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Abstract

Data-driven surrogate models offer fast, inexpensive approximations to complex numerical

and experimental systems but typically lack uncertainty quantification, limiting their reliabil-

ity in safety-critical applications. While Bayesian methods provide uncertainty estimates, they
offer no statistical guarantees and struggle with high-dimensional spatio-temporal problems

due to computational costs and dependence on prior specification. We present a conformal pre-
diction (CP) framework that provides statistically guaranteed marginal coverage for surrogate
models in a model-agnostic manner with near-zero computational cost. Our approach handles
high-dimensional spatio-temporal outputs by performing cell-wise calibration while preserving
the tensorial structure of predictions. Through extensive empirical evaluation across diverse
applications-including partial differential equations, magnetohydrodynamics, weather forecasting,
and fusion diagnostics-we demonstrate that CP achieves empirical coverage with valid error bars
regardless of model architecture (Multi-layer perceptrons, U-Net, Fourier neural operator, ViT,
GNN), training regime, or output dimensionality (spanning 32 to over 20 million dimensions).
We evaluate three nonconformity scores (conformalised quantile regression, absolute error resid-
ual, and standard deviation) for both deterministic and probabilistic models, showing that guaran-
teed coverage holds even for out-of-distribution predictions where models are deployed on physics
regimes different from their training data. Calibration requires only seconds to minutes on stand-
ard hardware, with prediction set construction incurring negligible computational overhead. The
framework enables rigorous validation of pre-trained surrogate models for downstream applic-
ations without retraining, providing actionable uncertainty quantification for decision-making

in scientific domains. While CP provides marginal rather than conditional coverage and assumes
exchangeability between calibration and test data-limitations we demonstrate empirically through
sensitivity analyses-our method circumvents the curse of dimensionality inherent in traditional
uncertainty quantification approaches, offering a practical tool for the trustworthy deployment of
machine learning in the physical sciences.

1. Introduction

Partial differential equations (PDEs) governing physical processes are solved using complex numer-
ical simulation codes. While these codes offer mathematically rigorous solutions, they are limited to
discretised domains and require computationally expensive iterative solvers such as finite-volume and
finite-element methods. Such simulation codes are central to scientific disciplines in biology (Hospital
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et al 2015), engineering (Giudicelli et al 2024), and climate science (Danabasoglu et al 2020, Lavin et al
2021), but are difficult to deploy for rapid, iterative modelling required while exploring design spaces.
Machine learning offers an alternative data-driven route for obtaining quick, inexpensive approximations
to numerical simulations (Bertone et al 2019, Karniadakis ef al 2021). Data-driven surrogate models dis-
til spatio-temporal information from simulations into parameterised machine learning models. Due to
their efficiency, cost-effectiveness, and relative accuracy, neural networks have become ubiquitous within
scientific modelling, with primary importance in tackling large-scale PDEs in climate (Kurth et al 2023,
Lam et al 2023), computational fluid dynamics (CFD) (Jiang et al 2020, Pfaff et al 2021), and nuclear
fusion (Gopakumar and Samaddar 2020, van de Plassche et al 2020).

However, these surrogate models remain approximations of true physical systems, inheriting multiple
layers of uncertainty from both the numerical codes and the PDE formulations themselves. Critically,
they often fail to quantify their approximation error relative to the numerical code, producing overcon-
fident outputs regardless of their training domain. This poses two key problems: (a) without confidence
assessment, erroneous predictions can lead to severe downstream consequences; (b) high training costs
are wasted if predictions lack actionable uncertainty quantification. While several works have attemp-
ted uncertainty estimation for surrogate models (Geneva and Zabaras 2020, Alhajeri et al 2022, Psaros
et al 2023, Zou et al 2024), they fail to provide statistical guarantees over error bars and do not scale to
complex scenarios (Abdar et al 2021). Moreover, they require computationally expensive ensemble train-
ing Lakshminarayanan et al (2017), extensive sampling (MacKay 1992), or architectural modifications
(Gal and Ghahramani 2016). Validating surrogate model outputs for specific downstream applications
remains a pressing challenge.

Conformal prediction (CP) (Vovk et al 2005) provides a framework for computing statistically guaran-
teed error bars over pre-trained and fine-tuned models, i.e. error bars calibrated to provide required cov-
erage. CP relies on calibrating model performance across a dataset representative of the desired predic-
tion distribution, then utilising these calibration measures to provide valid error bars for model outputs.

In this paper, we conduct a thorough empirical study demonstrating that CP provides statistically
guaranteed error bars for neural-network-based surrogate models across spatio-temporal domains, even
in out-of-training-distribution scenarios. Through experiments of increasing complexity, we show guar-
anteed marginal coverage irrespective of model choice (deterministic or probabilistic), output dimen-
sionality (up to 20 million dimensions), training data, or physical setting. We explore various CP meth-
ods, comparing their cost, performance, and architectural requirements. Our work provides a rigorous
method to assess the usefulness, validity, and applicability of pre-trained and fine-tuned surrogate mod-
els for inference and production scenarios.

Applications to critical scientific challenges

Machine-learning-based surrogate modelling accelerates scientific simulation through computational
efficiency and enables data-driven discovery at scale. When modelling complex systems such as CFDs,
nuclear fusion and weather forecasting, both computational speed and accurate uncertainty estim-

ates are crucial. In safety-critical systems Knight (2002), supplementing model predictions with calib-
rated uncertainty estimations is imperative for improved decision-making in downstream tasks. The

CP framework demonstrated here advances uncertainty quantification for complex scientific model-
ling at scale with industry-level safety-critical applications. Neural-PDE solvers offer quick, inexpens-
ive PDE solutions (Yin et al 2023), enabling system understanding and optimal design point identifica-
tion (Li et al 2023, Shukla et al 2024). As these models become ubiquitous, verifying prediction accur-
acy becomes pressingly important. Applications span nuclear fusion for low-carbon energy produc-
tion (Kates-Harbeck et al 2019, Linke et al 2019, Degrave et al 2022, Lerede et al 2023, Carey et al 2024,
Pamela et al 2024) to weather forecasting for proactive climate change response (Ebi et al 2021, Sheshadri
et al 2021, Bouallegue et al 2024). Through this work, we propose a model-agnostic method providing
calibrated error bounds for all variables, lead times, and spatial locations, requiring no model modifica-
tions with negligible computational costs.

Outline

The paper is structured as follows: section 2 introduces the inductive CP framework, spatio-temporal
data, associated exchangeability assumptions, and the mathematical extension of CP to spatio-temporal
domains. Section 3 presents experiments deploying our CP framework across diverse modelling tasks,
from PDEs to climate modelling. Section 4 discusses the framework’s strengths and limitations, and
section 5 concludes.
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Figure 1. Inductive CP framework using absolute error residual (AER) nonconformity scores (see section 2.2): (1) Calibrate by
computing nonconformity scores (5) from calibration predictions (y.) and targets (y.). (2) Estimate the quantile (§) for desired

coverage (1 — «) using n calibration samples and the inverse CDF F;l. (3) Construct prediction sets by applying 4 to test predic-
tions ().

2.CP

CP (Vovk et al 2005, Shafer and Vovk 2008) addresses a fundamental question in machine learning:
given a dataset (X1,Y}), (X2, Y3),...,(Xy,Y,) and a trained model f: X — ), how accurate is f at pre-
dicting the true label Y,; for a new query point X,,1;? CP extends point predictions y to prediction sets
C* that contain the true label with guaranteed probability:

P(Y,1€C*)2>21-a. (1)

This coverage guarantee holds regardless of the model architecture or training procedure, requiring only
that calibration samples are exchangeable (a weaker form of i.i.d)(Vovk et al 2005).

Several CP variants exist, with inductive CP (Papadopoulos 2008) being particularly efficient for
neural networks. This approach splits data into a training set (for model training) and a calibration set
(for constructing prediction sets C*). The prediction sets satisfy equation (1) by comparing model out-
puts to calibration data using a nonconformity score, i.e. a metric quantifying prediction error.

The inductive CP framework operates through three fundamental steps (figure 1). First, nonconform-
ity scores s(x,y) are computed on calibration data, quantifying the disagreement between predictions and
ground truth-larger scores indicate worse model performance. Second, the (1 — «)-quantile g of these
scores is estimated, providing the threshold for constructing prediction sets. Third, for any test point
Xtest> the prediction set C(Xiest) = {¥ @ $(Xtest, ¥) < g} includes all outputs whose nonconformity scores fall
below § (Angelopoulos and Bates 2023). Critically, while the coverage guarantee in equation (1) holds
universally, regardless of model quality, the usefulness of the prediction sets depends entirely on the
choice of nonconformity score function. Well-designed scores that accurately rank prediction difficulty
yield tight intervals for easy inputs and wider intervals for challenging ones; poorly chosen scores pro-
duce uninformative but still valid prediction sets.

2.1. CP for spatio-temporal data

While originally developed for single-output predictions (Vovk et al 2005), CP has been extended to
spatio-temporal domains (Stankeviciute ef al 2021, Xu and Xie 2021, Sun 2022, Xu et al 2023, Ma et al
2024). We consider models predicting the evolution of spatio-temporal fields in physical systems as
found in PDE modelling, weather forecasting, and fusion diagnostics. Each modelling task is formulated
as an initial value problem where calibration and prediction sets consist of input—output pairs character-
ised by initial conditions and their solutions.

Our framework performs calibration independently for each cell of the spatio-temporal tensor
(figure 2), providing marginal coverage guarantees at every spatial and temporal location. This cell-wise
approach yields upper and lower bounds for each point without explicitly modelling spatial correlations,
instead relying on the neural network to capture spatial dependencies during training. The discretised
spatio-temporal grid must remain consistent between calibration and prediction sets. We formalise this
approach to provide statistically valid, dimension-independent marginal coverage for high-dimensional
outputs, as demonstrated across diverse applications, including multi-physics systems and operational
weather models.

2.1.1. Mathematical formulation

Consider a model f mapping initial temporal sequences of spatial fields X € R Nar to future
sequences Y= f(X) € RTouX NN, XN - ywhere Ty, Toue denote input and output time steps, N, N, are
spatial dimensions, and Ny, is the number of variables. The calibration procedure § = C(f’, Y) uses
model predictions Y and ground truth Y to compute quantiles § € RTouxNexNyxNar iy 3 point-wise man-
ner. These quantiles define lower (L) and upper (U) bounds forming the prediction set C, with L and

Tin X Nx X Ny X

3
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Figure 2. Cell-wise uncertainty calibration using CP for a U-Net modelling the wave equation in an out-of-distribution setting
(section 3.3.1). Rows show: ground truth, model prediction, uncalibrated 95% coverage from MC dropout (20), and calibrated
95% coverage (v = 0.05) from CP. Cell-wise calibration provides guaranteed coverage for each spatial location. MC dropout
produces unrealistically small uncertainties, while CP error bars correctly identify regions of high uncertainty corresponding to
complex dynamics.

U sharing the dimensionality of 4. For a test point X, with true label Y, ;, the coverage guarantee
becomes:

E[(Ype1 = L)A (Yo <U) 21— an )

Equation (2) holds for each tensor cell given sufficient calibration samples and maintained
exchangeability (Vovk 2012).

2.2. Nonconformity scores
Nonconformity scores quantify model deviation from ground truth using the calibration set
(Angelopoulos and Bates 2023). We employ three methods:

o Conformalised quantile regression (CQR) (Romano et al 2019): Train three models to predict the
100 x ath, median, and 100(1 — a)th percentiles using quantile loss (Koenker 2005). The noncon-
formity score measures distance to the nearest bound: s(x,y) = max{f(x) — y,y — f(x)}. After comput-
ing g, the prediction set is obtained as {f(x) — g, f(x) +4}.

e Absolute error residual (AER) (Lei et al 2018): Train a single deterministic model using standard loss
(e.g. MSE). Compute nonconformity scores as absolute errors: s(x,y) = |y — f(x)|. The prediction
set becomes {f(x) — 4, f(x) + 4}. This requires no architectural modifications and is computationally
efficient.

o Standard deviation (STD): Use probabilistic models outputting mean p(x) and STD o(x). The non-
conformity score is s(x,y) = %, yielding prediction sets {u(x) — o (x), u(x) + go(x)}. This
requires architectural changes (e.g. dropout layers) or modified training (e.g. negative log-likelihood
loss). The dependence on the STD of the prediction introduces a weak sense of conditionality.

4
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Figure 3. Empirical coverage versus target coverage (1 — ) across experiments and nonconformity scores. The diagonal repres-
ents ideal coverage. All methods achieve near-perfect coverage across four PDE experiments, validating equation (1).

Figure 3 demonstrates that all three nonconformity scores achieve guaranteed coverage across diverse
experiments (details in section 3). While coverage quality varies slightly between methods, CP ensures
validity regardless of the choice. We select nonconformity scores based on practical considerations: archi-
tectural constraints, calibration cost, and data availability.

