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ABSTRACT

Self-improvement is a significant techniques within the realm of large language
model (LLM), aiming to enhance the LLM performance without relying on external
data. Despite its significance, generally how LLM performance evolves during the
self-improvement process remains underexplored. In this paper, we theoretically
model the training dynamics of self-improvement via the concept of solver-verifier
gap. This is inspired by the conjecture that the performance enhancement of self-
improvement stems from the gap between LLM’s solver capability and verifier
capability. Based on the theoretical framework, we further show how to model
the entire training trajectory. This framework allows quantifying the capability
limit of self-improvement by fitting the theoretical model to the experiment results.
We validate the effectiveness of the theoretical framework on various LLMs and
datasets. Beyond self-improvement, we extend our analysis to investigate how
external data influences these dynamics within the framework. Notably, we find
that under limited external data regimes, such external data can be utilized at any
stage without significantly affecting final performances, which accords with the
empirical observations.

1 INTRODUCTION

Large language models (LLMs) have emerged as one of the most pivotal frontiers in artificial
intelligence, propelling the development of diverse applications such as chatbots (Brown et al.| 2020)),
mathematical reasoning (Wei et al., {2022} |Shao et al.,2024), and robotics (Wu et al., 2023)). Despite
their remarkable success, the training of LLMs typically necessitates massive data. In practice, data
collection often confronts significant challenges, and there are even concerns that available data
sources could be depleted in the future (Villalobos et al., 2024; |Shen et al., [2025; Muennighoff et al.,
2023 |Wang et al.| [2024a). This data bottleneck motivates researchers to explore alternative training
strategies (Gao et al., [2020; [Dong et al., 2024).

Among these strategies, a growing body of work focuses on training or fine-tuning LLMs using the
data they generate, a process known as self-improvement (Bai et al.| [2022; [Huang et al., 2023} Wang
et al.| 2023} |Pang et al.| 2024)). Self-improvement methodologies initiate with a pre-trained LLM,
utilize the model to generate new data, and then fine-tune the model with the generated data. Empirical
studies have shown that this approach yields promising results across various domains (Zelikman
et al.l [2022; [Wang et al.} 2023} Tian et al.,|2024). However, the theoretical underpinnings of self-
improvement remain under-explored (Song et al.l 2025 |[Huang et al.| 2025)). Specifically, there is a
lack of theoretical models to explain its mechanisms and insufficient evidence to fully understand the
training dynamics involved in this process.
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Figure 1: Illustration of the theoretical results. The training dynamics are potentially empowered by
the solver-verifier gap under the theoretical framework. For self-improvement (left), the accuracy
exhibits exponential curves towards a limit. For cross-improvement (right), adding external data (a
different verifier with limited queries) at different times yields similar performance.

In this paper, we theoretically model the training dynamics of LLM self-improvement, inspired by the
conjecture that self-improvement capability arises from the gap between an LLM’s solver capability
and verifier capability | Specifically, we define these two capabilities as follows:

* Solver capability U(t): The quality of responses directly generated from LLM;
* Verifier capability U, (t): The quality of responses generated from LLM and evaluated by LLM.

In practice, different metrics can be used to quantify these capabilities. For tasks with ground-truth
labels, the 0 — 1 training loss can serve as a direct measure. For tasks without ground truth, uncertainty
quantification can be adopted, as it correlates strongly with model capability (Huang et al., 2025).
Based on the above discussions, we model the training dynamics of LLM self-improvement using the
coupled differential equations in Equation|[l} inspired by potential energy in physics (Rankine, [1853):
dUs(t) dU,(t)
=—akB(t = —BE(t 1

2D~ —aB(), S = —pEQ), M
where a, 5 denote the coefficients, ¢ denotes the epoch, Us () denotes the solver capability, U, (t)
denotes the verifier capability, and E(t) denotes the capability gap related to Us(t) — U, (t). We omit
the initial conditions for simplicity. Under such a framework, the resulting dynamics would be

Us(t) = a'e PPt LU, o, U,(t) = fle =Pt Ly, o, )

where o, 5’, k denotes the constants with detailed formulations in Section and Us o, Uy,0o
represent the solver capability and the verifier capability at convergence, respectively. Along the
trajectory, both capabilities follow exponential convergence laws according to the framework. Besides,
we specifically focus on the solver’s ultimate capability Uy o, = a—iﬂ (aUq,,o — BUs0 + Oé%). This
result reveals that the solver’s ultimate capability relates to both the initial capability Uy o, U,, o and
the coefficient o, 5. Therefore, the ultimate capability might be improved given a larger verifier-solver
gap at initialization, in accordance with our insights. Detailed derivations are provided in Section [3.2]

From the experimental perspective, we find in Section [ that such theoretical modeling demon-
strates strong practical efficacy. Specifically, experimental results across various models and datasets
in Figure [3| reveal that the capability dynamics indeed follow an exponential law, as implied by
the theoretical framework in Section 3] Besides, we observe in Figure 3] that the verifier capability
consistently outperforms the solver throughout the self-improvement process, which might be empiri-
cal evidence of the solver-verifier gap’s crucial role in driving capability improvement. To further
investigate the role of the solver-verifier gap, we conduct experiments in Section .3] on multiple
LLMs demonstrating that the gap generally occurs in practice. These findings hold across varying
sample sizes and even under cross-evaluation scenarios.

We further analyze in Section[3]the application of this framework in cross-improvement, a potential
approach to enhance the ultimate capability of self-improvement. Cross-improvement in this paper
refers to the utilization of external data in the verification step (details in Figure[7). Within the

'We term this the solver-verifier gap to ensure consistency with our mathematical notation (U, for Solver,
U, for Verifier) and our specific Best-of-N implementation. We explicitly acknowledge that this concept builds
directly upon the generation-verification gap originally conceptualized by |Song et al.| (2025), and we adopt this
terminology with deep respect for their foundational contribution.
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theoretical framework, we contend that cross-improvement outperforms self-improvement due to the
enhanced verification capabilities. We then derive the training dynamics under the cross-improvement
regimes, with enhanced verification capabilities compared to self-improvement. This analysis can
further assist in answering the question: given the limited amount of external data, how should one
allocate these external data during the cross-improvement training process? Our theoretical analyses
demonstrate that the timing of using external data is not crucial; rather, the utilization of such data
genuinely enhances the training process. Therefore, external data can be incorporated at any stage as
desired. Experiments in Section[5.2]on the cross-improvement validate the theoretical findings. Our
main contributions are presented in Appendix [A.2]

2 RELATED WORK

Self-Improvement. Self-improvement aims to enhance model performance without relying on
external information (Huang et al., [2023; |Wang et al., [2023}; |[Bai et al.| 2022} [Pang et al., [2024)).
Self-improvement is of significant importance as it enables models to adapt and evolve autonomously,
thereby facilitating their effectiveness across a wide range of real-world scenarios, such as reason-
ing (Zelikman et al., 2022; |Peng et al., 2024} Huang et al., |2023)), alignment (Wang et al., 2023}
2024b; Ding et al.| 2024), and planning (Tian et al.,[2024)). In this paper, we consider a branch of
self-improvement that fine-tunes with the output of LLM (Amini et al.|, 2024} Sessa et al., 2024} |Gui
et al., |2024; [Pace et al.| 2024} |Ouyang et al., [2022; Rafailov et al., 2023)). Alternative approaches
to self-improvement include self-distillation (Bucilua et al., 2006} Hinton et al.l 2015} |Zhang et al.,
2019) which involves transferring knowledge from a larger, more complex model to a smaller one,
and self-correction (Kumar et al., |2024; |Liu et al., 2024) where the model identifies and rectifies
its own errors, efc. A body of research has also explored the potential negative consequences of
self-improvement, including degradation issues (Bertrand et al., 2024} |Gerstgrasser et al.,|2024) and
failures on out-of-domain reasoning tasks (Yuan et al., [2025)).

Theoretical Understandings on Self-Improvement. Theoretical insights into self-improvement
could potentially enhance comprehension, thereby making self-improvement more reliable (Yam-
polskiy, [2015). Previous works have theoretically studied self-improvement via self-distillation
techniques, providing convergence rates for linear models (Mobahi et al., 2020; [Frei et al., 2022}
Das & Sanghavi, [2023]; [Pareek et al., [2024), neural networks (Allen-Zhu & Lil [2023)), and general
models (Boix-Adsera, [2024). In the realm of LLLM, several works have theoretically explored self-
improvement with in-context alignment (Wang et al., |2024c)), reinforcement learning (Talvitie, [2017}
Choi et al.} 2024; |Gandhi et al.,[2025)), meta learning (Kirsch & Schmidhuber, 2022)), and diffusion
models (Fu et al., 2024). Nevertheless, the theoretical understanding of self-improvement in the
context of LLM training dynamics remains underexplored.

Most relevant to our work is|Song et al.|(2025) and Huang et al.| (2025). |Song et al.| (2025) posits
that the key to self-improvement lies in the generation-verification gap and further examines the
relationship between this gap and pre-training flops. [Huang et al.| (2025) further posits that the
improvement stems from a sharpening mechanism, in which the verification step sharpens the
model performance on the high-quality sequences. Our paper draws inspiration from |Song et al.
(2025); [Huang et al.| (2025), as we employ the concept of a solver-verification sharpening gap in
the theoretical analysis, and the training policy in this paper follows Huang et al.| (2025). However,
different from Song et al.| (2025); Huang et al.| (2025), our research primarily centers on developing
the self-improvement dynamics based on the solver-verification sharpening gap. Additionally, we
delve deeper into understanding how cross-improvement works within this framework.

Cross-Improvement. Besides self-improvement approaches, a branch of papers focuses on enhancing
the capabilities of LLM through external data, namely, cross-improvement. One of the most frequently
utilized sources of external data is human-annotated data (Ouyang et al., [2022; [Lightman et al., |2024;
Borchers et al.|, [2025). Despite its utility, the collection of such data is extremely resource-intensive.
Moreover, relying solely on human-annotated data restricts the potential for LLM to surpass human
performance. Another potential source of external data stems from stronger models (Ho et al., 2023}
Chang et al., 2023} [Lee et al.,|2024), while access to these stronger models often presents significant
challenges. Our paper also considers the scenario of cross-improvement that leverages a limited
number of tokens from stronger models.
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3 THEORETICAL MODELING OF SELF-IMPROVEMENT TRAINING DYNAMICS

This section presents a theoretical framework for sketching training dynamics in LLM self-
improvement. We start by introducing necessary notations of self-improvement in Section
We then theoretically model the self-improvement dynamics in Section [3.2]

3.1 SOLVER AND VERIFIER

This section introduces the basic notations and definitions, as well as the definitions of solver
capability and verifier capability. We start from the basic notations on data and models.

