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ABSTRACT

Adversarial imitation learning techniques are based on modeling statistical diver-
gences using agent and expert demonstration data. However, unbiased minimiza-
tion of these divergences is not usually guaranteed due to the geometry of the
underlying space. Furthermore, when the size of demonstrations is not sufficient,
estimated reward functions from the discriminative signals become uncertain and
fail to give informative feedback. Instead of formulating a global cost at once,
we consider reward functions as an iterative sequence in a proximal method. In
this paper, we show that rewards dervied by mirror descent ensures minimization
of a Bregman divergence in terms of a rigorous regret bound of O(1/T) for a
particular condition of step sizes {7;}._;. The resulting mirror descent adver-
sarial inverse reinforcement learning (MD-AIRL) algorithm gradually advances a
parameterized reward function in an associated reward space, and the sequence
of such functions provides optimization targets for the policy space. We empir-
ically validate our method in discrete and continuous benchmarks and show that
MD-AIRL outperforms previous methods in various settings.

1 INTRODUCTION

Inverse reinforcement learning (IRL) is an algorithm of learning ground-truth rewards from demon-
strations of an expert that acts optimally with respect to an unknown reward function. Traditional
IRL approaches (Ng & Russell, 2000; [Abbeel & Ng|, [2004; Ziebart et al., [2008) solve the imita-
tion problem based on iterative algorithms, alternating between the reward estimation process and
a reinforcement learning (RL) algorithm. Recent adversarial imitation learning (AIL) studies (Ho
& Ermon, 2016} [Fu et al., 2017) focus on formulating a statistical divergence minimization with a
fine-tuned representation of the target expert probability distribution (Ghasemipour et al., 2020).

One method to approximate the distance between probability distributions is using Bregman diver-
gences, a family of metric-like functions induced by a strongly convex function. [Jeon et al.| (2020)
generalized the AIL framework to an optimization problem with respect to a Bregman divergence
between policy distributions where the method shares on the essence of regularized Markov deci-
sion processes (Geist et al., [2019). Through the lens of differential geometries, this implies that a
policy distribution and a reward function can be associated with geometric constraints specified by
a convex regularizer (Shima, 2007)). Apparently, the limitation of regularized IRL studies naturally
comes from a geometric property in which minimizing a Bregman divergence does not guarantee
unbiased progression due to the constraints of the underlying space (Butnariu & Resmerita, [2006).

The success of machine learning has been the key to learning such divergences with high preci-
sion. When the demonstration size is sufficiently large, the discriminator approximation of AIL can
model the entire expert policy distribution internally using nonlinear approximators such as neu-
ral networks (Finn et al.| 2016} [Fu et al [2017). However, there are challenging tasks that require
long action sequences to be solved. When states can only be rarely visited by imitation learning
agents, the uncertainty of estimated expert policy often substantially affects the discrimination qual-
ity. Therefore, the development of a robust IRL method that is tolerant to unreliable discriminative
signals induced by imperfect demonstrations is necessary.

The reasonable question is how to learn with cost estimations that are not precisely determined
throughout the learning process. There have been considerable achievements in dealing with tempo-
ral costs in the online learning domain (Fiat & Woeginger, |1998}; [Hazan, |2019). An online learning
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algorithm predicts a sequence of parameters {w; }7_; C W thatis incurred by a cost function F;(-) at
each iteration. The most ordinary approach in online learning is stochastic gradient descent (SGD):
w1 = wy — 1 VFi(wy). SGD is a desirable algorithm when the set W is the Euclidean geometry
since it can provide unbiased progression for minimizing F; (Raskutti & Mukherjee} [2015)). How-
ever, policies appear in manifolds of probability distributions; a gradient may not be the direction of
the steepest descent in this case due to geometric constraints (Amaril |1998};|2016).

In this paper, we propose an iterative imitation learning framework that interprets the RL-IRL
scheme similar to proximal optimization methods (Boyd et al., |2004; |Amari, [2016). We identify
two issues in the AIL studies that have characteristics of unconstrained updates: (1) a divergence
does not guarantee informative global directions to match the expert policy due to the geometry, and
(2) a representation of divergence often cannot be accurately obtained due to insufficient data.

Our method is motivated by a template of optimization algorithms specified by a convex function,
called mirror descent (MD; [Nemirovsky & Yudin|1983). For parameters sequences, cost functions,
and step sizes, an MD update for a strongly convex function (2 is derived as

VQ(wiy1) = VQ(wy) — 10V Fy(wy), (1)

where V(2 is a bijective transformation that links the primal space and the dual space of gradients.
Different from these standard MD formulations, our methodology draws a sequence of functions
on a space formulated by a regularized reward operator which is an alternative to the dual space.
Consequently, the reward functions are projected optimization targets for the space of policies.

Our Contributions. We propose a novel IRL algorithm which facilitates the agent in robustly

imitating the expert. Our work is complementary to previous regularized IRL studies; we introduce

a geometric perspective for optimizing rewards and derive solutions with theoretical guarantees.

* Instead of a monolithic estimation process of a global solution, we derive a sequence of reward
functions that provides local optimization targets for the space of policies (Section[3).

* We prove that rewards derived by an MD algorithm guarantee convergent divergence minimization
performance along with a rigorous regret bound (Section ).

* We propose mirror descent adversarial inverse reinforcement learning (MD-AIRL), a novel IRL
algorithm that can be easily implemented on top of the standard AIL framework (Section [5).

* We validate the outperforming performance of MD-AIRL on benchmarks with large discrete ac-
tion spaces and continuous action spaces (Section [6)).

2 PRELIMINARIES

Notation. For finite sets X and Y, we define Y as a set of functions from X to Y. Ax (A§) isa
set of (conditional) probabilities over X (conditioned on Y"). For a function f € RS*4 and a policy
7 € AS, f* and 7* denote shorthand notation of f(s, -) and 7(-|s), respectively. A Markov decision
process (MDP) is defined as a tuple (S, A, P, r,~) with the state space S, the action space A4, the
transition kernel P € Agx““, the reward function » € RS> and the discount factor y € [0,1). A

Bregman divergence with respect to a convex function {2 for a state s is defined as Dq(7°||7%) =
Q(m®) — Q%) — (VQ(7%), 1% — %) 4. We write Q(7) = [Q(7®)]ses and similarly for V2.

Regularized RL & IRL. We consider the RL-IRL framework in regularized MDPs (Geist et al.,
2019), where the policy is optimized along with a causal convex regularizer. The objective is to find
7w which maximizes the expected discounted sum of rewards with a strongly convex regularizer €2:

milélAnge Jo(m,r) =E, [Zizo ~y {r(si, a;) — Q(Tl'(|$z)) }} , 2)
where the subscript 7 on the expectation denotes samples generated from the MDP and policy 7.

Consider the convex conjugate of ¢ = VQ(72): Q*(¢5) = maxreca (7%, ¢34 — Q(7®). Differ-
entiating both sides with respect to g3, the gradient of conjugate V2* maps ¢, to the unique optimal
policy 7. Let IT be a bounded, open set for Aj C Mand R : TT — RS*A be a reward operator
which maps a policy to a reward function. The output 7 = R(7) is a representation of the expert’s
behavior; but finding such operator is an ill-posed problem because every function # that makes the
state-action value function ¢ is a valid solution of regularized IRL (Geist et al., 2019). Recently,
Jeon et al.| (2020) proposed a tractable solution, which we refer to the function as the regularized
reward function. We rewrite the previous notation by defining the regularized reward operator V.

NEW R1,R2
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Definition 1 (Regularized reward operators). Define the regularized reward operator U, : 7w +— 1
Ur(s,a) = Q' (s,a;m) — (7°, VQ(?TS)>A + Q(7%) Vs € S,a € A, 3)
Jor (s, ;) = V) = [VpUp)lp=r(|s)-

By using the operator in discriminative networks, Jeon et al.|(2020) proposed regularized adversarial
IRL (RAIRL) as a generalization of AIL in terms of minimizing a specific Bregman divergence.

Mirror Descent. Let w be a parameter on a set YW and F; : W — R be a convex cost function
from a class of functions F. Replacing the L2 proximity term of proximal gradient descent with the
Bregman divergence (Gutman & Penal 2018]), the proximal form of the MD update is given as

wi = argrg&n<VFt(wi‘m), w — w?m>w + a;Dq (wHwi\“D), 4)
we

where oy = 1/n, denotes an inverse of the step size ;. MD was developed as a generalization of
SGD, where the local geometry is specified by a Bregman divergence (Gunasekar et al.| [2020).

3 ITERATIVE RL-IRL AS A PROXIMAL OPTIMIZATION METHOD

We interpret the RL-IRL framework as a variant of proximal optimization methods and consider two
sequences {7 }72, and {1, }$2, that denote the learning policies and reward functions, respectively.