To validate coverage empirically, we compute:

Nyal
P(Yvale(Co‘)% TIZLCQ (Yz), (3)
Val =1

where Ico is the indicator function for the prediction set. Valid coverage requires this to exceed 1 — av.
The empirical coverage obtained for a setting follows a Beta distribution characterised as (Vovk 2012):

1
— Y Ice (Y;) ~ Beta (nea + 1 - 11), (4)

where I = | (#1ca41)(1 — @) | and ngy is the calibration set size.

2.3. Computational complexity of calibration

The CP calibration procedure has complexity O(d - 1, lognc,), where d = Toy X Ny X Ny X Nyg is

the output dimensionality and 7., is the calibration set size. This comprises: (1) computing noncon-
formity scores s(x,y) for all ne, samples across d dimensions, requiring O(n, - d) element-wise oper-
ations (e.g. |Y — Y| for AER), and (2) sorting scores to estimate quantiles  per dimension, requiring
O(d - neylogne,) operations. Once calibrated, constructing prediction sets for new predictions requires
only O(d) operations by applying the pre-computed quantiles. The procedure requires only forward
passes and sorting—no gradient computation or model retraining—and is embarrassingly parallel across
dimensions. This computational efficiency is particularly advantageous compared to alternative UQ
methods that require ensemble training (O (#epsemble - training cost)) or extensive Bayesian sampling. As
shown in table 1, calibration remains practical even for d > 107 dimensions, with times ranging from

5
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Figure 4. Constructing exchangeable pairs for simulation versus experimental data. Simulation-based: Multiple independent runs
with varying initial conditions at t = 0, each forecasting the same time horizon to t = T. Experimental data: Single long-duration
experiment partitioned into multiple IVPs with different starting times T; from a larger temporal domain, each forecasting the
same duration AT.

< 1 second (low-dimensional cases) to a few hundred seconds (20 M+ dimensions for weather forecast-
ing), demonstrating the near-zero computational cost that makes CP particularly suitable for production
deployment of surrogate models.

2.4. Exchangeability requirements
We treat spatio-temporal surrogate modelling as an initial-value problem (IVP), where models evolve
initial states autoregressively or in one-shot mappings. Each input-output pair (X;,Y;) from calibration
and prediction sets is assumed exchangeable when initial conditions are sampled i.i.d. from the distri-
bution of interest. This assumption requires: (1) consistent spatio-temporal structure (section 2.1.1)
across the inputs and output, (2) identical discretised domains across calibration and prediction, and
(3) exchangeability between calibration and test data (Angelopoulos and Bates 2023).

Our experiments (section 3) involve two distinct scenarios for constructing exchangeable pairs
(figure 4):

2.4.1. Simulation-based exchangeability
For surrogate models of numerical simulations (sections 3.1-3.6), exchangeability is straightforward. The
modelling task maps from the simulation start t =0 to a fixed future time ¢ = T. Each simulation begins
at t =0 with initial conditions sampled from a distribution Pic characterising the parameter space of
interest. For example, in the MHD plasma blob experiments (section 3.5), initial conditions vary in blob
positions, widths, and amplitudes (table 9), while the temporal evolution window [0, T] remains identical
across all simulations.

This creates a natural exchangeability structure: each pair (X;,Y;) represents an independent draw
from the joint distribution of initial conditions and their corresponding solutions. Multiple simula-
tions with varied physical parameters provide abundant exchangeable pairs without violating temporal
dependencies, as each simulation is an independent realisation of the physical system. The computational
cost of generating additional calibration data is primarily limited by simulation expense rather than data
availability.

2.4.2. Experimental data exchangeability
For surrogate models trained on experimental observations (sections 3.7 and 3.8), exchangeability is con-
structed through temporal windowing while preserving the IVP structure. Experimental data, such as
continuous weather observations or plasma diagnostics, form long time series from which we extract
multiple training examples.

The key insight is constructing exchangeable IVPs from a single temporal sequence. Each pair (X;,Y;)
represents an IVP where: (1) initial condition X; is extracted at time t = T; from the larger domain, (2)
the model forecasts forward for fixed duration AT, (3) target Y; spans [T}, T; + AT], and (4) starting
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time T; varies while AT remains constant. Here, these pairs can be treated as exchangeable, as we con-
sider the data distribution to be characterised by a wide range of initial conditions, and the prediction
window remains the same.

Crucially, predictions depend only on X;, independent of absolute time T;. A weather forecast initial-
ised at 12:00 January 5th, predicting 48 hours ahead is exchangeable with one initialised at 18:00 January
12th with the same forecast horizon, such that both solve the same IVP: “given these atmospheric con-
ditions, predict evolution over 48 hours.” This time windowing transforms a single time series into N
exchangeable pairs by sampling initial conditions Ti, T3, ..., Ty from distribution Pr representing typical
states within the observed period. The fixed window AT ensures identical structure across pairs, satisfy-
ing section 2.1.1.

For fusion camera diagnostics (section 3.8), we extract 10-frame initial conditions from differ-
ent time points within discharge shots, each predicting the subsequent 10 frames. The model learns
mappings from the current plasma state to the near-future state, agnostic to absolute discharge time.
Similarly, weather forecasting (section 3.7) constructs pairs from different initialisation times across
months, each representing the same multi-day forecast problem.

Important limitation: Exchangeability can be violated with experimental data when calibration and
test distributions differ (e.g. different seasons in weather, different plasma regimes in fusion). We
demonstrate this sensitivity in sections 3.7 and 3.8, showing reduced coverage when exchangeability
assumptions break. Users must verify distributional similarity or recalibrate when conditions change
substantially.

3. Experiments

We empirically validate our CP framework across diverse surrogate models trained on spatio-temporal
data from physical systems. Our experiments span multiple neural architectures commonly deployed in
scientific modelling: Multi-layer perceptrons (MLPs) (Haykin 1994), U-Nets (Ronneberger et al 2015),
Fourier neural operators (FNOs) (Li et al 2021), vision transformers (Yin et al 2022b), and graph neural
networks (GNN) (Scarselli et al 2009). These architectures have proven effective for surrogate modelling
in diverse applications, including wind turbine design (Lalonde et al 2021), high-energy physics (Baldi
et al 2016), fusion reactors (Mdének et al 2023), fluid dynamics (Gupta and Brandstetter 2023), carbon
capture (Wen et al 2023), weather forecasting (Kurth et al 2023, Lam et al 2023), and plasma evolution
(Gopakumar er al 2023).

Relationship to Other UQ Methods: In this work, we focus on empirically demonstrating how inductive
CP provides calibrated error bars across diverse spatio-temporal models using various non-conformity
scores (as detailed in section 2.2). Our framework addresses both deterministic models (using AER)

and probabilistic models-whether frequentist (CQR) or Bayesian (STD)-showcasing CP’s model-agnostic
nature and its ability to provide or calibrate guaranteed coverage across these different paradigms.

CP fundamentally differs from alternative UQ approaches such as deep ensembles and Bayesian
neural networks by providing finite-sample, distribution-free guarantees on coverage. In contrast,
ensemble and Bayesian methods provide asymptotic or model-dependent uncertainty estimates without
such guarantees. While these methods can produce useful uncertainty estimates, they often fail to achieve
desired coverage without post-hoc calibration. A comprehensive empirical comparison between CP and
Bayesian deep learning methods for surrogate modelling-including coverage reliability, computational
costs, and calibration quality-is presented in Gopakumar et al (2025), where we demonstrate that meth-
ods like MC Dropout and deep ensembles frequently require further calibration to achieve valid cover-
age. The present work establishes CP’s applicability and scalability to high-dimensional spatio-temporal
problems across multiple scientific domains.

Computational setup: All models were trained on NVIDIA A100 GPUs with 80GB memory. Calibration
and prediction sets were evaluated on standard laptop hardware, demonstrating the computational effi-
ciency of our approach. The experiment procedure is outlined in the algorithm below.
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CP Framework: Experiment Structure CP framework structure.

1: Generate/gather training data (simulation or experimental)

2: Train surrogate model (or use pre-trained model)

3: Generate/gather calibration dataset (or use fine-tuning dataset)
4: Compute nonconformity scores and quantiles via CP framework
5: Construct prediction sets with guaranteed coverage

6: Validate coverage on independent test set

Table 1. Comprehensive coverage results for & = 0.1 (90% target coverage). Uncalibrated coverage (unavailable for AER) shows initial
estimates before CP calibration. Calibration time is reported on standard laptop hardware. Tightness represents average error bar width
in normalised units (Min—Max normalisation between —1 and 1).

Output
Case Model Dims Method  Uncalib. (%)  Calib. (%) Cal. Time (s)  Tightness
CQR 94.61 90.01 0.0035 0.012
1D Poisson MLP 32 AER — 90.05 0.0030 0.002
STD 97.5 90.85 0.133 0.025
CQR 25.53 93.05 19.70 0.314
1D Conv-Diff U-Net 2000 AER — 92.60 8.30 0.266
STD 88.43 90.29 88.15 0.164
CQR 96.95 89.21 8.40 0.132
U-Net 32670 AER — 9491 3.52 0.013
2D Wave STD 4.45 90.30 39.51 0.012
FNO* 65340 AER — 89.24 34.18 0.330
STD 32.81 89.83 462.0 0.669
2D Navier—Stokes FNO* 40960 AER — 90.08 4.83 0.381
STD 7.52 90.27 64.75 0.448
2D MHD FNO 1348 320 AER — 90.18 359.12 0.039
2D MHD ViT* (PT) 313344 AER — 89.95 2980.50 0.062
ViT* (FT) AER — 89.78 2078.50 0.015
2D Camera FNO 2867200 AER — 91.28 293.62 0.131
2D Weather GNN 20602232 AER — 91.19 229.23 1.13
(Limited area) GNN STD 73.55 89.97 309.55 0.91
2D Weather GNN 12777 600 AER — 90.03 366.41 1.34
(Global) GNN STD 71.22 89.88 400.57 1.28

*indicates out-of-distribution evaluation where calibration and training distributions differ. PT: pre-trained model; FT: fine-tuned
model.

Table 1 presents our main empirical findings. Across all experiments, models, and nonconformity
scores, we achieve near-perfect calibration to the target 90% coverage (oo =0.1). For methods with initial
uncertainty estimates (CQR and STD), we show both uncalibrated and calibrated coverage, demonstrat-
ing how CP corrects potentially misleading uncertainty quantification. The tightness metric, computed
as average error bar width in the normalised space (linear transformation of the field to lie between
—1 and 1), reveals that AER generally provides the tightest fits, with STD as a close second. Critically,
these results hold across output dimensions ranging from 32 to over 20 million, demonstrating that our
framework overcomes the curse of dimensionality. All models were trained on an Nvidia A100 GPU and
evaluated and calibrated over standard laptop hardware.

3.1. 1D poisson equation

The Poisson equation generalises the Laplace equation and models diverse phenomena, including elec-
trostatics, gravitation, and fluid potential fields (Hackbusch 2017). This steady-state elliptic PDE serves
as our simplest test case, mapping an initial field distribution to its equilibrium state along a 1D domain
[0,1] discretised into 32 uniform points.seasons in weather, differen

Dataset: We generated 7000 simulations using finite difference methods (py-pde package (Zwicker
2020)) by varying the initial field value u;ny ~ U(0,4), allocated as 5000 training, 1000 calibration, and
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Figure 5. Calibrated prediction sets (cv = 0.1, 90% coverage) for the 1D Poisson equation using three nonconformity scores
(CQR, AER, STD). The simple dynamics enable near-perfect model fit, resulting in tight, well-calibrated error bars. Ground
truth (black line), model prediction (blue line), and shaded regions depict the prediction sets.

1000 validation samples. All datasets were sampled from the same distribution.seasons in weather, dif-
feren

Models and training: We trained separate MLPs (3 layers, 64 neurons per layer) for each nonconform-
ity method: (i) three models for CQR modelling the 5th, 50th, and 95th quantiles using quantile loss
(Koenker 2005); (ii) one deterministic model for AER using L1 loss; and (iii) one probabilistic model
with dropout layers for STD. Training used the Adam optimiser (Kingma and Ba 2015) with initial
learning rate 0.005 (halved every 100 epochs) for up to 1000 epochs. Further details about the physics,
data generation strategies and model training can be found in appendix A. seasons in weather, differen

Results: Figure 5 visualises the o =0.1 prediction sets for all three methods. The MLP learns this simple
mapping with high accuracy, yielding tight uncertainty bounds. All methods achieve the guaranteed cov-
erage (table 1), with AER providing the tightest fit (0.002 normalised units) and minimal calibration
time (3 ms). The probabilistic STD method achieves comparable coverage but with slightly wider bounds
(0.025 normalised units) and longer calibration time (133 ms) due to Monte Carlo dropout sampling.

