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ABSTRACT

Sparse autoencoders (SAEs) have recently seen rapidly increasing use as a tool for
interpreting representations in large models. Despite their widespread adoption,
training objectives for SAEs primarily focus on accurate reconstruction of observed
data, often implicitly assuming that perfect reconstruction or dictionary recovery
implies recovery of the underlying latent variables. Even in the ideal case of
exact observation reconstruction and correct dictionary recovery, recovery of latent
variables (concepts) is not guaranteed. We develop a unified theoretical analysis of
latent recovery in SAEs, deriving complementary upper and lower bounds on the
latent recovery error. The upper bound characterizes error induced by dictionary
coherence and sparsity, while the lower bound reveals an intrinsic source of error
arising from latent unstable encoder—decoder dynamics. Motivated by this lower
bound, we introduce a simple latent self-consistency regularizer that can be applied
off-the-shelf to existing SAE architectures without architectural changes. Experi-
ments on synthetic and real datasets demonstrate that this regularizer consistently
improves latent recovery and representation quality across a wide range of settings.

1 INTRODUCTION

Large neural networks have demonstrated remarkable ability to learn rich internal representations
that generalize effectively across a wide range of downstream tasks Brown et al.|(2020); |Caron et al.
(2021)); [Wiedemer et al.[(2025); Bengio et al.|(2013)). Despite their strong empirical performance, a
central challenge remains their black-box nature: interpreting these learned representations is difficult
due to their highly entangled and polysemantic structure, where individual neurons or directions
often encode multiple, overlapping concepts. Recently, it has been hypothesized that neural networks
may implicitly encode monosemantic features as sparse linear combinations within these otherwise
distributed representations |[Elhage et al.| (2022). Motivated by this hypothesis, sparse autoencoders
(SAEs) INg et al. (2011) have re-emerged as a promising tool for disentangling and recovering
monosemantic features from neural network activations. These methods have been increasingly
applied to large language models Cunningham et al.|(2023), vision models [Fel et al.|(2025a3b), and
multimodal systems [Pach et al.|(2025), with the goal of improving interpretability by identifying
concept-level features.

From a theoretical perspective, a central question is under what conditions SAEs can faithfully
recover ground-truth concepts. As highlighted in|Cui et al.[(2025), even under idealized settings,
where reconstruction error on the observations is minimized and the learned dictionary aligns
with monosemantic features, there typically remains a nontrivial gap between the learned latent
representations and the true underlying concepts.

In this work, we formally characterize this gap by deriving complementary upper and lower bounds
on the latent recovery error. The upper bound captures error induced by properties of the learned
dictionary, including its sparsity and coherence, as well as the choice of activation function used
in the SAE. The lower bound, in contrast, reveals an intrinsic limitation arising from unstable
encoder—decoder dynamics in the latent space |[Fumero et al.|(2025)). Motivated by this lower bound,
we propose a simple latent self-consistency regularizer that encourages contractive behavior in the
sparse autoencoder. This regularizer can be applied off-the-shelf to existing SAE architectures without
requiring architectural modifications, and directly targets the fundamental source of latent recovery
error identified by our analysis. Our key contributions are as follows:
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* Theory: We provide a unified theoretical treatment of latent recovery in SAEs and derive
complementary upper and lower bounds on the latent recovery error. The upper bound
quantifies coherence-induced cross-talk (with explicit sparsity/coherence dependence), while
the lower bound provides an intrinsic self-consistency certificate; as corollaries, our results
recover and generalize the phenomena reported in |Cui et al.[(2025).

* Method: Motivated by the theory, we propose a simple latent self-consistency regularizer
that can be added off-the-shelf to standard SAE objectives without architectural changes nor
additional parameters.

* Empirics: We validate this regularizer on synthetic and real datasets, showing consistent
improvements in latent recovery and representation quality across most settings.

2 PROBLEM SETTING & SAE BACKGROUND

2.1 OBSERVATION MODEL (BLIND MIXING)

We consider a latent-variable observation model where only mixed measurements are observed. Let
x € R% denote an unobserved latent vector and let W, € R4 *dm be an unknown mixing matrix.
The learner observes

zp = Wy, (1)

and the training set consists of samples {x,} only.

Overcomplete regime. We focus on the overcomplete setting d,,, >> d,, which is typical in
sparse autoencoders. Accordingly, the mixing matrix satisfies W), € R *dm with dp < dy,, so the
observation model Equation (1)) is non-invertible in general.

2.2  SPARSE AUTOENCODER WITH TIED WEIGHTS

A sparse autoencoder (SAE) maps an input z,, € R? to a code via an encoder E : R% s Rim
and reconstructs it via a decoder D : R%" — R% . We consider a tied-weight SAE where the code
dimension matches the latent dimension d,,, and the encoder and decoder are parametrized by the
same matrix W,,,:

Ew,, (xp) = U(mep); Dy, () = W,z 2)

m”~

where W,,, € R%=*> i a learnable dictionary and o (-) is a (typically sparsity-inducing) nonlinearity
(e.g., ReLU or soft-thresholding). The reconstructed output is

zp = Dw,, (Ew,, (Ip)) = W;‘T(mep)- 3
When training the SAE on observed inputs x,, € R we denote the learned code and reconstruction
by
T 2 Ew,, (xp) = c(Wpzx,) € R,

ip 2 Dw,, (t) = W, z,, € R%.

