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Abstract
Stochastic gradient descent with momentum (SGDM), in which a momentum term is added
to SGD, has been well studied in both theory and practice. The theoretical studies show
that the settings of the learning rate and momentum weight a↵ect the convergence of
SGDM. Meanwhile, the practical studies have shown that the batch-size setting strongly
a↵ects the performance of SGDM. In this paper, we focus on mini-batch SGDM with a
constant learning rate and constant momentum weight, which is frequently used to train
deep neural networks. We show theoretically that using a constant batch size does not
always minimize the expectation of the full gradient norm of the empirical loss in training
a deep neural network, whereas using an increasing batch size definitely minimizes it;
that is, an increasing batch size improves the convergence of mini-batch SGDM. We also
provide numerical results supporting our analyses, indicating specifically that mini-batch
SGDM with an increasing batch size converges to stationary points faster than with a
constant batch size, while also reducing computational cost. Python implementations of
the optimizers used in the numerical experiments are available at https://github.com/
iiduka-researches/NSHB_increasing_batchsize_acml25/.
Keywords: convergence rate; increasing batch size; nonconvex optimization; stochastic
gradient descent with momentum

1. Introduction

Stochastic gradient descent (SGD) and its variants, such as SGD with momentum (SGDM)
and adaptive methods, are useful optimizers for minimizing the empirical loss defined by the
mean of nonconvex loss functions in training a deep neural network (DNN). In the present
paper, we focus on SGDM optimizers, in which a momentum term is added to SGD. Var-
ious types of SGDM have been proposed, including stochastic heavy ball (SHB) (Polyak,
1964), normalized-SHB (NSHB) (Gupal and Bazhenov, 1972), Nesterov’s accelerated gradi-
ent method (Nesterov, 1983; Sutskever et al., 2013), synthesized Nesterov variants (Lessard
et al., 2016), Triple Momentum (Van Scoy et al., 2018), Robust Momentum (Cyrus et al.,
2018), PID control-based methods (An et al., 2018), stochastic unified momentum (SUM)
(Yan et al., 2018), accelerated SGD (Jain et al., 2018; Kidambi et al., 2018; Varre and
Flammarion, 2022; Li et al., 2024), quasi-hyperbolic momentum (QHM) (Ma and Yarats,
2019), and proximal-type SHB (PSHB) (Mai and Johansson, 2020).

Since the empirical loss is nonconvex with respect to a parameter ✓ 2 Rd of a DNN, we
are interested in nonconvex optimization for SGDM. Let ✓t 2 Rd be the t-th approximation
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of SGDM to minimize the nonconvex empirical loss function f : Rd ! R. SGDM is defined
as ✓t+1 = ✓t � ⌘tmt, where ⌘t > 0 is a learning rate and mt is a momentum bu↵er. For
example, SGDM with mt := �mt�1 + rfBt

(✓t) is SHB, where rfBt
: Rd ! Rd denotes

the stochastic gradient of f and � 2 [0, 1) is a momentum weight. SGDM with mt :=
�mt�1 + (1 � �)rfBt

(✓t) is NSHB. Since SHB with � = 0 (NSHB with � = 0) coincides
with SGD, which defined by ✓t+1 = ✓t � ⌘trfBt

(✓t), SGDM is defined as SGD with an
added momentum term (e.g., �mt�1 in the case of SHB).

Table 1: Convergence of SGDM optimizers to minimize L-smooth f over the number of
steps T . “Noise” in the Gradient column means that the optimizer uses noisy observations,
i.e., g(✓) = rf(✓) + (Noise), of the full gradient rf(✓), where �

2 is an upper bound of
Noise, while “Increasing (resp. Constant) Mini-batch” in the Gradient column means that
the optimizer uses a mini-batch gradient rfBt

(✓) = 1

bt

Pbt
i=1

rf⇠t,i(✓) with a batch size bt

such that bt  bt+1 (resp. bt = b). “Bounded Gradient” in the Additional Assumption
column means that there exists G > 0 such that, for all t 2 N, krf(✓t)k  G, where
(✓t)

T�1

t=0
is the sequence generated by the optimizer. “Polyak- Lojasiewicz” in the Additional

Assumption column means that there exists ⇢ > 0 such that, for all t 2 N, krf(✓t)k2 �
2⇢(f(✓t) � f

?), where f
? is the optimal value of f over Rd. Here, we let EkrfT k :=

mint2[0:T�1] E[krf(✓t)k]. Results (1)–(7) were presented in (1) (Yan et al., 2018, Theorem
1), (2) (Gitman et al., 2019, Theorem 1), (3) (Gitman et al., 2019, Theorem 2), (4) (Mai
and Johansson, 2020, Theorem 1), (5) (Yu et al., 2019, Corollary 1), (6) (Liu et al., 2020,
Theorem 1), and (7) (Liang et al., 2023, Theorem 4.1).

