HS-P), (SBM-I), (SBM-P), (TS-I), (TS-P) satisfy

Advi, <1+ceD7' . (32)

Under the low-degree conjecture, Theorem 4.2 provides a strong indication that when Condition (31)
holds it is impossible in polynomial-time to distinguish the distribution P and Pg,. Given Theorem 3.4 and
the Bound (23), to prove this theorem, we only have to control the first moments Ep, [¥¢] for G € G<p.

Condition (31) is the conjunction of Condition (28) for reconstruction and the condition e\2k? <
D~%n,/q. In particular, the latter inequality is optimal for the alteration detection problem. Indeed, con-
sider the statistic 7' =3, ,Yj;. Since A < ¢, we have T' — E[T'] = Op(n,/q) and T — Eg, [T'] = Op,,, (n,/q).
As a consequence, T' is powerful as soon as [E[T] — Eg, [T]| > n,/q. Since E[T] — Eg, [T] is of the order of
eAk?, the result follows.

5 Graph definitions

In order to show the almost orthonormality of the family (¥¢)geg. . we have to work out cross products
of the form E[Pga) Pg2] for two templates G® and G®. In turn, this is done by working out quantities
of the form E[PGU)’,T(UPG@)J@)] where 7)) and 7 are two labelings of GW and G@. This requires a
systematic way to classify the combinatorial structures that arise when two template graphs are overlaid.
The purpose of this section is to introduce all these concepts.

Recalling that we write 7(1)[G] and 7(?[G] for the corresponding labeled graph, E[Pga) 1) Poe) re]
highly depends on the nodes in common between these two graphs. Indeed,

PG(1)771—(1)PG(2)77|—(2) = H YT{‘(I)(’Ul)Tf(l)(’Ug) H Y7r(2)(v1)7r(2)(v2) l
(v1,v2)EEM) (v1,v2)EE(2)

and the distribution of the product is a function of the edges that appear twice in 71 [G(M] and 72 [G(?)]
and of the edges that appear only once in these two graphs.

5.1 Node matching and graph merging

Matching of nodes. Consider two templates G = (V1) EMW) and G = (V2 E®)). Given labelings
71 and 72 we say that two nodes v(!) and v(® are matched if 7 (v(1)) = 73 (v(?)). More generally,
a matching M stands for a set of pairs of nodes (v, v?) € V) x V) where no node in V1) or V2

appears twice. We denote M for the collection of all possible node matchings. For M € M, we define the
collection of labelings that are compatible with M by

(M) = {7'((1) ellya), 7 € Oye : Vo, o) e VD x v {70 (0) = 73 ()} = {0V, 0?)) e M}} .
(33)

Importantly, as P is permutation invariant, E[Pga) 1) Pae) ] is the same for all (7(V),7(2) in II(M).

Given a matching M, we write that two edges e € E(V) and ¢/ € E®) are matched if the corresponding

incident nodes are matched.

12



elS)

Ga

G(2)

Figure 1: Illustration of two templates G) and G®, a matching M and the symmetric difference graph
Ga.

Merged graph G, intersection graph G, and symmetric difference graph Ga. Consider two
templates G and G?) € G<p and two labelings 7(!) and 7(?). Then, the merged graph G, = (V, E)
is defined as the union of 7 [GM] and 7 [G()], with the convention that two same edges are merged
into a single edge. Similarly, we define the intersection graph G = (V, En) and the symmetric difference
graph Ga = (Va, Ea) so that Ean = Ey \ En — see See Figure 1 for an example. We also have |Ej| =
|IEOW|+|E@)| —|Eq| and V| = [V |+ [V | — | M]| for (71, 7(2)) € TI(M). Note that, for a fixed matching
M, all graphs G (resp. Gn, Ga) are isomorphic for (7)), 7(2)) € II(M) and we shall refer to quantities
such as |Eal, |Val,...associated to a matching M.

Finally, we write #CCyx for the number of connected components in Ga, and #CCpyye for the number
of connected components in G that are solely composed of nodes from G, or from G®). This is the
number of connected components that are “untouched” from the matching process. These two quantities
only depend on (77(1), 7(?)) through the matching M.

Sets of unmatched nodes and of semi-matched nodes. Write UV resp. U®) for the set of nodes in
7M[GM], resp. 7 [G?)] that are not matched, namely the unmatched nodes, that is

UW = 7MY\ 7@ (v3) . U® = z@ @)\ 7Oy M)y
Again, [UM| and |U®)| only depend on (71, 7)) through the matching M. We have, for i € {1,2},
VOl = M|+ [UW] . (34)

Write also Mgy = Mgy(M) € M, for the set of node matches of (G, G(?)) that are matched, and yet
that are not pruned when creating the symmetric difference graph Ga. This is the set of semi-matched
nodes — i.e. at least one of their incident edges is not matched. The remaining pairs of nodes M \ Mgy are
said to be perfectly matched as all the edges incident to them are matched. We write Mpy = Mpy (M)
for the set of perfect matches in M. Note that

VO + [VE| = [Val + Msm| + 2|Mpu] - (35)

Definition of some relevant sets of nodes matchings. We define M* C M for the collection of
matchings M such that all connected components of G(!) and of G(?) intersect 2 with M. As a consequence,
for any M € M*, we have #CCpyre = 0. Finally, we introduce Mpy C M for the collection of perfect
matchings, that is matchings M such that all the nodes in V(! and V(?) are perfectly matched. Note
that, if M € Mpy, then Ga is the empty graph (with Ea = (}). Besides, Mpy # 0 if and only GV and
G®) are isomorphic, which is equivalent to G = G when GV, G € G p.

2Here, we mean that, for each connected component, at least one its vertices appears in a tuple of M.
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' Shadow

Figure 2: Illustration of the shadow of a graph. The information contained in the shadow are all labels of
the nodes which are colored. The labels of the black part is not registered in the shadow — but we know
the “shape” and that all nodes in the black part are perfectly matched.

5.2 Further definitions

This subsection gathers other concepts that will be useful for establishing the almost orthonormality of the
basis. It can be skipped at first reading.

Shadow matchings. Write for two sets U(l) C V(l),U(2) C V@ and for a set of node matches M € M
Maadon (01,02, M) = {M' € M UOM) =T, 0OM) = T?, Msu(M) =M}, (36)

namely the set of all matchings that lead to the set M of semi matched nodes and to the sets U;,Us of
unmatched nodes in resp. G, G?). We say that these matchings satisfy a given shadow (U1,Us,M). The
only thing that can vary between two elements of Mghadow (Ul, Us, M) is the matching of the nodes that are
not in Uy, Us, or part of a pair of nodes in M. This matching must however ensure that all of these nodes
are perfectly matched.

Edit Distance between graphs. For any two templates G() and G®), we define the so-called edit
distance.
d(GW,G?) .= min |Eal . (37)
Mem

Note that d(G™M,G?)) = 0 if and only if G and G? are isomorphic. As a consequence, if G and G
are in G<p, the edit distance is equal to 0 if and only if G = G(2).

6 Core of the proof: the (HS-I) model when ¢ =1/2

In what follows, our goal is to set aside the technicalities arising from the consideration of more complex
models, and instead focus on the simple (HS-I) model in the case ¢ = 1/2. This will allow us to clearly
illustrate how our proof technique proceeds in order to prove almost orthonormality. We present a detailed
and annotated proof for this specific case. Although the other models, as well as the case g # 1/2, involve
certain important technical differences, the core ideas and methods of the proof remain the same.
Assume that D > 2 and that for some large enough universal constant cg > 5.
My A vE S pse , (38)

Vin Vg on
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with 7 = ¢(1 — ¢). For P = Py, our goal is to prove the almost L?(P)-orthonormality of the family of

invariant polynomials (V¢)geg.,, With ¥g = I\D/E;G) defined in (17) and (19).

Through this proof as well as other proofs, we shall often use that, for any template graph G, its number
of vertices, edges, and connected components are respectively at most equal to 2D, D, and D.

Proposition 6.1. Let T' be the Gram matriz (g ge)
Under the Condition (38), we have

G, .G®egp = (E[\I/GU)\I/G(2>])G(1>,G<2)eg§D .

IT —TI|lop < 2D~ .

This proposition is mostly Theorem 3.4 in our specific model. We emphasize that once this result is
proven, a bound on Adv<p can be derived simply. Indeed, note first that E [¥¢] = 0 due to the centering (17),
i.e. 1 is orthogonal to all W. Hence the previous proposition together with Lemma 3.3 imply that

2
En {a@ +> OZG\I/G} 1+ ||(Eg, © 2
AdVQSD _ sup 1 EQSD S ||( Hq G)GEQSD ||2 . (39)

2 _ —c0)2
co(@c)ococp | [(aw+Zceg<D aG%) } (1—2D )

So it only remains to bound H(EHl‘I’G)GegSD Hz in order to get a bound on Adv<p.
In the remaining of this section, we focus on the proof of Proposition 6.1.

Step 0: Preliminary computations. We observe that E[Yj;[z] = O.,., = A1{z < k}1{z; < k} and
E[Y3|z] = 4 ©.,.,(1 —2¢q) = g for ¢ = 1/2. Consider two templates GW, G®? | some node matching

M € M and two injections (71, 7(2)) € TI(M). Since the Y;; are conditionally independent given z, we
have under P

E [PG(”JT(UPG@),W(?)] =E H Yi; H YZ?

| (i,))EEA (4,9)EER

=E| J[ ota<iigzh<ih ]

| (i,))EEA (i,§)€EEn
= NEalglEalp [z, < K, for i € Va]

NN (@>q _ (%)'Eﬁ' (g)“qm . (10)

This implies in particular (with G(2) = ()

o k |V(1)\
E [Pooy xo] = AF <—> . (41)

n
Also if M =}, then for any functions f™), f() of edges respectively in 7()(EM), 72 (E®)), then
E {f(l)f@)} —E {f(l)] E {f@)} , (42)
by independence of (Ej)(m)ew(l)(E(l)) and (nj)(ig)ew@)(E(?))-
Step 1: From Fg  to ?G,W. A first key observation is that thanks to the centering (17), the Gram matrix
(E [ﬁGth(l)?G(?),w(?)])G(l),g(z)egSD,ﬂmenv(l) TWET (2 (43)

associated to (FG,T‘—)Geg<D7ﬂ—€HV is quite sparse — unlike the one associated to (Pg x)Geg<p,rer, - Further-
more, on the non-zero entries, it is quite close to the Gram matrix associated to (Pg x)ceg.p,relly -
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Proposition 6.2. Let M* be the collection of matchings M such that all connected components of GV and
of G®) intersect with M.

1. If M ¢ M*, we have E [?G(l)ﬂr(l)?G(z),ﬂ'(z)} =0;
2. If M € M*, we have

E [Pow 0 Pae@ -] — B [Paw -0 Po@ r@]
E [Pow 0 Pg@ 1o ]

< D73

” ; _ (D) (1) _ (2 (2)
Proof of Proposition 6.2. Write GV = (G} ""’G#Cccm)’ and G = (G} 7...761*#006(2)) for the de-
composition of GV, G?) into their resp. #CCga), #CCr2) connected components. Write also ﬂ”, . W;Z()jc oy

and 7T£2), . Wg)cc oo for their respective labelings.

Proof of 1): If M ¢ M*, there exists one connected component belonging to either GV or G®| whose

nodes are not matched in M. Assume w.l.o.g. that this connected component is Ggl). By Equation (42), we

have
#CC L)

E [FG(I)’W(l)ﬁG(2)1T((2>} =K {chl)’ﬂ(l)} E ll_I ﬁGl(l),ﬂ-(l) X ﬁg(2)1ﬂ—(2) =0, (44)
=2

since E[ﬁG(l) ] = 0 according to the centering (17).
1 >
Proof of 2): From the identity

L
[[(ac—1be) = Z D T ae [T 0e (45)
=1

sc(L 0¢S  teS

we derive

E [FG(l)yﬂ.(l)ﬁG(2),ﬂ.(2)] = Z (*1)‘51|+\SZ|E H PG(41),7T(1) H PG(?),W(Z)
SlC[#CCG(1>] iE[#CCG(l)]\Sl iE[#CCG(g)]\SQ

S2C[#CC 2]
IIR#%9]7
1€So

11 7o o0

1€ST

Then, the following lemma holds.
Lemma 6.3. For any any S1 C [#CCgm ] and any Sz C [#CCqe) ], we have

O<E 1T Pow o 11 Poo , E|]]P GO x

Jlnve

iE[#CCG(l)]\Sl ) ie[#CCG(Q)]\Sz €S 1€S2
1\ (51152072
< (n) E [Pow) z) P x2)]

This leads to:

’E I:FG(l)Jr(l)FGQ)’ﬂ.@)] —E [PGu),Tru)PG(z),ﬂ(z)] ’ - <E> (IS1]+182])/2
E [Pow ») Poe ] -

S1C[#CC 4 1)) S2C[#CC 42y 151]V]S2]>1

L (s1+s2)/2
< Z D51+52 (_)
n

$1<D,s2<D:s1Vsa>1
<D

by Equation (38) with ¢y > 5 and D > 2.
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Proof of Lemma 6.3. Define the matching M from M by removing all node pairs such that a least one node
lies in the connected components indexed by Sy or So. Then, we take (71, 7)) € TI(M). Note that,
without loss of generality, we can take 7 = 71, and 7 restricted to nodes that do not belong to a
match in M is equal to 7. Equipped with this notation, we have

5 T Pean I1 Peee |B[T P

’iE[#CCG(l)]\Sl ie[#CCG(g)]\SQ i€ST

E| Il Poo.s

i€Ss

=E[Pow 70 Po =]

(46)

We write Ga = (Va,EA),Gn = (Va, En),Gy = (V, Ey) for the resp. symmetric difference, intersection
and union graphs corresponding to the labeled graphs 70 (G™M), 7()(G®) and also Ga = (Va,Ea),Gn =
(Va, En),Gu = (Vy, Ey) for the resp. symmetric difference, intersection and union graphs corresponding to
the labeled graphs 71 (GM), 72 (G(?).

By Equation (40), we have

)\ [EAl k‘ [Val )\ |EA| k \VA\ _
E [PG(UJ(UPg(z)J(z)] = <E> (E) qlEU‘, and [E [Pg(nﬁ(npc(z)f(z)} = <E> (E) G‘Eul .