Notations. Let (z,y) denote a prompt-response pair, with y*! denoting the k-th token and y/!+]

denoting the first k tokens. We use L(y) to represent the length of y. Let m;(y|x) denote the
probability that a model f generates a response y given a prompt x, where 7¢(y|z) can be split with

the auto-regressive structure of the response 7 ¢ (y|z) = Hég) 7 (yF [yl =1 7). We denote the
best response as y*, that is, the ground truth response. Ideally, a model’s performance could be
measured by its loss relative to this ground truth, for instance, L;(§) = ||y* — g||. However, as not
all tasks have an accessible ground truth, a different metric is required. Therefore, we also use the
uncertainty metric following [Huang et al.| (2025) in our framework. We define the uncertainty for a
response ¢ given its prompt x and a model f as its negative log-likelihood: U () = —log 7 (g|z).
The model’s capability is inversely related to the uncertainty: a lower uncertainty signifies a higher
capability. Further discussion is available in Appendix[A.3]

Solver. The solver is regarded as the model capability to return responses with low uncertainty.
Therefore, for each prompt x;, we sample one response g; () to represent the solver solution. That is,

gi ~mp(lz). ©)

Note that we only draw one response for each prompt due to calculation efficiency. An alternative
solution is to generate multiple responses and use the whole distribution, but the two policies are
similar since we already take average operations over (i.i.d.) prompts.

Verifier. We use LLM itself as the verifier. For each prompt x;, we first sample N responses based
on the LLM output §; 1,--- , §i,n ~ 7rf(- |z;). We then ask the LLM to evaluate these responses with
a score s(¢; ;) € [0, 1]. The Best-of-N (BoN) response is then defined as
1

gBoN — argmin —— U (95 4|z 4

Y; {gj,;ﬁj:sg(gj,y’j)Za} L(gzg) f(yl,3| ’L)? ( )
where o denotes the threshold parameter, and we use 1/L(g; ;) as a regularizer to discourage those
short responses. The BoN solution first eliminates those solutions with small scores s(g; ;), and
then finds the solution with the best capability. We deploy such a mixed strategy to enhance the
computational stability; as a comparison, a strategy with only score s(7; ;) might cause §°N to
have large variance. Obviously, the BoN solution merges the LLM verifier capability and the LLM
output. Therefore, the verifier capability can be calculated based on the uncertainty of the BoN
solution. We finally remark that our paper uses a slightly different BoN policy compared to Huang
et al.| (2025) where they do not eliminate those responses with low scores, since we want to include
more verification capability in the BoN response.

Uncertainty Metrics. Based on the above discussion, we use the average uncertainty of LLM
response 7 to represent the solver capacity and use the average uncertainty of BoN response 72V to
represent the verification capability. Therefore, we define the solver uncertainty U, (t) and verifier
uncertainty U, (t) as

A 1 = ~ A 1 " ~Bo
Us(t) = - Zlog mr(Gi(t)|zi),  Un(t) = - Zlog mp (G (8)]a), 5
i=1 =1

where ;(¢) denotes the LLM output. In our framework, uncertainty metrics serve as inverse metrics
of capability: a lower uncertainty value (U or U,) indicates a higher corresponding capability. Note
that both Us(t) and U, (t) contains randomness, since ¢;(¢) is randomly generated by LLM, and
the score s(-) in gB°N(#) is also randomly generated by LLM. However, since the prompts x; are

independent, the randomness could be controlled when the number of prompts 7 is large.
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Self-Improvement. We deploy self-improvement based on the above solver-verifier framework,
similar to |[Huang et al.|(2025)). Notably, the verifier is slightly different, since we want to include
more verification information. Overall, we first generate responses from the LLM. The optimization
objective is to minimize the average uncertainty of BoN responses. The loss function L, (f) for

a tralning step ¢ with function f is defined as the verifier uncertainty U, (t): Li(f) = U,(t) =
—L 5% log mr(9B°N(t)|z;). By minimizing L (f), we steer the model to increase the likelihood
of generating high-quality responses, improving its solver capability. We summarize one-step

self-improvement algorithm in Algorithm

3.2 SELF-IMPROVEMENT DYNAMICS

In this section, we aim to analyze the dynamics of self-improvement. Given the immense complexity
of the underlying neural network processes, deriving dynamics from first principles is currently
intractable. Therefore, we adopt a phenomenological modeling approach, which is common in the
study of complex systems. Our techniques are inspired by the concept of potential energy, a widely
used concept in physics (Rankine, |1853). Following [Huang et al.[(2025) and [Song et al.| (2025), we
argue that the self-improvement comes from the Capability Gap G(-), defined as the gap between
Us(t) and U, (t), namely,

G(t) 2 U(t) = Uy(t) = —% 2 log m “

We assume that the change of the solver and verifier capability is driven by a gap potential energy
E(t), expressed as a function of the Capability Gap G(t) (Equation (6)), namely E(t) = f(G(t)),
where f(G) is a differentiable and monotonically increasing function for G > 0, with its minimum
f(0) = 0. In this paper, we simply use uncertainty to evaluate the response quality, leading the
capability gap defined with the uncertainty, as discussed in Section [3.1] We assume that the solver
capability and the verifier capability both increase during the process of self-improvement, which
is widely observed in the related works (Song et al.,[2025). With the analysis above, following the
concept of potential energy, the theoretical framework starts with the following assumptions:

Us(t)|t:0 = Us,Oa Uv(t)‘tzo = Uv,()a (7)
(1) _ A
2~ —aB(), SuY = -pE®), ®)

where «, 8 > 0 are coefficients related to the decreasing rate of Us(t), U, (t). Equation (7) represents
the initial conditions. Since for LLM, the verification capability usually outperforms the solver
capability in applications, we assume that U o > U, o. Equation (8) represents the iterative conditions,
where we assume that o > (5, indicating that the solver capability increases faster than the verifier.
Based on the above assumptions, we derive the differential equation governing the Capability Gap:

WO _ o p)E0). ©)

However, for a non-linear function f(G), a closed-form solution for above integral is not guaranteed.

To simplify this problem, we approximate the potential energy function F(t) with a linear form,

E(t) ~ kG(t) — b, derived from a first-order Taylor expansion. Figure[2]illustrates the strong linear

relationship between uncertainty gap G and its rate of change dG/dt = —(a — ) E(t) on Phi-4-mini

with QE method, which provides robust evidence for our approximation. Experiment results on other
models are presented in Figure [} Based on the Equation (§)), we derive Proposition 3.1}

Proposition 3.1 Assume k(o — () > 0, the dynamics of the potential energy E(t), the capability
gap G(t). Let the potential energy function f(G) be linearly approximated around an initial state G
by its tangent line f(G) = kG — b, where k = f'(Go) and b = f'(Go)Go — f(Go). Capabilities
Us(t) and U, (t) are governed by the following exponential decay functions:

E(t) ~ ke MR, G(t) ~ de M=l 1 G, (10)

Us(t) m /e H D L U, oo, Uy(t) & fle Mol 4 UU - (11)
where the coefficients are defined as: § = Uy, 0 Upo — %, o = - B B = and the values at
convergence (t — oo) are given by: G = E? Usioo =Us0— &', Uy oo =Upo — ,B’.
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Figure 2: Verification on linear relationship between the Uncertainty gap G and its rate of change
dG /dt on Phi-4-mini with QE method. The scatter points represent empirical data from self-
improvement on the Math and GSM8k datasets, while the solid lines show the linear regression fits.

Equation and Equation demonstrate that uncertainties Uy, U,,, and their gap G(¢) all converge
exponentially toward their respective limits. The proof of Proposition [3.1]is shown in Appendix [B.1]
We derive two key corollaries from Proposition [3.1]

Corollary 3.1 The partial derivative of the solver’s final uncertainty with respect to the initial gap is

5,00

. oo
a negatlve constant: oG

__B_
a—p("

The proof of Corollary is shown in Appendix [B.2} Corollary [3.1] shows that a larger initial
verifier-solver gap (Gy) leads to a lower final solver uncertainty (U o). This aligns with the core
intuition that the performance gap is the driver of the self-improvement process.

Corollary 3.2 For a given tolerance € > 0, the training time t required to ensure the Capability Gap

is within e of its convergence limit satisfies: t > ;1(1257/ ;)) .

The proof of Corollary [3.2]is shown in Appendix [B.3] Corollary [3.2]provides theoretical guidance
for selecting the total number of training epochs 7" in practical application. In practice, we first
estimate the key convergence parameters by training for a few initial epochs and fitting the early-stage
performance data. These parameters can then be used to determine an appropriate total training time
T to balance performance with computational costs.

The dynamics indicate that (i) the gap potential energy E(t) drives the solver capability more strongly;
(ii) the change of solver capability and verifier capability slows down as the gap decreases; and (iii)
the capability gap might not converge to zero during the training process.

4 EXPERIMENT

This section conducts experiments on self-improvement to verify the theoretical framework. We
first introduce experimental setups in Section We then present experiment results of the self-
improvement process in Section[d.2] We finally explore the differences between solver capability and
verifier capability in Sectionf.3] showing that the solver-verifier gap generally happens in practice.

4.1 SETUP

This section introduces the models, datasets, and key parameters. We consider the following two
verification methods: TrueFalse (TF) and Quality Evaluation (QE). We utilize two model families:
(a) Phi models: From the Phi family (Abdin et al.,[2024), we use Phi-4-mini, Phi-3.5-mini, and Phi-
3-mini; (b) Llama models: We use Llama-3.2-3B (Grattafiori et al.| 2024} and Llama-3.1-8B. Our
experiments mainly focus on the models’ mathematical problem-solving capabilities. Accordingly,
we employ two representative datasets: GSM8k (Cobbe et al., [2021) and Math (Hendrycks et al.,
2021). In addition, we also consider ProntoQA and MBPP datasets with TF method in order to
evaluate our framework on QA and code generation problems. Experimental details are provided
in Appendix D]
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Figure 3: Accuracy and uncertainty during the self-improvement of the Phi-4-mini model on the
Math and GSMS8k datasets using the QE method. The experimental results show that the accuracy
increases during self-improvement process while the uncertainty decreases.

4.2 DYNAMICS OF SELF-IMPROVEMENT

This section sketches the dynamics of self-improvement using Al-generated feedback for supervised
fine-tuning (SFT), aiming to verify the theoretical framework proposed in Section[3.2] We test the
Phi-4-mini, Phi-3.5-mini, Phi-3-mini, and Llama-3.2-3B models. We apply Low-Rank Adaptation
(LoRA) (Hu et al., |2022)), which significantly reduces the number of updatable parameters, thereby
enhancing SFT efficiency. The chosen hyperparameters are detailed in Appendix [D.1]

Results. We present the results of self-improvement on the Phi-4-mini model using the QE method,
as depicted in Figure [3] The empirical evidence indicates a consistent enhancement in the accuracy
of both the solver and the verifier during the self-improvement process, coupled with a concurrent
reduction in their respective uncertainties. Furthermore, a narrowing of the gap G(t) between the
solver and verifier is evident. Results for other models and methods are presented in Appendix

Validation. To validate our theoretical framework, we fit an exponential model to the uncertainty
from 10 self-improvement epochs. Figure 4| presents the results for the Phi-4-mini model in four
different settings (Math / GSM8K datasets train split with QE / TF metrics), which illustrates the
evolution of three key metrics: solver uncertainty, verifier uncertainty, and the uncertainty gap.
In Figure[d} the exponential model demonstrates a strong fit to the empirical data, with the coefficients
of determination (R?) exceeding 0.9. This empirical evidence validates the exponential law proposed
in our theoretical work. Results for other models are presented in Appendix [D.2}

4.3  VERIFIER OUTPERFORMS SOLVER

In this section, we evaluate the solver and verifier performance of LLM, aiming to validate the utility
of the solver-verifier gap used in Section[3] Specifically, the experimental results verify that verifier
capability outperforms solver capability consistently. Our evaluation is divided into two settings:
self-evaluation and cross-evaluation. Self-evaluation employs the same model for both the solver and
verifier roles, whereas cross-evaluation utilizes different models for the solver and verifier.

