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Abstract

Supervised classification commonly follows a
one-vs-rest paradigm where each sample be-
longs to one category from a set of indepen-
dent classes. In real-world settings, classes
are typically not independent, but organized
hierarchically from coarse-grained to fine-
grained. More pressingly, people naturally
annotate at different levels of granularity, de-
pending on their expertise, biases, or data
quality. What should be the correct label of
a picture of a bird? Is it animal, bird, alba-
tross, or Laysan albatross? What if one anno-
tator is an ornithologist and the other has lit-
tle bird knowledge? Similarly, if two pictures
of a Laysan albatross differ in blurriness, we
tend to annotate blurry ones more generi-
cally, as we are unsure of details that differ-
entiate classes at the finest levels. Currently,
many annotations are removed, ignored, or
reassigned because they do not match the
required granularity. Instead of viewing the
world as a flat, independent collection of con-
cepts, this paper strives to perform super-
vised learning with labels at any granularity.
We propose a hyperbolic embedding space,
where classes are hierarchically organized as
prototypes. We introduce a coarse-to-fine
Busemann approach, where images are opti-
mized to the correct region of the hyperbolic
embedding space by projecting their labels –
which can be as precise or generic as desired
– to ideal prototypes on the boundary of the
Poincaré ball. Experiments show that our ap-
proach improves multi-granular classification
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and beats the current state-of-the-art, which
views different granularities as independent,
instead of a connected tree.1.

1 INTRODUCTION

One-vs-rest optimization is the backbone of conven-
tional supervised learning. By assigning a label to
each sample, machine learning models can be directly
optimized towards that label through e.g., a softmax
cross-entropy or contrastive objective. While a sensi-
ble approach, many real-world classification problems
involve classes that are related to each other, com-
monly through a tree-like structure. Not only are such
hierarchical relations common, in many domains they
provide important information about generalization to
new classes (Li et al., 2022; Ramzi et al., 2022; Atigh
et al., 2022; Liu et al., 2020; Dhall et al., 2020; Yu
et al., 2025; Liu et al., 2025) and error severity(Garg
et al., 2022; Atigh et al., 2022; Liu et al., 2020; Yu
et al., 2025; Ma et al., 2021). This paper focuses on a
real but often overlooked issue when it comes to data
annotation: people do not naturally annotate all sam-
ples at the level of the leaves of the hierarchy. Consider
Figure 1 as an example, which highlights annotation
variations due to image distortions, occlusions, or an-
notation biases. If we want to make use of the multi-
granular nature of the labelling process, we need to
look beyond classes as independent entities and model
their hierarchical organization.

A wide range of works have shown that for modelling
the hierarchical structure of classification tasks, hy-
perbolic space is superior over the default Euclidean
space(Nickel & Kiela, 2017, 2018; Long et al., 2020;
Atigh et al., 2022; van Spengler & Mettes, 2025). Li
et al. (2024b) investigate action recognition datasets
and use hyperbolic space to embed the hierarchical

1Code available at: https://github.com/
MinaGhadimiAtigh/hyperbolic-granular-learning

https://github.com/MinaGhadimiAtigh/hyperbolic-granular-learning
https://github.com/MinaGhadimiAtigh/hyperbolic-granular-learning
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Figure 1: Supervision naturally happens at any granularity. In real-world setups, annotations are rarely confined
to leaf labels: ambiguity, occlusion, or annotator expertise often result in labels from coarser levels. We embrace
this reality and design a model that learns effectively from supervision at any granularity.

label structure and achieve a uniform action learning
system in hyperbolic space. Atigh et al. (2022) pro-
pose a hyperbolic image segmentation framework in
which hierarchical pixel labels are embedded into hy-
perbolic space, followed by classification performed in
the same space. Liu et al. (2020) use the label hi-
erarchy embeddings in hyperbolic space to generalize
from seen classes to unseen classes in hyperbolic space.
While these works follow the hierarchical structure of
the classes, they are ultimately only interested in the
leaf classes of the hierarchy. More specifically, each
sample will always have a label from the set of leaf
classes (Atigh et al., 2022; Liu et al., 2020; Long et al.,
2020). The internal nodes are only used to help define
the similarity between the leaf classes. In this work,
we go beyond hierarchical learning focused solely on
leaf classes and investigate how to train models when
labels are given at any level of the hierarchy.

This paper introduces coarse-to-fine Busemann opti-
mization for multi-granular hyperbolic learning. We
first embed the class hierarchy in a hyperbolic em-
bedding space in the form of prototypes. For each
sample, we define a target by projecting it as an ideal
prototype on the boundary of the Poincaré ball, i.e.,
the unit-norm point lying in the same direction as the
class prototype on the boundary of the Poincaré ball,
which defines the direction to which the sample must
be optimized. Our loss integrates a Busemann objec-
tive with a set-based contrastive objective and hier-
archical entailment to allow for learning at all levels
of granularity. Our loss follows the intuition that the
more specific a sample’s label, the more narrowly de-
fined the region in the embedding space should be for

optimization. For example, a sample labelled Laysan
albatross contains more information than one labeled
bird and should therefore exert a stronger influence on
model training. At the same time, samples with only
coarse labels such as bird still provide useful supervi-
sory signals that the model can exploit. Experiments
on well-known vision datasets show that our approach
is capable of handling labels at all levels of granularity.
Moreover, our approach results in better classification
performance compared to baseline and state-of-the-art
approaches, which structurally view labels or differ-
ent levels of granularity as independent, ignoring the
underlying hierarchical structure. Furthermore, our
model leverages incomplete supervision to strengthen
its internal representations, performing well in filling
missing fine-grained labels, laying the groundwork for
applications in active and semi-supervised learning.