Optimizer Gradient Additional Assumption Learning Rate ⌘t Weight �t Convergence Analysis

(1) SUM Noise Bounded Gradient ⌘ = O( 1p
T

) �t = � EkrfT k = O( 1

T1/4
)

(2) QHM Noise Bounded Gradient ⌘t ! 0 �t ! 0 9(✓ti ) : rf(✓ti ) ! 0

(3) QHM Noise Bounded Gradient ⌘t ! 0 �t ! 1 9(✓ti ) : rf(✓ti ) ! 0

(4) PSHB Noise Bounded Gradient ⌘ = O( 1p
T

) �t = � EkrfT k = O( 1

T1/4
)

(5) SHB Noise ——— ⌘ = O( 1p
T

) �t = � EkrfT k = O( 1

T1/4
)

(6) NSHB Noise ——— ⌘ = O( 1
L ) �t = � EkrfT k = O(

q
1
T + �2)

(7) SUM Noise Polyak- Lojasiewicz ⌘t ! 0 �t = � E[f(✓t)] ! f
?

NSHB Constant ——— ⌘ = O( 1
L ) �t = � EkrfT k = O(

q
1
T + �2

b )
[Theorem 3.1] Mini-batch

SHB Constant ——— ⌘ = O( 1
L ) �t = � EkrfT k = O(

q
1
T + �2

b )
[Theorem A.1]] Mini-batch

NSHB Increasing ——— ⌘ = O( 1
L ) �t = � EkrfT k = O( 1

T1/2
)

[Theorem 3.2] Mini-batch

SHB Increasing ——— ⌘ = O( 1
L ) �t = � EkrfT k = O( 1

T1/2
)

[Theorem A.2]] Mini-batch

Table 1 summarizes the convergence analyses of SGDM for nonconvex optimization.
For example, NSHB ((6) in Table 1) using a constant learning rate ⌘t = ⌘ > 0 and a

constant momentum weight �t = � satisfies mint2[0:T�1] E[krf(✓t)k] = O(
q

1

T + �2) (Liu

et al., 2020, Theorem 1), where T is the number of steps, rf : Rd ! Rd is the gradient of
f , �2 is the upper bound of the variance of the stochastic gradient of f , and E[X] denotes
the expectation of a random variable X. In comparison, QHM ((2) in Table 1), which is a
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generalization of NSHB, using a decaying learning rate ⌘t and a decaying momentum weight
�t satisfies lim inft!+1 krf(✓t)k = 0 (Gitman et al., 2019, Theorem 1). As can be seen
from these convergence analysis results, the performance of SGDM in finding a stationary
point ✓? of f (i.e., rf(✓?) = 0) depends on the settings of the learning rate ⌘t and the
momentum weight �t.

Moreover, we would like to emphasize that the setting of the batch size bt a↵ects the
performance of SGDM. Previous results presented in (Shallue et al., 2019; Zhang et al.,
2019) numerically showed that, for deep learning optimizers, the number of steps needed to
train a DNN is halved for each doubling of the batch size. In (Smith et al., 2018), it was
numerically shown that using an enormous batch size leads to a reduction in the number of
parameter updates and the model training time. In addition, related research has explored
plain SGD, highlighting the broader interest in batch-size strategies beyond SGDM. For
instance, the two-scale adaptive (TSA) method (Gao et al., 2022) co-adapts the batch size
and step size to obtain exact convergence and favorable sample complexity. The related
work has also investigated batch-size growth for Riemannian SGD (Sakai and Iiduka, 2025).
While these studies share the idea of using an increasing batch size, their analyses are limited
to plain SGD. Therefore, in this paper, we theoretically investigate how the setting of the
batch size a↵ects the convergence of SGDM under constant hyperparameters.

1.1. Contribution

In this paper, we focus on mini-batch SGDM with a constant learning rate ⌘ > 0 and
constant momentum weight � 2 [0, 1), which is frequently used to train DNNs.

1. The first theoretical contribution of the paper is to show that an upper bound of
mint2[0:T�1] E[krf(✓t)k] for mini-batch SGDM using a constant batch size b is

O

 s
f(✓0)� f?

⌘T
+

L⌘�2

b

!
,

which implies that mini-batch SGDM does not always minimize the expectation of
the full gradient norm of the empirical loss in training a DNN (Table 1; Theorems 3.1
and A.1).

The bias term f(✓0)�f?

