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ABSTRACT

We develop new approximation and statistical learning theories of convolutional
neural networks (CNNs) via the ResNet-type structure where the channel size, fil-
ter size, and width are fixed. It is shown that a ResNet-type CNN is a universal
approximator and its expression ability is no worse than fully-connected neural
networks (FNNs) with a block-sparse structure even if the size of each layer in the
CNN is fixed. Our result is general in the sense that we can automatically trans-
late any approximation rate achieved by block-sparse FNNs into that by CNNs.
Thanks to the general theory, it is shown that learning on CNNSs satisfies optimal-
ity in approximation and estimation of several important function classes.

As applications, we consider two types of function classes to be estimated: the
Barron class and Holder class. We prove the clipped empirical risk minimization
(ERM) estimator can achieve the same rate as FNNs even the channel size, filter
size, and width of CNNs are constant with respect to the sample size. This is
minimax optimal (up to logarithmic factors) for the Holder class. Our proof is
based on sophisticated evaluations of the covering number of CNNs and the non-
trivial parameter rescaling technique to control the Lipschitz constant of CNNs to
be constructed.

1 INTRODUCTION

Convolutional Neural Network (CNN) is one of the most popular architectures in deep learning
research, with various applications such as computer vision (Krizhevsky et al.| (2012)), natural
language processing (Wu et al.| (2016)), and sequence analysis in bioinformatics (Alipanahi et al.
(2015)), |[Zhou & Troyanskayal (2015)). Despite practical popularity, theoretical justification for the
power of CNN:ss is still scarce from the viewpoint of statistical learning theory.

For fully-connected neural networks (FNNs), there is a lot of existing work, dating back to the
80’s, for theoretical explanation regarding their approximation ability (Cybenko, (1989), Barron
(1993)), [Lu et al.| (2017), |Yarotsky| (2017), and |Petersen & Voigtlaender| (2017)) and generalization
power (Barron| (1994)), |Arora et al.| (2018), and |Suzuki| (2018))). See also [Pinkus| (2005)) and |[Kainen
et al| (2013) for surveys of earlier works. Although less common compared to FNNs, recently,
statistical learning theory for CNNs has been studied, both about approximation ability (Zhou
(2018), [Yarotsky| (2018)), [Petersen & Voigtlaender] (2018))) and about generalization power (Zhou
& Feng|(2018))). One of the standard approaches is to relate the approximation ability of CNNs with
that of FNNGs, either deep or shallow. For example, Zhou| (2018) proved that CNNs are a universal
approximator of the Barron class (Barron| (1993), [Klusowski & Barron| (2016)), which is a histor-
ically important function class in the approximation theory. Their approach is to approximate the
function using a 2-layered FNN (i.e., an FNN with a single hidden layer) with the ReLU activation
function (Krizhevsky et al.|(2012)) and transform the FNN into a CNN. Very recently independent
of ours, Petersen & Voigtlaender (2018)) showed any function realizable with an FNN can extend to
an equivariant function realizable by a CNN that has the same order of parameters. However, to the
best of our knowledge, no CNNs that achieves the minimax optimal rate (Tsybakov| (2008), |Giné
& Nickl| (2015)) in important function classes, including the Holder class, can keep the number of
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units in each layer constant with respect to the sample size. Architectures that have extremely large
depth, while moderate channel size and width have become feasible, thanks to recent methods such
as identity mappings (He et al.|(2016)), Huang et al.|(2018))), sophisticated initialization schemes (He
et al.| (2015), (Chen et al.| (2018)), and normalization techniques (loffe & Szegedy| (2015)), [Miyato
et al.[ (2018)). Therefore, we would argue that there are growing demands for theories which can
accommodate such constant-size architectures.

In this paper, we analyze the learning ability of ResNet-type ReLU CNNs which have identity map-
pings and constant-width residual blocks with fixed-size filters. There are mainly two reasons that
motivate us to study this type of CNNs. First, although ResNet is the de facto architecture in vari-
ous practical applications, the approximation theory for ResNet has not been explored extensively,
especially from the viewpoint of the relationship between FNNs and CNNs. Second, constant-width
CNNs are critical building blocks not only in ResNet but also in various modern CNNs such as
Inception (Szegedy et al.|(2015)), DenseNet (Huang et al.| (2017))), and U-Net (Ronneberger et al.
(2015))), to name a few. Our strategy is to replicate the learning ability of FNNs by constructing tai-
lored ResNet-type CNNs. To do so, we pay attention to the block-sparse structure of an FNN, which
roughly means that it consists of a linear combination of multiple (possibly dense) FNNs (we define
it rigorously in the subsequent sections). Block-sparseness decreases the model complexity coming
from the combinatorial sparsity patterns and promotes better bounds. Therefore, it is often utilized,
both implicitly or explicitly, in the approximation and learning theory of FNNs (e.g., Bolcskei et al.
(2017), Yarotsky| (2018))). We first prove that if an FNN is block-sparse with M blocks (M -way
block-sparse FNN), we can realize the FNN with a ResNet-type CNN with O (M) additional param-
eters, which are often negligible since the original FNN already has Q(M) parameters. Using this
approximation, we give the upper bound of the estimation error of CNNs in terms of the approx-
imation errors of block sparse FNNs and the model complexity of CNNs. Our result is general in
the sense that it is not restricted to a specific function class, as long as we can approximate it using
block-sparse FNNs.

To demonstrate the wide applicability of our methods, we derive the approximation and estimation
errors for two types of function classes with the same strategy: the Barron class (of parameter s = 2)
and Holder class. We prove, as corollaries, that our CNNs can achieve the approximation error of

order O(M ’%) for the Barron class and O(M ’%) for the $-Holder class and the estimation

error of order O, (N _%) for the Barron class and O, (NN _%) for the B-Holder class, where
M is the number of parameters (we used M here, same as the number of blocks because it will
turn out that CNNs have O(M) blocks for these cases), N is the sample size, and D is the input
dimension. These rates are same as the ones for FNNs ever known in the existing literature. An
important consequence of our theory is that the ResNet-type CNN can achieve the minimax optimal
estimation error (up to logarithmic factors) for S-Holder class even if its filter size, channel size and
width are constant with respect to the sample size, as opposed to existing works such as |Yarotsky
(2017) and |Petersen & Voigtlaender| (2018), where optimal FNNs or CNNs could have a width or a
channel size goes to infinity as N — oc.

In summary, the contributions of our work are as follows:

e We develop the approximation theory for CNNs via ResNet-type architectures with
constant-width residual blocks. We prove any M -way block-sparse FNN is realizable such
a CNN with O(M) additional parameters. That means if FNNs can approximate a func-
tion with O(M) parameters, we can approximate the function with CNNs at the same rate
(Theorem[T).

e We derive the upper bound of the estimation error in terms of the approximation error of
FNNs and the model complexity of CNNs (Theorem [2). This result gives the sufficient
conditions to derive the same estimation error as that of FNNs (Corollary [I).

o We apply our general theory to the Barron class and Holder class and derive the approxima-
tion (Corollary 2] and[4) and estimation (Corollary [3|and [5) error rates, which are identical
to those for FNNs, even if the CNNs have constant channel and filter size with respect to
the sample size. In particular, this is minimax optimal for the Holder case.
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Zhou! (2018) Petersen & Voigtlaender Ours
| (2018))
CNN type Conventional Conventional ResNet
. . Any Any
Function type Barron (s = 2) (FNNs) (block-sparse FNNs)
Channel size
(Dense FNN case) 1 =1 =1
Channel size ~, _D
(B-Holder case) N.A. O™7) o1)
Width Increasing Fixed Fixed
Filter size Fixed Full Fixed
Norm bound No Yes Yes
Padding Yes No Yes

Table 1: Comparison of CNN architectures. “Channel size (Dense FNN case)”: The number of
channels needed to realize a function represented by a fixed-width dense FNN. “Channel size (/3-
Holder case)”: The number of channles needed to approximate a S-Holder function with accuracy
€ measured by the sup norm. “Increasing”: The width of layer is monotonically increasing. “Full”:
Filter size is as large as the layer width. “Padding”: Whether the theory includes convolution oper-
ations with padding.

2 RELATED WORK

We summarize in Table [T] the differences in the CNN architectures between our work and [Zhou
(2018)) and |Petersen & Voigtlaender| (2018])), which established the approximation theory of CNNs
via FNNs. First and foremost, [Zhou! (2018) only considered a specific function class — the Barron
class — as a target function class, although their method is applicable to any function class that can
be realized by a 2-layered ReLU FNN. Regarding the architecture, they considered CNNs with a
single channel and whose width is “linearly increasing” (Zhou|(2018)) layer by layer. For regression
or classification problems, it is rare to use such an architecture. In addition, since they did not
bound the norm of parameters in the approximating CNNs, we cannot derive the estimation error
from this method. [Petersen & Voigtlaender| (2018) fully utilized the group invariance structure of
underlying input spaces to construct CNNs. Such a structure makes theoretical analysis easier,
especially for investigating the equivariance properties of CNNs since it enables us to incorporate
mathematical tools such as group theory, Fourier analysis, and representation theory. Although their
results are quite strong in that it is applicable to any function that can be approximated by FNNSs, their
assumption on the group structure excludes the padding convolution layer, an important and popular
type of convolution operations. Another point is that if we simply apply their construction method
to derive the estimation error for (equivariant) Holder functions, combined with the approximation

result of |Yarotsky| (2017), the resulting CNN that achieves the minimax optimal rate has 0(5_%)
channels where ¢ is the approximation error threshold. It is partly because their construction is not
aware of the internal sparse structure of approximating FNNs. Finally, the filter size of their CNN is
as large as the input dimension. As opposed to these two works, we employ padding- and ResNet-
type CNNs which have multiple channels, fixed-size filters, and constant widths. Like Petersen &
Voigtlaender|(2018), our result is applicable to any function, as long as the FNNs to be approximated
are block sparse, including the Barron and Holder cases. If we apply our theorem to these classes,
we can show that the optimal CNNs can achieve the same approximation and estimation rate as
FNNs, while the number of channels is independent of the sample size. Further, this is minimax
optimal up to the logarithmic factors for the Holder class.