3.2. 1D convection—diffusion equation

We advance to a spatio-temporal system governed by the convection—diffusion equation, which combines
parabolic and hyperbolic PDE characteristics to model transport phenomena across diverse applications
(Chandrasekhar 1943). This equation describes how a fluid density field evolves under the competing
effects of diffusion (smoothing) and convection (transport). We consider a spatially-varying diffusion
coefficient and Gaussian initial conditions parametrised by mean and variance, with the system evolving
over a 1D spatial domain x € [0,10] and time interval ¢ € [0,0.1].seasons in weather, differen

Dataset: We generated 5000 simulations using a forward-time centred-space finite difference scheme
across 200 spatial points and 100 time steps. The training set (3000 samples) was generated via Latin
hypercube sampling over physically relevant ranges of diffusion coefficients, convection velocities, and
initial condition parameters. To test out-of-distribution robustness, calibration and validation sets (1000
each) were sampled from a shifted parameter regime with reduced diffusion and enhanced convection.
This distribution shift mimics real-world deployment scenarios where test conditions may differ from
training.seasons in weather, differen

Model and training: A 1D U-Net with 4 encoder—decoder levels maps the first 10 time steps (down-
sampled from 100) to the next 10 steps. The architecture uses batch normalisation and tanh activa-
tions. For STD, we added dropout layers (rate 0.1) after each encoder—decoder block. Training fol-
lowed the same optimiser schedule as the Poisson case, using quantile loss for CQR and MSE loss oth-
erwise. Further details about the physics, data generation strategies and model training can be found in
appendix B. seasons in weather, differen

Results: Despite testing on a physical regime with 2x higher convection and half the diffusion com-
pared to training data (figure 6), CP provides valid guaranteed coverage (table 1). The uncalibrated CQR
severely underestimates uncertainty (25.53% coverage), while CP calibration increases this to 93.05%.
For STD, the uncalibrated 88.43% coverage is refined to 90.29%. Figure 3 confirms guaranteed cov-
erage across all « levels for both training-distribution and out-of-distribution settings. While CQR

and AER produce conservative bounds (potentially due to model over-fitting on this relatively simple
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Figure 6. Calibrated prediction sets (o = 0.1, 90% coverage) for 1D convection—diffusion evaluated on out-of-distribution data
at final time t = 0.1. CP successfully calibrates initially insufficient coverage (CQR: 25.53% — 93.05%) or refines sampled uncer-
tainty (STD: 88.43% — 90.29%) to guarantee target coverage. Ground truth (black), prediction (blue), calibrated bounds (red
shaded), and uncalibrated bounds (gray dashed) where applicable.
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Figure 7. Prediction sets for the 2D wave equation using three nonconformity scores. Colour bars show coverage levels (in %,
corresponding to 1 — ). Each panel displays a spatial slice along the y-axis at the final time step. The ground truth (black with
white markers) lies within the calibrated bounds, validating equation (1).

task), all methods maintain coverage guarantees. This experiment demonstrates a critical capability: CP
provides valid uncertainty quantification even when deployed outside the training distribution, provided
exchangeability holds between calibration and prediction regimes.

3.3. 2D wave equation

The 2D wave equation models wave propagation in acoustics, optics, and quantum mechanics (Tipler
2008). We simulate Gaussian wave packets evolving on a 33 x 33 spatial grid over 80 time steps. A train-
ing dataset of 500 simulations is generated by varying the amplitude and position of the initial Gaussian.
We train both a U-Net (feed-forward) and an FNO (autoregressive) to model the temporal evolution.
Calibration and validation each use 100 additional simulations respectively. Full physics details and
numerical methods are in appendix C.

3.3.1. U-net

The U-Net performs a single feed-forward mapping from 20 input time steps to 30 output time steps,
producing outputs of shape [30,33,33]. Coverage is estimated cell-wise across the output tensor follow-
ing section 2.1.1.

Figure 7 shows spatial slices of prediction sets at multiple « levels. All three methods achieve valid
coverage (figure 3 and table 1), with AER being computationally cheapest. Both CQR and AER produce
conservative (wide) intervals, as expected from the inequality in equation (1). AER and STD provide
tighter fits than CQR while maintaining coverage guarantees.

Out-of-distribution testing. To test robustness, we generate new calibration and validation datasets by
solving the wave equation with half the wave velocity used during training. This tests CP’s effective-

ness when the calibration regime differs from the training distribution. As shown in figure 2, uncalib-
rated MC dropout fails to capture modelling errors in this out-of-distribution regime. In contrast, CP

10



10P Publishing

Mach. Learn.: Sci. Technol. 7 (2026) 015025 V Gopakumar et al

provides statistically guaranteed bounds regardless of the model’s training conditions. This demonstrates
CP’s value for deploying pre-trained surrogates in new physical regimes without costly retraining.

3.3.2. FNO

We train an FNO in an autoregressive framework: the model takes 20 initial time steps, predicts the next
10 steps, then recursively unrolls to produce 60 total output steps (shape [60,33,33]). CP is performed
over the entire rolled-out output. Since FNOs perform best with relative L? loss, we omit CQR for this
architecture.

The FNO is tested in both in-distribution and out-of-distribution (half-speed) settings, matching
the U-Net experiments. Figure 8 shows that CP provides valid error bars under both conditions. The
key requirement is exchangeability between calibration and prediction regimes, not similarity to training
data. This enables valuable UQ even for previously unseen solution families. The FNO achieves tighter
coverage than the U-Net (figure 3), likely due to its operator learning formulation. Additional coverage
plots are in figure 23(appendix C).

3.4. 2D Navier-Stokes equations

The incompressible 2D Navier—Stokes equations describe viscous fluid dynamics, modelling conservation
of mass and momentum. Their complexity and strong nonlinearity necessitate CFD solvers. Neural-PDE
methods offer efficient alternatives at scale (Azizzadenesheli et al 2024). Following Li et al (2021), we
train an FNO to model vorticity evolution. The model is trained on simulations with viscosity v = 1077,
then calibrated and tested on data with v = 10~ (out-of-distribution). The FNO maps 10 input time
steps to the next 10 output steps. Physics details and training specifications are in appendix D.

To enable STD-based CP, we modify the FNO architecture by adding dropout layers, creating a prob-
abilistic operator. The resulting model outputs both mean predictions and uncertainty estimates via MC
dropout sampling.

Figure 9 demonstrates CP’s ability to calibrate probabilistic models. The uncalibrated dropout-based
uncertainty provides only 7.52% coverage, severely underestimating prediction errors. CP adjusts these
intervals to achieve the target 67% coverage (we show 67% instead of the standard 90% to better visual-
ise the calibration effect at moderate coverage levels). Coverage validation across all « levels is shown in
figure 3. This helps illustrate CP’s dual utility: providing guarantees for deterministic models (via AER)
and calibrating uncalibrated probabilistic models (via STD).

3.5. 2D magnetohydrodynamics (MHD)

MHD couples the Navier—Stokes equations with Maxwell’s equations to model plasma evolution in
fusion devices such as tokamaks (Bellan 2006). We consider a reduced-MHD system (Hoelzl et al 2021)
describing multiple plasma blobs in a non-uniform temperature field. The system evolves three coupled
variables—density (p), electrostatic potential (®), and temperature (T)—on a 106 x 106 toroidal grid
(coordinates R, Z). This represents a challenging multi-variable, multi-physics problem. Full physics
equations are in appendix E.

We use 2000 simulations from the JOREK code (Hoelzl et al 2021), split into 1000 for training, 500
for calibration, and 500 for validation. Each simulation varies the initial conditions (blob positions,
widths, amplitudes) while keeping the physics parameters fixed. The dataset and pre-trained model are
taken from Gopakumar et al (2024).

A multi-variable FNO learns the coupled dynamics of all three fields simultaneously. The model
autoregressively predicts from 10 input time steps to 5 output steps, recursively continuing to the 50th
time step. CP is performed over the complete spatio-temporal domain, yielding prediction sets for each
cell in the 4D output tensor (time X R X Z x variables). Given the model’s scale (9.4 M parameters,
1.35M output dimensions), we use only the AER method for computational efficiency.

Figure 10 shows spatial slices through the prediction sets for all three variables at a single time step.
The calibrated error bars successfully bound the sharp density, potential, and temperature peaks charac-
terising the plasma blobs. Coverage validation (figure 3) confirms guaranteed marginal coverage across
all 1348 320 output dimensions (50 x 106 x 106 x 3), demonstrating CP’s scalability and immunity to the
curse of dimensionality. The bounds provide interpretable confidence estimates for each variable’s spatial
distribution, enabling assessment of the surrogate’s reliability across the operational domain.
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Figure 8. CP performance for autoregressive FNO on the wave equation. Top row: ground truth; middle row: FNO predictions;
bottom row: calibrated error bars (90% coverage). Valid coverage is maintained both within (a) and outside (b) the training
distribution, demonstrating CP’s robustness to distribution shift.

3.6. Foundational physics models

Foundation models pre-trained on diverse PDE datasets (Bommasani et al 2022, McCabe et al 2023,
Alkin et al 2024, Hao et al 2024, Rahman et al 2024) have emerged as a promising approach for multi-
task scientific modelling. These models employ transformer-based architectures with attention mechan-
isms across spatio-temporal domains, learning shared representations of differential operators (e.g. diffu-
sion, convection) common across PDE families. This enables them to capture global behaviours during
pre-training, leaving task-specific local features for fine-tuning (Alkin et al 2024).
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Figure 10. Spatial profiles at timestep 20 showing 90% coverage (= 0.1) for multi-variable MHD predictions. Columns: density
p (left), potential  (centre), temperature T (right). Rows show profiles along the R-axis (top) and Z-axis (bottom). For each
variable, we display the numerical solution, FNO prediction, and calibrated upper/lower bounds. CP accurately captures the
sharp features of plasma blobs across all three coupled variables.

As these models scale and deploy across safety-critical applications, UQ becomes essential. CP offers
an efficient validation framework: for fine-tuned models, the existing fine-tuning data can serve as cal-
ibration data, eliminating the need for additional simulations. This is justified because fine-tuning aims
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to align the model with a specific target distribution, making performance within that distribution the
primary concern.

We apply CP to the multi-physics pre-trained adaptive vision transformer (MPP-AViT) of McCabe
et al (2023). This model uses shared embeddings and normalisation across variables, with an AViT back-
bone (Yin ef al 2022a) that sequentially attends over space and time. The model autoregressively predicts
the next time step given current field values. We refer to McCabe et al (2023) for full architectural and
training details.

3.6.1. Pre-trained model: zero-shot learning

We test the largest pre-trained model (MPP-AViT-L, 409 M parameters) on MHD density evolution—a
physics regime not seen during training. The model was pre-trained on shallow-water, diffusion-reaction,
and Navier—Stokes equations, learning to model densities, velocities, and pressures. We extract only dens-
ity fields from our MHD dataset (section 3.5) for inference. The model takes 16 input time steps and
autoregressively predicts a single step forward until the 50th time step.

Figure 11 shows that despite zero exposure to MHD during training, the model captures the major
features of plasma blob evolution (radial outward motion). However, finer details are lost, and patch-
based artefacts appear, a known limitation of the architecture (McCabe et al 2023). Using 1000 cal-
ibration data points and the AER method, CP provides valid 95% coverage bounds (appendix F).
Importantly, for this deterministic model, the calibrated errors () are input-independent constants
determined solely by the calibration data, representing global rather than instance-specific uncertainty.

3.6.2. Fine-tuned model
We fine-tune the smaller MPP-AViT-Ti variant on MHD density fields using 75% of the data for train-
ing/calibration and 25% for validation. Here, the training data serves a dual purpose as calibration data,
justified because fine-tuning targets a specific distribution, and we only care about performance within
that regime.

Figure 12 demonstrates substantial improvement over zero-shot performance. The fine-tuned
model accurately captures both major and fine-scale density features. CP provides guaranteed cover-
age (appendix F), though the error bars reflect global rather than local uncertainties due to the model’s
deterministic nature. For well-fitted deterministic models like this, CP identifies regions of generally high
dynamics across the dataset rather than instance-specific failure modes. Probabilistic models using the
STD method would provide input-dependent bounds that adapt to each specific prediction.

3.7. Neural weather prediction

In addition to surrogate models of systems described by explicit PDEs, the proposed methodology is also
applicable to more general machine learning models describing physical processes. To demonstrate this,
we here study the use of CP for data-driven weather forecasting models. Traditional weather forecast-
ing models typically combine PDEs describing large-scale interactions and parametrisations describing
subgrid-scale physical processes (Kalnay 2002). Data-driven machine learning models approximate this
whole process with a single neural network model. This allows for orders of magnitude faster forecasting
speed and, when training on data incorporating observations, also more accurate forecasts (Bi et al 2023,
Kurth et al 2023, Lam et al 2023, Bouallegue et al 2024).