“

2.3 TRAINING OBJECTIVE (RECONSTRUCTION WITH SPARSITY)

A standard SAE is trained by minimizing reconstruction error on the observed data, optionally with a
sparsity/structure-inducing penalty on the code:

mmi/n ]E[pr - jp“%] + AE[Q(xm)] ’ (5)

where €2(+) is a sparsity regularizer and A > 0 controls its strength.

Remark. The observation model Equation (I)) distinguishes two criteria of success: (i) observation
reconstruction, i.e., accurately reconstructing x, via Equation , and (ii) latent recovery, i.e.,
whether the learned code x,,, captures information about the underlying latent x.
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3 THEORETICAL RESULTS

3.1 WHY BOUNDING LATENT RECOVERY ERROR?

Objective Equation (5) enforces reconstruction in the observation space, but does not directly
guarantee recovery of the underlying latent « in Equation (T). In fact, even under an idealized * perfect
fit” regime |Cui et al.| (2025)), where the learned dictionary matches the ground truth, W, =W7T, and
reconstruction is exact, &, = T, the learned latent vector satisfies

T = o(Whnap) = U(WPTpr) = o(Gzx),
GE2W,W,,

which need not coincide with x unless G is sufficiently close to identity on the active support and o
preserves the relevant coordinates. Thus, perfect observation reconstruction and dictionary recovery
do not, by themselves, certify latent recovery.

Q)

Motivated by this gap, we study the latent recovery error:

Ler(Tm, T) = ||Tm — x”% @)
and derive upper and lower bounds in terms of structural properties (e.g., sparsity and coherence
of W),) and intrinsic quantities induced by the SAE (e.g., a latent self-consistency residual). These

bounds clarify when reconstruction can serve as a reliable proxy for recovery, and guide algorithmic
choices that favor recoverable representations.

3.2 A SPARSITY—COHERENCE UPPER BOUND FOR LATENT RECOVERY
We first analyze an idealized regime where (i) the learned dictionary matches the ground-truth mixing
and (ii) the SAE achieves zero reconstruction error on the observations. Concretely, we assume
T T N
Wn=W,, =W, 0(Wnz,) (e., &p = xp). 8)

Recall z, = Wz and x,,, = o(W,,,z;,). Under Equation (8)),
m=0(W, Wya)=0(Gz), G £ W, W, € Rtmxdn, )

The key obstruction is that G may have non-negligible off-diagonal entries, so each coordinate of the
pre-activation G can contain cross-talk from other latent coordinates.

Normalized Gram and relative coherence. Let
D & diag(Gy1,...,Ga,q,), G2D7YV2GD™Y2 (10)
so that @ii = 1 for all 7. We define the relative coherence

. G
p = max |Gy = maxM. (11
i#£] i

£ 4/ Giiij
k-sparse latents and support-wise distortion. Assume the latent x is k-sparse with support
S = supp(x), |S| = k. Define the rescaled latent & = D'/2x. Then
D 2Gx = Gx. (12)
Restricting to S gives (éi") s —Tg = (éss — I)Zg. Since G s has unit diagonal and off-diagonal
entries bounded by g, then Gershgorin circle theorem implies that:
IGss —Ill2 < (k = Dp. (13)
Lemma 1 (Universal sparsity—coherence bound). Assume Equation (8) and o is coordinate-wise

1-Lipschitz and positively homogeneous, (e.g., ReLU). With G, D, G asin Equation (@) —Equation (1 .
and & = D'/?x, if x is k-sparse then

ID™ 220, = &2 < (k= DullZ]z + |7 - o(@)ll2. (14)
In particular, when k = 1 the cross-talk term vanishes, and for ReLU one has || — o(Z)||2 =
[1(Z) |2
Proof. Proof in Appendix O
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Remark: Lemmall]shows that even under perfect dictionary recovery, latent recovery depends
on two factors: (i) cross-talk controlled by (k¥ — 1)u, and (ii) distortion induced by the nonlinearity
||Z — o(Z)]|2. Thus sparsity mitigates interference, while high coherence amplifies it. The full proof
is deferred to Appendix [C]

3.3 A SELF-CONSISTENCY LOWER BOUND FOR LATENT RECOVERY

We now derive a lower bound on latent recovery via an intrinsic self-consistency residual induced by
the tied-weight SAE. Let W,,, denote the learned dictionary and define the latent self-map

Fi, (2) £ o(WnWy2),  1(2) £ [ Fw,.(2) = 22, (15)
where o is applied coordinate-wise (e.g., ReLU or soft-thresholding). Intuitively, a model-consistent

code should lie close to a fixed point of Fyy, .

Connecting Fyy,, to the learned code. Recall the observation model z, = W,z and the SAE
encoding x,,, = o(W,,x,). In the idealized regime considered in Section namely, perfect
reconstruction on the observations and dictionary matching W,,, = W.|, we can rewrite

T =0(Winp) =0 (W, Wyz)=0(W,W,,2)=Fw,, () (16)
Moreover, the decode—encode cycle applied to x,,, yields
2 & Fw,, (2m) = o(Win W), (17)

so the observable cycle gap is precisely r(z,,) = ||x: — Zm 2.

Theorem 2 (Self-consistency lower bound for latent recovery). Consider the blind-mixing model
xp = Wy and the SAE code x, = 0(Wy,xp). In the idealized regime where the learned dictionary
matches the mixing, i.e., W, = I/VpT , define

F(z) £ o(W, Wp2).