2 RELATED WORK

2.1 Hierarchical classification

A large body of work in hierarchical classification
has leveraged taxonomic structures such as WordNet
(Fellbaum, 2010), domain-specific ontologies (Kasarla
et al., 2025a), or reorganized hierarchies (Ayoughi
et al., 2025b; Zhou et al., 2022; Zheng et al., 2019).
Such approaches typically exploit hierarchical rela-
tions between classes to enforce consistency in predic-
tions or to transfer information across related cate-
gories (Silla Jr & Freitas, 2011). For example, BIO-
CLIP is a vision foundation model that learns hier-
archical representations conforming to the tree of life
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ontology and excels at fine-grained biology classifica-
tion tasks (Stevens et al., 2024). Similarly, Kim et al.
(2025) apply transfer learning for hierarchical classifi-
cation of Amazon parrot species, while Giunchiglia &
Lukasiewicz (2020) and Park et al. (2025) exploit hier-
archical constraints to ensure prediction coherence and
visual grounding consistency across hierarchy levels.
While effective, the hierarchical organization primarily
serves to define relations between leaf classes, with in-
ternal nodes serving as structural anchors rather than
independent prediction targets. As a result, interme-
diate concepts encoded in the hierarchy remain under-
utilized, even though they could provide semantically
meaningful abstractions and improve interpretability.

2.2 Multi-granular classification

Multi-granular classification explicitly considers pre-
dictions at multiple levels of abstraction. Such prob-
lems arise in diverse domains, including text (Mayne
& Perry, 2009; Chen et al., 2020; Giunchiglia &
Lukasiewicz, 2020; Mekala et al., 2021), genomics
(Schietgat et al., 2010; Barutcuoglu et al., 2006;
Romero et al., 2023), and medical imaging (Dimitro-
vski et al., 2011; Jin et al., 2024; Dimitrovski et al.,
2012). Methods to address this challenge often map
the label hierarchy into network architectures (Cerri
et al., 2014, 2016; Wehrmann et al., 2018) or incor-
porate it into loss functions that impose hierarchical
constraints (Giunchiglia & Lukasiewicz, 2020; Deng
et al., 2014). Chang et al. (2021) propose a hierar-
chical coarse-to-fine label setup, where the model also
generates set of coarse-to-fine-grained labels instead of
the fine-grained label. Jiang et al. (2024) integrate a
hierarchical network with self-supervised fine-grained
training and transfer knowledge from fine to coarse la-
bels via soft-label generation. While both approaches
incorporate multi-granular supervision, they assume
that annotations at all levels of granularity are avail-
able during training, which limits their applicability in
more realistic settings where only partial annotations
may be present. Chen et al. (2022a) propose a hierar-
chical residual network with a combinatorial loss that
aggregates information across hierarchy levels.While
most closely related to our work, the proposed archi-
tecture in Chen et al. (2022a) is constrained by a fixed
design tied to the number of hierarchy levels and is
limited to at most three levels. Moreover, their setup
restricts supervision to either leaf labels or their im-
mediate parents. In contrast, our method imposes no
restrictions on the depth of the hierarchy, and supervi-
sion can be provided at arbitrary levels of granularity.

2.3 Hyperbolic classification

When embedding hierarchies, the geometry of the
embedding space is a crucial consideration. Hyper-
bolic space has the key advantage of embedding tree-
like structures with minimal distortion (Sarkar, 2011).
This property has made hyperbolic space a powerful
tool in performing hierarchical tasks or representing
data with a hierarchical structure and has motivated
a growing line of work that leverages hyperbolic geom-
etry to represent semantic hierarchies across different
data types, including language (He et al., 2025a; Dhin-
gra et al., 2018; Tifrea et al., 2018; Zhu et al., 2020;
Chen et al., 2022b), graphs (Chlenski & Pe’er, 2025; Li
et al., 2024a; Liu et al., 2019; Chami et al., 2019; Zhang
et al., 2021; Yang et al., 2022), biological data (Yang
et al., 2025; Wang et al., 2025), and vision (Khrulkov
et al., 2020; Wang et al., 2024). We refer to surveys
on hyperbolic learning for a deeper discussion He et al.
(2025b); Mettes et al. (2024); Fang et al. (2023); Peng
et al. (2021); Yang et al. (2022).

In computer vision, hyperbolic space has been ex-
plored for a wide range of tasks including classification
(Woo et al., 2025; Khrulkov et al., 2020; van Spengler
et al., 2023a), visual question answering (Chen et al.,
2025), continual learning (Ayoughi et al., 2025a), seg-
mentation (Hindel et al., 2024; Sur et al., 2025; Atigh
et al., 2022; Chen et al., 2023), zero-shot recogni-
tion (Han et al., 2025; Atigh et al., 2025), and vi-
sion–language modeling (Pal et al., 2025; Poppi et al.,
2025; Ibrahimi et al., 2024; Mandica et al., 2024). A
common approach in hyperbolic learning is to em-
bed any prior knowledge regarding the classes directly
into the representation space through the use of class
prototypes (Ayoughi et al., 2025a; Berg et al., 2025;
Ghadimi Atigh et al., 2021; Yu et al., 2022; Mettes
et al., 2024; Kasarla et al., 2025b). Images can then be
classified by extracting hyperbolic image features and
determining the similarity of these features to each of
the class prototypes, similar in spirit to Snell et al.
(2017). In this work, we follow the prototype-based
perspective in hyperbolic learning to enable learning
at all granularities of a semantic hierarchy.