Associated reward function.  An updated point in MD can be uniquely projected to the de-
sired space (Ai in our case) using a Bregman projection operator 7, that locates iterative points
to the feasible region, i.e. 11 = Po(fi1) = argminﬂeAi [Da(m||7e41)]ses for 7pyq € 11
To avoid these computations, we preemptively constrain a reward operator to satisfy the projection
invariance with respect to regularized RL process of the associated state-action value function ¢:
Po(VQ*(§)) = VQ*(G). According to Lemma 1 of Jeon et al.| (2020), a regularized reward func-
tion 1, can replace ¢, since the induced Bregman divergence allows the learning in a greedy manner.
The projection invariance of the operator ¥, can be shown by a bijective relation with V* in the
space of A% by the following lemma.

Lemma 1 (Natural isomorphism). Let ¢ € Uo(AS) for Uo(I1) = {9 | ¥(s,a) = ¢x(s,a), Vs€
S,a€ A, m€Il'}. Then, VY* (1) is unique with respect to 1), and for every m = VQ* (1), m € AS.

Policy Space Reward Space The proof is in Appendix [A] Figure [T] illustrates
’s/ T that there is unique 1); for 7, hence the two func-
A tions are isomorphic objects. Note that the trans-
formed W, () is different from the form VQ(m;)
of the dual space that is used in classical MD algo-
rithms. The transformation is shifted by a vector
1c with a constant ¢ = Q(7]) — (77, VQ(7])) 4
for each s. However, if the underlying space is
Ai, the operator VQ* reconstructs the original

Fi 1- A sch e ill . S point for both ¥, and V{2, since the distributivity
1gure 1: A schematic illustration. Suppose an of Q (Geist et al., 2019): Q*(y+lc) — Q*(y) +e,

update is constrained by a divergence with re- | (o VO (y + 1¢) = VQ*(y)). Conse-
spect to current 7 (gray). MD is performed in quently, we may omit the projection phase (the

the space defined b3S’ Wo. me1y 1S recovered i*n dotted angle in Figure [T) when the reward func-
the desired space A7 (solid curve) using V™. . - ol ihe constraint of \IJSZ(Ai).

As a result, we consider an updated reward function ;41 € \I!Q(A‘j) as a projected target of MD,
which can be associated by parameterization of A‘Z. For instance, a bijective mapping of 141 can
represent a softmax policy for a discrete space, or a Gaussian policy for a continuous space, using
its parameters. The subsequent RL process at ¢-th step becomes finding the next iteration ;11 by

maxir%ize Jo(m, V1) = E, [Zi:() 7' Dg (7Tsi ﬂ'fj_l):| , mir1 = VO (Yry1). (5)

TEAG

The equation shows that an arbitrary regularized RL algorithm with the regularizer €2 forms a cu-
mulative discounted sum of Bregman divergences, thus the mapping to 7y can be achieved.
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Figure 2: The policy 7, minimizes an online cost Dq(-||7z,;) associated with a convex regularizer
such as negative Shannon and Tsallis entropies. The left example shows that the number of updates
of 7,41 vary by the step sizes 7 of MD formulation. The plots on the right show that Dg, (7 || 7 ) vary
by 71 (averaged over 10 different trials). The solid red lines represent the baselines of Dq (7z ;|| 7z ).

Online imitation learning. = The necessity of online learning setup comes from observing that
our RL-IRL processes do not retain ¢, = ¥, (75 ), a representation of 7, during training. Instead,
consider a random process {7z . }52; where the estimation 7., resides in a closed, convex neigh-
borhood of 7, estimated by a separate estimation algorithm such as maximum likelihood methods.
Substituting 9 t0 9z, , in Jo (7, 1) turns the RL objective into an online learning problem:

7)) ©)

minimize Fi(7) = —Jo (7, ¢z, ,) = E [Zoo v'Dg (7
WGA i Q ] TE,t T i=0
For a deeper understanding of our setup, we consider an example in Figure 2] Assume that policies
of the learning agent and the expert follow multivariate Gaussian distributions initially at 7 =
N([0,0]T,1) and 7, = N([5,3]", %) for |¥z| < 1. The policy 7 is trained by a cost function
Dq(+||7s,¢) with the proximity constraint %DQ(-Hm) where the Gaussian policy 7z ; is also fitted
using stochastic samples from 7 at each iteration, starting from 7, ; = 7. We first observe that the
step size constant i affects the training speed in the early phase. Notably, the performance of certain
cases exceeds the baselines of Do (7 || 7 ) by choosing the step size effectively low as < 1. This
suggests that there is a clear advantage of the online imitation learning setup for unreliable 7 ;.
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t

Te+1 TE t Tt Tt41 T2 TE t+
a) I i i b) [

Figure 3: Mlustrations of mirror descent imitation learning in the (a) ¢-th iteration and (b) (¢ + 1)-

th iteration. Consider that {ﬁE7t}f§1 is a random process and 7 ; and 7z ;41 are sampled from a

neighborhood of 7, with respect to a norm. The MD step is taken in the interval of 7, and 7 ;. Note

that by decreasing the step size of updates, the region of m;4; (blue) shrinks.

i

t
1

MD update rules.  Plugging each divergence of the cumulative cost F; to the template of Equa-
tion , the optimization process for the subsequent ;1 of the MD formulation is derived a

Yiy1 = Vo (mg1), T = argfgin<VDﬂ(7Tf||7_T§,t)a7fs — 7} ), + aDa(n°||77)
TSEA A
V) -V )

= argmin Do (7|75 ;) — Da(7*|[77) + a:Da(m*||7)

TSEA A
= argminn; Do(m®||7; ;) +(1 —n¢) Da(7®||75), ne = Yeu, Vs €S, (7)
TSEA YL N ) ——

estimated expert learning agent

where the gradient of Dg is taken with respect to its first argument 7. The objective of reward
learning is analogous to finding an interpolation at each iteration where the point is controlled by
the step size 7. Figure [3] shows that the region of m; (defined by a norm) gradually decreases

'Bregman divergences are generally intractable to be computed, unless the policy is a specific parametric
model (e.g. exponential families). See the works of|Nielsen & Nock|(2011);Jeon et al.|(2020) and Appendix@
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when 7; > n.41. Note that solving the optimization of F; requires interaction between 7; and the
dynamics of the given environment; thus, the RL process in Equation (3] plays the essential role of
sequential learning by the value measures of the reward function.

4 ANALYSES ON STEP S1ZES, CONVERGENCE, AND REGRETS

Online IRL. We define an online cost f; (7, 7+) which involves a policy and a trajectory as inputs.
The trajectory 7, = {s;}5°, is available at the ¢-th step by executing the policy 7, in the environment.
An online cost function for reward 1, ; = U, (7g,¢) can be expressed as

fulmom) = > (30, mlalsi (s @) = mil1s) }- ®)
We refer the objective of the learning is to find a unique fixed point 7, € II that minimizes
E[f:(m, )], where the expectation is taken over the entire steps (i.e. limy— oo Ery ... 7, [f (7, 7))
Taking (stepwise) gradient for each 7(-|s), 7, is found by E[VQ(7.(-|s)) — VQ(Te(:]5))] = 0
when ¢ — oo, hence VQ(r,) = limy_, o E[VQ(7z4(+]s))]. The assumption of 7, = m, allows the
particular situation when the estimation algorithm of 7 ; is actually convergent with ¢ — oco. This
also allows general situations where the estimated expert policy is not stationary; the algorithm finds
the unique point according to the expectation of gradient by scheduling the step size 7;.

Theoretical Analyses. We state two conditions of {n;}$2; to guarantee
convergence properties which is explained in the following analyses.
e Convergent sequence & divergent series:

o0
*liglo 7 =0 and thl 7 = 00. 9
+ e Divergent series & convergent series of squared terms:
Figure 4: A step size Z‘” e = 00 and ZOO 2 < oo (10)
sequence example. t=1 t=1 't

Under the satisfaction of both cases, a sequence that is divergent in its series (e.g. harmonic series
220:1 %) is suitable as in Figure In our arguments, a policy conditioned by a state is in a Banach
space called the L? space (R4, ||-||,,), where ||-||,, denotes a p-norm, where we assume 1 < p < 2

for the convergence in the dual L4 space (1/p + /¢ = 1). The proofs are in Appendix@

Theorem 1 (Stepsize considerations). Let 2 be strongly convex, V<) be Lipschitz continuous,
and the associated Bregman divergences are bounded. Assume inf,cns E[fi(m,7)] > 0. Then

7 oo Bry ooy [Yoie g Da(msi||78%)] = 0 if and only if Eq. @) is satisfied.
(a) Iftlim ne=0,thenT €N, n <T, and ¢ > 0 exist s.t. Br, ..o, [fr (77, 70)] > 75
—»00 :

T—n
(b) If the step size takes the form ny = 5, then Be, . - [Y72 v Do (st ||75:) | = O(1/T).

e

Theorem 2] addresses the convergence of the algorithm in a specific case when 7, can be achieved.