Then x,, = F(x). Assume further that F is L-Lipschitz on a region U C R% containing {z,r,},
Le.,

|F(u) — F(v)||2 < L|ju — vl|2, Yu,v € U. (18)

Then the latent recovery error satisfies

2t = Zml2

7 : zy £ F(2m). (19)

e —alls >

Proof. Proof in Appendix O

Corollary 3 (ReLU specialization). Let 0 = ReLU and consider the idealized dictionary matching
regime W, = W, in Theorem Then F(z) = ReLU(W, W),z) is L-Lipschitz with

L < [[W, Wylla = [[WyI3- (20)
Consequently,
|Zm — 22 > w 1 = ReLU(W, Wyz,). 1)
Wollz
Proof. Proof in Appendix [C] O

Remarks on Top-K activation. For Top-K encoders, sparsity is enforced structurally by retaining
the K largest coordinates of the pre-activation. In the dictionary-matching regime W,,, = WJ with
exact reconstruction, the learned code satisfies

T = g (W) W),

where IIx () denotes the Top-K operator.
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While [Ix is not globally smooth (due to possible changes of the active set when the K-th and
(K +1)-th coordinates are close), it is 1-Lipschitz on any region where the Top-K support is fixed: in
that case Il reduces to an orthogonal coordinate projection. Consequently, on such a region the
induced latent self-map
F(z) = HK(WmWwIZ)
is L-Lipschitz with
L < ||WrnW£”2 = meng-

Therefore, the self-consistency lower bound in Theorem [2] applies directly to Top-K encoders on
stable-support regimes.

4 ALGORITHM

Motivated by the self-consistency lower bound in Theorem [2] we propose a simple latent self-
consistency regularizer that explicitly penalizes unstable latent dynamics. Given an input activation
Tp € R%, the encoder produces a sparse latent representation

where W,,, € R4 is the learned dictionary and o(-) denotes a sparsifying nonlinearity (e.g.,
ReLU or Top-K). The decoder reconstructs the input via tied weights,

iy =W, 2. (23)

To measure latent stability under the induced encode—decode dynamics, we apply one additional
decode—encode step,

xp 2 o(Wiip) = U(WmWn—Exm) = Fw, (Zm), (24)

where Fyy, denotes the latent self-map induced by the SAE. Following Theorem 2| the deviation
|lz+ — xm]l2 serves as an observable certificate of intrinsic latent recovery error. We therefore
introduce the latent self-consistency regularization term

2
Leert £ Ewp [th - $m||2]7 (25)
which encourages latent codes to become approximate fixed points of Fyy, .

Remark (Top-K certificate). As discussed in Section [3] for Top-K encoders we compute the
certificate only on the in-support coordinates to avoid penalizing support switching. Concretely,
letting S = supp(,, ) be the Top-K support selected in the first encoding pass, we use ||(z;—x)s]3
and set the weight on the out-of-support part to zero (implemented via a masked difference, optionally
detaching the mask). The full training objective is:

min Eu, [|lzp — 2,)13] + BEs, [Q(@m)] + ALeet, (26)

where () denotes a sparsity penalty (e.g., ¢; for ReLU-based SAEs), 3 > 0 controls sparsity
strength, and A > 0 controls the contribution of the self-consistency regularizer. For Top-K encoders,
sparsity is enforced structurally and the term §2(-) may be omitted. The proposed regularization
requires only one additional encoder pass per training example and introduces no auxiliary parameters.

Remark. Our regularizer does not rely on any specific activation function or architectural constraint.
They can be incorporated off-the-shelf into existing SAE implementations, including models with
arbitrary sparsifying nonlinearities and untied weights.

5 EMPIRICAL EVIDENCE

We empirically validate that the proposed certificate ||y — 2.,||3 (Eq.[25) provides a useful training
signal and that enforcing latent self-consistency improves latent recovery and representation quality.
We evaluate in two regimes: (i) a synthetic blind-mixing setting where ground-truth latents are
available, and (ii) CE-bench |Gulko et al.| (2025) on SAE features trained from gpt 2 residual-stream
activations. Across experiments, we report both task-level metrics (latent recovery error or CE-bench
scores) and dictionary-level health diagnostics (dead fraction, usage entropy, coherence RMS) to
ensure gains are not explained by trivial activation-density shortcuts. Detailed sweeps, plots, and
implementation details are provided in Appendix
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Synthetic latent recovery. In the synthetic study (Sec.[B.2), we sweep the regularization weight
A and directly measure the true latent recovery error Lot = ||z, — 2|2 (Eq.[7) together with the
reconstruction error ||z, — &,||2. Fig.|l|shows that adding A Lcer consistently reduces ||z, — |2
compared to reconstruction-only training over a broad range of A, while reconstruction remains stable
under the same sweep. We also compare against objective-reweighting baselines (WSAE), which are
noticeably more sensitive to sparsity and do not yield comparably consistent reductions in ||z,, — x||2
across k (Fig.[I). Fig.[2confirms that the proxy is optimized as intended: increasing A monotonically
decreases the certificate value. Finally, Fig. 3|shows that the certificate is more informative in sparser
regimes (smaller k), motivating stronger sparsity control (e.g., Top-K with small K) for training and
model selection.