Self Evaluation. We compare the accuracy and uncertainty of solver and verifier on different models
and datasets across different /N. Given that the verifier selects one response from /N candidates
generated by the solver, the verifier’s performance is expected to improve as N increases. Detailed
results are presented in Appendix[D.2]

Cross Evaluation. To better understand the relationship between solver and verifier capabilities, we
also perform cross-evaluation, where one model acts as the solver and a different model acts as the
verifier. Results are presented in Appendix [D.2]

These experiments indicate that the verifier typically outperforms the solver, revealing a consis-
tent positive performance gap between the verifier and the solver across model-task pairs. This
performance gap is considered a key driver of self-improvement dynamics.

4.4 IMPACT OF TRAINING STAGES ON SELF IMPROVEMENT

In this section, we investigate how upstream training stages influence the self-improvement dynamics,
we conducted a controlled comparative analysis. This section addresses the potential confounder that
models at different stages might exhibit distinct optimization behaviors. We utilize the EvoLM model
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Figure 4: Exponential trends of model uncertainty during self-improvement on train split. The results
illustrate the uncertainty and gap of the solver and verifier for Phi-4-mini. The scatter points represent
the measured data, while the solid lines are the best-fit curves to an exponential model. RZ > 0.9

indicates that the evolution of these uncertainties is well-described by an exponential function.

suite |Q1 et al.| (2025) for this study, which allows us to control for model architecture (Llama-2 1B)
while isolating the impact of training stages. We compared three checkpoints representing the full
lifecycle:

 Standard SFT Baseline (Base Stage): Derived from the raw pre-trained model (1B-160BT)
via standard SFT. This represents a model with high latent potential but no domain-specific
mid-training.

e Mid-train Enhanced Model (Mid-train Stage): Derived from a model that underwent domain-
specific Continued Pre-training (CPT) on math data (1B-160BT-8+42BT) before SFT. This
represents the domain-primed state.

* Fully Post-trained Model (Post-train Stage): A model that has completed the full pipeline,
including mid-training, SFT and Reinforcement Learning (1B-160BT-8+42BT-100Kep1-
100Kep16). This represents the converged state.

We present the results in Figure [5] and Figure [0} The results shows a clear evolution in training
dynamics governed by model training stage: Base model exhibit the highest plasticity, driven by the
largest initial gap. Mid-training lowers the initial potential energy and increases initial capability.
Post-trained models demonstrate dynamic saturation, validating the asymptotic convergence as the
capability gap is minimized.

5 DISCUSSIONS ON CROSS-IMPROVEMENT

In this section, we discuss how to model cross-improvement within the framework described in Sec-
tion[3.2] The key insight is that external data affects the theoretical framework through the verification
capability. We first present the theoretical framework in Section under the framework with
limited external data. We then conduct experiments in Section[5.2]to validate the theoretical findings.

5.1 THEORETICAL FRAMEWORK OF CROSS-IMPROVEMENT

In this section, we present the theoretical framework of training dynamics of cross-improvement. We
follow the notations in Section 3] Besides, assume that we have limited external data with size M.
For example, we may acquire M external data in total from a better LLM using API queries.

We focus on the allocation of the external data. Specifically, for each epoch ¢, only n; M prompts
could use API queries to get (one) external data, with ZtT:1 1n¢ = 1 where T" denotes the total training
epochs. For those chosen prompts, we choose the external data as the BoN response; for those
non-chosen prompts, we still choose the BoN data from the N internal responses. Notably, as long as
one prompt is chosen to use external data, it will always use the external data.

Cross-Data Effects. In the cross-improvement framework, the use of external data will influence
the verifier capability U, (t), since we use a different definition of BoN which directly relates to the
verifier capability. To model the effects, we assume the verifier capability after cross-improvement as

Us(t) = (1 +yne) "' Uu(t - 1). (12)
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Figure 5: Self-improvement dynamics across Base, Mid-trained, and Post-trained stages on train
split. Fitted curves (R2) reveal a clear evolutionary trajectory: (1) The Base-SFT model exhibits the
highest Solver Rate (aw = 146.3) and Decay Rate (0.244). (2) The Mid-trained model reduces the
initial uncertainty, proving that mid-training optimizes the initialization state. (3) The Post-trained
model shows the lowest rate (a« = 16.0), confirming the theory of saturation near the capability limit.

The parameter 7y represents the general effect of cross-improvement, while 7, represents the ratio
of external data used in epoch . We assume that the effect y is time invariant, v > 0 when the
verifier that adds external data performs better than the verifier without external data; otherwise v < 0.
Overall, in each step, the cross-data first boosts the verification capability, then it evolves following
the mathematical framework in Section[3.2] We illustrate this procedure in Figure[7]

Solutions. We model the above framework on cross-improvement as

Us(t)]t=0 = Us 0, Uy (t)]t=0 = Uy,0, (13)
Us(t) = Us(t — 1), Ug(t) = (1+ym) "' 0, (t = 1), (14)
Ge(t) = US(t) — US(t),  E(t) = kG°(t) — b, (15)
Us(t) = US(t) = —aE(®), Us(t) —Uy(t) = —BE(). (16)

Equation (T3] represents the initial conditions, which are the same as Equation (7). Equation (14}
represents the effects of cross-improvement, where the solver capability after cross-improvement
U¢(t) remains unchanged, while the verifier capability increases as discussed in Equation (12)). The
current capability gap G¢(t) is then defined as the gap between the solver capability and the current
verifier capability. Equation (I6) represents the iterative conditions of cross-improvement. Based on
the above formulation, we derive an approximate solution of the ultimate uncertainty:

Proposition 5.1 Let the external-data-affected solver uncertainty US(t) and verifier uncertainty
US(t). The ultimate uncertainty vector U(T') can be approximated as

R T—(U+BRN(T =y ym) T8k ~Tpb
U(T)~e 2 U(0), A'= —ak(T =y ) Tak —Tab|, (A7)
0 0 0

where U(T) denotes [Uy v, Usr, 1]T and U(0) denotes [Uy0, Us,o, 1]T. Us(T) is related
only to the summation Z;‘ll 1z (instead of each n at epoch t).

Under Proposition [5.1] we come to the following conclusions: (i) For cross-improvement with
> i—1 Mt = 1, the approximate solution is around the same; (i) The cross-improvement with

ZtT:1 1: = 1 outperforms self-improvement with Zthl 1 = 0 in terms of solver capability, when
7 > 0. The proof of Proposition [5.1]is shown in Appendix [B.4]

5.2 EXPERIMENTS

In this section, we perform cross-improvement experiments using different allocation strategies.
Figure [7 illustrates the process of cross-improvement. For these experiments, external data are
generated by DeepSeek-V3 which achieves accuracy of 60.47% and 91.18% on Math and GSMS8k
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Table 1: Solver accuracy with QE method on train split: raw data and relative improvements of
strategies average (%). Initial represents the performance of the original model, while Baseline
represents the results from self-improvement. We deploy three strategies: Early, Uniform, and Late.
The last row shows the difference in verifier accuracy between using all external data at the start

(Early strategy at t = 0) and the baseline’s initial verifier accuracy (Initial).

Phi-4-mini Llama-3.2-3B
Strategy Math(%) GSM8k(%) Math(%) GSM8k(%)
Initial 30.31 (£ 0.24) 73.42 (£ 0.33) 36.02 (£0.25) 63.10 (£ 0.58)
Baseline 45.08 (0.48) 88.53 (£ 0.48) 49.16 (+0.90) 88.66 (& 0.73)
Early 46.33 (£ 0.16) 88.54 (£0.12) 53.48 (+=0.41) 88.26 (= 0.57)
Uniform 46.56 (£ 0.19) 88.44 (£ 0.05) 52.74 (£ 0.82) 88.23 (£ 0.58)
Late 4583 (£ 0.48) 88.90 (£0.21) 51.31(£0.76) 87.19 (£ 0.28)
Max-Min 0.73 0.46 2.17 1.07
Avg 46.24 88.63 52.51 87.89
Avg vs Initial +15.93 +15.21 +16.49 +24.79
Avg vs Baseline +1.16 +0.10 +3.35 -0.77
Early(t = 0) vs Initial (Verifier) +5.87 +0.96 +0.97 -1.58

dataset respectively. Specifically, we utilize DeepSeek-V3 responses for fine-tuning instead of BoN
responses. We test three allocation strategies: (a) Early: All external data are introduced in the first
epoch. (b) Uniform: An equal amount of new external data is introduced in each epoch. (c) Late:
All external data are introduced in the eighth epoch.

We present the results on the training data in Table[T] We observe that the average solver accuracy for
all three strategies is higher than the baseline on the MATH dataset. However, Phi-4-mini shows a
slight performance improvement on GSM8k, while Llama-3.2-3B exhibits a drop on GSM8k dataset.
This observation indicates that a key factor influencing the effectiveness of cross-improvement is
indeed whether the external model’s verifier capability significantly surpasses that of the original
model. In addition, we find that the difference in accuracy between the three strategies is slight,
which validates the conclusions under Proposition [5.1]

6 CONCLUSION

In this paper, we propose a theoretical framework to analyze the training dynamics of self-
improvement via the solver-verifier gap. Experimental results on various datasets and models
accord well with the theoretical findings. Besides, one may derive the theoretical limits based on the
framework, which is closely related to the model’s verification capability. To break the limit, one
may apply cross-improvement to enhance the model’s verification capability. Therefore, we further
introduce the corresponding theoretical framework on the dynamics of cross-improvement under
limited external data regimes, and find that the allocation of external data might have less influence
on the final results. Experimental results verify the theoretical findings.

In the end, we provide several future directions: (i) We assume a time-invariant property when
analyzing the cross-improvement, which might be relaxed in future work; (ii) External data can be
used to fine-tune a self-improved model to further improve the performance of the model; (iii) We use
a phenomenological modeling approach in our framework. A deeper investigation into the underlying
mechanisms that cause the self-improvement dynamics to be well-described by our physics-inspired
model would be a key future direction. This includes further research into the relationship between
the model’s key parameters, « and 3, and factors such as the LLM’s architecture.