Since M C M, we have - -
[Eal = |Ea| and  [Ey| > [Ey] . (47)

So that since A <g=1/4

k

E [Pao) =0 Poe 7@ | < <E

[Val=[Val
> E [Pow »0 Pge x|
In addition, again since M C M, we have
Val=Val+ M\ M| . (48)

On M*, each connected component indexed by S1, S must contain at least one matched node in M, which
cannot be in M, so we have

2[M\ M| > |81 +92] . (49)
Combining the last three equations concludes the proof of this lemma. (I
O

Step 2: Entry-wise control of the Gram matrix. A first step towards deriving a bound on the operator
norm of I' — I, is to derive a bound for each entry. Building on the orthogonality between many Pga) )

and F(;(z)m(z), and on the proximity between ?G,F and Pg », we prove below that I' is entrywise close to
the identity, which is the core of the proof of Proposition 6.1.

Proposition 6.4. Consider two templates GV, G?) € Gop. We have
Do ae — H{aW = g} = ‘E[‘ch(l)\I}G@)] —1{aW = G(Q)}‘ < o —3eod(G,GP)v1 7

with d the edit distance defined by (37).
Proof of Proposition 6.4. We have by definition:

E [\I/G(l) ‘IJG(Z)]

1 _ —
Z Z E [Pcw -0 Pae r@]
MeM (7(1) 7(2))eII(M) \% V(G(l))V(G(2))
1 _ —
> ) V(G(l))V(G@))E [Pa ) Pao ]

Me M+ (71'(1) ,W(Z))EH(M)
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where the second line follows from Proposition 6.2.

Step 2a: Decomposition of the scalar product over M* \ Mpy and Mpy. The set Mpy is
non-empty only if G = G®). And if GV = G?)| we have for any 7 € IIy,q)

92 .
n|Auw(GO)E [Pow .| B[P,

1 _ —
Z Z V(G(U)V(G(Q))E I:PG(I)JT(I)PG(Z)’TF(Z)} = (7’L — |V(1)|)' V(G(l)) = qlE(l)‘ )

MeMepm (7D, 7(2))eIl(M)
(50)

since

n'

Mpn| = [Aut(GD d || = : )
[Mpu| = [Aut(GH)] and  [II(M)] (n— (VO + V@] - |M]))!

(51)

and by definition of V(G()). Equation (40) ensures that E[P2 ] = 721, so by Proposition 6.2 we

G ()
have
(1= D 3)g 2"l < B[P o] <% I(1 4+ D73%) . (52)

Hence

‘E Wew oo ] —1{GW = G(2)})

[FGU)Ju)ﬁg(z)JQJ + D730 = A4 D30

1
<> > E
MEA T Mpnt () mreriy VY (GDV(GP)

Step 2b: Making A explicit as a sum of Ay. Observe that for any M € M, we have that
E [Pow - Pae x] = Em is constant for any (r(1), 7)) € TI(M). So that by Equation (51)

1
T D S
V(G(l))V(G@)) MeM*\Mpn (7D 7(2))el1(M)
1 n!
— Fm
V(GD)V(GD) MGMZ\:MPM (n = (VO] + V] - |M]))!
By Proposition 6.2 and Equation (40), we have
k ‘VA|
Em < A Eal (_> qlEm\ (1 —Q—D’SCO) ’ (53)
n

where we recall that |[Eal, |Va|, |En| only depend on the matching M as all graphs Ga (resp. Gn) are
isomorphic for (7™, 7(2)) € TI(M).

Since (n—(\v<1>|+7\l\!/<2> BRI \/(n—\V<1>|73!!(n_\V(2)I)! < n(UPHIUPD/2 where we recall that [U(®)] is the number
of unmatched nodes in G(*), and by definition of V(G), we have
E v,
A< ! AP U@ /2 <L) . <E)| . (1+ D—3o)
\/’AUt(G(l))’ ‘Aut(G(E))} MeM*\Mpn Va "

- Z ( AR >U(1)+|U(2>| ( A )IEAU(I)U@) <k>VA||U“)||U<2)
< = 2 b ,
\/’Aut(G(l)H ‘Aut(G@))} MeM*\ Mpur qn \/6 n

using that D > 2 and ¢g > 4, and rearranging terms in the last line. Write Ang for the summand in the last
line.
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Step 2c: Bounding of A by summing over shadows. Recall we define shadows and Mgpadow in
Section 5. We now regroup the sum inside A by enumerating all possible matchings that are compatible
with a shadow. We get

2

A< 0 ® Anmt -
\/|Aut(G )| Aut(G@)] UD ey @ ey@ ) MEMapadow (UL U@ M)
MeM\Mpu
We have the following control for the cardinality of Mgpadow:
[ Mahadow (U, UP . M)| < min(|Aut(GM)], [Aut(GP))) (54)

see Lemma A.5 and its proof. Observe that two matchings M and M’ that belong to Mpadow (U1, U2 M)
have the same difference graph Ga. Hence

A<?2 > Ay - (55)
U(l)CV(l),U(2>CV(2>,
MeM\Mpnm

Step 2d: Bounding Ang. A key observation is that for any graph Ga = (Va, Ea) without isolated nodes,
we have |Ea| > [Va| — #CCa. Since |[Mgu| + U] + [UP)| = |V4], it follows

|Ea| > [UW| + U@ if M e M*,  since in this case |Mgy| — #CCa > 0;
|Ea| > d(G(U, Gy v, by definition of the edit distance and if M & Mpyy.
Hence, the signal assumption (38) ensures that for M € M* \ Mpy
Ay < D8c0UNHUD ) p=8eo(| Eal=(UM[+[UP ) p=8ecoMsn| . =8coll Eal+Msl]

< D74co[d(G(U,G(Q))\/lHU(l)\+|U<2)|+\MSM\] .

Step 2e: Final bound on A. Plugging this bound on Ag,, back in Equation (55), we get
A <9 Z D—4co[d(G@D . GOWVIHUD |4 UP |+ Msn]] (56)

vHcv v cv@ MeM\Mpu

So, when we enumerate over all possible sets U1, U(?), M that have respective cardinality u;, ug, and m,
and since these sets have cardinalities bounded resp. by (2D)%, (2D)“2 and (2D)?™, we obtain

A <9 Z (2D)u1+u2+27nD—4Co[d(G(1>,G<2))\/1+u1+u2+m] < D—360(d(G(1),G(2))\/1)
uy,uz,m>0
using again that ¢ > 5 and D > 2. O
Step 3. From entrywise bound to operator norm bound. In Step 2, we proved an entrywise bound
on I' — I. To prove Proposition 6.1, it remains to provide a bound in operator norm. Since for symmetric
matrices the #2 — (2 operator norm can be upper bounded by the /> — (> operator norm, which is the

maximum of the £!-norm of the rows, we can translate the entrywise bound of Proposition 6.4 to a bound
in ¢2 — ¢? operator norm

I — IHOp < m(a1)>( FG(U,G(U — 1|+ Z |FG<1>,G(2)| .
“ G@eGep,GRAGM)

We have the following lemma.

Lemma 6.5. Fiz a template GV, For any positive integer u, we have

#{G(Q) €G<p: d(G(l),G(z)) =u} < (2u+ 2D)2u .
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Proof of Lemma 6.5. If (G, G(?)) = w, this entails that there exist labelings 7) and 7(®) of these two
templates such that the edit distance between the labelled graphs is equal to u. For a given graph with v
nodes, the number of graphs at edit distance equal to u is at most v?*. Since G(!) has a most 2D nodes and
the number of additional nodes given by the labeling of G(?) is at most 2u, the result follows. O

We also use that, if G # G, then d(GM),G?)) > 1 as they are not isomorphic. It then follows from
Proposition 6.4 and Lemma 6.5 that

Z |FG(1>yG(2) | S Z 2D—300d(G(1),G(2))

GG p,GAAGM G eGe p,GAAGM
< Y HGP  d(GW,GP) = u}2D e
2D>u>1
< > 2Qu+2D)DEor < N~ gD e < preo
2D>u>1 2D>u>1

since D > 2 and ¢y > 5. Using Proposition 6.4, to bound the remaining term |FG(1),G(1) - 1|, we conclude
the proof of Proposition 6.1

7 Almost orthonormality of (¥¢)geg., under general conditions

In this section, we establish that the almost orthonormality of the family (V¢)geg.,, — resp. (\118’2))G€g<1,2)
- <D

— actually holds under some generic conditions, which are easy to check in our general model (1). To motivate
these conditions, we explain where they are needed to extend the proof arguments of Section 6. We first
state the following signal restriction on A, k, ¢, that we will need in all models.

Condition 3 (C-Signal). We assume that ©;; € [0, \]. For some constant c¢s > 1, we have

BUCNORES

This condition matches that in Theorems 3.4 and 3.6 and has been discussed just below Theorem 3.4. In
this general setting, k plays the role of a sparsity and X of the signal. In what follows, we distinguish between
the Independent-Sampling scheme, which is simpler, and the Permutation Sampling scheme, where the
independence property from Equation (42) is lost, and we require an additional condition.

7.1 Independent-Sampling scheme

The first part of Proposition 6.2 is still true in our more general models under Independent-Sampling,
as, by independence of the labels (z;)’s Equation 42 remains true. In the proof of the second part of
Proposition 6.2, the key lemma is Lemma 6.3 where we bound each term that appears in the decomposition
of E [FG(l))ﬂ.(l)?G(z)’ﬂ.(Q):l. For this purpose, we have to control the first and second moment of polynomials

PG x.

Condition 4 (C-Moment). For some non-negative constants cn, the following holds. For all templates G =
(V, E) with less than D edges, and for any labeling © € Iy, we have

(58)

n

k |[V|=#CCa
|E[PG,7r]| < (Dcm)\)|E| <DCm_>

For instance, in (41), we have proved that (HS-I) satisfies E [Pg,-] = AIZI (£ )‘ | 50 that (58) even holds
with an additional factor (k/n)#¢“e. It turns out that (58) is sufficient for our purpose.
In what follows, we introduce p and p by

p=A+q; D=p(l-q>+(1-p4, (59)
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where we observe p = ¢+ A(1 — 2¢) > 7 since we assume that ¢ < 1/2. In our framework, p corresponds to
the maximum connection probability in the random graph.

In a related way to the previous condition, the following condition bounds the covariance and variance
of monomials Pg  in terms of some characteristics of the graph G.

Condition 5 (C-Variance). For some non-negative constants cy1, Cy,2, Cy 3, and some cy 4 > 1, the following
holds.

1 Fiz two templates G = (V) EM) G2 = (V) E@) € Gep and let M € M\ Mpy be a matching.
For any (7™M, 7(2)) € TI(M) we have

g\ [Val-#CCa
n)

‘E [Po) 0 Pa@ ] ‘ < cya (Do N)EalplEn (DCM_

2 For any template G = (V, E) € G<p and for any 7 € 11y, we have

’IE [P .] —a‘E“ < ¢y 3D oaglEl

In (40), we have proved that, for (HS-I) with ¢ = 1/2 — so that p = §— we have E [PG(1)77|.(1)PG(2)77‘.(2):| =

N EalglEal (%)lVAl. In the first part of the above condition, we only require a bound up to a polynomial
factor in D and up to a factor (k/n)#C“ca. Similarly, (40) enforces that for (HS-I) with ¢ = 1/2 we have
E [Pé,ﬂ] = g®!. The second part of C-Moment only requires that this holds approximately.

Under the above conditions, we can adapt the proof arguments of Section 6 to establish the almost
orthonormality of the Uq's.

Theorem 7.1. Consider the Independent-Sampling scheme and fir D > 2. Assume that Conditions
C-Signal, C-Moment, and C-Variance are fulfilled with cs > 1 large enough in comparison to the other
constants. Then, for all (ay, (ac)ceg.p), we have

(1=eD ) Jal3 <E | [ag+ > aa¥q| | < (1+eD7?) Jallf | (60)
Geg<p
where the positive constant ¢ depends on the constants cp, Cy,1,. .., Co,y-

7.2 Permutation Sampling scheme

Under the Permutation Sampling scheme, polynomials Py 1) and Pge) @ with disjoint nodes — that
is T (VI N7 (V3)) = — are not independent anymore, albeit this dependency is arguably quite weak.
Therefore, the first part of Proposition 6.2 is not going to hold anymore in these models. The purpose of
the next condition is to establish that E[FG(U’W(UFG@)J@)] is small enough for matchings M that do not
belong to M*. Although this condition is arguably quite ad-hoc and technical to define, it turns out to be
relatively simple to check in all our models.

Condition 6 (C-Variance-Permutation). Let G = (V) EM) G = (V2 E®) € Gep be two
templates and let M € M\ Mpwm be a matching. Consider any (7™, 7(?)) € TI(M). In the sequel, we
write E for the expectation in the model where the latent assignments (z;)s are sampled independently (that
is under Independent-Sampling). Define the graph N|z; GU] with vertices wo, wi, ..., Wacepue Where, for
1> 0, w; corresponds to the i-th pure connected component of GaA and wg corresponds to the collections the
remaining nodes of G — if Vo is empty, we do not define wyg. We set an edge between w; and w; if and
only if at least one vertex a in the node set w; of Gy shares the same latent assignment as one vertex b in
the node set w; of Gy, that is zq = 2. Define the event A such that the graph N|z; G| is connected. Then,
we have

. |VA|_#CCA Dcvd,l #Ccpure
’E [L{A}YPo) 0 Poe r»] ’ < cyqa Dt (Dot ) BalplEn] <DC”“E> (sz > )

Nl

for some non-negative constants Cyd,1, Cud,2-
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The following theorem holds under the above assumptions.

Theorem 7.2. Consider the Permutation Sampling scheme and fix D > 2. Assume that Conditions
C-Signal, C-Moment, C-Variance, and C-Variance-Permutation are fulfilled with cs > 1 large enough in
comparison to the other constants. Then, for all (ag, (va)ceg< ), we have

2

(1=eD=) Jal3 <B | [ap+ 3 ac¥e| | < (1+eD7)|al} (61)
Geg<p

where ¢ depends on the constants cp,Cy, 1, .., Cyd,z2-

7.3 Almost orthonormality for estimation

For estimation, the following theorem holds. It is a generic version of Theorem 3.4 and Proposition 6.1, in
models Permutation Sampling- and replacing Theorem 7.1 in Independent-Sampling.