Real-model representation quality. On CE-bench |Gulko et al.| (2025)), we report Contrastive,
Independence, and CEyqt, = Contrastive 4+ Independence — « - Sparsity with a = 0.25, together
with health diagnostics (dead fraction, usage entropy, coherence RMS).

For ReLU+{; SAEs (Tab.[I)), self-consistency regularization improves CE-bench scores and yields
substantially healthier dictionaries: in particular, the dead feature fraction drops by 62% (from
0.084£0.008 to 0.032+0.019), alongside higher usage entropy. For Top-K SAEs (Tab. [2), we
observe even larger dictionary health gains under self-consistency regularization, with the dead
feature fraction reduced by 82% (from 0.16040.039 to 0.029 £0.006), together with consistent
improvements in CE-bench scores.

These results indicate that enforcing latent self-consistency not only improves representation quality
but also makes the learned dictionaries markedly more usable (substantially fewer dead features and
more balanced utilization).

6 CONCLUSION

In this work, we showed that accurate reconstruction and even correct dictionary recovery are
insufficient to guarantee recovery of the underlying latent variables. We formalized this gap through a
unified theoretical analysis of latent recovery in SAEs, deriving an upper bound driven by sparsity and
dictionary coherence, and a complementary lower bound that exposes an intrinsic error source arising
from unstable encoder—decoder dynamics. We introduced a simple latent self-consistency regularizer
that directly targets this failure mode. The regularizer is lightweight, requires no architectural
changes, and can be applied off-the-shelf to standard SAE objectives. In controlled synthetic settings,
optimizing this proxy reliably reduces true latent recovery error compared to reconstruction-only
training and objective reweighting baselines. On real-model benchmarks, it consistently improves
representation quality and dictionary health, yielding more balanced and less degenerate feature
dictionaries without relying on stronger sparsity alone.

Limitations and future work. Our theoretical analysis focuses on tied-weight SAEs, which enables
a clean characterization of the latent self-map F(z) = o(WW T 2). Extending recovery guarantees
to untied architectures remains open, as untied autoencoders introduce additional non-identifiability
through families of equivalent solutions Bao et al.|(2020), while regularization and weight tying can
qualitatively affect representation structure and optimization dynamics |[Kunin et al.| (2019); Refinetti
& Goldt (2022)). Importantly, instability of the induced latent dynamics does not depend on weight
tying: in the untied case, the self-map becomes F'(z) = 0(WencWaecz). From this perspective, our
self-consistency regularizer enforces latent dynamical stability, conceptually related to [Fumero et al.
(2025)). Analyzing stability properties of W, Wiec to derive recovery bounds for untied architectures
is a natural future direction.

More broadly, we hope this work encourages the development of interpretability methods that are
grounded not only in reconstruction performance, but in explicit guarantees about latent-space
behavior.
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A RELATED WORK

Polysemanticity and superposition. A recent line of work argues that neural networks encode far
more features than they have neurons or dimensions by representing concepts in superposition. In this
view, individual neurons or directions are generally polysemantic, participating in multiple unrelated
features rather than corresponding to single interpretable concepts|Olah et al.|(2018)); Elhage et al.
(2022); Scherlis et al.[(2022); |Gurnee et al.[(2023); [ Mu & Andreas|(2020). This phenomenon has
been observed across modalities and architectures, and poses a central challenge for mechanistic
interpretability: understanding model behavior requires disentangling many overlapping features that
are not explicitly represented in the basis of the network.

Sparse autoencoders for interpretability. Sparse autoencoders (SAEs) Ng et al.| (201 1)); Makhzani
& Frey| (2013) have recently re-emerged as a practical tool for interpreting learned representations by
attempting to recover approximately monosemantic features from polysemantic activations. Applied
to large language models (LLMs) (Cunningham et al.| (2023)), vision models [Fel et al.|(2025a)), and
multimodal systems [Pach et al.|(2025); |Lim et al.|(2024), SAEs have been shown to extract human-
interpretable directions corresponding to concepts, circuits, or attributes |Cunningham et al.| (2023));
Bricken et al.| (2023);|Gao et al.|(2024); Fel et al | (2025a)). A variety of encoder parameterizations and
sparsity mechanisms have been explored, including ReLLU activations with ¢; penalties Cunningham
et al.| (2023)), hard Top- K activations|Gao et al.|(2024);|Bussmann et al.|(2024)), and gated or structured
units Rajamanoharan et al.|(2024). Most prior work evaluates SAEs primarily through reconstruction
fidelity, sparsity statistics, or downstream interpretability benchmarks Karvonen et al.| (2025).

Identifiability and latent recovery. Despite empirical success, recent theoretical work has high-
lighted fundamental limitations of SAE-based interpretation. In particular, even under idealized
conditions, such as perfect reconstruction of observations and recovery of the ground-truth dictionary,
there is no general guarantee that the learned latent codes correspond to the true underlying factors
Cui et al.| (2025). This has also been observed empirically, demonstrating the instability of SAEs
solutions under retraining [Paulo & Belrose| (2025); [Fel et al.| (2025a). These results emphasize a
distinction between dictionary recovery and latent recovery, and show that reconstruction-based
objectives alone are insufficient to certify that an SAE has learned the intended concepts. Our work
builds directly on this line of inquiry by characterizing both upper and lower bounds on latent recovery
error and by proposing an explicit regularizer that targets latent self-consistency.