⌘T converges to 0 when T ! +1. However, the variance term L⌘�2

b
remains a constant positive real number regardless of how large T is. In contrast, using

a large batch size b makes the variance term L⌘�2

b small. Hence, we can expect that the
upper bound of mint2[0:T�1] E[krf(✓t)k] for mini-batch SGDM with increasing batch size
converges to 0.

2. The second theoretical contribution is to show that an upper bound of mint2[0:T�1] E[krf(✓t)k]
for mini-batch SGDM with increasing batch size bt such that bt is multiplied by � > 1
every E epochs is

O

 s
f(✓0)� f?

⌘T
+

L⌘�2�

(�2� � 1)b0T

!
, (1)
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which implies that mini-batch SGDM minimizes the expectation of the full gradient
norm of the empirical loss in the sense of an O( 1p

T
) rate of convergence (Table 1;

Theorems 3.2 and A.2).

The previous results reported in (Byrd et al., 2012; Balles et al., 2016; De et al., 2017;
Smith et al., 2018; Goyal et al., 2018; Shallue et al., 2019; Zhang et al., 2019) indicated
that increasing batch sizes are useful for training DNNs with deep-learning optimizers.
However, the existing analyses of SGDM have indicated that knowing only the theoretical
performance of mini-batch SGDM with an increasing batch size may be insu�cient (Table
1). The paper shows theoretically that SGDM with an increasing batch size converges to
stationary points of the empirical loss (Theorems 3.2 and A.2). The previous results in
(Yan et al., 2018, Theorem 1), (Mai and Johansson, 2020, Theorem 1), and (Yu et al., 2019,
Corollary 1) (Table 1(1), (4), and (5)) showed that SGDM with a constant learning rate
⌘ = O( 1p

T
) and a constant momentum weight � has convergence rate O( 1

T 1/4 ). Our results

(Theorems 3.2 and A.2) guarantee that, if the batch size increases, then SGDM satisfies
mint2[0:T�1] E[krf(✓t)k] = O( 1

T 1/2 ), which is an improvement on the previous convergence

rate O( 1

T 1/4 ).
The result in (1) indicates that the performance of mini-batch SGDM with an increasing

batch size bt depends on �. Let ⌘ and � be fixed (e.g., ⌘ = 0.1 and � = 0.9). Then,

(1) indicates that the larger � is, the smaller the variance term L⌘�2�
(�2��1)b0T

becomes (since
�

�2��1
= 1

(0.9)2�1/� becomes small as � becomes large). We are interested in verifying whether

this theoretical result holds in practice. Our numerical results in Section 4 support the
theoretical findings, suggesting that an increasing batch size leads to faster convergence.

We trained ResNet-18 on the CIFAR-100 and Tiny-ImageNet datasets by using not
only NSHB and SHB but also baseline optimizers: SGD, Adam (Kingma and Ba, 2015),
AdamW (Loshchilov and Hutter, 2019), and RMSprop (Tieleman and Hinton, 2012). The
results on Tiny-ImageNet are provided in Appendix A.4. A particularly interesting result
in Section 4 is that an increasing batch size benefits Adam in the sense of minimizing
mint2[0:T�1] krf(✓t)k fastest. Hence, in the future, we would like to verify whether Adam
with an increasing batch size theoretically has a better convergence rate than SGDM.

3. The third contribution of this paper is to show that an increasing batch size signifi-
cantly reduces the computational cost required to achieve optimization and general-
ization criteria.

In this paper, we define the computational cost as the stochastic first-order oracle (SFO)
complexity, in accordance with prior work that formalized this concept (Sato and Iiduka,
2023; Imaizumi and Iiduka, 2024), where SFO is interpreted as the total number of stochastic
gradient evaluations. This perspective resonates with the extensive empirical investigation
made by Shallue et al. (Shallue et al., 2019), which systematically examined how the batch
size a↵ects training e�ciency across diverse neural network settings. Let T be the number
of training steps and b the batch size. Then, the total SFO complexity is given by Tb when
using a fixed batch size. Our numerical results in Section 4.2 demonstrate that, under real-
istic GPU memory constraints, SGDM with an increasing batch size requires significantly
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fewer gradient computations to achieve competitive optimization and generalization perfor-
mance compared with using a fixed batch size. These results indicate that an increasing
batch size is not only theoretically appealing but also practically e↵ective in reducing the
computational burden in deep-learning training.