Due to its practical success, theoretical analysis for ResNet has been explored recently (e.g.,|Lin &
Jegelkal (2018)), Lu et al.|(2018)), |[Nitanda & Suzuki (2018)), and|Huang et al.|(2018))). From the view-
point of statistical learning theory, Nitanda & Suzuki| (2018) and |Huang et al.| (2018) investigated
the generalization power of ResNet from the perspective of the boosting interpretation. However,
they did not discuss the function approximation ability of ResNet. To the best of our knowledge, our
theory is the first work to provide the approximation ability of the CNN class that can accommodate
the ResNet-type ones.
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We import the approximation theories for FNNs, especially ones for the Barron class and Holder
class. The approximation theory for the Barron class has been investigated in e.g., |Barron
(1993)), Klusowski & Barron| (2016)), and |Lee et al.| (2017). Originally [Barron| (1993) considered
the parameter s = 1 (see Deﬁnition and the activation function o satisfying o(z) — 1 as z — oo
and o(z) — 0 as z — —oo. Later, Klusowski & Barron| (2016) studied the approximation the-
ory with s = 2 and proved that 2-layered ReLU FNNs with A/ hidden units can approximate

functions of this class with the order of O(M _%). Yarotsky| (2017) proved FNNs with O(.S)
non-zero parameters can approximate S-Holder continuous functions with the order of O(S _%).
Using this bound, [Schmidt-Hieber| (2017) proved that the estimation error of the ERM estimator is

O(N ~ 24D ), which is minimax optimal up to logarithmic factors (see, e.g., Tsybakov| (2008)).

3 PROBLEM SETTING

3.1 EMPIRICAL RISK MINIMIZATION

We consider a regression task in this paper. Let X be a [—1, 1]”-valued random variable with un-
known probability distribution Px and £ be an independent random noise drawn from the Gaussian
distribution with an unknown variance o2: ¢ ~ N(0,02) (¢ > 0). Let f° be an unknown deter-
ministic function f° : [~1,1]” — R (we will characterize f° rigorously in the theorems later).
We define a random variable Y by Y := f°(X) + £&. We denote the joint distribution of (X,Y")
by P. Suppose we are given a dataset D = ((z1,¥1),-- -, (N, yn)) independently and identically
sampled from the distribution P, we want to estimate the true function f° from the finite dataset D.
We evaluate the performance of an estimator by the squared error. For a measurable function f :
[-1,1]P — R, we define the empirical error of f by Rp(f) := ij:l(yn — f(z,))? and the
estimation error by R(f) := Exy [(f(X)—Y)?]. Given a subset F of measurable functions
from [—1,1]P — R, we consider the clipped empirical risk minimization (ERM) estimator f of F
that satisfies
f := clip[fmin] Where fpin € argmin 7A€D(clip[f}).
fer

Here, clip is the clipping operator defined by clip[f] := (f V —||f°|lcc) A || f°||co- For a measurable
function f : [-1,1]” — R, we define the Lo-norm (weighted by Px) and the sup norm of f by

ez = (Jior e S2@dAPx(@) and [flle = sup,e1 o | (2)

L?(Px) be the set of measurable functions f such that || f|| z2(p,) < oo with the norm || - || z2(p ).
The task is to estimate the approximation error minge r || f — f°||oo and the estimation error of the

1
2

, respectively. Let

clipped ERM estimator: R(f) — R(f°). Note that the estimation error is a random variable with
respect the choice of the training dataset D. By the definition of R and the independence of X and

&, the estimation error equals to ||f - f° ||2£2(PX)'

3.2 CONVOLUTIONAL NEURAL NETWORKS

In this section, we define CNNs used in this paper. For this purpose, it is convenient to intro-
duce /g, the set of real-valued sequences whose finitely many elements are non-zero: £y := {w =
(wn)neno, | AN € Nog s.t.wy, = 0,Vn > N} w = (w1, ...,wk) € RE can be regarded as an
element of £y by setting w,, = 0 for all n > K. Likewise, for C, C’ € N~q, which will be the input
and output channel sizes, respectively, we can think of (wy, ;) re| K}Je[c/] iclc] € REXC'XC a5 an

element of KC XC For a filter w = (wy,, j,i)neNso,i€[C),jelc] € €§°%C, we define the one-sided

padding and stride-one convolution by w as an order-4 tensor LY, = ((L%)§Z) € RPXDXC'XC py

(Lw)B’J — w(a—,@+1),j,7ﬁ lfo S o — 6 S D -1
Dlesi =0 otherwise.

Here, i (resp. j) runs through 1 to C' (resp. C’) and « and §3 runs through 1 to D. Since we fix
the input dimension D throughout the paper, we will omit the subscript D and write as L if it is
obvious from context.
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Figure 1: ResNet-type CNN defined in Definition[I] Variables are as in Definition 1]

Remark 1. For K < K', we can embed RX into RX’ by inserting zeros: w = (w1, ..., W) >
w = (wy,...,wg,0,...,0). It is easy to show L' = L"'. Using this equality, we can expand a
size-K filter to size-K'.

We can interpret L™ as a linear mapping from RP*¢ to RP XCE Specifically, for x = (z*%),,; €
RP*C, we define (y*7)5,; = L (x) € RP* by

Y=Y (L))

[N

Next, we define the building block of CNNs: convolutional layers and fully-connected layers. Let
C,C’, K € Ny be the input channel size, output channel size, and filter size, respectively. For a
weight tensor w € RE XC’XC, a bias vector b € Rcl, and an activation function o : R — R, we
define the convolutional layer Convy, , : RP*¢ — RD*C py Convy, ,(x) := o(L*(z) —1p ®b)
where, ® is the outer product of vectors and o is applied in element-wise manner. Similarly, let
W e RP*C b e R, and 0 : R — R, we define the fully-connected layer FCy,;, : RP*¢ — R

by FC{y,(a) = o(vec(W) vec(a) — b). Here, vec(-) is the vectorization operator that flattens a
matrix into a vector.

Finally, we define the ResNet-type CNN as a sequential concatenation of one convolution block, M
residual blocks, and one fully-connected layer. Figure|[T]is the schematic view of the CNN we adopt
in this paper.

Definition 1 (Convolutional Neural Networks (CNNs)). Let M € N+ and L., € N, which will

be the number of residual blocks and the depth of m-th block, respectively. Let C,(,ll), Kﬁ? be the
channel size and filter size of the l-th layer of the m-th block form =0, ..., Mﬂandl € [Ly,). We
assume C(SLO) = C{Ll) =...= C’](V?M). Let wﬁ,l@) e REWXCRxCE™ pag b&? € R be the weight
tensors and biases of I-th layer of the m-th block in the convolution part, respectively. Finally, let
L
W € RP x0p" and b € R be the weight matrix and the bias for the fully-connected layer part,
respectively. For 0 := ((w,(,ll))ml, (b%))m,l, W, b) and an activation function o : R — R, we define
CNNg : RP — RP, the CNN constructed from 6, by
CNNg := FCiVC[l/’b o (Convy,,, p,, Tid)o (Convy, 4. +id)o---

o (Convy, 4. +id) o Convy,

wi,b1 wo,bo?

where Convy, L, = Conv'd, ) .y 0 Conv (n, _1y (1,1 © -+ 0 Conv’ 1) and id :
moEm W, b W, b W sy

(Lo) (Lg) . . .
RP*Co™ 5 RP*Co™ s the identity function.

Although CNN7 in this definition has a fully-connected layer, we refer to the stack of convolutional
layers both with or without the final fully-connect layer as a CNN in this paper. We say a linear
convolutional layer or a linear CNN when the activation function o is the identity function and a
ReLU convolution layer or a ReLU CNN when ¢ is ReLU defined by ReLU(z) = x V0. We borrow
the term from ResNet and call Convy, 5 (m > 0) and id in the above definition the m-th residual

block and the m-th identity mapping, respectively. We say a 4-tuple 8 is compatible with (Cﬁ,i))m, !
and (K. ,(,ll))m’l when each component of  satisfies the aforementioned dimension conditions.

"Note that m starts from 0. It is convenient for our purpose.
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Figure 2: Schematic view of a block-sparse FNN. Variables are as in Definition 2]

For architecture parameters C' = (C,(,?)ml and K = (Kf,?)ml (m=0,...,M,l € [Ly,)), and
norm parameters for convolution layers B(°°™) > () and for fully-connected layers B > 0, we

define F(CNN) = 7 g?IN{I?I];(COM)V pie)» the hypothesis class consisting of ReLU CNNG, as follows:
0 = () m1s (b )m.s, W, b) is compatible with (C, K),
CNN) ._ ReLU nv
JT"( ) - CNNO maxXy;,—=o M,ZG[Lm] ||w7(rlL)||oo Vv ||bgrll)||oo S B(CO )’

.....

Wlloo V [blloc < BT

Here, the domain of CNNss is restricted to [—1,1]”. Note that we impose norm constraints to
the convolution part and fully-connected part separately. We emphasize that we do not impose any
sparse constraints (e.g., restricting the number of non-zero parameters in a CNN to some fixed value)
to F(CNN) “as opposed to previous literature such as [Yarotsky| (2017), |Schmidt-Hieber{ (2017), and
Imaizumi & Fukumizu! (2018)). Since the notation is cluttered, we sometimes omit the subscripts as
we do in the above.