Due to the chaotic nature of the weather system, capturing uncertainty in weather forecasts has long
been an important consideration both in research and operations. Such probabilistic modelling has typ-
ically been achieved by ensemble forecasting, where perturbations are used to produce samples of pos-
sible forecast trajectories (Coiffier 2011). Existing data-driven models are still largely deterministic (Rasp
et al 2024). There are attempts to produce ensemble forecasts using machine learning models by perturb-
ing initial states (Kurth ef al 2023, Chen et al 2023b), training multiple models (Graubner et al 2022) or
generative modelling (Hu et al 2023, Price et al 2023, Oskarsson et al 2024). Fundamentally, ensemble
forecasting always requires a computational cost proportional to the number of ensemble members,

i.e. the number of forecasts made via perturbations. In contrast, CP offers a cheap method to imme-
diately quantify forecast uncertainty for a time, position, and variable of interest. This uncertainty can
be used by meteorologists interpreting the forecast, conveyed to decision-makers reacting to extreme
weather events or directly presented to end-users looking up the forecast for the coming week. As CP
enables UQ for a single forecast output by the model, it is directly applicable to existing deterministic
machine learning models. A limitation of scalar uncertainty estimates is that there are no samples of the
distribution over the atmospheric state. In some scenarios, it can be valuable to inspect such samples to
gain an understanding of how different weather scenarios are unfolding.
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Figure 11. Zero-shot MPP-AViT performance on out-of-distribution MHD density evolution. Rows show: ground truth, model
predictions, absolute error, and calibrated error bar width (95% coverage). Despite no training on MHD physics, the model cap-
tures major blob features. CP quantifies the prediction uncertainty with guaranteed coverage.

3.7.1. Model

We apply CP to the graph-FM model of Oskarsson et al (2024). Graph-FM is a graph-based neural
weather prediction model (Keisler 2022, Lam et al 2023), where a hierarchical GNN is utilised for pro-
ducing the forecast. Let X' denote the full weather state at time step f, including multiple atmospheric
variables modelled for all grid cells in some discretisation. Examples of such atmospheric variables are
temperature, wind, geopotential and solar radiation. The GNN g in Graph-FM represents the single time
step prediction

Xt+1 :g(Xt—ht,FH—l) (5)

where F'*! are known forcing inputs that should not be predicted. Taking the two past states as inputs

to g allows the model to make use of both magnitude and first derivative information. Equation (5) can
be applied iteratively to roll out a complete forecast of T time steps. The full forecasting model can thus
be viewed as a mapping from initial weather states X~ and forcing F':T to a forecast X", The forecast
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Figure 12. Fine-tuned MPP-AVIiT performance on MHD density. Rows show: ground truth, predictions, absolute error, and
calibrated error bar width (95% coverage). Fine-tuning dramatically improves accuracy compared to zero-shot (figure 11). For
this well-fitting deterministic model, calibrated errors capture global uncertainties in regions of high dynamics.

X"T is a tensor of shape T x N, x N, X Ny, where Ny, is the number of atmospheric variables mod-
elled. We consider two versions of Graph-FM, trained with different loss functions:

e Graph-FM (MSE): Graph-FM trained with a weighted MSE loss. This model outputs only a single
prediction, to be interpreted as the mean of the weather state.

o Graph-FM negative log-likelihood (NLL): A version of Graph-FM that outputs both the mean and
STD for each time, variable and grid cell. This model was trained with a NLL loss, assuming a diag-
onal Gaussian predictive distribution (also referred to as the uncertainty loss (Chen et al 2023a)).
Apart from the change of loss function, the training setup was identical.

For the Graph-FM (MSE) we compute non-conformity scores using the AER strategy. As the Graph-FM
(NLL) is probabilistic, we use STD non-conformity scores. Note that these are computed based on the
STDs directly output from the model, rather than from sample estimates based on MC dropout.

16



10P Publishing Mach. Learn.: Sci. Technol. 7 (2026) 015025 V Gopakumar et al

15 h 33 h 57 h
c
.0
)
o 290
B
L
o
285
280
X
15 h 33 h 57 h
275
=
§ 270
'_
o]
S|
o 265
O
15 h 33h 57 h
-8
<
L 6 f—
=
T
2
L4 g
3
£
3
- 2 ah_
Lo
Figure 13. Prediction (top), ground truth (middle) and width of the error bars (bottom) at o« = 0.05 for predicting the temperat-
ure 2 m above ground (2t) using Graph-FM (MSE).

3.7.2. Limited area forecasting

In this first experiment, we apply CP to a limited area version of Graph-FM. Forecasts are here pro-
duced for a limited area covering the Nordic region. These Graph-FM models were trained on the lim-
ited area dataset from Oskarsson et al (2024), consisting of forecasts from the MEPS system (Miiller
etal 2017). One such forecast includes Ny, = 17 variables modelled on a N, x N, = 238 x 268 grid
over T=19 x 3 h time steps (up to 57 hour lead time). When Graph-FM is used in a limited area con-
figuration, it produces weather forecasts for a specific sub-area of the globe. To achieve this, bound-
ary conditions along the edges of the forecasting area are given as important forcing inputs. The exact
models used have 4 graph processing layers and use 64-dimensional latent representations. We refer to
Oskarsson et al (2024) for further details about the model and data.

We use forecasts started during September 2021° As our calibration data set forecasts that started
during September 2022 as test data. By using the same month for calibration and testing, we minimise
the effect of distributional shifts due to seasonal effects. Having access to calibration data from the same
month, collected the previous year, is a reasonable assumption in practical settings.

6 For calibration, we specifically use forecasts started during the dates 04-09-2021-30-09-2021. The model was trained on forecasts
started during the last days of August, which are rolled out over the first days of September. To avoid strong correlations to the training
data, we use only forecasts from September 4 onwards for calibration.
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Figure 14. Empirical coverage for weather forecasting models.

Figure 13 shows the ground truth, predicted forecast and the conformalised error intervals for tem-
perature 2m above ground. Considering the autoregressive nature of Graph-FM, the error accumulates
and grows further in time, which is accurately captured by the CP framework (refer figure 16).

Figure 14 shows the empirical coverage for the test set. With CP, we can achieve calibrated uncer-
tainty estimates for both versions of Graph-FM. Of great interest in the weather forecasting setting is the
uncertainty for specific future time points. We visualise this by plotting the width of the error bars for
all spatial locations at different lead times in an example forecast. Such plots for shortwave solar radi-
ation are shown in figure 15 and for geopotential in figure 16.

Figure 15 highlights an important difference between the two methods for computing non-
conformity scores. As the shortwave solar radiation is close to 0 during the night, it is easy for the
model to predict. During the day, this is far more challenging. With the AER non-conformity scores,
used for Graph-FM (MSE) in figure 15(a), the width of the predictive intervals is determined during
calibration, and does not change depending on the forecast from the model. As a specific lead time can
fall both during the day and night, depending on the initialisation time, CP will give large error bars
also during the night. This can be compared to the results for Graph-FM (NLL) in figure 15(b), using
STD non-conformity scores. In this case, the bounds are very tight for lead times during the night (33 h
and 57 h). It can also be noted that for Graph-FM (NLL) at lead time 15, we see clear spatial features
appearing in the error bars themselves. This corresponds to higher forecast uncertainty in areas of rapid
change. The conditional dependency that emerges while using STD in Graph-FM (NLL) thus has desir-
able properties, but this relies on having a model that outputs (potentially uncalibrated) STDs.

3.7.3. Global forecasting
We next experiment with CP for global weather forecasting. The models used are again Graph-FM
(MSE) and Graph-FM (NLL), but here applied on the full globe. These models are trained on a version
of the ERA5 reanalysis dataset (Hersbach e al 2020) using a 1.5 latitude-longitude grid. The global mod-
els have 8 graph processing layers and use 256-dimensional latent representations. Each forecast includes
5 surface variables and 6 atmospheric variables, each modelled at 13 different vertical pressure levels in
the atmosphere. Due to the large number of variables forecast (83 in total), we here only perform CP
for a subset of these. This subset includes all surface variables and the atmospheric variables at pres-
sure level 700 hPa. This results in a total of Ny, = 11 variables, modelled on a N, x N, = 240 x 121 grid
over T =40 time steps (up to 10days lead time with 6 h time steps). We note that a strength of the CP
framework is that uncertainty quantification can be performed per variable, alleviating memory issues
during calibration. Therefore, the procedure could trivially be extended to the full set of variables, as
long as the full forecasts are stored. We again refer to Oskarsson et al (2024) for more details about the
global models and data configuration.

For the global experiment, we use full years of forecasts for calibration and evaluation, all start-
ing from ERA5 as initial conditions. Forecasts at 00 and 12 UTC each day of 2018 are used as the
calibration set, and a similar set of forecasts for 2019 is used as the test set’. The ground truth is given

7 We remove forecasts started during the last 10 days of 2018 from the calibration set to avoid strong correlations with the test data at
the start of 2019. Note that forecasts in the test set started during the last days of 2019 will extend into time points in 2020.
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Figure 15. Width of predictive interval at & = 0.05 for shortwave solar radiation (nswrs) in an example forecasts. Note that for
Graph-FM (MSE) these widths are constant after calibration, while for Graph-FM (NLL) they depend on the predicted standard
deviations for the specific forecast. This is most noticeable by Graph-FM (NLL) having very tight bounds during the night (lead
times 33 h and 57 h, when the short-wave solar radiation is close to 0 and easy to predict.

by ERAS5 at each forecasted time point. Using a full year for calibration allows for capturing the model
performance across all different seasons. This allows for calibrating the model once, and then using the
computed g values for the full next year of forecasts. However, any distributional shift due to climate
variations from one year to the next remains. We note that in practic,e this does not seem to cause any
major issue for achieving the desired coverage.

Figure 17 shows an example prediction from Graph-FM (MSE) and corresponding error bars. Global
forecasting up to 10 days is a more challenging task than the limited area modelling up to 57 h. We see
that at 10 days the model prediction fails to capture much of the patterns in the ground truth data.
Importantly, this is accurately captured in the error bars, which increase with the lead time to high val-
ues at 10 days.

In figures 18 and 19 we plot the width of the error bar for specific humidity and wind. Similar to
the limited area case, we note for Graph-FM (NLL) the error bars corresponds to patterns in the forecast
itself, due to the use of predicted STDs from the model. For Graph-FM (MSE) the plots instead high-
light the regions where predictions are more challenging in general, across all forecasts. Additional plots
from the weather forecasting experiments are given in appendix H.

As for all experiments, we include results for the weather forecasting models in table 1. In both the
global and limited area setting CP successfully produces calibrated error bars. For the Graph-FM (NLL)
model the original STDs output by the model are too low, leading to invalid error bars and insufficient
coverage. After applying CP however the error bars are well calibrated. We generally see that the Graph-
FM (NLL) has tighter error bars than Graph-FM (MSE). This can be attributed to these being input-
dependent, specific to each forecast from the model.

3.7.4. Discussion on exchangeability
Traditionally, the CP framework is limited in application to time-series modelling as it fails the
exchangeability assumption. Previous research has looked into fixing this violation of exchangeability
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Figure 16. Width of predictive interval at o = 0.05 for geopotential at 500 hPa (z500). Both models show a certain spatial pat-

tern, especially for longer lead times. This pattern can be connected to how the GNN in Graph-FM is defined over the forecasting
area.
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Figure 17. Prediction (top), Ground Truth (middle) and width of the error bars (bottom) at o = 0.15 for predicting the temper-
ature at 700 hPa (t700) using Graph-FM (MSE).
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Figure 18. Width of predictive interval at & = 0.15 for specific humidity at 700 hPa (q600).
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Figure 19. Width of predictive interval at & = 0.15 for u-component of wind at 10 m above ground (10 u).

by accounting for the distribution shift using weighted conformal techniques (Tibshirani et al 2019), but
becomes limited in application in multi-variate settings. Other work has explored CP for multi-variate
time series forecasting, where each time-series is treated as an exchangeable observation (Stankeviciute
et al 2021). Within the weather modelling tasks outlined in this section, we maintain exchangeability by
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Figure 20. Constructing exchangeable input-output pairs from a time series dataset. The calibration dataset is arbitrarily charac-
terised by a spatio-temporal dataset spanning 100 time instances, where the model takes in the field at a day and autoregressively
predicts for the next 3 time instances. Since the model represents an initial boundary value problem, we are able to break each
input—output (Xj, Y;) as an exchangeable data point, essentially sampled from a distribution spanning the entire month.

treating each modelling task as an initial boundary value problem (IBVP, boundary given by the for-
cing terms in equation (5)). As given in equation (5), the model takes in the initial conditions, X’ €
RTin=1xNXN,XNar and is auto-regressively rolled out Ty steps to obtain the output ) € RTouXNexXNyxNear
Being dependent on the initial conditions alone and being rolled out for a fixed number of steps, each
input—output pair as mathematically outlined in section 2.1.1 and visually represented in figure 20 can
be treated as an exchangeable pair. We are allowed to make this assumption on exchangeability since the
model is agnostic to the temporal nature of the dataset beyond the autoregressive roll-out of each for-
ward prediction, typical of an initial boundary value problem i.e. the neural weather forecast starting
from 18:00 3rd January is independent of the forecast made using the neural weather models starting

at 12:00 1st January. Here the calibration dataset is seen as samples from an extremely large distribu-
tion which effectively characterises the entirety of the entire month/year under consideration. Thus, by
combining our preservation of spatio-temporal structure as outlined in section 2.1.1 and by treating

the neural weather models as initial boundary value problems, we are able to maintain exchangeability
across the calibration datasets, allowing us to perform CP.