2. Mini-batch SGDM for Empirical Risk Minimization

2.1. Empirical risk minimization

Let ✓ 2 Rd be a parameter of a DNN, where Rd is d-dimensional Euclidean space with inner
product h·, ·i and induced norm k·k. Let R+ := {x 2 R : x � 0} and R++ := {x 2 R : x > 0}.
Let N be the set of natural numbers. Let S = {(x1,y1), . . . , (xn,yn)} be the training
set, where the data point xi is associated with a label yi and n 2 N is the number of
training samples. Let fi(·) := f(·; (xi,yi)) : Rd ! R+ be the loss function corresponding
to the i-th labeled training data (xi,yi). Empirical risk minimization (ERM) minimizes
the empirical loss defined for all ✓ 2 Rd as f(✓) = 1

n

P
i2[n] f(✓; (xi,yi)) =

1

n

P
i2[n] fi(✓),

where [n] := {1, 2, · · · , n}.
We assume that the loss functions fi (i 2 [n]) satisfy the following conditions.

Assumption 1. Let n be the number of training samples and let Li > 0 (i 2 [n]).
(A1) fi : Rd ! R (i 2 [n]) is di↵erentiable and Li-smooth (i.e., there exists Li > 0 such

that, for all ✓1,✓2 2 Rd
, krfi(✓1)�rfi(✓2)k  Lik✓1 � ✓2k), L := 1

n

P
i2[n] Li, and f

?
is

the minimum value of f over Rd
.

(A2) Let ⇠ be a random variable independent of ✓ 2 Rd
. rf⇠ : Rd ! Rd

is the stochastic

gradient of rf such that (i) for all ✓ 2 Rd
, E⇠[rf⇠(✓)] = rf(✓) and (ii) there exists � � 0

such that, for all ✓ 2 Rd
, V⇠[rf⇠(✓)] = E⇠[krf⇠(✓) � rf(✓)k2]  �

2
, where E⇠[·] denotes

the expectation with respect to ⇠.

(A3) Let b 2 N such that b  n and let ⇠ = (⇠1, ⇠2, · · · , ⇠b)> comprise b independent and

identically distributed variables that are independent of ✓ 2 Rd
. The full gradient rf(✓) is

taken to be the mini-batch gradient at ✓ defined by rfB(✓) :=
1

b

Pb
i=1

rf⇠i(✓).

2.2. Mini-batch NSHB and mini-batch SHB

Let ✓t 2 Rd be the t-th approximated parameter of DNN. Then, mini-batch NSHB uses
bt loss functions f⇠t,1 , · · · , f⇠t,bt randomly chosen from {f1, · · · , fn} at each step t, where

⇠t = (⇠t,1, · · · , ⇠t,bt)> is independent of ✓t and bt is a batch size satisfying bt  n. The
Mini-batch NSHB optimizer is listed in Algorithm 1.

The simplest optimizer for adding a momentum term (denoted by �mt�1) to SGD is the
stochastic heavy ball (SHB) method (Polyak, 1964), which is provided in PyTorch (Paszke
et al., 2019). SHB is defined as follows:

mt = �mt�1 +rfBt
(✓t), ✓t+1 = ✓t � ↵mt, (2)

where � 2 [0, 1) and ↵ > 0. SHB defined by (2) with � = 0 coincides with SGD. SHB
defined by (2) has the form ✓t+1 = ✓t � ↵rfBt

(✓t) + �(✓t � ✓t�1). Meanwhile, Algorithm
1 is called the normalized-SHB (NSHB) optimizer (Gupal and Bazhenov, 1972) and has
the form ✓t+1 = ✓t � ⌘(1 � �)rfBt

(✓t) + �(✓t � ✓t�1). Hence, NSHB (Algorithm 1) with
⌘ = ↵

1�� coincides with SHB defined by (2).
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Algorithm 1 Mini-batch NSHB optimizer

Require: ✓0,m�1 := 0 (initial point), bt > 0 (batch size), ⌘ > 0 (learning rate), � 2 [0, 1)
(momentum weight), T � 1 (steps)

Ensure: (✓t) ⇢ Rd

1: for t = 0, 1, . . . , T � 1 do
2: rfBt

(✓t) :=
1

bt

Pbt
i=1

rf⇠t,i(✓t)
3: mt := �mt�1 + (1� �)rfBt

(✓t)
4: ✓t+1 := ✓t � ⌘mt

5: end for

3. Mini-batch SGDM with Constant and Increasing Batch Sizes

3.1. Constant batch size scheduler

The following indicates that an upper bound of mint2[0:T�1] E[krf(✓t)k] of mini-batch
NSHB using a constant batch size

[Constant BS] bt = b (t 2 N) (3)

does not always converge to 0 (a proof of Theorem 3.1 is given in Appendix A.3).

Theorem 3.1 (Upper bound of mint Ekrf(✓t)k of mini-batch NSHB with Constant BS).
Suppose that Assumption 1 holds and consider the sequence (✓t) generated by Algorithm

1 with a momentum weight � 2 (0, 1), a constant learning rate ⌘ > 0 such that ⌘ 
1��

2
p
2

p
�+�2L

, and Constant BS defined by (3), where L := 1

n

P
i2[n] Li and f

?
is the minimum

value of f over Rd
(see (A1)). Then, for all T � 1,

min
t2[0:T�1]

E[krf(✓t)k2] 
2(f(✓0)� f

?)