A limitation of current hyperbolic classification meth-
ods is that samples are labelled at the same level of
granularity. In practice, datasets often contain anno-
tations at multiple levels of granularity, ranging from
coarse to fine categories. Our work addresses this gap
by extending hyperbolic classification to the multi-
granular setting, enabling models to learn effectively
from both coarse and fine-grained supervision.
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Figure 2: Visualization of our proposed losses. Our contrastive objective (LCE) pushes samples to the correct
leaf prototype. For internal nodes, all corresponding leafs become the prototypes. Our partial order loss (Lentail)
forces angular alignment between images and the cone spanned by the class label at hand. Finally, our Busemann
loss (LBuse) projects the label at hand to an ideal prototype to force samples towards the boundary with a
desirable angular direction.

3 METHOD

3.1 Problem setup

In the usual classification setting, we are given a
dataset Dtrain = {(xi, yi)}Ni=1 of N training samples,
with the ith sample consisting of input xi and label yi,
and the objective is to predict yi from xi. In hierar-
chical learning (Weber et al., 2024; Long et al., 2020;
Liu et al., 2020; Atigh et al., 2022), the labels are part
of a hierarchy that can be represented in the form of
a directed tree T = (V, E). This hierarchy is typi-
cally separated into leaf nodes Vleaf and internal nodes
Vinternal. For each sample i, the label yi lies in Vleaf,
which means that the internal classes only serve to
provide the hierarchical relations between leaf classes.
The internal classes are not classification targets them-
selves. Note that standard supervised classification is
a special case of hierarchical classification with E = ∅
and Vinternal = ∅.

In this work, we aim for multi-granular classification,
where we have multi-granular labels y ∈ V\v0, with v0
being the root of the hierarchy which inherently can-
not be used as label since it is fully non-discriminative.
In other words, in this setting we have annotations at
any granularity and the objective is to leverage these
multi-granular annotations to train a model capable
of accurately predicting labels at the highest granu-
larity, i.e., Vleaf. For label y, let F(y, T ) denote a
function that returns the set of all leaf classes un-
der label y. If y ∈ Vinternal, the function returns
all classes at the end of T starting from y, (i.e.,
{v ∈ Vleaf : v is a descendant of y}). If y ∈ Vleaf, the
function simply maps to {y}. During inference, each
sample is assigned to one of the leaf classes. Below, we
outline how a model can be trained on multi-granular

data to maximize the performance on leaf classes dur-
ing inference.

3.2 Coarse-to-fine Busemann learning

Our goal is to learn a model that can leverage su-
pervision at any granularity by embedding both label
hierarchy and image representations in a shared hy-
perbolic space. To achieve this goal, there are three
components: (i) class representations obtained by em-
bedding the hierarchy into hyperbolic space, (ii) cor-
responding ideal prototypes, and (iii) an optimization
procedure that aligns image features with their corre-
sponding class prototypes under multi-granular super-
vision.

Preliminaries. We formulate our method in the
Poincaré ball model of hyperbolic space. The d-
dimensional Poincaré ball with constant negative cur-
vature −1 is defined as the Riemannian manifold
(Bd, g), where

Bd = {x ∈ Rd : ||x||2 < 1}, (1)

and where

g = λ2xId, λx =
2

1− ||x||2
, (2)

where Id is the d-dimensional identity matrix.

A point v ∈ Rd can be mapped to the Poincaré ball
by considering it to be a tangent vector at the origin
and using the corresponding exponential map,

exp0(v) = tanh(||v||) v

||v||
. (3)
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The hyperbolic distance between two points x,y ∈ Bd

is given by

dB(x,y) = arcosh
(
1 + 2

∥x− y∥2

(1− ∥x∥2)(1− ∥y∥2)
)
. (4)

For a more comprehensive introduction to hyperbolic
geometry, we refer to (Ramsay & Richtmyer, 2013;
Mettes et al., 2024).

Hyperbolic prototype embeddings. We first em-
bed the hierarchy T into a d-dimensional Poincaré
ball Bd. Rather than initializing hierarchy nodes with
a Gaussian distribution in hyperbolic space(Nickel &
Kiela, 2017), we propose to position leaf nodes Vleaf

first with maximum separation (Kasarla et al., 2022).
This ensures that leaf classes will not collapse when op-
timized hierarchically in the next step. Let c = |Vleaf|
denote the number of leaf classes. Then the maximally
separated initialization is given in (c− 1)-dimensional
space as:

Pc−1 =

1 − 1
c−11

T

0
√
1− 1

(c−1)2 Pc−2

 ∈ Rc×(c−1), (5)

where P1 = (1 − 1) ∈ R1×2, following Kasarla et al.
(2022). Starting from these maximally separated rep-
resentations for Vleaf, the final node representations for
all nodes V = Vleaf ∪ Vinternal are learned by minimiz-
ing the distortion through stochastic gradient descent
(Sala et al., 2018). The distortion is given by

D(f) =
1(|V|
2

)
 ∑

u,v∈V :u ̸=v

|dB(f(u), f(v))− dT (u, v)|
dT (u, v)

 ,

(6)
where f : V → Bd is our embedding which maps nodes
into hyperbolic space and where dT is the tree metric
induced from the undirected version of T . Intuitively,
minimizing the distortion ensures that distances be-
tween the embedded nodes closely resemble the dis-
tances between the nodes in the original tree, leading
to minimal information loss of the embedding. We
find that internal nodes do not require maximum sep-
aration for initialization, this step is only beneficial for
the leaf nodes. Internal nodes can instead be uniformly
distributed as U(−0.001, 0.001).