Though the above description discusses about exchangeability across the calibration dataset, it does
not extend across to the prediction set. For each of the experiments within the limited area and global
weather forecasting, we assume that the climate does not vary significantly across the years under con-
sideration for the calibration and prediction sets.

3.8. Camera diagnostic on a tokamak

The Mega-Ampere Spherical Tokamak (MAST) at the UK Atomic Energy Authority was equipped with
fast Photron camera diagnostics to capture plasma evolution in the visible spectrum in real-time. These
cameras have been instrumental in understanding plasma phenomena (Kirk et al 2006), providing statist-
ical insights into plasma turbulence (Walkden et al 2022) and disruptions (Ham et al 2022).

Building on our previous work (Gopakumar et al 2024), we apply the CP framework to an FNO
trained to forecast plasma evolution from camera imagery. The model takes 10 consecutive camera
frames as input and predicts the subsequent 10 frames. Using the AER nonconformity score, we demon-
strate that CP provides statistically valid error bars for these predictions. Details on the camera data,
ENO architecture, and training are available in Gopakumar et al (2024).

3.8.1. Exchangeability and coverage validation

Although the FNO predicts plasma evolution over an entire shot duration, we structure the problem

as an initial value problem where each forecast depends solely on its initial 10 frames. As illustrated in

figure 20, this allows us to treat each input—output pair as exchangeable: the model predicts the entire

spatio-temporal output tensor simultaneously rather than sequentially, preserving the temporal structure.
The validity of CP for this application rests on three key properties: (1) only the calibration dataset

and prediction X, must be exchangeable, (2) we predict error bars over the complete time interval

simultaneously, not autoregressively, and (3) we assume minimal distributional shift between calibration




10P Publishing Mach. Learn.: Sci. Technol. 7 (2026) 015025 V Gopakumar et al

t=114.0ms t=120.0ms t=126.0ms

\
..

Figure 21. Coverage comparison for exchangeable (similar plasma profiles) versus non-exchangeable (dissimilar plasma profiles)
prediction shots relative to the calibration set. Violations of exchangeability lead to insufficient coverage.

Coverage

Prediction Shot Prediction Shot
(inexchangeable) (exchangeable) Calibration Shot

t=114.0ms t=120.0ms t=126.0ms
o 200 200 200
o
ﬁ 100 100 100
(O]
0 0 0
2
200 200 200
o
2 0
T 100 100 100
-2 0 0 0
2 40
g 10
2
S 0 5 20
=
w

-2

-1 0 1

Figure 22. Camera observations (top), FNO predictions (middle), and width of prediction intervals obtained using CP with
a = 0.5 corresponding to 50% coverage (bottom).

and prediction shots. This final assumption requires that calibration and prediction shots exhibit similar
plasma discharge profiles and device conditions.

To assess sensitivity to exchangeability violations, we compare coverage across shots with similar
versus dissimilar plasma profiles relative to the calibration set. Figure 21 demonstrates that predictions
on shots with substantially different characteristics suffer from insufficient coverage, highlighting the
importance of the exchangeability assumption across the calibration and prediction set. The calibration
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shot is indicative of a L-mode of confinement within the plasma, where as the inexchangeable prediction
shot shows H-mode of confinement characterising a vastly different physics regime (Howlett et al 2023).
When this assumption holds, CP provides exact coverage as shown in appendix I. Figure 22 visualises
the calibrated error bars for plasma evolution forecasts across the tokamak central solenoid, demonstrat-
ing 50% coverage (o =0.5).

4. Discussion

We have demonstrated that CP provides a practical, theoretically grounded approach to uncertainty
quantification for surrogate models across diverse spatio-temporal applications. Through comprehensive
empirical evaluation spanning PDEs, fusion diagnostics, and weather forecasting, CP delivers statistically
guaranteed marginal coverage regardless of model architecture, training regime, or output dimension-
ality. However, understanding both its capabilities and inherent limitations is essential for responsible
application in scientific domains. Below, we discuss CP’s key strengths for practical deployment, followed
by an honest assessment of its limitations and implications for real-world use cases

4.1. Strengths

In safety-critical applications such as fusion reactor design, climate modelling, and engineering optim-
isation, surrogate models must provide credible uncertainty estimates alongside their predictions (Begoli
etal 2019). CP addresses this need by offering statistical guarantees for uncertainty quantification with
several key advantages:

Statistical guarantees. CP provides provable marginal coverage (equation (1)) regardless of model archi-
tecture, training regime, or output dimensionality. This validity is particularly crucial when surrogate
models transition from research to production environments where retraining opportunities are limited.

Model-agnostic and scalable. The framework requires no architectural modifications or knowledge of
training procedures, enabling application to pre-trained models. Our experiments demonstrate guaran-
teed coverage across outputs spanning up to 20 million dimensions (weather forecasting) with near-zero
calibration costs, effectively circumventing the curse of dimensionality.

Computational efficiency. Unlike ensemble methods or Bayesian approaches requiring extensive
sampling, CP calibration is computationally trivial (section 2.3). Calibration times range from seconds
for low-dimensional problems to minutes for high-dimensional applications, performed on standard
hardware without specialised computational resources.

Practical utility. CP enables rigorous validation of a surrogate model’s usefulness for specific down-
stream applications, providing actionable uncertainty estimates for decision-making in risk-averse
scenarios.

4.2. Limitations

While CP offers substantial benefits, several inherent limitations must be acknowledged for responsible
application in scientific domains. We discuss these limitations, their practical implications, and potential
mitigation strategies.

Marginal vs conditional coverage. The coverage guarantee in equation (1) provides marginal coverage-
validity averaged over all predictions-rather than the more desirable conditional coverage:

P(Yn+1 S (Calanrl) >1—a. (6)

In practice, this means that while 90% of predictions will be covered on average, any individual predic-
tion may have substantially different actual coverage. Although conditional coverage cannot be guaran-
teed in general, approximations exist (Vovk 2012).

Our formulation guarantees coverage cell-wise across the spatio-temporal tensor but does
not provide joint coverage across the entire prediction domain. Extensions to joint coverage exist
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(Diquigiovanni et al 2021, Messoudi et al 2021, 2022) but fail to scale with dimensionality, limiting their
applicability to the high-dimensional problems considered here.

Practical impact: In risk-critical scenarios requiring reliable bounds for specific predictions (e.g. fusion
disruption avoidance, extreme weather events), marginal coverage may be insufficient. Users must under-
stand that individual predictions, particularly in distribution tails, may not achieve the target coverage.
Our experiments on exchangeability violations (section 3.8 and figure 21) demonstrate this sensitivity.

Mitigation: Covariate shifting methods (Tibshirani et al 2019) can improve conditional coverage when
probability densities of calibration and deployment distributions are known or estimable. However, dens-
ity estimation becomes unreliable in high dimensions (Quionero-Candela et al 2009). For critical applic-
ations, we recommend conservative o values and validation on held-out data similar to deployment
conditions.

Data requirements and exchangeability. CP requires calibration data that is exchangeable with the pre-
diction regime. The quality of coverage guarantees follows a beta distribution (equation (4)) governed by
calibration set size. Our empirical study (appendix G) shows that ne; > 1000 typically provides reliable
coverage.

Practical impact: For experimental data (weather, fusion diagnostics), obtaining sufficient exchangeable
calibration data can be challenging. The exchangeability assumption is particularly delicate for time-
series data where distribution shifts are common. As demonstrated in figure 21, violations lead to invalid
coverage. Weather experiments (section 3.7) assume minimal climate variation between calibration
(2021) and prediction (2022) years-an assumption that may not hold for long-term climate change scen-
arios or extreme events outside the calibration distribution.

Mitigation: When calibration data is expensive (e.g. fusion experiments), fine-tuning scenarios offer a
natural solution: training data doubles as calibration data since both represent the target distribution.
For time-series applications, careful validation of exchangeability assumptions and sensitivity analyses (as
performed for camera diagnostics) is essential.

Prediction sets vs distributions. CP provides prediction sets (intervals) rather than full probability distri-
butions. While Bayesian methods offer distributions that can be propagated via Monte Carlo sampling or
used for risk calculations, CP intervals lack this flexibility.

Recent work (Cella and Martin 2022) provides imprecise probabilistic interpretations of CP, enabling
uncertainty propagation (Balch 2012, Hose and Hanss 2021). However, these methods are not yet
widely adopted. It is worth noting that while Bayesian posteriors appear more informative, the false-
confidence theorem (Martin 2019) shows that precise probability models can assign high confidence to
low-probability events.

Input independence in deterministic models. For deterministic models using AER nonconformity scores,
the error bars (~ g) are fixed during calibration and do not vary with inputs. As shown in figure 12, this
produces global error estimates rather than input-specific bounds. This limitation is less severe for prob-
abilistic models (STD scores) where prediction sets scale with model-predicted STDs (figure 2), provid-
ing a weak conditionining on the input.

Practical impact: Deterministic CP may produce overly conservative bounds in easy regions and insuffi-
cient bounds in challenging regions. This is particularly evident in foundation models trained on diverse

data, where local complexity varies substantially.

Mitigation: When possible, use probabilistic models or ensemble approaches that provide initial uncer-
tainty estimates for STD-based CP. Alternatively, recent work on normalised CP (Johansson et al 2021)
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offers more input-adaptive bounds, though at the cost of increased computational complexity or archi-
tectural modifications.

Spatial and temporal correlations. Our cell-wise calibration treats each spatio-temporal point independ-
ently, ignoring correlations between adjacent cells. This is a significant limitation for PDE-based systems
where solutions exhibit strong spatial and temporal dependencies.

Practical impact: While we achieve marginal coverage at each cell, the framework does not capture or
leverage the correlation structure inherent in physical systems. This may lead to overly conservative joint
coverage across regions or miss spatially coherent error patterns.

Mitigation: We implicitly rely on the surrogate model to learn spatial dependencies during training.
Future extensions could incorporate spatial or temporal correlation structures into the CP framework,
leading to joint coverage as we have explored in Gopakumar et al (2025).

4.3. Broader context

Despite these limitations, CP offers a valuable and practical tool for UQ in scientific machine learning.
The guaranteed marginal coverage, model-agnostic nature, and computational efficiency make it particu-
larly suitable for validating pre-trained surrogate models before deployment. When combined with care-
ful validation of assumptions (particularly exchangeability), CP provides actionable uncertainty quantific-
ation that can guide decision-making in safety-critical applications.

For optimal results, we recommend: (1) validating exchangeability assumptions through sensitivity
analyses, (2) using conservative o values for risk-critical applications, (3) preferring probabilistic models
or ensembles when input-dependent bounds are crucial, and (4) maintaining awareness of the marginal
nature of coverage guarantees when interpreting individual predictions.

5. Conclusion

This paper presents a comprehensive empirical study demonstrating that CP provides statistically guar-
anteed uncertainty quantification for surrogate models across diverse scientific applications. By maintain-
ing exchangeability of spatio-temporal data through preservation of tensorial structure, we achieve valid
error bars satisfying equation (1) for outputs spanning up to 20 million dimensions.

Key contributions. Our work establishes that CP can be applied to any pre-trained or fine-tuned sur-
rogate model-regardless of architecture (MLP, U-Net, ENO, ViT, GNN), training regime, or output
dimensionality-to obtain guaranteed marginal coverage with near-zero computational cost. We bench-
mark three nonconformity scores (CQR, AER, STD) across both deterministic and probabilistic models,
demonstrating consistent coverage across applications ranging from fundamental PDEs to operational
weather forecasting and fusion diagnostics.