⌘T
+

L⌘�
2

b

⇢
3�2 + �

2(1 + �)
+ 1

�
,

that is,

min
t2[0:T�1]

E[krf(✓t)k] = O

 r
1

T
+

�2

b

!
.

From the discussion in Section 2.2, we find that NSHB (Algorithm 1) with ⌘ = ↵
1��

coincides with SHB defined by (2). The theoretical results for SHB can also be derived
accordingly. Appendices A.2 and A.3 contain a detailed analysis of SHB.

3.2. Increasing batch size scheduler

We consider an increasing batch size bt such that

bt  bt+1 (t 2 N).

An example of bt (Smith et al., 2018; Umeda and Iiduka, 2025) is, for all m 2 [0 : M ] and
all t 2 Sm = N \ [

Pm�1

k=0
KkEk,

Pm
k=0

KkEk) (S0 := N \ [0,K0E0)),

[Exponential Growth BS] bt = �
m

⇠
tP

m

k=0
KkEk

⇡

b0, (4)
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where � > 1, and Em and Km are the numbers of, respectively, epochs and steps per epoch
when the batch size is �mb0. For example, the exponential growth batch size defined by (4)
with � = 2 makes the batch size double every Em epochs. We may modify the parameters
a and � to at and �t monotone increasing with t. The total number of steps for the batch
size to increase M times is T =

PM
m=0

KmEm.
The following is a convergence analysis of Algorithm 1 with increasing batch sizes.

Theorem 3.2 (Convergence of mini-batch NSHB with Exponential Growth BS). Suppose

that Assumption 1 holds and consider the sequence (✓t) generated by Algorithm 1 with a

momentum weight � 2 (0, 1), a constant learning rate ⌘ > 0 such that

⌘  max

(
1� �

2
p
2
p

� + �2L
,

(1� �)2

(5�2 � 6� + 5)L

)
, (5)

and Exponential Growth BS as defined by (4) with � > 1 and �
2
� > 1. Then, for all T � 1,

min
t2[0:T�1]

E[krf(✓t)k2] 
2(f(✓0)� f

?)

⌘T
+

2L⌘�2
KmaxEmax�

(�2� � 1)b0T

✓
�
2

1� �2
� 1

� � 1

◆
,

where Kmax := max{Km : m 2 [0 : M ]} and Emax := max{Em : m 2 [0 : M ]}, that is,

min
t2[0:T�1]

E[krf(✓t)k] = O

✓
1p
T

◆
.

From the discussion in Section 2.2 indicating that NSHB (Algorithm 1) with ⌘ = ↵
1��

coincides with SHB defined by (2), Theorem 3.2 leads to the following convergence rate of
SHB defined by (2) with an increasing batch size.

Here, we sketch a proof of Theorem 3.2 (a detailed proof is given in Appendix A.2).

1. First, we show that �2

bt
is an upper bound of the variance of rfBt

(✓t) (Proposition

A.1) and that (1 � �)2�2
Pt

i=0

�2(t�i)

bi
is an upper bound of the variance of mt =

(1 � �)
Pt

i=0
�
t�irfBi

(✓i) (Lemma A.1) by using the idea underlying the proof of
(Liu et al., 2020, Lemma 1).

2. Next, we show that an auxiliary point zt = 1

1��✓t �
�

1��✓t�1 (t � 1), which is
used to analyze SGDM (Yan et al., 2018; Yu et al., 2019; Liu et al., 2020), satisfies

E⇠t [f(zt+1)]  f(zt) � ⌘ E⇠t [hrf(zt),rfBt
(✓t)i]| {z }

Xt

+L⌘2

2
E⇠t [krfBt

(✓t)k2]| {z }
Yt

by using the

descent lemma (see (7)). Then, using the Cauchy–Schwarz inequality, Young’s in-
equality, and the upper bound of the variance of mt (Lemma A.1), we arrive at an
an upper bound on �⌘E[Xt] (see (12)). As well, we find an upper bound on E[Yt] by
using the upper bound �2

bt
of the variance of rfBt

(✓t) (see Lemma A.2 for details on
the upper bounds of �⌘E[Xt] and E[Yt]).