Optimization with multi-granular labels. To
extract features of the input image, a base network
ϕθ(·) maps an input image to a hyperbolic feature rep-
resentation

zi = exp0(ϕθ(xi)). (7)

Given this image representation zi and class embed-
dings {Vj}cj=1 = f(Vleaf), the model predicts a dis-
tribution over classes by comparing zi to each class

embedding using the negative of the hyperbolic dis-
tance −dB(·, ·) and softmaxing over these similarities.
Specifically, we define

p̂i,j =
exp

(
− dB(zi, Vj)

)∑c
k=1 exp

(
− dB(zi, Vk)

) . (8)

Given image xi with label yi, the target probability ti
is defined by

ti,j =


1, if yi ∈ Vleaf and j = yi,

1

|F(yi, T )|
, if yi /∈ Vleaf and j ∈ F(yi, T ),

0, otherwise.

(9)
This definition states that the likelihood should be 0
for an irrelevant label, and 1 if the ground truth label
is a leaf class and the prediction is a match. For labels
that are internal nodes, the likelihood is given as a
uniform distribution that smooths the likelihood over
all leaf classes that fall under the leaf label. With this
definition our first part of the optimization is given as
a conventional cross-entropy loss over prototype logits,
as visualized in Figure 2:

LCE = −
c∑

j=1

ti,j log p̂i,j . (10)

This loss encourages the predicted distribution p̂i to
match the target distribution ti.

Alongside LCE, which optimizes for predicting the tar-
get distribution, our second loss optimizes for partial
order in the label hierarchy through entailment cones.
Hyperbolic entailment cones embed partially ordered
sets, such as hierarchical structures, into hyperbolic
space (Ganea et al., 2018). Given a class prototype
representation f(yi) and an image representation zi,
the goal is to learn zi such that it is inside the en-
tailment cone of f(yi). The entailment cone at f(yi)
is defined as the geodesic cone with f(yi) as its apex,
the spoke segment from f(yi) perpendicular onto the
boundary of the manifold as its axis of symmetry, and
half its aperture given by

ψ(f(yi)) = arcsin
(
K

1− ||f(yi)||2

||f(yi)||

)
, (11)

where K is a constant parameter set to 0.1. Given this
definition, the smallest angle of a rotation around f(yi)
that would bring zi into the cone can be computed as

Lentail(f(yi), zi) = max
(
0,Ξ(f(yi), zi)− ψ(f(yi))

)
,

(12)
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also visualized in Figure 2. With li := f(yi) for clarity,

Ξ(li, zi) =

arccos

(
⟨li, zi⟩(1 + ∥li∥2)− ∥li∥2(1 + ∥zi∥2)

∥li∥ · ∥li − zi∥
√

(1 + ∥li∥2)∥zi∥2 − 2⟨li, zi⟩

)
,

(13)

denotes the angle between the geodesic segment from
f(yi) to zi and the cone’s axis of symmetry. As Lentail

is the value that Ganea et al. (2018) propose for quan-
tifying how far zi is removed from occurring within the
cone, we propose to use this as part of our loss.

The cross-entropy and entailment losses guide the sam-
ples to the correct part of the space, but might be bi-
ased towards internal classes if they occur often in the
training set. To help guide samples towards the edge of
the Poincaré ball, where leaf classes are positioned, we
propose to guide the model optimization by computing
the corresponding ideal prototype Iyi

. Ideal prototypes
are defined as the normalized prototype projected onto
the boundary of the hyperbolic space:

Iyi
=

f(yi)

∥f(yi)∥
. (14)

Since the space is organized such that general concepts
lie closer to the origin and more specific concepts closer
to the boundary, the goal is to learn image represen-
tations that lie beyond their corresponding class em-
bedding, as these images can be seen as highly specific
instances of their class. Ideal prototypes can serve as
counterbalances. Since geodesic distances to boundary
points are infinite, we instead adopt the Busemann
loss (Ghadimi Atigh et al., 2021), which provides a
tractable distance-to-infinity measure. Specifically, for
image representation zi and corresponding ideal pro-
totype Iyi

, the penalized Busemann loss is defined as

LBuse(Iyi
, zi) = log

∥Iyi
− zi∥2

1− ∥zi∥2
− v0(d) · log(1−∥zi∥2),

(15)
where v0(d) is a dimension-dependent scaling factor.
Figure 2 shows the cost landscape for this loss. The
loss pulls embeddings towards the ideal prototype Iyi

while regularizing against collapse at the boundary.
The final objective adds the three loss terms from
equations 10, 12 and 15:

L(Dtrain) =
1

N

N∑
i=1

(
LCE(ti, p̂i)

+ Lentail(f(yi), zi) + λBuseLBuse(Iyi
, zi)

)
. (16)

What makes the three losses complementary is that
all have different targets and perspectives: the cross-
entropy loss optimizes for hierarchically smoothed like-
lihoods of leaf classes, the entailment loss optimizes

for hierarchical consistency to cones derived from the
prototypes, and the Busemann loss optimizes towards
an ideal prototype derived from the original proto-
types. For fine-grained datasets (e.g., Stanford Cars
and FGVC-Aircraft), we set λBuse = 1 for all samples.
For CIFAR-100, λBuse is set to 1 only for samples that
satisfy following conditions: (i) they lack fine-grained
labels, and (ii) their representations are sufficiently
distant from the corresponding class prototype, i.e.,
samples for which the distance to the prototype ex-
ceeds dB and the angular difference exceeds ΞB .