Critically, we show that CP provides valid prediction sets even for out-of-distribution scenarios where
models are deployed on physics regimes different from their training distribution (wave equation at half-
speed, Navier—Stokes at different viscosity, pre-trained foundation models on new physics). This cap-
ability is essential for validating surrogate model utility in production environments where retraining is
infeasible.

Practical impact. For scientific machine learning practitioners, our framework offers a rigorous method
to assess whether a pre-trained model is suitable for a specific downstream application. The guaranteed
coverage enables confident deployment of surrogate models in safety-critical contexts-from fusion reactor
control to extreme weather response-where uncertainty quantification is imperative but computational
budgets preclude ensemble methods or extensive Bayesian inference.

Scope and limitations. While we focus on spatio-temporal data, our methodology extends to any mod-
els producing fixed tensorial outputs with exchangeable calibration and prediction regimes. However,
users must carefully validate exchangeability assumptions, particularly for time-series and experimental
data where distribution shifts are common. As discussed in section 4, the marginal nature of cover-
age guarantees, cell-wise independence assumptions, and input independence in deterministic models
represent important limitations that practitioners should consider when applying CP to their specific
problems.
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Future directions. Extensions to conditional coverage, incorporation of spatial-temporal correlation
structures, and methods for handling systematic exchangeability violations remain important open prob-
lems. The integration of CP with recent advances in foundation models for scientific computing presents
particularly promising opportunities for scalable, trustworthy uncertainty quantification.

Reproducibility. All code, data generation scripts, and trained models are publicly available at https://
github.com/gitvicky/Spatio-Temporal-UQ.
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Appendix A. Poisson equation

The Poisson equation in one-dimension takes the form:

0%u

@:pa XE[O,H, (7)

where u defines the field value, x the spatial domain, and p the density of the source.

The Poisson equation is solved with a finite difference scheme using the py-pde python package
(Zwicker 2020). Equation (7) is constructed as an initial-value problem, where a scalar uniform field is
initialised across the domain and evolved until convergence. A dataset comprising different instances of
the 1D Poisson equation is constructed by sampling for different initial values uniformly from within the
domain: u;y;; € [0,4).

A total of 7000 data points are generated, where 5000 are used to train an MLP with 3 layers and 64
neurons in each layer, 1000 are used to perform the calibration required to estimate the nonconformity
scores and another 1000 for validation. Being a steady-state problem, the MLP learns how a scalar field
evolves under the influence of the Laplacian, mapping from the initial to the final state of evolution. The
network learns to map the initial condition to the final steady-state solution.

Each MLP is trained to take in the scalar initial field along the 32-point spatial domain to output the
final field at the steady state. For the case of STD, the architecture is modified with 1D dropout layers.
Each model is trained for up to 1000 epochs using the Adam optimiser Kingma and Ba (2015) with a
step-decaying learning rate. The learning rate is initially set to 0.005 and scheduled to decrease by half
after every 100 epochs. The model was trained using a quantile loss for the case of CQR and MSE loss in
all other cases.

Appendix B. Convection—diffusion equation

B.1. Physics
Consider a modified version of the one-dimensional convection—diffusion equation used to model the
transport of a fluid:

ou_Ou  OD _ Ou
o o Yox ‘ox

(£ = 0) = exp <("2‘0‘12>) . (9)

x € [0,10], t € [0,0.1] (8)

Here u defines the density of the fluid, x the spatial coordinate, t the temporal coordinate, D the diffu-
sion coefficient, and ¢ the convection velocity. The initial condition is parameterised by x and o2, rep-
resenting the mean and variance of a Gaussian distribution. The system is bounded by a no-flux bound-
ary condition.

The numerical solution for the above equation is built using a Newtonian solver with a forward time
centred space implementation in Python. We construct a dataset by Latin hypercube sampling across
parameters D, ¢, t,0. Each parameter is sampled from within the domain given in table 2 to generate
3000 simulation points, each with its own initial condition, diffusion coefficient and convection velocity.
We generate another 2000 data points, 1000 each for the calibration and procuring of the prediction sets.
These datasets are built by sampling across a different domain of the diffusion coefficient and convection
velocity, different from that used for training; see table 3 for details. We use a one-dimensional U-Net
to model the evolution of the convection—diffusion equation. The U-Net learns to perform the mapping
from the first 10 time instances to the next 10 time instances, learning across the different field paramet-
ers and initial conditions. A more detailed physics description and the training set-up of the model can
be found in appendix B.

As discussed in section 3.2, the dataset is built by solving the one-dimensional Convection Diffusion
equation numerically. The physics of the equation, given by the various coefficients, is sampled from
a certain range as given in table 2. Each datapoint, as in each simulation, is generated with different
Diffusion coefficients and wave velocities as described in section 3.2. Each simulation is run for 100 time
iterations with a At =0.0005 across a spatial domain spanning [0,10], uniformly discretised into 200
spatial units in the x-axis. Once the simulations are run and the dataset is generated, we downsample
the temporal discretisation from 100 to 20 by taking every 5th time step. The sampling parameters gov-
erning the PDE solutions used for the training are given in table 2 and that used for the calibration and
prediction is given in table 3.
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Table 2. Domain range and sampling strategies across the coefficients and initial condition parameters for building the training dataset

for the 1D convection—diffusion equation.

Parameter Domain Type

Diftusion coefficient (o) [sin(£),sin(5%)] Continuous
Convection velocity (3) [0.1,0.5] Continuous
Mean (1) [1.0,8.0] Continuous
Variance (7y) [0.25,0.75] Continuous

Table 3. Domain range and sampling strategies across the coefficients and initial condition parameters for building the calibration and

prediction datasets for the 1D convection—diffusion equation.

Parameter Domain Type

Diffusion coefficient («) [sin(5%),sin( )] Continuous
Convection velocity (3) [0.5,1,0] Continuous
Mean () [1.0,8.0] Continuous
Variance (vy) [0.25,0.75] Continuous

Table 4. Architecture of the 1D U-Net deployed for modelling 1D convection—diffusion equation.

Part Layer Output Shape
Input — (50, 20, 200)
Encoder 1 Convlid/BatchNormild/Tanh (50, 32, 200)
Pool 1 MaxPool1d (50, 32, 200)
Encoder 2 Convid/BatchNormid/Tanh (50, 64, 100)
Pool 2 MaxPoolid (50, 64, 100)
Encoder 3 Convid/BatchNormid/Tanh (50, 128, 50)
Pool 3 MaxPool1d (50, 128, 50)
Encoder 4 Convlid/BatchNormild/Tanh (50, 256, 25)
Pool 4 MaxPool1d (50, 256, 25
Bottleneck Convid/BatchNormid/Tanh (50,512, 12)
Decoder 4 ConvTransposeld/Encoder 4 (50, 256, 25)
Decoder 3 ConvTransposeld/Encoder 3 (50, 128, 50)
Decoder 2 ConvTransposeld/Encoder 2 (50, 64, 100)
Decoder 1 ConvTransposeld/Encoder 1 (50, 32, 200)
Rescale Convild (50, 10, 200)

B.2. Model and training

We train a U-Net to map the spatio-temporal evolution of the field variable, taking in the first 20

time instances (T_in) to the next 10 time instances (T_out). For the case of the Convection-Diffusion
equation, we do not deploy an auto-regressive structure but perform a mapping from the initial distri-
bution to the later distribution. The U-Net architecture can be found in table 4. For the case of STD,
the architecture is modified with 1D dropout layers following each encoder and decoder of the U-Net.
Though the values governing the evolution of Convection—Diffusion are relatively small, for better rep-
resentation, we normalise the value with a linear range scaling, allowing the field values to lie between
-1 and 1. Each model is trained for up to 500 epochs using the Adam optimiser (Kingma and Ba 2015)
with a step-decaying learning rate. The learning rate is initially set to 0.005 and scheduled to decrease
by half after every 100 epochs. The model was trained using a quantile loss for the case of CQR and an

MSE loss in all other cases.

Appendix C. Wave equation

C.1. Physics
Consider the two-dimensional wave equation

Pu_(Pu o
or ox?>  0y?

u(x,y,t=0) = exp (_a ((x_ 8) + ()’—“Y)2>)

du(x,y,t=0)
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Table 5. Domain range and sampling strategies across the initial condition parameters for the 2D Wave equation. A 2D Gaussian peak
with a given amplitude and position within the domain is sampled using a Latin hypercube.

Parameter Domain Type
Amplitude (a) [10,50] Continuous
X position () [0.1,0.5] Continuous
Y position () [0.1,0.5] Continuous
Wave - FNO
— lIdeal
0.9 Normal Speed - Residual
——— Normal Speed - Dropout
0.8 ——- Half Speed - Residual
**** Half Speed Dropout
£0.71
g
3 0.6
o
©
-20.59
‘a
& 0.4
0.3
0.2
T T T T
0.2 0.4 0.6 0.8
l-a

Figure 23. Coverage observed using AER and STD across datasets with normal wave speed (in-distribution) and half speed
(out-distribution).

where u defines the field variable, ¢ the wave velocity, x and y the spatial coordinates, ¢ the temporal
coordinates. «, /3 and ~y are variables that parameterise the initial condition of the PDE setup. There
exists an additional constraint to the PDE setup that initialises the velocity of the wave to 0. The system
is bounded periodically within the mentioned domain.

The solution for the wave equation is obtained by deploying a spectral solver that uses a leapfrog
method for time discretisation and a Chebyshev spectral method on a tensor product grid for spatial
discretisation (Gopakumar et al 2023). The dataset is built by performing a Latin hypercube scan across
the defined domain for the parameters «, 3,7, which accounts for the amplitude and the location of
the Gaussian peak, sampled differently for each simulation. We generate 2500 simulation points, each
one with its own initial condition and use 500 for training, 1000 each for calibration and procuring the
prediction sets. We train a 2D U-Net and an FNO to learn the evolution of wave dynamics.

The physics of the equation, given by the various coefficients, is held constant across the dataset
generation throughout, as given in equation (10). Each data point, as in each simulation, is gener-
ated with a different initial condition as described above. The parameters of the initial conditions are
sampled from within the domain as given in table 5. Each simulation is run for 150-time iterations with
a At =0.00667 across a spatial domain spanning [—1,1]?, uniformly discretised into 33 spatial units in
the x and y axes. Once the simulations are completed and the dataset is generated, we select the first 80
time instances of the evolution of each simulation to be used for training.

C.2. Model and training

We train U-Nets and FNOs to map the spatio-temporal evolution of the field variables. For the U-Nets,
the network takes in the first 20 time instances (T_in) to map the next 30 time instances (step). The
U-net performs a feed-forward mapping without any autoregressive roll-outs. For the FNO we deploy
an auto-regressive structure that performs time rollouts, allowing us to map the initial time steps in a
recursive manner up until the desired time instance (T_out). Each model autoregressively models the
evolution of the field variable up until the 80th time instance. The U-Net architecture can be found in
table 6 and the FNO in table 7. For the case of STD, the architecture is modified with 2D dropout lay-
ers following each encoder and decoder of the U-Net and after each Fourier layer within the FNO. We
employ a linear range normalisation scheme, placing the field values between —1 and 1. Each model

is trained for up to 500 epochs using the Adam optimiser (Kingma and Ba 2015) with a step decaying
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Figure 24. Waves: Temporal evolution of the field associated with the wave equation modelled using the numerical spectral solver
(top of the figure) and that of the U-Net (bottom of the figure). The spatial domain is given in Cartesian geometry.
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Figure 25. Waves: Temporal evolution of the field associated with the wave equation modelled using the numerical spectral solver
(top of the figure) and that of the FNO (bottom of the figure). The spatial domain is given in Cartesian geometry.

Table 6. Architecture of the 2D U-Net deployed for the 2D Wave equation.

Part Layer Output shape

Input — (50, 20, 33, 33)
Encoder 1 Conv2d/BatchNorm2d/Tanh (50, 32, 33, 33)
Pool 1 MaxPool2d (50, 32, 33, 33)
Encoder 2 Conv2d/BatchNorm2d/Tanh (50, 64, 16, 16)
Pool 2 MaxPool2d (50, 64, 16, 16)
Bottleneck Conv2d/BatchNorm2d/Tanh (50, 128, 8, 8)

Decoder 2 ConvTranspose2D/Encoder 2 (50, 64, 16, 16)
Decoder 1 ConvTranspose2D/Encoder 1 (50, 32, 33, 33)
Rescale Conv2D (50, 10, 33, 33)

learning rate. The learning rate is initially set to 0.005 and scheduled to decrease by half after every
100 epochs. The model was trained using a quantile loss in the case of CQR and an MSE loss in the
other cases.
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Table 7. Architecture of the Individual FNO deployed for modelling the Wave equation.