10



Published as a conference paper at ICLR 2026

ETHICS STATEMENT

This research is theoretical and methodological, focusing on developing a mathematical model for the
training dynamics of LLM self-improvement. All experiments were conducted on public academic
benchmarks and did not involve human subjects or sensitive data, thus requiring no Institutional
Review Board (IRB) approval. Our work aims to deepen the understanding of the self-improvement
mechanism to foster the development of more predictable and reliable models.

REPRODUCIBILITY STATEMENT

To ensure the reproducibility of our work, we provide detailed descriptions of our theoretical and
experiment setup. Our theoretical model is detailed in Section 3] with complete mathematical proofs
for all propositions and corollaries provided in Appendix Bl The experiment setup is described
in Section . 1] Further implementation details, such as the self-improvement algorithm (Algorithm|T)
and the hyperparameters used to obtain the results (Table[3), are available in Appendix D}

ACKNOWLEDGMENTS

We would like to thank the members of the Jiaye’s Group for their insightful discussions throughout
this project. We are also grateful to the anonymous reviewers for their constructive comments which
helped improve the paper. This work is supported by Shanghai Science and Technology Development
Funds 24YF2711700 and Fundamental Research Funds for the Central Universities 2024110586.
Xin Liu is partially supported by the National Natural Science Foundation of China 12201383 and
Innovative Research Team of Shanghai University of Finance and Economics. Yifan Sun would
like to express his deepest gratitude to his beloved girlfriend, Jinjin Zheng, for her unwavering
companionship and support, which served as a constant source of strength throughout the inevitable
lows of this research journey. Yushan Liang would like to extend her special thanks to her parents for
their unwavering support.

REFERENCES

Marah Abdin, Jyoti Aneja, Hany Awadalla, Ahmed Awadallah, Ammar Ahmad Awan, Nguyen Bach,
Amit Bahree, Arash Bakhtiari, Jianmin Bao, Harkirat Behl, et al. Phi-3 technical report: A highly
capable language model locally on your phone. arXiv preprint arXiv:2404.14219, 2024.

Zeyuan Allen-Zhu and Yuanzhi Li. Towards understanding ensemble, knowledge distillation and self-
distillation in deep learning. In The Eleventh International Conference on Learning Representations,
2023. URL https://openreview.net/forum?id=Uuf2gq9TfXGA.

Afra Amini, Tim Vieira, Elliott Ash, and Ryan Cotterell. Variational best-of-n alignment. In NeurIPS
2024 Workshop on Fine-Tuning in Modern Machine Learning: Principles and Scalability, 2024.

Yuntao Bai, Saurav Kadavath, Sandipan Kundu, Amanda Askell, Jackson Kernion, Andy Jones, Anna
Chen, Anna Goldie, Azalia Mirhoseini, Cameron McKinnon, et al. Constitutional ai: Harmlessness
from ai feedback. arXiv preprint arXiv:2212.08073, 2022.

Quentin Bertrand, Joey Bose, Alexandre Duplessis, Marco Jiralerspong, and Gauthier Gidel. On the
stability of iterative retraining of generative models on their own data. In The Twelfth International
Conference on Learning Representations, 2024. URL https://openreview.net/forum?
1d=JORAfH2xFdl

Enric Boix-Adsera. Towards a theory of model distillation. arXiv preprint arXiv:2403.09053, 2024.

Conrad Borchers, Danielle R Thomas, Jionghao Lin, Ralph Abboud, and Kenneth R Koedinger.
Augmenting human-annotated training data with large language model generation and distillation
in open-response assessment. arXiv preprint arXiv:2501.09126, 2025.

Tom Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared D Kaplan, Prafulla Dhariwal,
Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, et al. Language models are
few-shot learners. Advances in neural information processing systems, 33:1877-1901, 2020.

11


https://openreview.net/forum?id=Uuf2q9TfXGA
https://openreview.net/forum?id=JORAfH2xFd
https://openreview.net/forum?id=JORAfH2xFd

Published as a conference paper at ICLR 2026

Cristian Bucilud, Rich Caruana, and Alexandru Niculescu-Mizil. Model compression. In Proceedings
of the 12th ACM SIGKDD international conference on Knowledge discovery and data mining, pp.
535-541, 2006.

Jonathan Chang, Kianté Brantley, Rajkumar Ramamurthy, Dipendra Misra, and Wen Sun. Learning
to generate better than your llm. In NeurIPS 2023 Workshop on Instruction Tuning and Instruction
Following, 2023.

Eugene Choi, Arash Ahmadian, Matthieu Geist, Oilvier Pietquin, and Mohammad Gheshlaghi Azar.
Self-improving robust preference optimization. arXiv preprint arXiv:2406.01660, 2024.

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian, Mark Chen, Heewoo Jun, Lukasz Kaiser,
Matthias Plappert, Jerry Tworek, Jacob Hilton, Reiichiro Nakano, et al. Training verifiers to solve
math word problems. arXiv preprint arXiv:2110.14168, 2021.

Rudrajit Das and Sujay Sanghavi. Understanding self-distillation in the presence of label noise. In
International Conference on Machine Learning, pp. 7102-7140. PMLR, 2023.

Mucong Ding, Souradip Chakraborty, Vibhu Agrawal, Zora Che, Alec Koppel, Mengdi Wang, Amrit
Bedi, and Furong Huang. Sail: Self-improving efficient online alignment of large language models.
arXiv preprint arXiv:2406.15567, 2024.

Qingxiu Dong, Lei Li, Damai Dai, Ce Zheng, Jingyuan Ma, Rui Li, Heming Xia, Jingjing Xu,
Zhiyong Wu, Baobao Chang, et al. A survey on in-context learning. In Proceedings of the 2024
Conference on Empirical Methods in Natural Language Processing, pp. 1107-1128, 2024.

Spencer Frei, Difan Zou, Zixiang Chen, and Quanquan Gu. Self-training converts weak learners
to strong learners in mixture models. In International Conference on Artificial Intelligence and
Statistics, pp. 8003-8021. PMLR, 2022.

Shi Fu, Sen Zhang, Yingjie Wang, Xinmei Tian, and Dacheng Tao. Towards theoretical understandings
of self-consuming generative models. In International Conference on Machine Learning, pp.
14228-14255. PMLR, 2024.

Kanishk Gandhi, Ayush Chakravarthy, Anikait Singh, Nathan Lile, and Noah D Goodman. Cognitive
behaviors that enable self-improving reasoners, or, four habits of highly effective stars. arXiv
preprint arXiv:2503.01307, 2025.

Tianyu Gao, Adam Fisch, and Danqi Chen. Making pre-trained language models better few-shot
learners. arXiv preprint arXiv:2012.15723, 2020.

Matthias Gerstgrasser, Rylan Schaeffer, Apratim Dey, Rafael Rafailov, Tomasz Korbak, Henry
Sleight, Rajashree Agrawal, John Hughes, Dhruv Bhandarkar Pai, Andrey Gromov, Dan Roberts,
Diyi Yang, David L. Donoho, and Sanmi Koyejo. Is model collapse inevitable? breaking the curse
of recursion by accumulating real and synthetic data. In First Conference on Language Modeling,
2024. URL https://openreview.net/forum?id=5B2K4LRgmz.

Aaron Grattafiori, Abhimanyu Dubey, Abhinav Jauhri, Abhinav Pandey, Abhishek Kadian, Ahmad
Al-Dahle, Aiesha Letman, Akhil Mathur, Alan Schelten, Alex Vaughan, et al. The llama 3 herd of
models. arXiv preprint arXiv:2407.21783, 2024.

Lin Gui, Cristina Garbacea, and Victor Veitch. BoNBon alignment for large language models and the
sweetness of best-of-n sampling. In The Thirty-eighth Annual Conference on Neural Information
Processing Systems, 2024. URL https://openreview.net/forum?id=haSKMI1rbX5.

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul Arora, Steven Basart, Eric Tang, Dawn Song,
and Jacob Steinhardt. Measuring mathematical problem solving with the math dataset. arXiv
preprint arXiv:2103.03874, 2021.

Geoffrey Hinton, Oriol Vinyals, and Jeff Dean. Distilling the knowledge in a neural network. arXiv
preprint arXiv:1503.02531, 2015.

12


https://openreview.net/forum?id=5B2K4LRgmz
https://openreview.net/forum?id=haSKMlrbX5

Published as a conference paper at ICLR 2026

Namgyu Ho, Laura Schmid, and Se-Young Yun. Large language models are reasoning teachers. In
Proceedings of the 61st Annual Meeting of the Association for Computational Linguistics (Volume
1: Long Papers), pp. 1485214882, 2023.

Edward J Hu, Yelong Shen, Phillip Wallis, Zeyuan Allen-Zhu, Yuanzhi Li, Shean Wang, Lu Wang,
Weizhu Chen, et al. Lora: Low-rank adaptation of large language models. /CLR, 1(2):3, 2022.

Audrey Huang, Adam Block, Dylan J Foster, Dhruv Rohatgi, Cyril Zhang, Max Simchowitz, Jor-
dan T. Ash, and Akshay Krishnamurthy. Self-improvement in language models: The sharpening
mechanism. In The Thirteenth International Conference on Learning Representations, 2025. URL
https://openreview.net/forum?id=WJaUkwci9ol

Jiaxin Huang, Shixiang Shane Gu, Le Hou, Yuexin Wu, Xuezhi Wang, Hongkun Yu, and Jiawei Han.
Large language models can self-improve. In 2023 Conference on Empirical Methods in Natural
Language Processing, EMNLP 2023, pp. 1051-1068. Association for Computational Linguistics
(ACL), 2023.

Louis Kirsch and Jiirgen Schmidhuber. Eliminating meta optimization through self-referential meta
learning. arXiv preprint arXiv:2212.14392, 2022.

Aviral Kumar, Vincent Zhuang, Rishabh Agarwal, Yi Su, John D Co-Reyes, Avi Singh, Kate Baumli,
Shariq Igbal, Colton Bishop, Rebecca Roelofs, et al. Training language models to self-correct via
reinforcement learning. arXiv preprint arXiv:2409.12917, 2024.

Nicholas Lee, Thanakul Wattanawong, Sehoon Kim, Karttikeya Mangalam, Sheng Shen, Gopala
Anumanchipalli, Michael Mahoney, Kurt Keutzer, and Amir Gholami. LIm21lm: Boosting llms
with novel iterative data enhancement. In Findings of the Association for Computational Linguistics
ACL 2024, pp. 6498-6526, 2024.

Hunter Lightman, Vineet Kosaraju, Yuri Burda, Harrison Edwards, Bowen Baker, Teddy Lee, Jan
Leike, John Schulman, Ilya Sutskever, and Karl Cobbe. Let’s verify step by step. In The Twelfth
International Conference on Learning Representations, 2024. URL https://openreview,
net/forum?id=v8LOpN6EO1i.