Theorem 7.3. Fiz any D > 2. Under either the conditions of Theorem 7.1 or those of Theorem 7.2, we

have
2

(1ch—Cs/2) lal3<E||ag+ > acil? §(1+cD“‘5/2) lall? (62)
GeG<p

for all (ay, (ag);cgu ). Here, the positive constant ¢ depends on the other constants in the conditions.
<D

7.4 All conditions are satisfied in our models

The next proposition states that all six models satisfy the desired conditions. The explicit values for ¢y, ¢y 1,
Cy,2; Cy,3, Cv 4, Cy,1, a0d Cyq,2 are given in the proofs.

Proposition 7.4. Assume that the parameters (k,n,p,q) satisfy C-Signal with ¢s = 1. Then, (HS-I),
(SBM-I), (TS-I) satisfy Conditions C-Moment and C-Variance. Also, (HS-P), (SBM-P), (TS-P) satisfy
C-Moment, C-Variance, and C-Variance-Permutation.

Then, Theorem 3.4 is a straighforward consequence of Theorems 7.1 and 7.2 and Proposition 7.4, whereas
Theorem 3.6 is a consequence of Theorem 7.3 and Proposition 7.4.

& Discussion

8.1 Flexibility of the almost orthonormal basis

In this work, we introduced the polynomial basis (V)geg.,,, which turns out to be almost orthonormal
for a variety of permutation-invariant graph models. This almost orthonormality can be readily exploited to
establish low-degree (LD) lower bounds for other testing and functional estimation problems, such as testing
the value of k or A. Moreover, it enables a tighter connection between LD upper and lower bounds by finding
the decomposition in the basis ¥ of a polynomial that nearly attains Corr<p and Adv<p.

To illustrate the flexibily of our approach, we mention some subsequent application of it in [CGV25a;
CGV25b] to SBM with a large number K = n/k number of groups. In a striking paper, Chin et al. [Chi+25]
have recently shown that, at least in the regime where ¢ scales in 1/n, it is possible to recover the groups
when K > /n below the Kesten-Stigun threshold that what longstandingly conjectured [Dec+11] to be the
computational barrier. Their procedure is based on numbers of non-bactracking paths in the graph. However,
they did not provide a matching LD lower bound. By considering an almost-orthonormal basis similar to
U but with a different normalization, [CGV25a] have established a LD lower bould for all regimes of g.
They also introduced in [CGV25a; CGV25b] new efficient procedures based on motif counting that match
this LD lower bound. The choices of the motifs —cliques, self-avoiding path, blow-up graphs [CGV25b]-
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actually depends on the sparsity ¢q. Importantly, in these works, the almost-orthonormal basis provides
strong insights that are instrumental for the construction of these new procedures.

Beyond graph data, we expect this approach to extend naturally to other distributional models with
transformation invariance. Compared with [SW22] and [SW25], our constructive method is more direct
and transparent. In particular, it provides an alternative proof strategy to [SW25] when inverting the
overcomplete linear system therein becomes intractable, and an alternative to [SW22] when controlling
the cumulants proves difficult, or when the Jensen bound in [SW22] is not tight. We illustrated this by
establishing LD lower bounds for Permutation Sampling models.

8.2 Getting sharp results

Our results can be improved in two main directions:

e First, we have only analyzed the regime A = 0(q), see Theorem 7.1. We conjecture that this restriction
is merely an artefact of the proof, and that (after a suitable renormalization) the basis W remains
almost orthonormal in all regimes where recovery is computationally hard. For (HS-I) and (SBM-I),
however, certain adjustments are needed in both the variance proxy and the proof. In particular, for
A > /g, the variance proxies V(G), V(12 (G) can be significantly smaller than E[Fé] In particular,
the contribution of perfectly matched nodes in E[ﬁg(n,ﬂmﬁga),ﬂ(z)] must be handled more carefully
than in Section 6. This extension was very recently carried out in [CGV25a].

e Second, compared with [SW25], our LD lower bounds are tight only up to a poly-D factor. Removing
this extra factor is an interesting— albeit likely delicate— combinatorial problem, which we also leave
for future work.
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A Proof of the almost orthonormality results (Theorems 7.1 and 7.2)

We show simultaneously both theorems. Define the symmetric Gram matrix I' of size |G<p| + 1 associated
to the basis (1, (\I’G)GEQ<D) by FG(I),G(2) = E[\DG(U\PG@)] for any (G(l),G(Q)) S QSD, F171 = 1, and
'y ¢ :=E[Tg] =0. Write I for the identity matrix. In order to establish the result, it suffices to bound the
operator norm of ||[I" — I||,,. The key step of the proof is to control each entry of the matrix I'. Recall the
distance d(.,.) defined in (37).

Proposition A.1. Consider any D > 2. Under Independent-Sampling, assume that Conditions C-Moment,
C-Variance and C-Signal are fulfilled and that the constant cs > 4 is large compared to the other other ones.
Under Permutation Sampling, assume that Conditions C-Moment, C-Variance, C-Variance-Permutation,
and C-Signal are fullfilled with a constant cs > 4 that is large enough.

There exist two positive constants ¢ and ¢’ depending on those arising in Conditions C-Variance and
C-Moment (and C-Variance-Permutation in the second case) such that the following holds for any templates

G(1)7g(2) €Gep.

1ifGM £GP;
E[¥cnVao]l < eD—csd(GM,G?) ’ (63)

2 and if GV = G
|E[(¥gm)?] —1] <D . (64)

It is easy to conclude from this last proposition. Since the row and the column of I' corresponding to
the element 1 of the basis is zero outside the diagonal term, we only have to consider the submatrix of T’
corresponding to G, G € G<p. Since the operator norm of a symmetric matrix is bounded by the maximum
£1 norm of its rows, we have

I — Iop < max Tew qo — 1] + Z Tew o]
@ GG p GOAED

To bound the latter sum, we use that, for a fixed template G(S%, the number of templates ng such
that d(G™M,G?) = u is bounded by (u + D)**. When G € G<p differs from G| it is, by definition,
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not-isomorphic to G and d(G™,G®) > 1. Tt then follows from Proposition A.1 that

CD—(:Sd(G(1>,G<2>)

Z Tew go]| <
GG p G £GD GG p,GD£GD)

< Y HG?  d(GW,GP) = u}|eD o
2D>u>1

< (u+ D)*eD™ "
2D>u>1

< Z C/D—(cs—G)u < CD_CS/2 ,
2D>u>1

since D > 2 provided we have ¢g > 12. Applying the second part of Proposition A.1, we conclude that
[T = I||pp < cD™%/2 4 D% .

A.1 Proof of Proposition A.1

We first state the following lemmas, whose proof are postponed to the end of the subsection. Given two
templates G, G and labeling 7(*) and 7(?), recall that G stands for the labelled graph corresponding
to a symmetric difference between 7(1[G(V] and 7 [G?]. Also, recall the collection M* of matchings of
two templates GV and G that does not lead to any pure connected component.

Lemma A.2. Consider both Independent-Sampling and Permutation Sampling. Suppose that Condi-
tions C-Moment and C-Variance are fulfilled and that C-Signal is fulfilled with a constant cs large enough
compared the constants arising in the other conditions.

1 Let GM, G € Gep be two templates and let M € M* \ Mpy be a matching. For any (7)), 7(?) €
II(M), we have ’E [?G(l)’ﬂmﬁcu)m(z)] ‘ < Y[Ga] where

Dl+cuiVeny, |[Val=#CCa
7) (65)

n

Y[GA] i= cuoD?pIEnl (Do )) I Pal (

2 Also, for any template G = (V,E) € Gep and any 7 € Iy, we have

_ k
’ n

Lemma A.3. Let GV, G® ¢ G<p be two templates and let M € M\ M* be a matching with a least one
pure connected component. We consider two cases:

1 Under Independent-Sampling, we have E [FG(UJO)?G&)J@)] = 0. By convention, we define (Ga) =
0.

2 Under Permutation Sampling, we assume that Conditions C-Moment, C-Vartiance, and C-Variance-Permutation
are fullfilled and that C-Signal is fulfilled with a constant cs large enough. Then, we have

|E [Peo) 0 Pge @ ]| S ¥[Ga]
where we define in this case

c |Va|=#CCa 11 #CCpure
D 1k D 1 P
) [ } , (66)

Y[Ga] = coD Bl (D)) 2] (T v

for some constants co and ¢y that only depend on those in C-Moment, C-Variance, and C-Variance-Permutation.

Provided that the constant cs arising in Condition C-Signal is large enough, the conditions of the above
lemma are fulfilled. Fix any template G and G® in G<p.
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Step 1: Sum of covariances. We distinguish perfect matchings and non-perfect matchings — see Sec-
tion 5 for definitions. We start from the decomposition
1

E[\Pg(l)\llcm} e V(G(U)V(G(Q)) Z ]E[?G(l)mu)?c;(z)m(z)]

T EI (1), 7 €Il (2)

E[Pgu 0 Pa@ o]

1
V(G(l))V(G(Q)) MZE:M (ﬂ(l),ﬂg):GH(M)
1 _ _
Z Z ]E[PG(I)’ﬂ(l)PG@),Tr(z)}

V(G(l))V(G(Q)) MeMpwm (1), 7(2))eIl(M)

+ Z Z E[?Gu)m(l)ﬁc(nm(?)]] .

MEM\Mpn (D) 7)) ell(M)

If G #£ G, there does not exist any perfect matching — see Section 5. Hence, we have

E[\I/G(l) ‘I}G(2)

> E[Pcw) 0 Pge ro]
M eEM\Mpyr (D) 7 (2))eII(M)

(67)

G(l) (G@)

Conversely, if G = G, the number of perfect matchings is, by definition, the size of the automorphism
group, that is |[Mpuy| = [Aut(G(1)|. Besides, for such a perfect matching M, the number of possible labelings
is simply |[II(M)| = #'(”D' By Lemma A.2, and the definition (18) of V(G()), we get

kD4+cV*1vc’"

‘E[\Ilg(l)\l/g(z)] — 1| <c l: + D—c‘,74:| +

Z E [Pow 0 Pao 7]
MeM\Mpy (7)) 7 (2))eII(M)

VGO)V(GD)

< Col)7Cs +

)

1 —— J—
Z Z E [PGU)J(l)PGu)’.,r(z)]
V(IGD)V(G®) e ity (x0) xmcin)

(68)

where we used Condition C-Signal and that cg is large enough in the last line and where ¢ and ¢y are
positive constants that depend on the constant arising in the conditions. Hence, we just need to bound

1 _ _
_ Z Z E[Pcw ) Pge o] (69)
’ VIGOIWV(E®) M itiitons (0 )y emmn)
In light of (67) and (68), it suffices to establish that
4 < DG G (70)

We start from Lemmas A.2 and A.3.

1
. Z Z P[GA] .
V(GW)V(G®) MeM\Mpyr (w0, () €TI(M)

For fixed (G(l) G, M), the number |[TI(M)| of possible labelings that are compatible with M is
. It then follows from the definition (18) of V(G) that

(n— (IV“)IHV(2>| [MI))!

1 V(= [VO(n — V)

A< 570G T[Gal -
gIEOHIEDD/2, TAut(GD)[[Aut(GD))| M€§MPM (n = (VO + [VE] = [M]))!
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Since |M| < [V A V)], it follows that (n — [VON[(n— (VO + [V = M)~ < nlV? =M and
(n = [VON(n— (VO + [V = M)~ < nlV =M We arrive at

1 (1) (2)
A< n(VEHVED /2= My
— PPN A (GO)[[Aut(GO))] MMZ\M Vil
1 (1) (2)
< (T +HU D21
g PUIEEED2 /[Aut (GO) [ Aut(GO)] MME\:MN vl

where we used Equation (34) in the last line and we recall that U and U®?) are the sets of nodes in G(*)
and G® that are not matched — see again Section 5 for definitions.

Step 2: Building up on Lemmas A.2 and A.3. Define 4y = Ay/|Aut(GD)[[Aut(G®@)|. Also, we
write U = |[UM| + [UP)|. Recall the definitions of ¢[Ga] from Lemmas A.2 and A.3. Equipped with this
notation, we have

)

c1 [Va|=#CCa c1 71 #CCpure
Y[GA] := coDPIEN (Do )1 Fal (D k) [COD }

n N
with the convention (1/0)° = 0 and where ¢y and ¢; depend on ¢y, and ¢y 1 .. ., ¢y 4, and possibly cya.1, Cya 2-
2\ (EDI+E)) /2 3 \Bal / perg IVal=#CCa [ ey 1#CChure
Ao<eD Y alr <£> (pm __) < ) {CO }
MeM\Mpum q \/]_) " \/ﬁ

By Condition C-Signal and definition (59), we have

_ —8cs
M1 — 2¢q) - A . D
q(1—q) q(1—-q) 1-¢q

In the last inequality, we used that c¢s > 1 and that D > 2. As a consequence (1 + D~4)?P < 2 and we
deduce that

P_14 <1+42D 8 <1+D*. (71)
7

|Eal c1 [Va|=#CCa c1 #CCpure
Ag < 2¢9 D Z nU/? <l)c1 i_) <D k) |:COD—:|
MeM\Mpum \/a " \/ﬁ

= 2¢o D Z Anm - (72)
MeM\Mpum

Step 3: Relying on the graph properties of Gao for Ap. Let us decompose (G, G2 M) into
(G'D G2 M, G®)) where, in G (resp. G/(Q)), we have removed all the pure connected components of
G (resp. G)) and we gather all these connected components in G). For (G'"), G’ M), we can then
define the number U’ of unmatched nodes and the intersection graph G’y with CC/y connected components.
Equipped with this notation, we have #CCpue = #CCq, |Val = [VA|+|V®)], #CCa = #CCL +#CCee
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and U = U’ + |V®)|. Then, we reorganize Ay as follows

A\ AL 7 pe g\ 1V / per o VAU 1= #CC
Am = (D —
() Cw) (5)

|E®)] e [V [—#CC s
' <DCI%> (%) 7 (oD )#Cw
q n

(a) A |EAl Dok U] Dek M| —#CC A 5] coD* k [V |-#0C )
< | D*— D - v
(i) (7)) () oz ()

<DCl )\ ‘E/A|*|U/‘ Dchk,)\ ‘U'| Dclk ‘MSM\*#CC/A
v Vi n

< A ) |E® ||V |4+40C ;s (CODsclk)\> [V |—#CC s

Do —_—
Va Vng

where we used in (a) that |VA| = |U’| + |Mgum| as the nodes in G’y are either unmatched or semi-matched
and that [V®)| > 2#CCgs) as all connected components have at least two nodes. Let us show that all the
exponents in the above bound Ay are nonnegative. For any graph G = (V, E), we have |E|—|V|+#CCqg > 0
and |V| > #CCq.