Part Layer Output shape

Input — (50, 33, 33, 22)
Lifting Linear (50, 33, 33, 32)
Fourier 1 Fourier2d/Conv2d/Add/GELU (50, 32, 33, 33)
Fourier 2 Fourier2d/Conv2d/Add/GELU (50, 32, 33, 33)
Fourier 3 Fourier2d/Conv2d/Add/GELU (50, 32 33, 33)
Fourier 4 Fourier2d/Conv2d/Add/GELU (50, 32, 33, 33)
Fourier 5 Fourier2d/Conv2d/Add/GELU (50, 32, 33, 33)
Fourier 6 Fourier2d/Conv2d/Add/GELU (50, 32, 33, 33)

Projection 1
Projection 2

Linear
Linear

(50, 33, 33, 128)
(50, 33, 33, 10)

Appendix D. Navier-Stokes Equations for Vorticity

D.1. Physics
The Navier—Stokes scenario that we are interested in modelling is taken from the exact formulation in Li
etal (2021), where the viscosity of the incompressible fluid in 2D is expressed as:

%—FMVW:VVZW—H‘; €(0,1), y€(0,1), tc (0,7) (13)
Vu=0, x€(0,1), y€(0,1), t€ (0,7) (14)
w=w, x€(0,1),y€(0,1), t=0, (15)

where u is the velocity field and vorticity is the curl of the velocity field w =V x u. The domain is split
across the spatial domain characterised by x,y and the temporal domain ¢. The initial vorticity is given
by the field wy. The forcing function is given by f and is a function of the spatial domain in x,y. We
utilise two datasets from Li et al (2021) that are built by solving the above equations with viscosities

v =le—3 and v = le — 4 under different initial vorticity distributions. For further information on the
physics and the data generation, refer Li et al (2021).

D.2. Model and training

We train an FNO to map the spatio-temporal evolution of the vorticity, taking in the first 10 time
instances (T_in) to the next 10 time instances (step). For the case of the Navier—Stokes equations, we
deploy a feed-forward mapping from the initial 10 time steps to the next 10 time steps. The architec-
ture for the FNO can be found in table 8. We deploy a Min—-Max normalisation strategy, allowing the
field values to lie between —1 and 1. Each model is trained for up to 500 epochs using the Adam optim-
iser (Kingma and Ba 2015) with a step decaying learning rate. The learning rate is initially set to 0.005
and scheduled to decrease by half after every 100 epochs. The model was trained using a relative LP loss.
Considering the efficiency and simplicity, CP for the Navier—Stokes case was conducted using AER and
STD as a nonconformity metric as given in the section 2.2.

D.2.1. Prediction

Table 8. Architecture of the Individual FNO deployed for modelling the Navier—Stokes equation.

Part Layer Output shape
Input — (20, 64, 64, 12)
Lifting Linear (50, 64, 64, 32)
Fourier 1 Fourier2d/Conv2d/Add/GELU (20, 16, 64, 64)
Fourier 2 Fourier2d/Conv2d/Add/GELU (20, 16, 64, 64)
Fourier 3 Fourier2d/Conv2d/Add/GELU (20, 16 64, 64)
Fourier 4 Fourier2d/Conv2d/Add/GELU (20, 16, 64, 64)
Fourier 5 Fourier2d/Conv2d/Add/GELU (20, 16, 64, 64)
Fourier 6 Fourier2d/Conv2d/Add/GELU (20, 16, 64, 64)
Projection 1 Linear (20, 64, 64, 128)
Projection 2 Linear (20, 64, 64, 10)
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Figure 26. Navier—Stokes: Temporal evolution of the vorticity associated with the Navier—Stokes equations. In (a), we compare
the FNO performance against that of the numerical solver within the training distribution (v = le — 3). In (b), we demonstrate
the performance of the same FNO on out-of-distribution data upon which we perform conformal prediction (v = le — 4) mod-
elled using the numerical solver (top of the figure) and that of the FNO (bottom of the figure). The spatial domain is given in
Cartesian geometry.

Appendix E. Magnetohydrodynamics of plasma blobs

E.1. Physics
The Reduced-MHD equations that we are interested in modelling can be described as:

% =V (p¥)+DV?p (16)
p%; = —p¥-Vi—Vp+uVv (17)
% =—V-Vp—pV -¥+kV'T (18)

where p is the density, p the pressure, T the temperature, and ¥ the velocity. D is the diffusion coeffi-
cient, 1 the viscosity, and « the thermal conductivity. The ratio of specific heats v is taken to be that of
a monatomic gas, g
Equation (16) depicts the continuity equation, modelling the evolution of density subject to diffu-
sion, convection and the electrostatic potential. Equation (17) represents the conservation of momentum
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Table 9. Domain range and sampling strategies across the initial condition parameters.

Amplitude of Density of Blobs UJ0.5,2.0] Continuous
0.5,3.0] Continuous

Parameter Distribution ~ Type
Width U[0.02,0.1] Continuous
Number of Blobs U[1,10] Discrete
R—Position of Blobs U[9.4,10.4] Continuous
Z—Position of Blobs U[—0.4,+0.4] Continuous
[
Ul

Amplitude of Temperature of Blobs

Table 10. Architecture of the multi-variable FNO deployed for modelling reduced MHD.

Part Layer Output shape
Input — (10, 3, 106, 106, 12)
Lifting Linear (10, 3, 106, 106, 32)
Fourier 1 Fourier2d/Conv3d/Add/GELU (10, 3, 32, 106, 106)
Fourier 2 Fourier2d/Conv3d/Add/GELU (10, 3, 32, 106, 106)
Fourier 3 Fourier2d/Conv3d/Add/GELU (10, 3, 32, 106, 106)
Fourier 4 Fourier2d/Conv3d/Add/GELU (10, 3, 32, 106, 106)
Fourier 5 Fourier2d/Conv3d/Add/GELU (10, 3, 32, 106, 106)
Fourier 6 Fourier2d/Conv3d/Add/GELU (10, 3, 32, 106, 106)
Projection 1 Linear (10, 3, 106, 106, 128)
Projection 2 Linear (10, 3, 106, 106, 5)

within the field. Equation (18) models the conservation of energy, characterised by the pressure, temper-
ature and velocity.

Within each simulation, multiple-density blobs with varying positions, width and amplitude are ini-
tialised in a low-density background. In the absence of a plasma current to hold the density blob in
place, the pressure gradient term in the momentum equation generates a buoyancy effect, causing the
blob to move outwards. The system under consideration is characterised by a highly correlated multi-
variable setting as given above. Within each simulation, we evolve the blobs to migrate radially outward
until they reach the wall, where the Dirichlet boundary conditions engage to allow for convection and
diffusion. Refer to Gopakumar et al (2024) for more detailed information about the setup.

E.2. Model and training

We train a multi-variable FNO to map the spatio-temporal evolution of the field variable, taking in the
first 10 time instances (T_in) to the next 5 time instances (step). For the case of the MHD equations, we
deploy an auto-regressive structure that performs a time rollout, allowing us to map the initial time steps
in a recursive manner up until the desired time instance (T_out). Each model autoregressively mod-

els the evolution of the field variable up until the 50th time instance. The architecture for the multi-
variable FNO can be found in table 10. We deploy a two-fold normalisation strategy considering the
nature of the dataset. The physical field information represented within the MHD cases is in different
scales, with densities ranging from 0 to 1€20 and temperatures ranging up to le6. Since we are consid-
ering the gradual diffusion of an inhomogeneous density blob(s), the data distribution within the spatial
domain is severely imbalanced. Taking these aspects of the training data into consideration, a physics
normalisation is performed initially, where the field values are scaled down by dividing by the prominent
field value. This is followed up by a linear range scaling, allowing the field values to lie between —1 and
1. Each model is trained for up to 500 epochs using the Adam optimiser (Kingma and Ba 2015) with a
step decaying learning rate. The learning rate is initially set to 0.005 and scheduled to decrease by half
after every 100 epochs. The model was trained using a relative LP loss. Considering the efficiency and
simplicity, CP for the MHD case was only conducted using the AER as a nonconformity metric, as given
in the section 2.2.
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Figure 27. Multiple blobs: Temporal evolution of (a) the density and (b) the temperature variables describing the plasma evol-
ution as obtained using the JOREK code (top of each image) and that of the multi-variable FNO (bottom of each figure). The
spatial domain is given in toroidal geometry characterised by R in the x-axis and Z in the y-axis.
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Appendix F. Empirical coverage of foundation physics models
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Figure 28. Empirical coverage for Foundation Physics Models.

Appendix G. Impact of calibration size

Across almost all the experiments in section 3, we use a calibration dataset of the size 1000 exchangeable
simulations. The only exception is for the multi-variable FNO for MHD, for which we use 100 simula-
tions, as there was limited data available. We chose the number 1000 as the baseline size of the calibra-
tion dataset since in Angelopoulos and Bates (2023) they demonstrate that choosing 1. = 1000 calib-
ration points leads to a coverage that is typically between 0.88 and 0.92 for o =0.1. Since the size and
nature of the calibration set are a source of finite sample variability, it requires analysis across each prob-
lem to which we deploy CP.

Ideally, equation (1) holds for a calibration dataset of any size n,. The coverage guaranteed by CP
conditionally on this calibration dataset is essentially a random quantity. Thus, depending on the choice
of the calibration dataset, the coverage would fluctuate around 1 — «. The distribution of the coverage as
a function of the size of the calibration size is governed by a Beta distribution as given in equation (4).

We conduct an empirical study exploring the impact the size of the calibration dataset has on
providing guaranteed coverage within our experiments. We iterate over n., = 250,500,750,1000 for
the Poisson (figure 29), Convection—Diffusion (figure 30) and the Wave equation (figures 31 and 32).
Though the coverage obtained is from a Beta distribution governed by 7., and changes with each
sampling from that, our experiments are restricted to a single sample of n.,; data points from that dis-
tribution. The study of the impact of the calibration dataset is done across all the various nonconformity
scores as well.
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Figure 29. Impact of the size of the calibration dataset on the coverage obtained for conformal prediction across various noncon-
formity scores for the Poisson equation. Irrespective of the chosen size of the calibration dataset, we obtain guaranteed coverage.
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Figure 30. Impact of the size of the calibration dataset on the coverage obtained for conformal prediction across various non-
conformity scores for the Convection-Diffusion equation. Irrespective of the chosen size of the calibration dataset, we obtain
guaranteed coverage; however, with larger n,| we obtain marginally better coverage. Irrespective of the chosen size of the calibra-
tion dataset, we obtain guaranteed coverage.
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Figure 31. Impact of the size of the calibration dataset on the coverage obtained for conformal prediction across various noncon-
formity scores for the Wave equation modelled using U-Net. Irrespective of the chosen size of the calibration dataset, we obtain
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Figure 32. Impact of the size of the calibration dataset on the coverage obtained for conformal prediction across various noncon-
formity scores for the Wave equation modelled using FNO. Irrespective of the chosen size of the calibration dataset, we obtain

From figures 29-32, we explore the impact of the size of the calibration dataset on the coverage
obtained for the various nonconformity scores. We notice that across our experiments, we obtain guar-
anteed coverage, irrespective of the chosen nonconformity score or the size of the calibration dataset
(11ca1). Though the size of the calibration dataset has no impact on the guarantee, as can be witnessed
in the above figures, the tightness of the error bars is governed by the size of the calibration dataset.
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Appendix H. Neural weather prediction models

H.1. Physics and data

H.1.1. Limited area forecasting—MetCoOp Ensemble Prediction System (MEPS) dataset

The MEPS provides operational weather forecasts for the Nordic region (Miiller et al 2017). Our dataset
comprises historical MEPS forecasts from April 2021 to March 2023, initialised at 00 and 12 UTC daily
with 5 ensemble members per initialisation ( sim10 forecasts per day).

Spatial configuration: The domain uses a Lambert conformal conic projection, downsampled from
2.5km to 10km resolution for computational efficiency, yielding a grid of N, x N, = 238 x 268 nodes.

Temporal configuration: Forecasts extend 66 hours with 1hour steps. Models predict at 3 hour intervals
using the last two states as input, resulting in an effective 57 hour evaluation horizon (19 time steps).

Variables: The dataset includes Ny, = 17 variables: surface conditions (ground/sea level pressure, 2 m
temperature and humidity), radiation fluxes (net longwave/shortwave), lowest atmospheric level ( 12.5m:
temperature, humidity, wind components), pressure levels (temperature at 500/850 hPa, wind at 850 hPa,
geopotential at 500/1000 hPa), and integrated water vapour column. All variables except solar radiation
are instantaneous.

Data splits: Training uses months 1-15 (April 2021-June 2022), validation uses months 16-18, calibra-
tion uses September 2021 forecasts (from 2021-09-04 onwards), and testing uses September 2022 fore-
casts. Using the same month for calibration and testing minimises seasonal distributional shifts.