Theorem 2 (Convergence in optimal cases). Let () be strongly convex, V<) be Lipschitz continuous,
and the associated Bregman divergences are bounded. Assume w1 # Tz and inf . AS E[fi(m, )] =

0. Then, limy_,oo Er ... 7, [ft(m,Tt)] = 0ifand only if > ;o m = oo. If ;i = n1, then there
exist ¢1,co € (0,1) such that c1- Ay < Ar < ¢+ Ay, where {A:}52, denote a sequence of Ay =
By [Da(ms||m)].

Proposition[I| provides a sufficient condition for the almost certain convergence of an MD algorithm
by imposing the stronger condition of step size in Equation (T0).

Proposition 1 (Convergence in general cases). Assume inf,cs E[fi(m,7)] > 0. If the step size
sequence satisfies Eq. @) then we have lim;_, oo > oo 7' Do(méi||7}") = 0 almost surely.

Regrets. Define the regret at ¢-th iteration for a sequence of cost functions { f; }:en as

Ry =1 251 fi(my, 7)) — infrens {4 521 15(m ) }- (11)
In the optimal case of inf cas E[fi(7,7)] = 0, Ry is bounded by O(1/T’) since f; inherits the
property of Bregman divergence so that the infimum is achieved by 0 at m,. By Proposition [I}

the updates regarding the policy converge when the step size sequence abides by Equation (T0).
Therefore, even for the general case of inf ¢ x5 E[f¢(m,7)] > 0, Ry is bounded to O(1/T).

FIX R3

NEW R3
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Algorithm 1 Mirror Descent Adversarial Inverse Reinforcement Learning.

1: Input: an expert trajectory dataset (7;°)7_,, a regularized reward function 1, € Uy(A%), an
agent policy 7, an estimate policy 7, a neural network b : S — R, \, a1, ap € RT.

2: fort <+ 1toT do

3 ap oy + FE=F(E—1)

4 Collect rollout trajectories 7, by using the agent policy .

5: Optimize b via binary logistic regression for Dj, to classify 7;° and 7;.

6 Optimize 7, via binary logistic regression for Dy ,, to classify 7;* and 7.

7 Optimize 14 with the MD objective in Equation (7) using o, 7/, 7¢, mg, and 7.

8: Train 7y via a regularized actor-critic method to maximize w;} (s, a) with regularizer AQ(-).
9: Output: 7y, 9.

5 MIRROR DESCENT ADVERSARIAL INVERSE REINFORCEMENT LEARNING

In this section, parameters 6, ¢, and v are presented representing agent policy, reward, and expert
policy functions respectively parameterized with neural networks. On top of the standard AIL algo-
rithm, we propose the MD-AIRL method, learning with a dual discriminator architecture motivated
by previous studies regarding multiple discriminators (Nguyen et al., 2017} Chongxuan et al., 2017).

AIL methods have dealt divergences between joint densities of states and actions (Ghasemipour
et al.,|2020). To clearly distinguish matching overall state densities and imitating specific behavior,
we aim to disentangle these concepts and propose two structured discriminators:

Dy (s,a) = o(log{m,(als)/me(als)} +b(s)) and  Dy(s) = o(b(s)),

where b : S — R is a neural network regarding states and o(-) denotes the sigmoid function. The
discriminators Dy, and Dy, are trained with binary cross-entropy losses regarding trajectories:

maximize E.,[log Dy . (s,a)] + Er, [log(1 — Dg (s, a))], (12)

max%)mize E.[log Dy(s)] + E, [log(1 — Dy(s))], (13)
Note that b and 6 are not trained for learning Dy ,. Let p, € Ags denote normalized state visitation
distribution of &, which is defined as p.(s) == (1 — 7)E[> e, 7' I{s; = s}] where I{-} is an
indicator function. Since x — alogo(x) 4+ Slog(l — o(x)) attains its maximum at o(z) =
(Goodfellow et al.,[2014)), optimality is achieved when m, = 7 and b(s) = log Pz (5)/p. (s).

o
a+p3

Let 14 denote the regularized reward function where the parameter ¢ is trained using a step size 7,
the agent policy 7y, and the estimation of expert policy 7, :

mirlicﬁmizeESNﬂ |:T]tDQ(7T¢(’|S)||7Ty(’|S)) + (1 =n¢)Da(my(-|s)||lma(-[s))] (14)

where 74 denotes the transformed policy V() and 7; denotes mini-batches of states using the
both agent and expert trajectories. The algorithm adjusts the term 7; = 1/a; with a harmonic
progression by linearly increasing a; by the range of [a1, ar], which is derived from our analyses.

For a hyperparameter A > 0, the MD-AIRL reward function is defined by a linear combination:
1/1$(s7a) = Mpy(s,a) + b(s).

By using arbitrary regularized RL which uses \€)(-) as the regularization function, the reward learn-
ing of 1/1(;‘ regarding the agent 7y is decomposed into the following two terms:

Er, [13(s,0) = AQ(Wa(~\8))] = AEr, [10(s, a) — Qmo(+]5))] — Dkr(pr, | o)

= —AEr, [Da(mo("|s)l|ms([5))] — Dxr(prloms ),
Minimizing the first term of E, [ Do (7} ||7T;)} represents the online learning of MD formulation.
However, 14 that is trained on 7; cannot cover the entire reachable states since the state visitation is
heavily misaligned in challenging sequential decision problems. Therefore, we propose the second
auxiliary term of generalized KL divergence Dkr,(px, || pn; )> playing an additional role of facilitat-
ing the supports of state visitation densities to be matched properly. Algorithm [I] summarizes the
entire procedure of MD-AIRL. See Appendix |C|for detailed implementation.
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Table 1: Bregman divergences with ground-truth distribution with five different types of regulariza-
tion. The numbers are multiplied by the dimension of action space (we report |A| - Dq (77| 7z)).

‘ |A] = 10° | |A] = 10® | |A] = 104
Algorithm | RAIRL | MD-AIRL | RAIRL | MD-AIRL | RAIRL | MD-AIRL
Shannon | 2.55+ 1.59 | 2.28 +1.20 | 140.3£87.5 | 125.3 £ 61.8 | 5752.9 + 2986 | 5943.1 + 2067
Tsallis | 0.21+0.13 | 0.11+0.04 | 055+0.13 | 0.24+0.03 | 495+23 | 421+0.16
exp | 0.27+0.17 | 0.13+0.06 | 055+0.12 | 0.23+0.03 | 506+244 | 4.97+0.69
cos | 0.05+0.04 | 0.02+0.01 | 0.03+0.02 | 0.01+0.01 | 021+062 | 0.05+0.05
sin | 0.34+0.25 | 0.12+£0.04 | 382+346 | 1.07+0.75 | 812+3.82 | 7.59+1.02
SHANNON TSALLIS EXP cos SIN
10 T
> —— MD-AIRL - MD-AIRL 1E-2 | ~~ MD-AIRL —— MD-AIRL | 1E-2 — MD-AIRL
=) — RAIRL 1E-2 ~— RAIRL 1E-4 = RAIRL - RAIRL
c 1 |
©
g0.1 i v : 1E-5
150K 300K 1E740 150K 300?1E74(‘J 150K 300 0 150K 300k 0 150K 300K
Time Step Time Step Time Step Time Step Time Step

Figure 5: The average Bregman divergence measured on the log scale in multi-armed bandits at the
action size of |A| = 10°. The shaded area represents 95% confidence interval for five runs.

6 EXPERIMENTAL RESULTS

For the RL algorithm, we implemented a RAC (Yang et al., 2019) method that is a generalization
of SAC (Haarnoja et al.| [2018) in terms of the regularization choice. We considered the class of
separable regularizers Q(p) = —E,,[¢(p(a))]: (1) Shannon entropy (¢(z) = log(x)), (2) Tsallis
entropy 7, (¢(x;q) = qfll(a:q_l — 1), ¢ = 2 by default), (3) exp regularizer (p(x) = e — €*), (4)
cos regularizer (¢(x) = cos(Fx)), and (5) sin regularizer (p(x) = 1 — sin Fx). We evaluated our
approach on three topics (bandits, multiple goals, and MuJoCo environments). The main compar-
ative method was RAIRL with a density-based model (RAIRL-DBM) since this model shares the
identical level of expressiveness as our method when the parameterization of Ai is specified.

6.1 LARGE-SCALE MULTI-ARMED BANDITS

We first considered multi-armed bandit problems, where the cardinality of action spaces is varied.
Learning the optimal distribution of 7 becomes challenging as |.A| increases, because the frequency
of each sample becomes sparse due to the curse of dimensionality (Bellman et al., [1957). For
each experiment, a stateless expert distribution 7; was generated by the parameters of softmax
distribution 7, (i) = exp(zi)/3> exp(z;) where the logits z; were randomly initialized to a uniform
distribution. We set the action size to |A| = 102,10, 10* and restricted the sample size to 16.