4 SETUP

4.1 Datasets

We evaluate our proposed method on three widely used
benchmarks: CIFAR100 (Krizhevsky et al., 2009),
FGVC-Aircraft (Maji et al., 2013), and Stanford Cars
(Krause et al., 2013). CIFAR100 consists of 60,000 im-
ages from 100 fine-grained categories grouped into 20
superclasses. The dataset has a 4-level hierarchy with
128 nodes in total. FGVC-Aircraft contains 10,000
images across 100 aircraft variants, hierarchically or-
ganized into families and manufacturers. Its hierar-
chy spans 4 levels with 201 nodes. Stanford Cars in-
cludes 16,185 images covering 196 car models, which
are grouped into higher-level categories. The corre-
sponding hierarchy has 3-levels with 206 nodes in to-
tal. All hierarchies are from Kasarla et al. (2025a).

4.2 Multi-granular experimental setup

To simulate the multi-granular supervision setting, we
construct training sets in which a fixed proportion of
examples are annotated with non-leaf labels. Con-
cretely, given the training set Dtrain and a ratio param-
eter ρ ∈ [0, 1], we randomly select exactly ρ · |Dtrain|
samples whose fine-grained labels are replaced with
internal nodes of the hierarchy T . For each selected
sample (xi, yi) with yi ∈ Vleaf, we uniformly sample
an ancestor ỹi ∈ anc(yi) from Vinternal \ ϕ, excluding
the root, and assign it as the new label. This is a
new and challenging setting, which goes beyond the
setup of Chen et al. (2022a), where ỹi can only be the
parent label. Our generalized setup enables learning
when the hierarchy T has arbitrary size and depth.
The remaining (1− ρ) · |Dtrain| samples preserve their
original fine-grained labels. By varying ρ, we system-
atically evaluate the robustness of our method under
increasingly challenging supervision regimes. At test
time, all predictions are evaluated against leaf labels
to enforce consistency of the evaluation protocol.
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Table 1: Classification and hierarchical accuracy (%) for our main ablation study on our three loss components on
CIFAR100. A, S, and C denote accuracy, sibling, and cousin accuracy, respectively. The setting without any of
our losses corresponds to a hyperbolic prototype approach, which ignores samples without leaf annotations. All
our losses matter for multi-granular learning, especially under the most challenging circumstances. All numbers
are means over three runs; the full table with mean ± standard deviation is given in the appendix.
LCE Lentail LBuse ρ = 0.5 ρ = 0.75 ρ = 0.90 ρ = 0.95 ρ = 0.975

A S C A S C A S C A S C A S C

64.57 75.03 81.83 49.01 61.71 71.81 32.23 45.55 58.06 20.22 32.84 46.79 9.62 20.55 35.72
✓ 67.21 80.10 86.45 62.09 79.2 86.50 54.15 77.87 85.88 49.25 75.70 85.49 41.66 75.85 85.83
✓ ✓ 67.57 80.26 86.80 62.29 79.4 86.84 55.55 77.30 85.92 50.42 76.51 86.10 42.15 75.14 86.16
✓ ✓ 65.39 78.42 85.43 62.03 77.70 85.46 59.33 78.02 86.01 55.05 77.06 85.82 49.66 76.73 85.86
✓ ✓ ✓ 65.80 78.96 85.86 63.31 78.52 85.83 59.93 78.18 86.19 56.13 77.42 86.37 50.10 77.13 85.79

4.3 Implementation details and evaluation

We employ a ResNet50 backbone trained from scratch
as the feature extractor ϕθ(·) across all datasets. The
embedding space dimension is set to c − 1, aligning
with the dimensionality of the class prototype embed-
dings. Hyperbolic operations are implemented using
the HypLL library(van Spengler et al., 2023b). Op-
timization is performed using stochastic gradient de-
scent (SGD) with a learning rate of 0.1, momentum of
0.9, and weight decay of 5× 10−4. Models are trained
for 200 epochs with batch sizes of 128, 32, and 8 for CI-
FAR100, FGVC-Aircraft, and Stanford-Cars, respec-
tively. The learning rate is decayed by a factor of 0.2
at epochs 110, 160, and 190. For CIFAR100, we set
dB and ΞB to 0.4 and 50◦.

We evaluate all models using standard classification
accuracy, defined as the fraction of test samples for
which the predicted label exactly matches the ground-
truth label. To evaluate hierarchical consistency, we
consider hierarchical evaluation metrics to account for
semantic relationships between classes. Specifically,
we measure sibling and cousin accuracy(Hascoet et al.,
2019; Long et al., 2020), which reflect predictions that
belong to the same parent or grandparent category
as the ground-truth label, respectively. These metrics
provide additional insight into the model’s ability to
make semantically reasonable predictions even when
the exact class is not correctly predicted.

5 EXPERIMENTS

5.1 Effects of the loss components

In the first experiment, we perform an ablation study
on three loss components. We perform this experiment
on CIFAR100 across all multi-granular ratios ρ ranging
from 0.5 to 0.975. The baseline for this experiment has
the same backbone and hyperbolic embedding head
as our approach, including the hyperbolic embedding
of the class hierarchy. The baseline, however, does
not make use of the multi-granular nature of the data,

excluding all samples without leaf class annotations.