Dancheng Liu, Amir Nassereldine, Ziming Yang, Chenhui Xu, Yuting Hu, Jiajie Li, Utkarsh Kumar,
Changjae Lee, Ruiyang Qin, Yiyu Shi, et al. Large language models have intrinsic self-correction
ability. arXiv preprint arXiv:2406.15673, 2024.

Hossein Mobahi, Mehrdad Farajtabar, and Peter Bartlett. Self-distillation amplifies regularization in
hilbert space. Advances in Neural Information Processing Systems, 33:3351-3361, 2020.

Niklas Muennighoff, Alexander Rush, Boaz Barak, Teven Le Scao, Nouamane Tazi, Aleksandra
Piktus, Sampo Pyysalo, Thomas Wolf, and Colin A Raffel. Scaling data-constrained language
models. Advances in Neural Information Processing Systems, 36:50358-50376, 2023.

Long Ouyang, Jeffrey Wu, Xu Jiang, Diogo Almeida, Carroll Wainwright, Pamela Mishkin, Chong
Zhang, Sandhini Agarwal, Katarina Slama, Alex Ray, et al. Training language models to follow
instructions with human feedback. Advances in neural information processing systems, 35:27730—
27744, 2022.

Alizée Pace, Jonathan Mallinson, Eric Malmi, Sebastian Krause, and Aliaksei Severyn. West-of-n:
Synthetic preference generation for improved reward modeling. In ICLR 2024 Workshop on
Navigating and Addressing Data Problems for Foundation Models, 2024.

Jing-Cheng Pang, Pengyuan Wang, Kaiyuan Li, Xiong-Hui Chen, Jiacheng Xu, Zongzhang Zhang,
and Yang Yu. Language model self-improvement by reinforcement learning contemplation.
In The Twelfth International Conference on Learning Representations, 2024. URL https
//openreview.net/forum?id=38E4yUbrqgr.

Divyansh Pareek, Simon Shaolei Du, and Sewoong Oh. Understanding the gains from repeated self-
distillation. In The Thirty-eighth Annual Conference on Neural Information Processing Systems,
2024. URL https://openreview.net/forum?id=gMgaKJCOCB.

13


https://openreview.net/forum?id=WJaUkwci9o
https://openreview.net/forum?id=v8L0pN6EOi
https://openreview.net/forum?id=v8L0pN6EOi
https://openreview.net/forum?id=38E4yUbrgr
https://openreview.net/forum?id=38E4yUbrgr
https://openreview.net/forum?id=gMqaKJCOCB

Published as a conference paper at ICLR 2026

Xiangyu Peng, Congying Xia, Xinyi Yang, Caiming Xiong, Chien-Sheng Wu, and Chen Xing.
Regenesis: Llms can grow into reasoning generalists via self-improvement. arXiv preprint
arXiv:2410.02108, 2024.

Zhenting Qi, Fan Nie, Alexandre Alahi, James Zou, Himabindu Lakkaraju, Yilun Du, Eric Xing,
Sham Kakade, and Hanlin Zhang. Evolm: In search of lost language model training dynamics.
arXiv preprint arXiv:2506.16029, 2025.

Rafael Rafailov, Archit Sharma, Eric Mitchell, Christopher D Manning, Stefano Ermon, and Chelsea
Finn. Direct preference optimization: Your language model is secretly a reward model. Advances
in Neural Information Processing Systems, 36:53728-53741, 2023.

William John Macquorn Rankine. On the general law of the transformation of energy. 1853.

Pier Giuseppe Sessa, Robert Dadashi, Léonard Hussenot, Johan Ferret, Nino Vieillard, Alexandre
Ramé, Bobak Shariari, Sarah Perrin, Abe Friesen, Geoffrey Cideron, et al. Bond: Aligning llms
with best-of-n distillation. arXiv preprint arXiv:2407.14622, 2024.

Zhihong Shao, Peiyi Wang, Qihao Zhu, Runxin Xu, Junxiao Song, Xiao Bi, Haowei Zhang,
Mingchuan Zhang, YK Li, Y Wu, et al. Deepseekmath: Pushing the limits of mathematical
reasoning in open language models. arXiv preprint arXiv:2402.03300, 2024.

Tao Shen, Didi Zhu, Ziyu Zhao, Chao Wu, and Fei Wu. Will llms scaling hit the wall? breaking
barriers via distributed resources on massive edge devices. arXiv preprint arXiv:2503.08223, 2025.

Yuda Song, Hanlin Zhang, Carson Eisenach, Sham M. Kakade, Dean Foster, and Udaya Ghai. Mind
the gap: Examining the self-improvement capabilities of large language models. In The Thirteenth
International Conference on Learning Representations, 2025. URL https://openreview)
net/forum?id=mt JSMcF3ek!l

Erik Talvitie. Self-correcting models for model-based reinforcement learning. In Proceedings of the
AAAI conference on artificial intelligence, volume 31, 2017.

Ye Tian, Baolin Peng, Linfeng Song, Lifeng Jin, Dian Yu, Lei Han, Haitao Mi, and Dong Yu.
Toward self-improvement of llms via imagination, searching, and criticizing. Advances in Neural
Information Processing Systems, 37:52723-52748, 2024.

Pablo Villalobos, Anson Ho, Jaime Sevilla, Tamay Besiroglu, Lennart Heim, and Marius Hobbhahn.
Position: Will we run out of data? limits of llm scaling based on human-generated data. In
Forty-first International Conference on Machine Learning, 2024.

Ke Wang, Jiahui Zhu, Minjie Ren, Zeming Liu, Shiwei Li, Zongye Zhang, Chenkai Zhang, Xiaoyu
Wau, Qigqi Zhan, Qingjie Liu, et al. A survey on data synthesis and augmentation for large language
models. arXiv preprint arXiv:2410.12896, 2024a.

Xiyao Wang, Jiuhai Chen, Zhaoyang Wang, Yuhang Zhou, Yiyang Zhou, Huaxiu Yao, Tianyi Zhou,
Tom Goldstein, Parminder Bhatia, Furong Huang, et al. Enhancing visual-language modality
alignment in large vision language models via self-improvement. arXiv preprint arXiv:2405.15973,
2024b.

Yifei Wang, Yuyang Wu, Zeming Wei, Stefanie Jegelka, and Yisen Wang. A theoretical understanding
of self-correction through in-context alignment. In The Thirty-eighth Annual Conference on Neural
Information Processing Systems, 2024c. URL https://openreview.net/forum?id=
OtVvNLTWYww.

Yizhong Wang, Yeganeh Kordi, Swaroop Mishra, Alisa Liu, Noah A Smith, Daniel Khashabi, and
Hannaneh Hajishirzi. Self-instruct: Aligning language models with self-generated instructions. In
Proceedings of the 61st Annual Meeting of the Association for Computational Linguistics (Volume
1: Long Papers). Association for Computational Linguistics, 2023.

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten Bosma, Fei Xia, Ed Chi, Quoc V Le, Denny
Zhou, et al. Chain-of-thought prompting elicits reasoning in large language models. Advances in
neural information processing systems, 35:24824-24837, 2022.

14


https://openreview.net/forum?id=mtJSMcF3ek
https://openreview.net/forum?id=mtJSMcF3ek
https://openreview.net/forum?id=OtvNLTWYww
https://openreview.net/forum?id=OtvNLTWYww

Published as a conference paper at ICLR 2026

Jimmy Wu, Rika Antonova, Adam Kan, Marion Lepert, Andy Zeng, Shuran Song, Jeannette Bohg,
Szymon Rusinkiewicz, and Thomas Funkhouser. Tidybot: Personalized robot assistance with large
language models. Autonomous Robots, 47(8):1087-1102, 2023.

Roman V Yampolskiy. From seed ai to technological singularity via recursively self-improving
software. arXiv preprint arXiv:1502.06512, 2015.

Xiangchi Yuan, Chunhui Zhang, Zheyuan Liu, Dachuan Shi, Soroush Vosoughi, and Wenke Lee.
Superficial self-improved reasoners benefit from model merging. arXiv preprint arXiv:2503.02103,
2025.

Eric Zelikman, Yuhuai Wu, Jesse Mu, and Noah Goodman. Star: Bootstrapping reasoning with
reasoning. Advances in Neural Information Processing Systems, 35:15476—15488, 2022.

Linfeng Zhang, Jiebo Song, Anni Gao, Jingwei Chen, Chenglong Bao, and Kaisheng Ma. Be your
own teacher: Improve the performance of convolutional neural networks via self distillation. In
Proceedings of the IEEE/CVF international conference on computer vision, pp. 3713-3722, 2019.

15



Published as a conference paper at ICLR 2026

Appendix

This part provides the supplementary materials. Appendix [A] provides necessary details omitted
before. Appendix [B]provides omitted derivations of the theoretical framework. We claim the use of
LLMs in Appendix [C] Appendix [D]provides experiment details and omitted experiment results.

A SUPPLEMENTARY DETAILS

In this section, we provide the details omitted before. Appendix [A.T|presents the omitted algorithm
and illustration, while Appendix [A.2]summarizes main contributions of our work. In Appendix [A.3]
we discuss the relationship between uncertainty and capability. Additionally, we further discuss
the difference between our work and prior works, as well as the challenges for self-improvement

in Appendix[A.4]
A.1 OMITTED ILLUSTRATION

Figure [6] gives an overview of our theoretical framework. Algorithm [I] presents one-step self-
improvement used in our experiments while Figure [7]illustrates cross-improvement process.

Self Improvement Cross Improvement

LLM improves its capability with
LLM-verified supervised data.

LLM improves its capability with
external-LLM-verified supervised data.
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Figure 6: Overview of the theoretical framework on self-improvement and cross-improvement.

A.2 CONTRIBUTIONS

In this section, we summarize main contributions of our work. Our main contributions are:

* Theoretical framework: We detail our theoretical framework on the dynamics of self-improvement
in Section 3] inspired by the potential energy framework based on the solver-verifier capability gap
in Equation (6). Theoretical derivations in Equation (TT) imply an exponential law for the model
capability, and we further establish the extreme capability based on the framework.

* Experiments: We conduct experiments on self-improvement to verify the theoretical framework
in Section ] across multiple models, datasets, and verification methods. Our empirical observations
indicate that (i) the uncertainty/accuracy during the self-improvement process follows an expo-
nential law with an extreme capability (Figure [3) as implied by the theoretical framework; (ii) the
solver-verifier gap generally happens in practice across different regimes (Section [4.3), validating
the utility of the gap as the potential energy.