3. After that, we define the Lyapunov function Lt by Lt = f(zt)�f
?+
Pt�1

i=1
cik✓t+1�i�

✓t�ik2, where ci is defined as in Lemma A.3. Using the above upper bounds of �⌘E[Xt]
and E[Yt], we find that E[Lt+1 � Lt]  �DE[krf(✓t)k2] + Ut (Lemma A.3), where
D 2 R depends on ⌘, �, and c1, and Ut > 0 depends on �

2, bt, and c1.
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4. Then, setting ⌘ such that it satisfies (5) (see also Appendix A.7) leads to the finding

that D � ⌘
2
> 0 and Ut  L⌘

2
�
2
Pt

i=0

�2(t�i)

bi
(see (19) and (20)). As a result, we have

that

1

T

T�1X

t=0

E[krf(✓t)k2] 
2L0

⌘T
+

2L⌘�2

T

T�1X

t=0

tX

i=0

�
2(t�i)

bi

(see Lemma A.4). Finally, using(4) leads to the assertion of Theorem 3.2.

3.3. Setting of hyperparameter � in Exponential Growth BS (4)

Let ⌘ and � be fixed in Algorithm 1 (e.g., ⌘ = 0.1 and � = 0.9). Then, Theorems 3.2 and

A.2 indicate that O(
q

f(✓0)�f?

⌘T + L⌘�2�
(�2��1)b0T

) is an upper bound of mint2[0:T�1] E[krf(✓t)k]
for each of mini-batch NSHB and mini-batch SHB with exponential growth BS (4), which

implies that the larger � is, the smaller the variance term L⌘�2�
(�2��1)b0T

becomes (since �
�2��1

=
1

(0.9)2�1/� becomes small as � becomes large). In Section 4, we verify whether this theoretical

result holds in practice.

3.4. Comparison of our convergence results with previous ones

Let us compare Theorems 3.1, 3.2, A.1 and A.2 with the previous results listed in Table 1.
Theorem 1 in Liu et al. (2020) ((6) in Table 1) indicated that NSHB using a constant learning
rate ⌘ = O( 1L) and a constant momentum weight � satisfies mint2[0:T�1] E[krf(✓t)k] =

O(
q

1

T + �2). Since the upper bound O(
q

1

T + �2) converges to O(�) > 0 when T ! +1,

NSHB in this case does not always converge to stationary points of f . The result in Liu et al.
(2020) coincides with Theorem 3.1 indicating that NSHB has mint2[0:T�1] E[krf(✓t)k] =

O(
q

1

T + �2

b ) in the sense that NSHB using a constant learning rate and momentum weight

does not converge to stationary points of f1. Corollary 1 in Yu et al. (2019) ((5) in Table 1)
indicated that SHB using constant ⌘ = O( 1p

T
) and constant momentum weight � satisfies

mint2[0:T�1] E[krf(✓t)k] = O( 1

T 1/4 ). ⌘ = O( 1p
T
) is needed in order set the number of steps

T before implementing SHB. Since T is fixed, we cannot diverge it; that is, the upper bound
O( 1

T 1/4 ) for SHB is a fixed positive constant and does not converge to 0. Meanwhile, from

Theorem 3.1, it follows that SHB with a constant learning rate ⌘ = O( 1L) and a constant

momentum weight also satisfies mint2[0:T�1] E[krf(✓t)k] = O(
q

1

T + �2

b ). Hence, Theorem

3.1 coincides with the result in Corollary 1 in Yu et al. (2019) in the sense that SHB with
a constant learning rate does not always converge to stationary points of f .

Theorems 1 and 2 in Gitman et al. (2019) ((2) and (3) in Table 1) indicated that QHM,
which is a generalization of NSHB, using a decaying learning rate ⌘t and a decaying momen-
tum weight �t or an increasing momentum weight �t satisfies lim inft!+1 krf(✓t)k = 0.
Our results in the form of Theorems 3.2 and A.2 guarantee the convergence of NSHB and
SHB with constant learning rate ⌘ = O( 1L), constant momentum weight �, and an increasing
batch size bt in the sense of mint2[0:T�1] E[krf(✓t)k] = O( 1p

T
).

1. (Liu et al., 2020, Theorem 3) proved convergence of multistage SGDM. However, since the proof of (Liu

et al., 2020, (60), Pages 35 and 36) might not hold for �i < 1, the theorem does not apply here.
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4. Numerical Results

We examined training ResNet-18 on the CIFAR-100 and Tiny-ImageNet datasets using not
only NSHB and SHB but also baseline optimizers: SGD, Adam, AdamW, and RMSprop
with constant and increasing batch sizes. The results on Tiny-ImageNet are provided in
Appendix A.4. We used a computer equipped with NVIDIA A100 80GB and Dual Intel
Xeon Silver 4316 2.30GHz, 40 Cores (20 cores per CPU, 2 CPUs). The software environment
was Python 3.8.2, PyTorch 2.2.2+cu118, and CUDA 12.2. We set the total number of
epochs to E = 200 and the constant momentum weight as the default values in PyTorch.
The learning rate for Adam and AdamW was set to 10�3, for RMSprop to 10�2, and for
SGD, SHB, and NSHB to 10�1; see also Figure 1(a). We should note that the learning
rates used in our experiments appear to be theoretically justified within the range implied
by Theorem 3.2 (see Appendix A.7 for further details). All results are averaged over three
independent trials, and the mean, maximum, and minimum at each epoch are shown.