Sparse coding and dictionary learning. SAEs are closely related to classical sparse coding and
dictionary learning methods Rubinstein et al.[(2010); [Tibshirani (1996)); Olshausen & Field| (2004);
Lee et al.[(2006); ToSi¢ & Frossard, (2011); [Kreutz-Delgado et al.| (2003)). These approaches aim to
represent data as linear combinations of a small number of dictionary atoms and have been extensively
studied in signal processing and machine learning. In linear settings, strong theoretical guarantees
exist for support recovery and stability under assumptions such as sparsity |[Spielman et al.[(2012);
Gribonval & Schnass| (2010), incoherence, or restricted isometry (Candes| (2008), particularly in
compressed sensing [Donoho| (2006); (Candes et al.| (2006); |Duarte & Eldar (2011)); |[Lopes| (2013]).
However, these guarantees typically concern recovery of sparse codes given a fixed dictionary, rather
than recovery of semantically meaningful latent variables in nonlinear encoder—decoder systems.
Our analysis can be viewed as extending this tradition to tied-weight, nonlinear autoencoders,
highlighting both the role of coherence-induced cross-talk and intrinsic instability introduced by the
encoder—decoder dynamics.

B EXPERIMENTS

B.1 METRICS AND EVALUATION PROTOCOL

Across experiments, we evaluate both task-level representation scores and dictionary-level health
diagnostics.

Synthetic experiments In the synthetic study of section where the ground-truth (GT) latent
code is available, we directly report the latent recovery error L in Equation (7)) as the primary
objective, together with the reconstruction error ||z, — Z,||2. In addition, to assess whether the
certificate provides a meaningful learning signal, we quantify its informativeness by reporting the
Spearman rank correlation between per-sample certificate values and per-sample latent errors. This
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Figure 1: Synthetic study. Sweeping )\ shows how certificate regularization affects latent recovery
and reconstruction across sparsity levels k.

controlled evaluation allows us to test whether the proxy aligns with the true latent objective and
whether certificate regularization improves the intended latent recovery, rather than merely reshaping
reconstruction.

Real-model experiments For real-model evaluations we follow the CE-bench benchmark |Gulko
et al.| (2025) and report Contrastive and Independence scores, together with the sparsity level (lower
is better). The overall CE-bench score is computed as CEyqt, = Contrastive + Independence —
« - Sparsity, and we use the standard choice a@ = 0.25 in all experiments unless stated otherwise.
Contrastive measures the strength of view-specific signal captured by the representation (higher
is better), while Independence measures how well the shared component is disentangled from the
contrasting component (higher is better).

However, CE-bench alone does not fully characterize the quality of the learned SAE dictionary:
improvements can be confounded by shortcuts such as increasing activation density or reallocating
usage in a way that increases CE scores without yielding a healthier, more interpretable representation.
To diagnose these effects, we additionally report dictionary health metrics that are largely orthogonal
to CE-bench: dead fraction (the proportion of rarely activated latent units; lower is better), usage
entropy (how evenly units are utilized; higher is better), and coherence RMS (correlation among
dictionary atoms; lower is better). More details can be found in Appendix D]

Together, these metrics serve as a sanity check for our method: they help verify that our regularizer
improves representation quality by producing healthier and less redundant dictionaries, rather than
improving CE-bench through changes in activation density or feature usage alone.

B.2 SYNTHETIC STUDY

We first validate our self-consistency regularizer in a controlled synthetic setting where the ground-
truth latent code is known. This synthetic study serves two purposes: (i) to test our central claim
that the certificate term provides a usable proxy signal for latent recovery error, and (ii) to examine
whether adding the certificate as a regularizer can actually improve training with respect to the true
latent objective, rather than merely reshaping reconstruction. In addition, we include WSAE |Cui et al.
(2025)) as a representative baseline that modifies the training objective via weighting, and ask and
compare whether such reweighting alone can reliably reduce the true latent error.

Setting. We consider a blind-mixing model. For each sample, we draw a k-sparse latent code
r € R" and form an observed activation x, = W,z € RY, where W, € R?*" is a random
dictionary with controllable column correlation (parameterized by p). We train an SAE with encoder
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Figure 2: Certificate vs. \. The certificate decreases with increasing A, confirming that the regularizer
optimizes its intended proxy objective.

Ty, = o(x,W ) and decoder &, = x,, W, where o () is ReLU. To align with the idealized “perfect-
fit” regime, we adopt an oracle-decoder setup: we fix the decoder to the ground-truth dictionary WpT
(e, &, = mepT ) and optimize only the encoder parameters. We evaluate (i) the latent recovery
error Lo = ||y — |2 (the true objective of interest), (ii) reconstruction error ||z, — &p||2, and (iii)
the certificate cert computed from the SAE self-map induced by decode—encode. We sweep the
certificate weight \ in the training objective £ = Lecon + A Lcert and vary sparsity k; results are
averaged over 30 random seeds. As additional baselines, we also report WSAE with two standard
choices of the weighting exponent (« € {0.5,1}, as set in |Cui et al|(2025)), evaluated under the
same settings.