* Cross-improvement: We further investigate in Section [5]the cross-improvement under the above
framework, where limited external data is provided during the training process. We contend
in Section [5.1] that cross-improvement might improve the verifier capability, thus improving the
extreme capability of self-improvement. Empirically, we observe in Section[5.2]that if the verifier
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Algorithm 1 Self Improvement (One Step)

Require: Prompts set X:{x1, 23, -+ ,x,}, Current model f, Sample Size N, Threshold o
1: yBoN — (Z), uBoN — @;
2: for each prompt z; € X do
3 Oy, +— 0;

4. forj <+ 1to N do
5: Generate response §; ; ~ mr(-|x;);
6: Ask model to evaluate §; ; and return a score s(g; ;);
7: if S(yAiyj) >0 then
8: Append g; ; to Cy,;
9: end if
10:  end for
11: @?ON — argmincwi me(gji7j|xi);

12:  Append 72N to BN,

13:  Append Uy (98°N) to UBN;

14: end for

15: Uncertainty < W ZuEZ/IB“N u;
16: f < AdamW/(f, Uncertainty);
Ensure: Self-improved model f

Question

Yes Internal Verifier

External data? > .,

; =y
Solver Model
|

Response 2

Y

External Model

Y

Verifier Model

Best Response
(Verifier Choice)

External Data

Supervised Fine-Tune

Figure 7: A diagram of Cross Improvement

capability is improved by the external data, the performances of LLM are enhanced, and vice versa
(Table[T). This accords with the theoretical findings.

A.3 RELATIONSHIP BETWEEN UNCERTAINTY AND CAPABILITY

In this section, we clarify the relationship between uncertainty and capability. Although low uncer-
tainty is often correlated with high capability (i.e., accuracy), they are not conceptually equivalent.
In this work, we use uncertainty instead of accuracy as a proxy metric for model capability. The
justifications are detailed as follows:

» Sharpening Mechanism: Following |Huang et al.|(2025), minimizing the loss (U, ) forces
the model to sharpen its intrinsic probability distribution onto high-quality responses. A
decrease in U signifies that this distributional shift has occurred and that the model has
successfully learned from the verifier’s output. Thus, Uj is the direct measure of the model’s
capability.
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* Empirically correlation between accuracy and uncertainty: To validate that Uy indicates
the model’s capability, we calculate the Pearson correlation coefficient (r) between U, and
solver accuracy for different models and datasets (Table[2)). Accuracy and Uncertainty for
most model-dataset pairs are significantly negatively correlated (|| > 0.8), which proves
that reducing solver uncertainty (Uy) translates to gains in accuracy.

* Absence of Ground Truth: In many real-world scenarios, particularly open-ended genera-
tion tasks, ground-truth labels are often unavailable or difficult to define. Unlike accuracy,
which strictly depends on external gold references, uncertainty is computed from the model’s
output distribution. This makes uncertainty a necessary and universal metric for monitoring
capability evolution in label-free regimes where accuracy calculation is infeasible.

* The Optimization Objective: In standard SFT, the objective of training is to maximize
the likelihood of correct responses, which is mathematically equivalent to minimizing
their uncertainty (Negative Log-Likelihood). In our framework, we regard the output of the
verifier as the ground truth for SFT. The loss function at step ¢ is defined as L;(f) = U, (t) =
[}%( )Z?Zl log ¢ (§2°N(t)|x;), which is identical to our definition of verifier uncertainty

o(t

Table 2: Correlation coefficients between Uncertainty and Accuracy.

Dataset Method Llama-3.2-3B Phi-3-mini Phi-3.5-mini Phi-4-mini

T R T e re—r
GSMSE  Tp Tgage oo —0eare  _ooms
Math QE  —0965"  —0958" 0177 —0.983"

TF  —0.967°  —0.900* 0167  —0.978"
ProntoQA  TF  —0.867""  —0.897""  —0.764""  —0.850""
MBPP TF 0865  —0.951"""  —0.936""  —0.6735"

Note: *** p < 0.001, ** p < 0.01, * p < 0.05.

A.4 REVIEW AND PROSPECT

In this section, we discuss the difference between our work and prior works. We also discuss the
challenge and perspective of self-improvement.

Different definition: In previous work (Song et al.l 2025), the solver capability is defined as the
accuracy, while the verifier capability is defined as the accuracy of responses that the model deems
good responses. The calculation of accuracy depends on the golden answer contained in the original
dataset, which is the most significant difference from our definition. In practice, many datasets do not
contain gold answers, so our definition could be more widely applied.

Different concerns: Most of the prior works focus on finding a method that could make self-
improvement more efficient. Instead, we pay attention to model the dynamics of self-improvement,
which helps to understand the progress of self-improvement. In addition, we propose a new theoretical
framework for cross-improvement which could be regarded as a solution to break through the limit of
self-improvement.

Challenge: (i) Under supervised fine-tuning, self-improvement may be misled by incorrect responses.
Thus, ensuring that the verifier outputs correct responses is a challenge. (ii) The current self-
improvement method can only improve the model’s capability in similar tasks by optimizing a certain
task. Finding a method to improve the performance of the model on different tasks is a challenge.

B THEORETICAL DERIVATION

In this section, we present the detailed theoretical derivations omitted before.
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B.1 PROOF OF PROPOSITION 3.1

In this section, we present the detailed derivation of Proposition[3.1] We first derive Equation (I0).
From Equation (8)) and linear approximation f(G) ~ kG — b, we have

dG(t)
dt
The general solution of Equation (T8) is

Q

—(a— B) (kG - b). (18)

b
G(t) = Ce Fa=Rt 4 T
where C is a constant. To find the constant C, we use the initial condition at ¢ = 0: G(0) =
U370 — Uuo = G, thus

(19)

b
G(0) = Ce® + T (20)
b
C=Uyo—Uspo— % (21)
Let6 = U, o —Us o — %, we have
b
G(t) = de~Fla=Rt 4 e (22)
Then we derive Equation (TT). From Equation (22), we have
E(t) = kG(t) — b= k(e M=t L p/k) — b = kde F=ht, (23)
Solving the original differential equation for Us(¢):
dU,(t
;t( ) _ —aB(t) ~ —a(kde F=At), (24)
/ dU,(t) = / —akde Fle=Btg, (25)
—k(a—p)t
—akée MOt = —aks [ ) 4+ C 26
/ akode « k(e —B) + Cs, (26)
ad
Us(t) ~ —kla=p)t L ¢, 27
()~ e e, @
Using the initial condition Us(0) = Uj g to solve for the constant Cl:
) )
U=~ + Cy = Cy=Upp— —, (28)
Toa=p Toa=p
Let o/ = % and Uy oo = U, o — . Thus, the solution for Uy (¢) is
Us(t) = a’e Me=Pt LU, . (29)
The derivation for U, (t) is analogous, yielding
Uy(t) = Ble Mo=Pt 4 U, o, (30)

where 5/ = aﬁ—fﬂ and Uy oo = Uy — 3.

B.2 PROOF OF COROLLARY 3.1

In this section, we present the detailed derivation of Corollary[3.I] From Proposition[3.1] the final

solver uncertainty is given by Us o = Us o — ¢/, where o/ = %_/35 and 0 = Gy — b/k. Substituting
these into the expression for Uy o yields U oo = Us 0 — QL_ﬁ(GO — %) Assuming Uy ¢ is constant,
we have 200 — (. Thus, we have Wsoo _ __a_

BGO BGO - _OZ—B'
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B.3 PROOF OF COROLLARY 3.2

In this section, we present the detailed derivation of Corollary The objective of Corollary [3.2]is
to find the time ¢ such that the capability gap G(t) is within a tolerance ¢ of its convergence value
G, Which is expressed as:

|G(t) — G| < €. (3D
Starting from the expression for G(t) given in Proposition we have:
G(t) ~ de M=t 1 G, (32)
G(t) — Goo & Je Fla=h), (33)
Since ¢ is defined on the basis of the initial gap, we can assume § > 0. Thus, we have
de Rla=Pt ¢ (34)
In(d/e)
t> —1L (35)
k(a —B)

B.4 PROOF OF PROPOSITION 5.1

In this section, we present the theoretical derivation of Proposition[5.1] According to Section[5.1] the
dynamics conditions are formulated as:

Us(t)]t=0 = Us 0, Uy (t)]t=0 = Uy, (36)
US(t) = Us(t - ) Us(t)=(1 +7m) U, (t - 1), (37)
Ge(t) = US(t) — U (1), E(t) = kG°( ) — (38)
Us(t) = US(t) = —aE(t), Un(t) —Ug(t) = —5E( ). (39)

Denote U(t) as vector [U,(t), Us(t), 1]T, Ue<(t) as vector [US(t), US(t), 1]T, with the fol-
lowing relationship holding true:

= 00
Uc(t) = 0 1 0]U@E-1). (40)

0 0 1

With these notations, we can derive the following iteration from Equation (37) to (39):
U(t) = -Ay)-Ut-1), (41)
=1, Bk —pb
A= 1+'Iy€m ak —ab] . 42)
0 0 0

Based on the iteration, U(¢) at the end of the 7" epochs is then:

T

ur) = [ - 40 (0), 43)

t=1

where U(0) denotes [Uy 0, Usp, 1]T. The meaning of U, o, Us o is defined in Equation lb
Under the circumstances, the following approximation holds true:

T T
[[a-a)~[[ed == =ca (44)
t=1 t=1

(T (BT =y ) TPk ~Tpb
A= —ak(T =y ) Tok —Tab |- (45)
0 0 0
The first approximation is based on matrix Taylor expansion e = 77 | Ak—f, [|A]l < 1, given matrix

At =1,...,T) is relatively small.
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The second approximation is based on the fact that (¢t = 1,...,T) is a relatively small quantity,
considering that the total epoch T is a large number. Therefore, the difference matrix between A;
and A; (i # j,4,7 = 1,...,T) will be close to zero, making any two matrices A;, A;(i # j,4,j =
1,...,T) approximately commutative.

The third approximation is based on the approximation 5 +1vm ~ 1 — vy, given 1; a small quantity.
Equation and indicates that one can derive a solution of U, (T'), which is only related to
23:1 ;. Therefore, one can come to the conclusion that (i) solver uncertainty at the final epoch 7" is
approximately the same for cross-improvement with 23:1 1y = 1, and (ii) with the two elements

in matrix — A that -y appears in both negatively correlated to the term ~y Zle 7, the final solver
uncertainty is also negatively correlated to this term. This indicates that cross-improvement with

v >0, Zthl 1t = 1 outperforms self-improvement with v > 0, Zthl n: = 0, in terms of solver
capability.

C THE USE OF LARGE LANGUAGE MODELS

We utilize Large Language Models (LLMs) to enhance the clarity, conciseness, and grammatical
accuracy of the paper. The model’s suggestions help refine sentence structure and improve the overall
readability of the paper.

D EXPERIMENTAL DETAILS

In this section, we detail our experiment hyperparameters and present all results of our experiment.
In Appendix[D.T] we detail the hyperparameters chosen in our experiments. We provide all experiment
results in Appendix [D.2] All of our experiments are run on 80G NVIDIA A800 GPUs.