Learning rate and batch size schedules
(a)

Full gradient norm versus epochs
(b)

Empirical loss versus epochs
(c)

Test accuracy score versus epochs
(d)

Figure 1: (a) Schedules for each optimizer with constant learning rates and a constant
batch size, (b) Full gradient norm of empirical loss for training, (c) Empirical loss value for
training, and (d) Accuracy score for test to train ResNet-18 on CIFAR-100 dataset.
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Learning rate and batch size schedules
(a)

Full gradient norm versus epochs
(b)

Empirical loss versus epochs
(c)

Test accuracy score versus epochs
(d)

Figure 2: (a) Schedules for each optimizer with constant learning rate and a batch size
doubling every 20 epochs, (b) Full gradient norm of empirical loss for training, (c) Empirical
loss value for training, and (d) Accuracy score for test to train ResNet-18 on CIFAR-100
dataset.

Learning rate and batch size schedules
(a)

Full gradient norm versus epochs
(b)

Empirical loss versus epochs
(c)

Test accuracy score versus epochs
(d)

Figure 3: (a) Schedules for each optimizer with constant learning rates and a batch size
quadrupling every 40 epochs, (b) Full gradient norm of empirical loss for training, (c)
Empirical loss value for training, and (d) Accuracy score for test to train ResNet-18 on
CIFAR-100 dataset.



SGDM with Increasing Batch Size

Let us first consider the learning rate and batch size scheduler in Figure 1(a) with a con-
stant batch size (b = 27). Figure 1(b) compares the full gradient norm mine2[E] krf(✓e)k
for training for each optimizer and indicates that SHB decreased the full gradient norm
quickly. Figures 1(c) and (d) compare the empirical loss f(✓e) and the test accuracy score.
These figures indicate that SGD, SHB, and NSHB minimized f quickly and had test accu-
racies of approximately 70 %. Next, let us compare Figure 1 with Figure 2 for when the
scheduler uses the same learning rates as in Figure 1(a) and a batch size doubling every
20 epochs with the initial batch size set at b0 = 23. Figures 2(b) and (c) both show that
using a doubly increasing batch size results in a faster decrease in mine2[E] krf(✓e)k and
f(✓e), compared with using a constant batch size as in Figures 1(b) and (c). The numeri-
cal results in Figures 1(b) and 2(b) are supported theoretically by Theorems 3.1, 3.2, A.1
and A.2 indicating that NSHB and SHB with increasing batch sizes minimize the gradient
norm of f faster than with constant batch sizes. In Figures 1(d) and 2(d), it can be seen
that using a doubly increasing batch size leads to improved test accuracy for all optimizers
except SHB, compared with using a constant batch size. Earlier, we observed that, with
a constant batch size, convergence is slower and accuracy improves more gradually. On
the other hand, these results suggest that using an increasing batch size leads to faster
convergence and more e�cient training. Additionally, the optimizer’s performance is better
overall when using an increasing batch size.

Now, let us compare Figure 2 (� = 2) with Figure 3 (� = 4) when the scheduler uses the
same learning rates as in Figure 1(a) and a batch size quadrupling every 40 epochs with
the initial batch size set at b0 = 23. From Figures 3(b) and (c), it can be observed that the
larger the batch size is, the faster the decrease of the full gradient norm krf(✓e)k and the
empirical loss f(✓e) become. Specifically, the quadruply increasing batch size (� = 4; Figure
3) decreases the full gradient norm krf(✓e)k and the empirical loss f(✓e) more rapidly than
the doubly increasing batch size (� = 2; Figure 2). Figures 2(d) and 3(d) indicate that SGD
and NSHB had test accuracies greater than 70 %, which implies that, for SGD and NSHB,
using an increasing batch size would improve generalization more than using a constant
batch size (Figure 1(d)).