Analysis of results. Figures [Ta]and [Tb]|report the main effect of regularization by sweeping \ for
multiple sparsity levels k, together with the SAE and WSAE baselines. Across a wide range of A,
adding the certificate term consistently improves the true latent recovery error ||z, — z|| relative
to the reconstruction-only baseline (A = 0), showing that the regularizer can directly optimize the
intended latent objective in this controlled regime. Importantly, the improvement is not merely a
consequence of sacrificing reconstruction: the reconstruction error does not degrade catastrophically
and often improves in tandem with Lg7 over the same sweep. In contrast, WSAE does not yield
a comparable or consistent reduction in the true latent error across sparsity levels: its performance
is noticeably more sensitive to k£ and can be worse than the plain SAE baseline in regimes where
accurate latent recovery is most challenging. This comparison highlights that explicitly regularizing
the latent self-consistency of the SAE self-map is more effective than objective reweighting for
reducing the true latent recovery error. Figure 2] further confirms that our method optimizes the
intended proxy objective. Across all sparsity levels k € {2,4, 8,16}, increasing the certificate weight
A monotonically reduces the average certificate value under SAE+RECON+CERT, while the SAE
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Figure 3: Certificate: GT alignment improves with sparsity. Baseline (A = 0) Spearman
correlation between per-sample certificate values and true latent errors versus k. Smaller £ yields
stronger alignment, motivating later TopK/sparser (small K) choices.

Metric No reg +Reg (A=10) Change
Dead frac | 0.0844 £ 0.0079  0.0320 4+ 0.0186

Usage entropy 1 0.9049 + 0.0013  0.9403 + 0.0110

Coherence RMS |  0.0346 £ 0.0001  0.0339 £ 0.0004

Contrastive 1 0.8374 £0.0029  0.8484 4 0.0052

Independence 1 0.8655 +0.0032  0.8782 + 0.0044

Sparsity | 0.3137 + 0.0010  0.3432 +0.0134  +9.39% (worse)
CE total 1 1.6245 £+ 0.0049  1.6408 + 0.0065

Table 1: CE-bench (ReLU+L1). Mean £ std over 9 runs. CE-bench settings: Npairs=3000,
diaent=2048, =0.25. Reg uses the proposed self-consistency objective with fixed coefficient A=10.
Arrows indicate whether lower/higher is better for each metric; last column reports whether the
change is better or worse accordingly.

and WSAE baselines remain essentially flat. This observation rules out the possibility that the
improvements in ground-truth latent recovery are incidental: the regularizer produces a consistent,
controllable reduction in the proxy it is designed to minimize, which aligns with the reductions in
L¢r in Figure[Td]

Takeaway. Taken together, the synthetic study supports one main conclusion aligned with our
theory: optimizing a latent discrepancy proxy can improve true latent recovery. In particular,
certificate regularization yields consistent reductions in the latent recovery error Lo compared to
both reconstruction-only training and WSAE-style reweighting baselines, while maintaining stable
reconstruction behavior over the same sweep. Separately, we also observe that the certificate becomes
more aligned with the ground-truth latent error in sparser regimes (smaller k), which motivates our
later emphasis on stronger sparsity control (e.g., TopK with small K) so that training and model
selection operate in regimes where the proxy is more informative.

13



Under review as a conference paper at ICLR 2026

Metric No reg +Reg (A=0.5) Change
Dead frac | 0.1599 £+ 0.0386  0.0286 £ 0.0058
Usage entropy 1 0.8124 +0.0040  0.8477 + 0.0123
Coherence RMS |  0.0387 + 0.0003  0.0373 £ 0.0001

Contrastive 1
Independence 1

Sparsity (fixed) |

CE total 1

0.8832 + 0.0054
0.8823 £ 0.0053
0.0156 £ 0.0000
1.7616 £ 0.0103

0.9145 + 0.0030
0.9051 + 0.0024
0.0156 £ 0.0000
1.8157 £+ 0.0052

+0.00% (same)

Table 2: CE-bench (TopK, K=32). Mean = std over 5 runs. CE-bench settings: Np,irs=3000,
dlarent=2048, «=0.25. Reg uses the proposed self-consistency objective with fixed coefficient A=0.5.
Arrows indicate whether lower/higher is better for each metric; last column reports whether the
change is better, worse, accordingly.

B.3 EXPERIMENTS ON CE BENCHMARK

Setting. We evaluate our proposed self-consistency regularizer on the CE-bench benchmark using
SAE features trained on gpt 2 [Radford et al.|(2019) residual-stream activations. Unless otherwise
stated, we extract hidden states from the second-to-last layer, tokenize to a maximum length of 128,
and sample 16 sequences per step (yielding 16,384 tokens/step). We train for 3,000 optimization steps
with learning rate 1073 and latent dimension djyen=2048. CE-bench evaluation uses Npairs=3000
and aggregation weight «=0.25 following the CE-bench protocol, where CE;t,) = Contrastive +
Independence — « - Sparsity. Motivated by our theory that reconstruction can be misleading for
latent quality, we report the standard CE-bench scores and, in addition, independent dictionary
health diagnostics (dead fraction, usage entropy, and coherence) that quantify feature utilization and
redundancy directly.

B.3.1 RELU ACTIVATION + LL1 SPARSITY CONSTRAINT

In this section, the SAE uses a ReLU encoder z,,, = ReLU(Wcn.x + b) and a linear decoder
Zp = WaecTm, trained with a reconstruction loss plus an ¢; penalty on x,,; our method additionally
includes the proposed self-consistency objective Equation (25). Unless otherwise stated, we use
untied parameters for Wep,. and Wgec.