Remark 2. In this paper, we adopted one-sided padding, which is not often used practically, in
order to make proofs simple. However, with slight modifications, all statements are true for equally-
padded convolutions, the widely employed padding style which adds (approximately) same numbers
of zeros to both ends of an input signal, with the exception that the filter size K is restricted to
K < L%J instead of K < D — 1. We also discuss our design choice, especially the comparison
with the original ResNet proposed in|He et al|(2016)) in Section|G|of the appendix.

3.3 BLOCK-SPARSE FULLY-CONNECTED NEURAL NETWORKS

In this section, we mathematically define FNNs we consider in this paper, in parallel with the CNN
case. Our FNN, which we coin a block-sparse FNN, consists of M possibly dense FNNs (blocks)
concatenated in parallel, followed by a single fully-connected layer. We sketch the architecture of a
block-sparse FNN in Figure[2]

Definition 2 (Fully-connected Neural Networks (FNNs)). Let M € Nsg be the number of blocks
in an FNN. Let D,, = (DS&), ceey Dfan)) € Nig‘ be the sequence of intermediate dimensions
of the m-th block, where L,, € Nsq is the depth of the m-th block for m € [M] EI Let
W,Sf) € RPWXDL™Y and b%) € R be the weight matrix and the bias of the l-th layer of m-

th block (with the convention DY — p ). Let w,, € RP%™ be the weight (sub)vector of the
final fully-connected layer corresponding to the m-th block and b € R be the bias for the last

layer. For 6 = ((Wﬁ))mi, (b%’)m,l, (Wi )m, b) and an activation function o : R — R, we define
FNNg : RP — R, the block-sparse FNN constructed from 6, by
M
FNNg := Y w, FC, 4 ()=,

m=1

?Be aware that contrary to the CNN case, m starts from 1 here.
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g — o o
where FCWm,bm = FCanL"‘) bﬁ,f"” O FCWr(rp bw'

We call a block-sparse FNN with M blocks a M-way block-sparse FNN. We say 6 is compati-
ble with (Dgll))m,l when each component of € matches the dimension conditions determined by
(D,(fb))m,l, as we did in the CNN case. Note that when L,, = 1 for all m € [M], the block-
sparse FNN is a 2-layered neural network with D’ := Zf\:{:l Dfﬁ) hidden units of the form

f(z) = ZdD:/I bao(a]x —ty) — b where az € RP and by, tq,b € R.
For an architecture D = (ng))me[ M],l€[L,,] and norm parameters for the block part B®%) > 0 and
for the final layer Bi™) > 0, we define FIFNN) = fgléljgs) pem - the set of function realizable by
FNNs:
0= ((W,(,f))myl, (bﬁf})m, (Wi )m, b) is compatible with D,
FNN) ._ ReLU 1 l s
FER = CENNGY | macneinay e, (W oo V 1552 [lc) < B,
Max,, (M) | Wmlloo V [b] < B(fin),

Again, the domain is restricted to [—1,1]”. Similar to the CNN case, we sometimes remove sub-
scripts of the function class for simplicity.

4 MAIN THEOREMS

With the preparation in the previous sections, we state our main results of this paper. We only
describe statements of theorems and corollaries and key ideas in the main article. All complete
proofs are deferred to the appendix.

4.1 APPROXIMATION

Our first main theorem claims that any M-way block-sparse FNN is realizable by a ResNet-type

CNN with fixed-sized channels and filters by adding O (M) parameters, if we treat the widths D7(,ZL)
of the FNN as constants with respect to M.

Theorem 1. Let M € Nog, K € {2,...D} and Ly := [%] Let Ly, € Nso, DY) € Ny

(m € [M]), and D = (Dg,ll))me[M]’le[Lm]. Then, there exist L, € Nsg(m =0,...,M), C =
(Cr(,ll))m:07,._,M,le[Lgm], and K = (Kr(,ll))m:07,._,M,le[Lgm] satisfying the following conditions:

1. Ly <1,L), < Lp+ Lo (me[M]),

2. max C,(T? <4 max fol), and
m=0,...,M,l€[L’,] me[M|,l€ (L]
3. max KW <K

m=0,...,M,le[L,] ™ ~

such that, for any B(®) Bl > 0, we have

(FNN) (CNN)
]:D7B(bs)7B(fin) - ‘FC7K7B(conv)’B(fc)7 (D
that is, any FNN in .F(DFE\;I:L)S) pm) can be realized by a CNN in féCIN(N;(COW) B Here, RBlconv) _
B®) and B) = Bin) (1 v &)

An immediate consequence of this theorem is that if we can approximate a function f° with a block-
sparse FNN, we can also approximate f° with a CNN.

4.2 ESTIMATION

Our second main theorem bounds the estimation error of the clipped ERM estimator f .
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Theorem 2. Let f° : RP - Rbea measurable function and B(bs), BEn) 5 0 Let M, K, Lo, L
D, B(™) gnd B) g5 in Theorem Suppose L), C, K satisfies the equation (1)) of Theorem

for B®®) and BE®) (their existence is ensured for any B and B if they satisfy the conditions

J—_'(CNN) ]:(CNN)

1 - 3. of Theorem . Suppose that the covering nubmer of C.K ., Beony) Bio) is larger

than 3. Then, the clipped ERM estimator f in F := {clip[f] | f € F (CNN)} satisfies

(2
i o2 . o2 2F
Epllf = flz2pyy <C <f6}1(1FfNN) 1= rol5 + log(2MlBN)> : 2
Here, FONN) .— fggl(\?s> gy C > 0 is a universal constant, F .= Hf;”” vV %, and B =

Bteonv) s BUe) My and M, are defined by

M
My = (2M + 3)CS") D(1 v BE)) (1 v Bleon)) (H (14 pm) ) (1 + Z mem> :
m=0
M L,
=3 (Cu Ve gO +C(z>) +cM)p g,

m=0 [=

—

where py, : Hl v CUD KW Bleon) gnd p =TT 0(1 v el gD leonv)y,

The first term of (2) is the approximation error achieved by F(*NN). On the other hand, M; and
M, are determined by the architectural parameters of F(“NN) — M, corresponds to the Lipschitz
constant of a function realized by a CNN and M5 is the number of parameters, including zeros, of
a CNN. Therefore, the second term of H represents the model complexity of F(“NN) There is a
trade-off between the two terms. Using appropriately chosen M to balance them, we can evaluate
the order of estimation error with respect to the sample size N.

Corollary 1. Under the same assumptions as Theorem suppose further log M, (B (conv)\/ B (fc)) =
O(1) as a function of M. Ifinf pc renn) || f = fO||2, = O(M ™) and My = O(M™?) for some con-
stant 1,2 > 0 independent of M, then, the clipped ERM estimator f of F achieves the estimation

~ ~ 2y
error £ = I, py) = Op (N 7795 ).

5 APPLICATION OF MAIN THEOREMS

5.1 BARRON CLASS

The Barron class is an example of the function class that can be approximated by block-sparse
FNNs. We employ the definition of Barron functions used in |Klusowski & Barron| (2016).

Definition 3 (Barron class). We say a measurable function f° : [—1,1]P — R is a Barron function
with the parameter s > 0 if f° admits the Fourier representation (i.e., f°(x) = FF|[f°]) and

vpo = [op w3 |F[f°)(w)]dw < oo. Here, F and F are the Fourier transformation and the
inverse Fourier transformation, respectively.

Klusowski & Barron| (2016) studied the approximation of the Barron function f° with the parameter
s = 2 by a linear combination of M ridge functions (i.e., a 2-layered ReLU FNN). Specifically, they
showed that there exists a function fj; of the form

far o= f2(0) + V2T(0) Z b (@ — ) 1 3)
with [by| < 1, [lam |1 = 1 and [t,,| < 1, such that | f© — faslls = O (M*(%%)). Using this

approximator fs, we can derive the same approximation order using CNNs by applying Theorem
withL1 = =Ly=1landD{" =...=D{) = 1.
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Corollary 2. Let f° : [-1,1]P — R be a Barron function with the parameter s = 2 such that
f°(0) = 0 and Vf°(0) = Op. Then, for any K = 2, ..., D, there exists a CNN f(CNN) yith M
residual blocks, each of which has depth O(1) and at most 4 channels, and whose filter size is at

most K, such that || f° — f(CNN)HOO =0 (M*(%Jr%))_

We have one design choice when we apply Corollary (1| to derive the estimation error: how to set
B®%) and BUin), Looking at , the naive choice would be B(") := 1 and B(it) := .. However,

this cannot satisfy the assumption on M; of Corollary (1} due to the term H%:O (14 pm) whose

logarithm is O(M). We want its logarithm to be O(1). In order to do that, we change the relative
scale between parameters in the block-sparse part and the fully-connected part using the homoge-
neous property of the ReLU function: ReLU(az) = aReLU(x) for a > 0. The rescaling operation

enables us to choose B(*®) := ﬁ and B(") = 1 to meet the assumption of Corollary By setting
71 = 3 + 5 and 72 = 1, we obtain the desired estimation error.

Corollary 3. There exist the number of residual blocks M = O (N 420 ), depth of each residual
block L = O (1), channel size C = O(1), filter size K € {2, ..., D}, and norm bounds for the con-
volution part B©) = O (N_ 2D ), and for the fully-connected part B = O (N 2+E’1‘D)
such that for sufficiently large N, the clipped ERM estimator f of F := {clip[f] | f €

(CNN

’F K S B(conv) B(fc)}
O~ 0 KD — K form—=0,...,M,1¢c [L] and define C = (C )i, K = (K& ).