4.1. Discussion and future work

Fast convergence of Adam: A particularly interesting result in Figures 2–3 is that an
increasing batch size is applicable for Adam in the sense of it helping to minimize the full
gradient norm of f fastest. Hence, we can expect that Adam with an increasing batch
size has a convergence rate better than the O( 1p

T
) convergence rate of NSHB and SHB in

Theorems 3.2 and A.2. In the future, we should verify that this result holds theoretically.
Full gradient norm and training loss versus test accuracy: As promised in Theorems
3.1 and 3.2, NSHB with increasing batch sizes (� = 2, 4) minimized the full gradient norm
of f faster than with a constant batch size (Figures 1(b), 2(b), and 3(b)). As a result,
NSHB with an increasing batch size (� = 2, 4) minimized the training loss f (Figures 1(c),
2(c), and 3(c)) and had higher test accuracies than with a constant batch size (Figures 1(d),
2(d), and 3(d)). Moreover, Figures 1–3 indicate that AdamW had almost the same trend.
Although Adam and AdamW with increasing batch sizes both minimized f quickly, their
test accuracies were di↵erent (Figure 3(d)). Here, we have the following insights:
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(1) An increasing batch size quickly minimizes the full gradient norm of the training loss in
both theory and practice. In particular, SGDM with an increasing batch size converges to
stationary points of the training loss, as promised in our theoretical results.
(2) Optimal increasing-batch size-schedulers with which optimizers have high test accuracies
should be discussed. Specifically, we need to find the optimal Em and � with which SGDM
and adaptive methods (e.g., Adam and AdamW) can improve generalization.

4.2. Computational cost evaluation

We evaluated the e�ciency of fixed and increasing batch-size schedules in terms of the
number of stochastic gradient computations required to achieve specific training goals. To
quantify this, we define the SFO complexity, which corresponds to the total number of
gradient evaluations. If the batch size is b and the number of training steps is T , then the
SFO complexity is given by Tb.

To simulate realistic GPU memory constraints, we capped the maximum batch size
at 1024. All experiments were conducted using the CIFAR-100 dataset with the NSHB
optimizer, under the same settings as in the other numerical experiments.

We compared the SFO complexity required to (i) reach a gradient norm threshold (e.g.,
krf(✓t)k < 0.05) and (ii) achieve 70% test accuracy (see also Appendices A.5 and A.6).
Experimental settings. We considered both fixed and increasing batch size schedules
in the gradient norm and test accuracy evaluations. For the gradient norm evaluation,
the fixed setting used b = 8 and b = 128, while the increasing setting started with b = 8
(doubling every 20 epochs) and with b = 128 (doubling every 50 epochs). For the test
accuracy evaluation, the fixed setting also used b = 8 and b = 128, while the increasing
setting started with b = 8 (doubling every 20 epochs) and with b = 128 (doubling every 25
epochs).
Results.

Table 2: SFO complexity to reach gradient norm threshold (b = 8)

Method krf(✓t)k < 0.1 krf(✓t)k < 0.05

Fixed batch size (b = 8) 2,750,000 5,250,000
Increasing batch size (initial b = 8) 2,050,016 2,500,160

Table 3: SFO complexity to reach gradient norm threshold (b = 128)

Method krf(✓t)k < 0.1 krf(✓t)k < 0.06

Fixed batch size (b = 128) 5,755,520 9,809,408
Increasing batch size (initial b = 128) 2,903,808 5,061,376
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Table 4: SFO complexity to reach 70% test accuracy

Method SFO

Fixed batch size (b = 8) 5,250,000

Increasing batch size (initial b = 8) 2,050,016

Fixed batch size (b = 128) 2,502,400

Increasing batch size (initial b = 128) 1,301,376

Discussion. These results show that increasing the batch size significantly reduces the total
number of stochastic gradient computations needed to achieve optimization and general-
ization goals, especially under realistic memory constraints. Our experiments confirm that
using an increasing batch size reduces gradient evaluations compared with using a fixed
batch size, even when both achieve similar test accuracy and optimization performance.
This highlights that larger batch sizes are not just a theoretical convenience but o↵er clear
practical benefits. They provide an e�cient way to reduce training costs without compro-
mising generalization, especially in large-scale deep learning under memory and compute
constraints.

5. Conclusion

This paper presented convergence analyses of mini-batch SGDM with a constant learning
rate and momentum weight. We showed that, unlike prior studies that assume a decaying
learning rate to ensure convergence, increasing the batch size under a constant learning
rate and momentum not only guarantees convergence but also achieves faster convergence.
Numerical experiments supported our theory, demonstrating faster convergence, higher test
accuracy, and reduced computational costs compared with a constant batch size. Moreover,
our results suggested that increasing batch size can also benefit adaptive methods such as
Adam and AdamW. Future work includes extending our analysis to larger-scale datasets
and deeper architectures, as well as generalizing the framework beyond the exponential
growth schedule to cover polynomial growth and adaptive schemes. These directions of
study will further clarify the role of batch size in modern optimization and strengthen the
connection between theory and practice.
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