Figure [5] shows that the Bregman divergence was large for MD-AIRL at the early training phase,
because we chose the initial step size 77 to be greater than 1 (a; = 0.5). MD-AIRL exceeded the
discriminative performance of RAIRL after certain steps, while the progression of RAIRL mostly
stopped at local minima. Table[T]shows that MD-AIRL achieved overall lower Bregman divergence
on average when three different cardinalities and five regularizers were considered. MD-AIRL out-
performed RAIRL in four cases by choosing effectively low step size at the 7, to be less than 1
(e = 2). These results match properties of MD algorithms and our convergence analyses. There-
fore, we argue that a constrained update rule with appropriate step sizes is necessary for robust
reward acquisition and imitation for the situations when the total number of data samples is limited.

6.2 CONTINUOUS MULTI-GOAL ENVIRONMENT

We then considered an environment with a two-dimensional continuous state space. In this env-
ioronment, an agent is a point mass initialized at the origin, and the four goals are located in the four
cardinal directions. To draw meaningful reward surface, we considered multivariate Gaussian dis-
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Figure 6: (a) The multi-goal environment, MD-AIRL trajectories, and the ground-truth rewards
are shown. (b) The information entropies for the probabilities of achieving four goals. The x-
axis indicates the ¢ value of the Tsallis entropy regularizers. The Shannon entropy regularizer is
considered by the case of ¢ = 1. (c) The top of each column shows regularized reward surfaces
obtained by 7,,. The middle and bottom show regularized rewards from 74 and the policy 7.

tribution policies with full covariance matrices. We parameterized a covariance matrix of Gaussian
policy using lower triangular matrix which is an outcome of LDL decomposition (see Appendix [C).

Figure [6] (a) shows trajectories generated by the trained agent. Figure [6] (b) shows that MD-AIRL
achieved higher entropy for reaching the goals. Figure[6](c) shows reward surfaces with regularizers,
which was calculated by 14 (s, a) + ¢(mg(als)) for each point of ¢ € A and s = (5, —1). During
the training, the MD reward was similar to the estimated ground truth using adversarial training.
However, the surface of MD-AIRL became flatter than the ground-truth estimation when 7, was
sufficiently close to the expert behavior. As a result, we claim that drastic changes in the target
distribution, which are one of the typical characteristics of adversarial frameworks, are prevented.
We argue that these characteristics mitigate overfitting caused by unreliable discriminatve signals.

Hopper Walker2d HalfCheetah Ant
4000
._,..4——0—0 5000 5000 4000
w3000 ‘\/—. 40007 8 _— 4000 : 3000 — - MD-AIRL
52000 3000 g——8——®—* 3000 oo = RARL
A 2000 = "
3 2000 expel
1000 1000 1000 1000 — random
0 — 0 — 0 0
1 1.1 1.5 2 1 1.1 1.5 2 1 1.1 1.5 2 1 1.1 1.5 2
4000
— 3 3000 .__:3:..:8 : 2000 —————9 <000
[ 4 %

e T 400013 Y 1009 3000 e MD-AIRL
g 3000 3000 - RAIRL
5200 2000 — bc

2000 T SR S—
A 2000 — expert

1000 1000 bt 1000 1000 — random

0 0 0 0
1 11 15 2 1 11 15 2 1 11 15 2 1 11 15 2

Figure 7: Average scores in MuJoCo benchmarks. The x-axis indicates the ¢ value of the Tsallis
entropy regularizers. Shaded regions indicate 95% confidence intervals for four different runs. Top:
4 demonstrations. Bottom: 100 demonstrations.

6.3 CONTINUOUS CONTROL: MuJoCo

We validated MD-AIRL on MuJoCo continuous control tasks (Brockman et all 2016). We as-
sumed diagonal Gaussian policies for both learner’s policy 7 and expert policy 7. Instead of the
tanh-squashed policy (Haarnoja et al.,[2018)), we used the hyperbolized environment assumption of
RAIRL, which means that tanh is regarded as a part of the environment.

For each tasks, we considered two different numbers of episodes collected by an expert policy. In
Figure[7} the performance of MD-AIRL, RAIRL, and behavior cloning (bc; 1991)) al-
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Figure 8: Average scores during training with 4 demonstrations (Tsallis regularizer 7, with ¢ = 2).

gorithms are shown with the expert and random agent performance. In terms of sample efficiency,
MD-AIRL outperformed RAIRL on Hopper-v3, Walker-v3, and Ant-v3. The performance
gaps between MD-AIRL and RAIRL were more prominent in 4 episodes of expert demonstrations.
The training curves in Figure [§| indicate that MD-AIRL showed lower variance than RAIRL espe-
cially after early phase of training. It can be concluded that MD-AIRL inherits the sample efficiency
of AIL algorithms in challenging RL tasks benchmarks. Additionally, the algorithm is highly stable
with respect to limited sample sizes, which is in alignment with our theoretical analyses.

7 RELATED WORKS

Statistical manifolds. The Hessian of strongly convex function forms a metric tenser of a man-
ifold called Hessian geometries (Shima, 2007). Bregman divergences are similar to these metrics,
providing useful metric-like properties (Butnariu & Resmerital 2006). Using the Bregman diver-
gence allows to solve many optimization problems, generalizing traditional approaches such as least
squres (Boyd et al., 2004; Hiriart-Urruty & Lemaréchall 2004)). Probability distributions can be
considered as points in a geometric space. A representative statistical manifold is the information
geometry induced by the Fisher-Rao metric (Amari, 2016; Bauer et al., 2016; Nielsen, [2020).

Regularized IRL. Energy-based policies (i.e. Boltzmann distributions) have been appeared in
early IRL researches (Ramachandran & Amir, 2007;Neu & Szepesvari, 2007; Babes-Vroman et al.}
2011). Notably, MaxEnt IRL (Ziebart et al., [2008}; 2010) is a representative IRL algorithm based
on information theory. Other statistical entropies have also been applied to the imitation learning
problem, such as the Tsallis entropy derived from Tsallis statistics (Lee et al., 2018). Compared to
RAIRL which also can use various convex regularizers (Jeon et al., [2020), our work allows more
realistic situations where the expert policy cannot be precisely attained due to insufficient data,
thanks to theoretical foundations originated from optimization studies.

Mirror descent. MD is closely related to algorithms regarding non-Euclidean geometries with
discretization of steps such as natural gradients (Amari, 1998} Raskutti & Mukherjee, [2015} (Gu-
nasekar et al., |2020). On the primal space, the infinitesimal limit of MD step corresponds to a
Riemannian gradient flow (Do Carmo, |2016; |Gunasekar et al., [2020). The online MD algorithms
possess rigorous regret bounds (Srebro et al., 2011} |[Lei & Zhou, [2020); thus they can be highly
efficient in terms of the number of evaluations until convergence.

8 DISCUSSION AND CONCLUSIONS

In this paper, we presented a novel IRL framework. We provided an mirror descent solution on
reward functions and corresponding theoretical arguments. We proposed MD-AIRL, a practical
adversarial IRL framework that can solve challenging imitation learning tasks. We verified that the
proposed method has clear advantages over previous AIL methods in terms of robustness. As the
reward hypothesis is grounded in obtainining a robust representation of the expert policy using IRL,
we argued that current IRL studies lack robustness and theoretical guarantees for practical situations.

Considering RL and its inverse problem with geometric perspectives is vital for achieving desired
goals in realistic situations. Although our work covers various online imitation learning methods
with MD, it does not include some other cases when the proximity term is of other statistical diver-
gence families such as f-divergence (Amari, 2016). Additionally, the boundedness and continuity
assumptions on Bregman divergences in our analyses are usually justified, but outliers exist such as
KL divergences. More sophisticated analyses on these general cases remain as future works.
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A PROOFS

We define the space of policy as an object Ai, which is a vector space formed by a collection of
|S| elements of unit (|.A] — 1)-simplexes: Ay = { x1e1 + -+ + x| 4€)4 | Z‘zﬂl 6; =1and@; >
0fori e A } We assume that each space of simplex is a subset of a specific Banach space called

L? space (R4, ||||), where ||-|| is a p-norm on .A. The dual space of L space for 1 < p < oo is L9
space (R4, ||-|l«), where |-l is defined as a g-norm (1/p + 1/q = 1). We assume 1 < p < 2 for the
convergence property in the dual L? space. We start with following definitions.

Definition 2 (Lipschitz constants). Given two metric spaces (X, dx) and (Y, dy ) where dx denotes
the metric on set X and dy is the metric on set Y, a function f : X — Y is called Lipschitz
continuous if there exists a real constant k > 0 such that, for all x1 and x5 in X,

dy (f(x1), f(x2)) < k- dx (21, 22). (15)

In particular, a function f is called Lipschitz continuous if there exists a constant k > 0 such that,
[f(z1) = fl22)le < k- lley —2afl,  Vay,zo (16)
where norms ||| and ||-||. are endowed with each space X and Y respectively. For the smallest

L that substitutes k, L is called the Lipschitz constant and f is called the L-Lipschitz continuous
function.