~ ~ _ D42
achieves the estimation error ||f° — f||2£2(7)x) = 0, (N 2(D+1>>. Here,

5.2 HOLDER CLASS

We next consider the approximation and error rates of CNNs when the true function is a 5-Holder
function.

Definition 4 (Holder class). Let 3> 0, f°: [~1,1]° = Risa ,B-Hi)‘lder function if
ofl. . o 0% f°(x) — 0°f°(y)]
Irole = > N0l + D S <
0<lal<|A] |af=18) “7Y
Here, « = (a1, . ..,ap) is a multi-index. That is, 0*f := % and |a = 25:1 ag.

Yarotsky|(2017) showed that FNNs with O(S) non-zero parameters can approximate any D variate

[B-Hélder function (8 > 0) with the order of O(S~ 5 ). [Schmidt-Hieber|(2017)) also proved a similar
statement using a different construction method. They only specified their width (Schmidt-Hieber
(2017) only), depth, and non-zero parameter counts of the approximating FNN and did not write in
detail how non-zero parameters are distributed explicitly in the statements (see Theorem 1 of |Yarot-
sky|(2017)) and Theorem 5 of|Schmidt-Hieber| (2017)). However, if we carefully look at their proofs,
we find that we can transform the FNNs they constructed into the block-sparse ones. Therefore,
we can utilize these FNNs and apply Theorem[I] To meet the assumption of Corollary [I] we again
rescale the parameters of the FNNs, as we did in the Barron class case, so that log M = O(l) We

can derive the approximation and estimation errors by setting y; = % and yo = 1.

Corollary 4. Let 3 > 0, and f° : [~1,1]P — R be a B-Holder function. Then, for any K =
2,...,D, there exists a CNN f(CNN) with O(M) residual blocks, each of which has depth O(log M)
and O(1) channels, and whose filter size is at most K, such that || f° — f(NN)||, = O (M_%)

Corollary 5. There exist the number of residual blocks M = O (N 254D ) depth of each residual

block L = O (1), channel size C = O(1), filter size K € {2, ..., D}, norm bounds for the convo-
lution part B(°™) = O(1), and for the fully-connected part B > 0 (log B) = O(log N))
such that for sufficiently large N, the clipped ERM estimator | of F := {clip[f] | f €

f(CNN)
C’A’K’S’B(conv) ’B(fc)

e =, KY) =K form=0,...,M,l € [L] and define C = (C{) 1, K = (K.

~ ~ 28
} achieves the estimation error ||f° — fH%z(PX) = 0, (N_ 2B+*D). Here,
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Since the estimation error rate of the S-Holder class is O, (N ~ 34D ) (see, e.g.,(Tsybakov|(2008))),

Corollary [5] implies that our CNN can achieve the minimax optimal rate up to logarithmic factors
even the width D, the channel size C, and the filter size K are constant with respect to the sample
size N.

6 CONCLUSION

In this paper, we established new approximation and statistical learning theories for CNNs by utiliz-
ing the ResNet-type architecture of CNNs and the block-sparse structure of FNNs. We proved that
any M-way block-sparse FNN is realizable using CNNs with O (M) additional parameters, when
the width of the FNN is fixed. Using this result, we derived the approximation and estimation errors
for CNNs from those for block-sparse FNNs. Our theory is general because it does not depend on
a specific function class, as long as we can approximate it with block-sparse FNNs. To demonstrate
the wide applicability of our results, we derived the approximation and error rates for the Barron
class and Holder class in almost same manner and showed that the estimation error of CNNs is same
as that of FNNs, even if the CNNs have a constant channel size, filter size, and width with respect
to the sample size. The key techniques were careful evaluations of the Lipschitz constant of CNNs
and non-trivial weight parameter rescaling of FINNs.

One of the interesting open questions is the role of the weight rescaling. We critically use the
homogeneous property of the ReLU activation function to change the relative scale between the
block-sparse part and the fully-connected part, if it were not for this property, the estimation error
rate would be worse. The general theory for rescaling, not restricted to the Barron nor Holder class
would be beneficial for deeper understanding of the relationship between the approximation and
estimation capabilities of FNNs and CNNss.

Another question is when the approximation and estimation error rates of CNNs can exceed that
of FNNs. We can derive the same rates as FNNs essentially because we can realize block-sparse
FNNs using CNNs that have the same order of parameters (see Theorem [T). Therefore, if we dig
into the internal structure of FNNs, like repetition, more carefully, the CNNs might need fewer
parameters and can achieve better estimation error rate. Note that there is no hope to enhance this
rate for the Holder case (up to logarithmic factors) because the estimation rate using FNNSs is already
minimax optimal. It is left for future research which function classes and constraints of FNNs, like
block-sparseness, we should choose.
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A NOTATION

For tensor a, a4 := aV0 where maximum operation is performed in element-wise manner. Similarly

a_ := —(—a Vv 0). Note that « = a4 — a_ holds for any tensor a. For normed spaces (V|| -
V), (W, || - |lw) and linear operator T' : V' — W we denote the operator norm of T" by ||T'||op :=
Sup| <1 [|Tv[lw. For a sequence w = (w™®, ..., wl")) and I < I, we denote its subsequence
from the [-th to I’-th elements by w[l : I'] := (w®, ..., w@)). 1p equals to 1 if the statement P is

true, equals to 0 otherwise.

B PROOF OVERVIEW

B.1 THEOREMI[]

For f(FNN) ¢ F(FNN) "we realize a CNN f(CNN) using M residual blocks by “serializing” blocks
in the FNN and converting them into convolution layers.

First, we double the channel size using the m = 0 part of CNN (i.e., D(()Lo) = 2). We will use the
first channel for storing the original input signal for feeding to downstream (i.e., m > 1) blocks and
the second one for accumulating the output of each blocks, that is, > _, wlFCf}ﬁi%m () where
Wy, 18 the weight of the final fully-connected layer corresponding to the m-th dense block.

For m = 1,..., M, we create the m-th residual block from the m-th block of f(FNN) First, we
show that for any a € R and ¢t € R, there exists Lo-layered 4-channel ReLU CNN with O(D

parameters whose first output coordinate equals to a ridge function z + (a'x — ), (Lemma
and Lemma . Since the first layer of m-th block is concatenation of D,%) hinge functions, it is

realizable by a 4Dfﬁ)-channel ReLU CNN with Ly-layers.

For the [-th layer of the m-th block (m € [M],1=2,..., Lg,l,,)), we prepare D,(fb) size-1 filters made
from the weight parameters of the corresponding layer of the FNN. Observing that the convolution
operation with size-1 filter is equivalent to a dimension-wise affine transformation, the first coordi-
nate of the output of [-th layer of the CNN is inductively same as that of the m-th block of the FNN.
After computing the m-th block FNN using convolutions, we add its output to the accumulating
channel in the identity mapping.

Finally, we pick the first coordinate of the accumulating channel and subtract the bias term using the
final affine transformation.

B.2 THEOREM[2AND COROLLARY

We relate the approximation error of Theorem 2 with the estimation error using the covering number
of the hypothesis class F(CNN). Although there are several theorems of this type, we employ the one
in |Schmidt-Hieber| (2017) due to its convenient form (Lemma E]) We can prove that the logarithm
of the covering number is upper bounded by My log((B*™) v B)) M, /e) (Lemma using the
similar techniques to the one in Schmidt-Hieber (2017). Theorem [Z] is the immediate consequence
of these two lemmas.

To prove Cororraly |1, we set M = O(N®) for some «« > 0. Then, under the assumption of the
corolarry, we have || f* — f[|Z2(p,) = O (max (N~2*71, N®7271)) from Theorem The order of

the right hand side with respect to NV is minimized when o =
prove Corollary [1]

1 . .
F717,- BY substituting v, we can

C PROOF OF THEOREM I

C.1 DECOMPOSITION OF AFFINE TRANSFORMATION

D—-1
K-1

The following lemma shows that any affine transformation is realizable with a [ —‘ -layered linear

conventional CNN (without the final fully-connect layer).
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Lemmal. Leta c RP,tc R, K €{2,...,D — 1}, and Ly := [%—‘ Then, there exists
REX2X1 (for] = 1)
wh e JREX2X2 (for 1 =2, ... Ly—1)
REXIX2 - (for | = Lg)

and b € R such that

Lo Lo
LY fw® o+ > 16W 0 < D+ Ly,

1=1) =1
2. max |[wmloo = ||a]lse, max [0V s = |t|, and
LE€[L,] l€[Lo]

3. Conviud,yb : R — RP satisfies Conv'  (x) = aTa — t for any x € [—1,1]P.

w,b

Proof. First, observe that the convolutional layer constructed from v = [u; ... uK]—r S
REX1x1 takes the inner product with the first K elements of the input signal: L*(z) = Y1 upas.
In particular, u = [0 ... 0 1]' € RE*1x1 works as the “left-translation” by K — 1. There-

fore, we should define w so that it takes the inner product with the K left-most elements in the
first channel and shift the input signal by K — 1 with the second channel. Specifically, we define
w = (w®,... wko)) by

0
a1
(w(l)):,l,: = 3 (w(l)):ﬂ,: = 0 3
agK 1
0 O
0 ag-nx41 _
(w®).1, : ;o (w®)g = | ,
0 ’ 0 0
K 10
[0 a@y-1)K+1]
(Lo) 10 ap
(w ° ):,1,: - 0 0
L0 0 _
Wesetb:= (0,...,0 ,t). Then w and b satisfy the condition of the lemma. O
——

Lo — 1 times

C.2 TRANSFORMATION OF A LINEAR CNN INTO A RELU CNN

The following lemma shows that we can convert any linear CNN to a ReLU CNN that has approx-
imately 4 times larger parameters. This type of lemma is also found in [Petersen & Voigtlaender
(2017) (Lemma 2.3).