Lemma A.4. We have

IN

)

[Msnm| > #CCh,  |EA[ZT" .
Hence, relying on Condition C-Signal, we obtain

A < D—6cs[\E’A|+\E<3)\+|MsM|—#CC'A] ) (73)

Since |[Mgy| > #CC)y and |EQ| + |E®)| = |Ea| > d(GM,GP) v 1 by definition (37) of d(-,-), it follows
that

|EAL+ B + [Msu| - #CC, > d(GW, 6P v1 .
Also, since each connected compoment of G(®) has at least two nodes, we deduce that |[E®)| > |[V©®)|/2.
Since |E\| > U’ and U’ + |Mgm| = |VA| > 2#CC/y as each connected component of G’y has at least two
nodes, we conclude that

[V )] N U +|Msu| U+ |[Msy|
2 2 - 2 ’

|EN|+ |E®)| + [Mgym| — #CC)\ >

Gathering the two previous bounds in (73), we get

Ap < D3ellU+Msmllva(@,a®)va]

Coming back to (72) and using again that ¢ is large enough, we get

1) (2
Ay < 2¢q Z (D—2cs)[U+IMSMHvd(G G@)v1
MeM\Mpu

Step 4: Summing over shadows. Recall the definition of shadows and of Mgpagow in Section 5. We
now regroup the sum inside A by enumerating all possible matchings that are compatible with a specific
shadow. Recall also the definition of Ag. We get

A< 260
~ VAt (GO)[[Aut (G|

Z Z (D_ch>[U+‘MSNI|]vd(G(1),G(2))\/l |

vDcyv® | MEMghadow (UMD ,UR M)
U(Z)QV(Z),
MeM\Mpum

We have the following control for Mgpadow-
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Lemma A.5. For any Uy, Us, and M, we have
| Mahadow (U1, Uz, M)| < min(|Aut(GM)|, [Aut(G?)] . (74)

Observe that two matchings M and M’ that belong to Mshadow(U(l), U(Q),M) have the same difference
graph Ga and have a common value of |Mgwm|. Hence, it follows from Lemma A.5 that

1) @
A S 200 Z (D—ch)[U'HMSM”Vd(G GV

vDcy@® ,U(Z) cv® ,
MeM\Mpum

Now enumerating over all possible sets UM U(?) M that have respective cardinality wu;, uo, and m and
noting that the size these collections are respectively bounded by (2D)%t, (2D)“2 and (2D)?™, we conclude
that

A < 26 Z (2D)u1+u2+2m (D,QCS)[u1+u2+m]vd(G(1),G(2))\/1 < C//chs(d(G(l),G(z))\/l)

u1,uz,m>0

assuming that ¢ > 4 and D > 2. We have established (70) and this concludes the proof.

A.2 Proof of Lemma A.2

First, we consider some M € M*\ Mpy. Since M belongs M*, the matching M does not let any connected
component of 71 [G1)] and 7 [G®] be unmatched. Let us decompose G1 = (G, ..., G{Y)) and G® =
(ng),...,Ggl) into their cc; and cecy connected components. Given a set S1 C [ceq], define G(f?sl as

the subgraph of G_(l) such that we have removed the connected components corresponding to S7. Write
A= ’E [PG(l)’w(l)PGmJ(g)] ‘ By definition, we have

|A| = Z Z E [ G(l) (1) G2 _E(Q):| H E[P, G (1)] H E[P G, (2) 1)|51|+Sz|
Sl_[C(‘l] 52_[(’62] 1€S5, 1€Ss
cCc1 CC2
<> Dt E|P,u @, IT ElPso o] TT ElPer
51:]S1|= 91 52 |Sa|=s2 Gfsl ;) G 7(2) G; (1) G; (2)
51=0s2=0 i€Sy 1€ Sa

Then, we apply C-Moment as well as the first part of C-Variance. We write Ga,—g,.—s, for the symmetric
difference graph associated to Gggl and G(fng. We get

ccr o ceo k VA, —51,-55|=#CCa,—5,,-55
|A‘ E § Dsitse ma. ey 2(Dcv 1)\)\EA —5q, 752|p|Em -s1,-5:| [ pea
510181 |=51, 52 |S2]=52 n

S§1 = 082 0

2 Vi —1
(a) k K
[T ] (o=n"™"" (Dcmﬁ>

a=11ie8S,
ccy  cep k’ R
< E E 91+92 v72(DCv,1VCm)\)|EA\Z—)\Em| Dcv,l\/cmi ;
51— 052 0 Sl ‘Sll Sl Sg |32‘—82 n

where we used in the last line that D*V%=) <5 < 1 by Equation (59) and Condition C-Signal with cs > 0
sufficiently large and where

R:=|Va s, —ss| — #CCa s, -5, + > (V=1 + S (v -1) . (75)
1€S1 1€S2

Since the number of nodes |Vi(1)| of each connected component is at least of 2, we easily check that

R3OV =1+ 3 (VP = 1) > |S1] + 1S, -

1€S1 1€S>
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Coming back to A, we arrive to the bound

R
’A| < D2 maX(DCV‘IVCm)\)lEAlz_)‘Eml D1+C"'1VC'“E )
- S1,52 n

Again, by Condition C-Signal with ¢ > 0 sufficiently large, we have D*¢.1Val < n. Hence, it remains to
lower bound R.
Lemma A.6. The quantity R defined in (75) satisfies R > Va — #CCa.

Gathering this lemma with our previous bound, we arrive at

|E [Peo) v P ]| <¥[Ga] | (76)

in the specific case where M € M* \ Mpy, that is when #CCpyre = . We have proved the first part of the
lemma.

Let us turn to ]E[FQG_’W] . We start as in the first step of this proof. We decompose G = (G1,...,G,.) into

—2
its cc connected components. First, we bound A := E[Pg | —E [Pg .|. Given S C [cc], we write Pg_ x
as the polynomial associated to the graph where we have removed the connected components in S. Opening
the expression of P we derive that

4] < > E [P s, ~Po s,x] [ ElPa.x] [] ElPa,x)(-1)!* 1+
Sl,Sgg[Cc]:SlLJSz;éw 1€S1 i€S2
S1+82
= 2. b 50151 1=, 5 e |E [FO=s1.5P0sy.0] 11 ElPe..x] 11 BlFo.q)

$1,82=0: s14+s52>0 1€851 1€So

Then, we apply C-Moment as well as the first part of C-Variance. We write Ga.—s,,—g, (resp. Gn.s,.s,) for
the symmetric difference graph (resp. intersection graph) associated to G_g, and G_g,. We get

}A‘ < Z D51+82

> [Va,—s1,—55 | =#CCa,—5,,—5,
S81,582:81+52>0

CV’Q(DCV,l)\)lEA,—Sl,—S2 \Z—Q\Em;—sl,—sﬂ <DCV,1 n

max
Sl:|51|281, 52:‘32‘232 n

ﬁ 11 (DA E] (Dcm%)lw_l

a=14€e8S,

k s1+s2
< E Dsits2 max CV,2}_9|E| DevaVenZ ,
Sl:|51|:sl, 52:‘32‘232 n

S81,582:81+52>0

where we used Condition C-Signal with ¢g large enough to ensure that DC“JVC“‘% < 1and D%1Vé) <pand
we used that |Ea s, —s,| + [Eri—s,,—s.| + >, |Eil > |E|. We have proved in (71) that p < g(1 + D~%).
Since |E| < D, we arrive at

_ e k
‘E [Pé 7Ti| —-E [PCQJ 7r] S QCV,2D4+CV’1VLm—q|E| .
) 5 n

Combining this inequality with Condition C-Variance, we conclude that

_ k
& [Po.] -71] < [2cv,2D4+cv~1VCmg +engD7o  gol
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A.3 Proof of Lemma A.3

The first statement of the lemma is straightforward. Without loss of the generality, we may assume that
there exists a connected component G of G such that 7™ (V') does not intersect 72 (V). Writing 7
for the restriction of 7V to V/, G0 = (V(O), E(O)) for the remainder of GV after we have removed G/, and
7(© for the restriction of 71 to V() we get

Pgo) zyPge x = Pg P 0 Pge 2 = [PG'J' -E (PG’J')} Poo) z0Pge ro -

Since the latent assignments z; are sampled with replacement, PG’,w’ is independent of ?G<(])7ﬂ<(,)?g(z>m(z)
and it follows that E [ﬁGmﬂr(l)?Gmﬂf(Q)] =0.

The main challenge in the proof is to consider the setting where we sample latent assignments without
replacement. Indeed, in this case, polynomials associated to indices are not independent and we have to
quantify this dependence. Let G = (V) EM) and G? = (V2 E®) be two templates with at most
D edges, M € M \ M* be a matching that leads to a least one connected pure connected component,
and let (70, 7)) € TI(M). For short, we write 7 = #CCpure > 1 for the number of such pure connected
components. Then, we enumerate (G/(l), 71'/(1)), e (G/(T), wl(r)) these pure connected components and their
corresponding labelings. Besides, we write (G, 7(9) and (G, 7') the remainder of (G, 7(M) and of
(G(z), 77(2)) after we have removed them. Equipped with this notation, we have the following decomposition

T
Pow 0P z2 = Pgo) z0Pgo) H Par

a’a
a=1

To ease the reading, we write, for a = 1,...,7, P, for ?G/Mﬂ{l and we define Py := ?G(O),ww)ﬁc/(m 0 —
E[?Gm),w(mﬁc’m),ﬂ'(0>] as the centered version of ?Gm),w(ﬂ)FG’(O),ﬂ’(O% Then, it follows that

1. I17.
a=1

a=0
The quantity E [Fg(o>,7r<o)FG/<o)m/(o>} has been controlled in Lemma A.2 as the graph G(AO) that arises from

E [?G(l),ﬂ(l)FG(Z)J‘-(Q):I - E (77)

+E {FG(())J(O)?G/«))m'(o)} E

(GO, 7)) and (G'®, 7 () does not contain any pure connected component. Since Y"_, |Va’|+\VA(O)\ = |Va]
and YI'_ | |EL|+ |Eg))| = |Eal|, we only have to prove that

™ "(a)
o - la k Za:l(‘v [—1) D¢ s
E|[[P.| < oD (Dcl)\)zfml'E()(DClE) [COW] ; (78)
a=1
ro k [Va|—=#CCa Do r
B |T] 7. | < ™ Ip% (Do) 2! (Do) W] (79)
a=0

for some positive quantities ¢y and c¢; large enough that depend on the constants in Condition C-Moment,
C-Variance, C-Variance-Permutation.

In this proof, ¢y and ¢; may change from line to line. Importantly, each random variable P; is centered
and involves different latent assignments because we sample without replacement. To emphasize these latent
assignments, we write Zo = {2/(a)(,) 1 U € V(@) for a = 1,...,r and we also define Z, = {Zr @) 1V €
vy {Zr @) 1V E V'(0} for the latent assignments involved in Pj.

We introduce the probability distribution Pr where, as in P, each Z, is sampled without replacement
but, contrary to P, the Z,’s are sampled independently. Define the event & (resp. &) such that all the Z,’s
witha=1,...,7 (resp. a =0,...,r) are distinct. Then, by definition of Eg, we have

B|[1P.| - 2e@n |15 [ 7. | - (50)
&[] P.| = Ba(e)En |1(6) [[ P (51)
a=0 a=0
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Our purpose is therefore to upper bound the latter quantity. We shall prove this in a recursive manner.

In the sequel, we write [0; ] for the set {0,1,...,r}. Given a partition B = (B, ..., B;) of [r] or of [0;7],
we define the event g such that, for any group B # B’ in the partition and any (i,j) € B x B’, we have
Z;N Z; = 0. If B is the trivial partition (i.e. |B] = 1), we take the convention that the event £z is an event
of probability one.

Given a subset B C [0; 7], we define the event Apg such that, for any ¢ and ¢’ in B, there exists a sequence
ip =1, 141, ..., is =i in B such that Z;, N Z;,,, # 0 forallt =0,...,s—1. In other words, if we draw edges
between i and j whenever Z; N Z; # (), then, under the event Apg, B is connected. Henceforth, under Ag,
we say that the polynomials indexed by B are connected through their latent assignments. When |B| = 1, we
take the convention that Ag is a probability-one event.

The following lemma is a consequence of Condition C-Variance-Permutation. In this lemma, E,
VL, and E/ refer to graphs associated to the intersection and the symmetric difference of (G(®), 7(9)) and
(G'O 7',

Lemma A.7. Let B be a subset of [0;r]. If 0 ¢ B, we define

" (a)
» 1\ Zacn (V@11 1 pe 1Bl
B) = ¢gD (D1 \)=acn B0 [ per 2
<P( ) Co ( ) n CO\/E

If 0 € B, we define

’
k IVAI=#CCA+X e\ 103 (IV @]-1) pDet |B|-1
n )

©(B) = cop Enl Do (D“/\)lE,AHEaEB\{O} 1B (Dcl— o vn
Then, we have |ER [1{./43} [Lcn ﬁa” < ¢(B).
The following lemma is proved by induction.

Lemma A.8. For any partition B of [r] we have

Er [1{&s} [] 1145} ][] P.

BeB a€B

< []e({i}) -
i=1
For any partition B of [0;r], we have

< (T’—F 1)3(T+1)2(T+1)ﬁ¢({2}) )

i=0

Er [1{55} 11 1{As} [] P.

BeB a€EB

Before establishing these lemmas, let us finish the proof. Coming back to (80) and (81), we straightfor-
wardly derive from Lemma A.8 that

7.
a=1

This yields (78) and (79). The result follows.