Definition 3 (Discrete-time martingale). If a stochastic process {Z; }1>1 satisfies E[|Z,,|] < oo and
])E[Zn—s-l‘le”-aXn] < Zn7 Z)E[Zn+1‘X17~-~7Xn] :Zn7 3)E[Zn+1|X17---7Xn} > va

then, the stochastic process {Z;},>1 is called a 1) submartingale, 2) martingale, and 3) super-
martingale, respectively, with respect to a filtration {X;}>1.

The following analyses and proofs follow the results appeared in previous literatures for general
aspects (Nemirovsky & Yudin, 1983} |Gunasekar et al.,2020; |Srebro et al.,[2011}|Lei & Zhoul [2020;
Beck & Teboullel 2003 |Raskutti & Mukherjeel 2015). Our analyses extend existing results to
imitation learning, and they are also highly general to cover various online methods for sequential
decision problems.

A.1 PROOF OoF LEMMA[I]

Proof of Lemmall] The conjugate operator of 12 satisfies the following identity (Lemma 1 of Jeon
et al. (2020))

75 CRA
- %gle%@r ,VQUT*))a — (7%, VQn®)) , + Qw®) — Q7*)
= ﬁnéiﬁgA Q(7°) — Q(r®) = (VQr®), 7% — 7°)4

= min Dgq(7°||7®
Jmin, Do (7%*)

for every state s € S. By the property of Bregman divergence, and the convexity of Dgq(7%|7%)
with respect to 7° (Geist et al., 2019; |Acharyya et al.,|2013), the optimal condition is obtained by
the unique maximizing argument 7(-|s) = m(-|s). By taking gradient to both sides with respect to
YE we yield m = VQ* (¢r).

If there is another 7 # 7 that makes ¥z = 1), this contradicts the property of unique maximizing
arguments for conjugates. Therefore, 1, is uniquely defined for each 7 and VQ*(¢) € Aj. O

We model the reward approximator regarding actions as ¢ € Uo(AS) = {¢ | ¥(s,a) =
VYa(s,a),Vs € S,a € Anm € A5}, where ¢, is defined ¢ (s,a) = Q(s,aq;m) —
Eoron(ls) [ (s,a/;m)] + Q(n(:|s)). Note that Wy () is different from VQ(xr), but it is shifted
by the amount of —Eq/ (.| [V (s,a’;7)] + Q(m) for every element of ¢, (s,-). Therefore, the
operators U, and V() are link functions that form natural isomorphisms of functions.
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A.2 PROOF OF THEOREM 1

We consider the unique fixed point of 7, as the solution of inf . AS, lim¢_, oo E[f¢(m, )] where the

expectation indicates that we take consideration for all 7; and f;. By equating derivatives to zero, we
write VQ(7.) = lim;_,o0 E[VQ(7z ¢)]). We provide more general results than previous imitation
learning, as some of following statements include the case of inf cas E[fi(m, 7)] > 0, which

means the estimates {7 ; } 72, do not converge to the fixed point of 7, s0 lim;_, o || s — Tg ¢ || > 0.
Thus, MD-AIRL and other online MD algorithms allow realistic settings such as scarcity of data or
imperfect demonstrations.

We first introduce a key relationship regarding cumulative gradients in our online MD setting.

Lemma 2. Let {m;}32, {7}, and {n:}32, be policy, estimate, and step size sequences, re-
spectively. The subsequent policy w11 in Equation is obtained by an RL algorithm using the
derivation of 41 in Equation (), resulting to the following equation:

Te1(]s) = argmin g, Do (7°(|7; ;) + (1 — n¢) Da(n®||7}), Vs € S. 17

TSEA A
We have fort € N,
Nt (VQ(W}) — VQ(ﬁE’t)) = VQ(’]Tt) — VQ(’iTt+1) (18)

where we write V() = [VQ(W(‘S))] s€S

Proof of Lemma[2] Since the optimization is convex with respect to each 7%, we equate the deriva-
tives to 0 at 4 as

(V1) = V(Tz,)) + (1= ne) (V(iy) = V(7)) =0, Vs €S,
Finally, we derive Equation as
m(VUms1) = V(S ) + (1= m) (Vi) — V()
= Vi) = mVm,) — (1 =n)VQ(r) =0
= V(r}) = VQ(riy) = m (V) - V7S ,))

Therefore, the proof is complete. O

)=0

Lemmaindicates that the distances between dual maps are equivalent to 7 || V(73 ,) — VQ(77) ||«
Therefore, if the step size decreases as lim;_, oo 7t = 0, limy—, 00 [| V(1) — VQ(7r441) | = O; thus,
our argument in Section [3]is reasonable when €2 is strongly smooth.

Next, we reintroduce the three-point identity as follows.

Lemma 3 (Three-point identity). Let 7., 7, and 7. be any policies with a given state. We have the
following identity:

(VQ(ma) = V), e — 7rb>A = Dq(7c||m) — Da(me||7a) + Da(mp||7a)-

Proof of Lemma[3] This can be derived using the definition of divergence as follows.
Dq(me||my) — Do(mel|ma) + Da(m||ma) = Q(me) — Q(ms) — (VQU(my), T — 76
— Q) + Qma) + <VQ(7TQ),71'C — 7T‘1>A
+ Q(mp) — Q(ma) — (VQUma), m — 7ra>A
= <VQ(7ra) — VQ(mp), e — 7rb>A.

Therefore, the proof is complete. O

We now introduce basic identities regarding a Bregman divergence Lemmas ] and 5] that are used to
address progress of the algorithm.

Lemma 4. Let 7., 7, and 7. be any policies with a given state. The following identity holds.

Da(rc||m) — Da(mellma) = Da(mallm) + (VQ(7a) — VQ(m), Te — Ta)

e (19)

14



Under review as a conference paper at ICLR 2022

Proof of Lemmad] By Lemma[3] we have
Dq(m||mp) — Da(me||ma) = —Da(mp||7a) + (VQ(7a) — VQU(mp), Te — Th)a-
Utilizing the identity of two Bregman divergences
Dq(m,7) + Do(7,m) = (VQ(r) — VQF), 7 — 7),, (20)
we separate 7, — T, into m. — 7, and 7, — 7, and write the rest of derivation as followings.
Da(me||mp) = Da(mel|ma)
= —Dq(m||7a) + (VQ(7a) — VQUmp), T — Tp)a +(VQ(,) — V), Te — Ta)a

Eq.
= Dq(mal|m) + <VQ(7TQ) — VQ(mp), e — 7TG>A
Therefore, we obtain the desired identity. O

Lemma S. Let m,,m, and 7. be any policies with a given state. The following identity holds.
Da(my||ma) — Da(me||ma) = —(VQU(me) = V7o), Te — ), + Da(mellme). (1)

Proof of Lemma[5] By Lemma[3] we have
Da(my|[7a) — Da(me||ma) = —Da(me|m) + (VEU(7a) — V), e — 7p)a-

We separate VQ(7,) — VQ(mp) into VQ(7,) — VQ(7.) and VQ(7.) — VQ(7p) and write the rest
of derivation as followings.

Da(my||ma) — Da(me||ma)
= —Dq(m¢||mp) + (VQUme) — V), me — mp)a +H{(VQU7a) — V), Te — Tp)a
Eq. @0)
= Dq(mpl|me) + <VQ(7ra) —VQ(re), e — 7Tb>A

Therefore, we obtain the desired identity. O

We show the key arguments to prove Theorem|l|in the following lemma.
Lemma 6. Assume inf, cns E[fi(m,7)] > 0. Assume also that Q) is w-strongly convex and V) is
L-Lipschitz continuous for w > 0 and L > 0. Iflimy_,c Er ... r, [ oo v Do (77 ||75)] = 0 for

T, then {n: }$2, satisfies Equation @) Furthermore, if Q) is strongly smooth, then Theorem(a)
holds with some constants n € N and c > 0.

Proof of Lemma@ First, we show the condition of lim;_, ., 77 = 0. Assuming all states are reach-
able (Fu et al.[2017, Definition B.1), the condition limy o Er,.... -, [Y oo 7' Do (73| 75)] = 0,
implies lim¢ o0 Er,.... -, [[|7: — 7z ||] = 0, where ||-|| is a matrix norm induced by the p-norm on A.
Then, our aim is to show that the gradient of strong convex function for 7r; converges to VQ(7z) as

Jim B [[[ V() = VQ(me)]],] = 0. (22)

To prove this point, we use the continuity of V(Q at 7z; for any € > 0, there exists some 0 < § < 1
such that | VQ(7) — VQ(7z) |« < € whenever |7 — mg|| < 0.