Lemma 2. Let C = (CW ... .CF)) € NL| be channel sizes K = (K™M,... K(F)) ¢ NL;
be filter sizes. Let w) € REVxCCY 4aq b® ¢ RO, Consider the linear convolution layers
constructed from w and b: fiq = Conviﬂ’b :RP — RDXC(L)Nio where w = (wW); and b =
(b)), . Then, there exists a pair @ = (w@)lem, b= (B(l))le[L] where () € RE" <200 x2c(7Y
and b € R2CY such that

L L L L
LYy JaWo <4 [lw@llo, D116 < D (16®
1=1 =1 1=1 =1

0,
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2. max ||V oo = max ||[w®]| s, max [|b?| o = max |6V || o0, and
le[L] L] le[L)] le[L]

3. fReLu = COHV%?EEU :RP — RP*2CY atisfies froru() = (fia( )1, fia()-)-

Proof. We define w and b as follows:

M (D
-(1) | (@ _ &
(@ )k,s, = __<w(1))k7:,::| fork=1,...,K",
M (w® —(w®
=(0) _ | (w )k,:,: (w )k,:,: 1 e
(U.) )k,:,: - _(w(l))k iy (w(l))k . fOI'k' = 1, K s
. 0
w_|»b
b = _ba)]

By definition, a pair (b, B) satisfies the conditions (1) and (2). For any x € RP, we set y(!) :=
Convig () pi () € R *D_ We will prove

.
ReLU _ l l
Conv g 1,601 (z) = [ygr) y(_)} 4)

for/ =1,..., L by induction. Note that we obtain frerLu(-) = (fia+ ("), fia—(+)) by setting | = L.
For [ = 1, by definition of @(") we have,

(ﬁ}(l))a : :l‘Bv: — |: (w(l))a,:,:xﬁ’: ]

_(w(l))a . :xﬁﬁ
for any a, 3 € [D]. Summing them up and using the definition of () yield

e ST L (x) —1p ® b !
(L7 (z) —1p @ bV =

_ (Lw(l) (Jf) . 1D ® b(l))
Suppose (4) holds up to [ (I < L), by the definition of @ +1),
@y, || @D () ] @)
w itk (yZ_Ll))B,: - —(w(l“))a . (w(”l))a L ( ZLl))B,:
| (w(l+1)>a G ((yﬁ))ﬁ’: - (yg))ﬂ’:)
(@ D)o (1) = 0)%)

[ (w(l+1))a’:’:(y(l))67:}
|- (w(l+l))a,:7: (y(l))ﬁ,.

for any o, § € [D]. Again, by taking the summation and using the definition of b+ we get

Lo (y0) — 1 @ b+ T
_ (Lw(l+1) (y(l)) —1p® b(l+1))

oD >
L7 (1w, 99 - 1p @ 5V T =

By applying ReLU, we get
Convp(HD’ReLU ([yil), y@}) = ReLU ([y(l+1)7 —y(lH)D . )]

@+ p+1)

By using the induction hypothesis, we get

ConyReLU pUtY ReLU ([ (1) (z)})

w[1:(1+1)],5[1:(z+1)}(x) = Con"@um,i,(zﬂ) Y Y-
= ReLU ([y(l+1)7 ,y(lﬂ)o
= [, )

Therefore, the claim holds for [ 4 1. By induction, the claim holds for L, which is what we want to
prove. O
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C.3 CONCATENATION OF CNNSs

We can concatenate two CNNs with the same depths and filter sizes in parallel. Although it is

almost trivial, we state it formally as a proposition. In the following proposition, C(®) and C” ©
not necessarily 1.

Proposition 1. Let C = (CW)¢(1), C' = (C”(l))le[L], and K = (KO)¢) € NL;. Let wV) €
RExCWxc™D 1 ¢ RCY gpg denote w = (w); and b = (b)), We define w' and b’ in the

same way, withjhe exception that CV) is replaced with 'Y, We define w = (17)(1), ey ID(L)) and
b= (M, ... b)) by

@Oy, = {w(l) 9(1)} € RCV+C D) x (€U 407 ¢=D)
v 0 w

oV = {b((lz))} e REV+C")
=1,

forl € [L] and k € [K(V]. Then, we have,
Conv? ;([z 2']) = [Convy, () Conve, y(a')]

forany z,x’ € RP*C” g anyo :R — R [

Note that by the definition of || - [|o and || - ||oc, We have

L

D e = lew lo + 1w 1o,

=1

M=

[ERI= Z 159 lo + 115 o,
=1

~

1

max [|& ]| o = max||w(l)Hoo V[w' "), and

le[L] le[L

e 60 oe = max 60 oo V6V .

le[L] le[L
C.4 PROOF OF THEOREMI[I]
By the definition of F](JFE\L)S) pny» there exists a 4-tuple 8 = ((Wy(,i))m’l, (bg,l,))m,l7 (Wim)m, )
compatible with (Dfﬂ))m 1 (m € [M] and ! € [L,,]) such that

max ([ ]l V1B [|0c) < B®, max ||wyso V o] < B,
me[M],l€[L,] me[M]

and fOFNN) — FNNZEY. We will construct the desired CNN consisting of M residual blocks,
whose m-th residual block is made from the ingredients of the corresponding m-th block in fFNN)
(specifically, W, := ( T(ri))le[Lm], b,, = (bs,lq,))le[Lm], and w,y,).

[The m = 0 Block]: We prepare a single convolutional layer with 2 output channels and 2 size-1
filters suth that the first filter works as the identity function and the second filter inserts zeros to the
second channel. Weight parameters of this convolutional layer are all zeros except single one. We
denote this block by Convy.

[The m =1,..., M Blocks]: For fixed m € [M], we first create a CNN realizing FCReLU . We
treat the first layer (i.e. I =1)of FCRELU as concatenation of Dfn) hinge functions RD Sz
fa(z) == ((anl))d — bﬁ,?)+ ford € Dg)]. Here, W,Sll))d € RP is the d-th row of the matrix
Wi e RPW*P_ We apply Lemma and obtain ReLU CNNs realizing the hinge
functions. By combining them in parallel using Proposition , we have a learnable parameter 9,(7%)

and Lemma
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such that the ReLU CNN ConvRelU . RPx2 _y RD*2D5) constructed from 0. satisfies

o)
T
Convgng([x x’]T)1 =[Al) = - frm(z) *] .
Since we double the channel size in the m = 0 part, the identity mapping has 2 channels. Therefore,

we made Convgﬁ%U so that it has 2 input channels and neglects the input signals coming from the

second one. This is possible by adding filters consisting of zeros appropriately.

(2) (1)
Next, for I-th layer (I = 2,..., L,,), we prepare size-1 filters w%) IS IR,IWXD"3 x2pt for! = 2 and
wl) € RWXDPx2DE™Y for 1 =3, ... D) defined by
w0, = Wl o] ifl=2
m b A9 ifl=3,...,D\™)

where ® is the Kronecker product of matrices. Intuitively, the [ = 2 layer will pick all odd indices
of the output of Convgg)“U and apply the fully-connected layer. Note that ConveRs?l)LU (I > 2) just
rearranges parameters of FC%&TE%m.

We construct CNNs from 97(7? = (w;li)7 b%)) (I > 2) and concatenate them along with ConvgﬁlfU:

Conv,, := ConveRQIjB 0---0 Convlg”s‘%I;U o Conv?iI;U
The output dimension of Conv,, is either RP*2P0™ (if L, = 1) or RP*DPi™ (if L, > 2)., We
denote the output channel size (either 2D7(,f m) or Dg,f m)) by D,(fim). By the inductive calculation,
we have
FCReLY 1 if L, =1
Convy (z)1 = { L™ (@ o[t o] i :
FCW b, () if L, >2
By definition, Conv,,, has the depth of Ly + L,, — 1, at most 4D7(,1L) V max;—s,.. L Df,lL) <
dmaxic(p,,] Df?ll) channels. The co-norm of its parameters does not exceed that of parameters in

ReLU
FCw, b,.-

m

Next, we consider the filter w,,, € R1*2xD W defined by

0 --- 0
_B™ [lu, @0 1]

} ifL,,=1
(wm)l,:,: = W 0 ... 0
W,

if L, >2

Then, Conv,, := Conv'd .0 adds the output of m-th residual block, weighted by wy,, to the sec-

Wop
ond channel in the identity connections, while keeping the first channel intact. Note that the final

layer of each residual block does not have the ReLU activation. By definition, Conv/, has DﬁnL m)

parameters.

Given Conv,, and Conv’, for each m € [M], we construct a CNN realizing FNNg°“V. Let
fleonv) - RD _y RD be the sequential interleaving concatenation of Conv,, and Conv/,, that is,

fleomv) .= (Conv/y; o Convyy + 1) o --- o (Conv) o Convy + I) o Convy.

Then, we have

(bs) M
(conv) B T ReLU
1 = @ > wnFORS,

m=1

(the subscript 1 represents the first coordinate).