H.1.2. Global forecasting—ERA5 dataset

Global models are trained on ERAS5 reanalysis data (Hersbach et al 2020) at 1.5° resolution (N, X N, =
240 x 121 nodes). Forecasts extend 10 days with 6 hour steps (T =40 time steps). The full dataset con-
tains 83 variables (5 surface variables and 6 atmospheric variables at 13 pressure levels). For computa-

tional efficiency, CP experiments use Ny, = 11 variables: all 5 surface variables and the 6 atmospheric

variables at 700 hPa. Training uses multiple years of historical data, calibration uses the full year 2018,

and testing uses 2019.

H.2. Model architecture and training

H.2.1. GNN architecture

The Graph-FM architecture (Oskarsson et al 2024) employs a hierarchical GNN with an encode-process-
decode structure. Grid nodes represent the spatial discretisation, while mesh nodes form a coarser multi-
resolution hierarchy (L =4 levels for a limited area, L =8 for global). Encoding maps grid states to the
mesh, processing performs message passing across mesh levels (4 or 8 layers), and decoding projects
back to the grid. All representations use 64-dimensional embeddings (limited area) or 256-dimensional
embeddings (global).

H.2.2. Training procedure
Models undergo two-stage training: (1) single-step prediction (X! from X'~'), then (2) rollout fine-
tuning with 4-step autoregressive sequences. Two model variants are trained:

Graph-FM (MSE): Uses weighted MSE loss for deterministic predictions:

fwse = o S fox o (R0, — X1 (19)

rollout V€ Gi=l

where ); is the inverse variance of time differences, w; weights the vertical level, and G is the set of non-
boundary grid nodes.

Graph-FM (NLL): Uses NLL loss with diagonal Gaussians, outputting mean p and STD o

(e—s)
Ly = Z ZZ g+ L0 1) 20)

Nrollout
VEG i=1 2 (Uv,i)
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Training uses AdamW (learning rate 0.001), batch size 8 (limited area), 500 epochs for single-step
and 200 for rollout fine-tuning, requiring 3—4 days on an NVIDIA A100 GPU (80 GB). All variables are
normalised to zero mean and unit variance using training statistics.

H.3. Inference and autoregressive forecasting

Given initial states X~ and forcing inputs F*7, models autoregressively predict X'+! = X'~ Fi+1),
Limited area models use lateral boundary forcing: predictions within a 10-grid-cell boundary are
replaced with ground truth at each step. Forcing inputs include solar radiation at the top-of-atmosphere,
diurnal and annual cycle encodings (sine/cosine transforms), and open water fraction. A 57 hour limited
area forecast requires only 1.5s on a single A100 GPU.

H.4. CP application
H.4.1. Nonconformity scores
For Graph-FM (MSE) (AER):

s(X,Y) =Y =f(X)], C*(X) = |f(X) - 3.f(X)+4 (21)
For Graph-FM (NLL) (STD):

Y —p(X)]|

S(XaY): O'(X) )

C*X) =) =q-0X),nX)+4q-0(X)] (22)
This calibrates the model’s potentially miscalibrated uncertainty estimates.

H.4.2. Calibration procedure

CP is performed independently for each spatio-temporal cell. Limited area models calibrate 19 x 238 x
268 x 17 = 20,602,232 cells using 270 September 2021 forecasts; global models use 730 forecasts from
2018. For each cell, the (1 — «)-quantile is computed:

s (Lt U=aly o)

: n

Calibration is computationally efficient: 229-310's for limited area models and 366—401 s for global
models, including score computation, quantile calculation, and coverage validation.

H.5. Exchangeability considerations
H.5.1. Weather forecasting as an initial boundary value problem
Applying CP to time series typically violates exchangeability due to temporal dependencies. However,
treating each forecast as an independent initial boundary value problem (IBVP) preserves exchangeab-
ility: each forecast is fully determined by its initial conditions X~!° and forcing F':”, making forecasts
initialised at sufficiently separated times independent realisations from the atmospheric state space. This
holds even when forecasts cover overlapping time periods, since each prediction conditions only on its
own initial state.

CP is applied to the entire spatio-temporal output tensor Y € R
serving the physical forecast structure.

Tou X NxxNy X Noar simultaneously, pre-

H.5.2. Calibration-to-test exchangeability

The coverage guarantee requires test forecasts to be exchangeable with calibration forecasts. For limited
area models, this assumes September 2022 patterns are exchangeable with September 2021 patterns; for
global models, 2019 states are exchangeable with 2018 states. These assumptions are reasonable given
year-to-year climate consistency, validated by the excellent empirical coverage observed. Potential viola-
tions include anomalous events not represented in calibration data, systematic climate shifts, or changes
in model distribution, warranting periodic recalibration with recent data.

To investigate the setting where there is a distributional shift between the calibration and test data-
sets, we consider a setting where we shift the month of the year in the weather data. For this experi-
ment, we calibrate the limited area weather model using predictions for September 2021, and evaluate
on January 2023. The weather in the Nordic region being modelled exhibits strong seasonal dependen-
cies, with the winter month of January being much colder than the September month used for calibra-
tion. Note that while we only use September for calibration, the model has been trained with data from
all seasons of the year. Empirical coverage is shown in figure 33, and in figure 34 we plot the width of
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Figure 33. Empirical coverage for limited area weather forecasting models, when calibrated on September and evaluating cover-
age on January.
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Figure 34. Width of predictive intervals in an example January forecast from the distributional shift setting. Here o« = 0.05 and
we show results for temperature 2 m above ground (2t).

predictive intervals for 2 m temperature predictions. We note that, while the coverage shows larger devi-
ations than in the setting where both calibration and evaluation were performed for the September data,
the method overall still provides useful uncertainty estimates. This may be attributed to the reason that

the physics regime characterising the weather evolution does not change across the months, but only the
initial conditions to which the model is exposed.
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Figure 35. Slice plots across the x-axis showing u-wind component predictions. Panels (a)—(d) show ground truth, predic-
tion, and CP-derived upper/lower bounds for Graph-FM (MSE) and Graph-FM (NLL) at 95% (e = 0.05) and 15% (o = 0.85)
coverage.

H.6. Additional results
Figure 35 shows spatial slices illustrating error bars at different coverage levels. The Graph-FM (NLL)
model produces tighter, spatially variable error bars due to input-dependent uncertainties, while Graph-
FM (MSE) produces constant-width bars at each lead time. Both achieve target coverage, validating the
CP framework.

Figure 36 demonstrates empirical coverage for global forecasting (temperature and geopotential at
700 hPa). Both model types closely follow the ideal diagonal, confirming guaranteed marginal coverage
across 1,161,600 spatial-temporal points per variable.

H.6.1. Deterministic vs probabilistic models

Deterministic models (AER): Error bars have constant width at each lead time, determined purely
by calibration performance. Computationally efficient but potentially overconservative in predictable
regions.

Probabilistic models (STD): Error bars adapt to local forecast uncertainty, providing tighter bounds in
high-confidence regions. Requires NLL training but benefits from CP calibration of potentially miscalib-
rated model uncertainties.

Both approaches achieve guaranteed coverage, with probabilistic models generally providing more
informative bounds at the cost of additional complexity.
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Figure 36. Empirical coverage for global weather forecasting models showing temperature (t700) and geopotential (9600) at

700 hPa. Both models achieve near-ideal coverage across all « levels.

Appendix I. Camera diagnostic on a tokamak

I.1. Camera configuration and data processing

L1.1. Camera specifications

The MAST was equipped with Photron fast-visible cameras capturing plasma evolution at an average
temporal resolution of 1.2 ms. We focus on the RBB camera that prioritises a central solenoid view of
the plasma. It provides a panoramic view of the reactor, showing the poloidal cross-sectional layout on
both sides of the central solenoid with spatial resolution of 448 x 640 pixels.

This camera is tuned to visible wavelengths and primarily captures Balmer D,, light emitted from the
plasma edge, enabling visualisation of complex MHD dynamics, including edge-localised modes (ELMs).

1.1.2. Data selection criteria

Shot selection for training and testing followed stringent criteria to ensure data quality and consistency:

1. Plasma presence: Only shots containing actual confined plasma were selected, excluding

commissioning pulses and dummy shots.

2. Temporal duration: Shots must contain more than 100 time steps to capture sufficient plasma

evolution dynamics.

3. Camera calibration consistency: All selected shots must share identical camera calibration
parameters. Using CalCam (Silburn et al 2022) combined with 3D CAD models of MAST, the
domain range covered by each camera calibration was determined. The upper and lower limits of the

domain range were mapped onto uniform grids in both R and Z axes.
4. Spatial resolution uniformity: All camera images must have identical spatial resolution to maintain

consistency in the training dataset.

42



10P Publishing

Mach. Learn.: Sci. Technol. 7 (2026) 015025 V Gopakumar et al

Fifty-five shots from the range 30250-30431 in the M9 campaign were selected (50 for train-
ing, 5 for testing). The diversity of plasma scenarios in the training data is illustrated in figure 19 in
Gopakumar et al (2024), which shows the temporal evolution of plasma current and total heating power
across the selected shots.

I.2. Training regime: sequential time window approach

L.2.1. Rationale for non-autoregressive architecture

Unlike Markovian simulations, camera data presents fundamentally different characteristics that necessit-
ate an alternative training approach:

e Non-Markovian dynamics: The plasma evolution captured by cameras represents a non-Markovian
process with inherent noise and partial system information.

o Absence of causal information: The dataset does not include explicit information about control inputs
(coil currents, heating parameters) that influence plasma evolution.

o Continuous data generation: Unlike simulations, where initial conditions fully determine evolution,
experimental data is continuously generated during the plasma shot, providing new information at
each time step.

e Error accumulation: Autoregressive rollout would lead to rapid error accumulation over longer time
horizons, limiting prediction capability.

1.2.2. Sequential window mapping
Instead of autoregressive prediction, we employ a sliding time window approach. The FNO maps a fixed-
length input sequence to a fixed-length output sequence:

?t:t—&-step =Fy (Xt—Tin:ta g) (24)

where:

o X, 1, € RToXNeXNy represents the input sequence of camera frames
o Viriep € RUPXNXNy represents the predicted future frames

o G € RN=*NyX2 represents the spatial grid discretisation

o Fy denotes the FNO with parameters 6

For our experiments, we set T;, = 10 and step = 10, allowing the FNO to predict 12 ms of plasma evolu-
tion given the previous 12 ms of camera data.

1.2.3. Training data construction
Each plasma shot containing approximately 200 frames is converted into multiple overlapping input—
output pairs through a sliding window mechanism with a stride of 1:

Pair; : X(1.10) = Y[11:29] (25)
Pairy : Xp.11) = Y1201 (26)

(27)
Pair : Xigxt9) = Yjkr10:k+19)- (28)

This strategy yields approximately 180 training pairs per shot, significantly increasing the effective
dataset size. The FNO learns to predict plasma evolution from any intermediate state within the opera-
tional range, rather than solely from initial conditions.

I.3. Real-time deployment strategy
L.3.1. Inference pipeline
For real-time operation, the trained FNO is deployed with the following pipeline:

1. Initial phase: Collect the first Tj, = 10 camera frames at plasma startup

2. Prediction: Generate predictions for the next step = 10 frames using the FNO

3. Update: As new frames become available from the camera, slide the input window forward by one
frame

4. Tteration: Repeat prediction with the updated window throughout the plasma shot duration
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Figure 37. Empirical coverage guaranteed by applying CP over the FNO forecasting the plasma evolution.

Since camera data is acquired at 1.2 ms intervals and the FNO requires only 6 ms for inference, pre-
dictions can be generated faster than real-time, providing a 12 ms forecast horizon with 6 ms computa-
tional overhead.

I.4. Exchangeability considerations for time series data

L.4.1. Theoretical framework

Traditional CP requires exchangeability between calibration and test data (Vovk et al 2005). For time-
series data, this assumption is typically violated. However, by treating each plasma shot as an initial
boundary value problem (IBVP), we maintain exchangeability through the following reasoning:

e IBVP structure: Each input-output pair (X;,Y;) represents a self-contained prediction task where the
output is fully determined by the input sequence and boundary conditions, if they are there (forcing
terms from control systems).

e Temporal independence: Plasma profile predictions starting at different times (e.g. 30's into the shot
or 60s into the shot) are independent, conditioned on their respective initial states.

o Distributional sampling: The calibration dataset represents samples from a large distribution charac-
terising the entire operational range of the tokamak under consideration.

1.4.2. Limitations and assumptions
The exchangeability assumption relies on several critical conditions:

High if shots share similar plasma profiles

[P (Exchangeable) = (29)

Low if shots have dissimilar characteristics

As demonstrated in figure 21, when the prediction shot has significantly different plasma discharge
profiles from the calibration shots, exchangeability is violated and coverage degrades. This necessitates
calibration datasets that adequately span the operational space of interest.
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