The standard classification accuracy and the hierar-
chical accuracy of the first experiment is shown in
Table 1. For standard accuracy, we find that the
baseline performs reasonable, albeit suboptimal, when
50% of the training set is annotated with internal
classes. When this ratio increases, however, the base-
line drops rapidly in performance. In comparison, our
losses all positively benefit the multi-granular setting.
The smoothed likelihood objective of LCE already pro-
vides a major boost, as we are no longer ignoring
training samples. The addition of the partial order
loss Lentail and ideal prototype loss LBuse further im-
proves the results. For ρ = 0.95, the baseline is stuck
at 20.22%, while our losses progressively improve to
49.25%, 50.42%, and 56.13%. We find similar patterns
for hierarchical classification accuracy. We conclude
that our three losses are all required and beneficial for
multi-granular learning in hyperbolic space.

To complement the quantitative findings, we include
qualitative results in Figure 3. For instance, when
the model misclassifies willow tree, it predicts maple
tree, which is a sibling in the hierarchy. This shows
that errors tend to remain semantically consistent and,
therefore, less severe.

5.2 Comparative analysis

In the second experiment, we compare our approach to
both a naive baseline, which mimics how we currently
deal with multi-granular data, and the current state-
of-the-art by Chen et al. (2022a). For the naive base-
line, we train a model with the same backbone as our
approach, but with a standard final fully-connected
layer, optimized with cross-entropy on the leaf classes.
For this baseline, any sample annotated with an in-
ternal class label will have to be ignored. We show
the comparison to the naive baseline in top part of the
Table 2. Not surprisingly, we find that this baseline
performs incredibly poor when a significant portion of
the data is no longer annotated with leaf classes. This
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Table 2: Comparative results with respect to the naive baseline and Chen et al. (2022a) for hierarchical accuracy.
Akin to standard accuracy, our approach is the preferred method for multi-granular learning. All numbers are
means over three runs; the full table with mean ± standard deviation is given in the appendix.

FGVC-Aircraft Stanford-Cars

ρ = 0.5 ρ = 0.75 ρ = 0.90 ρ = 0.95 ρ = 0.975 ρ = 0.5

A S C A S C A S C A S C A S C A S

Fully hierarchical
Naive 69.42 74.17 78.13 42.66 47.2 55.69 7.83 10.08 19.47 4.14 5.64 12.93 3.12 5.07 13.02 42.30 64.32
Ours 76.15 82.69 87.97 67.12 76.99 86.02 62.62 75.25 85.96 62.55 77.56 88.09 58.39 74.71 86.65 65.03 83.80

Parent-only
Chen et al. (2022a) 65.85 72.33 75.30 49.72 57.47 61.65 23.20 35.16 43.79 15.65 29.58 38.75 11.35 30.28 42.12 19.10 80.87
Ours 79.15 85.03 87.61 74.23 84.97 87.85 67.54 84.58 87.61 65.89 83.92 86.92 64.63 84.88 88.03 71.47 91.36

Table 3: Classification and sibling accuracy (%) for
reclassifying the training set with the model trained
on CIFAR100 with various ρ ratios. All numbers are
means over three runs; the full table with mean ±
standard deviation is given in the appendix.

ρ = 0.5 ρ = 0.75 ρ = 0.90 ρ = 0.95 ρ = 0.975

A S A S A S A S A S

Naive 83.68 88.95 65.01 74.45 33.66 45.28 20.30 32.14 12.36 22.96
Ours 87.03 95.91 80.47 94.47 74.22 93.58 69.88 93.39 62.50 93.38

True: willow_tree
Pred: maple_tree

True: skunk
Pred: porcupine

True: otter
Pred: beaver

True: tulip
Pred: orchid

True: oak_tree
Pred: oak_tree

True: porcupine
Pred: porcupine

True: wardrobe
Pred: wardrobe

True: bus
Pred: bus
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Figure 3: Success and failure cases of our model
trained on CIFAR100 with ρ = 0.975. Even when
the model misclassifies, e.g., predicting an otter as a
beaver, it is hierarchically consistent and less severe.

result serves to highlight the severity of the problem:
we cannot afford to simply ignore samples if we don’t
like the annotations, we have to make use of them.

We also compare with the approach of Chen et al.
(2022a). This approach assumes a fixed three-level
hierarchy, where each level has a separate head of
the network. The more detailed the annotations, the
greater the loss contribution during backpropagation.
We are aware that this approach is already a few years
old, yet to our knowledge remains the best-performing
method for multi-granular learning, highlighting the
need for more studies into this challenging problem.
Note that in general, the approach of Chen et al.
(2022a) cannot handle deeper hierarchies, while our
method is agnostic to network depth. The code of
their approach only works for the setting where leaf

labels are re-assigned to their parent label based on
the threshold ρ, a more restrictive setting than for our
method. To show that our approach also works in
this restrictive setting, we adjust our method to their
setup. The results are shown in the bottom parts of
the Table 2. We again find that our method obtains
superior results. We conclude that our method is the
best performing method for multi-granular learning.

5.3 Reclassifying the training sets

In the third experiment, we study whether models
trained under different ρ can reclassify their own train-
ing data, i.e., predict and recover fine-grained labels
that were missing during training. This task evaluates
how well the model leverages hierarchical information
to compensate for incomplete supervision, while also
testing whether it overfits to coarse annotations.