BEY o] € R and put FC}y,

on top of f(€™) to pick the first coordinate of f(°°™¥) and subtract the bias term. By definition,
f(CNN) = Fclzjb o f(conv) satisfies f(CNN) _ f(FNN)'

[Final Fully-connected Layer] Finally, we set w := {

17
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[Condition Check]: We will check fFNN) satisfies the desired conditions. (Condition 1): By
definition the 0-th residual block Convg has L{, = 1 layer. Since Conv,, and Conv}, has Lo +
L,, — 1 and 1 layers, respectively, the m(> 1)-th residual block of f(°NN) has I/ = Lo + L,
layers. (Condition 2): Conv,, has at most dmaxe(r,, Dﬁ,lb) channels and Convin has at most 2

channels, respectively. Therefore, the channel size of f(CNN) is at most 4 maxX,,e[M],1€[Lom] D,(ql@).

(Condition 3): Since each filter of Conv™ and Conv/,, is at most K, the filter size of CNN

is also at most K. (Conditions on B(¢®™) and B(fin)): Parameters of f (conv) are either 0, or

. ) (bs) .
parameters of FC%&EE}W"I, whose absolute value is bounded by B®s) or g(hn) Wyy,. Since we have

lwm|loo < B, the co-norm of parameters in f(“NN) is bounded by B("®). The parameters of
the final fully-connected layer FC,, ; is either B (fin) "0, or b, therefore their norm is bounded by

(fin)
By V B, O

Remark 3. Another way to construct a CNN which is identical (as a function) to a given FNN is
as follows. First, we use a “rotation” convolution with D filters, each of which has a size D, to
serialize all input signals to channels of a single input dimension. Then, apply size-1 convolution
layers, whose l-th layer consisting of appropriately arranged weight parameters of the l-th layer of
the FNN. This is essentially what |Petersen & Voigtlaender| (2018)) does to prove the existence of a
CNN equivalent to a given FNN. To restrict the size of filters to K, we should further replace the the
first convolution layer with O(D / K') convolution layers with size-K filters. We can show essentially
same statement using this construction method.

D PROOF OF THEOREM

D.1 COVERING NUMBER OF CNNSs

The goal of this section is to prove Lemma [] stated in Section that evaluates the covering
number of the set of functions realized by CNNs F(CNN)

D.1.1 BOUNDS FOR CONVOLUTIONAL LAYERS

We assume w,w’ € REX/>I p i € R, and x € RP*! unless specified. We have in mind that
the activation function o is either the ReLLU function or the identity function id. But the following
proposition holds for any 1-Lipschitz function such that 0(0) = 0. Remember that we can treat
L™ as a linear operator from RP*7 to RP*/_ We endow RP*! and RP*7 with the sup norm and
denote the operator norm L™ by || L ||op.

Proposition 2. It holds that | L ||op < IK ||w||oc.

Proof Write w = (U)k;ji)ke[K],je[J]’ie[]], LY = ((_Lw)g:g)a,BG[D].,jE[J],iE[I]' For any r =
() aerp)icin € RP*L, the sup norm of y := (y%7)ge(pljers) = L¥(x) is evaluated as fol-
lows:

[Ylloo = rrﬁlaxlyﬂ’jl

< maXZ| (v ﬁj||$a’i|
< maXZ| (v ﬁ]mx”w
—rréaxzm(a B4+1),5,i 1] 00

(e 9% 2

< Hﬁlasz Hwia—p+1),5i # 0}) wllocllloo

18
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Proposition 3. It holds that ||Convy, ,(7)]leo < |L*[lop|2(leo + [b].

Proof.
|ConvE, (@)lloo < lo(L(2) — 1p @ )
<|IL¥(z) — 1p ® b]|w
< L@l + 1D © blloo
< L op |0 +[]-

O
Proposition 4. The Lipschitz constant of Convy, , is bounded by || L*||op.
Proof. For any z, 2’ € RP*1,
|Conv?, ,(x) — Convy, () |oo = o (L*(2) = 1p ®b) — o (L (2) = 1p ® D) [l
<L) —1p @ b) — (L*(') — 1p @) |oe
<L (z = 2") |l
< L opllz = 2]l
Note that the first inequality holds because the ReLU function is 1-Lipschitz. O
Proposition 5. It holds that ||Convy, () — Convy,  (z) < 122~ | opll2] s + |b— ¥'].
Proof.
IConve, 4 (x) = Conv, 4 ()| = [|o(L¥ () = 1p @ b) = o (L (2) = 1p ® V') oo
< (L (@) = 1p @b) — (L () = 1p ® V)]
=L (@) = L™ @) + [1p @ (b= )| o0
SLE T Noplllloo + [0 = ¥
O

D.1.2 BOUNDS FOR FULLY-CONNECTED LAYERS

In the following propositions in this subsection, we assume W, W’ € RP*¢ b b € R, and x €
RP*C Again, these propositions hold for any 1-Lipschitz function o : R — R such that o(0) = 0.
But 0 = ReLU or id is enough for us.

Proposition 6. It holds that [FC; , (z)] < [W|o[[W|eo || + [b].

Proof.
[FCy, ()] < [vec(W) T vec(z) — b|
< |[vec(W) Tvec(z)| + |b|
< Z |Wa,i$a’i| + 19|

«,t

The number of non-zero summand in the summation is at most ||V ||y and each summand is bounded
by [[W{[o|2]|oc Therefore, we have [FCyy, ()] < [[Wlo|[[W lloc [[#]loc + [1bloc- 0

Proposition 7. The Lipschitz constant of FCYy,,, is bounded by ||W ||o||W || oo

Proof. Forany z,z’ € RP*C,

[FCTyp(x) — FCyp(2")] < [|(vee(W) Tvec(a) — b) — (vee(W) Tvec(z') — b)|
< [[vec(W) T (vee(z) — vec(a"))||
< W llol[Wllsol[vee(z) — vec(z')|so-
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Proposition 8. It holds that [FCYy (x) — FCT 4 ()] < ([[Wlo + [[W[o)[W — W [lool|2]| 0o +
|b— /|

Proof.
[FCyy () = FCyr y (2)] < |(vee(W) Tvec(x) —b) — (vec(W') Tvec(z) — b')]
= |(vec(W — W) Tvec(z) — (b—b')]
< |(vec(W — W) Tvec(z)| + b — V|
< W =W oW = W|so[lzlloo + b — |
< (W llo + W o)W = W|sol|#]lc + [b— b

D.1.3 BOUNDS FOR RESIDUAL BLOCKS

In this section, we denote the architecture of CNNs by C' = (C’(l))lem S Néo and K =
(K (l))le[L] € NZ%, and the norm constraint on the convolution part by Beon) () need not
equal to 1 in this section). Let wl,w’(l) € REVxCCU™Y apq b(l),b’(l) € R. We denote
w = (wW)er), b= (b)), w' = (w/(l))le[L]v and b := (b();¢ .

For 1 <1< 1’ < L, we denote p(,1') == [[\_,(CE-DK®OBEom)y and p+(1,1') := [[\, 1V
(C(i—l)K(i)B(conv))'

Proposition 9. Let | € [L]. We assume max;c(r) [|[w" oo V [[BV[|oc < B, Then, for any
x € [=1,17%, we have [|Conv? 1,y (+ e < oDl + B0,

Proof. We write in shorthand as Cl.¢) := Convy, (g pls:e]- Using Propositionrecursively, we get

w®
ICHg (@)oo < 1LY NloplICaa—13(@) o0 + 16|00

i— w@
+leb Y IIOOHIIL lop + 116 oo-

j 7

By Propositionand assumptions ||w®||o, < B and ||b()]|,, < B(™), it is further bounded
by

< IlelooH |zt

l l l
||1'||oo H(C(ifl)K(i)B(conv)) + B(conv) Z H(O(jfl)K(j)B(conv)) + B(conv)

i=1 i=2 j—i
< p(L, )|z + B™1p* (1,1)
O

Proposition 10. Let ¢ > 0, suppose max;e(r) |[w) —w'" | < € and maxcr) [|b© py® oo <
& then || Cri.p) = Cfy, ) ()|l oo < (Lp(1, L)||2]| oo + (1V B L2 pF (1, 1))e for any & € RP*C.

/(l)”

Proof. For any [l € [L], we have
C[Il+1:L] o(Cr=Cf)o Crii-1) (m)‘
< Cligapy © (Cr = C1) © Ca—yy ()l
<p(l+1,L)|[(C; = C)) 0 Cppy—yy( H (by Proposition 2 and )
< p(l+1,L) (p(1,1)|C1:1—1)lsce +€) (by Proposition 2]and 3]
<p(l+1,L) ( (1L,D(p(1,1 = D)||z]lee + B (1 —1)p, (1,1 — 1)) + 1) e (by Proposition [9)
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= (b1 D) lolloo + (1 V BE™)ip, (1, 1) ) & (©)

Therefore,

L
IC:L) (%) = Chipy (@)oo < D NIChs1:y © (Cr = CF) 0 Clr—y ()|
=1

< (Lp(1, )||zllo + (1 v B L2p* (1,1))e

D.1.4 PUTTING THEM ALL

Let M € Nsg, L,, € Ny, C’#L),K,(,? € Ny, C = (Cﬁ?)myl, and K = (Ky(,ll))m,l form =
0,...,Mandl € [Ly,). Let & = (w )i, (082t W,b) and 0’ = ((w' ) ys (0" D) s, WL W)

be tuples compatible with (C, K) such that CNN§<MU, CNNGtU e pO0N) 0

S € Ny and B(c™) B() > (. We denote the I-th convolution layer of the m-th block by cl)
and the m-th residual block of by C,,,:

o . {Convij(l) Gfl = L,,)

Convi‘%U (otherwise)

m

for some

Cpp = CEm) o0,
Also, we denote by Ci,.,,/) the subnetwork of ConvgeLU between the m-th and m/-th block. That
is,
c  [(Cp Do 0 (Cn+1) (ifm>1)
[m:m/] = (Cm/ 4 I) o---0C,, (1fm = 0)

form,m’ =0,..., M. We define C”s,ll), C! and C[’ similarly for 6’.