When ||7 — 7z || > §, we apply the L-Lipschitz continuity assumption to find
HVQ(T{') — VQ(WE)H* < L7 — msl, (23)

where ||-||. is a matrix norm induced by the g-norm. Combining Equation and Equation (23)),
we know that

Erpoor [IVUry) = V)] <6+ LBy r, [lle — ] (24)

However, lim;_,oo E;, ... -, [H7rE — 7rt||] = 0 ensures the existence of some n € N such that for
t > n, there holds E, ... -, [||ms — m||] < /L. Applying this inequality to Equation , we have
Erpoor, [[IVQUe) — VQ(7) |l ] < 2e for some ¢ > n.
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For temporal estimation, let us denote the infimum of the expectation £ = inf cAs E[VQ(m) —

VQ(7g,¢)] > 0. From Lemma[2] we have 1, (VQ(m;) — VQ(Tw,t)) = V() — VQ(7ri41). Taking
the expectations on both sides of this equation yields

’r]tf < ntET1»"'77't+1 [||VQ(7Tt+1) - VQ(ﬁE7t)||*] = Ele"'th+1 [HVQ(Wt) - VQ(Wt-i-l)”*]'
Hence the convergence of the point V(7 ) is confirmed by taking the limit: lim;_, o, 7 = 0.

Next, we show Y ;° n; = co. By the w-strong convexity by the L-Lipschitz continuity of {2, we
can find inequalities as

2L
(VQ(r) = VUF), 7 = 7), < Llm = 7|* < —Da(x|7). (25)

We note that ||m+1 — e t|| < ||7 — 7] so that there is a constant ¢ that satisfies E[||my11 —
Tz t+1]] = E[||mi41 — 7e,¢||] +¢. Therefore, taking expectations in Equation (setting mq, = 7 1,
Ty = 41, and . = ), for lim;_, o, 7: = 0 and the strongly convex €2, we can find

Eryoorepr [Da(mis1l1Te41)] 2 Bryry [P (g |75,0)] 4 €7
>(1- a‘nt)ETl,“',Tt I:DQ(T‘-t”ﬁ-E,t)] +Er o [Dﬂ(ﬂ't-i-lnﬂ't)] +¢ (Eq. @))
> (1 — a’l?t)E-,—L...’Tt I:DQ(']Tt”ﬁ—E,t)] + 5// (26)

for some ¢ and 0 < & < &”. The positive constant @ = 2L/w is derived by the inequalities in
Equation (23)). We omit the conditioned states (superscripts) for simplicity of the derivation.

Since lim;_, o, 17; = 0, we can also find a constant n € N such that 7, < (3a)~* fort > n. Applying
the inequality 1 — x > exp(—2x) for « € (0, 1/3], we derive another inequality

Bryoresr [Da(Teg||Toia1)] = exp(—2ane)Br,,....r, [Da (me||Toe)], VE=n  (27)
Applying this fort =T —1,...,n yields

T
ETU--,TT [DQ<WT"ﬁE,T)] > [ H eXp(—Qant)

t=n+1

Er,.r [P (70 || Tzn) ]

(28)

T
= exp (—2a . Z 77t> Eror, [DQ (7Tn||7_1'En)]

t=n-+1

Using Equation , we conclude Er, ... . [Do(mn41||Fo,nt1)] > 0. Otherwise, we have

IE'rl,u-,'rn [DQ(']Tn”']_TE,n)] = ]E'rl,---,‘rn+1 [DQ(’]TnJrl “ﬁE7n+1)} =0

according to Equation , which leads to E; ..., [|7n — Fonll?] = Erprns [[ITng1 —
7‘rEm+1||2] = 0. This implies m, = 7z, = mypr1almost surely, leading to E[f;(m, 7¢)] =
0. This is a contradiction to the previous assumption infﬂeAi E[fi(m, )] > 0, thus
Eryovrnrs [Po(Tnst | To,nt1)] > 0. Let us suppose the ideal case that the estimation process
learns the exact 7 in t — oo. In order to satisfy the limit lim7_,oc Er,..... -, [Do (77| 7e,r)| = 0 we
see from Equation that >, m = oo.

Now, we show that Theorem (a) holds. Since 2 is w-strongly convex, so Q* is (w™!)-strongly
smooth with respect to ||-|.. Additionally, the L-Lipschitz continuity of V) implies L-strong
smoothness of (2; thus, naturally, Q* is L-strongly convex.

Combining these, for V¢ > n, the condition 7; < (3a)~! induces
Eriorr [Pa(meial|Te 1)) > (1= ang)Ee,..r, [ D71 Tz 1)
+ (2L)71E7'1~,'“7Tt+1 [HVQ(ﬂ—t) - VQ(WtJrl)”f],
and by Lemma[2] we get

Eroress [DQ(WH-l ||7T‘-E,t+1)] > (1 —an)Er,...r, [Dﬂ(ﬂ-tHﬁ-E,t)]
+ L) By [IVQU(e) = VT 1) 1]

16



Under review as a conference paper at ICLR 2022

Using the Cauchy-Schwarz inequality, we obtain a lower bound of the last term as

_ _ 2
Eryveor, [IV2m0) = Ve )IZ] 2 {Eryovor, [ VQUme) = VUm0 L]} = 2.
Thus, we obtain the final inequality as

ETL"'7Tt+1 [DQ(WHlHﬁE,tJrlﬂ > (1 - a‘nt)ETh“',Tt [DQ(WtHﬁE’t)} + (2L)_1(77t£)2a vVt > n.

Applying this inequality from¢ =T > n + 1tot = n + 1, we obtain
T

E7—17~~~,7—T+1 [DQ(TFT-&-l”ﬁ-E,T-‘,—l)} > Ele"';Tn [DQ(T"n”ﬁ'E,n)] H (1 - ant)
t=n-+1

T T
+@u7e Y I (0 —am)

t=n+1 k=t+1

T T
> @0 Y w2 [ (- an).

t=n+1 k=t+1

By the Cauchy-Schwarz inequality and our bound 0 < 1 — an < 1 for k > n, we have

T T T T 1/2
Some I (1—a77k)§{ o I1 (1—a77k)} (T —n)'/2.

t=n+1  k=t+1 t=n+1  k=t+1

(]~
=
BN
—~
=
|
S
=
&
| \Y,
IS] S
[ [ V)
i
2 2
< >N g
= 20~
= 8
| o~
=
S
~ S
— =
~ N
N———
—~~ [
=
|
S
p~
E
N——
[~}

=n+1 AL
1 T oo : 2
_aZ(T—n)< > [ II <1-ank>—H(1_ank)D
t=n+1 L k=t+1 11
1 T T )
> (T —n) <t_zn;rl 1- kl;[tu - am))
> ﬁ(l — (1 —anug1))* = %

Therefore, we obtain the lower bound of

2 —1p2
_ M1 (2L) 74
vy Do )] > P 2D

Since the Bregman divergence is bounded for all states, the sequence {7 Dq (7} ||7{*)} will con-
verge as ¢ — 00. Applying the monotone convergence theorem, we can interchange expectation and
summation, which yields

Eryieirr ZviDa(wsi)HwE,T(-s»)] = > Erpira 7 Dl (o)l (]32))]

=0 =0

= i 7i]E717...7TT [DQ(WT(‘|52') ||7_TE,T(|51))}

i=0
2 (2L —2L~) 12
Z 77n+1( 7) , VT Z n.
T—n
This verifies Theorem|I] (a) with the constant ¢ = 72, | (2L — 2L~) =", O
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Last, we show convergence to a unique fixed point of 7, using the particular form of 7; in Equa-
tion (9).

Lemma 7. If {n;}{2, satisfies Eq. (9), limy—o0 Er, ..., [Y oo ¥ Da(wi||7)| = 0. Furthermore,
if the step size takes the form n; = 5, then Er, ... -, YooV Da(msi||msi)] = O(1/T).

Proof of Lemmal[]] According to Lemma[4]and the Bregman divergence of the conjugate Dq-, the
one step progress regarding 7 ; can be written as

Da(mu||me41) — Da(mel|me) = (V) — Qes1), 7o — 7 ), + Do(me||mera)
= m(VQ(me) = VQ(Tpt), T — ) + Do (VQ(e41) [ V(7))
where we omit a given state. As w-strong convexity of 2 implies the (w™!)-strong smoothness of
*, we have

1 2
Do (VUme)[VEUTe41)) < o~ [[VEUme) — VQ(m)IIF = ;%HVQ(%) ~ V)2 (29)
We bound || VQ(7:) — V(7.1 ) [|2 by 2| V(1) — V() |2 42| V() — V(7.1 ) |2, following

the work of |Lei & Zhou| (2020). Since V(2 is cocoercive with % bye the Lipschitz continuity, we
obtain

IVQ(me) = VQ(m)IF < L(VQ(m) = V() 7 — mt)

thus
Da(r.||mis1) — Dalmim) < n(VQr.) = V) 7 — 7o)
ne L n; _ e (30)
— (1= (V. — VQUm), 7 — m1) + L[|V ) — TR
By taking expectation, it follows that there exists n € N such that n; < ﬁ for ¢ > n holds
Er, [Da(m.|[m+1)] < Da(m|Im) = & Dalr.|r) + 207, (3D

where z is the constant z = ZE[[|VQ(r,) — Q(7s,¢)[|2]. Let {4,}{2, denote a sequence of A, =
Ery,..ir, [Da(mi|me)]. Then we have

A < (1 - Zt)At ton?, Vt>n (32)

For a constant h > 0, we claim that A;, < h for some ¢; > n’. Assume that this is not true, and we
find some to > t; such that A; > h, Vt > to. Since limy_, ., 1; = 0, there are some ¢t > t3 > to
that n, < %. However, Equation |i tells us that for ¢ > t3,

t
"t h
A < (12>At+z77t2 < Ay, ~1 an%foo (ast — 00).

k=t!,

This is a contradiction, which verifies A, < h for ¢t > n’. Since lim;_,~, 17; = 0, we can find some
7 that makes A; to be monotone decreasing. Then, we can conclude that the nonnegative sequence
{A:}2, converges by iteratively applying the upper bounds.