< (r+ )FC20 Lol

i=0

E E

<o JTen

17
a=0

Proof of Lemma A.8. We only prove the result for a partition B of [r], the arguments being the same for
partitions B of [0;r]. Given B C [r], we define Wp := 1{Ap} [[,c P:. First, for |B| = 1, the result holds
by Lemma A.7. Consider a partition B of [r] with more than one group. Note that, for B € B, the Wg’s are
independent under Pr. This entails that

Er[ [[ Ws] = [] ErlWs] -

BeB BeB

As a consequence, we get

Er[1{s} [[ Wal = [ ErlWs] - Er [1{8;3’} 1T WB]

BeB BeB BeB
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For two partitions B and B’, we write B < B’ if B’ is (strictly) finer than B. Observe that
Hegh [T 1Azt = > s [ H{Ast
BeB B'-B BleB

We therefore obtain

Er I EzWa]

BeB

D

B'~B

Er

1{&s} H WB]

BeB

Hép} H WB’]

B'eB’

By a straightforward induction, we get that

Er

< Z Us,p

B'>B

11 EzclWs]

B'eB’

)

1{es) ] WB}

BeB

where Up pr is defined by recursion by Ug s =1 and, for B’ = B, Ug ' := ZB":B'>—B”>—B Upr . In fact, for
B' = B, Ug g corresponds the number of sequences of partitions of the form (B, ... B®) with B() = B,
BY = B, and B~ = B for all i = 1,...,1. Since, going from B’ to B in such a sequence amounts to
sequentially merging elements of B’, one checks that Ug g < |B’|2|B/|2‘B/|. Also, by Lemma A.7, we have
|[E[Wg]| < ¢(B). Gathering everything, we conclude

Er [1{&s} [] WB] < r3T2THgo {i})
BeB
U
Proof of Lemma A.7. Without loss of generality, we only have to consider the cases where B = [0;r] or

B = [r]. We start by considering B = [r] and we write A for Ap. First, we develop the product

Er [1{A} [[Pa|l = > I -1"7"E[Psw -] Er

a€(r] TC[r]ae[r\T

1{A} H Pga ﬂ(a>:|

acT

Given z € [n]", we consider the restriction zqpp of 2 to Ui_;7(®)(V(2)). Tmportantly, for any configuration
Zsupps We have E[Pg(a) r(a)|Zsupp] > 0 since the probability of each edge in Y™* is at least g. Recall that P
refers to distribution where all the 2;s are sampled independently. Any configuration z. . that satisfies A
and arises with positive probability under Pg satisfies

supp

~ 2D\ P~ 8D?
/
PR['ZSUPP Zsupp] < P[ZSUPP = Zsupp} (1 - 7) < H‘:D[ZSUPP Zsupp] <1 + T) < QP[ZSUPP - Zsupp] )

where we used that at most 2D nodes are involved in U’_,;7(*)(V(®)) and use that D?/n is small enough by
Condition C-Signal. Using that, for any configuration z, E [1{A} [],c7 Po rw|z] > 0, we obtain

Er |[1{A} [[ Pa||<2) ] ]] E[Powqw]E

a€lr] TC[r]ac[r\T

A [T PG(a),ﬂ(a):| : (82)

acT

To control this term, we sum over the partitions 7 = (71, T3,...,T|7)) of T' and we use the event Ay =
O‘TlAT where we recall that Ap, states that the polynomials indexed by T; are connected through their
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hidden labels.

E |1{A} [ Pow ] < E | 1{A1{A7} [] Pow
acT T acT
4D2 [T1—- 1
< Z ( ) E [1{A7} H Pga) e
T a€eT

|T]-1 |T]|

S() I

where we used the independence of the sampling design in the second and in the third line. Coming back
o (82), we arrive at

1{Ar} [ Pow n(a)] ;

a€T;

I7]

_ 4D2 [T]-1
ER 1{A} H Pa SQT_HTT max max <—> H E PG(a) m(a) HE

T T: tit f T n
a€lr] Clr] Trpartition o a€l\T

1{Ar} H Pea)

a€T;

(83)
To conclude, we rely on Conditions C-Moment and C-Variance-Permutation. This leads us to the desired

bound.
Let us turn to the case where B = [0;7]. The only difference is that the polynomial Py is now involved.

Py = PG(O)JT(O)PG’(O)J‘.’(U) —E Pc(O)m(O)PG'(O)J’(O)}

Denote cco and ccj the number of connected components of G(*) and G'(®) and write (G(%9, 7(®9)) and
(G "(0:8) " (05 i) for the corresponding labelled connected components. Then, arguing as for (83), we get

Er [1{A} J] Pa| <27T2(r+1)" " [S1 + S2] (84)
a€l0;r]
4D2 |T‘ 1 [T]
Sy = max ‘E [Pc;(tl) 0P W’(o)} ‘ max (T) H E [Po@ HE 1{Ar} H Pga) ) |
a€[r\T a€T;
, 4D2 [T]-1
.__ 9ccotcc , ,
Sp 1= 270 LC[ccn]la)'( Clect] Oerir“lca[)é;r] m7%X ( n ) H £ [PG(O;Q)’W(O;E)] H E {PG Oe), (Om)}
a€lcco]\L a€lcco]\L’
H E [PG(“),TI'(“):I
ac[r\T

IT E

iZOQTi

YAy IT PG(‘I),Tr(a):| [T E{fan} [ Pow o [[ Peoo xoo [] Poron o

a€cT; :0€T; acT;\{0} acl aclL’

All the terms in S; and Sy are straightforwardly controlled using Conditions C-Moment, C-Variance,
C-Variance-Permutation, except for the last expression

H E 1{AT7L} H PG(a>,7T(a) H PG(U,a),ﬂ—(U:a) H PG/(U,a)Jr’((];a)

:0€T; acT;\{0} a€L acL’

Indeed, since we have left out HGE[CCO]\L Pgoia) r0ia) and Hae[cco]\L’ Pg0a) r0:a) in the above expression,
the event Ar, is not of the right form to apply C-Variance-Permutation. For this purpose, we need to form
a new graph Ga associated to HaGTi\{O} Pa@) @ HaEL Pg0.0) o) HaeL, PG/((],a),ﬂ-/(();a)~ In comparison
to the original graph G, the pure connected components associated to Pga) - With a ¢ T; have been
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removed whereas some non-pure connected components of Ga have possibly been removed or broken into
several connected components that are now possibly pure because of the removal of [, [cco]\L Pgoia) r(0:a)
and Hae[CCO]\ 1 Pg:a) z0a). Denote 7 the number of pure connected components associated to Ga, and

define the polynomials Py, ..., P: associated to the pure connected components and P, the polynomial
associated to all the non-pure connected components in such a way that

H Paa) r@ H Pg0.a) i) H PG/(o,a)’,r/(o;a) =PP ... Pr
acT;\{0} a€Ll acL’

Given a set B C [0; 7], define the event Ap such that the polynomials P, indexed by B are connected through
their latent assignments. Given a partition B of [0; 7], we write u(B) > 0 for the number of groups of B which
are only made of pure connected components from the original graph Ga. Let S C [n] be the subset of nodes
1nv01ved in P0P1 . Pr. Write zg for the restriction of the configuration z to S. Fix a specific configuration
€ [n]°. Let BZ be the minimal partition of [0;7] such that []5.5 , 1{Ap} = 1. Then, one easily checks

#s

that P[Az, |25 = 2] < (4 D2/n)u(Bz/s). This leads us to
4D? u(B) -
E[1{Ar}oPr... | < 3 <—> E||]] 1{4s}| BoPr ... P;

n
B partition of [0,7] BeB

T )

B partition of [0,7] BeB

1{.213} le

leB

)

where we used the independence of the sampling design in the second line. Finally, we can bound all
the expressions in this last expression using C-Moment, C-Variance, C-Variance-Permutation. Putting
everything together and coming back to (84) concludes the proof.

O

A.4 Proof of technical lemmas

Proof of lemma A.4. Each connected component of G5 contains at least a matched node. This node cannot
be perfectly matched, otherwise it does not arise in G’y . As a consequence, we have [Mgy| > #CC/y. Besides,
'\ satisfies |E\| > |VA| — #CC'y. By the previous inequality this enforces, that |E}\| > |[VA] — |Msm| =

U/

Proof of Lemma A.6. Each connected component of G() is matched at least to another connected component
of G@. By a simple induction argument, we are reduced to showing this specific bound for any G") and
G®,

V| = #CCqa + [VP| = #CCqe > |Val — #CCh . (85)
First, we have [V)| + |V ®)| = |Va| + |Mpum| + M| by construction. Second, each matching can at most
connect 2 connected components that were disconnected. Hence, we have #CCa > #CCpr) + #CCpr2 —
|IM|. Gathering the two last bounds leads to (85). |

Proof of Lemma A.5. Fix Uy, Uy, and M. Then, we define VFEN)[ (resp. VFSM) as the set of perfectly matched
nodes. By construction, VP(I\/i is the subset of V() that are neither in U; nor in M. Fix a matching M(®)
in Mghadow (U1, Uz, M) and consider the corresponding bijection 6O . (11\2 — Véi/)[ defined by Méol\)/l =
{(v,6 D (v)):v e Vgﬁ}. Now, consider any other matching M’ in Mgpadow (U1, Uz, M) and build similarly
the bijection ¢’ : VPE}\} — Vélzv)[ such that Mpy, = {(v @' (v)) :v € vlﬁf\}}. Then, we can define the bijection
¢ VD s V) such that ¢'(v) = v if v ¢ V( and ¢’'(v) = (¢©)~1(¢'(v)). We claim that ¢ is an
automorphism of G(M. Let us conclude the proof before estabhshmg the claim. Any two distinct M’ and
M in Mghadow (U1, Uz, M) lead to distinct automorphisms ¢’ and ¢”. Thus, we get

|Mshadow(U1,U2,M)’ < |Aut(G(1))| )
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By symmetry, we also conclude that the cardinality is smaller than [Aut(G()].
Let us prove the claim. Consider any edge (vi,vs) in G™). If neither v; nor vs belong to Vp(ll\/%, then

((v1),(va)) = (v1,v1) are connected in GV, Tf v; belongs to Vp(ll\/} and vy does not belong to Vp(ll\/}, then
it follows that vy is semi-matched, i.e. there exists w € V() such that (ve,w) € Mgy = M. Since vy is
perfectly matched, it follows that (¢(v;),w) are connected in G(?). By the same argument, we deduce that
(61 (d(v1)),v2) = (p(v1), p(v2)) are connected in GV, Finally, we consider the case where both v; and

vy belong to VP(,llv)[. Since both are perfectly matched (¢(v1), ¢(vs)) are connected in G and they belong

to V,?). Repeating again the argument, we conclude that (o(v1), o(v2)) = (((0)~1(p(v1)), ()~ (p(v2)))
are connected in G(1),

O

B Proof of Proposition 7.4

B.1 Independent sampling, Condition 1

We start with some notation and general computations. Consider any two templates GV = (V1) (1),
G®? = (V? E®)in G<p and any two labelings 7(1) and 7(2). Write G\, = (V4,, E_) for the merged labeled
graph of 7)(GM) and 72 (G?)) and Ga = (Va, Ea) for the associated labeled symmetric difference graph
— see Section 5 for definitions. We may decompose the product of polynomials

Poo) ry Poe e = H Yo (iyr i) H Y@ (iyr (i)
(i.7)EEM (1,5)EE®

= 1T v II v, (86)

(1)) €EA (4,4)€En

Recall that, given z, the (Yj;)i<i<j<n are independent with P[Y;; = (1 — ¢q)|z] = ¢ + ©.,.; and P[Y;; =
—qlz] =1 —-q—0.,.;, — see Model 2. In particular, we have

E [Poo 0 Pgo rolz] = [ 0z J] [1—0?(@+0::)+?(1—q—0.2)] . (87)

(i,4)EEA (i,7)€EER

In all the problems that we consider in this subsection, we have that © only takes two values: 0 or A =
p—q > 0. Recall the definition of p = p(1 — ¢)% + (1 — p)g? and § = ¢(1 — q). Since p =G+ (p — q)(1 — 2¢)
and since we assume that ¢ < 1/2, it follows that p > g. In this specific case, the identity (87) simplifies to

E [Pg(l),n(l)PG(z)yﬂ.(z) |Z] — )\ Eal H 1(._)2’[_’2.)'#0 H |:61®z,iz‘j -0 —l—ﬁl@ﬂﬂ_ 750j| . (88)
(i,))EEA (4,4)€En

We shall build upon this identity to establish the different conditions for each model. Similarly, we have the
following formula.

(1)
E [PGU),W(U ‘Z] = \EVI H 1{@zw(1)(i)zﬂ(l)(j)¢0} . (89)
(i,))eBM

Let us turn to checking our assumptions for the three models.

Hidden subclique model (HS-I) Consider a template G = (V, E) and a labeling 7. In light of (89), the
conditional expectation of Pg , given z is non-zero if and only if z,;) < k for all ¢ € k. This leads us to

E[Pe.] = NFIE

IIH%@skﬂ, (90)

icV

where E[[[,cy Hzr) < b} = (%)‘Vl. Hence, Condition C-Moment holds with ¢, = 0.
Consider any two G| G and 7(1), 7). Recall that G, (resp. G, Ga) stands for the merged (resp.
intersection, resp. symmetric difference) graph of #(0[G(M] and 7 [G(?)]. We integrate (88) over all latent
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assignments z that lead to a non-zero conditional expectation in (88). First, observe that this constrains to
have z; < k for all 7 in Va. The vertex set V5 of the intersection graph Gn is partitioned into (Vewm, Vam)
where we recall that Vpy; corresponds to the perfectly matched nodes and Vgy to the semi-matched nodes,
that is nodes that are matched but not perfectly matched. By definition, (Vem, Va) form a partition of
Vy and Vgm € Va. As a consequence, to compute E [PG<1>7,F<1>PG(2)7W<2)]7 we have to sum over all possible
configurations for (z;)icvp,. For any subset T' C Vi of nodes, we denote En[T] for the edge set of the

subgraph of G induced by T

E [PG(l),Tr(l)PG(2),7r(2)] - )JEA\E[ H 1{z <k} Z q|Em‘_‘Em[SUVsM]\p\Em[SUVsM”I[D[{i cz <kYNVA=9]

1€VA SCVpMm
(91)
where, in the random size model (HS-I), we have P[{i: z; <k} NVH = S5] = (%)‘S‘ (1- %)lvpmi‘sl. Noting
that p > @, we get the following bound
7P NPIB[ [T 1{zi < kY <E[Pow o) Poe nw] <PPINPAIB ] 1{zi < 8}, (92)

i€V i€Va

where E[[T,cy, 1{zi = 1}] = (k/n)V2!. Since |En| = (|JEW|+|E®|—|Eal)/2, (HS-I) satisfies the first part of
Condition C-Variance with ¢, ; = 0 and ¢, » = 1. Next, we consider the case where (G, 7(1)) = (G?) 7(2))
so that Fa = (. By Condition C-Signal, we have A < gD~ 8, so that p =g+ A(1—-2¢) <g(1+ D7%). Tt
follows from (92) that

[E[P2e] -a") =g [(1+ D%)" —1] <207 .
The second part of Condition C-Variance is therefore satisfied with ¢y 3 =2 and ¢, 4 = 7.