m:m/]
Proposition 11. For m = 0,...M and = € [-1,1]°, we have ||Ci.p)(7)]|loc < (1 V

By (TTR (L + p;)) (L + 37 Lipi). Here, pp, and pyf, are constants defined in Theorem

Proof. By using Proposition[9]inductively, we have

1C0:m) (@) llo0 < [[Com(Croim—11 (%)) + Cloim—1)(%)llso
< ”(1 + pm)C[O:m—l] (:23) + B(Conv)me+m)”00
< (1 + pm) ”O[O:mfl] (x)”OO + B(Conv)me:le

< Co(@)lloo [J(1 + 1) + B™ > Lipt [ (1+0))
i=1 i=1 j=i+1
m m m
<po[J0+p)+ B3 Lipt T] (1455

i=1 =0 Jj=i+1

< (1v B (ﬁ(l + Pi)) (1 + iLil)j> :
i=0

i=0
O

Lemma 3. Lete > 0. Suppose 6 and 6’ are within distance ¢, that is, max,, ; Hwﬁ,ll) —w’ E,ll) oo < e,

6% = 0Dl <& [W = W!||o <& and |b— V|| < e Then, ||ONNEY — CNNRLU| o <

M e where M; is the function defined in Theorem 2}
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Proof. Forany x € [—1,1]7, we have

|CNN§6LU (37) o CNN?/ELU (ZE’)| = ’FCI{;[j/7b e} O[O:M] (l') — Fci‘;[i//,b/ O C[/O:M] (x)’
- ’ <FCiV“1,7b - FCiV‘Ii,w,) o Clo. (x)’

M
+ 3 |FCi b © Comsran © (Com = Cr) 0 Cluy (@)] - (D

m=0
We will bound each term of (7). By Proposition [§|and Proposition[TT]
) (Fciv(%/,b ~-FCjj ’,b’) o Clo:m) (33))
< (W o + W o) IW = W loo [|Croena () oo + 16 = V']l

< 2C’éL°)D||C[o;M] (@)lloce + €
M

M
< 2c{k) D(1 v Bleom)) (H (1+ pm)> (1 +) me;> ete
m=0

m];O -
< 3¢k D(1 v Bleom)) (H 1+ pm)> (1 +> me;> 5 (8)
m=0 m=0
On the other hand, form =0,..., M,
FCiV(Ii/’,b’ °© C[/m+1:M] © (Cm — Cp) © Clom—1] (95)‘
< W oW llooIClams1:am © (Cm = €1 © Clizm—1) (%)l (by Proposition 7)
< C DB C, 41y 0 (Con = Ch) © Clom—11 ()|

M
< C’(()L")DB(fC) ( H pi> [ (Con = C1,) © Cloam—1y(2)]| . (by Proposition2]and )
1=m-+1
M
< ko) pptte) ( H m) (PmlICo:m—1)lloc€ + €) (by Proposition 2] and [5))
1=m-+1
M m—1 m—1
< ¢ pB® ( 11 pi> (pm(l v Bleom)) (H (1 eri)) (1 + ) me) + 1) €
i=m+1 i=0 i=0
(by Proposition 9
M M
< 2c{k) pB) (1 v Bleom)) (H(l + m)) <1 +y° Lipj) € 9)
i=0 i=0

By applying (8) and (9 to (7), we have
|CNNg MY (x) — CNNg Y ()|

M M
<3¢ D(1 v Bleom)) (H 1+ pm)> <1 + > mefn> e
m=0

m=0

M M
m=0

m=0

M M
< (2M +3)CSE) D(1 v B (1 v Bleom)) < [Ja+ pm)> (1 + me;> €
m=0

m=0

ZMlE.
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D.1.5 BOUNDS FOR COVERING NUMBER OF CNNSs

For a metric space (My,d) and € > 0, we denote the (external) covering number of M C M,
by N(e, M,d): N(e,M,d) := inf{N € N | 3f1,....,fn € Mgst.Vf € M,3In €
[N]s.t.d(f, fn) <e}.

Lemmad. Let B := B(>) v BE) For ¢ > 0, we have N'(e, FICNN || - [|0) < (M)MQ.

€

Proof. The idea of the proof is same as that of Lemma 12 of |Schmidt-Hieber (2017). We divide the
interval of each parameter range ([—B(°™), B(con)] or [~ B¢} BU)]) into bins with width S
(i.e., 2B M =1 or 2B M e~ bins for each interval). If f, f/ € F(CNN) can be realized by
parameters such that every pair of corresponding parameters are in a same bin, then, || f — f/||cc < €
by Lemma [3 We make a subset Fy of F(“NN) by picking up every combination of bins for M,
parameters. Then, for each f € F(CNN) there exists fo € Fo such that || f — fo|le < €. There are

at most 2BM; e~ ! choices of bins for each parameter. Therefore, the cardinality of Fj is at most

M.
(2200 ). 0

D.2 PROOF OF THEOREM[2] AND COROLLARY[]]

We use the lemma in [Schmidt-Hieber| (2017) to bound the estimation error of the clipped ERM

estimator f . Since our problem setting is slightly different from one in the paper, we restate the
statement.

Lemma 5 (cf. Schm}dt-Hieber (2017) Lemma 10). Let F be a family of measurable functions from
—1,1]P to R. Let f be the clipped ERM estimator of the regression problem described in Section
Suppose the covering number of F satisfies N' (e, F, || - ||oc) > 3. Then, Ep|| f° — f||§:2(7)x) <
4 (infrer | f— f°||2£2(px) + (561og N (F, %, || - lloc) + 180) %) where I .= Lz v % vi
and Ry = sup{||flle | f € F}.

Proof. Basically, we convert our problem setting so that it fits to the assumptions of Lemma 10
of \Schmidt-Hieber (2017) and apply the lemma to it. For f : [-1,1]° — [—0F,cF], we define
A[f] - [0,1]P — [0,2F] by A[f](2") := L f(22'—1)+F. Let f be the (non-clipped) ERM etimator
of F. We define X' := L(X + 1), f°:= A[f°], Y := f°(X)+ ¢, F = {A[f] | f € F}, fl =
A[fi). and D' = (2, Yl )ne i) Where @, i= b (a, + 1) and yf, = F(a}) + 2 (g — f°(20))-
Then, the probability that D’ is drawn from P’®" is same as the probability that D is drawn from
PEN where P’ is the joint distribution of (X', Y”). Also, we can show that f' is the ERM estimator
of the regression problem Y’ = f’°+¢’ using the dataset D': f! € arg min g/ ¢ 7 R (f'). We apply
the Lemma 10 of [Schmidt-Hieber| (2017) withn < N,d <+ D,e + 1, + %, A, 0, F «— F,
F « 2F, f — f{ and use the fact that the estimation error of the clipped ERM estimator is no
worse than that of the ERM estimator, that is, || f© — fH%Z(pX) <|Ife—fi 122 (py) to conclude. [

Proof of Theorem[2] By definition of [ - [|oc, we have || f — f°llz2(py) < ||f — f°lloo for any
f € F. By Lemma@ log NV == log V' (&, FOCNN || . ||l o) < Malog(2BM;N), where B =
B(conv) \y B(f) Therefore, by Lemma

o FQ
o 2 : o2
1£° = flizz(py) <4 (}}g; If = follz2(pyy + (561log N + 180)N>
My F?
<C (}ggf—f"io + =2 log(2BM1N)> .
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Proof of Corollay[l] We only care the order with respect to N in the O-notation. Set M = [N
for o > 0. Using the assumptions of the corollary, the estimation error is

1f* = fH%Z(’Pw) =0 (max (N_2a717Na72—1)) .

by Theorem [2| The order of the right hand side with respect to N is minimized when o =

1
L 2v1+7v2”
By substituting «, we can show Corollary [T} O

E PROOF OF COROLLARY 2] AND COROLLARY [3]

By Theorem 2 of |Klusowski & Barron|(2016)), for each M € Ny, there exists

T
FNN 5_M2b7rL mL — m+—zb (m _](;>+

with |by| < 1, [|aml|l1 = 1, and |£,,| < 1such that || f°— fENN) || < Cvjor/Tog M+ DM 2~
where C' > 0 is a universal constant. We set L,,, < 1, D (1) «— 1, BMs) ﬁ Bn) . 1

(m € [M]) in the Theorem | then, we have fFNN) ¢ .FI(DFINE()L)S) pn - BY applying Theorem
there exists a CNN f(CNN) ¢ ]:éCIN(N;(COm e such that fFNN) = f(ONN) ‘Here, C' = ()

with %) = 4, K = (K{),, with K = K, Bleom) = L and BU) = M. This proves
Corollary 2]

With these evaluations, we have M; = O(M?) (note that since B(°>") = L we have Hm o1+
pm) = O(1)). In addition, B(®™) is O(1) and B\ is O(M). Therefore, we have log M1 B =
O(1). Since My = O(M), we can use Corollarywith 71 = 2+ %, 72 = 1. Since we have
M =0 (N 2711“2) by the proof of Corollary we can derive the bounds for B(¢°™) and B(f®)
with respect to N.

F PROOF OF COROLLARY [4/AND COROLLARY

We first prove the scaling property of the FNN class.

Lemma 6. Let M € Nug, L,, € Nug, and D) € N form € [M] and l € [L,,). Let

B(bs),B(ﬁn) > 0. Then, for any k > 1, we have f(FI;I(\Ib)E) Bn) C f(FNN)B(bD) KL B where

L := max,,e[p) Lim is the maximum depth of the blocks.