Table 3 compares our method against a baseline that
ignores all non-leaf labels. The baseline quickly col-
lapses under limited supervision, reaching only 33.66%
accuracy at ρ = 0.90 and dropping to 20.30% at
ρ = 0.95, showing signs of overfitting to existing fine-
grained labels. In contrast, our method consistently
leverages the hierarchy to recover missing annotations,
reaching 69.88% at ρ = 0.95 and 62.50% at ρ = 0.975,
compared to just 20.30% and 12.36% for the baseline.

These findings highlight a key strength of multi-
granular supervision: beyond improving test-time gen-
eralization, it enables models to fill incomplete train-
ing labels. This property is particularly appealing for
real-world annotation pipelines, where leaf-level labels
are costly, and suggests promising directions for active
or semi-supervised learning.

6 CONCLUSIONS

This paper shows how hyperbolic space is a natural
space for learning from any granularity. Classical su-
pervised learning treats classes as independent, typi-
cally optimized with contrastive or cross-entropy ob-
jectives. In real-world settings, however, classes are
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not independent. Consider, for example, the classifi-
cation of objects on the road in autonomous driving
or the classification of skin lesions in medical imag-
ing. Not only are real-world tasks organized hierar-
chically, but also annotations are not uniform. An-
notators can vary in expertise and bias, while sam-
ples can differ in quality and ambiguity. As a conse-
quence, humans naturally annotate at different levels
of granularity. Such a multi-granular setting, unfortu-
nately, remains underexplored. Since multi-granular
learning is inherently hierarchical, modeling the prob-
lem in hyperbolic space is a promising direction, due
to the hierarchical properties of the space itself. We
propose a new method for learning from any granu-
larity in hyperbolic space. Our approach combines a
prototypical loss to hierarchical embeddings with an
entailment loss to preserve partial order and a Buse-
mann loss to ensure specificity. Experiments show that
all three components matter for multi-granular learn-
ing, and our final approach not only improves over the
current state-of-the-art, but is also more flexible and
opens new opportunities for label completion, relevant
for semi-supervised and active learning settings.
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and Sašo Džeroski. Hierarchical annotation of med-
ical images. Pattern Recognition, 44(10-11):2436–
2449, 2011.

Ivica Dimitrovski, Dragi Kocev, Suzana Loskovska,
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Table 4: Classification, sibling, and cousin accuracy
(%) for reclassifying the training set with a pretrained
model under various (ρ) ratios.

ρ = 0.90 ρ = 0.95 ρ = 0.975

pretrained baseline 55.18 37.8 28.63
Ours 59.32 55.09 48.83

Table 5: Classification, sibling, and cousin accuracy
(%) for reclassifying the training set with Euclidean
prototypes versus hyperbolic prototypes under various
(ρ) ratios.

ρ = 0.90 ρ = 0.95 ρ = 0.975

Euclidean prototypes 47.8 36.5 28.45
Ours 59.93 56.13 50.10

A APPENDIX

A.1 Additional experiments

In this section, we report the standard deviations for
the experiments presented in the main paper. Ta-
bles 6, 7, and 8 provide mean ± standard deviation
values for the corresponding results in Tables 1, 2, and
3 of the main paper (computed over three independent
runs).

A.2 Experiments on CUB200 dataset

We report new results on the CUB200 dataset in Ta-
ble 9. We follow the same hierarchical evaluation pro-
tocol as in the main paper and measure classification
(A), sibling (S), and cousin (C) accuracies under dif-
ferent ρ ratios. The results confirm that our method
consistently improves over the baseline on CUB200 as
well, particularly in the high-ρ regime where supervi-
sion is most limited, demonstrating that our approach
generalizes to fine-grained datasets.

A.3 Experiments with pretrained backbone

We additionally evaluate our method using a pre-
trained backbone. The training protocol and hier-
archical evaluation remain unchanged from the main
setup, and we compare our method against a pre-
trained baseline in Table 4. Across all ρ values, our
method consistently outperforms the pretrained base-
line, with gains that become more pronounced as ρ
increases. This suggests that our approach provides
complementary benefits beyond those offered by pre-
trained representations.

A.4 Experiments with Euclidean prototypes

To further assess the importance of the underlying
geometry, we include an additional Euclidean pro-
totype baseline. This baseline uses the same back-
bone as our method and replaces the hyperbolic pro-
totypes with Euclidean prototypes, trained using the
manifold-agnostic embedding loss of Nickel & Kiela
(2017). Since this problem setting is relatively under-
explored, there are few established external baselines,
and this comparison helps contextualize the benefits
of our hyperbolic formulation.

Table 5 reports classification, sibling, and cousin accu-
racies for the Euclidean prototype baseline and for our
hyperbolic approach under different ρ values. Hyper-
bolic prototypes clearly and consistently outperform
their Euclidean counterparts (e.g., 59.93 vs. 47.8 at
ρ = 0.90), indicating that a Euclidean geometry is not
well suited to this hierarchical, multi-granular setting.
This observation is consistent with previous findings
comparing hyperbolic and Euclidean representations
in related tasks (Ganea et al., 2018; Sala et al., 2018).
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Table 6: Classification and hierarchical accuracy (%) for our main ablation study on our three loss components
on CIFAR100. A, S, and C denote accuracy, sibling, and cousin accuracy, respectively. The setting without any
of our losses corresponds to a hyperbolic prototype approach, which ignores samples without leaf annotations.
All our losses matter for multi-granular learning, especially under the most challenging circumstances.
LCE Lentail LBuse ρ = 0.5 ρ = 0.75 ρ = 0.90 ρ = 0.95 ρ = 0.975