Stochastic Block Model (SBM-I) As previously, we first work out the moment of polynomials. In
order to have E[Pg r|z] # 0, it is necessary that O,z 18 always non-zero for all edges (i,7) of G. As a
consequence, all nodes in a connected component of 7[G] should belong the same group of the SBM, so that

E [P »] = AEIP[{z in the same block over each CC}] . (93)

where, for (SBM-I), we have P[{z in the same block over each CC}] = (£) VIZ#9C¢ Hence, Condition C-Moment
holds with ¢y = 0.

Let us turn to the second moment. Coming back to (88), we see that the conditional expectation of
Pg(1)7ﬂ(1>Pg(2)7ﬂ(z> is non-zero only if, inside each connected component of Ga, all the nodes belong to the
same group of the SBM. Write R(z) for the partition of V[, associated to groups of the SBM and write Ry
for the finest partition of V{; such that all connected components of Ga belong to the same group of Ry. For
any two partitions Ry and Ry, we write R; =< Ry if Ry is finer or equal to Ry. Finally, we write that ¢ X j
when i and j are in the same group according to the partition R. Then, we have

N\ i)
E [Py n0 Poe qm] = AP0 3" PR(z) = RIg™ ] (2) . (94)
R=Ro (i,j)GEm q

Since p > ¢, we conclude that

7" INFAIP[R(2) = Ro] < E [Poo) xo0 Po ] < PPINPAIP[R(2) < Ry (95)

where, in (SBM-I), we have P[R(z) < Ry] = (k’/n)‘VA‘*#CCA. Hence, (SBM-I) satisfies the first part of
Condition C-Variance with ¢, ; = 0 and ¢, » = 1. Next, we consider the case where (G, 7(1)) = (G?) 7(2))
so that Ea = ). By Condition C-Signal, we have A < ¢D~8, it follows that p = g+ A\(1 —2¢q) < g(1+ D~®).
Thus, as for (HS-I), we conclude that the second part of Condition C-Variance is satisfied with ¢, 3 = 2 and
Cy4 = 7.
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Toeeplitz Seriation (TS-I) By (89), we derive that

k
EPeq] = APIE | T tlm-2l<35) (96)
(i,5)€E
[VI-|CCql|
< MEI (E) ¢ ) (97)
n

To establish this upper bound, we considered a subset of E corresponding to a covering forest of G and we
used that the probability of 1{|z; — z;| < k/2} is at most (k + 1)/n. Hence, Condition C-Moment holds with
cp = 1 since D > 2.

Let us turn to the second moment. Since p > g, arguing similarly as for the SBM case, we get

qlEnl)\lEAl < E I:PG(I)ﬁﬂ—(l)PG(g)’ﬂ_@)} . z—j\EmU\\EM | .
E |:H(i7j)€EA 1{|z — 2| < k/Q}}

For the upper bound, we can again say that E[[]; »cp, 1|z — 2| < k/2}] < [(k + 1)/n]!Val=#CCa  For
the lower bound, we use the following argument. Root arbitrarily each connected component of Ga. If
any node j satisfies |z; — z;| < k/4 where 7 is the corresponding root of its connected component, we have
H(i,j)EEA 1{|z; — z;| < k/2} = 1. This allows to get bound

[Val|=#CCa [Val=#CCa
() <Bl I 1lls-sl<i2)< (57) . (99)

(i,)€EA
As a consequence of (98) and (99), we readily deduce that the first part of Condition C-Variance holds with
¢y1 = ¢y = 1. Now, we focus on the E[PZ ]. Since Ex = 0, we get 7% <E[PZ ] <g"I(B)IFl. We argue

as in the previous case that (%)‘E‘ < 1+ D78 to conclude that the second part of Condition C-Variance
holds with ¢y 3 =2 and ¢y 4 = 7.

B.2 Permutation sampling, Condition 2

Hidden subclique model (HS-P) Both bounds (90) and (92) are still valid in this model. However, as
the sample of the z;’s is now without replacement, this changes the probabilities of the form E[[],., 1{z; <
k}]. In particular, for any fixed V', we have

\q
[[1{z= < k}] < (n _kV|> . (100)

eV

E

For any V such that |[V| < 4D, (n/(n —|V|))IVl < 1+ 32D?/n provided that 32D? < n. In particular, all
the upper bounds of moments for (HS-I) are still valid up to an additional multiplicative factor 2. Then,
Condition C-Variance is still valid but with constants ¢, ;1 = 0, ¢y2 = 2, ¢y,3 = 2, and ¢y4 = 7. Besides,
Condition C-Moment holds with ¢; = 1.

It remains to establish Condition C-Variance-Permutation. For short, we write cc = #CCpure. We
only consider the case where at least one connected component of G is not pure, the other case being
handled similarly. Recall the graph N (z,G() in the definition of C-Variance-Permutation. Let 7 denote
the collection of all trees overs the vertices {wy,...,we }. As A corresponds to the event where N'(z, Gy) is
connected, we can upper bound 1{A} by the Y, 1{N(z,Gy) = T}, where N'(z,Gy) = T means T is a
subgraph of NV (z, Gy).

IE [1{A}PG(1),7T(1)PG(Z)JI'(Q):I < Z I~E [1{./\/(2, GU) >~ T}PG(I)’ﬂ-(l)PG(Z)Jr(2):| ,
TET

In turn, the existence of a given edge in N (z,Gy) between w; and w; corresponds to the equality of two
latent assignments in a node corresponding to w; and a node corresponding to w;. Let W be a set of couples
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of nodes in [n]. We introduce the event Cy such that all couples in W share the same latent assignment. Let
W be the collection of all sets W of cc couples such that Cy C {N(z,Gy) = T}. Since |T| = (cc+ 1)~}
and since |W| < (4D?)°, we arrive at

E [1{A}Ps0) 0 P n] < Y. > E[1{Cw}Pgo) x0 P nea]
TET WEW

4D2 cc "
cc—1
S (CC + 1) (T) TETI,HWZ/DE(WT E I:Pg(l)’ﬂ.(l) Pg(z)’ﬂ,(z) |1{Cw}} . (101)

We point out that the upper bound (101) is also valid for (SBM-P) and for (TS-P) and we shall use it again.
Hence, we only have to bound the last conditional expectation. For (HS-P), the event Cy implies that each
of the nodes in the cc couples share the same latent assignment. Then, arguing as for (92), we arrive at

k>|VA_#CCA

IE [PG(l)’ﬂ.(l)PGQ)’ﬂ.@) ‘1{Cw}} < ﬁ‘E”I)\IEM (E

‘We conclude that

n

|Va|—#CC 2\ cc
< EalyEsl (B) T (8D
- n vn

- 4D2\ k [Va|=#CCa
E I:].{A}PG(l)Jr(l)PG(Z)_’77(2)} < (cc+ 1)00_1 (T) }—leQ\/\\EM <_>

Hence, C-Variance-Permutation holds with cyq1 = 2 and cyq2 = 8.

Stochastic Block Model (SBM-P) The first moment expression (93) and the second moment bounds (95)
still hold, the only difference being the controls of the probabilities P[{z constant over each CC}] and
P[R(z) = Ro]. As for (HS-P) and in particular as in (100), we use simple bounds for Hypergeometric
distributions to get that

L\ ~IVal+#CCa 92
PIR() = Fil (£ <1428 <
i\ ~IVI+#0Ca
P[{z constant over each CC}] <E> <2. (102)

where we use that 32D? < n by Condition C-Signal with ¢, = 1. Then, all the upper bounds of moments for
(SBM-I) are still valid up to an additional multiplicative factor (1+ D~!) and the lower bounds of moments
for (SBM-I)are valid up to a multiplicative factor (1 — D~1). In particular, Condition C-Variance is still
valid but with constants c¢y1 = 0, ¢v2 = 2, ¢y3 = 2, and ¢, 4 = 7. Furthermore, Condition C-Moment holds
with ¢, = 1.

It remains to establish Condition C-Variance-Permutation. As for (HS-P), we only consider the case
where G contains at least one non-pure connected component. We also start from (101). Consider W €
W. Under Cy, conditionally to z, the expectation of Pz Pge) g2 is equal to zero only if all the
connected components that are connected by an edge in 7 belong to the same group of the SBM. Arguing
as before, we arrive at

_ L |Va|=#CCa
E [Paw) 0 Pae »o |Cw] < BENINIEA] (ﬁ)
We conclude that

~ 4D2\ ¢ k [Va|=#CCa
E [1{~A}PG(1),W(1)PG(Z).,W@)} < (CC—I— 1)66_1 (T) ﬁlEm‘)\‘EAl <—)

n

|Va|—#CC 2\ cC
< gElyEsl (B) T (8D
- n vn

Hence, C-Variance-Permutation holds with cya1 = 2 and cyq2 = 8.
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Teeplitz Seriation (TS-P) Again, we mainly reduce ourselves to (TS-I). Both (96) and (98) are still valid
and we only have to bound quantities of the form E [H(i,j)EE 1{|z — 2| < k/Q}} for some graph G = (V, E)
with |V] < 4D. Arguing as for (TS-I) but using the sampling with replacement, we get

g 1lVI-#CCq g\ VI-#CCo

< < < —

E H 1{|zi — 2] < k/2} _[n—4D] _2<n> :
(i,7)EE

since 32D? < n. Then, all the upper bounds of moments for (TS-P) are still valid up to an additional
multiplicative factor 2. In particular, Condition C-Variance is still valid but with constants c¢,;1 = 1,
Cy2 =2, Cy3 =2, and ¢y 4 = 7. Finally, C-Moment holds with ¢, = 4.

It remains to establish C-Variance-Permutation. We again start from (101). Consider W € W
Arguing as for (99), we arrive at

~ k 1 |VA|—#CCA
E [Pao x Pae peo [Cw] < pIERIAIEA] (%)

- B 4D2 Cc_ E+1 [Val=#CCa
E [1{A}Pg(1)7ﬁ(1)PG(z)y,,r(z)] S (CC+ ].)CC 1 <TL> p‘EmI)\‘EAl <Tl>

|VAa|=#CCa 2\ ¢
< ﬁlEﬁ‘)\lEA| @ g )
- n vn

Hence, C-Variance-Permutation holds with cyq1 = 2 and cyq2 = 8.

C Proof of Theorem 4.2

We start from Lemma 3.3 and then we use almost orthonormality of the basis — see Theorem 3.4.

2
) ]E%{1 {a@ + ZGGQ<D OzG\Pg} ap + ZG€Q<D acEm, [Y¢]
Advsn = T S et (=Dl
a@v(aG)GEQSD E |:|:a@ + ZGQQSD OCG\I/Gi| :| a@,(ac)ceggD 2
<(A-eDH)7H 1+ > ER (6| (103)

GeG<p

As a consequence, we only have to bound the first moment of the polynomials ¥ under the alternative for
all our six models. We simultaneously consider all six models.

Step 1: Moment of P . for a template G. Let us denote r the number of connected components of
G, we write (G(l),ﬂ'(l), ., GO, 7T(T>) for the corresponding decomposition. For i = 1,...,r, define the event
(; where no node in ﬂ(i)(V(i)) is altered. Under this event, PG@'),W(O follows the same distribution under
Py, as that under P. Besides, for any function f(Y') that does not depend on (Yis) (. s)crt)(p(), we have
Ep, [1{(F } Paw o f(Y)] = 0 as under ¢f, one of the edges involved in Pg ) has probability g. Then,

42



developing the polynomial P¢ , and introducing the events (;, we obtain

= Z (—)"Eg, H (H{Ge} + G P P 7o H E[Pgw) x)]

TC[r] | ke[r\T keT

En,

T
1 Pco
k=1

= > (DTEm | I] HGPow -m| ] ElPaw zm]

TC[r] LkE[rN\T keT
= Z (-)"E H Uk} Pat) roo H E[Pgw) x)]
TC|r] ke[r\T keT

E| ] Pow e — 1} Pow nm)

ke(r] ]
=S BT I Y Pew aw [ Paw mo
TC[r] k€[r\T keT

For the models (HS-I), (SBM-I), and (TS-I), the random variables P . are independent and cen-
tered. Hence, this simplifies as

Epy,

.
H?quﬂ(m} = (D"E | [T 1P a0
k=1

ke(r]

Then, one bounds the latter term for all three models. We conclude that

ro 9\ IV I-#CCq 1o\ #CCa
[T Pew m || < AP <;> <2DCE> . (104)
k=1

Ep,

For the models (HS-P), (SBM-P), and (TS-P) additional work is required to account for the dependencies.
Lemma C.1. For models (HS-P), (SBM-P), and (TS-P). Under the assumptions of Theorem 4.2, we have

r — k |V‘_#CCG kf 1 #CCG
I Pow noo || < (D) (DC > (chC (I v —>> , (105)

Eq, —
Pt n vn

where ¢ and c1 are numerical constants.

Step 2: Bounding |Eg, [¥¢]|. By Definition (19) of U, we derive from (104) and (105) that, in all six
models, we have

B, [Ve]| < e (DC%>|E| <DC%>|V|#CCG {chC <1+6%>]#ccc

Reorganizing the products, we get

9 \ 7#CCq |E|+#CCq—|V| |V|-2#CCq
Er, [Pe]| < e [ch?’C (A—f + if)} (Dci_) (DQC'“—A_>
Van - ny/q Vi Vg
As G does not contain any isolated node, each connected component contains at least two nodes and therefore
#CCq < |V|/2. Besides, any graph satisfies |E| > |V| — #CCg. Since we assume that ¢ < 1/2, 7 is larger
than ¢/2. Then, relying on the conditions (31) of the theorem, and assuming the constant ¢y in the latter
theorem is large enough, we obtain
B, [V < D™lFI/2
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Step 3: Bounding the advantage. Coming back to (103), we simply need to enumerate all G € G<p.
For this purpose, we use the crude bound that there are no more v?¢ templates with v nodes and e edges.
This allows us to conclude that

Advi, <(1-cD7?)7' |1+ Y Dl

GeG<p
2D D

<(1—eD )71+ ZZU%DCOE]
v=1e=1

<1++

— D i

provided that cg is large enough and where the numerical constant ¢ changed from line to line. This concludes
the proof.