Analysis of results. Table [I| reports meantstd over 9 runs (with one-to-one matched seeds be-
tween our regularization method and the baseline). Adding the self-consistency regularizer im-
proves CE-bench representation quality: both contrastive (0.837£0.003 — 0.848+0.005) and
independence (0.865£0.003 — 0.878+0.004) increase, leading to a higher overall CE total
(1.6244+0.005 — 1.641+0.007). Notably, these gains occur despite a modest worsening of the
CE-bench sparsity term (active fraction increases from 0.31440.001 to 0.343£0.013), which is
penalized in CEyt,); this suggests the improvement is driven by stronger contrastive and indepen-
dence components rather than sparsity changes alone. Beyond the CE-bench scores, we observe
substantial improvements in dictionary health diagnostics, indicating that the regularizer changes
the internal structure of the learned feature dictionary rather than only improving the benchmark
objective. In particular, the dead feature fraction drops by 62% (0.084+0.008 — 0.0324+0.019),
meaning that a much larger portion of the features becomes actively used instead of remaining
effectively unused. At the same time, the usage entropy increases (0.905+0.001 — 0.9404+0.011),
suggesting that activation mass is distributed more evenly across features and the representation is
less dominated by a small subset of units. We also observe a slight reduction in coherence RMS
(0.0346£0.0001 — 0.033940.0004), consistent with reduced redundancy and weaker cross-talk
between dictionary atoms. Notably, these improvements in health metrics occur even though the
CE-bench sparsity term becomes worse (active fraction increases), implying that the regularizer does
not simply enforce “more sparsity”’; instead, it promotes broader and more balanced utilization of
the dictionary while mildly reducing inter-feature redundancy. Overall, the dictionary health results
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provide complementary evidence that certificate regularization yields more usable and less degenerate
feature dictionaries, which aligns with the observed gains in CE-bench representation quality.

Takeaway. For ReLU-based SAEs, enforcing latent self-consistency improves CE-bench performance
and substantially strengthens dictionary health, indicating that the gains arise from more stable and
better-utilized latent features rather than from reconstruction or sparsity effects alone.

B.3.2 ToPK ACTIVATION

In this section, we replace the ReLU+/¢; sparsity mechanism with a Top-K encoder that enforces
exact sparsity by construction. Concretely, we compute pre-activations u = Wepncx), 4 b and form the
latent code x,, = Ik (u) where I1x (-) retains the K largest coordinates of its input (and zeros out the
rest). We then decode linearly as &, = Wqec®r,. The model is trained with the same reconstruction
objective, and our method additionally includes the proposed self-consistency objective Equation (23).
Unless otherwise stated, we use untied parameters, i.e., Wep. and Wy, are learned separately. With
TopK, the active fraction is fixed (here K =32 and dye,=2048, so the sparsity term in CE-bench is
constant across methods), allowing a cleaner attribution of CE-bench improvements to representation
quality rather than changes in activation density.

Analysis of results. Table [2| reports mean+std over 5 matched-seed runs. Under fixed sparsity,
adding the self-consistency regularizer yields a clear and consistent improvement on CE-bench:
contrastive increases from 0.8832+0.0054 to 0.914540.0030 and i ndependence increases
from 0.8823+0.0053 to 0.905140.0024, resulting in a higher overall CE total (1.7616+0.0103 —
1.815740.0052, +3.07%). Since the CE-bench sparsity term is identical across the baseline and our
method (sparsity = 0.0156), these gains cannot be explained by sparsity changes and directly
reflect stronger contrastive and disentangling behavior of the learned representations. Beyond CE-
bench, the dictionary health metrics improve even more dramatically: the dead feature fraction
drops from 0.15994-0.0386 to 0.02864-0.0058 (—82.14%), indicating that TopK features become
substantially less degenerate under regularization despite the same enforced activation budget. Usage
entropy also increases (0.8124+0.0040 — 0.8477£0.0123), suggesting a more balanced allocation of
activations across units, while coherence RMS decreases slightly (0.0387+0.0003 — 0.0373+0.0001),
consistent with reduced redundancy among dictionary atoms. Overall, the TopK results strengthen
the main takeaway from CE-bench: even when sparsity is held fixed, enforcing latent self-consistency
improves both representation quality (CE-bench) and the health of the learned feature dictionary.

Takeaway. Under fixed sparsity with Top-K encoders, self-consistency regularization yields clear im-
provements in CE-bench scores and dictionary health, demonstrating that stabilizing latent dynamics
improves representation quality even when activation density is held constant.

C MISSING PROOFS IN SECTION 3]

Proof of Lemma.|l} Under W,,, = WpT and x, = Wz, the SAE code satisfies
T, = c(Wipzyp) = U(WPTme) = o(Gux).
Moreover, with # = D/2z and G = D~/2GD~1/2 we have
D™'2Gx = (D™'?GD™'/?)(D?z) = Ga.