A S C A S C A S C A S C A S C

64.57± 0.29 75.03± 0.19 81.83± 0.16 49.01± 1.22 61.71± 1.10 71.81± 0.72 32.23± 0.79 45.55± 0.91 58.06± 1.04 20.22± 0.96 32.84± 1.07 46.79± 1.25 9.62± 0.1 20.55± 0.93 35.72± 0.93
✓ 67.21± 0.17 80.10± 0.32 86.45± 0.22 62.09± 0.5 79.2± 0.34 86.50± 0.4 54.15± 0.37 77.87± 0.93 85.88± 0.46 49.25± 0.91 75.70± 0.59 85.49± 0.32 41.66± 0.86 75.85± 0.57 85.83± 0.28
✓ ✓ 67.57± 0.23 80.26± 0.14 86.80± 0.27 62.29± 0.45 79.4± 0.34 86.84± 0.29 55.55± 0.73 77.30± 0.66 85.92± 0.2 50.42± 0.28 76.51± 0.31 86.10± 0.31 42.15± 0.28 75.14± 00.00 86.16± 00.00
✓ ✓ 65.39± 0.28 78.42± 0.43 85.43± 0.40 62.03± 0.76 77.70± 0.78 85.46± 0.52 59.33± 0.43 78.02± 0.46 86.01± 0.38 55.05± 0.44 77.06± 0.56 85.82± 0.47 49.66± 0.39 76.73± 0.11 85.86± 0.29
✓ ✓ ✓ 65.80± 0.40 78.96± 0.26 85.86± 0.18 63.31± 0.14 78.52± 0.50 85.83± 0.54 59.93± 0.1 78.18± 0.27 86.19± 0.15 56.13± 0.45 77.42± 0.71 86.37± 0.13 50.10± 0.41 77.13± 0.24 85.79± 0.24

Table 7: Comparative results with respect to the naive baseline and Chen et al. (2022a) for hierarchical accuracy.
Akin to standard accuracy, our approach is the preferred method for multi-granular learning.
Method

ρ = 0.5 ρ = 0.75 ρ = 0.90 ρ = 0.95 ρ = 0.975 Stanford-Cars ρ = 0.5

A S C A S C A S C A S C A S C A S

Fully hierarchical

Naive 69.42± 0.63 74.17± 0.41 78.13± 0.52 42.66± 1.37 47.2± 1.18 55.69± 0.94 7.83± 0.89 10.08± 1.12 19.47± 0.76 4.14± 0.71 5.64± 0.95 12.93± 1.08 3.12± 0.58 5.07± 0.83 13.02± 0.69 42.30± 1.24 64.32± 0.88
Ours 76.15± 0.47 82.69± 0.33 87.97± 0.28 67.12± 0.59 76.99± 0.51 86.02± 0.35 62.62± 0.68 75.25± 0.44 85.96± 0.39 62.55± 0.53 77.56± 0.62 88.09± 0.24 58.39± 0.71 74.71± 0.37 86.65± 0.31 65.03± 0.56 83.80± 0.42

Parent-only

Chen et al. 2022 65.85± 0.74 72.33± 0.58 75.30± 0.49 49.72± 1.16 57.47± 0.97 61.65± 0.83 23.20± 1.05 35.16± 0.88 43.79± 1.14 15.65± 0.92 29.58± 1.07 38.75± 0.79 11.35± 0.86 30.28± 0.73 42.12± 0.96 19.10± 1.33 80.87± 0.45
Ours 79.15± 0.38 85.03± 0.29 87.61± 0.26 74.23± 0.52 84.97± 0.34 87.85± 0.23 67.54± 0.46 84.58± 0.41 87.61± 0.27 65.89± 0.61 83.92± 0.38 86.92± 0.29 64.63± 0.54 84.88± 0.35 88.03± 0.22 71.47± 0.49 91.36± 0.19

Table 8: Classification and sibling accuracy (%) for reclassifying the training set with the model trained on
CIFAR100 with various ρ ratios.

Method
ρ = 0.5 ρ = 0.75 ρ = 0.90 ρ = 0.95 ρ = 0.975

A S A S A S A S A S

Naive 83.68± 0.67 88.95± 0.53 65.01± 1.04 74.45± 0.82 33.66± 1.19 45.28± 1.07 20.30± 0.93 32.14± 1.15 12.36± 0.88 22.96± 0.96
Ours 87.03± 0.42 95.91± 0.28 80.47± 0.54 94.47± 0.37 74.22± 0.63 93.58± 0.41 69.88± 0.58 93.39± 0.49 62.50± 0.71 93.38± 0.44

Table 9: Classification, sibling, and cousin accuracy (%) for reclassifying the training set with the model trained
on CUB200 with various ρ ratios.

Method
ρ = 0.90 ρ = 0.95 ρ = 0.975

A S C A S C A S C

Baseline 27.72± 1.08 52.77± 1.40 82.27± 0.48 17.77± 0.39 43.65± 1.43 77.82± 1.79 11.74± 0.82 37.82± 0.96 73.59± 0.71
Our method 29.82± 0.91 78.25± 0.67 96.38± 0.31 21.20± 1.04 80.12± 0.59 96.03± 0.29 18.21± 0.89 80.26± 0.54 96.27± 0.27
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