Proof of Lemma C.1. In this proof, the positive numerical constants ¢ and ¢; may change from line to line.

T
H Pz
k=1

Em, < Z E H 1{CE}PG<k>m<k>Hﬁmm,ﬂk)

TC[r] ke[r\T keT

< 2"max E H WGPz | |E

N PAIv

11 PG(k),w<k>:|
kET

+ 2" ;nca[i(] E H Wit Pot pvy — E H (i} Pa) p H ?G(k)vﬂ—(k)
kel[r\T ke[r\T keT

=27 (max Ay + max AQ;T)
TC|r] TC]r]

It is easy to control Aj,p from our previous computations. Indeed, for (HS-P), (SBM-P), and (TS-P), one
easily derives that

E

*) k ZkeB|V(k>\
[ 1 Paw | < Aken 1B <2_> (2De)!P! (106)

n
keB

whereas the term |]E [erT ?G<k>m<m} | is either 0 when 7T is a singleton or is controlled by Lemma A.3 for
more general T since all three models satisfy C-Moment, C-Variance, and C-Variance-Permutation. This
allows us to derive that

k |[V|-#CCqg ke 1 #CCq
max Avr < er(DN)E! (Dc_) (D (_ v _)>
TCclr] n n  \/n

The control of Ay, requires additional work.

Lemma C.2. All three models (HS-P), (SBM-P), and (TS-P) satisfy
[V|=#CCq #CCa
k ke 1
Ay < er(DN)EN( Do D(—V—
N Y
Gathering these two bounds, we conclude that

. V|- #CCq #CCq
— 1
H PG(’c),n-(k)] < e (DN <D02> (CIDC (E % —))

En,
et n o \/n
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Proof of Lemma C.2. We use a similar approach to the proof of Lemma A.3. Let us slightly change the
notation in order to be able to be able to adapt the arguments. Let us assume that we are given (G/(l), 71'/(1)),
cee (G/(s),ﬂ'/(s)) and (G, 7MY, ... (G"),7(")) whose nodes are all distinct. For i = 1,...,s, we define
the event &/ for the polynomial (G, 7 ). Then, we write

S
Py = [[H&Y P o s
=1

Also, Py := Py — E[Py]. Furthermore, for i = 1,...,r, we write P; := Pg) oo and P, = ﬁG(i)Ju). Define
e:=S"_|E@Dand ¢ := Y7 |[E'@| v:=3"_ [V@| and o' := 37_, [V'®|. To establish the lemma, we

need to show that
r . , k vtv —r—s ki 1 r+s
[17:|| < cr(Don)te <DC—> (chc (-E v —>> .
bl n n  n

Arguing as in the proof of Lemma A.3, we have
117 [17:
i=0 i=0

where the expectation Eg(.) is with respect to the distribution where the latent assignments z; for each P.’s
are sampled without replacement but are independent between different P,. Arguing exactly as in the proof
of Lemma A.8, we observe

g
i=0

where Ap is defined as in the proof of Lemma A.3. If 0 ¢ B, we can simply rely on Lemma A.7 which states
that

En,

En, < |Er

Er Er |1{Ap} [[ P

i€B

< (r41)3r+gr+t max H
B:partition of [0,r+1] BeR

Er [1{As} [[ P

ieB
When 0 € B, we adapt the proof of Lemma A.7 to establish the following bound

o\ Zaes(V@I=1) D]
Jn

< ¢ D" (DN Zeer 1B <DC

n

Lemma C.3. For any subset B C [0;r] such that 0 € B, we have

_ \"T erDe]PI7t 1 Derge\®
Er |1 P;|| <D (DN | D= _— ,
a7 o (o) 2] (o2
where a = ;¢ p\ (0} |[ED| + 322 |E'D| and b= ZieB\{O}(|V(i)| D)+ (T, V@ —1).
We conclude by gathering all the corresponding bounds. O

Proof of Lemma C.3. Without loss of generality we assume that B = [0;7]. The approach closely follows

that of the proof of Lemma A.7. In particular, we introduce the expectation E with respect to the distribution
where we sample latent assignments z;s with replacement.

ro 4D2 [T]-1 ~
I{A[O;r]}HPa < 2" (r +1)"! max max <—) H E[P,) H E

E 1{Ar P
R — TC[0:r] Tepartition of T \_ 7 EE AL {Ar }alel/ A
= ac(r
(107)

The term E[Py] is controlled in (106). For ¢ = 1,...,r, the quantities E[P;] are controlled by Condition
C-Moment which is fullfilled for all three models. If 0 ¢ T”, the term E [1{ Az } [T e

by C-Variance-Permutation. Hence, we only have to control the expression E [1{Ar} ]

P,] is also controlled

wcT Pa] with
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0 € T". For all three models (HS-P), (SBM-P), and (TS-P), we finally need to control this expectation. We
claim that, for all these models, we have

N/ DeNTI=Y /o pege\®
< co(DN) (D E 1
< DY) < ﬂ) (cox/ﬁ> (CO n ) ’ (108)

where a = ZiGT’\{O} |E®| + 2i-1 ‘E/(i)| and b = ZieT'\{o}(‘V(i” -+ |V/(i)| —1). We only prove
this claim for (SBM-P), the arguments being quite similar for the other models. Each of the nodes in a
connected component must belong to the same group of the SBM; this occurs with probability (k/n)b. We
also have the additional restriction that that connected components indexed by 7" are connected through
their hidden labels, which occurs with probability (D2/n)/T'l < (D2//n)T"1=1. Besides, each of the s
connected components belong to an altered group of the SBM, which occurs with probability ke/n. The
bound (108) follows. Gathering all these bounds in (107) leads to the desired result. O

E

1{Ar} [] Pa

acT’

D Proofs for LD estimation problems

D.1 Proof of Theorem 7.3

This proof closely follows that of Theorem 7.1 and we only emphasize the few differences. In particular,
we define the Gram matrix I' of size |g(<1,52)| + 1 associated to the basis (1, (Wg’z))Geg(l,m) by ') e =
hS <D
E[\Ilg(f))\I/g(f))] for any (G, G(?) ¢ Q(SI’DQ), I'p=1and I'g = E[\IJ(G}’Q)] =0 for G € ggg). First, we
bound the individual terms of I" by stating a counterpart of Proposition A.1.
For this purpose, we need to define a variant of d(G(l)7 G(z)). Let

d(1,2)(G(1)’G(2)) = min |Eal . (109)
Mem:2)

Note that d12(GM), G?) = 0 if and only if GM) and G are equivalent.

Proposition D.1. Fiz D > 2. Under Independent-Sampling, we assume that Conditions C-Variance, C-Moment
and C-Signal are fulfilled and that the constant cs > 4 is large compared to the other other ones. Under
Permutation Sampling, we assume that Conditions C-Variance, C-Moment, C-Variance-Permutation,

and C-Stgnal are fulfilled and that the constant cs > 4 is large compared to the other other ones. There
exists two positive constants ¢ and ¢’ depending on those arising in Conditions C-Variance, C-Moment, and
possibly C-Variance-Permutation such that the following holds for any templates GV, G2 ¢ G<p.

1ifGM £GA):

Bl wi)| < epmedt @ e (110)
2 and if GV = GO
El(wG2) - 1| <D (111)

Then, we establish that I' is diagonal dominant as in the proof of Theorem 7.1, the only small difference
being that we sum over templates in G2 and that we consider the distance d+2 (G(), G). To handle this,

we first observe that, as long as GV ;é G in G(Slg), we have d(12)(GM G > 1. Also, given a positive
integer u, and a given template G(!), the number of templates G(?) in Q(Slbz) such that d2)(GM, G?)) =y

is bounded by (u + D)?“. The rest of the proof is unchanged.

Proof of Proposition D.1. This proof closely follows that of Proposition A.1 up to a few changes. First, we
claim that the analogues of Lemmas A.2 and A.3 still hold. The proof is postponed to the end of the
subsection.

Lemma D.2. Consider the same assumptions as in Lemma A.2 or A.3.

46



1 Let GV ,G? ¢ gg;f) be two templates and let M € M2 \./\/l(l’z) be a matching. For any
(7, 7)) e TH2D(M), we have ‘IE {Pg(i)ﬂ(l)?é(z) ﬂ@)} ‘ < Y[Ga] where we recall that Y[Ga] is

defined in Lemmas A.2 and A.3.

2 Also, for any template G = (V,E) € g“ 2) and any ™ € HS’Q), we have
k
n

As in Step 1 from the proof of Proposition A.1, we start from the the identity

(1,2) 7.(1,2) 1 S(1,2)  5(1,2)
E[V 0 Yool = D GOV (G Z E[Pc) 0 Pg@) r@]

1 (1,2) 2 (1,2)
m( )EHV(I) € )EHV(Q)

L =12 5(1.2)
= > > ElPGty -0 Pai x5
VVID(GIVID(GD) 2 ) oo o

where M2 is the set of all matchings included in M that contain (vgl),v?)), (vgl),vf)) and where

1(1:2) (M) is the set of all pairs (71, 7)) € TI(M) such that 7(@ (v{”) = 1, 7 (v{") = 2 for a = 1,2.

Observe that [TIH2)(M)| = % for a perfect matching. We proceed similarly to the proof of
Proposition A.1. For G # G| we have
E[\IJ((,}(IQ))\IJ(G}(?R] SA(I’Z) , (112)
whereas, for G = G we have
E[el2 el 1) < 402 4 g (113)
where
1 — _
(1.2) . .
A SV (GO (GO) 2 > ElP ooz Paw zal| 5 (114)
MeEMT2\ Mpy (7D 7)) €T1(1:2) (M)
B12) . 1{@(1) _ G(?)} V<1>| [(?G(l),w(l))z} —1l, (115)

where the last quantity does not depend on the choice of 7)) ¢ ITy,). It was already proven that in the
proof of Proposition A.1 that
B < gD (116)

Recall that [TI12) (M) = ("_(|V<1)(‘1|_52;)|_|M|))1' By definition (24) of V(1:2)(@) and Lemma D.2, we get

1 V(= [VID]l(n — [VE])!
—(IE(1>|+|E(2>|)/2\/|Aut(1 2(GD)||Aut™2 (GD)| MemT\ Mpy (n— (VO] +[VE] - M])!

A2 <

UIGal -

Then, arguing as in the end of Step 1 in the proof of Proposition A.1, we get

412) < 1

<——— n(UOHUED 2G0T
gUEW I+ EC )W?\/|Aut(1’2)(G(l))||Aut(1’2)(G(2))| MeEMT2D\ Mpyt

Then, Lemma A.4 in Step 3 is still valid upon replacing d(G™", G®)) by d(12(G™M), G(?)). We then proceed
as in Steps 3 and 4 of the proof of Proposition A.1. We obtain

200

) [U+|Msm|]vd 2D (GM,a@)v1
\/|Aut(1,2)(G(1>)||Aut(1.,2)(G(2))| MEMLD\ Mpas

AL2) <

(D72cs

’
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for some constant ¢g. We conclude the proof by a slight modification of the Step 4 of the proof of Proposi-
tion A.1. As in the latter, we enumerate all possible matchings corresponding to any possible shadow:

2D2CV,2
\/ At (GO)||Awt 2 (G@)|

Z Z (D72cs)[U+‘MSMH\/d(1’2)(G(1)70(2))\/1

UMD v\ oM o0y, Mem$2) (UM, U@ M)
U@ cy® \{U?) ’,UEZ) 1
MeM\Mpm

AL2) <

where M&fd)ow(U(l), U®R) M) = Mahadow (U, U M) N M2 Similarly to Lemma A.5 we have

MGt (U1, Uz, M| < min(|Aut™? (GO)], [Aut™ (GP))] (117)

shadow

Then, as in the end of the proof of Proposition A.1, we conclude that

A12) CD—cs[d<1’2)(G<1),G(2))V1] .

Coming back to (112), we have established the first part of the proposition. The second part of the proposition
follows from the latter equality together with (113) and (116).
O

Proof of Lemma D.2. First, consider the case where neither v§ ) nor vé ) is isolated in G for a = 1,2.

Then, we have F(Gl{f))’ﬂw = ?G(“)Jf(“) and the bound in Lemma D.2 holds by Lemmas A.2 and A.3. Then,

consider the case where both U%l) and ’U%Q) are isolated and say that neither vgl) nor Ué ) are isolated.

=(1,2) (1,2 . = = oy .
Then, P(G(’1>) 7r<1)P(G(2))7r(2) is equal to Pgra) ) Pgr2) 42 where, in G (@), we have removed the isolated

node vy (@) for ¢ = = 1,2. Hence, we can apply Lemmas A.2 and A.3 to the latter polynomials. Since the

corresponding G’5 is equal to Ga, the result follows again by Lemma D.2. By symmetry, it remains to
consider the case where vgl) is isolated while v( ) is not and neither vél) nor vé ) are isolated. Then,
Fggl))mu)?ggffm@) = ?G/(l),ﬂ-’(l)PG(z),w@) and we can apply again Lemma A.2 and A.3. Denote G\ the
corresponding symmetric difference graph between 7 (WV[G'M] and 7 [G?)], we only have to check that
P[Ga] < P[GR]. The latter is true because Ga and G have the same number of vertices, edges, connected
components, the only differences being that the number of semi-matched nodes is larger for Ga than for G/{
whereas the number of pure connected components is possibly larger for G\ than for Ga. O

D.2 Proof of Theorem 4.1
It follows from Lemma 3.5 and Theorem 3.6 that

agE[z] + ZGEQSg) agE[ZE\IJ(GLQ)])

Corr<D [1—eD™ 2] sup H04_||2 =[1—eD 2|7 |E[2]* + Z \I/(l 2)
« 2

Gegly

We readily have E[z] < (k+1)/(n— k) for all six models and we even have E[z] < k?/[n(n—1)] for (HS-I)
and (HS-P). Hence, we mainly need to bound the first moments E? [x\Ilg’Q)] which is done in the following
lemma.