We now prove Theorem (b) under the condition and the choice 1, = t% of the step size sequence.

The estimate becomes
16z

Apq < <1 — til)At + m, vVt > n.
It follows the recurrence relation as
tt+1)Ar < (t—1)tA; + 162z, Vi>n.
Applying this relation iteratively, we obtain the general form of inequality.
(T -1)TApr < (n—1)nA, +16z(T —n), VT >n,
therefore we get the inequality as follows:
(n — DnEq,.... 1, [Do(ms|/m)] 162

Erppoyrp [DQ(W*HWT)} < T -1)T T T>n.

By applying the monotone convergence theorem similar to Lemma [f] we conclude that
S

Eroorn 2257 7' Da(me([si) [ (-]5:))] = O/T). O

18
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A.3 PROOF OF THEOREM 2

Necessity. We rewrite the inequality in Equation as

Erorgs [DQ (7Tt+1H77'E,t+1)] >(1- 2LW7177t)En,m,n [DQ (7TtH7_TE,t)]- (33)

Since we assume that 7, converge to 0 from previous arguments, onsider the step size sequence FIX

0<n < ﬁ for k > 0 and t > n where n € N. Denote a constant a = 2““7” log QJFT" and apply
the elementary inequality
1 > (—azx), V0<z< 2
—x > exp(—ax x
= CxXP ’ T 2+k
From Equation (33),, it can be obtained that
E7'17“'7Tf,+1 [DQ (7Tt+1 ||7_TE,t+1)] Z exp(dewalnt)ETh...m [DQ (7Tt ||7_TE,t)] .
Applying this inequality iteratively for ¢ = n,...,T — 1, then gives
T—1
IE:7-7,,,~~,7-T [DQ(WTH'/_TE,T)] > H exp(*Qdeilnt)DQ(WnH7_TE,7L)
t=n
T—1
= exp{—Zde_l Z ’I’]t}DQ(TrnHTFE’n).
t=n
From the assumption 7 # m,, we have Dq(m,||Tzn) > 0. The convergence

im0 By, [Daa (¢ ||Tw,¢) ] = O then implies >y, 1y = oo.

Sufficiency. Here we use the estimate (32) derived in the proof of Lemma[7] However, in the
optimal case, z = %]E[ ft(ms, 7)] = 0, so (32) takes the form (we can choose n = 1 by Equation

Ay < %At, vt € N. (34)

This implies that for any 0 < h, there must exist some integer ¢; € N such that A; < ~ for ¢ > ¢;.
Otherwise, A; > y for every t > to with t5 > ¢1, which leads to a contradiction:

t
h
At+1§At2_§ an%—oo(ast%oo).

k=t

Equation (34) also tells us that the sequence { A;}$°, of nonnegative numbers is monotone decreas-
ing. Hence A; < h for every ¢ > t1, which proves the convergence of A

Jim Br, ..., [Da(m|m)] = lim A; = 0.

We now prove the second point in Theorem 2| which is under the special choice of constant step size
sequence 7; = ;. It follows from Equation (33) that A7 > (1 —2Lw~'n;)T 1 A;. Hence, Eq
translates to

Appr < (1 =m/2)A,
from which we find A7 < (1 — 1;/2)7~1A; by iteration starting from ¢t = 1. This verifies the

theorem with ¢; = (1 — 26%) and ¢ = (1 — ).

A.4 PROOF OF PROPOSITION 1

The proof is based on Doob’s forward convergence theorem.

Theorem 3 (Doob’s forward convergence theorem). Let {X;}ien be a sequence of nonnegative
random variables and let {F; }1en be a filtration with F; C Fiqq for every t € N. Assume that
E [Xt+1 |.7-'t] < X almost surely for every t € N. Then the sequence { X} converges to a nonnega-
tive random variable X ., almost surely.
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We follow the proof of Lemma [7) and apply Eq. (30). Since (m, — m, VQU(7,) — VQ(m;)) > 0,
Equation (30) implies

2
E., [Da(ms||lmi41)] < Da(ms|m) + %En [IVQr,) = VQ(7e ) |I7],  VE>n. (35)

The condition ), n? < oo enables us to define a stochastic process {X;} by

1
X; = Dq(me||mes1) + ;E[”VQ(W*) V() [I7] Z 0.
1=t+1

By , we know that E., [X;41] < X for t > n. Additionally, X; > 0. Therefore, the stochastic
process { X; }¢+—n+1>1 is a submartingale (equivalently, { — X };—,+1>1 is a supermartingale). Then

by Lemma the sequence { X, };>1 converges to a nonnegative random variable X, almost surely.

According to Fatou’s Lemma and the convergence lim¢_,o E[> ;o 7' Do(m.||m;)] = 0 for any

states a proved by Lemma[7] we obtain

EX]=E tlirr;oZ’yiDQ(w*(.|si)H7rt(«|si)) < (1 —7)7llitrgg}f]E[DQ(7r*||7rt)] =0.

=0

It follows that the sequence of discounted sum { Y7 ) 7" Do (. (-] ss) |7 (-[s:)) }, o converges to 0
almost surely.

B TSALLIS ENTROPY AND ASSOCIATED BREGMAN DIVERGENCE AMONG
FULL COVARIANCE MULTIVARIATE GAUSSIAN DISTRIBUTIONS

In this section, we briefly reintroduce the tractable method to derive Bregman divergences and reg-
ularized reward functions proposed by [Nielsen & Nock! (2011} and Jeon et al.[ (2020). Then, we
identify specific paremeterization to model Gaussian distributions with full covariance matrices.

The standard form of the exponential family is represented as

exp{(0,t(z)) — F(0) + k(z)}. (36)

The parameterization is as follows:

0 = E_IM _ 91
o —%E_l T |6a]

) = [ ]

F(0) = —39{9;191 + %hﬂ—wegl\ = %uTE_lu + %ln(%)d\zly
k(x) =0,
where we can analytically recover the multivariate Gaussian distribution (Nielsen & Nockl 2011)

exp{(0,t(z)) — F(0) + k(z)} (37)

= exp{MTZ_lm - %tr(Z_lmxT) — 5k p'et ,u+ 5 In(27)? Z|} (38)
1 Ty—1 L [ S}

:Wwexp{uE x—ixE x—g,uE u} (39
= (27T)d/i|2|1/2 exp{;(x — )" Nz — M)} (40)

For two distributions 7 and 7 with k(x) = 0, Nielsen & Nock! (2011) proposed the function I(-):

I(m, 70, 8) = /ﬂ(m)o‘fr(m)ﬁ dz = exp{F(aﬁ + Bé) —aF(0) — BF(@)}
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where the detailed derivation is as follows:
/ (2)*# () da

- /exp{a<9,t(z)> —aF(0) + 50, 1(x)) ~ SF(0) } d

- /exp{<od9 + B0, 1(x)) — F(ab + ) } exp{F(aa + B0) — aF () ﬂF(é)} da

_ exp{F(a9 + B0) — aF () — ﬁF(é)} /exp{<a9 +B0,t(x)) — Fab + 59)} da

- exp{F(a9 + B0) — aF(0) - BF(é)}.

B.1 TSALLIS ENTROPY OF FULL COVARIANCE GAUSSIAN DISTRIBUTIONS

For ¢(x;q) = 27 (z%" — 1), the Tsallis entropy can be written as

—m(z)? !
To(m) = —Eonrp(z:q) = /W(ff)% dr
1= fa(x)?dz 1 .
_ p— _q_l(l—l(ﬂ,w,q,O))
1 exp(F(q9) — qF(G))
= qi 1 M

If 7 is a multivariate Gaussian distribution, we have

q _ 1 1
F(q0) = §HTZ Y+ 3 In(27)?|3| — B In ¢°.