D.1 HYPERPARAMETERS

In this section, we detail the hyperparameters in Table [3]

Table 3: Hyperparameters for SFT

Learning Rate Weight Decay Solver Temperature ~ Verifier Temperature
le-5 0.01 1 0.1
Sample Size (N) Max New Tokens LoRA Rank LoRA dropout
16 512 16 0.5

D.2 OMITTED FIGURES

In this section, we will provide experiment details including setup and figures omitted in Section [4]

Verification Methods. We use two verification methods TrueFalse and Quality Evaluation in the
experiment. TrueFalse (TF): The solver generates N responses, denoted §J; 1, - - - , §;, v, for a prompt
x;. The verifier is then tasked with answering whether each response §; ; is correct. If the verifier
deems a response j; ; correct, its score s(g”) is set to 1; otherwise, it is set to 0; Quality Evaluation
(QE): The solver generates N responses, §; 1, - , §i,n, for a prompt x;. The verifier then assigns a
continuous score s(7; ;) between 0 and 1 to each response based on its quality. A score of s(g; ;) =0
indicates a completely incorrect answer, while s(¢; ;) = 1 indicates a completely correct answer.

Self Improvement. In this part, we display figures omitted in Section |4 In self-improvement,
we employed mini-batch gradient descent with a batch size of 256. For each model-task pair, we
conducted training for 10 epochs, saving a checkpoint after processing half of the training data. We
test the solver accuracy and the verifier accuracy, defined as the accuracy of the response and the
BoN response, respectively. Figure [T0]illustrates the results of self-improvement on Phi-3.5-mini,
Phi-3-mini and Llama-3.2-3B model with QE method. We observe that most of model-task pairs have
similar results with the Phi-4-mini model except for several pairs. We also present the results with TF
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method in Figure [T} When self-improving the Phi-3.5-mini and Phi-3-mini models on Math data set,
we observe that accuracy and uncertainty decrease simultaneously after several training epochs. The
reason for this phenomenon might be LLM misleading by incorrect responses, as the BoN response
may correspond to a incorrect answer with low uncertainty. The solution of this problem could
be a future direction. Additionally, we note that the verifier accuracy of Llama-3.2-3B on GSM8k
decreases as training progresses and is lower than the solver accuracy after 8 epochs of training. One
possible reason for this phenomenon is that we use length-regularized log-likelihood to obtain the
BoN responses, so the BoN responses tend to be longer responses. Long responses are more likely to
contain repeated content, which may reduce accuracy. In addition, we present the self-improvement
results on ProntoQA dataset with TF method Figure [12]

Validation. In this part, we present the validation results of Phi-3.5-mini, Phi-3-mini and Llama-3.2-
3B on train split in Figure[T4]and observe that the empirical data are strongly fitted to the exponential
model for all models. Results of Phi-4-mini, Phi-3.5-mini, Phi-3-mini and Llama-3.2-3B on test split
are presented in Figure Experiment results on ProntoQA dataset are presented in Figure

Self Evaluation. This part we provide the results of self-evaluation for different sample size IN. For
each model, we evaluate the accuracy and uncertainty of both the solver and the verifier, varying N
across the values 2,4, 8,16, 32, 64. Figure[I8]illustrates the accuracy and uncertainty of Phi-4-mini,
Phi-3.5-mini, Phi-3-mini, Llama-3.2-3B and Llama-3.1-8B on Math and GSM8k with different
sample size using TF and QE respectively, which shows that the verifier outperforms solver in all
model-task pairs.

Cross Evaluation. In cross evaluation we set N = 16 because, as demonstrated in Figure the
accuracy improve slightly for N' > 16. The results of QE method are presented in Figure 21| while
results of TF method are presented in Figure[22] We observe that when a fixed model serves as the
solver, the verifier’s performance generally surpasses that of the solver, even when a different model
is employed as the verifier.

Pass@K. We investigate the underlying reason for the limit of self-improvement, focusing on how a
decrease in the model’s response diversity leads to a diminishing potential energy, thereby causing
the model’s capability to plateau. Although the self-improvement paradigm shows great improvement
in model capability, it iteratively leads to a performance plateau. To investigate the underlying cause
of this saturation, we conduct the Pass@K experiment on the initial model and the self-improved
model. Pass@K is a metric that calculates the proportion of prompts where at least one of the K
responses is correct. When K is large, Pass@K could be used to measure the diversity of the solver.
We present the result in Figure We observe that when K is small, Pass@K increases with the
number of epochs of self-improvement, validating the self-improvement process. However, when K
is large, we observe a slight decrease in Pass @K, indicating that the diversity of the solver is reduced
through self-improvement. The degradation in diversity is caused by the convergence to a certain
response, which is a potential reason for the limit of self-improvement. Lack of ProntoQA dataset in
experiment as the Pass @K of the QA problem is close to 1 when K is large.
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Figure 8: Validation of the linear relationship between the Uncertainty gap G and its rate of change
dG /dt on Phi-3.5-mini, Phi-3-mini and Llama-3.2-3B with QE method. The scatter points represent
empirical data from self-improvement on the Math and GSM8k datasets, while the solid lines show
the linear regression fits.
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Figure 9: Self-improvement dynamics across Base, Mid-trained, and Post-trained stages on test split.
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Figure 10: Accuracy and uncertainty during the self-improvement of the Phi-3.5-mini, Phi-3-mini
and Llama-3.2-3B on the Math and GSM8k datasets using the QE method.
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Figure 11: Accuracy and uncertainty during the self-improvement of the Phi-4-mini, Phi-3.5-mini,
Phi-3-mini and Llama-3.2-3B on the Math and GSM8k datasets using the TF method.
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Figure 12: Accuracy and uncertainty during the self-improvement of the Phi-4-mini, Phi-3.5-mini,
Phi-3-mini and Llama-3.2-3B on ProntoQA datset using the TF method.
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Figure 13: Accuracy and uncertainty during the self-improvement of the Phi-4-mini, Phi-3.5-mini,
Phi-3-mini and Llama-3.2-3B on MBPP datset using the TF method.
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Figure 14: Uncertainty curve versus epochs of Phi-3.5-mini, Phi-3-mini and Llama-3.2-3B models
using QE and TF methods on Math and GSM&8k datasets train split.
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Figure 15: Uncertainty curve versus epochs of Phi-4-mini, Phi-3.5-mini, Phi-3-mini and Llama-3.2-
3B models using QE and TF methods on Math and GSM&8k datasets test split.
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Figure 16: Uncertainty curve versus epochs of Phi-4-mini, Phi-3.5-mini, Phi-3-mini and Llama-3.2-
3B models using TF method on ProntoQA datasets.
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Figure 17: Uncertainty curve versus epochs of Phi-4-mini, Phi-3.5-mini, Phi-3-mini and Llama-3.2-
3B models using TF method on MBPP datasets.

29



Published as a conference paper at ICLR 2026

Math - Accuracy

Math - Uncertainty

GSMB8k - Accuracy

GSM8k - Uncertainty

0.454
o r~———t— 1 P | S
D i «| 500l 0.85 P 1004
- —e— TF Solver la - —e— TF Solver
2 0.401 —— TFSolver | 2 -m- TF Verifier | > ,’,’ —— TFsover | € gg 1 -u- TF Verifier
© ~a- TF Verifier | ® 150 :l —— QEsolver |@ 0.801 "l -=- TF Verifier | ® | —e— QE Solver
g —e— QE Solver g ) -=- QE Verifier § ! —e— QE Solver E !'_ -a- QE Verifier
-=- QE Verifi N -=- QE Verifi 1
P 0.35 QE Verifier g .\:.\ Pe | - QE Verifier S 60
1009 W)y 0.75
M baamaess— 401
0.30+ - - - - - - - - - - : T T T T
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
Sample Size Sample Size Sample Size Sample Size
(a) Phi-4-mini
Math - Accuracy Math - Uncertainty GSM8k - Accuracy GSM8k - Uncertainty
e 1207 e of Pt | e——t———
0.34] LT 0.8007 L7 801
4 - —e— TF Solver - —e— TF Solver
>0.32 e TF Solver 2 100 1 i‘ -=- TF Verifier | >0.7751 —s— TF Solver 2 -=- TF Verifier
© -=- TF Verifier © \ —— QESolver | ® H -=- TF Verifier © —— QE Solver
=1 —— s -m- QE Verifier | 3 B — 5 4 -a- QE Verifier
3 0.301 QE Solver 9] 11 Q 2 0.750 QE Solver o 60
£ -m- QE Verifier 2 80 \‘\ g -m- QE Verifier 2
=) L} =1
0.28 . 0.7251
LY :>==o——< 601 ‘\_‘_N“ ?—.ﬁ.,_<g 401
0.261 T 0.700 1
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
Sample Size Sample Size Sample Size Sample Size
(b) Phi-3.5-mini
Math - Accuracy Math - Uncertainty GSM8k - Accuracy GSM8k - Uncertainty
0.375 1601 1
o ——rneeeay ——— | 150 {derm——
0.350 IF' >‘140’ —e— TF Solver 0.701 ¥ 5. 1254 —e— TF Solver
2 0.325 '.' —— TFsoiver | € 150 -a- TF Verifier |>"" / —— TFsolver | £ ~u~ TF Verifier
I ! -u- TF Verffier | g b —s— QESolver |@ 0.65 4 ~a- T Verifier | € 100 —*— QE Solver
3 0.300 ’ —*— QESolver | @ 1004 4 - QEVerifier |3 —e— QESolver | @ H -=- QE Verifier
g0 —=- QE Verifier | 2 k < 0.604 e~ QEVerifier | £ 75}
0.275 2 80y Y ’ > L
P N e 0.551 507
0.250 60 1 Sweesoolll . “*ﬁ7s§. e .
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
Sample Size Sample Size Sample Size Sample Size
(c) Phi-3-mini
Math - Accuracy Math - Uncertainty GSMB8k - Accuracy GSMB8k - Uncertainty
0.9
o.50] 500’&0::;,_4 AR i 500 {‘prtime———
N ’
e —e— TF Solver ] —e— TF Solver
s/ > ] 1 > 400
2 0.451 '.' —— TFSolver | £ 400 -= TF Verifier | 0.8 ‘l —— TFsolver |E ~=- TF Verifier
© | -=- TF Verifier | © ] —— QE Solver © § -=- TF Verifier | © 300 { —=— QE Solver
3 . —e— QESolver | 5 3001} =~ QE Verifier | 3 H —e— QESolver | 5 -=- QE Verifier
£ 0.404 -=- QE Verifier | & ] £ 0.7 -=- QE Verifier | & 20041
=200+ {\ >
0.351 '8 1001
Bt 00| ETgea | 0.6]pett————
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
Sample Size Sample Size Sample Size Sample Size
(d) Llama-3.2-3B
Math - Accuracy Math - Uncertainty GSM8k - Accuracy GSM8k - Uncertainty
0.475
o ——————————— /.____:___—_-_—_-_—l ag=t=—————————y
0.450 S *| 600 ‘/———-—*' 800 1
;= - —e— TF Solver 0.851 7 > —e— TF Solver
20.425 i —— TFSolver |2 -m- TF Verifier | > & —— TFSolver | 2 600 -~ TF Verifier
© ,,’ -=- TF Verifier @ 400 ' —— QESolver |®© . -a- TF Verifier g —— QE Solver
§ 0.400 ;’ —e— QE Solver g . -=- QE Verifier g 0.80 ‘,,' —e— QE Solver 8 400 ] -=- QE Verifier
-=- QE Verifi i E -~ QE Verif
< 0375 ‘Q ‘erifier S H < il eritier 5
18 200
0.350 2000 N 0.75 | st ———
tp—t——————— ——ee . .
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
Sample Size Sample Size Sample Size Sample Size