Lemma D.3. Under the assumptions of Theorem 4.1 and for co > 0 a large enough universal constant, all
6 models satisfy

k
ElzW4 ]| < = p-eo/2IEl
Elz¥e™]l < ~
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Let us finish the proof before showing the lemma.

o | (12 K2 .
Comtp <[L—eD7I™ | mpss +0g ), D7
Geg <

Since the number of templates G in Q(<11’)2) with v nodes and e edges is smaller than v2¢, we have ZGEQ(1’2> D—cl®l <
< <D

D=2 as long as cg is large enough. Together with the fact that k/n is small enough, we conclude that
Corr |, < fl—z(l +¢/D?).

To get a smaller bound of Corr? ,, for (HS-I) and (HS-P), instead of Lemma D.3, we simply rely on the
following lemma.

Lemma D.4. Under the assumptions of Theorem 4.1 and for ¢y > 0 a large enough universal constant,

(HS-I) and (HS-P) satisfy

k2 —co/2|E
_Deo/21El

1,2
Ezv6?) < —

Proof of Lemma D.J. For both (HS-I) and (HS-P), we argue as before to bound the first and second moments
of polynomials. Note that these bounds are smaller by a factor k/n than their counterpart in C-Moment and
C-Variance.

\g
E [Pg.-]| < (D)) <DC'S> :

/k [Val
’E [Pt =0 Pae) z] ‘ < AEalplEul (Dc ﬁ)

Also, for (HS-P), we readily have

LH[Val-#CCa [ pe! #CCpure
c \/_ )
n

which is also smaller by a factor k/n, than its analogue in C-Variance-Permutation.

o k
’E [L{A}Ps) ) Pae 0 ] ’ < N EalplEnl <D°E>

O

Proof of Lemma D.3. As a warmup, consider the case where E = {(v1,v2)} so that G only contains two

nodes. We have
E[z)] — E[z]E[z)] - (k+1)A

Vi T (n—k-1)Vvag

in all six models. Relying on the signal condition in Theorem 4.1, we deduce that |E[:E\1182)]| < D=/2k /n.

We now turn to templates G € Q(Slg ) with |[V| > 3 nodes. We consider three cases depending on the

connections between v and vs.

(118)

Elzw§ ]| =

Case 1: (v,v2) € G. Let m be any labeling in II(":2) (V). If either v; or vy are isolated in G, we prune
(G,7) into (G',7) by removing the node. In this way, ?gﬁ) = Pgi . Besides, we define G as the
template that only contain the edge (vi,v2) and 7(9) such that 7(9 (v;) = 1 and 7(9) (vy) = 2. We have for
all models that

1 _
E[xPG,;r ] = X]E[Pc;(o)’ﬂ(o)PGW)ﬂ-l} .

Coming back to the definition of \118 ’2), this leads us to

+ E[l’] |E[ﬁg/,7r/]

VI/2-1 /q
e < e

gFl/? A ‘E[ﬁcwmm)ﬁglm,]

\ ) . (119)
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By Proposition 7.4, provided that we choose ¢y large enough in the statement of Theorem 4.1, all our six
models satisfy Condition C-Moment, C-Variance, as well as C-Variance-Permutation for (HS-P), (SBM-P),
(TS-P) for some numerical constants and we are therefore in position to apply Lemmas A.2 and A.3 to all

six models.
[V]/2—1 o , |E| oo\ IV I=#CCor o] #CCar
L s Ele] [E[Pe ]| < cp2k <Dc i_) alvi2—1 [ D7k D
712 » - - - N
, IV [=#CCqr
k(o AN\ Dk \ #CCar
< eD?2 | DL Dc)
= ( a) v ¢
—|v’ 4 / V/|—=#CCgqr
ok (o A\ FITIVIH#FCCS [ pactp\ v ¢ N\ #CCar
SeD— | D°—= = (cD )
n q Vng
/ |[V/|—#CCqr
ok (o AN DR “
e I
n q /nq
1k
< Z2p—colEl/2 190
~—2n ’ (120)

where we used in the second line that [V’/| > |V|— 2 and that, for ¢y large enough, we have cD® k/n < 1 and
we used in the penultimate line that |V’/| > 2#CCg/. In the last line, we used the conditions of Theorem 4.1
as well as the fact that |E| > |[V/| — |#CC¢/| and ¢y is large enough.

Let us turn to the first term in (119). We again apply Lemma A.3.

V ’ “ ‘70' ’ b

izt s §5) + AN\ Dek De

n , , B

)@l B2 |E[P G©) 7 (0) Po ]| < cD?T¢ (Dc \/ﬁ) plvVi/2=1 2% C_\/ﬁ , (121)

where a corresponds to the number of connected components in the concatenation of 7/[G'] and 7(9)[G ()]
and b corresponds to the number of pure connected components in the same graph. Note that a and b depend
on the connection of v; and vy in GG. We consider four subcases.

Case 1-a: both v; and vy are isolated in G. In the this case, |V'| = |[V| —2, b = #CC(G’) + 1 and
a = #CC(G’) + 1. We deduce from (121) that

L\ IVIHLI—#CC(G) ,
I‘/‘/Q_1 — — ’ ’ )\ |E| 7 DC k DC
L |E[Pg(o> W(O)PG/JT/” < ¢D?*te <DC F) I g c—
’ q

#CC(G")+1
AGEI72 n Vvn }

LN\ V| —gco@ ,
< 2 pac k D¢ AN Dk v “ { DC,}#CC(G) !
C — — ¢ /n
- n q vn v
/ , |E|7|V/‘+#CC(GI) ch, ‘V’lf#CC(G/) , #CC(G/)
< 2prset <DC 4) P {CD }
n NG nq
_ ’ ’ ’ ‘Vll_#cc(Gl)
< 2psdk (pe A B o )
c — — ¢ n
1k
< 5ﬁD—&)lEl/? , (122)

where we argued as for (120).

Case 1-b: vy or vy is isolated in G, but not both of them. In this case, |[V'| = |[V]| — 1, a = #CC(G’), and
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b =#CC(G") — 1. Arguing as previously, we deduce from (121) that

/ [V |[+1-#CC(G") ;1 #CC(G") -1
Vi/2-1 AN\ Dk D¢
norm L 2+4¢ N V212 [ YR -
)@‘E‘/Z |E[Pg(0)77r(o) Pqa . ] <eD (D \/_> n - c \/ﬁ

q

|E| 2¢
< cpr+2e® (Ddi) (cD i

) [V/|—#CC(@)

E|—|V'|+#CC(G o [V/|—#CC(G)
<cD2+2c’E <Dc’i> e CD3 k
n\" Va Vg
< EED*CO\E\/Z . (123)

—2n

Case 1-c: v; and vy are not isolated in G, but they do not belong to the same connected component. In
this case, |[V'| = |V, a = #CC(G’) — 1, and b = #CC(G") — 2. Arguing as previously, we deduce from (121)
that

’ |V/‘+1_#CC(G,) /
[V|/2—-1 o - , D\ |E| , D¢k D¢
& PG n0 Par ]| < eD?**° (Dc ﬁ) plVi/2=1 | —— c—=

#CC(G")—2
AgB/2 |E[ n \/ﬁ]

o L\ IVI—#ec(@)
e
- n Va vn

E|—|V' |4+#CC(G’ o [V'|-#CC(@)
<CD2+2C’E<Dc’L>| - ) CD3 k
=\ Vi
1k

< EgD*CO\E\N . (124)

Case 1-d: v; and v belong to the same connected component in G. In this case, |[V'| = |V, a = #CC(G’),
and b = #CC(G’") — 1. Arguing as previously, we deduce from (121) that

’ |V |—#CC(G") L7 #CC(G7)—1
RS e o ANE Dk De
5 |E[PG) x Par ]| < eD?*e <DC f) pVi2-1 [ DP7F Pl
1 7

\EI? n N
;1 DY |E| DQc’k
< eD*e— (DC —_) P
Vn Va Vn

)V'#CC(G’)

E|+1— v’ 14CC a’ o ‘V/‘flf#CC(G/)
< 2prsck (DC’i) TR (D Ak
- n V4 Vng
k
< %D‘C"'E'/? , (125)

where we used again in the last line that all connected components have at least two nodes and we used the
conditions on A from the statement of Theorem 4.1. Then, gathering (119 - 125) concludes the proof.

Case 2: (vi,v2) € G. We decompose G into G and G’ where G(!) corresponds to the connected
component of G that contains both v1 and vs, whereas G’ contains all the other connected components. We
only consider the case where G’ is non-empty, the case where G has only one connected component being

similar. Fix any 7 € HS’Q) and write 7(Y) and 7’ for the corresponding restrictions of the labelings to V()
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and V’. By definition of the polynomials \PS’Q) and FS ’2), we have

Elz0?]) = (n—2) E[zP, Por o] — B[P E[zP
2l =\ g (B P e Perr] = ElPoun oo By
nlv‘/271 J— J—
< W ‘]E[PGu),ﬂ(l)PG/,w/} —E[Pg0) »]E[zPgr ]

nlv‘/Q—l - -
glElz [|E[Pca) x) P ]

+ |E[Pea) -0 |E[Per ]

+ |E[PG(1),7T(1>ME[33?G’J’]

|, (126)

where we used in the second line that conditionally on z the expectation of PG(l)’ﬂ.(l)?Gl’ﬂ—/ is zero whenever
z=0.

We first bound the first term E[Pga) ) Par ). Since 70 [GMW] and 7'[G’] do not intersect it follows
from Lemma A.3 that

/ |[V|=#CCq /\ #CCa
IvVi/2-1 A\ E Dk D¢
n 2 ¢ Vi]/2—1
— 1 1 | < —_ JE—
q‘EV? E[Pg()’ﬂ.()PG ,ﬂ-}icD (D ﬁ) n " C\/H
1k
< 2 pcolEl/2 127
<31 , (127)

where we used that ¢ is large enough and we argued as in Case 1. Let us turn to the second term in (126).
By Condition C-Moment, we have

’ (1) ’ k |V(1)|71
E[Pga) xm] < (DEA)E] <DC E) )

Also, if G’ has a single connected component, we have E[Pgs /] = 0. If G’ has at least two connected

component, then E[P¢ ] is controlled by Lemma A.3. In particular, we have

LN V| —#CCu N #CCp
o e\ TEe o pe\ #%e
< ¢D° (DC)\> e

n vn

We deduce from the two previous bounds that

’ ‘Vlf#CCG
Vi/2-1 _ 1 2A\®E Dk A\ #CCa—1
n c c c
7E1/2 [E[Pea) z0 JE[Por ] SC\/ﬁD (D \/5) Vvn (CD )

[E[Por ]

/ , N\ |VI—1—#CC
< kCQD?)c/ Dc’ A 7] C.D2c k “
~n NG vn
" _ , [V]—1—#CC

< EC2DSC' Dc’i Himete cDQck )
T n Va ng

k
< L emcolEl/2 128
- 4ne ( )

where we used that ¢y is large enough in the statement of the theorem. To handle the last term ‘E[PG(U e |E[xPgr 1] |,

we control E[zP¢s /] by arguing as in case 1-a. This allows us to prove that |E[Pga) o E[zPe ]| <
k =olEI/2 Then, gathering (127) and (128), we conclude that
(1,2) k —colE|/2
EzU; 7] < —e .
n
The result follows.
O
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E Proofs of the invariance properties

Proof of Lemma 3.1. Let adv<p(f) = % be the objective function optimized in the advantage. Suppose

f* € argmaxadv<p is a polynomial of degree less than D attaining the maximal advantage— it is not hard
to see that the maximum exists. Let o be any permutation of [n]. By the permutation invariance properties
of the distributions under the null and the alternative hypotheses, it turns out that the polynomial defined
by YV — f*(Y) = f*(Y,) also maximizes the advantage. Defining the permutation invariant polynomial f
by fr,(Y) =53 f*(Ys), we get that

1 ]E | L * Yg-
adv<p (E Zf*(py)) _ ©"H ERA )]2 .
e VE(L T, £(Y2)
By invariance of H; with respect to permutations, the numerator is equal to the numerator in Eg, (f*(Y)).

For the denominator, by convexity of the square function and invariance with respect to permutations, we
get

E(% Zf*(%)) <E(F()?

Therefore, adv<p(f7,) > adv<p(f*) and the advantage is maximized by a permutation invariant function.
O

Proof of Lemma 3.2. First, we easily check that the constant function 1 and the polynomials Pg . with
G = (V,E) € G<p and 7 € IIy correspond to the canonical basis of polynomials of degree at most D with
n variables.
Consider any permutation-invariant polynomial f € P, There exist unique numerical values (aG.»)Geg-
such that - -
f)=ap+ > ac<Pax(Y) . (129)
GeGep,melly

Given any permutation o of [n], we define f, by f5(Y) = f(Y,). By permutation invariance, we have f, = f.
As a consequence, it follows from the decomposition of f that

f)=ag+ > > Pax(Y)

GEQSD welly

1
ag

One easily checks that, for a fixed template G, % > o @G moo—1 does not depend on 7. Hence, there exist
ag’s such that
fV)=ag+ Y acPox(Y) . (130)
Geg<p
Besides, by uniqueness of the decomposition (129), it follows that ag . = ag for all 7 € Iy and the

decomposition (130) is therefore unique.
O

Proof of Lemma 3.5. Relying on the permutation invariance of the distribution P, we can argue as in the

proof of Lemma 3.1, that there exists a polynomial f with deg(f) < D that maximizes E}éf[ ;]2] over all
polynomials of degree at most D and that is invariant by permutations over {3,...,n}; in other words,

for all permutations o : [n] — [n] such that o(1) = 1, and o(2) = 2, we have f(Y) = f(Y,) where
Y, = (Ys(i),0(j))- Then, similarly to to the proof of Lemma 3.2, we check that (1, (PC(JIQ))Geg“’z)) is a basis
<D

of the space of polynomials that are invariant by permutations of {3,...,n}. Since (1, (\I/(GI’Z)) ) span

(1,2)
GeGlj,
the same space, this allows us to conclude.

O
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