Proof. Let 8 = (( f,i))m I (b( Y.l (Wi )m,b) be the parameter of an FNN and suppose that

FNNRSLU € ]:(Flzljb)s) ,B(fin) We define 9/ = ((W/(l )m s (b/(l))m s ( ;n)a b,) by
w . e w® py Wl ) W

= klw,, V=b.

Since k > 1, we have FNNg,eLU € ]:(DFIENI)B(M L Bl - Also, by the homogeneous property of the
ReLU function (i.e., ReLU(ax) = aReLU(z) for a > 0), we have FNNg°"V = FNNgHY, O

Next, we prove the existence of a block-sparse FNN with constant-width blocks that optimally
approximates a given 3-Holder function. It is almost same as the proof of Theorem 5 of [Schmidt-
Hieber|(2017). However, we need to construct the FNN so that it has a block-sparse structure.

Lemma 7 (cf. |Schmidt-Hieber| (2017) Theorem 5 ). Let 8 > 0, M € N>0 and f°: [-1,1)P - R

be a B-Hélder function. Then, there exists D' := O(1) € Ny, L' := O(logM) > 0 (Cy and

Cs are constants independent of M) and a block-sparse FNN f(FNN) ¢ F (DF IIH;II)\/IH lls such that

|fo — fENN)) o = O(M _%). Here, we set L,, = L' and DY) = D' foralim € [M] and
l € [Ly,] and define D := (ng))ml
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Proof. First, we prove the lemma when the domain of £° is [0,1]”. Let M’ be the largest interger

satisfying (M’ +1)? < M. Let T(M") = (&))" 1[0, 112 = {2 | m’ € {0, ..., M'}P} be the
set of lattice points in [0, 1} Note that the cardinality of T'(M’) is (M’ + 1)”. Let P? f° be the

Taylor expansion of f° up to order | 3] ata € [0,1]7:

. fNa),
B = Y T e

0<|al<B

For a € [0,1]P, we define a hat-shaped function H, : [0,1]” — [0, 1] by

D
Hy(x) =[] = |2y — ay]5).

j=1

Note that we have ZQGF(M,) H,(z) = 1,i.., they are a partition of unity. Let P® f° be the weighted
sum of the Taylor expansions at lattice points of T'(M'):

(PPfo)(x) =M 3" (PP o) () Ha().
a€D(M’)

By Lemma 7 of |Schmidt-Hieber| (2017), we have
1P? £ = folloo < IIf°llgM ™.

Let m be an interger specified later and set L* := (m + 5)[log, D]. By the proof of Lemma 8 of
Schmidt-Hieber| (2017), for any a € T'(M’), there exists an FNN Hat, : [0,1]” — [0, 1] whose
depth and width are at most 2 + L* and 6D, respectively and whose parameters have sup-norm 1,
such that

[Hat, — H, ||, < 3P27™.

Next, let B := 2| f°||s and Cp g be the number of distinct D-variate monomials of degree up to
|3]. By the equation (7.11) of |Schmidt-Hieber| (2017), for any a € I'(M), there exists an FNN
Qo : [0,1]P — [0,1] hwhose depth and width are 1 + L* and 6DCp g respectively and whose
parameters have sup-norm 1, such that

PBfe 1 D
a—| =2 = < 3Po—m,
o (% 0)| =2

Thirdly, by Lemma 4 of Schmidt-Hieber (2017), there exists an FNN Mult : [0, 1] — [0, 1], whose
depth and width are m + 4 and 6, respectively and whose parameters have sup-norm 1 such that

[Mult(z,y) — zy| <27

for any =,y € [0,1]. For each a € I'(M’), we combine Hat, and @, using Mult and constitute
a block of the block-sparse FNN corresponding to a € T'(M) by FC, := Mult(Q,(-), Hat,(-)).

Then, we have
pPSfe 1
FC, — i - | H,
[re.- (%5-+3)

< 9—m + 3D2—m + 3D2—m

oo

< 3D+12—m.

We define f(FNN) () := ZQGF(M)(BM’DFCa(x))—g. By construction, f*NN) is a block-sparse
FNN with (M’+1)P(< M) blocks each of which has depth and width at most L’ := 2+L*+(m+4)

3Schmidt-Hieber (2017) used D(M’) to denote this set of lattice points. We used different character to
avoid notational conflict.

*We prepare @, for each a € T'(M) as opposed to the original proof of Schmidt-Hieber| (2017), in which
Qa’s shared the layers the except the final one and were collectively denoted by Q1.
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and D' := 6(Cp g + 1)D, respectively. The norms of the block-sparse part and the finally fully-
connected layer are 1 and BM’ D(§ BM), respectively. In addition, we have

[FEN (@) = (PPfo) (@)

<Y B
a€l’ (M)

< (M'+1)P x BM'P3P+ig—m
< 3D+lg-mp 2
for any = € [0, 1]7. Therefore,
NN (@) = o ()| < [fENN — (PP fo) ()] + (PP fO) () — f° ()]
< B3PHIMZ27™ || o s M P
< 2Y|f°)| g3 M2 4 | £ M D27,
We set m = [log, M2+5 7], then, we have L' = O(log M), D' = O(1), and
LFENN — fo < [Ifolla(2- 3PF +2°) M.

By the defnition of f(FNN) we have f(FNN) € ]:glfl;]ﬁfonﬁM'

B FoN (g
FCq(z) — <W+;> H,(z) +§ 1-M" 3" Hy(w)

a€T(M’)

When the domain of f° is [~1,1]?, we should add the function z — 3(z +1) = §(z + 1)4 —
1(—z — 1)y as a first layer of each block to fit the range into [0, 1]P. Specifically, suppose the

first layer of m-th block in f(FNN) is z — ReLU(Wz — b), then the first two layers become
z — ReLU([3(z+1) —3(z+1)])and [y1  y2] — ReLUWy; — Wya — b), respectively.

Since this transformation does not change the maximum sup norm of parameters in the block-sparse

and the order of L’ and D’, the resulting FNN is still belongs to F ](DF Tl;ll)‘ ol O

Proof of Corollary@|and Corollary[3] In this proof, we only care the dependence on M in the

O-notation. Let M := 2|f°|[sM. By Lemma , there exists fFNN) ¢ fg?ig such that

| fENN) — foll o = O (M*%> (L', D', and D as in Lemma. Letk := 16D'K(M7 A1)~! =
16D’K(eé A1)~ > 1 where C’ is a constant such that L' = C”log M. Using, Lemma@ there
N

_— FNN = FN
exists f(FNN) ¢ ]:l(i),k—l),kL/M such that f(FNN) — f(FNN) e apply Theoremto ‘F(D,k—l,kL/M
and find f(CNN) ¢ fgfINf;(cm)’Bm such that L < M (L' + Lo), C = (C%))m—o...m1cLm]

with O < 4D/, K = (KW)meo. aici,] With K& < K, Bleom) = g=1 i) —
KV (kv 1)M = EF+1M, and f(ONN) = f(FNN) By definition, we have B(co™) = k=1 = O(1)
and log B®) = (L' + 1)k + log(M) = O(log M). This proves Corollary@

By the definition of k£ and the bound on C’,(,ll) and K 7(,?, we have C’%_I)Kﬁ)k_l < iM ~77. There-
fore, we have p,, < Hf;l(C’g_l)K,(,lL)k’l) < M~" and hence [[>_,(1 + pm) = O(1). Since
Cﬁi_l)K ,(,ll)k’l < % for sufficiently large M, we have p;;, = 1 for sufficiently large M. In addi-

tion, we have log(B(<>™) v B(f)) = O(1). Combining them, we have log M; = O(1) and hence
log My (Bm) v Be)) = O(1). For M, we can bound it by My = O(M log M) using bounds
for C’T(,IL), Kﬁ,? and L'. Therefore, we can apply Corollary [2| with 77 = %, v2 = 1 and obtain the
desired estimation error. Since we have M = O (N 2W11+W2) by the proof of Corollary we can

derive the bounds for L,,,, B(conv) and B with respect to N. O

G COMPARISON OF OUR CNNS AND ORIGINAL RESNET

There are several differences between the CNN in this paper and the original ResNet, aside from
the number of layers. First and foremost, our CNN does not have pooling nor Batch Normalization
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(loffe & Szegedy| (2015))) layers. It is left for future research whether our result can extend to the
ResNet-type CNNs with pooling or Batch Normalization layers. Second, our CNN does not have
ReLU activation after the junction points and the final layer of the 0-th block, while they have in the
original ResNet. We choose this design to make proofs simpler. We can easily extend our results
to the architecture that adds the ReLU activations to those points with slight modifications using
similar techniques appeared in Lemma 2] of the appendix.

27



	Introduction
	Related work
	Problem setting
	Empirical risk minimization
	Convolutional neural networks
	Block-sparse fully-connected neural networks

	Main theorems
	Approximation
	Estimation

	Application of main theorems
	Barron class
	Hölder Class

	Conclusion
	Notation
	Proof Overview
	Theorem 1
	Theorem 2 and Corollary 1

	Proof of Theorem 1
	Decomposition of affine transformation
	Transformation of a linear CNN into a ReLU CNN
	Concatenation of CNNs
	Proof of Theorem 1

	Proof of Theorem 2
	Covering number of CNNs
	Bounds for convolutional layers
	Bounds for fully-connected layers
	Bounds for residual blocks
	Putting them all
	Bounds for covering number of CNNs

	Proof of Theorem 2 and Corollary 1

	Proof of Corollary 2 and Corollary 3
	Proof of Corollary 4 and Corollary 5
	Comparison of our CNNs and original ResNet