Since o is coordinate-wise and D~'/2 is a positive diagonal scaling, they commute for positively ho-
mogeneous nonlinearities such as ReLU; equivalently, for ReLU one has D~'/20(u) = o(D~/?u)
for all . Hence

DYy, = D7Y%5(Gx) = o(DV2Gx) = 0(Gi). (27)

We bound the recovery error by a triangle inequality:

ID™ 22y — &2 < | D7V 220 — 0 (3)2 + [|lo(&) — F2. (28)
For the first term, using equation[27)and the 1-Lipschitz property of o yields

1D~ 220 = o(&)||2 = |0(GE) = o(@)[|2 < (G = |2
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Now restrict to the support S = supp(x) = supp(Z). Since G has unit diagonal and off-diagonal

entries bounded by p, each row of Ggg — I has ¢;-norm at most (k — 1)u, implying (e.g., by
Gershgorin)
[Gss — Ill2 < (k= 1)p.
Therefore,
(G = D]z = [[(Gss — DiEsllz < [|Gss = Ill2 [Zsll2 < (k = D) |22

Plugging this bound into equation 28| proves equation [14} For ReL.U, o(t) = max{t,0} implies
|2 — o(Z)]|2 = ||(Z)—||2, completing the proof. O

Proof of Lemma|2] Under the blind-mixing model x,, = W,z and the dictionary matching regime
W = W,[, we have

T = 0(Wiay) = o(W, Wya) = o(W,, W, z) = Fl(x),
which is equation Define ; 2 F(z,,), so that | F'(2,,) — Zomll2 = |2t — 2 ||2-
Since z, x,, € U and F'is L-Lipschitz on U, we have

||F(Ccm) - xm||2 = HF(Im) - F(I)HZ
S LHx’rn - .13”2,

where we used x,, = F'(z) in the first line and the Lipschitz property equation [18[in the second line.
Rearranging yields

||F(xm) - $m||2 _ H-Tt - xm||2
L L ’
which proves equation[T9) O

[2m — 22 >

Proof of Lemma[3] Assume o = ReLU and W,,, = W, Then
F(z) = ReLU(W,, W, z) = ReLU(W, W,z).
ReLU is 1-Lipschitz, hence for any u, v,
| (u)=F (v) 2 = |[ReLU (W, Wyyu)=ReLU(W, Wyv) |2 < W, W (u—0)|l2 < W, Wyl2 [lu—v]2.

Therefore, F'is L-Lipschitz with L < ||WpT W, ll2 = ||[W,||3, proving equation Substituting this
bound on L into Theorem 2] yields equation O

D EXPERIMENTS DETAILS

Additional implementation details. We use two SAE settings throughout: (i) a ReLU+¢; SAE
with ¢; coefficient L1_COEF= 10, and (ii) a TopK SAE that enforces sparsity by construction (no ¢,
penalty is used in this setting). For our regularization method, we add the proposed self-consistency
objective to the training loss with coefficient A, while keeping all other hyperparameters identical to
the corresponding baseline (the specific A values used in each setting are stated in the main text and
table captions). For both ReLU+¢; and TopK, we apply a linear warm-up schedule for the regularizer:
we set A = 0 for the first 600 steps, linearly increase A from step 600 to 1200 until it reaches the
target value, and keep A fixed for the remaining steps. When a smooth proxy for activation statistics is
needed, we use a temperature parameter 7=0.05; this is only used for measuring/monitoring sparsity-
related quantities in the ReLU+¢; setting and does not change the CE-bench metric definitions (TopK
does not require this).

Data budget and batching. Per training step, we process 16 sequences of length up to 128 tokens
(BATCH_TEXT= 16, MAX_LENGTH= 128), yielding TOKENS_PER_STEP= 16,384. For CE-bench
scoring we cap the number of paired samples to MAX_PAIRS= 3000. We report mean=+tstd over
multiple random seeds; seeds are matched across the baseline and our regularization method to enable
paired comparisons (the number of seeds for each setting is stated in the corresponding result tables).
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Dictionary health metrics. To complement CE-bench, we report three dictionary health metrics
computed from the trained SAE. We sample token activations from the target LLM layer, center them
by a running mean, and estimate per-unit usage rates.

Dead fraction (lower is better). Let a; ; = 1[Zm.¢,; > 0]. We define the empirical usage rate of unit 4
as u; = Ey[Tm,i] (estimated by averaging over sampled tokens/steps), and report dead_frac =
i ZZ 1[u; < Tdead] With Tdead = 1074

Usage entropy (higher is better). We normalize usage rates into p; = u;/ Y ; u; and compute the
normalized Shannon entropy

— % plog(ps + €)
IOg dlat

€ [0,1],

usage_entropy =

where € is a small constant, we use 10712 here.

Coherence RMS (lower is better). Let w; be the i-th column of Wye.. After £5-normalizing columns
w; = w; /(|Jw; |2 + €), we form G;; = (w;, w;) and report the RMS off-diagonal correlation:

1
coh.rms =, [— E ij.
dlal Z;éj

where ¢ is a small constant, we use 10~8 here.

Synthetic data generation. In the synthetic study, we generate data from a blind-mixing model
x, = Wyx with controllable dictionary correlation p. We construct W, € R4*" by mixing an
i.i.d. Gaussian matrix with a shared rank-one component (weighted by p) and then normalizing
each column to unit norm, so larger p yields more correlated columns. Each latent code x € R"
is sampled to be exactly k-sparse by choosing k coordinates uniformly without replacement and
assigning nonzero amplitudes uniformly in [0.5, 1.0].

WSAE baseline Cui et al.| (2025) (reimplementation). We include WSAE as a representative
weighting-based baseline. Since the original paper does not release code and leaves some implemen-
tation details unspecified, we implement WSAE based on the algorithmic description in the paper
and match our synthetic data generation, optimization budget, and evaluation protocol. We treat this
as a best-effort reimplementation: the purpose is to test whether objective reweighting alone can
reliably reduce the ground-truth latent error in our controlled setting, rather than to claim a fully
faithful reproduction of all experimental choices in the original work.
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