Since the covariance matrix is positive-definite, Cholesky decomposition can be applied, which sep-
arates the matrix to lower- and upper-triangle matrices. Likewise, we can apply LDL decomposition.
Let us factorize the covariance ¥ = L diag{o?,...,02} LT where L denotes a unit lower triangular
matrix produced by LDL decomposition. Then we have

d
d 1 dlng
=(1-¢){-In2x+ =1 2
( q){2n77+2ni1_[101 2(1_(])}
d

=1 —q)Z{lna% s 2<in—qq>}'

i=1

B.2 TRACTABLE FORM OF v

For separable €, 1. is written as (Jeon et al.,[2020)
wﬂ'(S: CL) = _f/(57 CL) =+ anﬂ[f/(ﬂ(a|8)) - <p(a|s)]
where ¢(x) = q%l(l — 297 1) and accordingly f(x) = z¢(z). For the gradient of f(-), we have

fle) = =g
k 1
:ﬁ(qfqiﬂ —(q-1))
qk q—1
= q_—l(l 27—k
=qp(z) —k
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Taking the expectation yields Tsallis entropy as follows.
Eomr [—F (;7) + 0(2)] = Banr [k — go(x) + 0(2)] = (1 — )T (7) + k.

For a multivariate Gaussian distribution 7, the tractable form of Eyr[—f'(x) + ¢(z)] can be
derived by using that of Tsallis entropy ’7;’“ () of 7. Thus ¢, can be rewritten as

Yr(s,a) = qp(s) + (¢ — V)T (7)
In the special case of ¢ = 1 and k = 1, we have ¢ (s,a) = log 7(als).
B.3 BREGMAN DIVERGENCE WITH TSALLIS ENTROPY REGULARIZATION

We consider the following form of the Bregman divergence:

/W(m){f’ (7(x)) — w(ﬂ'(x))} dz — /fr(x){f’(fr(a?)) - w(ﬁ(m))} dz

For w(z) = ﬁ(l — x4, f'(z) = q_il(l — qri71) = qw(z) — k, and k = 1, the above form is
equal to

[P o ) - 0735 + 1

-4 [ r@r@) de— To(m) - (g - DT(R) + 1

= T oy [ @A) de = Ty~ (g = DT (7).

Let us define two multivariate Gaussians as follows:
W(x) = N({E, sy E)v/l = [/le T 7/1'd]T7 Y= Ldiag(o—%v t 7Uc2l)LT7
7}('1:) = N(ma ﬂa 2)7/}' = [ﬂh e uad]T? 2 = [A’dlag(éja

where L and L denote unit lower triangular matrix. We have

/w@wuw*dx=nmﬁLq—n:wmwa@—Fwwwq—nF@n,

where
DI }
9:[ p
_%2 1
~ ﬁ:ilﬂ
"= [z}
i [ STt (- )3 ] [ ’}
9 =0 - 1)0 = - = |}
+(q ) |: %(2_14—((]—1)2_1) Qé
and

We can replace some difficult computations using LDL decomposition such as X~! =
L~ diag(1/0)(L~1)T and || = 3%, Ino;.
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C IMPLEMENTATION DETAILS

Unnormalized rewards of the IRL algorithm often mislead the agent to take unnecessary awareness
of termination in finite-horizon MDPs (Kostrikov et al [2018). To solve the issue IRL algorithms
need to remove the difference between regarding steps depending on MDP’s time. Doob’s optimal
stopping theorem formally states that the expected value of a martingale at a stopping time is equal
to its initial expectation. Assume a martingale makes the entire procedure as a fair game on average,
which means nothing can be gained by stopping the play.

Theorem 4 (Doob’s optimal stopping theorem). Let a process { X }i2, be a martingale and T be a

stopping time with respect to filtration {F;}+>1. Assume that one of the conditions holds:

(a) T is almost surely bounded, i.e., there exists a constant ¢ € N such that T < c.

(b) T has finite expectation and the conditional expectations of the absolute value of the martingale
increments almost surely bounded, more precisely, E[T] < oo and there exists a constant ¢ such
that E[|Xt+1 — X |.7-'t} < c almost surely on the event {T > t} forall t > 0.

(c) There exists a constant c such that | X in(s,-y| < c almost surely for all t > 0. Then X is an
almost surely well-defined random variable and E[X ;| = E[X].

Then X o is integrable and B[ X o] = E[X(]

Doob’s optimal stopping theorem states one of the necessary conditions of IRL reward of normaliz-
ing the reward measures and making them as a martingale even for finite-horizon benchmarks.

C.1 NETWORK ARCHITECTURES

For all networks, we use networks with 2-layer MLP with 100 hidden units, respectively. We con-
sider the reward model with two separate neural networks (14, b(-)) for the proposed reward func-
tion for A > O:
re(s,a) = 1/13;(5, a) = My (s,a) + b(s),

Motivated by RAIRL-DBM, we consider the reward models in Figure[9] The model outputs reward
for proximal updates trained by mirror descent and state-only discriminator network. Discriminating
state visitation by b(+) is required because the reward function needs to consider every state (espe-
cially the state that cannot be visited by mz) until Dk, (pr||prz) = 0. Figure E] (a) shows logits of
the softmax distribution involved when calculating rewards when the action space is discrete. For
continuous control (Figure [9] (b)), the architecture is similar, where the mean and covariance are
used to compute a reward for a certain action.

T’¢(S,~) T(ﬁ(sva)
o S
me(c]s) oo g (als) (o)
softmax linear a — Yy (8) linear
s e R S =
| FC | | FC | | FC | | FC |
E— ,_F ., f

Figure 9: Schematic illustrations of MD-AIRL reward models for discrete (left) and continuous
control (right)

C.2 MULTI-GOAL ENVIRONMENT

Let the 2D coordinate denote the position of a point mass on the environment. In the multi-goal

environment, the agent is initially located according to the normal distribution N(0, (0.1)2I). The
four goals are located at (6, 0), (—6,0), (0,6), and (0, —6), where the agent can move a maximum of
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1 unit per timestep for each coordinate. The ground-truth reward is given by the difference between
successive values of a Gaussian mixture depicted as Figure[I0}

Figure 10: Visualization of the multi-goal environment.

We used the full covariance Gaussian distribution in this experiment (as well as the conceptual ex-
periment in Figure[2] Note that the covariance matrix is positive-definite and symmetric. To achieve
numerically stable computation, we applied LDL decomposition to covariance matrix involving unit
lower- and upper-triangle matrices, and a diagonal matrix. As a result, the policy network out-
puts a vector (p(s)T,o(s)T,1(s)T)T where the additional part I(s) denotes 22 entries of unit
lower triangular matrix. Denote L(s) as a unit lower triangular matrix from I(s). For example, the
covariance matrix can be reconstructed by

(s) = L(s)[diag(a (s))]|L(s) "
Additionally, the action samples can be calculated by
a=pls)+ L(s)(o(s) - z) = ~N(0,])

Computing inverses, determinants and multiplications with unit triangular matrices and diagonal
matrices can be efficiently performed by numerical libraries. Therefore, we can fully model the
Bregman divergence and reward using neural networks as provided in Appendix

C.3 MvulJoCo EXPERIMENTS

Instead of directly using squashed policies proposed in SAC (Haarnoja et al., 2018)), we assume
the application of tanh as a part of the environment (known as hyperbolized environments of
RAIRL (Jeon et all 2020)). Specifically, after an action a is sampled from the policies, we pass
tanh(a/1.01) % 1.01 to the environment. We additionally clip the hyperbolized actions to 1, if the
environment is not tolerant to the excessive values of action. Therefore, we can consider the standard

diagonal Gaussian policy
m(-ls) = N(u(s), 2(s))

where p(s) denotes means [p(s), p1(8), ..., ua(s)]T and o(s) denotes standard variance
[01(5),02(5),...,04(s)]T. We soft-clip the standard deviation as o;(s) € [In0.01,In2] for the
stability using tanh. Last, we update the moving mean of intermediate values of regularized reward
r(s,a) + Ap(m(als)) and update the RL algorithm with mean-subtracted rewards. In addition to the
analyses of (Fu et al., 2017; Jeon et al., 2020) regarding reward shaping and normalization, mean-
zero rewards for training agents have the additional property of preventing termination awareness,
as stated by the optimal stopping theorem (Theorem ).
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C.4 HYPERPARAMETERS

Tables and [ show the hyperparameters of the conducted experiments.

Table 2: Hyperparameters for bandit environments.

Parameter Value
Learning rate (policy) 1-1073
Learning rate (reward) 1 - 1073
(65} 0.5

o 5

A 1
Discount factor () 0.0
Batch size 16
Steps per update 50
Total steps 300,000

Table 3: Hyperparameters for Mmlti-goal environment.

Parameter Value
Learning rate (policy) 5-107%
Learning rate (reward) 5 - 1074
Replay size 10,000
(651 1

(0% 10

A 1
Discount factor () 0.5
Batch size 512
Steps per update 50
Total steps 300,000

Table 4: Hyperparameters for MuJoCo environments.

Parameter Value
Learning rate (policy) 3-1074
Learning rate (reward) 3 - 104
Replay size 1,000,000
aq 1.0

(0% 4 20.0

A 0.01
Discount factor (v) 0.99
Batch size 256

Steps per update 5

Initial exploration 10,000
Total steps 1,000,000
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