(e) Llama-3.1-8B

Figure 18: Accuracy and uncertainty of Phi-4-mini, Phi-3.5-mini, Phi-3-mini, Llama-3.2-3B and
Llama-3.1-8B on Math and GSM8k across different sample size using TF and QE respectively.
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Figure 19: Accuracy and uncertainty of Phi-4-mini, Phi-3.5-mini, Phi-3-mini and Llama-3.2-3B on
ProntoQA dataset across different sample size using TF method.
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Figure 20: Accuracy and uncertainty of Phi-4-mini, Phi-3.5-mini, Phi-3-mini and Llama-3.2-3B on
MBPP dataset across different sample size using TF method.
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Figure 21: (a) Cross-evaluation using QE method with sample size N=16 on Math dataset. (b)
Cross-evaluation using QE method with sample size N=16 on GSM8k dataset. For each solver model,
sampled responses are verified by different models.
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Figure 22: (a) Cross-evaluation using TF method with sample size N=16 on Math dataset. (b)
Cross-evaluation using TF method with sample size N=16 on GSM8k dataset. (c) Cross-evaluation
using TF method with sample size N=16 on ProntoQA dataset. For each solver model, sampled
responses are verified by different models. Figures on the left illustrate the difference of accuracy
while figures on the right show the 10 logarithms of the uncertainty difference.
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Figure 23: Pass@K with TF and QE method for different K at¢t = 0,¢ = 5 and ¢t = 10. Pass@K
evaluates the diversity of model generation. The efficacy of the self-improvement process is demon-
strated by an increase in the Pass @K metric for small values of K. Conversely, for large values of
K, a decrease in Pass@K is observed. This phenomenon suggests that the diversity of generations
decreases during the self-improvement process.
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E ADDITIONAL DISCUSSION

Phenomenological results. We acknowledge that neural network optimization is complex. However,
our approach is phenomenological, akin to how thermodynamics describes complex molecular
systems using macroscopic variables. Our core assumption, the linear approximation of potential
energy is empirically validated. As shown in Figure 2 and Figure 7, the relationship between the gap G
and its rate of change dG//dt is strictly linear, with R? > 0.9. Based on linear assumption, exponential
convergence law (Eq 10 & Eq 11) fits the training trajectories shown in Figure 4, with R? > 0.9.
Although deriving this relationship from first principles remains an open challenge, our framework
yields valuable insights into the self-improvement mechanism, it provides a precise mathematical
characterization of the optimization curve and a rigorous basis for modeling cross-improvement
strategies.

Simplified assumptions (linear and time-invariant). We clarify that linearity is inspired by
empirical observations, not just a prior assumption, and the time-invariance is a local approximation.
Figures 2 and 7 plot the dG/dt against G(t), revealing a linear relationship between the potential
energy F(t) and gap G(t) across various models.

* Model Complexity and Parameter Estimation. Modeling the coefficients («, (3) as time-
varying functions would significantly increase the complexity of the theoretical framework.
Introducing time-varying parameters would result in complex modeling processes and make
parameter estimation nearly impossible without introducing further arbitrary assumptions.
Given that our constant-coefficient model already achieves a high degree of precision (with
R? > 0.9 in fitting training dynamics), suggesting the time-invariant assumption is the most
effective approach for capturing the macroscopic dynamics.

* Time-Homogeneity of the State. In our framework, the dynamics are driven by the
state of the system (the Solver-Verifier Gap) rather than explicit time. This implies time-
homogeneity: any time point ¢ in the training process can be regarded as a start point. The
evolution of the system depends on the current capability gap G(t) and the potential energy
E(t). This is empirically supported by Figure 2, which shows a consistent linear relationship
between the gap and its rate of change throughout the training process, confirming that the
parameters governing this relationship remain stable.

* Applicability of Time-Varying Parameters. We acknowledge that the time-invariant
assumption is a local approximation valid for the standard self-improvement regimes studied
in this paper. In specific complex scenarios, such as training across radically different
data distributions or using highly dynamic learning rate schedules, the coefficients might
drift. We have identified relaxing the time-invariant property as a specific direction (e.g.,
piece-wise constant) for future work to extend the framework’s generality.

Connection between theoretical variables and practical LLLM learning signals. The variables in
our phenomenological model map directly to concrete, measurable quantities in the LLM training
process:

* The capability gap G(t): As defined in Eq.(6), G(t) = U, (t) — Us(t). This represents the
"Quality Delta" between the model’s current generation performance Ug, and the quality
of the verification output U,,. In practice, this is measured by comparing the average NLL
of the model’s outputs against the average NLL of the Best-of-N responses selected for
training.

* The potential energy E(t): E(t) is a function of the gap, approximated linearly as F(t) =

kG(t) — b. This represents the power which drives self-improvement. Equation 8 states

dlijt(t) = —akF(t). This means E(t) maps directly to the speed of improvement of the

model. In a practical training run, a high F(¢) indicates that the gap is large enough to
provide strong gradients, leading to a rapid drop in loss. A low E(t) indicates the model has
exhausted the information in the current gap, leading to a training plateau.

Therefore, monitoring F(¢) and G(t) might be equivalent to monitoring the efficiency of the data
relative to the model’s current state.
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Validations of cross-improvement (Equation 12). We justify its validity from both theoretical and
empirical perspectives:

 Theoretical Rationality: Equation 12 models the capability enhancement as a gain factor
mechanism. The term (1++7;) ! acts as a discount factor on the uncertainty. As the ratio of
high-quality external data 7, increases, the verifier’s uncertainty U, decreases monotonically.
This phenomenological formula captures the intuition that external data reduce the system’s
entropy, with y representing the efficiency of this external information. From a technical
standpoint, we explicitly chose this functional form for its mathematical tractability. This
specific inverse-linear form allows the coupled dynamics to be approximated by linear matrix
operations. If we were to use more complex non-linear scaling laws, the system would
become analytically intractable, preventing the derivation of the closed-form approximate
solution in Proposition 5.1. This form strikes a necessary balance between capturing physical
intuition and maintaining solvability.

» Empirical Validation: Crucially, the validity of this modeling assumption is supported by
our experimental results. Based on Eq.12, we derived Proposition 5.1, which predicts that
the final solver capability depends primarily on the total amount of external data, rather
than its specific allocation timing. Our experiments in Section 5.2 (Table 1) confirm this
conclusion. We observed that different allocation strategies (Early, Uniform, Late) yielded
negligible differences in final accuracy. This alignment between the theoretical prediction
derived from Eq.12 and the empirical outcome strongly validates the reasonableness of the
model.

Results and difference of model families. Different model families exhibit distinct exponential
trajectories because their inherent properties (such as pre-training data quality and architectural
maturity) determine the specific values of the decay rate coefficient and the boundary conditions in
our derived analytical solution. As discussed in Q1, Llama families exhibit a larger solver learning
rate «. Mathematically, a larger o maximizes the exponent magnitude | — k(« — )|, resulting in
a steeper decay curve (rapid convergence), as observed in our Llama experiments. Phi families are
pre-trained on high-quality synthetic data. This results in a smaller gap and decay constant, leading
to a flatter decay function. Crucially, the decay function is mathematically coupled to the limit. The
theoretical asymptote is defined as Us oo = U9 — ﬁ(GO — %)

* Phi Family: Starts with a significantly smaller Initial Gap (G) and lower initial uncertainty
(Us,0) due to high-quality upstream synthesis. Plugging these smaller values into the
equation mathematically dictates a better final capability.

e Llama Family: Starts with a larger G and Us o. Despite the rapid initial descent, the higher
starting baseline mathematically leads to convergence at a relatively higher asymptote.

Potential energy as driven force. We justify modeling the training dynamics as Equation (9):

* Physical Analogy: Potential Difference as the Driving Force. In this paper, we model the
training dynamics as a form of dgs = —aE(t), d(%” = —[BE(t), which can be analogous
to Newton’s Second Law. In Newton’s Second Law (F' = ma), force is the cause that
generates acceleration. Without force, there is no change in the state of motion. Similarly,
in our framework, the Potential Energy E(¢) acts as the force which is the cause that drives
the evolution of the model’s capabilities (U, U, )(inspired by Song et al. (2025)). Just as a
physical force dictates how an object moves, the magnitude of this potential energy dictates
the intensity of the self-improvement process. This modeling captures the core intuition: the
existence of a gap creates a potential difference that physically necessitates and drives the
optimization process.

» Empirical Validation. Despite the simplicity of our model, our results demonstrate that
this simple macroscopic model captures the training dynamics with remarkable precision.
We fit the theoretical exponential curves derived from our conservative field model to the
actual training trajectories. As shown in Figure 4, despite the model’s simplicity, it fits the
empirical training data (both Math and GSM8k datasets) exceptionally well, with coefficients
of determination (12?) consistently exceeding 0.9.
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Conservative vector field. To statistically verify whether historical information (G (¢ — 1)) provides
any necessary explanatory power for the dynamics, we performed a Partial F-test to compare two
nested regression models:

* Model 1 (Simple Model): % =B1G(t)+e
* Model 2 (Full Model): ¢ = 3,G(t) + f2G(t — 1) + €

We evaluated whether adding the historical term G(¢ — 1) significantly reduces the Residual Sum of
Squares (RSS). As shown in Table[d] the insignificant F-test result leads us to fail to reject the null
hypothesis (82 = 0). This statistically proves that adding historical information does not significantly
improve the model’s fit. The dynamics are adequately described by the current state alone, providing
robust evidence for the memoryless nature of the potential energy.

Table 4: Model Selection via Partial F-test.

Model Dataset Split F-statistic P-value (F)
Phi-4-mini Math Train 1.295 0.2687
Math Test 1.203 0.2911
GSM8k  Train 0.024 0.8771
GSM8k  Test 9.277 0.0122
Llama-3.2-3B Math Train 0.479 0.5114
Math Test 0.833 0.3917
GSMS8k  Train 0.875 0.3808
GSM8k  Test 0.808 0.3985
Phi-3.5-mini Math Train 1.807 0.2209
Math Test 3.218 0.1159
GSMS8k  Train 1.945 0.2058
GSM8k  Test 3.140 0.1197
Phi-3-mini Math Train 0.000 0.9845
Math Test 5.300 0.0548
GSMS8k  Train 0.528 0.4911
GSM8k  Test 2.163 0.1848
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